
Report no. 01/20
S
hur 
omplement pre
onditioningfor ellipti
 systems of partial di�erential equationsD. Loghin and A. J. Wathen

One su

essful approa
h in the design of solution methods for saddle-pointproblems requires the eÆ
ient solution of the asso
iated S
hur 
omplementproblem ([26℄, [19℄). In the 
ase of problems arising from partial di�erentialequations the fa
torization of the symbol of the operator 
an often suggestuseful approximations for this problem. In this work we examine examplesof pre
onditioners for regular ellipti
 systems of partial di�erential equationsbased on the S
hur 
omplement of the symbol of the operator and highlightthe possibilities and some of the diÆ
ulties one may en
ounter with thisapproa
h.
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31 Introdu
tionEllipti
 systems of partial di�erential equations arise naturally in many pra
ti
al ap-pli
ations. They generally model physi
al systems, although there are many exampleswhere they may be asso
iated with a saddle-point problem, where the variables involveddo not ne
essarily take on a physi
al meaning (e.g., Lagrange multipliers). The systemsunder 
onsideration here are regular ellipti
 in the sense of Douglis and Nirenberg [11℄and Agmon, Douglis and Nirenberg [1℄.Useful guidelines for the analysis of pre
onditioners for regular ellipti
 systems werederived by Chen and Strikwerda in [9℄. They essentially show that a useful pre
ondi-tioner 
an be taken to be a regular ellipti
 operator with the same order (inside thedomain and on the boundary) as the original operator. In parti
ular, they show thatthe pre
onditioned system has a 
ondition number whi
h is bounded with respe
t tothe natural norm of the problem. This is a wel
ome extension of the work of Faber,Manteu�el and Parter [15℄ and Manteu�el and Parter [25℄ for s
alar ellipti
 equations.While [9℄ provides a useful tool for the analysis of pre
onditioners for ellipti
 systems,the issue of design is not always a straightforward matter. In this work, we try to �ll thisgap by 
onstru
ting pre
onditioners based on the S
hur 
omplement of the symbol of thematrix operator. Our approa
h is motivated by results in the �eld of pre
onditioningdis
retizations of saddle-point problems whi
h we outline below.The dis
retization of saddle-point problems generally yields inde�nite, non-symmetri
linear systems of equations of the formKx = � A Bt1B2 C ��xuxp� = �fq� : (1.1)where we assume A is a non-singular matrix; we note here that the variables xp 
orre-spond to the equations of 
onstraint in the problem.Optimal iterative solution methods for (1.1) have already been devised theoreti
ally:assuming A is invertible, let S = C � B2A�1Bt1 (1.2)denote the S
hur 
omplement of A in K. It is shown in [26℄, [19℄ that blo
k pre
ondi-tioners of the form PL = � A 0B1 S � ; PR = � A Bt20 S � (1.3)will lead to 
onvergen
e in at most two iterations. Moreover, if C = 0, the blo
k-diagonalpre
onditioner PC = � A 00 S � (1.4)will lead to 
onvergen
e in at most four iterations.When the stru
ture of the matrix K arises from the dis
retization of a matrix di�er-ential operator, it is natural to 
onsider the same ideas for the symbol of this operator(see Se
tion 3). In parti
ular, the S
hur 
omplement of the symbol turns out to be a use-ful 
on
ept in the design of eÆ
ient pre
onditioners. However, in general, this operator



4is a pseudo-di�erential operator the dis
retization of whi
h is not always straightforward,if possible at all. We examine this issue for the 
ase of several standard ellipti
 systemsof partial-di�erential equations.The paper is stru
tured as follows. In se
tion 2 we review some de�nitions andresults 
on
erning regular ellipti
 systems. In se
tion 3 we outline our approa
h topre
onditioner design. In parti
ular, we show that pre
onditioners based on the S
hur
omplement of the symbol are ellipti
 operators of the same order as the original operatorwhi
h is a ne
essary 
ondition for optimal pre
onditioning in the sense of [9℄. Se
tion 4presents various examples of S
hur 
omplement pre
onditioners derived in this fashion.Finally, se
tion 5 presents some sele
ted numeri
al results.2 De�nitions and resultsIn this se
tion we introdu
e some notation and de�nitions 
on
erning regular ellipti
systems.Consider the following general linear system of PDEL(x; D)u(x) = f(x) x 2 
 � Rn ; (2.1a)B(x; D)u(x) = g(x) x 2 �
; (2.1b)where D = (�1; � � � ; �n) and L(x; D);B(x; D) are matrix di�erential operators withsmooth 
oeÆ
ients of size N �N and m�N , respe
tively, where m is the order of thesystem to be spe
i�ed below.The following de�nitions des
ribe regular ellipti
ity in the sense of Douglis and Niren-berg [11℄.Let � 2 Rn ; we denote the l2�norm of � by j�j. In the following, the deg operatorrefers to the degree in �, unless otherwise stated. We denote the (i; j) entry of L by Lij.De�nition 1 DN ellipti
ity. A matrix operator L(x; D) with real 
oeÆ
ients is saidto be ellipti
 if the following 
onditions hold:(i) there exist integers si � 0 with maxi si = 0 and tj > 0 su
h thatdeg(Lij(x; �)) � si + tj; i; j = 1; : : : ; N ;(ii) the prin
ipal part of L, denoted by L0 and de�ned as the sum of terms of L(x; �)homogeneous in � of degree si + tj, satis�es�(x; �) = det(L0(x; �)) 6= 0 8 x 2 
; � 2 Rn n f0g ;If n = 2 we also require(iii) the polynomial �(x; � + z�0) in z 2 C has exa
tly m roots with positive imaginarypart for all linearly independent �; �0 2 R2 .We say the operator L has orderm = 12 deg(�(x; �)) = 12Xi si + ti > 0and DN numbers (s; t) where si = si; tj = tj; i; j = 1; : : : ; N:



5In the following the prin
ipal part of a matrix di�erential operator is de�ned as in (ii).A regular ellipti
 system (L;B) requires L to be uniformly ellipti
 and B to satisfya 
omplementing boundary 
ondition whi
h guarantees the well-posedness of (2.1). This
ondition is de�ned below.De�nition 2 Complementing boundary 
ondition. Let L be an ellipti
 operatorwith DN numbers (s; t). A matrix di�erential operator B is said to ful�ll the 
omple-menting boundary 
ondition for L if(i) there exist integers rk su
h thatdeg(Bkj(x; �)) � rk + tj; k = 1; : : : ; m;and su
h that Bkj = 0 for rk + tj < 0.(ii) Let x0 2 �
 and let (�1; : : : ; �n�1; t) denote a new 
oordinate system where t is the 
o-ordinate in the dire
tion of the inward normal to �
 at x0. Let Dt = (�1; : : : ; �n�1; d=dt).The initial value problem with 
onstant 
oeÆ
ientsL0(x0; Dt)w(t) = 0 t > 0; (2.2a)B0(x0; Dt)w(t) = 0 t = 0; (2.2b)has a unique solution satisfying limt!1 w(t) = 0, whi
h is the trivial solution. We saythe operator B has DN numbers (t; r) where t is as above and rk = rk; k = 1; : : : ; m:Finally, we haveDe�nition 3 The system (L;B) is a regular ellipti
 system of orderm with DN numbers(s; t; r) if(i) L is a uniformly ellipti
 operator of order m with DN numbers (s; t).(ii) B satis�es the 
omplementing boundary 
ondition for L and has DN numbers (t; r).It is known (see [18℄, [41℄) that a regular ellipti
 operator K = (L;B) : V ! W is aFredholm operator for whi
h there holds(i) dimker(K) <1 ;(ii) dim
oker(K) = dim(W=im(K)) <1where ker(K); 
oker(K) and im(K) are the kernel, 
okernel and the image of K, respe
-tively. The index of a Fredholm operator isindex(K) = dimker(K)� dim 
oker(K):It is shown in [9℄ that a useful pre
onditioner for an invertible regular ellipti
 operatorK is another invertible regular ellipti
 operator with the same index and DN numbersas K. We in
lude this result below.Let K : V !W be a regular ellipti
 operator with DN numbers (s; t; r), whereV = H l+t(
)W = H l�s(
)�H l�r�1=2(�
)



6with norms given by kvkV 2 = NXi=1 kvikH l+ti(
)2;kwkW 2 = NXi=1 kwikH l�si(
)2 + NXi=1 kwikH l�ri�1=2(�
)2Let kvkV=ker(K) = inf fkv0kV : v0 � v 2 ker(K);v;v0 2 V g :The following result 
an be found in [9℄.Theorem 1 Let K : V=ker(K)! im(K) be a regular ellipti
 operator with DN numbers(s; t; r). If the regular ellipti
 operator P is invertible as a map from V=ker(K) to im(K)and has the same DN numbers and index as K then for some 
 <1

P�1K

V=ker(K) < 
; 

K�1P

V=ker(K) < 
;

KP�1

W < 
; 

PK�1

W < 
:3 Pseudo-di�erential operators for pre
onditioningWhile Theorem 1 provides a tool for the analysis of pre
onditioners for regular ellipti
systems, the question of �nding a suitable pre
onditioner is still to be addressed. Wedo so here, by deriving a S
hur 
omplement pre
onditioner based on the symbol of ouroperator. Sin
e our pre
onditioner is in general a pseudo-di�erential operator, we re
all�rst some useful de�nitions and results 
on
erning pseudo-di�erential operators (see forexample [14℄, [18℄, [38℄) Let�̂(�) = F�(x) = (2�)�n=2 ZRn �(x)eix��dxdenote the Fourier transform of a fun
tion � 2 C1(Rn) and let F�1 denote the inverseFourier transform.De�nition 4 A pseudo-di�erential operator A : C1(Rn) is de�ned byA� = F�1(A(�)�̂(�)):The fun
tion A(�) is 
alled the symbol of A.Note that if A(�) is a polynomial, then, by the above de�nition, A(D) is a linear di�er-ential operator in the 
lassi
al sense.Let now A(�) be a measurable fun
tion su
h that jD�A(�)j � C�(1+ j�j)m�j�j. The
lass of su
h fun
tions will be denoted by Sm.De�nition 5 A pseudo-di�erential operator with symbol A(�) is said to have order mif A(�) 2 Sm.



7It follows immediately that if Ai(�) 2 Smi; i = 1; 2, then A1(�)A2(�) 2 Sm1+m2 . Justas in the polynomial 
ase, the symbol A(�) 
an be written as the sum of a prin
ipalhomogeneous part A0(�) 2 Sm of degree m (i.e., A0(t�) = tmA0(�)) and a remainder oflower order A(�)� A0(�) 2 Sm�"; " > 0.Remark 3.1 In the following we extend the use of the deg operator to denote moregenerally the order of a symbol A(�).De�nition 6 A pseudo-di�erential operator with symbol A(�) 2 Sm is ellipti
 if itsprin
ipal homogeneous part A0(�) satis�esA0(�) 6= 0; 8� 6= 0:A result whi
h we will use later is that if Ai(�) have order mi; i = 1; 2 and A2(�) isellipti
, then A1(�)=A2(�) 2 Sm1�m2 .Remark 3.2 The notion of DN-ellipti
ity extends naturally to pseudo-di�erential op-erators. Thus, the degree is repla
ed by the order of the operator in 
ondition (i) ofDe�nition 1 while the prin
ipal part of a matrix of pseudo-di�erential operators will bethe sum of prin
ipal homogeneous parts of individual entries whi
h satisfy 
ondition (ii)of the same de�nition.Let now L(D) be a matrix di�erential operator with 
onstant 
oeÆ
ients and withsymbol L(�) partitioned so that the equations 
orresponding to the variables of 
on-straint 
ome last in the system (
f. (1.1)):L(�) = � A(�) Bt1(�)B2(�) C(�) � ;where A is su
h that det(A(�)) 6= 0; 8� 2 Rn . This 
ondition guarantees that thefollowing de
ompositions of L(�) make senseL(�) = � A(�) 0B2(�) S(�) �� I A(�)�1Bt1(�)0 I � = � I 0B2(�)A(�)�1 I �� A(�) Bt1(�)0 S(�) � ;where S(�) = C(�)� B2(�)A(�)�1Bt1(�) (3.1)Thus, we are led to 
onsider the pre
onditioners (
f. (1.3), (1.4))PL(D) = � A(D) 0B2(D) S(D) � ; PC(D) = � A(D) 00 S(D) � ; PR(D) = � A(D) Bt1(D)0 S(D) � ;where S(D) is a pseudo-di�erential operator with symbol S(�) given by (3.1).The above 
hoi
e of pre
onditioners is further motivated by Theorem 1 and the followingresult.



8Lemma 2 Let L(D) be a N �N ellipti
 matrix di�erential operator with DN numbers(s; t) and assume that L(D) = � A(D) Bt1(D)B2(D) C(D) �where A(D) be an ellipti
 operator su
h thatdeg det[A(�)℄kl = deg det[A0(�)℄kl; 8k; l; (3.2)where [A(�)℄kl denotes the (kl)-
ofa
tor of A(�). Let S(D) be a pseudo-di�erential op-erator de�ned byS(D)�(x) = (2�)�n=2 ZRn �C(�)�B2(�)A(�)�1Bt1(�)� �̂(�)e�i��xd�: (3.3)Then P 2 fPL;PC;PRg is an ellipti
 operator with DN numbers (s; t).Proof We have to verify the three requirements of De�nition 1. We �rst show that degP(x; �) �ti+sj; i; j;= 1; : : : ; N . This is true for all the Pij ex
ept for the entries 
orresponding to S(D).Sin
eC(�) also satis�es the above 
ondition, we only need to show that deg(B2(�)A(�)�1Bt1(�))ij �si + tj. First note thatdeg(A(�)�1)kl = deg det[A(�)℄kl=detA(�)= deg det[A0(�)℄kl � deg detA0(�)= Xsq 6=sl;tq 6=tk(sq + tq)�Xq (sq + tq)= �(sl + tk)where we used the ellipti
ity of A and homogeneity of A0. Hen
edeg(B2(�)A(�)�1Bt1(�))ij = deg(B2(�))ik + deg(Bt1(�))lj + deg(A(�)�1)kl� (si + tk) + (sl + tj)� (sl + tk)= si + tjand requirement (i) follows. On the other hand, if deg Sij(�) = si + tj for some i; j, thendegSij(�) = deg(C0ij(�)� (B01(�)(A0(�))�1(B02(�))t)ij);Thus, the prin
ipal part of S is S0(�) = C0(�)�B02(�)(A0(�))�1(B01(�))t. Hen
e, detP0(�) =detL0(�) and requirements (ii) and (iii) are satis�ed sin
e L is ellipti
. Thus, by de�nition,P(D) is ellipti
 with DN numbers (s; t). �Remark 3.3 Note that requirement (3.2) holds for all the appli
ations we 
onsider inthe next se
tion. In parti
ular, it holds for the 
lass of problems for whi
h A(�) = p(�)I,i.e., A(�) is a diagonal operator.



9Remark 3.4 If C = 0 and A(�) = Q(�)I, the above integral representation of S(D)simpli�es to the one given belowS(D)� = B2(D)Bt1(D)(GQ � �);for suitable fun
tions �, where GQ denotes the fundamental solution for the operatorQ(D), and the � operator denotes the usual 
onvolution of two fun
tions.To de�ne 
ompletely our pre
onditioners, we need suitable boundary 
onditions. Wefollow the guidelines in [9℄ and de�ne the following pre
onditioners for the ellipti
 systemK = (L;B): PR = (PR;BR); PC = (PC ;BC); PL = (PL;BL);where BR;BC ;BL are 
hosen so that they have the same DN numbers as B.Remark 3.5 If P 2 fPR;PC ;PLg satis�es the 
omplementing boundary 
ondition ofDe�nition 2 and has the same index as K, then it is an optimal pre
onditioner for K inthe sense of Theorem 1.Remark 3.6 While the above requirements for optimality 
an be easily 
he
ked for ourpre
onditioners, the numeri
al solution may not a

ommodate our pseudo-di�erentialoperator or its boundary 
onditions so readily. Indeed, we may �nd that either the dis-
retization of S(D) or the implementation of the boundary 
onditions are not in generalstraightforward.4 Appli
ationsIn this se
tion we 
onsider several examples of regular ellipti
 systems and derive 
or-responding S
hur 
omplement pre
onditioners based on the S
hur 
omplement of thesymbol. While any of the pre
onditioners fPL;PC ;PRg is a 
andidate for an eÆ
ientpre
onditioner in the sense of Theorem 1, we 
onsider without loss of generality onlythe 
ase P = PR, even for symmetri
 problems.4.1 Ellipti
 systems of order oneConsider Dar
y's equations for groundwater 
ow in a domain 
 � Rn with boundary� = �D [ �N 8>><>>: ~u+ T�rp = 0 in 
;div~u = 0 in 
;p = gD on �D~n � ~u = gN on �N (4.1)where T is the permeability tensor, � is the dynami
 vis
osity, p is the residual pressureand ~u is the Dar
y velo
ity.



10 We note here that problem (4.1) is equivalent to the s
alar se
ond-order ellipti
equation 8<: �div �T�rp� = 0 in 
;p = gD on �D~n � rp = gN on �N (4.2)We 
an write (4.1) in the general form (2.1) where u = (~u; p); N = n+1 and the operatorK = (L;B) is given byL(D) = � �T�1 DtD 0 � ; B(x; D) = � ~n(x)Æ(�N); Æ(�D) � :Moreover, it is straightforward to 
he
k thatK is a regular ellipti
 operator of orderm =1 with DN numbers s = (�1;�1; 0); t = (1; 1; 2) if n = 2 and s = (�1;�1;�1; 0); t =(1; 1; 1; 2) if n = 3. Sin
e m = 1, there is only one DN number r given by r = �1 on �Nand r = �2 on �D for n = 2; 3. It is well-known that system (4.1) has a unique solutionwith no 
onstraints on the data so that index(K) = 0.The symbol of L is L(�) = � �T�1 �t� 0 �and the S
hur 
omplement in this 
ase is approximated by the pseudo-di�erential oper-ator with symbol S(�) = ���1�T�t. Sin
e this is a polynomial, S(D) is a di�erentialoperator, whi
h turns out to be the operator of problem (4.2). A suitable pre
onditionerin this 
ase is therefore the pre
onditioner P = (PR;BR) given byPR = � �T�1 Dt0 ���1divT r � ; BR = � (0; 0; 1) on �D(0; 0; ~n � r) on �N (4.3)We note here that BR has the same DN number as B and was 
hosen so that index(P) =0.4.2 Stokes problemConsider the Stokes equations in 
 � Rn8<: ���~u +rp = 0 in 
;div~u = 0 in 
;~u = ~g on � (4.4)As before, u = (~u; p); N = n+ 1 and the operator K = (L;B) is given byL(D) = � ���In DtD 0 � ; B(x; D) = � In 0 � :This time K is a regular ellipti
 operator of order m = n with DN numbers s =(0; 0;�1); t = (2; 2; 1); r = (�2;�2) if n = 2 and s = (0; 0; 0;�1); t = (2; 2; 2; 1); r =



11(�2;�2;�2) if n = 3. As des
ribed in [9℄, the index of K is zero, sin
e dimker(K) = 1,as p is de�ned up to a 
onstant, and dim
oker(K) = 1 sin
e there is one 
onstraint onim(K), namely, R� ~n � ~gd� = 0.The symbol of L is L(�) = � �� j�j2 In �t� 0 �and the S
hur 
omplement in this 
ase has symbol S(�) = ��1. Thus S(D) is a s
aledidentity operator. As before, we 
hoose the pre
onditionerPR = � ���In DT0 ���1 � ; BR = B; (4.5)it is shown in [9℄ that this operator has the same DN numbers and index as K.Remark 4.1 A saddle point formulation of the linear elasti
ity equations (see e.g., [6℄)uses a very similar underlying operator with symbolL(�) = � �� j�j2 In �t� �� � :In this 
ase also S(D) is a s
aled identity operator with no boundary 
onditions andsymbol S(�) = ��1 � �.4.3 Oseen equationsConsider the Oseen equations with a sour
e term in 
 � Rn with Diri
hlet boundary
onditions 8<: ���~u +~b � r~u+ 
~u+rp = 0 in 
;div~u = 0 in 
;~u = ~g on �; (4.6)where ~b 2 Rn ; 
 2 R are assumed to be 
onstant. This time the operator K = (L;B) isgiven by L(D) = � p(D)In DtD 0 � ; B(x; D) = � In 0 � ;where p(D) = ��� +~b � r + 
 and the DN numbers and the index are the same as forthe Stokes equations.The symbol of L is L(�) = � p(�)In �t� 0 �where p(�) = �� j�j2 +~b � � + 
; the S
hur 
omplement in this 
ase has symbolS(�) = � j�j2p(�)



12and thus S(D) is a pseudo-di�erential operator given by (
f. Remark 3.4)S(D)� = ��(Gp � �);where Gp is the fundamental solution for the adve
tion-di�usion-rea
tion operatorp(D) = ��� +~b � r+ 
:Thus, a useful pre
onditioner is given byPR = � p(D)In Dt0 S(D) � ; (4.7)with boundary operator BR = B (see also [9℄).4.4 2D Magnetostati
 equationsConsider solving the 2D magnetostati
 problem8>>>>><>>>>>: ~B � � ~H = 0 in 
;div ~B = 0 in 
;rot ~H = j in 
;~n � ~B = gB on �B;~t � ~H = gH on �H (4.8)
where ~B is the magneti
 
ux, ~H is the magneti
 �eld strength and � = �0�r is thepermeability tensor (whi
h redu
es to a s
alar in linear isotropi
 media), with �0 thepermeability of va
uum and �r the relative permeability; j is the imposed 
urrent density.One possible approa
h to solving (4.8) is to use a saddle-point formulation whi
hminimizes the error in the �rst equation, while treating all the other equations as 
on-straints. This leads to the following weak formulation (see [29℄): �nd ( ~B; ~H; �; �) 2V1 � V2 �Q1 �Q2 su
h that8>>><>>>: R
 ��1 ~B � ~B�dx� R
 ~H � ~B�dx+ R
 ��1�div ~B�dx = 0 8 ~B� 2 V1;� R
 ~B � ~B�dx+ R
 � ~H � ~H�dx + R
 �� rot ~H�dx = 0 8 ~H� 2 V2;R
 ��1div ~B�� = 0 8�� 2 Q1;R
 � rot ~H��dx = R
 �j��dx 8�� 2 Q2(4.9)where Q1 = Q2 = L2(
), �; � are Lagrange multipliers asso
iated with the 
onstraintsdiv ~B = 0; rot ~H = j, while the boundary 
onstraints are imposed via the 
hoi
e of spa
esV1 = H�B(div;
) = f~v 2 H(div; 
) : ~n � ~vj�B = 0gV2 = H�H(rot; 
) = �~v 2 H(rot; 
) : ~t � ~vj�H = 0	



13where H(div; 
); H(rot; 
) are the spa
es of square-integrable ve
tor fun
tions withsquare-integrable div and rot, respe
tively.We asso
iate with the saddle-point formulation (4.9) the following regular ellipti
system of PDE 8>>><>>>: ��1 ~B � ~H � ��1r� = 0 in 
;� ~B + � ~H � � rot� = 0 in 
;��1div ~B = 0 in 
;� rot ~H = � j in 
; (4.10)with boundary 
onditions 8>><>>: ~n � ~B = gB on �B;~t � ~H = gH on �H� = 0 on �B� = 0 on �H (4.11)Note that upon elimination of ~B; ~H we �nd that � and � need to satisfy the Cau
hy-Riemann equations with suitable boundary 
onditions. The above 
hoi
e of boundary
onditions is obtained by requiring system (4.10), (4.11) (i) to be regular and ellipti
and (ii) to have the same weak formulation as the saddle-point problem (4.9). We notehere that the index of the operator is zero.The symbol of the operator of equation (4.10) is then given byL(�) = � A(�) �Bt(�)B(�) 0 �with A(�) = � ��1I2 �I2�I2 � I2 � ; B(�) = � ��1� � �? �where �? = (��2; �1). The boundary operator of (4.11) has symbol given byB(x; �) = � ~n1Æ(�B) ~n2Æ(�B) 0 0 Æ(�H) 00 0 ~t1Æ(�H) ~t2Æ(�H) 0 Æ(�B) � :The operator is regular ellipti
 of degree 2 with DN numberss = (�1;�1;�1;�1; 0; 0); t = (1; 1; 1; 1; 2; 2);with r = (�1;�2) on �B and r = (�2;�1) on �H .Sin
e A(�) is singular, the S
hur 
omplement is not de�ned. However, if we 
onsiderthe perturbed operator L�(�) with A(�) repla
ed by A(�) + �I4, we �nd the symbol ofthe S
hur 
omplement to be for the 
ase � = 1S(�) = �(� + 2)1 + � j�j2 I2 (4.12)and therefore S(D) is a diagonal s
aled 2� 2 matrix Lapla
ian.



14Remark 4.2 When � 6= 1, I2 is repla
ed by a diagonal matrix whi
h is not a multipleof the identity. However, the original problem 
an be s
aled so that � is eliminated inthe beginning. This is also advisable in pra
ti
al appli
ations [31℄.The resulting pre
onditioner has the formPR = � I4 �Bt(D)0 S(D) � (4.13)while a boundary operator whi
h ensures ellipti
ity for the same DN numbers and thesame index isBR(�) = � 0 0 0 0 Æ(�H) + ~n � �Æ(�B) 00 0 0 0 0 Æ(�B) + ~n � �Æ(�H) � :5 Numeri
al experimentsIn this se
tion we present some numeri
al results whi
h illustrate the performan
e ofpre
onditioners based on the ideas in this paper. We only 
onsider �nite element dis-
retizations here; in parti
ular, we used mixed formulations of the �nite element method(see [35℄, [6℄ for a general exposition). This approa
h leads to the following abstra
tmixed variational formulationFind (u; p) 2 V �Q � V �Q su
h thata(u; v) + b1(v; p) = f(v) 8v 2 V; (5.1a)b2(u; q) + 
(p; q) = g(q) 8q 2 Q; (5.1b)where a(�; �) : V �V ! R; bi(�; �) : V �Q! R; 
(�; �) : Q�Q! R are 
ontinuous bilinearforms, f(�); g(�) are 
ontinuous linear forms and V;Q are two �nite element spa
es whi
hsatisfy the Babuska-Brezzi (BB) 
ondition. V;Q are two Hilbert spa
es natural to theproblem. This 
ondition guarantees the stability and well-posedness of our dis
retization(for details see Brezzi and Fortin [6℄).In the examples below, the �nite element spa
es V;Q will be BB-stable. Moreover,the domain 
 will be repla
ed with a set T h of simpli
es T of size diamT = hT withmaxT hT = h. We will denote by Pk(T ) the spa
e of polynomials of degree k on T , andby RTk(T ); TRk(T ) the Raviart-Thomas and rotated Raviart-Thomas spa
es of degree k(see [32℄ for details). Sin
e we seek a solution (u; p) as a linear 
ombination of 
ompa
tly-supported basis fun
tions of V � Q, the resulting linear system has a sparse 
oeÆ
ientmatrix with a blo
k stru
ture as in (1.1). We use right-pre
onditioned GMRES for allproblems; a toleran
e of 10�6 for the relative residual is the stopping 
riterion for allexperiments. We implement the pre
onditioners of Se
tion 4; in ea
h 
ase we des
ribethe 
onstru
tion of the S
hur 
omplement as a dis
rete operator on the `
onstraint' spa
eQ.



155.1 Ellipti
 systems of order oneThe numeri
al solution of Dar
y's equations (4.1) or equivalently of the mixed formu-lation for se
ond-order ellipti
 problems (4.2) has re
eived 
onsiderable attention froman approximation point of view [3℄, [4℄, [34℄, [32℄, [33℄, [27℄, [8℄, [28℄, as well as from a
omputational one [5℄, [10℄, [17℄, [36℄, [39℄, [2℄ . We 
onsider here two approa
hes, primaland dual, whi
h lead to di�erent 
hoi
es for the spa
es V and Q [35, pp 577{588℄:(i) primal approa
h: V = (L2(
))n;Q = H1�D(
) with �nite element spa
esV = �~v 2 (L2(
))n : 8T 2 T h; ~vjT 2 (Pk(T ))n	 ; Q = �q 2 H1�D(
) : 8T 2 T h; qjT 2 Pk+1(T )	(ii) dual approa
h: V = H�N (div; 
);Q = L2(
) with �nite element spa
esV = �~v 2 H�N (div; 
) : 8T 2 T h; ~vjT 2 RTk(T )	 ; Q = �q 2 L2(
) : 8T 2 T h; qjT 2 Pk(T )	 :In ea
h 
ase we used the lowest possible order, given by k = 0.The bilinear forms for problem (4.1) area(~w;~v) = Z
 � ~w � T�1 � ~vdx; b(~v; q) = Z
 qdiv~vdx; 
(r; q) = 0:We used pre
onditioner (4.3) for both primal and dual approa
hes. The S
hur 
omple-ment is a Lapla
ian with mixed boundary 
onditions (the operator in (4.2)) whi
h isassembled on the spa
e Q. While this assembly pro
ess is straightforward for the primalapproa
h, it is not immediate for the dual approa
h sin
e Q is the spa
e of pie
ewise
onstant polynomials on T h whi
h 
annot be used to proje
t a se
ond order operatoron. To 
ir
umvent this problem, we de�ned a `dual' set of verti
es whi
h 
onsists of themidpoints of ea
h simplex. The S
hur 
omplement was assembled as a standard �ve-point di�eren
e operator on this set of verti
es. To implement the boundary 
onditionswe used a �
titious boundary, whi
h 
omprised the verti
es 
orresponding to a strip of�
titious simpli
es whi
h we added to T h around the boundary of the domain.The �rst test problem 
onsiders the 
ase ��1T = In. The number of GMRES itera-tions for the primal approa
h is displayed in Table 1 for the 
ases �N = ; and �N 6= ;.The 
orresponding results for the dual approa
h are shown in Table 2. Note that for theprimal approa
h we get 
onvergen
e in 2 iterations. The reason for this phenomenon isthat for this simple test problem, the assembled S
hur 
omplement is the S
hur 
omple-ment of the problem up to a 
onstant and the results from [26℄, [19℄ apply. However, thisdoes not hold for the dual approa
h and thus the iteration 
ount is somewhat higher,though still mesh-independent. The above type of pre
onditioner has already beenh = 1/16 1/32 1/64 1/128 1/256�N = ; 2 2 2 2 2�N 6= ; 2 2 2 2 2Table 1: GMRES iteration 
ounts for the primal approa
h.



16 h = 1/16 1/32 1/64 1/128 1/256�N = ; 14 15 15 16 16�N 6= ; 14 15 15 16 16Table 2: GMRES iteration 
ounts for the dual approa
h.h = 1/16 1/32 1/64 1/128 1/256�N = ; 18 18 18 18 18�N 6= ; 18 18 18 18 18Table 3: GMRES iteration 
ounts for the primal approa
h.
onsidered in [36℄ for the dual approa
h and for Diri
hlet boundary 
onditions only; werefer the reader to this work for an analysis of the pre
onditioned iterative te
hniqueand the numeri
al results. However, we in
lude here the results for the primal approa
husing pre
onditioner (4.3) for the test problem suggested in [36℄ whi
h takes T to beT (x; y) = � 1 + 4(x2 + y2) 3xy3xy 1 + 11(x2 + y2) � :The results are in
luded in Table 3. Note that the number of iterations is again 
onstant.5.2 Stokes and Oseen equationsThe natural spa
es V;Q for the solution of the Stokes/Oseen equations areV = (H1�(
))n = �~v 2 (H1(
))n : ~vj� = 0	 ; Q = L2(
)=Rand we 
onsider the following BB-stable �nite element spa
esV = �~v 2 V : 8T 2 T h; ~vjT 2 (Pk(T ))n	 ; Q = �q 2 Q : 8T 2 T h; qjT 2 Pk�1(T )	for the 
hoi
e k = 2, whi
h gives rise to the so-
alled P2P1 dis
retization. The bilinearforms in (5.1) are given belowa(~w;~v) = Z
(�r~w � r~v + (~b � r)~w � ~v + 
~w � ~v)dx; b(~v; q) = Z
 qdiv~vdx; 
(r; q) = 0:Pre
onditioning te
hniques for the Stokes problem (4.4) and the related Oseen prob-lem (4.6) have also re
eived a lot of attention. Pre
onditioners of type (4.5) for the Stokesproblem have been 
onsidered in [7℄, [40℄, [37℄, [16℄, [9℄ and we will not in
lude eitheranalysis or numeri
s here (see also [22℄ for performan
e of pre
onditioners equivalentto our S
hur 
omplement pre
onditioner for elasti
ity problems). We will 
on
entrateinstead on the Oseen problem.While the Stokes pre
onditioner (4.5) 
an be shown to be optimal in the sense of ([9℄)also for the Oseen operator, numeri
al experiments in [12℄ show that for small �, the



17number of iterations is 
onstant with respe
t to h, but too large for pra
ti
al purposes.Our S
hur pre
onditioners (4.7) redu
e this dependen
e on the vis
osity parameter 
on-siderably, while preserving the mesh-independen
e.Of all our examples, the Oseen problem is the only one that led to a pre
onditionerwhi
h is a proper pseudodi�erential operator. The important issue of dis
retizing apseudodi�erential operator be
omes 
entral to the implementation of our pre
onditioner.While a �nite element dis
retization of a pseudodi�erential operator 
an be devised viaa straightforward though 
ostly dis
retization of the integral representation (3.3) (see[14℄), the issue of eÆ
ien
y 
annot be abandoned at this stage. Re
all that the S
hur
omplement for the Oseen problem is given byS(D)� = ��(G� � �)where G� is the fundamental solution for the adve
tion-di�usion-rea
tion operator �(D) =���+~b �r+ 
. First note that the quantity we are a
tually interested in is the inverseof S(D) given byS�1(D)� = (���+~b � r+ 
)(G� � �) = ��� + (~b � r + 
)(G� � �):This is the operator we proje
t onto our �nite element spa
e in order to approximate thea
tion of the inverse of S(D). Computationally, this only requires the approximationof the 
onvolution G� � � onto our bounded domain, whi
h we a
hieve by solving aLapla
ian problem with periodi
 boundary 
onditions. More pre
isely, we proje
t�� = � (5.2)onto a subspa
e of H1(
) of periodi
 fun
tions and then proje
tS�1� = ��� + (~b � r+ 
) onto H1(
). Note that [20℄ (see also [24℄, [21℄) suggest empiri
ally a dis
retization of(5.2) with homogeneous Neumann boundary 
onditions whi
h is a more pra
ti
al 
hoi
eof boundary 
onditions and whi
h leads to performan
e 
omparable to that presentedin this work for the 
ase of periodi
 boundary 
onditions.We also remark here that pre
onditioner (4.7) was 
onsidered �rst in [20℄, [23℄; moreresults and analysis 
an be found in [13℄, [24℄. In parti
ular, it is shown in [24℄ that theeigenvalues of the pre
onditioned dis
rete operator are bounded independently of h forboth time-dependent and time-independent problems and for both stable and stabilizeddis
retizations.The test problem we 
onsider is the so-
alled regularized driven 
avity problem whi
hwe solve using a Pi
ard iteration (see [21℄) for details. The average number of GMRESiterations over the number of Pi
ard steps is displayed in Table 4 for a range of vis
osityparameters and mesh sizes. Again, the number of iterations seems to be independent ofthe mesh-size, as noti
ed for the Dar
y problem.



18 � = 1/10 1/20 1/40 1/80 1/160 1/320 1/640 1/1280h = 1=16 3.00 4.37 5.85 7.22 10.66 15.54 19.54 27.381=32 3.14 4.42 5.85 7.85 10.88 15.55 22.27 30.301=64 2.83 4.33 6.16 7.85 11.12 16.11 22.22 30.62Table 4: GMRES iteration 
ounts for the steady-state (
=0) driven 
avity problem.5.3 2D Magnetostati
 problemOur �nal example is the 2D magnetostati
 problem (4.8) whi
h we solve using the saddle-point formulation (4.9). The spa
es of interest are now V = V1�V2;Q = Q1�Q2 withV1;V2;Q1;Q2 des
ribed in Se
tion 4.4. The �nite element spa
es we employ are givenbyV 1 = n ~B 2 H�B(div; 
) : 8T 2 T h; ~BjT 2 RTk(T )o ; Q1 = �� 2 L2(
) : 8T 2 T h; �jT 2 Pk(T )	 ;V 2 = n ~H 2 H�H (div; 
) : 8T 2 T h; ~HjT 2 TRk(T )o ; Q2 = �� 2 L2(
) : 8T 2 T h; �jT 2 Pk(T )	 ;while the bilinear forms area(~u;~v) = Z
 ��1( ~B�� ~H) � ( ~B��� ~H�)dx; b(~u; ~p) = Z
 ��1div ~B�dx+Z
 � rot ~H �dx;where ~u = ( ~B; ~H)t; ~v = ( ~B�; ~H�)t; ~p = (�; �)t. The details of the saddle-pointformulation 
an be found in [29℄.We re
all here the fa
t that the S
hur 
omplement was not de�ned for the symbolof the di�erential operator we asso
iated with the saddle-point problem (4.9). This ledus to perturb the operator and use the resulting S
hur 
omplement as a pre
onditioner.The S
hur 
omplement pre
onditioner (4.12) is s
aled by the perturbation parameter �.One expe
ts that the smaller the perturbation, the better the pre
onditioner. This is aninteresting example where the `optimal' limit � = 0 leads to a singular pre
onditioner.We solved the problem on 
 = [0; 1℄2 with both mixed and non-mixed boundary
onditions. We used pre
onditioner (4.13), whi
h 
orresponds to the perturbed operatorL� des
ribed in Se
tion 4.4; in parti
ular, the approximation to the S
hur 
omplementwas assembled on a dual mesh as des
ribed in Se
tion 5.1. The results for variousperturbation parameters are displayed in Tables 5, 6. We see indeed that the smallerthe perturbation parameter, the better the performan
e of GMRES, as we intuited fromthe form of the symbol (4.12) of the S
hur 
omplement. Note that we 
ould not de
reasethe parameter � any further without deterioration in performan
e. This is possibly dueto rounding error.Finally, we refer the reader to [30℄, [31℄ for S
hur 
omplement pre
onditioners ofalgebrai
 type as well as other pre
onditioning approa
hes.



19h = 1/16 1/32 1/64 1/128� = 1 36 33 33 331e�3 30 28 28 281e�6 27 24 25 26Table 5: GMRES iteration 
ounts for �H = ;.h = 1/16 1/32 1/64 1/128� = 1 37 37 34 341e�3 32 32 29 301e�6 27 28 27 27Table 6: GMRES iteration 
ounts for �H 6= ;.6 Con
lusionIn this work we examined the issue of pre
onditioner design for ellipti
 regular systems.In parti
ular, we proposed a strategy based on fa
torizing the symbol of the matrixdi�erential operator, whi
h in turn led to pre
onditioners based on the S
hur 
omplementof the symbol. Although in almost all our examples the S
hur 
omplement operator wasa 
lassi
al di�erential operator, this is not the 
ase in general. The Oseen operatorwas an instru
tive, yet pra
ti
al example to 
onsider where the S
hur 
omplement wasa pseudodi�erential operator. The 
hoi
e of boundary 
onditions usually depends onboth pre
onditioned and pre
onditioning operators. The work of Chen and Strikwerdawho pointed out the relation between operators and good pre
onditioners based on theDouglis-Nirenberg numbers was useful in establishing the ellipti
ity and thus suitabilityof the S
hur 
omplement pre
onditioners we suggested; moreover, their guidelines helpedde�ne suitable boundary 
onditions for our pre
onditioning operators. The resultingsolvers exhibit no mesh dependen
e and fast 
onvergen
e. However, the analysis ofpre
onditioned iterations is available 
ase by 
ase. This highlights the need for a generalanalysis of pre
onditioned �nite element dis
retizations of regular ellipti
 systems whi
hpreserve the regularity of the problem. We note here that some results are available for�nite di�eren
e dis
retizations [9℄.Finally, we note that some of the pre
onditioners 
onsidered in the previous se
tionhave already been suggested in the literature, one of the reasons being that the symbolsof the operators involved are not too 
ompli
ated. This allowed many pra
titioners toderive useful pre
onditioners using a purely algebrai
 approa
h. However, we expe
tour methodology to provide answers in the 
ase of more 
ompli
ated and larger matrixoperators than the ones 
onsidered.Referen
es[1℄ S. Agmon, A. Douglis, and L. Nirenberg. Estimates near the boundary for solutionsof ellipti
 partial di�erential equations satisfying general boundary 
onditions II.
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