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Abstract 

Martensite is a key constituent in advanced high strength steels and plays an important role in providing the 

high strength. While the strength of martensite has been extensively studied in the past, its low elastic limit 

and extremely high strain hardening rate remain a puzzle for the steel community. Composite models proposed 

recently can successfully reproduce these features as result of gradual yielding of microstructural constituents 

with either variations in intrinsic yield strengths or transformation induced residual stresses. Although these 

composite models can explain certain observations associated with the deformation of as-quenched martensite, 

neither can self-consistently describe all the key characteristics in the tension-compression behaviour of as-

quenched martensite. Attempts to extend these composite models to tempered martensite have been limited. 

In this contribution, we conduct a systematic experimental study on the strain hardening of as-quenched and 

tempered martensite with mechanical testing (e.g. monotonic tension and tension-compression) and interrupted 

X-ray diffraction. It is shown that the high strain hardening rate, large Bauschinger effect and diffraction line 

narrowing found in as-quenched martensite during straining can be sustained in tempered martensite tempered 

up to 400°C. These phenomena can be understood by considering martensite as a multi-constituent composite 

having both variations in intrinsic yield strengths and relaxation of transformation induced residual stresses 

during straining.  
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1 Introduction 

Recent developments in advanced high strength steels (AHSS) have sparked renewed interests in 

understanding the strength and plasticity of martensite. Historically, studies on martensite focused mainly on 

the correlation between its 0.2% proof strength and microstructural features. It is well known that the change 

of bulk carbon content [1–4], substructure sizes [5–8] and dislocation densities [3,9,10] all affect the strength 

of martensite. However, it is not sufficient to understand only the evolution of the yield, or proof, strength in 

the context of AHSS development, since the martensite often undergoes plasticity in AHSS’s [11–13] and 

hence its strain hardening behaviour and ductility are also relevant.  

 

Even though as-quenched martensite with low/medium carbon content shows a high ultimate tensile strength 

(up to ~2000 MPa), its flow behaviour is characterised by a low elastic limit (~300-500 MPa) and a continuous, 

extended elastic-plastic transition [14–17]. Consequently, the strain hardening rate of as-quenched martensite 

can be extremely high and exceed the limit for the dislocation storage mechanism (~E/50) [18]. Previous 

studies have attributed the micro-yielding phenomenon to the presence of microstructural weak points such as 

mobile dislocations [19–21] and retained austenite [15,22–26]. During straining, the multiplication and 

entanglement of mobile dislocations and strain-induced transformation of austenite contribute to the observed 

high strain hardening rate. Although these microstructural features do exist in most martensitic steels, they will 

only contribute to strain hardening in the first one or two percent strain as they are easily exhausted by plasticity 

[21,23]. Recent investigations using atom probe tomography (APT) have also shown that most dislocations in 

Fe-C martensite are heavily segregated with carbon and may not be mobile during deformation [4,27]. The 

fact that the high strain hardening rate can be sustained to the point of necking (typically 3 – 4 % in low/medium 

carbon martensite) requires further explanation.  

 

New interpretations developed recently have demonstrated that the continuous yielding of as-quenched 

martensite can be better understood as a multi-constituent composite, in the spirit of Masing [28] and Asaro 

[29]. In these theories, the strain hardening is caused not by dislocation multiplication but by the gradual 

yielding of constituents. Allain et al. proposed that if there is an intrinsic variation in the yield strengths of the 

constituents, the soft constituents would yield first and contribute to the low elastic limit [17], and the harder 

constituents would yield continuously and result in the high strain hardening rate. The authors attributed the 

spread in the yield strengths to the heterogeneous carbon distribution within martensite and this has been shown 

qualitatively to exist by atom probe tomography [4,27,30]. Whilst this “continuous composite approach” (CCA) 

is able to describe the tensile and Bauschinger behaviour of as-quenched martensite, nanoindentation 

experiments designed to probe the distribution in local yield strengths, have found it difficult to rationalise the 

large variation required in the models to reproduce the flow results [27,31–33]. Allain and co-workers have 

found the experimental variation in nanohardness to be ~25% of the spread required in the model [33]. This is 

one of the weaknesses of the CCA.  
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Hutchinson and co-workers have developed a similar composite model based on a distribution of Type II 

residual stresses remaining from the martensitic transformation itself [34,35]. This hypothesis was first 

proposed by Muir et al. [14] in the 1950s but rationalised by mathematical models only recently by Hutchinson 

[34,35] . When residual stresses are oriented toward or against the uniaxial tensile direction, they can either 

facilitate or resist the onset of local plasticity even if all constituents share the same yield strength. 

Consequently, the reported diffraction line narrowing [20,36,37] and peak asymmetry [38,39] in diffraction 

experiments after deformation are not necessarily attributed to a reduction in dislocation densities [20,36] but 

instead are a direct result of residual stress relaxation and heterogeneous elastic strain development within 

individual constituents. Hutchinson et al. have demonstrated the capability of this model in describing the 

monotonic tension behaviour of as-quenched martensite [34,35]. However, this model would predict the 

Bauschinger effect disappears at larger strains. 

 

As will be shown, the CCA lacks the ability to explain the diffraction peak narrowing phenomenon, in addition 

to the outstanding question regarding the width of the yield strength distribution required to reproduce the 

experimental observations. The residual stress model of Hutchinson et al. can provide a suitable explanation 

for the diffraction line narrowing and asymmetry, but if the residual stresses are allowed to relax fully during 

forward loading and hardening contributions from dislocation evolutions are discounted, the material should 

not show any significant Bauschinger effect, which contradicts the experimental results [17,40]. Both 

approaches, the CCA and residual stress model, are able to explain certain observations associated with the 

deformation of as-quenched martensite, but neither can self-consistently describe all the key characteristics. 

 

The situation is further complicated if we consider the flow behaviour of tempered martensite. Almost all 

martensite constituents in AHSS are tempered or heavily auto-tempered during the quenching process. This is 

especially true in the case of quenching and partitioning (Q&P) steel where the material is subjected to a 

partitioning process at temperatures up to 400°C [41]. The final transformed product comprises tempered 

martensite, retained austenite and fresh martensite. Therefore, it is important to develop understandings for 

both as-quenched and tempered martensite. Although the mechanical response of low temperature tempered 

martensite (temperatures around 200°C – 400°C)  has been studied extensively [1,42–45], theoretical 

treatments on the flow behavior are limited and focused mainly on monotonic tension [46–49]. 

 

The objective of this contribution is to study the deformation mechanisms of both as-quenched and low 

temperature tempered martensite and to develop quantitative models to describe the flow behavior during 

tension and Bauschinger tests. The experimental campaign examines the flow behaviour of martensite using 

monotonic tension tests and Bauschinger tests, complemented with interrupted X-ray diffraction. For as-

quenched and low temperature tempered martensite (300°C and 400°C), it will be demonstrated that the 

experimental results can be understood when the two composite models are integrated to include both 
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variations in intrinsic yield strengths, the relaxation of residual stresses during straining and incompatibility 

stresses resulting from differential yielding.  

 

2 Experimental procedure 

The materials used in this study were provided by ArcelorMittal and their compositions are shown in Table 1. 

The base composition is Fe-0.25C-2.5Mn (wt. %) which allows the steel to be water quenched to form a fully 

martensitic matrix. Si and Al were added to control the kinetics of cementite precipitation during tempering. 

The steels have been provided as both cold rolled (CR) sheets (~1.2 mm thick) and hot rolled (HR) plates (~6 

mm thick). The cold rolled sheets were used for monotonic tensile tests and X-ray diffraction experiments and 

the hot rolled plates were used to perform tension-compression Bauschinger tests. The austenitisation 

experiments were conducted in a horizontal tube furnace heated to 950 °C with flowing Ar for 10 minutes 

followed by water quenching. The tempering experiments were performed in a salt bath (300°C and 400°C) 

for various times and the samples were water quenched after tempering.  

 

Table 1 The chemical compositions of the investigated steels (wt.%) 

Designation (reference composition) 
 

Fe C Mn Si Al P S 

Base steel (Fe-0.25C-2.5Mn) 
CR Bal. 0.24 2.4 <0.02 0.01 0.01 0.01 

HR Bal. 0.25 2.43 <0.02 0.01 0.01 0.01 

Si steel (Fe-0.25C-2.5Mn-1.4Si) 
CR Bal. 0.25 2.42 1.44 0.01 0.01 0.01 

HR Bal. 0.24 2.4 1.45 0.01 0.01 0.01 

Al steel (Fe-0.25C-2.5Mn-1.4Al) 
CR Bal. 0.27 2.46 0.02 1.38 0.01 0.01 

HR Bal. 0.26 2.52 0.02 1.42 0.01 0.01 

 

Monotonic tension tests were conducted on an Instron 4505 screw-driven machine with a 100 kN load capacity 

and the strain was measured using a clip-on extensometer with a gauge length of 10 mm. The crosshead speed 

during tensile tests was fixed to be 0.02 mm/s (equivalent strain-rate ~1.67 × 10-3 s-1). Samples with a parallel 

length of 12 mm and a gauge width of 5 mm were electrodischarge machined from the cold rolled sheets 

parallel to the rolling direction. Sample surfaces were cleaned using #1200 grit sandpaper before testing so 

that any effect of decarburisation and/or nitriding (from the salt bath) after heat treatments were eliminated. 

 

Tension-compression tests were performed to verify the capability of models in describing the Bauschinger 

effect in martensite. The tests were conducted using a servo-hydraulic MTS Landmark machine with a 100 kN 

load capacity. The alignment of the testing system was calibrated to be close to ASTM E1012 Class 5 using 

the MTS 609 alignment fixture and a standard sample with 12 strain gauges before each set of tests. Samples 

with a parallel length of 18 mm and a gauge diameter of 4.5 mm were machined from the HR plates with their 
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longitudinal directions parallel to the rolling direction. The final machining was conducted after heat treatments 

so that macroscopic residual stresses at sample surfaces were removed. Monotonic tension tests were 

conducted with a constant crosshead speed of 0.03 mm/s (equivalent strain-rate ~1.67 × 10-3 s-1) and one clip-

on extensometer with a gauge length of 10 mm was used to record the strain during monotonic tests. Tension-

compression tests were conducted with the same crosshead speed, but with two clip-on extensometers mounted 

diametrically opposed to each other. This setup was used so that buckling during compression can be identified 

when the readings from the two extensometers deviate from each other significantly [50–52]. 

 

X-ray diffraction (XRD) was used to investigate the peak profile of as-quenched and tempered martensite 

before and after deformation. Samples were cut from either the undeformed head or the deformed gauge section 

of the CR tensile samples and polished to 0.05μm surface finish with colloidal silica. The XRD experiments 

were conducted on a Bruker D8 Advance diffractometer with a Co tube (operated at 40 kV and 25 mA) under 

the Bragg-Brentano geometry. Co source emission profiles, zero error and instrument profiles were assessed 

from the scan of the NIST LaB6 specimen. X-ray scans were performed over the 38° ∼ 132° 2θ range at a step 

size of 0.03° to capture four diffraction peaks. Line profile analyses of XRD patterns was performed in the 

Bruker-TOPAS (version 5) software using the whole-pattern Pawley method. Since peak splitting was not 

observed in the low carbon martensite studied in this work, the peaks were refined with a body centre cubic 

(BCC) lattice structure instead of body centre tetragonal (BCT). Peak broadening of BCC reflections was 

modelled using Balzar's double-Voigt approach [53] that considers convoluted Voigt functions of the Gaussian 

and the Lorentzian components that can be refined to describe the domain size broadening and the microstrain 

broadening, respectively. In this study, the microstrain is used to describe the magnitude of peak broadening 

instead of the full width half maximum (FWHM) used in some previous works [34–36]. It should be noted that 

the intention of this work is to use the changes in diffraction peaks to explore the evolution of the 

transformation induced residual stresses and the simple double-Voigt approach seems sufficient for the 

purpose. This is a relatively simple method for line profile analysis and may not reflect the detailed evolution 

of dislocations during straining. More advanced line profile methods such as the modified Williams-Hall and 

Warren-Averbach methods [21,54,55] and the convolutional multiple whole profile method [38,39,56] should 

be used if the evolution of dislocation density and arrangement is the main interest.  
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3 Results 

3.1 Strain hardening studied using monotonic tension tests 

Figure 1a, c and e show the true stress - true strain curves for the base, Si and Al steels in both the as-quenched 

state and as a function of tempering. The Si steel generally shows a higher strength than the base steel due to 

the solid solution strengthening effect of Si. The lower strength of the Al steel at all heat treatment conditions 

is largely attributed to its larger prior austenite grain size (~20μm compared to ~8μm for the base and Si steels). 

For all compositions, tensile curves for the as-quenched condition start to deviate from linearity at 400 MPa to 

500 MPa, which is in agreement with previous reports [17]. After tempering, the elastic-plastic transition 

becomes much narrower and yield points are clearly visible. The ultimate tensile strengths (UTS) of tempered 

samples witness a significant drop after tempering. The uniform elongations decrease due to the temper 

induced embrittlement effect at 300°C to 400°C [57].  

  

The strain hardening behaviour of tempered martensite can be clearly shown when plotting the strain hardening 

rate versus the true stress in Figure 1b, d and f. The strain hardening rates of the as-quenched states are much 

larger than the tempered states and are always higher than the E/50 limit for dislocation storage based 

mechanisms. The E/50 limit is met until ~3% of the total strain which results in the extended elastic-plastic 

transition shown in the tensile curves. The strain hardening rates decrease as a function of annealing 

temperatures and times. For low temperature tempered samples, the strain hardening rates after the yield 

discontinuities share a similar slope with the as-quenched condition and a significant portion of the curve is 

above the E/50 limit. The limit is reached at ~1.5% to 2% in the tempered samples and suggests that the same 

strain hardening mechanism governs the behaviour of as-quenched martensite as well as the martensite 

tempered at low temperatures of 300°C and 400°C. 
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Figure 1 True stress - true strain and strain hardening rate – true stress curves for the base steel (a and b), the Si 

steel (c and d) and the Al steel (e and f) with different heat treatment conditions. 

 

3.2 Bauschinger effect studied using tension-compression tests 

Figure 2a shows typical tension and tension-compression curves from an as-quenched martensite sample. The 

sample was first strained to a forward strain to achieve a forward stress 𝜎𝑓 and then compressed until the point 

of buckling. The reverse yield stress 𝜎𝑟 is found using a 0.2% offset strain [58–60] and it is much smaller than 

𝜎𝑓, indicating a pronounced Bauschinger effect. The Bauschinger effect can be quantified by the back stress 

𝜎𝑏 which is defined as 𝜎𝑏 = (𝜎𝑓 − |𝜎𝑟|)/2 [50,51,61]. Figure 2b – d shows that tempering at 300°C and 400°C 

does not lead to a significant change in the magnitude and development of the back stress until the samples are 

tempered at 400°C for 1 hour. It further supports the hypothesis made previously that the dominant strain 

hardening mechanism in as-quenched martensite does not change after low temperature tempering.  
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Figure 2 Bauschinger effect in martensite. (a) Example tension and tension-compression curve in as-quenched Si 

steel samples. (b) – (d) Evolution of back stress as a function of forward plastic strains. The continuous lines are 

obtained by fitting the experimental back stress data with the phenomenological non-linear kinematic hardening 

model (𝝈𝒃 = 𝟐/𝟑 ⋅ 𝑪𝝃/𝝃 ⋅ 𝐞𝐱𝐩(−𝝃𝜺𝒑), 𝑪𝝃 describes the effective hardening modulus and 𝝃 takes into account the 

dynamic recovery of hardening) [62]. 

 

3.3 Residual stress relaxation studied using interrupted X-ray diffraction 

A key characteristic accompanying the deformation behaviour of as-quenched martensite is the narrowing of 

diffraction lines during straining[34–36,38,39]. Since the strain hardening rates for 300°C and 400°C tempered 

samples show values comparable to the as-quenched state, one should ask if the diffraction line narrowing 

phenomenon is still visible if interrupted X-ray diffraction experiments are performed.  

 

Figure 3a – c show the effect of tempering and straining on the evolution of microstrain measured from the 

diffraction experiments. To the left of the vertical dashed line, the figures show that tempering leads to a 

decrease in microstrain. Whilst all compositions share a similar level of microstrain in the as-quenched state, 

the addition of Si and Al (Figure 3b and c) clearly reduces the magnitude of the microstrain drop after 

tempering at 300°C and 400°C. To the right of the dashed line, the figures show the effect of monotonic 

straining. For each tempering condition, several interrupted tests were performed and the maximum forward 

strain was set approximately 0.5% to 1% below the uniform elongation of each condition. This ensures that 

strain localisation as result of necking does not affect the microstrain measurements. 



9 

 

 

Figure 3 Evolution of microstrain as a function of straining for the base steel (a), the Si steel (b) and the Al steel (c) 

tempered at different temperatures for 5 minutes (open symbols) and 1 hour (solid symbols). (d) Hollomon-Jaffe 

plot [63] showing the evolution of the magnitude of the microstrain reduction after deformation for the 300°C and 

400°C tempered samples. At each temperature, two tempering times are shown (i.e. 5 minutes and 1 hour). Error 

bars in all plots represent two times the Rietveld error. 

 

According to the model proposed by Hutchinson et al., diffraction line narrowing is a result of residual stress 

relaxation during straining [34,35,64]. The fact that 300°C and 400°C tempered samples still show line 

narrowing implies that residual stresses cannot be fully relaxed by thermal treatments at low temperatures and 

some of the residual stresses remain to be relaxed by plastic straining. Moreover, prolonged tempering at 300°C 

and 400°C does not influence significantly the line narrowing behaviour during deformation (solid symbols in 

Figure 3a - c) but it does reduce the magnitude of the narrowing (expressed as the difference between the 

microstrain before 〈𝜀0〉𝑈𝑛𝑑𝑒𝑓𝑜𝑟𝑚 and after 〈𝜀0〉𝑑𝑒𝑓𝑜𝑟𝑚 deformation to strains close to UTS, Figure 3d). This 

suggests that the long-time tempering at low temperatures leads to further relaxation of residual stresses. The 

addition of Si and Al affects the relaxation process and their effect is most clearly seen in samples tempered at 

400°C. While the base steel displays limited relaxation and even line broadening during deformation after 

tempering at 400°C, a considerable amount of residual stresses remains in the alloyed samples even after 

tempering at 400°C for 1h. 
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4 Modelling the flow behaviour of as-quenched and low temperature tempered martensite 

In this section, we focus on the explanation of the strain hardening behaviour and the Bauschinger effect for 

as-quenched and low temperature tempered martensite using composite models. The two classes of composite 

models reviewed in the introduction are first compared and then combined to consider both the distribution in 

intrinsic yield stresses and the relaxation of the transformation induced residual stresses during straining. The 

results of the model are compared with the tension-compression experimental data to demonstrate the 

capabilities of the models to describe both the forward and reverse flow behaviours of martensite.  

 

4.1 Introduction to the unified modelling framework 

The model proposed by Allain et al. will be referred to as the “yield stress spectrum model” [17] and the model 

proposed by Hutchinson et al. will be termed the “residual stress spectrum model” [34,35]. In essence, both 

models consider as-quenched martensite as a composite but the gradual yielding of composite constituents are 

related to different initial states: the “yield stress spectrum model” assumes that as-quenched martensite 

comprises constituents with different yield stresses that may be described by a continuous yield stress spectrum 

[17]; the “residual stress spectrum model” considers that the constituents in martensite share a similar yield 

stress but each constituent is affected by an initial residual stress that may vary locally as a result of the 

martensitic transformation [34,35]. The two models also differ in the implementation of incremental straining 

and strain partitioning. It is difficult to differentiate the two models on the basis of the tensile curve only, but 

they will differ in their abilities to describe the tension-compression behaviour and the evolution of the 

diffraction line during straining.  

 

In the present work, we have developed a framework which includes initialisation schemes for both composite 

models and a unified incremental straining scheme describing the transformation induced residual stress 

relaxation and incapability stress building. The modelled results using this framework can be compared 

quantitatively with experimental data.  

 

The macroscopic stress-strain response of the composite-like martensite during straining is obtained by 

averaging over the response of its individual constituents as: 

𝜺̅ = ∑ 𝑉𝑖𝜺𝑖

𝑛𝑐

𝑖=1

(1) 

𝝈̅ = ∑ 𝑉𝑖𝝈𝑖

𝑛𝑐

𝑖=1

(2) 

where 𝑛𝑐 is the total number of constituents, 𝜺̅ and 𝝈̅ are the average strain and stress, 𝜺𝑖 and 𝝈𝑖 are the strain 

and stress tensors of the 𝑖th constituent with a volume fraction 𝑉𝑖. At this stage, we do not seek to identify a 

constituent to a specific microstructural feature, such as martensite lath or block. For simplicity, we assume 
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that all constituents are subjected to a uniaxial state of stress. Strain partitioning of strain among the constituent 

is presented in Section 4.2.3.  

 

For the sake of simplicity, the stress-strain response of each constituent is assumed to be elastic, perfectly 

plastic. The Young’s modulus and Poisson’s ratio are assumed identical for all constituents: 𝐸 = 205 GPa and   

𝜐 = 0.3. The yield stress of the 𝑖th constituent is written 𝜎𝑦0
𝑖 .  In the “yield stress spectrum model”, constituents 

have different yield stress, but the initial stress is zero. In the “residual stress spectrum model”, all constituents 

have the same yield stress, but are subjected to different pre-stresses. These different assumptions also affect 

the determination of 𝑉𝑖.  

In the following, constitutive assumptions for each model are detailed, and the numerical scheme used to 

calculate the composite response is presented, which is model independent.  

 

4.2 Constituent behaviour   

4.2.1 Yield stress spectrum model 

In the “yield stress spectrum model”, the onset of plasticity in each constituent is governed solely by its initial 

yield stress 𝜎𝑦0
𝑖 . From a constitutive modelling perspective, constituents in the “yield stress spectrum model” 

all start from a zero stress state and they reach their unique yield surfaces at different forward strains (Figure 

4a). In a continuous yield stress spectrum, the probability of finding a constituent with a particular yield stress 

can be found using a probability density function. In the work of Allain et al., a Weibull distribution was 

assumed [17]: 

𝑓(𝜎𝑦0
𝑖 ) = {

0 𝜎𝑦0 < 𝜎𝑚𝑖𝑛

𝑛

𝜎0
(

𝜎𝑦0
𝑖 − 𝜎𝑚𝑖𝑛

𝜎0
)

𝑛−1

𝜎𝑦0 ≥ 𝜎𝑚𝑖𝑛

(3) 

𝜎𝑚𝑖𝑛 is the yield stress of the softest constituent in the composite, 𝜎0 is the width of the yield stress distribution 

and 𝑛 governs the shape of the distribution. While the existence of 𝜎𝑚𝑖𝑛 allows Allain et al. [17] to assign a 

low yield stress (300 MPa) to the softest constituent to describe the low elastic limit in as-quenched martensite, 

the shape factor was set arbitrarily and it could be highly correlated with the width factor 𝜎0. Here, we use a 

normal distribution which defines the mean (𝜎𝜇) and the standard deviation (𝜎𝑠𝑑) of the yield stress spectrum 

and omit the use of 𝜎𝑚𝑖𝑛: 

𝑓(𝜎𝑦0
𝑖 ) =

1

√2𝜋𝜎𝑠𝑑
2

exp (−
𝜎𝑦0

𝑖 − 𝜎𝜇

2𝜎𝑠𝑑
2 ) (4)

 

In this model, 𝜎𝑠𝑑  and 𝜎𝜇  are the two “unknown” variables required to describe the flow behaviour. One 

drawback of assuming a normal distribution for the yield stress spectrum is that the strengths of soft 

constituents can reach values close to zero (Figure 4b) which is even smaller than the one assumed in Allain’s 

work. These low yield stress values contradict with experimental results obtained using nanoindentation where 

the minimum yield stress is ~1 GPa and is considered to be an intrinsic limitation of this model if only the 
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variation in yield stress is considered [27,33]. The selection of a normal distribution was a compromise we 

made in the model initialisation scheme that allowed the “yield stress spectrum model” to be compared with 

the symmetrical residual stress spectrum used in the “residual stress spectrum model”.   

 

In the initialisation step, the continuous normal distribution is discretised with a finite number of bins (Figure 

4b). The volume fraction of each constituent is defined as the area under the probability density function within 

each binning interval and can be approximated with the cumulative density function 𝐹(𝜎𝑦0
𝑖 ) if the interval size 

is sufficiently small: 

𝑉𝑖 = 𝐹(𝜎𝑒𝑛𝑑
𝑖 ) − 𝐹(𝜎𝑠𝑡𝑎𝑟𝑡

𝑖 ) (5) 

𝑉𝑖 is the volume fraction of the constituent, 𝐹(𝜎𝑒𝑛𝑑
𝑖 ) is the value of the cumulative density function at the end 

of the interval and 𝐹(𝜎𝑠𝑡𝑎𝑟𝑡
𝑖 ) is the value of the cumulative density function at the start of the interval. The 

yield stress of each constituent is approximated as the mid-point of the interval as: 

𝜎𝑦0
𝑖 = (𝜎𝑒𝑛𝑑

𝑖 + 𝜎𝑠𝑡𝑎𝑟𝑡
𝑖 )/2 (6) 

 

4.2.2 Residual stress spectrum model 

In the “residual stress spectrum model”, the onset of plasticity in each constituent is not governed solely by its 

yield stress but is also influenced by its initial residual stress state [34,35]. If the residual stress is aligned 

towards the loading direction, it will facilitate the yielding of the constituent and if the residual stress is aligned 

against the loading direction, it will resist the yielding of the constituent. From the continuum mechanics 

perspective, it is equivalent to assigning each constituent a non-zero, elastic stress/strain state along the loading 

direction before straining but the constituents share the same yield surface (Figure 4c). The constituent with a 

positive pre-stress will yield earlier than the constituent with a negative pre-stress. Based on this principle, the 

model considers a uniaxial residual stress (𝜎𝑟𝑠
𝑖 ) acting along the loading direction. The initial elastic strain 

corresponding to the residual stress can be calculated from Hooke’s law. 
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Figure 4 Constituent response for the composite models. (a) Yield surface representation of the “yield stress 

spectrum model”. The solid dot represents the common initial stress state for all constituents and the arrow 

represents the loading direction. (b) Discretisation of a continuous normal distribution with a finite number of 

bins, the current plot shows 25 bins for clarity. (c) Yield surface representation of the “residual stress spectrum 

model”. The dots represent the different residual stress states of the constituents and the arrow represents the 

loading direction. (d) Flat spectrum of a ranges of residual stresses, 25 constituents are presented in the current 

plot for clarity. 

 

Therefore, the model is a simplification of the original model, which allowed multiaxial residual stress states 

[34,35]. Note that, in that case, the residual stress tensor is deviatoric. Of course, this simplified implementation 

lacks considerations of the effect of grain orientation and 3-D strain partitioning compared with the crystal 

plasticity model shown in the work of Hutchinson et al. [35]. However, it is still sufficient to capture the key 

ingredients of the residual stress hypothesis. The number of constituents is determined by the number of 

residual stress states 𝑛𝑐 and constituents have all the same volume fraction 𝑉𝑖 = 1/𝑛𝑐 and share the same yield 

stress 𝜎𝑦0
𝑖 = 𝜎̅𝑦0. The maximum magnitude of the residual stress (𝑅𝑆𝑚𝑎𝑥) is defined as a fraction of  𝜎̅𝑦0. The 

𝑅𝑆𝑚𝑎𝑥 to 𝜎𝑦0 ratio is the only “unknown” variable in this model. In this way, the discretised distribution of 

constituents can be described by the flat spectrum shown in Figure 4d. The exact volume fractions of the 

constituents do not significantly affect the simulated flow behaviour of the bulk material as long as the residual 

stress spectrum is symmetrical and the macroscopic pre-stress averages to zero. Therefore, we do not seek to 

refine the flat spectrum with more sophisticated distributions.  
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4.2.3 Composite behaviour 

The composite is subjected to a uniaxial loading in the direction z. For a given increment of macroscopic strain 

𝛥𝜀𝑧̅𝑧 , the constituent strain increments Δ𝜀𝑧𝑧
𝑖  are calculated such that the following incremental strain 

partitioning condition is satisfied [17]: 

𝛽 = −
Δσ̅𝑧𝑧 − Δ𝜎𝑧𝑧

𝑖

Δ𝜀𝑧̅𝑧 − Δ𝜀𝑧𝑧
𝑖

(7) 

The value of 𝛽 can be varied to consider different strain partitioning conditions from iso-strain (𝛽 = ∞) to iso-

stress (𝛽 = 0 ). While this simple method is derived from previous works in dual-phase steels, it is a 

computationally efficient approach to treat the strain partitioning problem [65,66]. In addition to its 

computational advantage, the reason to use the 𝛽 factor approach in our work is two-fold. Firstly, it is the strain 

partitioning method used in the original work of Allain et al. [17] and we intend not to deviate to much from 

the original composite models other than the discretised 1-D simplifications shown in Figure 4. Secondly, the 

𝛽 factor approach can treat the strain partitioning problem despite its simplicity, especially when the magnitude 

of 𝛽 is calibrated. Figure 5 shows the effect of 𝛽 on the magnitude of 𝜎𝜇 and 𝜎𝑠𝑑 in the “yield stress spectrum 

model”. It can be seen that 𝜎𝜇 decreases as 𝛽 approaches to the iso-strain condition (Figure 5a) whereas 𝜎𝑠𝑑 

increases (Figure 5b). Since we assume that the yield stress spectrum is symmetrical and the constituents are 

elastic, perfectly plastic, the mean of the yield stress spectrum should not deviate much from the experimental 

tensile strength. If this is not the case, the modelled UTS would be found far from the experimental value as 

the constituents closer to the mean account for most of the total volume fraction and contribute significantly 

to the modelled tensile curve. Therefore, 𝛽 is fixed as E/4 and it is the same for all constituents in the yield 

stress spectrum model. This is also the 𝛽 value used in the work of Allain et al. [17].  

 

Figure 5 The effect of 𝜷 on the magnitudes of 𝝈𝝁 and 𝝈𝒔𝒅. The parameters optimised to best describe the monotonic 

tensile behaviour of the as-quenched Si steel. 

 

The increments of stress and strain in each constituent are related by the constitutive relation of the constituent, 

assuming that Δ𝜎𝑥𝑥
𝑖 = ∆𝜎𝑦𝑦

𝑖 = 0.  The macroscopic stress is calculated by averaging the stress in the 

constituents according to Eq. (2). Strain partitioning among constituents also ensures that the averaging 

condition for the strain, Eq. (1), is satisfied. The procedure is repeated at the next time step until the termination 
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criteria is met.  In practice, the constitutive equations for each constituent were integrated in time using the 

classic return-mapping algorithm for elastic, perfectly-plastic behaviour [67], accounting for pre-strain and 

pre-stress in the case of the “residual stress spectrum model”. The condition of uniaxial stress state at 

constituent level was satisfied by iterating on the a-priori unknown transverse strains Δ𝜀𝑥𝑥
𝑖  and Δ𝜀𝑦𝑦

𝑖  using a 

Newton-Raphson scheme. The increments Δ𝜀𝑧𝑧
𝑖  were calculated iteratively using another Newton-Raphson 

scheme at the composite level.  

 

4.2.4 Limitations with the current implementation 

It is worth noting the potential limitations with the current implementation. By assuming the constituents obey 

the J2 yield criterion, it is implied that the constituents should yield at the same stress in both tension and 

compression. This is not necessarily true in the case of martensitic steels. Previous literature has demonstrated 

that martensitic steels display higher flow stress in compression and the difference between the compressive 

and tensile flow stresses decreases after tempering [68–71]. For a model that simulates the strain reversal 

behaviour of martensite, this strength differential (S-D) effect should be considered. However, due to the large 

aspect ratio of the tension-compression sample and issues with sample buckling, it was difficult to obtain 

compression and compression-tension test results with compressive strains larger than 1%. A comprehensive 

test campaign on the impact of the S-D effect was thus not possible. Nevertheless, the omission of the S-D 

effect in the modelling framework does not affect significantly the modelled results in the two composite 

models as well as the predictive capability of the “integral composite model” proposed later (more details can 

be found in Appendix B). 

 

The second limitation of the current modelling framework is the lack of strain hardening of the constituents. 

Our preliminary results showed that the inclusion of phenomenological strain hardening terms (either isotropic 

or kinematic) would reduce the variation in the yield stress spectrum and the residual stress spectrum and 

improve the agreement between the experimental and modelled results. The inclusion of strain hardening terms 

considering dislocation evolutions (e.g. dislocation cell formation [20,21,38,39,56,72] and dislocation-grain 

boundary interactions [73,74]) can also lead to extra kinematic hardening and a Bauschinger effect even if the 

composite models themselves cannot. However, the modelling parameters used in these hardening models are 

difficult to quantify physically and require additional calibration or fitting. Since it is our intention to compare 

the two existing composite models and avoid adding more “unknown” variables, the constituents in the current 

implementation are assumed to be elastic, perfectly plastic and no extra strain hardening is allowed. 

 

4.3 Comparison of composite models using their original hypotheses 

Figure 6 shows the experimental and modelled tension-compression curves using the “yield stress spectrum 

model” (Figure 6a, c and e). Using optimised yield stress distributions, the monotonic curves can be well 

reproduced by the model for all compositions. The model is also capable of producing a large Bauschinger 

effect since individual constituents have different stress states than the bulk which results in back stresses and 
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kinematic hardening. However, significant discrepancies are observed when the same yield stress spectrum 

that works well during forward loading is used to simulate the tension-compression test. Regardless of the 

alloy composition, the model predicts a larger Bauschinger effect than the one experimentally measured. 

 

Figure 6 Experimental and modelled tension-compression curves for as-quenched samples using the “yield stress 

spectrum model” (a, c and e) and the “residual stress spectrum model” (b, d and f). 

 

In the case of the “residual stress model” (Figure 6b, d and f), the common yield stress for the constituents 

(𝜎𝑦0
𝑖 ) is set to be the same as the mean of the normal distribution obtained in the yield stress spectrum to allow 

a fair comparison between the models. The best agreement with the monotonic tension curves can be achieved 

when the maximum residual stress magnitude is set as 𝑅𝑆𝑚𝑎𝑥 = 𝜎𝑦0
𝑖 /√3, which corresponds to ~57% of the 

common yield stress of the material. While the monotonic tension curves can be well explained by the gradual 

yielding of constituents with pre-stresses, the model produces no Bauschinger effect during the tension-



17 

 

compression test simulations because the material behaves like a single element of elastic, perfectly-plastic 

materials during reverse loading. This is again likely to be caused by the lack of consideration of dislocation 

evolutions in the current implementation. 

The discretised nature of the unified framework allows us to extract the strain and stress states of each 

constituent during straining. Figure 7a and b show the strain and stress states of each constituent along the 

loading direction at different macroscopic forward strains as a function of their initial yield stresses in the 

“yield stress spectrum model”. In Figure 7a, it can be seen that the constituents with smaller initial yield stresses 

will yield first and bear larger strains whereas the constituents with larger initial yield stresses will still be 

elastic and bear a minimum strain. If we assume each constituent represents an aggregation of grains with a 

random texture, the strain partitioning phenomenon can lead to anisotropic elastic strains within the grains, 

which results in anisotropic shifts of the diffraction lines when the sample is probed by X-ray diffraction. 

Indeed, in-situ X-ray and neutron experiments do show that the diffraction lines of as-quenched martensite 

become asymmetric during deformation [35,36,38,39]. However, the predicted stress evolution shown in 

Figure 7b does not respect another important feature found in the in-situ X-ray and neutron experiments which 

is the narrowing of diffraction lines during straining. In the basic assumptions of the “yield stress spectrum 

model”, each constituent is elastic, perfectly plastic and its initial yield stress does not change as a function of 

straining. As a consequence, there is no mechanical homogenisation of the stress states in the material and 

straining should always lead to plastic incompatibilities between soft and hard constituents which can only 

result in diffraction line broadening. This is not consistent with experimental observations (Figure 3). 
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Figure 7 Strain and stress states of constituents as a function of their initial yield stress states (a and b) or their 

initial residual stress states (c and d) in a simulated tensile test. Different colours represent different macroscopic 

strain and stress levels. Simulated results from the as-quenched Si steel sample. 

 

 

The disappearance of the Bauschinger effect in the case of the “residual stress spectrum model” is understood 

by the evolution of strain and stress states during straining. As shown in Figure 7c, constituents with positive 

pre-stresses yield first and bear larger strains while constituents with negative pre-stresses do not yield and 

bear smaller strains as a result of strain partitioning. The heterogeneity in strain at the constituent level leads 

to the same diffraction line asymmetry as discussed in the previous section. The stress states in individual 

constituents, on the other hand, becomes more homogeneous during straining since all constituents share the 

same initial yield stress (Figure 7d). When all constituents have their axial stress equal to the yield stress, the 

material is fully yielded and homogenised by plastic straining. This mechanical homogenisation process 

eliminates the plastic incompatibilities generated between early and late yield constituents. As a consequence, 

not only does the diffraction line get narrower as a result of residual stress relaxation, the material also loses 

its composite-like behaviour at large forward plastic strains and as a result a significant Bauschinger effect is 

not observed (Figure 6b, d and f). Therefore, the “residual stress spectrum model” alone cannot self-

consistently explain both the monotonic tension and the tension-compression flow behaviour of as-quenched 

martensite. Nevertheless, the residual stress hypothesis does provide a suitable explanation for diffraction line 

narrowing and should be considered in further model developments. In principle, both the yield stress spectrum 

and the residual stress spectrum should co-exist in as-quenched martensite as a result of the transformation 

sequence effect [27]. 

 

4.4 An “integral composite model” incorporating both yield stress spectrum and residual stress 

spectrum hypotheses 

While both the “yield stress spectrum model” and the “residual stress spectrum model” are promising 

candidates in describing the flow behaviour of as-quenched martensite, they have limitations in explaining 

certain features: the “yield stress spectrum model” does not reflect the diffraction line narrowing phenomenon 

observed during straining of as-quenched martensite; the “residual stress spectrum model” does not result in a 

Bauschinger effect since the residual stresses are relaxed and the composite effect is eliminated after forward 

straining. It is, therefore, interesting to explore if the two models could be integrated into a new model that 

simultaneously considers the variation in local yield stresses and relaxation of residual stresses. 

 

We first consider the possibility to include the relaxation of residual stresses into the “yield stress spectrum 

model”. As discussed by Scott et al. [33] and Badinier [40], the variation in local yield stresses within 

martensite can come not only from the heterogeneous carbon contents in martensite crystals or lath size 

variations, but also from the residual stress states within different constituents. While the variation in intrinsic 

yield stresses should not change during deformation, the residual stresses can be relaxed during straining. 

Therefore, if the initial yield stress spectrum is affected by the existence of residual stresses, the spectrum 
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should become narrower after deformation since the residual stresses are, to some extent, relaxed by the 

forward loading and exert less influence on the variation in yield stresses. 

 

For the purpose of illustration, consider Figure 8. The black solid line in Figure 8a represents the initial 

apparent yield stress spectrum of the material which comes from the convolution of the intrinsic yield stress 

spectrum and the residual stress spectrum. Constituents that reside on the left-hand side of the distribution have 

smaller yield stresses compared to the mean of the distribution. Besides the lower intrinsic yield stresses, they 

are also likely to be affected by residual stresses that are aligned with the loading direction which result in the 

lower apparent yield stresses. As a result, these constituents will have smaller yield surfaces (dotted black line 

in Figure 8b) than the mean (solid black line). In contrast, constituents that are found on the right-hand side of 

the distribution are likely to be affected by higher intrinsic yield stresses and residual stresses that are opposite 

to the loading direction. These constituents can be represented by the larger yield surfaces shown as dashed 

black lines in Figure 8b. Upon straining, constituents with lower apparent yield stresses (i.e. left of the mean) 

will yield first and relax their residual stresses. Since they are affected by residual stresses that facilitate 

yielding in the forward direction, relaxation of these stresses will lead to an increase in the apparent yield 

stresses so their yield surfaces should expand (dotted red line in Figure 8b). On the other hand, when the 

forward strain is large enough to deform constituents with higher apparent yield stresses (i.e. right of the mean), 

the relaxation of residual stresses should lead to a loss of resistance to forward plasticity so the apparent yield 

stresses should decrease. Therefore, their yield surfaces should shrink (dashed red line in Figure 8b). As 

plasticity develops in all constituents, the influence of residual stresses become less and the width of the 

spectrum decreases, which can be represented by the red dashed spectrum in Figure 8a. 
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Figure 8 Constituent initialisation in the “integral composite model” and the modelled tensile test results. 

Modelling parameters are set as 𝝈𝝁=2000 MPa, 𝝈𝒔𝒅=600 MPa and 𝜶𝒓=0.2. (a) Local yield stress spectra before and 

after forward loading. (b) Yield surfaces of constituents with lower (dotted lines) and higher (dashed lines) 

apparent local yield stress than the mean (solid black line). The red lines represent the size of the yield surface 

after relaxation of residual stresses. (c) Modelled tensile behaviour, black circles represent the strain and stress 

levels for the other plots. (d) – (f) Evolution of the apparent yield stress spectrum as a function of strain. The black 

curves represent the initial spectrum and the red curves represent the spectrum after relaxation of residual stresses. 

 

In our implementation of this “integral composite model”, the initialisation scheme for the “yield stress 

spectrum model” is used assuming a mean 𝜎𝜇 and an initial spread 𝜎𝑠𝑑
0  (assuming a normal distribution similar 

to Eq. (4)). Each constituent is then assigned with an initial apparent yield stress 𝜎𝑦0
𝑖 . During straining, if the 

stress at the constituent level exceeds 𝜎𝑦0
𝑖 , the apparent yield stress is allowed to evolve to reflect a reduction 

in the residual stress contribution in the following way: 
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𝜎𝑦𝑟
𝑖 = 𝜎𝑦0

𝑖 [1 − 𝛼𝑟 (
𝜎𝑦0

𝑖 − 𝜎𝜇

𝜎𝑦0
𝑖

)] (8) 

where 𝜎𝑦𝑟
𝑖  is the apparent yield stress of the constituent after relaxation of residual stresses and 𝛼𝑟  is the 

relaxation parameter ranging from 0 to 1. In the first instance we assume this relaxation process occurs 

instantaneously when the constituent yields and no further hardening is allowed after the relaxation (i.e. 

constituents are still elastic, perfectly plastic). The (𝜎𝑦0
𝑖 − 𝜎𝜇)/𝜎𝑦0

𝑖  term allows Eq. (8) to locate the position 

of the constituent relative to the mean: if the constituent has a yield stress smaller than the mean, this term will 

be negative and vice versa. Together with the relaxation parameter 𝛼𝑟, Eq. (8) is able to describe the magnitude 

of the change in the apparent yield stress for each constituent. Eq. (8) also regulates the maximum/minimum 

𝜎𝑦𝑟
𝑖  after residual stress relaxation: for a constituent with a smaller yield stress than the mean, 𝜎𝑦𝑟

𝑖 = 𝜎𝜇 is the 

maximum value it can reach; for a constituent with a larger than the mean, 𝜎𝑦𝑟
𝑖 = 𝜎𝜇 is the minimum value it 

can reach. 

 

Figure 8c is an example of the modelled tensile curve assuming 𝜎𝜇=2000 MPa, 𝜎𝑠𝑑
0  =600 MPa, and 𝛼𝑟=0.2. 

When the strain is low, only the constituents with lower apparent yield stresses are plastically deformed and 

the relaxation process leads to an asymmetric yield stress spectrum (Figure 8d). As plasticity develops, 

constituents with higher apparent yield stresses start to relax their residual stresses and the spectrum starts to 

become symmetrical again (Figure 8e-f). Figure 8f shows that if the constituents are heavily influenced by the 

convolution of large intrinsic yield stress and negative residual stresses, they may not yield even at large strains. 

However, these constituents only account for a small fraction of the total number constituents and will not 

affect greatly the overall flow behaviour. This statement can be supported by the slope of the modelled tensile 

curve after point f where little strain hardening is observed. If the elastic constituents do contribute to the strain 

hardening of the bulk sample, the slope after point f should still be large. 

 

In this description, which includes a convolution of a yield strength spectrum and residual stress spectrum, 𝜎𝜇, 

𝜎𝑠𝑑
0  and 𝛼𝑟 are the three “unknown” variables needed to fully describe the flow behaviour of martensite. While 

𝜎𝜇 and 𝜎𝑠𝑑
0  can be inferred from the “yield stress spectrum model”, a key question with the “integral composite 

model” is the physical meaning of the relaxation parameter 𝛼𝑟. Figure 9a shows the effect of 𝛼𝑟 on the relaxed 

spectrum. If 𝛼𝑟 =0, there is no plastic relaxation of residual stresses during the forward straining and the 

apparent yield stress spectrum is maintained (i.e. equivalent to the “yield stress spectrum model”). If 𝛼𝑟=1, the 

spectrum becomes a line located at 𝜎𝜇 , suggesting that all constituents share the same yield stress after 

complete relaxation (i.e. equivalent to the “residual stress spectrum model”). Therefore, 𝛼𝑟 can be regarded as 

a parameter that describes the convolution of the “yield stress spectrum model” and the “residual stress 

spectrum model”. The width of the yield stress spectrum after relaxation 𝜎𝑠𝑑
𝑟  can then be calculated as the 

fraction of the width of the initial apparent yield stress spectrum: 

𝜎𝑠𝑑
𝑟 = 𝜎𝑠𝑑

0 × (1 − 𝛼𝑟) (9) 
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As 𝛼𝑟  increases, a larger fraction of the initial apparent yield stress spectrum will be influenced by the 

existence of residual stresses. 

 

Since 𝛼𝑟  is a parameter that describes the influence of residual stresses, it should evolve as a function of 

tempering as residual stresses can be relaxed by thermal treatments. Moreover, if the diffraction line narrowing 

as a function of strain is also a result of residual stress relaxation, the magnitude of this relaxation may be a 

suitable quantity to estimate 𝛼𝑟. Figure 9b shows the evolution of the experimentally measured relaxation 

parameter from the interrupted X-ray diffraction experiments. In this case, the experimentally measured 

relaxation parameter is expressed as the magnitude of the microstrain reduction normalised by the microstrain 

before deformation (i.e. 
〈𝜀0〉𝑈𝑛𝑑𝑒𝑓𝑜𝑟𝑚−〈𝜀0〉𝐷𝑒𝑓𝑜𝑟𝑚

〈𝜀0〉𝑈𝑛𝑑𝑒𝑓𝑜𝑟𝑚
). This normalised parameter represents the fraction of 

microstrain that can be relaxed by forward plasticity, which is the physical meaning of 𝛼𝑟. It can be seen that 

the experimentally measured relaxation parameter remains relatively constant in the as-quenched and 300°C 

tempered conditions. When tempered at 400°C, only the steels with Si and Al additions still show a 

considerable relaxation whereas the base steel shows no or negative relaxation.  

 
Figure 9 Effect and estimation of 𝜶𝒓 . (a) Effect of 𝜶𝒓  on the evolution of the final yield stress spectrum. (b) 

Hollomon-Jaffe plot showing the evolution of the experimentally measured relaxation parameters from 

interrupted X-ray diffraction experiments. Error bars are calculated using the error propagation function 

considering the errors in the microstrain measurements shown in Figure 3. At each temperature, two tempering 

times are shown (i.e. 5 minutes and 1 hour). 

 

Considering the contribution of dislocation based mechanisms and the scatter in experimental measurements, 

the estimated 𝛼𝑟 values used in the model are shown in the first three rows of Table 2. It can be seen that most 

as-quenched and 300°C tempered samples share the same 𝛼𝑟 value of 0.25 but the value for the base steel 

tempered at 300°C is reduced to 0.2. This is to address the chemistry effect of Si and Al seen in the previous 

sections. In the case of 400°C tempered samples, 𝛼𝑟 for the base steel is set to be zero since it shows limited 

(or even slightly negative) relaxation. For Si and Al steels tempered at 400°C, the 𝛼𝑟 values are obtained by 

slightly increasing the values in Figure 9b.  
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To further reduce the degrees of freedom in the model, the mean of the initial apparent yield stress spectrum 

is set to be the experimentally measured UTS (Table 2). This constraint is similar to the one used in the original 

work of Hutchinson et al. and restricts the magnitude of the residual stress relaxation [34]. It also coincides 

with the assumption that the constituents are elastic, perfectly plastic (i.e. no strain hardening). The width of 

the initial apparent yield stress spectrum 𝜎𝑠𝑑
0  then becomes the single parameter that needs to be optimised in 

order to describe the flow behaviour of martensite.  

 

Table 2 Magnitude of 𝜶𝒓, 𝝈𝝁 , 𝝈𝒔𝒅
𝟎  and 𝝈𝒔𝒅

𝒓  used in the as-quenched and low temperature tempered conditions. 𝜶𝒓 

values are informed from diffraction line narrowing experiments and 𝝈𝝁 values are measured from the UTS of 

the tensile curve. 𝝈𝒔𝒅
𝟎  values are optimised to fit the tension-compression curve and 𝝈𝒔𝒅

𝒓  values are calculated 

using Eq. (9). 

Parameter Steel grade As-quenched 300°C 5 min 300°C 1 hr 400°C 5 min 400°C 1 hr 

𝛼𝑟  

Base steel 0.25 0.2 0.2 0 0 

Si steel 0.25 0.25 0.25 0.2 0.1 

Al steel 0.25 0.25 0.25 0.1 0.1 

𝜎𝜇 (MPa) 

Base steel 1900 1521 1487 1365 1271 

Si steel 2003 1734 1726 1619 1459 

Al steel 1815 1552 1482 1416 1262 

𝜎𝑠𝑑
0  (MPa) 

Base steel 747 608 585 434 455 

Si steel 788 721 716 628 506 

Al steel 751 665 621 513 502 

𝜎𝑠𝑑
𝑟  (MPa) 

Base steel 560 486 468 434 455 

Si steel 591 541 537 502 516 

Al steel 563 499 466 462 452 

 

4.5 Modelling results and discussions 

Figure 10a – e show the comparison between the experimental and modelled tension-compression curves for 

the as-quenched and low temperature tempered states of the base steel composition. The results for the Si and 

Al steels (which show similar levels of agreement) can be found in Figures A1 –  A3 in the Appendix. The 

modelled curves are simulated using 𝜎𝑠𝑑
0  values that best reproduce the experimental curves. In the as-

quenched and 300°C tempered conditions, the modelled curves show good agreement with the experimental 

data and demonstrate better capabilities than the original composite models. The underestimation of the 

Bauschinger effect in the reverse direction for the as-quenched samples is eliminated since the relaxation of 

residual stresses is properly treated. Discrepancies between experimental and modelled curves start to appear 

when samples are tempered at 400°C as a result of accelerated microstructural homogenisation. This can be 

demonstrated by the underestimation around the elastic-plastic transitions during forward loading and the 

overestimation in the reverse direction, which is especially obvious in the samples tempered at 400°C for 1 

hour (Figure 10e). It indicates that the integral composite model starts to become less capable in describing 

the flow behaviour of high temperature tempered samples. 



24 

 

 

Another way to examine the capability of the “integral composite model” is to compare the correlation between 

the modelled 𝜎𝑠𝑑
𝑟  and the experimentally measured UTS shown in Figure 10f. While most data points can be 

described by a master line regardless of alloy compositions, three points are located well away from the master 

line. These data points come from samples that are tempered at 400°C for 1 hour. It suggests that although we 

can obtain good agreement with experimental data for this tempering condition, the modelling parameters may 

not reflect the true variation in the intrinsic yield stress and could be caused by fitting uncertainties. 

 
Figure 10 (a) – (e) Experimental and modelled tension-compression curves for the as-quenched and tempered 

samples. (f) Correlation between the modelled 𝝈𝒔𝒅
𝒓  and the experimentally measured UTS. The solid line is fitted 

with a linear regression and the dashed curves represent the 95% confidence band of the fit. 

 

Besides the uncertainties at high tempering temperatures, the existence of a master line (Figure 10f) that is 

chemistry insensitive suggests that it is possible to use the master line to predict the flow behaviour of as-

quenched and low temperature tempered martensite. Figure 11 shows the performance of the model in 
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predicting the strain reversal behaviours of two as-quenched steels taken from the literature. In both cases, the 

mean of the spectrum 𝜎𝜇 is set as the stress at the strain reversal. As both samples were tested to relatively 

large strains, the stress at the reversal will be close to the UTS. 𝜎𝑠𝑑
𝑟  values are calculated using the equation 

shown in Figure 10f. Since the steels have similar carbon contents to the steels used in the current study, the 

same 𝛼𝑟 of 0.25 is used and the initial width of the spectrum is calculated as 𝜎𝑠𝑑
0 = 𝜎𝑠𝑑/(1 − 𝛼𝑟) (i.e. the 

reciprocal of Eq. (9)). For steels with higher carbon contents, a larger 𝛼𝑟 may be required since the developed 

residual stress could be larger as suggested by Hutchinson and co-workers [34,64]. It can be seen that the 

predicted curves have excellent agreement with the experimental results without any modification of the 

modelling parameters. This indicates that the “integral composite model” proposed here can usefully predict 

the flow behaviour of as-quenched and low temperature tempered martensite. The fact that the prediction for 

the shear reversal test is reasonably good suggests that the strength differential effect does not affect the validity 

of the “integral composite model”. 

 

Figure 11 Experimental and modelled strain reversal behaviours of two steels found in the literature. (a) Fe-0.1C-

2.3Mn-0.3Si-0.8Cr (wt.%) as-quenched steel modelled with 𝝈𝝁  =1280 MPa, 𝝈𝒔𝒅
𝟎 =566 MPa, and 𝜶𝒓 =0.25. 

Experimental results are from the shear reversal test. The Young's modulus is adjusted to 140 GPa to better 

describe the elastic behaviour. More explanation on this can be found in the work of Allain et al. [17]. (b) Fe-0.24C 

(wt.%) as-quenched steel modelled with 𝝈𝝁=1568 MPa, 𝝈𝒔𝒅
𝟎 =659 MPa, and  𝜶𝒓=0.25. Experimental results are 

from the uniaxial tensions-compression test [40]. 

 

 

5 Conclusion 

A systematic study of the strain hardening behaviour during tensile and reverse loading of as-quenched and 

low temperature tempered (300°C and 400°C) martensite has been conducted. Both as-quenched and tempered 

martensite show large strain hardening behaviour (i.e. greater than the E/50 limit), pronounced and sustained 

Bauschinger effect and diffraction peak narrowing. The diffraction peak narrowing phenomenon persists in 

samples tempered at 300°C and disappears gradually when the tempering temperature is raised to 400°C.  

 

While the “yield stress spectrum model” is able to describe both the monotonic tension and the tensions-

compression flow behaviour of as-quenched martensite, it fails to address the diffraction line narrowing 

phenomenon observed in in-situ Neutron and X-ray diffraction. By contrast, the “residual stress spectrum 
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model” can describe the monotonic tension curve and provide natural explanations to the diffraction line 

narrowing problem but it cannot reproduce a large and sustained Bauschinger effect. These observations are 

well described by an “integral composite” model synthesising the contribution of both residual stress relaxation 

and incompatibility stresses. This approach also allows an empirical correlation to be found which is capable 

of predicting the flow behaviour of as-quenched martensite found in the literature. 
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Appendix A 

 

Figure A1 Experimental and modelled tension-compression curves for the as-quenched samples. 



32 

 

 

Figure A2 Experimental and modelled tension-compression curves for samples tempered at 300 °C for 5 minutes 

and 1 hour. 
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Figure A3 Experimental and modelled tension-compression curves for samples tempered at 400 °C for 5 minutes 

and 1 hour. 

 

Appendix B 

 

We have performed compression-tension tests on tempered samples and estimate the influence of the S-D 

effect on the flow curves obtained. Figure B1a – c shows the tension-compression (T-C) and compression-

tension (C-T) test results of samples tempered at 300 °C for 5 minutes. The flow stress in compression is 

indeed larger and it is true for both the forward and reverse loadings. In the case of forward loading the 

compression forward loading results in higher flow stress than tension and the difference between the two 

curves keeps relatively constant with strain. In the case of the flow stress after strain reversal, the compression 

curve is higher than the tension curve as well. This indicates the Bauschinger effect obtained using the T-C 

test may serve as a lower bound and the one obtained with the C-T test may be the upper bound. However, the 

overall trends of the flow curves do not differ significantly, suggesting the omission of the S-D effect in the 

“integral composite model” should not affect the simulated elastic-plastic transitions in both tension and 

compression shown in Figure 10. 
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Figure B1 Comparison between the compression-tension (C-T) and the tension-compression (T-C) tests. (a) – (c) 

Strain reversal curves for samples tempered at 300 °C for 5 minutes. (d) The difference between the forward flow 

stresses when tensioned or compressed to 2% total strain. 

 

The difference between the forward flow stresses in compression |𝜎𝑐| and in tension |𝜎𝑡| at 2% total strain is 

approximately 30 – 40 MPa (Figure B1d), the lower difference in the Al steel could be a result of sample-to-

sample variation. The S-D effect is often quantified as the ratio between the difference in flow stress and the 

average flow stress: 

𝑆 − 𝐷 = 2
|𝜎𝑐| − |𝜎𝑡|

|𝜎𝑐| + |𝜎𝑡|
(B1) 

In the case of 300 °C tempered samples, the S-D ratio is ~3%. This value decreased to ~1.5% or less in the 

case of 500 °C samples. This is consistent with results found in the literature which suggested the S-D effect 

could be reduced by tempering at high temperatures [58,68,75]. We have not performed C-T tests on as-

quenched samples but the magnitude of the strength differential could be estimated as ~170 MPa by averaging 

the values found in 4320 (~130 MPa) and 4340 (~200 MPa) steels [70]. This value would result in a S-D ratio 

~8% in the studied steels and agree with the typical S-D ratios found in as-quenched samples [70].  

 

Apart from the magnitude of the Bauschinger effect, another concern associated with the S-D effect is if its 

omission could significantly affect the modelled tension-compression curves, especially in the case of the 

“yield stress spectrum model” and the “integral composite model” for the modelling of as-quenched samples 

where the S-D effect is the largest. To incorporate the S-D effect into the existing models, we adopted an 

anisotropic yielding criterion which allows the yield stresses in tension and compression to be different: 
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𝜎𝑦
𝑡 =

𝑐

1 + 𝑎
(B2) 

𝜎𝑦
𝑡 =

𝑐

1 − 𝑎
(B3) 

where 𝑐 is the strength coefficient and 𝑎 is the differential coefficient which can be estimated using the S-D 

ratio as: 

2𝑎 = 𝑆 − 𝐷 (B4) 

This yielding criterion was first introduced in the work of Spitzig and Richmond [76] based on the yielding 

criterion proposed by Drucker and Prager for pressure dependant flow behaviours [77].  

 

For as-quenched martensite, 𝑎 can be found as 0.04 which is one half of the estimated 𝑆 − 𝐷 ratio. The yield 

stresses for constituents in compression can be calculated as: 

𝜎𝑦
𝑐 = 𝜎𝑦

𝑡 ×
1 + 𝑎

1 − 𝑎
(B5) 

where 𝜎𝑦
𝑡  for each constituent are known values from the “yield stress spectrum model” and the “integral 

composite model” once the mean and the standard deviation are optimised. In the case of the “integral 

composite model”, it is the yield stress obtained after the relaxation of residual stress that is enhanced in 

compression, not the apparent local yield stress at the beginning. 

 

Figure B2a shows the effect of the S-D effect on the modelled results for the “yield stress spectrum model”. 

The yield stress spectrum was optimised based on the tensile curve of the as-quenched Si steel sample (i.e. the 

same spectrum used in Figure 6c). While a large discrepancy was observed in the model without the S-D effect, 

the inclusion of the S-D effect can indeed make the agreement in the compression part better. However, it 

should be emphasised that the S-D effect may not be the first order effect since the same discrepancy was 

observed in shear-reversal and torsion-reversal tests where no S-D effect should be expected [17,40]. The main 

reason for the underestimated reverse flow stress should be primarily attributed to the lack of residual stress 

relaxation terms in the original “yield stress spectrum model”, which was addressed in the newly proposed 

“integral composite model”. 

 

Figure B2 The effect of the S-D effect on the modelled results for the as-quenched Si steel sample in the case of the 

“yield stress spectrum model” (a) and the “integral composite model”. 
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Figure B2b shows the effect of the S-D effect on the modelled results for the “integral composite model”. The 

initial apparent yield stress spectra were optimised separately for the model with and without the S-D effect 

(only the 𝜎𝑠𝑑
0  was optimised, 𝜎𝜇 and 𝛼𝑟 were kept the same in both cases). Although the inclusion of the S-D 

effect could improve the agreement of the modelled curve during reverse loading, the effect is not as significant 

as the one observed in the “yield stress spectrum model”. Therefore, the inclusion of the residual stress 

relaxation in the “integral composite model” and the optimisation of the 𝜎𝑠𝑑
0  parameter may readily reproduce 

a relatively good tension-compression flow behaviour without considering the S-D effect.  
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