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Abstract

The robust pricing and hedging approach in Mathematical Finance, pioneered by
Hobson [50], makes statements about non-traded derivative contracts by imposing very
little assumptions about the underlying financial model but directly using information
contained in traded options, typically call or put option prices. These prices are informa-
tive about marginal distributions of the asset. Mathematically, the theory of Skorokhod

embeddings provides one possibility to approach robust problems.

In this thesis we consider mostly robust pricing and hedging problems of Lookback
options (options written on the terminal maximum of an asset) and Convex Vanilla
Options (options written on the terminal value of an asset) and extend the analysis
which is predominately found in the literature on robust problems by two features:
firstly, options with multiple maturities are available for trading (mathematically this
corresponds to multiple marginal constraints) and secondly, restrictions on the total
realized variance of asset trajectories are imposed. Probabilistically, in both cases, we

develop new optimal solutions to the Skorokhod embedding problem.

More precisely, in Part [[] we start by constructing an iterated Azéma-Yor type em-
bedding — a solution to the n-marginal Skorokhod embedding problem, see Chapter
Subsequently, its implications are presented in Chapter[3] From a Mathematical Finance
perspective we obtain explicitly the optimal superhedging strategy for Barrier /Lookback
options. From a probability theory perspective, we find the mazimum mazimum of a
martingale which is constrained by finitely many intermediate marginal laws. Further,
as a by-product, we discover a new class of martingale inequalities for the terminal
maximum of a cadlag submartingale, see Chapter These inequalities enable us to
re-derive the sharp versions of Doob’s inequalities. In Chapter [5] a different problem is
solved. Motivated by the fact that in some markets both Vanilla and Barrier options
with multiple maturities are traded, we characterize the set of market models in this

case.

In Part [[]] we incorporate the restriction that the total realized variance of every asset
trajectory is bounded by a constant. This has been previously suggested by Mykland
[68]. We further assume that finitely many put options with one fixed maturity are
traded. After introducing the general framework in Chapter [0, we analyse the associated
robust pricing and hedging problem for convex Vanilla and Lookback options in Chapters
[Mand[8] Robust pricing is achieved through construction of appropriate Root solutions to
the Skorokhod embedding problem. Robust hedging and pathwise duality are obtained
by a careful development of dynamic pathwise superhedging strategies. Further, we

characterize existence of market models with a suitable notion of arbitrage.
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Chapter 1

Introduction

Banks must explicitly assess the need for valuation adjustments to
reflect two forms of model risk: the model risk associated with using a
possibly incorrect valuation methodology; and the risk associated with
using unobservable (and possibly incorrect) calibration parameters in

the valuation model.

Basel Committee on Banking Supervision

http://www.bis.org/publ/bcbs158.htm, p.29, December 2, 2012

The fundamental contributions of Black and Scholes [I3] on option pricing laid
the foundations of modern Mathematical Finance. Its implications on the aca-
demic community and the financial derivatives industry have been enormous. The
paradigm is simple and powerful: choose your favourite probabilistic model, cal-
ibrate it and then use it to price and hedge financial derivatives contracts. This
approach has been standard practice for a long time but has major shortfalls.
Direct modelling can be difficult and markets often exhibit unexpected behaviour

and models can miss these risks.

The robust pricing and hedging methodology tries to develop a robust alternative

to the classical framework — a methodology which replaces model selection and

1
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calibration with an approach that is robust to a large class of outcomes. This
is achieved by relaxing modelling assumptions on the one hand and taking into
account directly different types of market information on the other hand. In its
pure form, this robust methodology is (close to) a model-independent approach
in the sense that pricing and hedging is done without (or with only minimal)
assumptions about the future dynamics of the stock price but consistently with
current market prices of liquidly traded instruments. In the simplest case hedging
is achieved by (i) entering at time ¢ = 0 into a static position consisting of liquid
options and (ii) following a simple trading strategy in stocks. These strategies are
referred to as semi-static hedging strategies and are “in adequacy with a familiar

trader’s quote: ‘options are hedged with options’ (Henry-Labordere [4§]).

From a theoretical perspective this viewpoint is not dissimilar to the uncertainty
analysed by Keynes [60] or the Knightian uncertainty introduced by Knight [62],
see also Hansen and Sargent [46, 47]. The fundamental idea is that any stochastic
model (2, F,P) which allows us to reason about risk, fails to capture uncertainty
in the choice of the model itself. Hence, one is led to consider a class of models
{P, : a € T} simultaneously (here Z is an index set) in order to accommodate
for model uncertainty. Problems of this nature have been the subject of a lot
of research recently in the probability /Mathematical Finance community, see e.g.
the uncertain volatility approach of Lyons [63], the G-expectation of Peng [79] and

the quasi-sure analysis of Denis and Martini [34] and Soner et al. [91].

To conclude, by considering a whole class of models, the robust methodology
takes a conservative approach to pricing and hedging to protect against the worst-
case scenario and has the additional advantage that “the traditional ‘calibration
business’ in quantitative finance is no more required,” (Henry-Labordere [48])
thus addressing both forms of model risk mentioned by the Basel Committee in

the quotation above.
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Organization of the Chapter In Section we collect central results from
the theory of Skorokhod embeddings which will be used throughout the thesis.
Section |1.2 introduces and motivates the robust framework. With this formalism,
we can formulate the research problems considered in this thesis in Section [1.3]
These questions appear in a greater generality in the literature and we point out
main links to it in Section [I.4 Finally, Section discusses in which sense a
robust framework is capable of mastering current challenges in risk-management

and trading.

1.1 The Skorokhod Embedding Problem

Mathematically, the Skorokhod Embedding Problem (SEP) is the central pillar
of the thesis. It can be stated formally as follows, cf. Skorokhod [90] and Obldj
[73] for a survey with many relevant references. Denote by B(R) the Borel sigma-

algebra of R. Throughout the introduction B denotes a Brownian motion.

Problem 1.1.1 (SEP). For a given probability measure y on (R, B(R)) such that
Jg |z p(dz) < 0o and [, zp(dx) =0, find a stopping time T such that B. ~ p and

(Brae i t > 0) is a uniformly integrable martingale.

Various solutions to the SEP have been proposed, some with certain optimal-
ity properties. After reviewing briefly some potential theory which will allow us
to characterize when there exists a solution to the SEP, we recall two classical
solutions, the Azéma-Yor solution [4] and Root solution [85] which will play an

important role in the thesis.
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1.1.1 Potential Theory

For probability measures p and v on (R, B(R)) with finite first moment we denote

by <. the convex order, i.e.,
Ve 1 = /Gdy < /Gd,u V G convex. (1.1.1)

The following result is central, cf. Strassen [92], Meyer [65, Chapter XI], see also

Obldj [73], Proposition 8.1]).

Proposition 1.1.2. Let v and p be probability measures on (R, B(R)) with finite
first moment. Suppose (Xi)i>o is a continuous, real-valued local martingale with

(X)oo =00 a.s. and Xy ~ v.

Then for any probability measure p on (R, B(R)) there exists a stopping time
T in the natural filtration of X such that X, ~ p and (X at)eso0 s a uniformly

integrable martingale if and only if v <. p.

The functions U, ¢, and p, which we define now will be useful in view of the
convex order <. For a probability measure p on (R, B(R)) with finite first moment

write

Uu(z) = — /]R ly — x| p(dy), = €R, (1.1.2)

for its potential function. Further, denote the call and put option price with strike
x and maturity 7" corresponding to the measure p by ¢, () and p,(x), respectively,

i.e.

o) = [(s=a" uds. puo) = [ o= uld (1.1.3)
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and note that
2(pu(z) + m — ) = 2¢,(z) = —Up(x) + m — x, (1.1.4)

where m := [ zp(dz) is the mean of the measure p.

1.1.2 The Azéma-Yor Solution

Let p be a probability measure with finite first moment which is assumed centred,
i.e. [zp(de)=0. Then Azéma-Yor solution to the SEP of p, cf. Azéma and Yor

[4], is given by
Tay ;== inf {¢t >0 : b,(B;) < B} (1.1.5)

where B, := sup,, B, and b, is the barycenter function of x defined as

b(o)i= s [ty (1.1.6)

p([z, 00

The Azéma-Yor solution has the property that it maximises the law of the

maximum in stochastic order, i.e.
P[B,, >y >P[B->y] Vy>0 (1.1.7)

where 7 is any solution to the SEP of p.

1.1.3 The Root Solution

The Root solution to the SEP of p, cf. Root [85], is given by

m =inf{t >0 : (t,B;) € R,} (1.1.8)
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where R, € R, x R is a certain closed set. This solution has the minimal residual

expectation property as shown by Rost [86], see also Cox and Wang [24],

IE[ h f(Bt)dt] <E VA: f(Bt)dt] VE>0, f>0, (1.1.9)

TRAZ

where 7 is any solution to the SEP of x. It can be shown that (1.1.9)) is equivalent

to
E[G ()] <E[G (7)] VG convex, non-decreasing. (1.1.10)

Hence, in particular 7g is an embedding of p with minimal variance.

In fact, Rost [86, 87] proved the above results for general Markov processes,

something we will use in Chapters [7] and [§

1.2 A Coherent Framework for Incorporation of

Information

As indicated above, the classical modelling framework has several shortcomings.
We point out some of them and illustrate how the robust framework addresses
them. To fix the main ideas, we exhibit the robust methodology introduced by
Hobson [50] and Brown et al. [TI6]. Subsequently, we begin to formalize an attempt
to combine risk-neutral and real-world information. This will lead us to distinguish
between three inputs: Information, Beliefs and Rules which are the building blocks

of our “framework for quantifying modelling assumptions.” (Jan Ob}éjE[)

ILabex Louis Bachelier STAM SMAI Conference on Financial Mathematics Advanced Mod-
eling and Numerical Methods, Paris, June 19, 2014
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1.2.1 The Classical Modelling Framework and its Critique

“Classical” Mathematical Finance uses a filtered probability space (2, F, (F;), P)
and an adapted stochastic process (S;) to model the stock price. When trying
to price a derivative written on the stock, the fundamental insight of Black and
Scholes [13] is that pricing is done through hedging. Indeed, the fair price for a
payoff G is equal to the capital required to synthesize its cashflow through trading.
This approach is dominant in the financial derivatives industry. However, it has

been criticized regarding the following three points, see Obt6j [74].

1. Information contained in the market is largely ignored. This information
can be for example prices of liquidly traded options. By calibration of model
parameters this information can be absorbed partially into the model but

possibly at the expense of introducing time-inconsistencies.

2. Very specific modelling assumptions are made, i.e. the full distribution of

the process is fixed.

3. Idealised markets are assumed, i.e. transaction costs, liquidity risk, credit

risk, etc. is ignored.

These shortfalls have been obviously addressed in many directions, however, largely
focusing on points 2. and 3. by introducing market frictions, see Kabanov and Sa-
farian [56], and model uncertainty, see references given above. As we demonstrate
in the next section, the robust approach attempts to address in particular point

1. above by incorporating directly and consistently available market information.
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1.2.2 The Robust Pricing and Hedging Methodology —

Skorokhod Embedding Approach

The seminal work of Hobson [50] sets the course for the robust methodology. In
the following we outline the key arguments which lead to the robust approach
developed in those contributions. In particular, we explain the link to the SEP
and how robust prices are devised by pathwise arguments. Our exposition follows
Cox and Obléj [22]. For a survey with many relevant references we refer to Hobson

5.

Suppose our goal is to price and hedge an exotic option written on the spot price
(St)t<r with maturity 7. We assume that interest rates are zero and that we have
access to call options for all strikes with maturity 7" written on S. Knowledge of
all these prices is equivalent to knowledge of ;1 — the risk-neutral distribution of
Sp. This fact goes back to Breeden and Litzenberger [I5]: Differentiating the call
option’s price ¢(K) = [ (s — K)u(ds) twice with respect to the strike we obtain

the risk-neutral density of St as

u(dK) = ¢'(dK) (1.2.1)

where the second derivative ¢’ exists as a measure because c is convex.

The spot price process (S;):<r is a uniformly integrable martingale under a risk-
neutral measure Q. Assume that S is continuous. By Dambis [31] and Dubins

and Schwarz [37] S may be written as a time-change of a Brownian motion,

St = BTt where Tt = <S>t, 0 S t S T. (122)

The next observation is key: Sy = B;, has distribution y, or in other words, 7 is

a solution to the SEP.
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Pricing Let us assume that the payoff of the exotic option, O(S; : t < T) =

O(S)r, is invariant under time-changes, i.e.
O(S)r = O(B)rp. (1.2.3)

This is certainly true for barrier options because the maximum is not affected by
the time-change. Let P [O] denote an arbitrage-free price for the payoff O. To

avoid arbitrage opportunities we certainly need that
P[O] £ P[Oy] whenever Op(w) < Oz(w) V continuous w. (1.2.4)
Together, it follows that
PlO(5)r] < Sup Eq [0(5)r] = supEq, [O(B)-], (1.2.5)

where Q is a martingale measure such that Sy ~g p, 7 is a solution to the SEP

of p and B is a Qp-Brownian Motion starting at Sp.

To conclude, robust pricing boils down to solving a SEP with optimality prop-

erties.

Robust Hedging We want the upper price bound (1.2.5) to be enforced by a

pathwise superhedging strategy of the form
O(S)r < H(Sr)+ Nr  pathwise. (1.2.6)

The superhedging strategy (1.2.6]) consists of two components, a static compo-
nent H(Sr) and a dynamic component (NV;);<r. Using the Breeden-Litzenberger
formula one can show that the static position can be synthesised from traded

call options. As for the dynamic component, we want it to be meaningful as a
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self-financing trading strategy in the spot S, i.e.

Nr(w) = / 61(w)dS1 (w),

for some appropriate, progressively measurable trading strategy ¢, e.g. ¢ being

simple or of bounded variation, see e.g. Section [6.3] for more details.

To conclude, robust hedging should be designed as cheaply as possible. Further,
if there exists a market model which attains pathwise equality in (1.2.6]) then this

implies that the superhedging strategy is optimal.

An Illustrative Example of the Robust Approach — The One-Touch Digi-
tal Barrier Option Let usillustrate the underlying ideas of the robust approach
with the example of an one-touch digital barrier option. We follow Brown et al.

[16]. Denote S; := Sup,<; Sy This option has a payoff at maturity 7" given by
O(S)T = O(St ot S T) = ﬂ{gTZy}

where y > Sj is some barrier level. This payoff is invariant under time-changes
(recall that S is assumed continuous), i.e. O(S)r = O(B),,. From market traded

options we know that Sp ~ pu.

Firstly, let us look at the upper price bound. This boils down to computing the
upper bound in (1.2.5). As mentioned in Section [1.1.2] the Azéma-Yor solution

Taz to the SEP has the following optimality property:

P {sup B, > y] <P {sup B, > y] (1.2.7)

t<t t<TAzZ

where 7 is any solution to the SEP. Hence, in view of ((1.2.5)), 7oz imposes the

upper bound on the price of a one-touch digital barrier option.
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Secondly, let us determine a robust superhedging strategy. It can be verified

directly that the following inequality holds pathwise:

R + R
Lisr>y) < <SZ = ? + yy _SCT Legysy) = £(Sr) + Nr (1.2.8)

where 0 < ¢ < y. The inequality ([1.2.8)) provides a simple robust superhedging
strategy for the one-touch digital barrier option. It consists of an initial portfolio

of y% call options with strike ¢ and if the asset rises to y we sell -~ forwards

¢ y—C
on S. Note that the first part of the hedge is static whereas the second part is

semi-static. In addition the optimal ( can be determined explicitly.

Finally, it can be shown that the minimal initial cost of coincides with the
upper price bound obtained by . Hence the superhedge is optimal.
Seeing hedging as dual to pricing, by the above results there is no duality gap,
i.e. the upper price bound coincides with the price of the optimal superhedge (see

below for more details).

1.2.3 Gap Between Market and Statistical Information

By the principle of risk neutral valuation the price of a financial derivative on S
is obtained by the expectation of the (discounted) payoff under some risk-neutral
measure Q. Hence, current market prices relate to the future dynamics of S under
Q. They are modelled using probability theory. In contrast, classical econometric
theory is concerned with time series data of S under the physical measure P. This
corresponds to the past dynamics of S under P and is analysed using statistical

theory.

In general, it is unclear how to relate information measured under PP to that
measured under Q. This is the fundamental reason why classical Mathematical

Finance can make only limited use of time series data.
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We make the observation that the quadratic variation of a semimartingale is in-
variant under an equivalent change of probability measure. In addition, estimation
of realized variance has been extensively studied in econometrics and statistics, see
e.g. Andersen et al. [3] or Barndorff-Nielsen and Shephard [6]. Then the idea is
to use one’s favourite estimation method to come up with an upper bound on re-
alized variance, = say, and incorporate this bound together with the other market
constraints (as before) to compute a range of possible prices for an exotic option.
This additional “view” on realized variance should yield tighter price bounds and

pathwise closer superhedging strategies and it has a clear financial interpretation.

Next we describe how we will use the Robust Pricing and Hedging framework

to allow for incorporation of these types of information.

1.2.4 Information, Beliefs and Rules

The framework we will use is based, implicitly or explicitly, on work done by several
authors, e.g. Hobson [50]; Brown et al. [16]; Cox and Obldj [28]; Mykland [68], 69
70]; Henry-Labordere [48]. We describe its building blocks and the reasoning
behind.

The ultimate goal is to arrive at prices for exotic derivatives which are consistent
with prices of observed instruments, the market mechanism and do not introduce
arbitrage. The precise notion of arbitrage will depend on the particular setting
and may be a model-independent arbitrage, see e.g. Davis and Hobson [33] and Cox
and Obt6j [28], or some weaker form of it. Note that we do not exclude arbitrage
a priori, but rather want to use the robust framework to exploit arbitrage if it
exists. In particular, if the market inputs are inconsistent with the specified form
of arbitrage, then the framework shall allow us to compute a strategy to exploit

this opportunity.
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The three building blocks or model inputs are Information, Beliefs and Rules.

Information refers to market instruments which are observed in the market and
which can be traded in at time ¢t = 0 for a known price. In practice these will be
liquidly traded instruments whose prices are considered as “unambiguous” by the
economic principle of supply and demand. Here we are not making any assumption
on the possibility to trade in them at a future point in time. A typical example is

a call option written on a stock which can be traded now.

Beliefs allow us to incorporate generic properties of the future dynamics of the
stock price process. Mathematically we will capture this by restricting the support
of the model, i.e. imposing that every asset trajectory belongs to a path space
B which is a subset of cadlag paths. This is a consistent way to do it because
the robust framework a priori does not assume any probability measure. Part [[]]
of the thesis considers the restriction to paths which respect the realized variance
constraint (log(w))r < Z. Another plausible example — in a multi-asset setup —
is the restriction to paths (w!,w?) satisfying wi. — Bw? € [—1,1] which is a certain

cointegration relation.

We remark that Beliefs allow us to interpolate between a model-specific (e.g.
Black and Scholes setting) and model independent setting (i.e. any cadlag trajec-
tory is possible) by varying the path space from paths which satisfy (log(w)); = ot

for all t > 0 to all cadlag paths.

Rules state properties and mechanisms of the market. We include this aspect
into the robust framework to demonstrate the flexibility of the framework, but in
the following we will assume throughout that markets are frictionless, i.e. there
are no transaction costs (no bid-ask spreads), no trading restrictions, trading is

executed instantaneously and arbitrary amounts of the asset can be traded.

Having specified Information, Beliefs and Rules, absence of arbitrage consider-

ations produce robust prices and hedges.
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1.2.5 Discussion

Evidently, the relaxation of modelling assumptions results in less precise answers to
the problem at hand. More concretely, rather than obtaining a unique arbitrage-
free price for an exotic option, the robust methodology provides an interval of
arbitrage-free prices. Whether or not these bounds are tight enough depends on
the problem, but by enlarging the set of hedging instruments one hopes to decrease

them.

The described methodology based on the SEP is not universal in the simple form
described above because for e.g. Asian-type options the time-change approach

fails. More precisely, assume one is interested in an Asian option paying

/O " F(S.)ds

at maturity 7. We observe,

O(S)r = /0 F£(S,)ds = /0 FOW,,)du # OpT F(Wa)du = O(B),,

where p, = (S),, and hence equality in (1.2.5)) is not valid for general f and the

approach to robust pricing presented above fails.

As for robust hedging, classically, the superhedging strategy (|1.2.6) has been
guessed barehanded. Although the SEP approach can provide some insight into
the extremal model the hedge has to be designed relative to, it does not provide

a systematic machinery how to do this in practice.
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1.3 Research: Going Beyond one Marginal

The theme of this thesis can be described as an attempt to go beyond a robust

framework which considers one marginal constraints only.

Using the formalism introduced above, the robust framework which has been
predominantly considered in the literature can be described by the following spec-

ifications.

Information: call option prices for one fixed maturity and all strikes
Beliefs: price trajectories are continuous

Rules: no market frictions

We are aware of only a few exceptions which go beyond this, e.g. Brown et al. [I§]

and Henry-Labordere [48].

Our goal is to use the model inputs Information and Beliefs to incorporate more

knowledge and impose generic properties on the future dynamics.

1.3.1 Part [T Multiple Marginals

In Part |[| we consider the robust problem with multiple marginals, i.e. we use the

following robust framework.

Information: call option prices for maturities ¢; < --- < t, =T and all strikes
Beliefs: price trajectories are continuous

Rules: no market frictions
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In Chapter [3| we arrive at robust prices and hedges for the simple barrier option
1 {supier Si>B) by obtaining a robust superhedging strategy for simple barrier op-
tions consisting of a portfolio of calls with different maturities and a self-financing

trading strategy. Probabilistically, we find the “maximum maximum of a martin-

gale constrained by finitely many intermediate marginal laws”ﬂ.

In Chapter [2 under some additional assumption, we construct an extremal
model — a solution to the SEP in the n-marginal case — hence demonstrating

that our superhedge is the cheapest possible in that case.

In Chapter 4] we analyse a class of martingale inequalities for the maximum

which come out of the results of Chapter

In Chapter p| we present a characterization of market models which are con-
sistent with both a finite number of Vanilla and barrier option prices of multiple
maturities. Here the reasoning is that in certain markets there are also liquidly

traded barrier options.

1.3.2 Part [I: Realized Variance Constraints

In a series of articles Mykland [67, [68], (69, [70] proposes to constrain the realized
variance of price trajectories. Inspired by this, in Part |[I] of the thesis we incor-
porate both a constraint on realized variance and finitely many Vanilla option

prices. We use the following robust framework, see Chapter [0] for a more formal

Zphrasing adapted from the title of Brown et al. [1§]
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description.
Information: put option prices for one fixed maturity and strikes Ky, ..., K,
Beliefs: price trajectories are continuous,
(log(w))r < Z and t — (log(w)), is strictly increasing
Rules: no market frictions

In Chapters [7] and |[§ we obtain robust prices and hedges in this framework for
convex Vanilla options G (St), i.e. G convex, and Lookback options G (SUpth St),

G non-decreasing.

More precisely, in a first step, we rediscover the (unpublished) results of Mykland
[67] for convex Vanilla options with techniques from the theory of Skorokhod
embeddings. In subsequent steps we extend the analysis to Lookback options,
describe pathwise hedging strategies and investigate forms of arbitrage in this

setting.

1.4 A Wider Perspective

The questions of Section are special cases of more fundamental problems which
we outline now. Finding answers to these questions in full generality is currently

an active research field.

1.4.1 Link to Martingale Optimal Transport

In a slightly different technical formulation the class of robust pricing problems

we consider can be formulated generally as an martingale optimal transportation
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problem,

sup Ep[G] (1.4.1)
PeP ()

where P(p) is a class of martingale measures P which satisfy S;, ~p p;, @ =
1,...,n, and G is some payoff function. Problems of this type have been analysed
by e.g. Beiglbock et al. [I0]; Galichon et al. [44]; Tan and Touzi [03]. Roughly
speaking, the objective is to transport the Dirac measure d¢g,; optimally along
the marginals pq, ..., 1, where this transportation has to respect the martingale
nature of the process S. Each transport plan, here described by a measure P €

P (), is associated with a cost Ep [G] given by the path-dependent payoff G.

1.4.2 Duality

We have reasoned in Section that it makes sense to derive prices from path-
wise inequalities. Several authors have studied the question whether the supremum
over all market models of the expected option’s payoff equals the minimal cost of
superreplicating this payoff. This problem is referred to as Duality problem and
we are deliberately imprecise about its formulation. In fact, there are multiple
formalizations of this problem and their approaches rely on different techniques.
In a continuous time setup, Galichon et al. [44] frame the superhedging problem in
the quasi-sure framework and prove duality by using regular conditional probabil-
ity distributions. Dolinsky and Soner [35], 36] use a pathwise superhedging notion
and approximate the continuous time model by discrete time models. In discrete
time, it turns out to be convenient to apply results from the classical theory of
optimal transport, in particular Monge-Kantorovich duality, cf. Villani [95]. This

perspective yields an elegant proof of duality as shown by Beiglbock et al. [10].
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Let us note that for specific payoffs duality results have been proven (explicitly
or implicitly) in the works on Robust Pricing and Hedging, cf. e.g. Brown et al.
[16], Cox and Obldj [28, 22], Davis et al. [32], Cox and Wang [24].

One application of Duality is in the context of numerical methods. By solving a
(semi-infinite) linear programming problem Davis et al. [32] and Henry-Labordere
[48] demonstrate how to compute robust prices, superhedging strategies and po-

tential arbitrage strategies.

1.4.3 Arbitrage and Robust Fundamental Theorem of As-

set Pricing

The reader might have noticed that the appropriate notion of arbitrage will depend
on the exact specification of the robust framework in terms of the Information,
Beliefs and Rules. One might want to characterize arbitrage in terms of these
model inputs only which might then be termed Robust Fundamental Theorem of

Asset Pricing.

In particular settings, i.e. for certain choices of Information, Beliefs and Rules
and for specific exotic options, characterizations have been obtained by e.g. Davis
and Hobson [33], Cox and Obtéj [28, 22], Davis et al. [32]. A general result, in

particular a suitable notion of arbitrage, is still awaited, see however Acciaio et al.

.

1.5 Automated Option Market Making

Finally, we discuss whether the robust framework incorporates practical features

which are requested by modern risk-management and trading applications.
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Carr [19] raises the question “how to automate the pricing and risk management
of derivative securities”, i.e. “given the current market price of the underlying asset
and also given market option quotes at several given strikes and terms, provide
options quotes at any strike and term in a specified set”. He also specifies a list of
desirable properties a black-box which solves this task should have. We contrast

this with the robust framework.

1.5.1 “A Partial List of Desirable Properties”

According to Carr [19] desirable properties of an automated option market making

black-box should include at least the following.

Properties regarding inputs
I1: “ability to accept related inputs eg. American options, variance swaps, CDS,
options on other underlyings”

12: “well-posedness, i.e. small changes in inputs lead only to small changes in

output”

[3: “parsimony”

Properties regarding outputs

O1: “no model-free arbitrages in the output”
02: price “consistency with given mid-prices”

03: “ability to uniquely and accurately price related derivatives such as American

options, variance swaps, barrier options, and other exotics”

0O4: ability to “produce deltas, gammas, thetas”
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O5: “resonance with financial orthodoxy e.g. non-negative gammas”

06: “implied risk-neutral dynamics not too far from observable P dynamics”

Properties regarding numerics

N1: “real-time computational speed”

N2: “numerical robustness”

1.5.2 Suitability of Robust Framework

The robust methodology constitutes in many respects a different way of thinking
about pricing and hedging of financial derivatives. Whereas properties I1, O1-O3
are met by construction, for other properties such as I3 or O4 it is not entirely

clear what the counterpart or meaning in the robust framework is.

Major Differences As for O6, since the robust methodology is not assuming a
model a priori, one could argue that there are no implied risk-neutral dynamics.
Therefore, on the one hand, one is led to conclude that the robust framework is

parsimonious in its model-inputs (information, beliefs and rules).

On the other hand robust methodology allows for an uncountable number of
classical models and in a sense identifies an extremal model. Pricing and hedging
are built relative to this model and therefore correspond to “extremal Deltasd’].
Other “Greeks” are ignored because in robust hedging as introduced here the
paradigm is to make use of static positions in options. In some cases, this extremal
model could be termed degenerate because of its artificial structure, e.g. one-to-

one relation of spot and its running maximum in the robust problem for the barrier

3Delta refers to the classical terminology in mathematical derivatives pricing theory.
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option. This issue has been addressed by Henry-Labordere [48] who proposes to
believe that any model can deviate only to a certain degree from a reference model

(in relative entropy terms).

Potential Strengths The most evident advantage of the robust methodology
is that it directly takes into account market information and trading rules. In
markets where there is low liquidity or trading restrictions (either explicit though
e.g. short selling constraints or implicit through e.g. high transaction costs) the
robust approach could be effective because of its ability to control the amount of

trading.

We are not aware of a general answer to 12 and do not investigate this question
here, but point out that in the special setup of Chapters model outputs are

continuous in model inputs.

Henry-Labordere [48] proposes to apply the robust methodology on a portfolio
level instead of on a derivative-by-derivative level. The rationale behind this is
that netting will result in “cancellations of model risk” and hence a reasonably
precise statement about the riskiness of a whole portfolio. This perspective is
further underpinned by the interpretation of the robust price as a coherent risk
measure as pointed out by Cont [21]. More precisely, for a random variable X

representing the value of a portfolio, it can be shown that

p(X) = ;1617131["3@ [—XT, (1.5.1)

where P is a class of probability measures, defines a coherent risk measure, see

e.g. Cont [21].

Numerically, these problems could be (and have already been) tackled through a
(semi-infinite) linear programming problem, see Davis et al. [32], Henry-Labordere

[48] or Piterbarg [82]. Indeed, in principle after discretising all assets in time
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and space the linear program searches over martingale measures which satisfy
a number of constraints and maximize an objective function. Market options’
constraints are linear by linearity of the expectation. Path-constraints specify null-
sets and therefore also can be formulated as linear constraints. The objective is
then to maximize the expectation of an exotic option’s payoff, say. If no martingale

measure exists, then the dual problem readily identifies an arbitrage.

Although the robust framework as we presented it is static in the sense that we
optimize as of today for the best superhedging strategy, a natural and straight-
forward extension is to periodically “reoptimize” for the new optimal superhedge

and rebalance accordingly if it is cheaper.

To conclude, in its current form, the robust framework resembles more a risk

management tool than a live trading tool.
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Chapter 2

An Iterated Azéma-Yor Type
Embedding for Finitely Many

Marginals

Joint Publication Large parts of this chapter are submitted as part of a joint

publication with Jan Obléj, see Obléj and Spoida [75].

The subject of Chapter [2| is the iterated Azéma-Yor type embedding as we
call it. It is an explicit solution to an n-marginal Skorokhod embedding problem
(SEP) with the desirable optimal property that it maximises the distribution of the
maximum in stochastic order among all embeddings. In Chapter [3|implications of

this embedding for robust pricing and hedging will be explained.

To describe the problem we consider, take a standard Brownian motion B and
a sequence of probability measures p1, ..., i,. A solution to the n-marginal SEP
is a sequence of stopping times 73 < --- < 7, such that B, ~ p;, 1 <14 < n, and
(Binm )= is a uniformly integrable martingale. It follows from Jensen’s inequality
that a solution may exist only if all u; are centred and the sequence is in convex

order. And then it is easy to see how to solve the problem: it suffices to iterate a

27
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solution to the classical case n = 1 developed for a non-trivial initial distribution

of By, of which several exist.

In contrast, the question of optimality is much more involved. In general there
is no guarantee that a simple iteration of optimal embeddings would be globally
optimal. Indeed, this is usually not the case. Consider the embedding of Azéma
and Yor [4] which consists of a first exit time for the joint process (B, By);>0, where
By = sup,, B,. More precisely, their solution 74Y = inf {t > 0: B, < £,(By)}
leads to a functional relation Byay = &,(B;av). This then translates into the
optimal property that the distribution of B, ay is maximized in stochastic order

amongst all solutions to SEP for u, i.e. for all y,
P [B,av > y| =sup{P[B, >y] : ps.t. B, ~ p,(Bin,)is Ul }.

It is not hard to generalise the Azéma-Yor embedding to a non-trivial start-
ing law, see Obldj [73, Sec. 5]. Consequently we can find n; such that 7, =
inf {t > Tio1: By < mi(sup,,_ <<y Bs)} solve the n-marginal SEP. However this
construction will maximise stochastically the distributions of sup,, <<, By, for
each 1 < i < n, but not of the global maximum Bm. The latter is achieved with

a new solution which we develop here.

Our construction involves an interplay between all n-marginals and hence is
not an iteration of a one-marginal solution. However it preserves the spirit of
the Azéma-Yor embedding in the following sense. FEach 7; is still a first exit
for (B, Bt)tzn-_1 which is designed in such a way as to obtain a “strong relation”
between B,, and B, ideally a functional relation. Under our technical assumption

about the measures fi1, ..., fi,, Assumption [®] we describe this relation in detail

in Lemma 2.2.11

For n = 2 we recover the results of Brown et al. [I7]. We also recover the

trivial case 7; = Téy which happens when ¢, < §,,,,, we refer to Madan and
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Yor [64] who in particular then investigate properties of the arising time-changed
process. However, as a counterexample shows, our construction does not work for
all laws 1, ..., i, which are in convex order. Assumption [®)] fails when a special
interdependence between the marginals is present and the analysis then becomes
more technical and the resulting quantities are, in a way, less explicit. We only

detail the appropriate arguments for the case n = 3.

Organisation of the Chapter In Section we explain the main quantities
for the embedding and state the main result. We also present the restriction on the
measures iy, ..., i, which we require for our construction to work (Assumption
[®)). In Section[2.2]we prove the main result and Section 2.3 provides a discussion of
extensions together with comments on Assumption [®] The proof of an important
but technical lemma is relegated to the appendix. We conclude with a numerical

example.

Organisation of First Part of the Thesis After having obtained the iterated
Azéma-Yor type embedding in Chapter [2, we investigate its optimal properties
and implications for robust pricing and hedging of Lookback options in Chapter
Bl Motivated by these results we obtain a class of martingale inequalities for the
terminal maximum X, of a cadlag submartingale X which features information
of the process at intermediate times tq,...,t,. Finally, in Chapter [5| we consider
the problem of calibration to both finitely many Vanilla and Barrier options of

different maturities.

2.1 Main Result

Let (2, F,F,P), where F = (F), be a filtered probability space satisfying the usual

hypotheses and B a continuous F-local martingle, By = 0, (B), = oo a.s. and
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B has no intevals of constancy a.s. We denote B; := sup,<; B;. We are primarily
interested in the case when B is a standard Brownian motion and it is convenient
to keep this example in mind, hence the notation. We allow for more generality

as this introduces no changes to the statements or the proofs.

2.1.1 Definitions

The following definition will be crucial in the remainder of the article. We define
the stopping boundaries &1, ...,&, for our iterated Azéma-Yor type embedding
together with quantities Ky, ..., K,, which will be later linked to the law of the

maximum at subsequent stopping times.

Definition 2.1.1. Fiz n € N. For convenience we set

=0, Ky=0, & =—oc. (2.1.1)

For( e R andi=1,...,n we write

¢i(Q) ::/R(x—C)er(dx). (2.1.2)

Let y > 0 and assume that for i = 1,...,n — 1 the quantities &, K;,1; and j; are

already defined. Then we define

(5 y) o (—o0,y] = {0,1,...,n— 1},

<'_>'Ln(C§y) ::max{ke{(),l,...,n—l}:{k(y) <€}7

(2.1.3)

and

&a(y) = sup {arg inf (C"ECZ - [CZ"“% )©) _ Kln(gy)@)D } . (2.1.4)

<y
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With
In(y) = 1.6 (y); y) (2.1.5)
we set
K, (y) = m {cn(é“n(y)) — [ (& W) — (Y — & W) K, (v)] } . (2.1.6)

Definition 2.1.2 (Embedding). Set 7o =0 and fori=1,...,n define

inf {t Z Ti—1 - Bt S fz(Bt)} Zf B’ri_l > &(Bﬁ_l), (217&)

Ti1 else. (2.1.7b)

Figure illustrates a set of possible stopping boundaries &7, &, &3 in the case
of n = 3. If Assumption [®) is in place, see Section [2.1.2] we will show that the

stopping boundaries are continuous (except possibly for ¢ = 1) and non-decreasing,

cf. Section .15

The n'® stopping boundary &, is obtained from an optimization problem which
features &;,...,&,—1 and Ky, ..., K, 1. K,(y) is the value of the objective function
at the optimal value &, (y). Note that all previously defined stopping boundaries

&1, ..., &1 and the quantities K,..., K, 1 remain unchanged.

Denote the right and left endpoints of the support of the measure p; by

ry, = inf {z : p; ((z,00)) =0}, ly, =sup{x: p([r,00)) =1}, (2.1.8)

respectively, and the barycentre function of u; by

oy vpi0)

ble) == i e0))

]1{z<rui} + xﬂ{zzrw}’ (219)
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FIGURE 2.1.1: We illustrate possible stopping boundaries &1, &2, &3. The hor-
izontal lines represent a sample path of the process (Bt, Bt) where the z-axis
is the value of B and the y-axis the value of B. KEach horizontal segment is
an excursion of B away from its maximum B. According to the definition of
the embedding, the first stopping time 77 is found when the process first hits

&1. Since &1(By,) > &(By,) the process continues and targets £3. The stopping

time 75 is found when the process first hits &. Since &(Br,) < &3(B,,) we get
T3 = T9. For the y we fixed we have 13(z1;y) = 0,23(x2,y) = 1,13(z3;y) = 2.

As shown by Brown et al. [17], the right-continuous inverse of b;, denoted by b; !,

can be represented as

b; 1(y) = sup {arcg inf ;ZECQ} . (2.1.10)
<y

It is clear and has been studied in more detail by Madan and Yor [64] that
if the sequence of barycentre functions is increasing in ¢, then the intermediate
law constraints do not have an impact on the corresponding iterated Azéma-Yor
embedding. However, in general the barycentre functions will not be increasing
in i, cf. Brown et al. [18], and hence will affect the embedding. We think of

Jn(y) as the index of the last law p;,7 < n, which represents, locally at the level
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of the maximum vy, a binding constraint for the embedding. As compared to the

optimization from which b, is obtained, cf. (2.1.10]), the optimization from which

&, is obtained, cf. (2.1.4]), has a penalty term.

2.1.2 Restrictions on Measures

Throughout the article we will denote the left- and right-limit of a function f at
x (if it exists) by f(z—) and f(x+), respectively. Recalling the conventions in
(2.1.1]), we define inductively for n € N and y > 0 the mappings

Cn('vy) : (—OO,y] — RU {OO},
(2.1.11)

v M@, y) = () =[G (2) = (9 = 2) Koo (9)] -

It follows that the minimization problem in ([2.1.4)) is equivalent to the following

minimization problem,

n(y) € argmin .y)

, 2.1.12
¢<y y—C ( )

where we observe that

O] R (57) (2.1.13)
y—=Clezy v y—¢
—c,(y—) + ¢, (yv) (y—) + Kzn(y;y)<?/) if en(y) = Czn(y,y)@)a

in

+00 else.

Now we want to argue that there exists a minimizer the optimization problem
(2.1.12)). In the case y > 0 this can be deduced iteratively from the — a priori —

piecewise continuity of ¢" (-, y) and the fact that ¢* > 0 together with the property
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that ¢ — % = C;T(CC) for ¢ sufficiently small, which is a non-increasing func-

tion. This is because, inductively, & (y), ..., &,—1(y) are finite and fixed and hence

1 (G y) = 0 for ¢ < min;<, §(y).

For y > 0, we extend

_lun - _
(S I e (2.1.14)
y=< (=lun 1 else.
For later use observe
minb; ! (y) < &u(y) <y (2.1.15)

i<n

which follows from the definition of &,, cf. (2.1.4), and where b; ' denotes the
right-continuous inverse of the barycentre function b;, cf. (2.1.10)).

Assumption ® (Restriction on Measures). Recall definitions in (2.1.1)—(2.1.2)),
(2.1.8) and (2.1.11). We impose the following restrictions on the measures pi1, . . ., fn:

(i) [|z|pi(dz) < oo with [wpi(dz) =0 and ¢;oq < ¢; for all1 <i<mn,

(1) for all2 <i<mn and all0 <y < r,, the mapping

(i y] = RU{+00}, (=

has a unique minimizer ¢*  (2.1.16)

and

ci(y) > Cuyw) (W) whenever * < y. (2.1.17)
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Remark 2.1.3 (Assumption. The condition that the call prices are non-decreasing

in maturity

Cigci—l—l; izl,...,n—l, (2118)

can be rephrased by saying that puq, ..., u, are non-decreasing in the convex order.
Condition (z) in Assumption [®| is the necessary and sufficient condition for a
uniformly integrable martingale with these marginals to exist, as shown by e.g.

Strassen [92, Theorem 2] or Meyer [65, Chapter XI].

Condition (47) in Assumption [&] will be discussed further in Section [2.3]

Note that if (2.1.18]) holds with strict inequality then (2.1.17)) is automatically
satisfied.
Remark 2.1.4 (Discontinuity of &). Note that Assumption [®|(ii) does not require

that the mapping

‘s Ay ald) (2.1.19)

y—C y—¢

has a unique minimizer. It may happen that there is an interval of minimizers and

then & is discontinuous at such y.

2.1.3 The Main Result

Our main result shows how to iteratively define an embedding of (1, ..., u,) in

the spirit of Azéma and Yor [4] and Brown et al. [18] if Assumption |®|is in place.

Theorem 2.1.5 (Main Result). Let n € N and assume that the measures puy, . . ., fin,

satisfy Assumption [®] from Section[2.1.3. Recall Definitions[2.1.1) and [2.1.3.
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Then 17, < o0, By, ~ p; for all i = 1,...,n and (Bm/\t)tzo is a uniformly
integrable martingale. In addition, we have for y >0 andi=1,...,n,
P [B, > y] = Ki(y) (2.1.20)

where K; is defined in (2.1.6)).

Remark 2.1.6 (Inductive Nature). It is important to observe that & and therefore
also 7;, only depend on pq,...,u;. This gives an iterative structure allowing to
“add one marginal at a time” and enables us to naturally prove the Theorem by

induction on n.

Remark 2.1.7 (Minimality). Since all 7; are such that (Biar,), is a uniformly
integrable martingale it follows from Monroe [66] that all 7; are minimal (in the

sense of Monroe [66]).

2.1.4 Examples

Examples 2.1.8] and [2.1.9] respectively, show that we recover the stopping bound-

aries obtained by Madan and Yor [64] and Brown et al. [I8], respectively. In

particular the case n = 1 corresponds to the solution of Azéma and Yor [4].

Example 2.1.8 (Madan and Yor [64]). Recall the definition of the barycentre func-
tion b; from (2.1.9). Madan and Yor [064)] consider the “increasing mean residial

value” case, i.e.

by < by < -+ < by, (2.1.21)

We will now show that our main result reproduces their result if Assumption [®] is
in place. In fact, as can be seen below, our definitions of & and K;, cf. (2.1.4) and

(2.1.6)), respectively, reproduce the correct stopping boundaries in the general case,
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showing that Assumption [®)] is not necessary, cf. also Section[2.3. More precisely,

we have

G-t K = SO i), s (212)

<
S
=
—
—~

where b; ' denotes the right-continuous inverse of b; and ' is the Hardy-Littlewood

transform of p;, cf. Carraro et al. [20).

Clearly, the claim is true for @ = 1. Let us assume that the claim holds for all

i <n—1. Now, the optimization problem for &, in (2.1.4) becomes

&(y) € argmin{ n(¢) — Lt wmy {CH_I(O B Cnl(bnil(y))”

C<y —¢ y=¢  y=b.1)
. RN (o (cn(o - {cn_l(o B cn_l(b#l(y))D
RS {cgi}?ﬁ?@) y—Cerp\u—C [y-C y-bL® '

It is clear that the first minimum is A; = Cy"fl;;ill((zz))) since by (y) < b, (y).

As for the second minimum, we set

FO) = y—C  y—bhL)

(@) | em1(Q) e D)
y—¢

and we see by direct calculation that for almost all ( € R

(y = O*F'() = (ba(C) — y)u

n (
e bn(C) —y
=50 —¢

¢, 00)) = (bn-1(¢) — ¥)ptn—1 ([C; 00))
b— 1(0 Yy
o 1(<)bn 1(¢) = ¢

By (2.1.21)), we conclude therefore

(v— OPF(O) > <%«»—%4@»%§§?1—

where the last inequality follows from the non-decrease of the p;’s in the convex

order. Hence F' is non-decreasing, and it follows that it attains its minimum at
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en (bl () [Cn—l(b;il(y)) Cn—l(b;h(y))} _en(bpl) ()

the left boundary, i-e. Ay = “T50r — | = 5o — S0y | T v hw)

Consequently, by (2.1.10), min {A;, Ao} = Ay and (2.1.22)) follows.

Example 2.1.9 (Brown et al. [I8]). In the case of n = 2 our definition of & and
& clearly recovers the stopping boundaries in the main result of Brown et al. [1§].
However, our embedding is not as general as their embedding because we enforce

Assumption see also the discussion in Section [2.5

Example 2.1.10 (Locally no Constraints). In general we have

Ko(y) < 1,7 ([y, 00)), (2.1.23)

which holds by the fact that the distribution of the mazimum in the n-marginal
problem cannot be larger (in stochastic order) than in the 1-marginal problem where

it is bounded by ut™. However, if

&) =b'(y)  and 4 (&(y)iy) =0 (2.1.24)
for some y > 0 then it follows from Theorem that

Kols) = 20— it (g.00), (2.1.29

i.e. locally at level of maximum y the intermediate laws have no impact on the
distribution of the terminal mazimum as compared with the (one marginal) Azéma-

Yor embedding.

2.1.5 Properties of ¢, and K,

Under Assumption [®]we establish the continuity of &, for n > 2, ¢f. Lemmal[2.1.11]
and prove monotonicity of &, for n > 1, ¢f. Lemma [2.1.12] In Lemma 2.1.14] we
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derive an ODE for K,, which will be later used to identify the distribution of the

maximum of the embedding from Definition [2.1.2

Let nq < no. Recalling Remark it follows that the embedding of the first n;
marginals in the ng-marginals embedding problem coincides with the n;-marginals
embedding problem. Hence it is natural to prove the Lemma by induction over

the number of marginals n.

Lemma 2.1.11 (Continuity of &,). Let n > 2 and let Assumption [®| hold. Set

A:={(z,y) e RxRy : 2z <y}. (2.1.26)
Then the mappings
A" A-R, O (z,y) = (2 y), (2.1.27a)

are continuous.

Proof. We prove the claim by induction over n. Let us start with the induction
basis n = 1,2. Continuity of ¢! is the same as continuity of ¢; and continuity of c?
is proven by Brown et al. [I§], cf. Lemma 3.5 therein. As for continuity of & we
note that our Assumption (ii) precisely rules out discontinuities of & as shown
by Brown et al. [I8, Section 3.5]. By induction hypothesis we assume continuity

of ct,...,c" P and &, ..., & .

Observe that for (Z,y) where & is continuous at § and 1, is constant on (& —
6,T+¢€) X (§—¢€7+e¢€), € >0, continuity of ¢" follows by the observation that
y— K, (y) = %’ where 1, = 1,(z,y) < n, is continuous at § by induction

hypothesis.
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Hence, we need to investigate the case when the index 1, changes or when
discontinuities of & occur. This only happens at (z,y) = (£ (y), y) for some k < n,
or, in the case that y is a discontinuity of &;, at (x,y) where z € [§;(y—), & (y+)].

We prove continuity at (z,y).

Consider first the following cases:

if © = & (y) then z #¢(y) forall j#Ek, j<n, (2.1.28a)

or, ifxe&(y—),&(y+)] then x#E(y) forall j#1, 7 <n. (2.1.28b)

Note that in case (2.1.28b]) we have from Remark

for all z € [§(y—), & (y+)] (2.1.29)

We will call a point (z,y) to be “to the right of & if £ (y) < = and “to the left

of &7 if & (y) > x. From (2.1.28a)—(2.1.28b)) it follows that there exists an € > 0

such that each point (Z,7) in the e-neighbourhood of (z,y) is either to the left or
to the right of & and there are no other boundaries in this e-neighbourhood, in

particular

k= Zn(xr; yr)a ] = ln(xl; yl) - Zzn(:z:r;yr)(xr; yr)a (2130)

where (z,,y,) is in the e-neighbourhood of (z,y) and to the right of &, and (x;,y;)

is in the e-neighbourhood of (z,y) and to the left of &.
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If x < y, we have by induction hypothesis

Cn(l'ra yr) = cn(xr) - {Ck(mr) - (yr - xT)Kk(yT)} (2-1-31)
Lra) @D, (@) — (@) — (y — 2) Ki(y)}

from the right

(x) - {Ck(x) = z:z<ck(x) — [ej(z) — (y — 2) K;(y)] )}

= () = loi(@) = (y — ) K;(y)]

ELm) & (2, y) (2.1.32)
= culr) = [ej(2) = (y — 2) K;(y)]
(@1,0)—(z,y) cn(zr) — {cj(z) — (yi — 2) K (y)} = (0, 41). (2.1.33)

from the left

From (2.1.31)), (2.1.32) and (2.1.33)) continuity of ¢ follows for any sequence

(Tn, Yn) = (z,y). We now extend the above argument to the situation when x =y
which establishes continuity of ¢” at (y,y). In this case we have x = &(y) = y.

For this to hold we must have ¢(y) = ¢;(y). By boundedness of K;, ¢ < n, it

follows that (2.1.32) and (2.1.33)) converge to each other.

To relax (2.1.28a))—(2.1.28b]) we successively write out Ky, Kj, ..., until the as-

sumption ([2.1.28al)—(2.1.28b)) holds true and then apply the claim in the special

case.

It remains to prove continuity of &, which we prove by contradiction. Assume

there exist € > 0 and y > 0 such that for all § > 0 there exists a ¢ € (y,y + 9)

such that |&,(y) — &.(¥')| > €. By (2.1.15) the limit of &,(y') as ¢ | y exists at

least along some subsequence and we denote it by fn By assumption fn # &a(y).

Consider first the case that &,(y) < y and &, < y. Using continuity of ¢" we

< (En(y)y) " (6n.y) /
deduce . e, Y — .
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Now, if

c”(fn,~y) y " (6n(y),y)

s Y= .() (2.1.34)

then we obtain a contradiction to the optimality of either &,(y) or some &,(y’) for

y’ close enough to y by continuity of ¢". If

c"(én,~y) _ "(&).y) (2.1.35)

y— & y —&n(y)

we obtain a contradiction to Assumption [®](ii).

We now consider the case that either &,(y) = y or &, = y. The case &,(y) <y
and &, = y is ruled out by condition (2.1.17) from Assumption (ii): Indeed, for
the sequence (Kn(y’) = %) to be bounded we must have ¢"(&,(v'),vy') —

0. Recalling the continuity of ¢ at (y,y) implies ¢,(y) = ¢, ) (Y)-

The case &,(y) = y and &, < y follows as above by distinguishing the cases

(2.1.34) and (2.1.35)) and by recalling (2.1.13]) and the continuity of ¢" at (y,y). O

Lemma 2.1.12 (Monotonicity of &,). Let n € N and let Assumption hold.

Then

&Ry = R, y—&(y) is non-decreasing. (2.1.36)

Proof. The claim for n = 1,2 follows from Brown et al. [I8]. Assume by induction

hypothesis that we have proven monotonicity of &;,...,&, 1.

We follow closely the arguments of Brown et al. [18, Lemma 3.2]. Since &, is
continuous it is enough to prove monotonicity at almost every y > 0. The set of
y’s which are a discontinuity of &; is a null-set, and hence we can exclude all such

y’s. In the following we fix a y where &, ...,&, are continuous.
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We will first consider the case when &,(y) # £;(y) for all j < n. By continuity

of &, it follows that there is an € > 0 such that

En(9) #&(9) and €= 3,(y) = 30(9) Vo€ (y—€,y+e€)and j <n, (2.1.37)

and furthermore

(&n(7),9) € (Enly) — 6&u(y) +€) X (y — €,y +e). (2.1.38)

Let [y denote a supporting tangent to ¢"(-,y) at &,(y) which goes through the

x-axis at y (it exists by definition of &,(y)), i.e.

Li(z) = c"(a(y),y) + (. = &u(y)) (D — Ki(y)),

where D lies between the left- and right-derivatives of ¢, — ¢, at &,(y). Using that

l1(y) = 0 we can write

_c”(fn(y), y) @BLa)  cn(&n(y)) — co(&n(y))

D - K, =———2 = — - K
Z(y) Yy — fn(y) Yy — gn(y) E(y)
and thus by
D <0. (2.1.39)

We also have

Ly +0) = 3(D — Ku(y)). (2.1.40)

Choose 0 € (0,¢) sufficiently small. Our goal is to prove &,(y + ) > &.(y).
Recall that &,(y + ) is determined from y+ ¢ and ¢"(-,y +0) only. Since we know

that &,(y +9) € (&u(y) — €,&,(y) +€) := I it will turn out to be enough to look at



Chapter |§l An Iterated Azéma-Yor Type Embedding 44

(xz,y+9) only for z € (§,(y) — €,&.(y) + €). For such an = we have

(2.1.11)

"(x,y+0) —c"(w,y) = (Y+06—2)Ke(y+0) — (y —v) Ki(y). (2.1.41)

Let [y be the supporting tangent to ¢"(-,y + 0) — ¢"(-,y) at &,(y), i.e.

() = c"(§a(y),y +6) — " (&), y) + (2 — &u(y)) (Kely) — Ke(y +0)).

Hence,

L (y+0) + ba(y + 0)BED 5(D — K (y))
+ " (& (y),y+0) — " (&(y),y)

+ (Y +0 — &) (Kely) — Ke(y +9))
5D <0, (2.1.42)

Now, since ¢"(-,y + 0) — ¢"(+,y) is linear (and therefore convex) in the domain

I, [y + 15 is a supporting tangent to ¢"(-,y + 9) at &,(y), i.e.

(I + ) (x) < (z,y +9) forz eI, (2.1.43)

(L +12)(&n(y)) = " (€nly), y +6). (2.1.44)

Recall that &,(y+ ) is determined as the z-value where the supporting tangent to
c"(-,y+0) which passes the z-axis at y + 0 touches ¢"(-,y+0). Next we exploit the
fact that &,(y + d) € I which implies that we only need to show that &,(y + 0) &
(&n(y) —€,€,(y)). Then this follows from ([2.1.42)) which yields that any supporting
tangent to ¢"(-,y+0) at some ¢ € (&,(y) —¢, &, (y)) must be below the z-axis when
evaluated at y 4+ 0. We refer to Brown et al. [18, Fig.7] for a graphical illustration

of this fact.
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Now we relax the assumption (2.1.37). Assume that there exists a § > 0 such
that &,(y) > &,.(y + 6). We derive a contradiction to the special case as follows.

Set yo := y and ¥y, := y + 6. Recall that &, is continuous. Now we can choose

Yo <y <o+ < Yno1 < yn such that & (yo) > &ulyr) > -+ > Eulyn-1) > &nlyn)-
Set x; = &,(yi), i = 0,...,n. Observe that by monotonicity of &, k < n the
graph of & intersects with at most one rectangle (z;, x;—1) X (yi—1,%:), 1 = 1,...,n.
Consequently, there must exist at least one integer j such that the rectangle R :=
(j,j-1) X (yj—1,y;) is disjoint with the graph of every &, k < n. By construction
and continuity of y — &,(y) R is not disjoint with the graph of &,. Inside this
rectangle R the conditions of the special case are satisfied. Recalling that
&n(y;) = xj < xjo1 = &u(yj—1) and by continuity of y — &,(y), we can find two
points s; < sg such that z; = &,(s1) > &u(s2) = 22 and (21, 81) € R, (22,52) € R.

This is a contradiction. O

Remark 2.1.13 (Properties of 2,). Recalling the definition of 1,, cf. (2.1.3), we

observe for later use that by the above monotonicity result we have for all y > 0:

1n(+;y) is left-continuous and has at most n — 1 jumps. (2.1.45)

Further, for all z € R:

1n(x;+) is right-continuous and has at most n — 1 jumps. (2.1.46)

Lemma 2.1.14 (ODE for K,,). Let n € N and let Assumption |®)| hold.

Then

y— K,(y) is absolutely continuous and non-increasing. (2.1.47)

If we assume in addition that the embedding property of Theorem|2.1.5 is valid

for the first n — 1 marginals then for almost all y > 0 we have:
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If &a(y) <y then

Kn(y) gt KJn(Z/)(Z/)

Knw)+ y—&u(y)

K (y) + m = Bon

(2.1.48)

where K denotes the derivative of K; which exists for almost all y > 0 and

Kn(y+) = Kj, ) (y+)- (2.1.49)

Finally, if € (y) > 0 then for almost all y > 0,
Kn(y) + cp(&ay)+) — ¢5(&ly)+) — K;(y) =0 (2.1.50)
for j = 3.(y) and j such that n > j > 3,(y) and &,(y) = &(y).

Proof. The proof is reported in Appendix [A.T] O

2.2 Proof of the Main Result

In this section we prove the main result, Theorem [2.1.5| The key step is the

identification of the distribution of the maximum, cf. Proposition [2.2.4]

Let n € N. For convenience we set
MO = O, Mz = BTN 1= 1,...,’]7,, (221)

where 7; is defined in Definition [2.1.2]
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2.2.1 Basic Properties of the Embedding

Our first result shows that there is a “strong relation” between M and M.

Lemma 2.2.1 (Relations Between M and M). Let n € N and let Assumption [®]
hold.

Then the following implications hold.

M, > &(y) = M, >y, (2.2.2)

M, >&(y) = M, >y ifé&, is strictly increasing at y. (2.2.3)

For y > 0 such that 3,(y) # 0 we have

M) =2 &y) > Ewy) = My, 2>6&.(y), (2.2.4)
My >y My <&ly) = M, <&l(y). (2.2.6)

If &, is strictly increasing at y > 0 and j,(y) = 0 then the following holds.
M, >¢&.(y) <= M,>uy. (2.2.7)

Proof. Write 3 = 3,. We have

) <&uly) <&(y), i=y) +1,...,n

In the following we are using continuity and monotonicity of &,...,&,, cf.

Lemma [2.1.11l and 2.1.12]

Case 7(y) # 0. As for implication (2.2.2)) assume that M, > &,(y) and M,, <y

holds. In this case M,, cannot be at the boundary &,. There has to be a j < n such
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that M,, = M;, M, = M; and M; = &(M;) = &;(y') for some y' < y. However,
this cannot be true because &,(y) < &,(y) < &(y') = M,, and hence case ([2.1.7al)
of the definition of 7y, ..., 7, would have been triggered.

Implication ([2.2.3)) follows by the same arguments as for implication (2.2.2)).

Implication ([2.2.4]) now follows from implication (2.2.2)) applied for j(y) and the

fact that either M,, = M, (case (2.1.7b))) or M moves to a point at the boundary

&) = Euly) for some i = )(y) +1,....n, o > y (case (E17a)).

Implication ({2.2.5)) holds because if M increases its maximum at time j(y), which
is < y, to some 3y’ > y at time n, it will hit a boundary point &;(y') > &,(y) for

some i = j(y) +1,...,n.

Implication (2.2.6) holds because from M,,, > y and M, < &,(y) it follows

that M,y = &(v') < &(y) < &(y') for some @ < j(y), ¥ >y, j > 7(y). From this
it follows that M will stay where it is until time n, cf. case (2.1.7b)).

Case 7(y) = 0. Assume that &, is strictly at y and that M, > y holds. In this

case M, must be at a boundary point &(y') > &,(y) for some i =1,....n, ¢y > y.
The converse direction is just (2.2.3)), together giving (2.2.7)). ]

As an application of Lemma [2.2.1| we obtain the following result.

Lemma 2.2.2 (Contributions to the Maximum). Let n € N and let Assumption

hold. Assume &, is strictly increasing at y > 0.

Then, if 3n(y) # 0,

P[My > y] =P[My 2 &(y)] = P [M,,) 2 &a(y)] + P [M,,) 2y  (228)

and if]n<y> =0,

P [M, > y] = P[M, > &(y)]. (2.2.9)
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Proof. Write 7 = 3,.

Case j(y) # 0. Firstly, let us compute

M, > y] = P[M, > &(y)]

[ 7J(y) > y] —-P [My(y) > gn(y)}

P
= P [Mj(y) >y, My = gn(yﬂ +P [Mj(y) >y, M) < 5"(?/)} - P [Mj(y) = 571(9)]
P

. €29) _
[M](y) 2 Y, Mj(y) < én(y)} = P [Mn < €n<y)7 Mj(y) Z Y, M](y) < fn(y)] :

Comparing these two equations yields the claim.

Case 3(y) = 0. The claim follows directly from ([2.2.7)). O

2.2.2 Law of the Maximum

Our next goal is to identify the distribution of M,,. We will achieve this by deriving
an ODE for P []\Zn > ] using excursion theoretical results, cf. Lemma , and
link it to the ODE satisfied by K, c¢f. Lemma [2.1.14]

Lemma 2.2.3 (ODE for the Maximum). Let n € N and let Assumption |®| hold.

Then the mapping
y = P[M, >y

s absolutely continuous and for almost all y > 0 we have:
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If &a(y) <y then

O [My2y]  P[My2y] P[M,y=2y]  OP[M;>y]
= 2.2.10
e ) ey 7] R VR W e
If &u(y) =y then
P [M, >y] =P[M,, ) >y]. (2.2.11)

Proof. Write 7 = 3,,. We exclude all y > 0 which are a discontinuity of & . This is

clearly a null-set.

The cases n = 1,2 are true by Brown et al. [I§]. Assume by induction hypothesis

that we have proven the claim for i =1,...,n — 1.

If £,(y) = y then it is clear from the definition of the embedding, cf. Definition
2.1.2, that

M, >y — M) >y (2.2.12)

Case 3(y) # 0. For 6 > 0 we have

P[Mn 2y+5,]\7[](y) < y—l—é] —]P)[Mn Zy,MJ(y) < y]
=P [Mn >y+0, M](y) < y] - P [Mn >, Mj(y) < y} (2.2.13)

+ P[M,>y+6,y <My <y+4].

=0 for ¢ > 0 small enough by definition of j(y) and continuity of &;

For r > 0 we define

&(r) = max {&(r): &(y) = &)},

kij<k<n

§.(r) == min {&(r): &(y) = &aly)}

=j kij<k<n
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and note that
G ) = &), £ () =&y asr—y (22.14)
by continuity of §; at y for i =1,... n.
Let § > 0. We have by excursion theoretical results, cf. e.g. Rogers [83],
_ B y+6 dr
[ " ) y T =& (r)
<P[M,>y+6 Mg <y (2.2.15)

P[M, >y +6 My <y+0d] —P[M, >y, My, <y]
5
ex - y+6 dr 1
EZm.Ez) ; P\ 0
< M, >y, My, <y S
by P [M, >y, Myy) <y] (2.2.16)
as 510 Y —&aly)

and analogously

P[My >y +6,Myy) <y+0] =P [My >y, My, < y]
)
€213),@219) . - exp ( ym r—fd<r><r>> !
> P [My >y, My <y 5
by P (M, >y, My < y] (2.2.17)
as 10 Y —&aly) ‘ -

Hence, from ([2.2.16]) and ([2.2.17)) it follows that the right-derivative of

y s P[M, >y, M; <y] }j:](y) (2.2.18)
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exists. Similar arguments for § < 0 show that the left-derivative exists and is the

same as the right-derivative. Local Lipschitz continuity of (2.2.18) then follows

from ([2.2.16|) and ([2.2.17]).

Observe the obvious equality
P[M, >y| =P [M;>y] +P[M, >y, M; <y]. (2.2.19)

Taking j = j(y) in (2.2.19) and fixing it, we conclude by induction hypothesis that
y— P [Mn > y] is locally Lipschitz continuous and hence absolutely continuous
and its derivative reads

P [M,y,) > y] =P [M, > y]
Oy y _ Yy —&l(y)

Case j(y) = 0. For § > 0 we have by excursion theoretical results

P[M,>y+0,M <y+6] —P[M, >y, M <y]
P[Mn2y+§,M1<y}

] -
= P[M,>y+6M <y+d| —
P

+P[M, >y + 0, M <y] =P [M, >y, M <y]

. () —€,(9) g
< /y P[Ml Eds} <£ S_éis) ) exp <_/s r_dé(ﬂ)

+P [M, > y, M, < y] [exp (— /W T_d—gm> - 1] . (2.2.20)

Similarly, we have

P[M,>y+6M <y+d] —P[M, > yM1<y]

Z/yy”p[meds}(&(s)_&_ ; ( r—&())

+P [M,, >y, My < y] [exp ( /y — &(r)) — 1] . (2.2.21)
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From (2.2.20) and ([2.2.21)) it follows that the right-derivative of
y P [M, >y, M <y] (2.2.22)

exists. Similar arguments for 6 < 0 show that the left-derivative exists and is the

same as the right-derivative. Local Lipschitz continuity of (2.2.22) then follows
from (2.2.20) and (2.2.21)). Now we can conclude from (2.2.19)—(2.2.21)) applied

with y = 1 that y — P []\Zn > y} is locally Lipschitz continuous and hence abso-

lutely continuous and its derivative reads

OP [M,, > y]
dy
gzmOP (M >y] 0P [Mi >y] (4(y) —&(y)" P [M,>y] —P[M >y]
B y Ay y — En(y) Yy — En(y) ’

which implies by induction hypothesis

This finishes the proof. O

Finally, we argue that P [Mn > y] = K, (y) holds for all y > 0.

Proposition 2.2.4 (Law of the Maximum). Let n € N and let Assumption
hold. Assume that the embedding property of Theorem |2.1.5 is valid for the first

n — 1 marginals.

Then for all y > 0 we have

P [M, >y] = Ku(y). (2.2.23)
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Proof. The case n = 1 holds by the Azéma-Yor embedding. Assume by induction

hypothesis that

In Lemma |2.1.14| and |2.2.3| we derived an ODE for K,, and P []\7[” > } , respectively,

in terms of Ky,..., K, 1 and P []\7[1 > } yoe s P []\7[”,1 > -}, respectively. These
ODEs are valid for a.e. y > 0. By induction hypothesis both drivers of these ODEs

coincide everywhere and hence the claim follows from the boundary conditions

K, (y) —0 asy— oo, K,(y) —1 asy—0,

]P’[MnZy}—H) as y — 00, P[MnZy}%l asy — 0,

absolute continuity of K, and P []\7[” > } and the fact that the ODE

(P[¥ > ] — Kulw)) = —P [M”yz_gi(_y;{”(y), P [N, > 0] — K,(0) =0,

has unique solution given by 0. [

2.2.3 Embedding Property

In this section we prove that the stopping times 7,..., 7, from Definition [2.1.2
embed the laws pq,..., @, if Assumption [®)] is in place. More precisely, given
Proposition [2.2.4) above and by inductive reasoning, to complete the proof of The-

orem [2.1.5( we only need to show the following;:

Proposition 2.2.5 (Embedding). In the setup of Theorem [2.1.5 we have

B, ~ fin (2.2.24)

and (B, at);sq 18 a uniformly integrable martingale.
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Proof. The case n = 1 is just the Azéma-Yor embedding. By induction hypothesis,

assume that the claim holds for all 1 <n — 1.

We claim that &, ranges continuously over the full support of j,,. This is because,
firstly, we know from Lemma [2.1.12] that &, ..., &, are continuous. Secondly, we

have by using [,, <1, that

NT(ST I S ET(s (1)
> ; ms =
¢ —52&%{ 0—¢ LWy, !
\—>6_/ =1 T

which shows that &,(0) = [,, (note that by Assumption |®|we cannot have ¢, = ¢;

on open intervals). Furthermore, by using r,, > r,, we have from (2.1.9) and

(2.1.15) that

6’1 (Tﬂn) = Tﬂn :

Let y > 0 be such that & (y) > 0 and &,(y) is not an atom of any puq, ..., i,
and y is not a discontinuity of &;. Applying previous results we obtain for almost

all such y,

P[M, > &(y)] — P [M,, ) > &(y)] + P [M,, () > o]

Lemm:a P [Mn 2 y]

e B g ()

— (&) + ¢ ) (&n(¥) + Ky (v),

where we used in the last equality that &,(y) is not an atom of any g, ..., .

This implies by the induction hypothesis that

P[My > &a(y)] = = (6n(y)) = pn([€a(y), 00)),
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that is, we have matched the distribution of M,, to u, at almost all points inside

the support. The embedding property follows.
Now we prove uniform integrability by applying a result from Azéma et al. [5]
which states that if

lim 2P [|B|, >z] =0 (2.2.25)

T—r00

then (B, at),>¢ is uniformly integrable.

Let us verify (2.2.25). Set H, = inf {t > 0: B, = x}. We have (here ¢; ' denotes

the left-continuous inverse of &;)

P[Bl, > 2] SP[H o< Hypo ety | +P [Br, > 7]
max;<, & '(—x)

T + maX;<y, S[l(—x) (z)

From the definition of &,, cf. (2.1.4]), and the properties of b;, cf. (2.1.9) we

have

0 <max§; '(—z) < maxb(—z) — 0

i<n i<n T—00
and hence, recalling the definition of p* in (2.1.22)),

_ (b1
lim 2P [|B|, > x| < lim 2K, (z) < lim xm = lim 2p ([, 00)) = 0.

This finishes the proof. O
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2.3 Discussion of Assumption |®| and Extensions

In this section we focus on our main technical assumption so far: the condition
(ii) in Assumption . We construct a simple example of probability measures
41, fo, 3 which violate the condition and where the stopping boundaries &1, &5, &3,
obtained via (2.1.4)), fail to embed (1, f12, t3). It follows that the assumption is
not merely technical but does rule out certain type of interdependence between the
marginals. If it is not satisfied then it may not be enough to perturb the measures

slightly to satisfy it.

We then present an extension of our embedding, in the case n = 3, which works
in all generality. More precisely, we show how to modify the optimisation prob-
lem from which &3 is determined in order to obtain the embedding property. The
general embedding, as compared to the embedding in the presence of Assumption
[®](ii), gains an important degree of freedom and becomes less explicit. In conse-
quence it is also much harder to implement in practice, to the point that we do
not believe this is worth pursuing for n > 3. This is also why, as well as for the

sake of brevity, we keep the discussion in the section rather formal.

2.3.1 Counterexample for Assumption [®|(ii)

In Figure we define measures via their potentials
Up:R— R, x = Up(x) ::—/]u—:v],u(du). (2.3.1)
R

We refer to Obt6j [73], Proposition 2.3] for useful properties of U p.
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FicURE 2.3.1: Potentials of py, po, ps, vo and vs.

The measures with potentials illustrated in Figure [2.3.1| are given as

-1 =3, mli2h =3 (232
2 1 18 1

p2({—3}) = o H2 ({5 ) = 3 p2({3}) = = (2.3.2b)

(-3 =2, ml-2 = mB)=g.  (23%)

Observe that the embedding for (p1, g, 13) is unique: We write H, for the exit
time of [a, b] and denote H,p 00, :=inf {t > 7 : B; & (a,b)}. Then the embedding

(11,74, 73) can be written as

T1:H_172, Té:H—3,%0071]1{371:71}+H%,30971]1{Bﬁ=2}’ 7'3:H—2,3097—é-

(2.3.3)
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As mentioned earlier, our construction yields the same first two stopping bound-

aries as the method of Brown et al. [I8]. In this case, cf. Figure [2.3.2]

(
-3 ifye|0,3),
-1 ify€]0,2),
&i(y) = &o(y) = : ifyels,3),
y  else,
ky else.

This already shows that our embedding fails to embed ps. To see this one just
has to compare the stopping boundary & in the Definition of 75 with (2.3.3). In
Section we will recall from Brown et al. [I8] how the stopping time 75 has to

be modified into 75, giving the stopping time above.

More importantly, the embedding for 3 fails because the optimization problem
does not return the third (unique) stopping boundary which is required for
the embedding of (1, p2, pt3). Indeed, for sufficiently small y > %, in the region
¢ <min(&(y), & (y)) = —1 we are looking at the minimization of ¢ — Cyg—f? which
is attained by &3(y) = —3 < —2 since u3 has an atom at —3. Consequently, there
will be a positive probability to hit —3 after 7. This contradicts . This,
together with the correct third boundary ns, is illustrated in Figure [2.3.2] Note
also that by < by = &' and hence, in some sense, it is the embedding of 1 which

causes problems.

This example does not contradict our main result because Assumption [®(ii)(a)
is not satisfied for i = 2 and y = %, where ( = —3 minimizes the objective function
but ¢, (%) = (%) holds. Our counterexample also shows that a “small perturba-
tion” to (1, pe, p3) does not remove the problem. Indeed, similar reasoning to the
one above holds for measures (1, 12, v3) defined by their potentials in Figure .
Assumption [®| rules out a certain type of subtle structure between the marginals

and not only some “isolated” or “singular” configurations of measures.
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FIGURE 2.3.2: We illustrate the (unique) boundaries &1, &2, 13 required for the
embedding of (u1, p2, u3) from f and the stopping boundary &3
obtained from . In order to ensure the embedding for po, the mass stopped
at 7 in —1 on the event {B,, € (1/2,2)} is diffused to —3 or to 1/2 at 73,
without affecting the maximum: B,, = Bré' Note that the case &(y) = v,
here for y = 1/2, is possible and required to define the embedding. After 75 we
need to define 73 which embeds p3 which here is implied directly by . In
Section we develop arguments which generalise this.

2.3.2 Sketch for General Embedding in the Case n =3

In the example of the measures (1, po, u3) from (2.3.2a)—(2.3.2c) the (unique)

embedding could still be seen as a type of “iterated Azéma-Yor type embedding”
although it does not satisfy the relations from Lemma [2.2.1] Consequently, one
might conjecture that a modification of the optimization problem and a
relaxation of Lemma [2.2.1) might lead to a generally applicable embedding. We
now explain in which sense this is true. Our aim is to outline new ideas and
arguments which are needed. The technical details quickly become very involved
and lengthy. In the sake of brevity, but also to better illustrate the main points,

we restrict ourselves to a formal discussion and the case n = 3.
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In order to understand the problem in more detail, we need to recall from Brown

et al. [I8] how the embedding for s looks like in general. It reads

75 1an€(1,2,
TBHR . 2] (2.3.4)
Ty else,

where 75 is some stopping time with B,, = BTé. Its existence is established by
Brown et al. [I8] by showing that the relative parts of the mass which are further
diffused have the same mass, mean and are in convex order. In general there will

be infinitely many such stopping times 7. Although this is not true for (py, p2, ps)

in (2.3.2a)—(2.3.2¢)) because their embedding was unique, it is true for measures

(1, v2,v3) which are defined via their potentials in Figure

Let & and & be defined as in and let M, = Bpar. Now our goal
is to define an embedding 73 for the third marginal on top of the embedding of
Brown et al. [I8] in a situation as in (p1, v, v3). We still want to define our iter-
ated Azéma-Yor type embedding through a stopping rule based on some stopping

boundary &; as a first exit time,

inf {t Z TQBHR : Bt S gg(Bt)} if BTBHR > gg(BTBHR),
Ty 1= ’ ’ (2.3.5)

7BHR else,

and prove that this is a valid embedding of p3. We observe that now the choice of

2HR may matter for the subsequent embedding. Similarly

Ty in the definition of
as in the embedding of Brown et al. [I8] we expect that this will be only possible if
the procedure which produces 53 yields a continuous £~3. Otherwise an additional

step, producing a stopping time 74 > 73 would be required and further complicate

the presentation.
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With this, a more canonical approach in the context of Lemma [2.2.1]is to write

P[M;>y] =P [M3 > fg(y)} + “error-term”, (2.3.6)

which we formalize in . As it will turn out, this “error-term” provides a
suitable “book-keeping procedure” to keep track of the masses in the embedding.
We proceed along the lines of the proof of our main result. For simplicity, we
further assume that & has only one discontinuity, i.e. z := &(y—) < &(y+) =2
for some y > 0 and we let § := & 1(Z). As explained below, this is not restrictive
since our procedure is localised. If § < y then p can be “ignored” and the results

of Brown et al. [I8] apply. Hence we assume g > y.

2.3.2.1 Redefining &3 and K3

Define the following auxiliary terms,

F(Guim) =T (C - My)", (2.3.7)

PR ym) =E[F(C y; 1) (2.3.8)

As the notation underlines, these quantities may depend on the additional choice

of stopping time 7; between 7, and 73. Note that for ¢ € [2,Z] and y € [y, 7],

afiAY _
o (Cui) =PI 2y My < (] (2:39)

and

afiAY

1 My edy,Ma<(
(i) = E | }

dy

(+E

dy

1{]\7[16dy,M2<C} M ]
2

P [N, € dy, M.
:_@_a@%ég [1e£ 2 < (] (2.3.10)
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where

a(C,y;m) =B [My| My =y, My < (], (2.3.11a)

B(¢,y: 1)

E [Ms| My =y, My > (] . (2.3.11b)

With these definitions we have by the properties of 73,

P [M; € dy, M, < (]
dy
P [M; € dy]
dy

P [Ml € dy7M2 2 C}
dy

a(C,y; 73) + B¢,y 73)

(2.3.12)
= &(y)

We now redefine &5 and K3 from (2.1.4) and (2.1.6]), respectively, and denote the

new definition by & and K;. To this end, introduce the function

) Q) — Y ym) Hz<(<zy<y<y  (2.3.13a)
E(Cy) =
A, y) else. (2.3.13b)

We have that ¢® is continuous and ¢ < ¢*. Using the properties of 75 this can be

seen from the following:

fiAY(CaZJ;Té) =E [(C - M2)+ ﬂ{Mlzy}] =E [{(Mz - <)+ —(y— C)} l{Mlzy}}
=E [0 =) Lyyny] = 0= OFaly) (2:3.14)

> max (c1(¢) — (y — O)K1(y), 0)

for ¢ € [2,Z] and y € [y, 9], with equality for ¢ = Z. Continuity at ¢ = z holds
by the properties of 75 which yield f4Y(z,y;74) = 0. For y = § we also have
SAY(C, 53 75) = 0. As for continuity at y = y we take & left-continuous, i.e. in

particular &(y—) = &(y). Then, it is enough to observe by direct computation
that

B[00 = O Tynp]| = a0 - (- Q%) - Ki(®):



Chapter |§l An Iterated Azéma-Yor Type Embedding 64

As before, let

3 := arg min Cy)
&s(y) = gmin =" (2.3.15)
and
Ks(y) := ng(ig’(—i)(;;) (2.3.16)

It is clear that a discontinuity of & results in a local perturbation of ¢ into &
and in consequence of & into &. If & has multiple discontinuities the construction
above applies to each of them giving a global definition of 3. Then K3 and &; are

defined as above.

2.3.2.2 Law of the Maximum

In the following we assume that y € [y, 7] and &(y), ¢ € [z,7Z]. Otherwise & = ¢3

and the arguments from Sections and apply. We have éS(y) < &(y) and
Ml = MQ on {Ml S [g: g]}

Note the obvious decomposition
P[M?)Zy} :]P’[M1<y,M32y} +P[M12?J]-

We compute by similar excursion theoretical arguments as in the proof of Lemma

223

oP [Ml <, M3 > m}
Ay

= p(&(Y), ¥ 73)
N ) Y (2.3.17)
P[0 2 &) 31 € ] 96y 3). ) ~ G
dy y—&(y)
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In analogy to (2.2.13)), and because &(y) < &(y),

OP [ My < m, Mz > y] CP[My >y -P[M >y]
Oy y — &(y) '

Hence, combining the above

g _ B ~ /_]P[Mg_y}—]}b M12y} 3P[M12y]
gz P (M > y| _ &(y) — &ily) OP [My > o] 3 -
T A vbw oy W

In the redefined domain the first order condition for optimality of & (y) reads

Ra(y) + (&) - f} Esly).yimh) = 0. (2.3.19)

By similar calculations as in (A.1.17)) below we have

R (y) B v 2L (E(y),v: )

—&(y) y — &(y)

g Ral) | &) —aGh).5m) P M € dy, M2 < &)
yjf:%( y) y—&(y) dy
@ Ka(y) | &(y) — &) P[M € dy]
—&(y ) y — &(y) dy
B(Ew).vi7) — () P |V € Ay Mo > &)
+ !
Yy — 3(~) ) dy

@317 K3(y) _ $(y) — &i(y) OP [Ml > y] +p(§3(y),y;7£)- (2.3.20)

(
—&(y) y —&(y) dy

Consequently, by comparing ([2.3.18]) and (2.3.20)), and in conjunction with Propo-

sition [2.2.4] we obtain

Ki(y) =P [M; > y] Yy > 0. (2.3.21)
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2.3.2.3 Embedding Property
After having found the distribution of the maximum, the final step is to prove the
embedding property. To achieve this we will need that 53 is non-decreasing.

Recall the first order condition of optimality of 53 in (2.3.19)) and then the second

order condition for optimality of ég(y) reads

(&) — e (&(y),y: 1) > 0. (2.3.22)

or equivalently,

00 (46 - @) ) = ~Rst) + G v

~—
>0 by (2.3.22)

In order to formally infer

we require

2 iAY
Gl 2 . (2329

—Ki(y) +

Direct computation shows that

a2f1AY ]P) [Ml c dy, M2 < C]
8(8 (C YT 2) dy
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and by ([2.3.21)),

P [Mg € dy]

—Ki(y) = o

which implies ([2-3.23) and hence that &; is non-decreasing.

By definition of the embedding in (2.3.5), and since & is non-decreasing, we

have

P[M;>y]= P :Mg > 53(3/): +P []\7[3 >y, M < gs(y)}

= Pl > gg(y): +P [Ml >y, My < ég(yﬂ

] . AY
DI M2 2 &) + ol i) (2.3.21)

which is the desired embedding property.

The above construction hinged on the appropriate choice of the auxiliary term
F in (2.3.7) whose expectation allows for the error book keeping, as suggested in
. We identified the correct F' by analysing the “error terms” which cause
strict inequality for (B, : u < 7)) in the pathwise inequality (4.1) of Henry-
Labordere et al. [49]. This is natural since this inequality is used to prove opti-
mality of our embedding. It gives an upper bound but fails to be sharp if condition
(i) in Assumption [®| does not hold. In order to recover a sharp bound one has
to look at the error terms causing strict inequality when Assumption [®|fails. The
same principle applies for n > 3. However then interactions between discontinu-

ities of boundaries &, &3 etc come into play and the relevant terms become very
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involved. The construction would become increasingly technical and implicit and

we decided to stop at this point.

2.4 Numerical Example

In our numerical example we take an iterated Azéma-Yor type embedding based
on the stopping boundaries &, . .., & displayed in Figure [2.4.1] These boundaries
have been chosen arbitrarily for the purpose of this example. Our goal is to
illustrate the laws puq, ..., us and the law of the maximum, Ky, of this iterated

Azéma-Yor type embedding.

Approaching this task numerically, in the first step we obtain estimates ¢, ..., ¢4
of the true call prices c¢q,...,cs. The estimated call prices are shown in terms of

their Black-Scholes implied volatilities in Figure [2.4.2]

Implicitly assuming that the laws gy, ..., s of the iterated Azéma-Yor type
embedding based on our (continuous and increasing) boundaries &1, ..., &, satisfy

Assumption [®] in the second step we use Definition to compute the stop-

ping boundaries 51, e ,54 and the tail-distribution of the maximum K, based on
C1,...,Cq. In Figure[2.4.1| we visualize that the true and computed boundaries are

numerically indistinguishable. The computed tail-distribution of the maximum at

time ¢t = 4, f(4, is displayed in Figure .

In order to compare how much impact the intermediate laws jiy, p2, 43 have on
the law of the maximum at time ¢t = 4 we compare with the one-marginal case,
i.e. we discard ¢, co,c3 and then compute the maximal law of the maximum.
The result is displayed in Figure [2.4.3] and suggests that in this example the

intermediate laws do not have a lot of impact.



Chapter |§l An Iterated Azéma-Yor Type Embedding

180 ‘ ‘
computed & 1
/
170} computed &, yyam
computed 23 )
//
160+ computed 5,4 / |
true & 1
150 - true / i
true 23 /
> 140} true & 4 , i
1301 R
120+ / R
110 b
100 | | v | | | |
0 20 40 60 80 100 120 140 160 180

FIGURE 2.4.1: Stopping boundaries £1, . .., &4 used for the iterated Azéma-Yor
type embedding.
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FIGURE 2.4.2: Black-Scholes implied volatilities of the marginal laws of the
iterated Azéma-Yor type embedding based on &1, ..., & from Figure 2.4.1
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FIGURE 2.4.3: We illustrate the impact of the intermediate marginal laws
11, 2, u3 on the law of the terminal maximum P [M4 > y]. In this example
these intermediate laws do not have a lot of impact.



Chapter 3

Optimality of the Iterated

Azéma-Yor Type Embedding

Joint Publication Certain results of this chapter are submitted as part of a
joint publication with Pierre Henry-Labordere, Jan Obidj and Nizar Touzi, see

Henry-Labordere et al. [49].

The problem of controlling the maximum of a continuous martingale X using its
terminal distribution has a long and rich history, starting with Doob’s maximal and
LP inequalities. In seminal contributions, Blackwell and Dubins [14] and Azéma
and Yor [4] established that the distribution of the maximum X7 := sup,.; X,
of a martingale X is bounded above, in stochastic order, by the so called Hardy-
Littlewood transform of the distribution of X, and the bound is attained. This
led to series of studies on the possible distributions of (X7, X7) including Gilat
and Meilijson [45], Kertz and Rosler [57, 58]; Kertz and Résler [59], Rogers [84],
Vallois [94], see also Carraro et al. [20]. More recently, such problems appeared
very naturally within the field of mathematical finance, as we explain below, which

motivated further developments. The original result was generalised to the case

71
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of a non trivial starting law by Hobson [51] and to the case of a fixed intermediate

law by Brown et al. [18].

Considerable effort has been put in the previous chapter to obtain the iterated
Azéma-Yor type embedding. In this chapter we argue that this embedding is
special in many ways. We prove that it attains the maximum mazimum of a
martingale constrained by finitely many intermediate marginal laws. Further, after
developing some financial interpretation, we identify it as the extremal model in
the robust superhedging problem of the Lookback option. This will allow us to

derive explicitly the optimal superhedging strategy.

The key ingredient for these results is a certain trajectorial inequality. Once
postulated, this inequality is elementary to verify but it may be hard to obtain
it “barehanded”. Therefore, in Section we give some details on how this
inequality was found in first place by a mix of arguments coming from stochastic

control and intuition from Mathematical Finance.

3.1 Stochastic Control Methodology

A stochastic control methodology was the starting point for both the pathwise
arguments in Section and for the construction of the embedding in Chapter 2]
In the context of robust superhedging of simple barrier options, it allowed us to
single out the static position of the optimal superhedging strategy. Intuition from
the two-marginal (n = 2) case, see Brown et al. [18], allowed to complement this

with a dynamic part.

In the following, we briefly sketch the main ideas behind the stochastic control

ansatz, for a full account we refer to Henry-Labordere et al. [49].
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ertlng ¢A(m7m) = ¢(m) - Zf:‘l:1 /\i(xti)v Xt = (Xt17 cee 7th) and M1<A1> -
[ Nidpi, t, = T, we proved the duality

q.s-superhedging cost of ¢(X7) = inf supEp [gzﬁ)‘(Xt, Xr)] + Z“i()‘i)

AEAL Pep 1

= inf sup Ep, [(bA(BT?BTn)} + Zui(&)

AEAl TETR i1

=: inf (UA(XO,XO) + “()‘>) J

AEAH

where A¥ is a suitable set of Lagrange multipliers A, P is the set of martingale
measures [P for the canonical process X, 7T is the set of ordered stopping times
7 < .-+ <71, and B is a Pyp-Brownian motion. Following Galichon et al. [44]
it turned out to be possible to obtain by means of dynamic programming that
u* < v¥ holds for some explicitly given function v¥ with a free boundary 1) which

is in one-to-one correspondence with A. A computation gave (essentially)

uM(Xo, Xo) + p(N) §¢(XO>+/)(OO ( ci(i(m)) _ Ci(¢z‘+1(m))>> de(m).

m—1i(m)  m— i (m

Pointwise minimization over @ yield @* which in turn yield A* by the one-to-one

correspondence of 1 and A.

As we will explain in more detail in Section the Lagrange multipliers A
encode the intermediate marginal constraints and have the financial interpretation
as the static positions in Vanilla options. Hence, this method identified a candidate

optimal static position given by A* and the dynamic part could be guessed, giving

the key Proposition below.
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3.2 A Trajectorial Inequality

The following trajectorial inequality is the building block for optimality of the
iterated Azéma-Yor type embedding, robust superhedging and pathwise duality of

the Lookback option in the n-marginal case.

Proposition 3.2.1 (Trajectorial Inequality). Let w be a cadlag path and denote

Wi 1= SUPp<g<t Ws-

Then, form > wy, t1 < -+ <tp, =T and {; < --- <, < m:

Loy, sy < Tn(w,m, ¢) = Z((m %@) +1g, 1<m<wt}m_°‘gi) (3.2.1)

i=1 m=
(o — Ga)* o
_ 1 _ +1 7 )
Z ( m — <z+1 + {mﬁwti,Cﬁ-lSwti} m — <2,+1

Proof. Denote by YT,, = T,,(w, m, {) the right hand-side of (3.2.1]), and let us prove
the claim by induction. First, in the case n = 1, the required inequality is the
same as that of Brown et al. [I7, Lemma 2.1]:

(wtl - C1)+ + ]l{&;t0<m§@tl}(m - wtl) Wy — Cl +m — Wiy

T, — > 1,
! m—(y - m — (1 {m=an }

> 1, ) (3.2.2)

We next assume that Y,,_; > ]1{@ >m} and show that T, > 1z, >m). We
n—1= -

consider two cases.

Case 1: @y, _, > m. Then w,;, > m, and it follows from the induction hypothesis

that 1 = lyg, >m} = ]1{0_% >m) < T,_1. In order to see that Y, 1 < T, we

12m

compute directly that, in the present case,

Wy

"—_C(ﬂ{wtnm 1{%_12%}) > 0. (3.2.3)

m =G

TTL - Tn—l
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Case 2: w;, , < m. As w is non-decreasing, it follows that w;, < m for all

1 <n —1. With a direct computation we obtain

Wt _Cn)Jr m — wy
O 4 T <s n
m_Cn * {Stn}m_Cn

)

where

10 = nz_l ((wti LM C Q“)+) . (3.2.4)

m — G m — Git1

Since m > @, > wy, for i < n — 1, the functions ¢ — (wy, — ¢)T/(m — () are

non-increasing. This implies that T2 > 0 by the fact that ; < ;41 for all i < n.

Then,
T (Wi, = G) "+ Lpmzan, (M —wi,,)  (wr, — Go) T +m —wy, .
n — m — Cn — m — Cn {m_wtn}
We, — Cp M — wy
n “ 1< 1 im<a, 3.2.5
m—C, fm<an,} = Lim<a, ) (3.2.5)
The claim follows. O]

The next Proposition shows that the iterated Azéma-Yor type embedding has

a special structure as it attains pathwise equality in (3.2.1)).

Proposition 3.2.2 (Pathwise Equality). Let & = (&1,...,&,) be non-decreasing

and right-continuous and assume that (B, : t > 0) is uniformly integrable, where

T, is given by (2.1.7a)—(2.1.7b). Set M = (M, ..., M,,) where My, = B;,.

Then, for any m > My := By with &,(m) < m, M achieves equality in (3.2.1)),

1.€.

Liit,, @zm}y = Tn(M(@),m,¢(m)),  YweQ, (3.2.6)
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where
Gi(m) = min¢;(m), it=1,...,n. (3.2.7)

j>i

Proof. Fix m > My and write for notational convenience (; = (;(m), & = &(m).

Let ny < --- < ni =n be such that

Clz"':Cnl<Cn1+1:"':<n2<"’<an71+1:"':<nk:<n:§n-

Then by

M, > = M, > ¢ vl > g,

for all j < n, we obtain

+
Y. (M, N 7 7 ey
m, Q) = ; —— + 1 {M,_, <m<bts, } " — G,
+
k—1 <Mtnj - an+1) 1 Mtn — Mtnj
— _|_ _ - Jr- = J
= m — ganrl {mSMznj g _Mzn } m — an+1

Therefore, it is enough to prove the claim for the case

= <@=8< <G =%

By the same induction as in the proof of Proposition [3.2.1] it remains to prove

that (M, M) achieves equality in (3.2.2), (3.2.3) and (3.2.5). As for equality in
(13.2.2)) we note that

Mtl >m — Mtl > 51 and Mtl <m — Mtl < 51‘
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Equality in (3.2.3]) holds by

Mtn,l Z m, Mtn,1 Z gn - Mtn Z €n7

Mtn_l Z m, Mtn_l < gn - Mtn < gn

which one verifies using the definition of the iterated Azéma-Yor type embedding.
Similarly, we now argue equality in (3.2.5). This equation corresponds to the
case Mtn_l < m. By Lemma we then have Mtn_l < (,—1 and therefore,
together with the induction hypothesis, T = 0 (T? is defined in ([3.2.4))). Then

the conclusion holds by

Mtnfl < m, Mtn 2 m — Mtn 2 gn,

Mtn71 < m, Mtn <m — Mtn S gn

The claim follows. O

3.3 Maximum Maximum

Having obtained Propositions |3.2.1] and |3.2.2] we now give a short proof the the

fact that the iterated Azéma-Yor type embedding has the maximum maximum of

a martingale constrained by finitely many intermediate laws.

Theorem 3.3.1 (Maximum Maximum). Let pq, ..., p, satisfy Assumption .

Then for any stopping times 7 < --- < 7, such that (BtATn)tzo s a uniformly
integrable martingale and B;, ~ p; fori=1,...,n we have
P []\7[n > m} >P [Bm > m} Ym >0 (3.3.1)

where M s the iterated Azéma-Yor type embedding.
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Proof. Under our assumptions, Lemma [2.1.11] implies that &, ..., &, from Defini-

tion [2.1.1] are non-decreasing.

Firstly, let &,(m) = (,(m) < m. Then by Proposition and taking expec-

tations,

P [M, > m] =E[Y,(M,m,{)].

Denote X; = B;,, @ = 1,...,n. Then, by the fact that X; ~ p; and Proposition

B.2.1]

E[T,(M,m, )] = E[Y,(X,m,¢)] > P [X, >m] .

Secondly, let &,(m) = (,(m) = m. Assume there exists a sequence (my) such
that my T m and &,(my) = (.(mg) < my. Then, by the previous arguments and
left-continuity of the tail-distribution function,

P[Man}: limP[Mank} > limP[Xank]:P[Xan}.

k—o0 k—o0

If no such sequence (my,) exists, it follows (inductively) that ¢, = ¢; on (m—e, m]

for some j = 7,(m),...,n — 1, and then Assumption [®[(ii) is violated. O

Building on the intuition from the general embedding in the case n = 3, cf.
Section to obtain the general maximum mazimum it seems plausible that

the choice of 7 becomes important. We have the following conjecture.

Conjecture 3.3.2 (General Maximum Maximum, n = 3). Let 1y, T, 73 solve the

3-marginal SEP of py, po, ii3.
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Then we have

P[M;>m|>P|[B,>m|] V¥Ym=>0

where M is the extended iterated Azéma-Yor type embedding from Section

with
Ty = inf {u >7:B, ¢ (%(Bu),%(f))u)) }

where v, and 7y, are non-decreasing and 7y, is (pointwise) the smallest valid choice.

3.4 Financial Interpretation

We develop now a financial interpretation of the right hand side of as a
pathwise superhedging strategy for a simple knock-in digital barrier option with
payoff 1 {Xrzm}- It consists of three elements: a static position in call options, a
forward transaction (with the shortest available maturity) when the barrier m is

hit and rebalancing thereafter at times ¢;. More precisely:

(a) Static position in calls:

A(X) =3 ((Xti —G)T (X —Gi)” 1{i<n}) ‘

im1 m—¢ m = Giy1

For 1 < i < n, we hold a portfolio long and short calls with maturity ¢;
and strikes (; and (;41 respectively. This yields a “tent like” payoff which
becomes negative only if the underlying exceeds level m. Note that by setting
(; = (;+1 we may avoid trading the ¢;-maturity calls. For maturity ¢, we are

only long in a call with strike (,.
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(b) Forward transaction if the barrier m is hit:

m — Xti

Il‘{X}.f <m§Xt.} .

i—1 7 m Cl
At the moment when the barrier m is hit, say between maturities ¢;+_; and
t;~, we enter into forward contracts with maturity ¢;-. Note that the long
call position with maturity ¢;+ together with the forward then superhedge
the knock-in digital barrier option, cf. (3.2.5). This resembles the robust
semi-static hedge in the one-marginal case, cf. Brown et al. [I8, Lemma 2.4].

All the “tent like” payoffs up to maturity t;«_; are non-negative.

If the trajectory jumps over the level m then a profit from the forward trans-

action will be realized and the superhedging property remains preserved.

(¢) Rebalancing of portfolio to hedge calendar spreads:

Xt¢+1

} m — Giy1

— X,

7

n—1
- Z l{mg)?ti Cit1 <X,
i=1

After the barrier m was hit, we start trading at times ¢; in such a way that a

)t )+
potential negative payoff of the calendar spreads (Ko Gr)” (Xt ~Giv1) S <

m—Cit1 m—Cit+1 -
i < n, is offset, cf. (3.2.3)).

In the above, (b) and (c) are instances of dynamic trading which is done in a
self-financing way. Their combined payoff may be written as fOT HS(X)dX, for
a suitable choice of (simple) integrand H¢(X). The initial cost entering into the
static position in (a) is u(A¢) = Y1, (ﬂ - M]l{i<n}>- Then

m—g; m—Cit1

/ ' HS(X)dX, + X(Xy) (3.4.1)
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is an example of a semi-static trading strategy and the inequality (3.2.1) now
simply says that for any choice of (; < --- < (, < m, our strategy in (3.4.1)

superreplicates 1 {Xr2m}-

3.5 Duality

We showed in Section that constitutes a pathwise superreplication for
the Lookback option 1 {Xr>m}- Obviously this strategy directly yields a pathwise
superhedging strategy for piecewise constant, non-decreasing and right-continuous
payoffs. In this section we prove that this strategy is optimal in the sense of
if Assumption [®| holds and that the iterated Azéma-Yor type embedding is the
extremal model in the robust superhedging problem for ¢(X7) where ¢ is non-

decreasing and right-continuous.

Let Qx, denote the set of cadlag paths w such that wy = Xy. A mapping

¥ 0, T] x Qx, — R is called progressively measurable if for any w, o € Qx,
ws =ws, Vs <10,1] — Y(t,w) =y(t,w),

where we assume that ¢(- At,-) is B([0,t]) ® (X, s < t)-measurable for every ¢ <
T. In general, we define a pathwise superreplication strategy as a triplet (v, H, )
where v € R, ); : R — R is measurable and H is progressively measurable and of

the form

Hi(w) = 3 hi (1), ) (1 (3.5.1)

[%‘ (w),Yit1 (w)AT>

where 0 =: 79 < v, < 9 < ... is an increasing sequence of stopping times such
that lim; . v;(w) = oo for all w € Qx, and h; : [0,T] x Qx, — R is progressively

measurable. For these strategies we can define fo Hi(w)dw; pathwise and then the
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superhedging property reads

o(wr) <w +/ Hy(w)dw; + Z)\ Wy, ) Yw € Qy,. (3.5.2)

=1

Clearly, the strategy H¢ from Section is of the form (3.5.1]).

The pathwise superhedging cost of the payoff ¢(X7) is defined as

A" (¢(Xr)) :=inf {v + (N 2 (v, H,A) is a pathwise
(3.5.3)
superreplication strategy for gb()_(T)}.

Theorem 3.5.1 (Duality). Let pu1, ..., p, satisfy Assumption[®] Suppose ¢ is a

right-continuous, non-decreasing function. Then

A* (¢p(Xr)) = S%pEIP’ [6(X7)] = ¢(Xo) + /(X )Kn(m)d¢(m) (3.5.4)

where the supremum is over all martingale measures P such that the canonical
process X on $2x, satisfies Xy, ~ p;, and we recall the definition of K, from

2.1.6).

Moreover, recall the definition of € in (2.1.4) and set

Gi(m) :== ming;(m), i=1,...,n, m> X, (3.5.5)

Jj>t

Let M = (My,,..., M) be the iterated Azéma-Yor type embedding of i1, .. ., fin.

Then for every € > 0 there exist my > Xy and a > 0, k € N, such that

o (Mr) — ¢(Xo)
< iak {/ HSW) (M)AM, + X6 (Mt)} (3.5.6)
< ¢(Mr) — 6(Xo) + €
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where the above inequality s understood pathwise and where we recall the defini-

tions of X and HS from Section .

Proof. First we prove the claim for the payoff ¢(X7) = 1 (Xr>m) for m where
Cn(m) < m. If Assumption |®)|holds, then by Proposition the iterated Azéma-
Yor type embedding M achieves pathwise equality in (3.2.1)) simultaneously for all

m > X satisfying (,(m) < m. This yields (3.5.4) and (3.5.6)) with ¢ = 0.

From the proof of Theorem we know that for every m such that {,(m) =m
there exists an arbitrarily close m < m such that (,(m) < m. Hence, we can find

a piecewise constant, right-continuous, non-decreasing function

¢(m) = $(Xo) + Y arLimzmy)

k=1

with discontinuities at g, (i) < My such that 0 < ¢¢(Xp) — ¢(X7) < e
By the above argument, this implies that and with € = 0 hold
for the payoff ¢¢(Xr) as ¢(Xr) is just a positive linear combination of simple
barrier options. By considering ¢¢ such that 0 < ¢(X7) — ¢°(X7) < € this further

establishes (3.5.6) for general right-continuous, non-decreasing ¢.

Let ¢~ and ¢! denote the right-continuous inverses of ¢¢ and ¢, respectively.
Recall from Lemma [2.1.14] that K, is non-increasing and continuous. Hence,

applying the previous case to ¢°, we have

B [6 ()] = iy B o (11,)] = i {00 + [ Kamlass(m)

e—0 (XO 700)

= lim Xo K, (¢ Yz)) dz
Ho{w )+ /(MW(OO)) (6771 (x)) }
— B(Xo) + / K, (m)da(m),

(X07OO)
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where we used monotone convergence since K, (¢ '(x)) > K, (¢~ (x)). With

this (3.5.4) follows from the Dambis-Dubins-Schwarz time change and

E ¢ (M,)] = sup Ep [¢(X7)] < A* (¢(X7)) < leiﬂf)lA“ (¢°(X1))

= limsup Ep [¢°(Xr)] = E [0 (M,,)] .

]

Remark 3.5.2 (Upper Bound). In the context of Theorem [3.5.1] if Assumption
[®](ii) is not assumed, we have

supEs [6(¥n)] < 6(Xa) + [ Ka(m)do(m) (35.7)

(Xo,00)

which follows from the arguments of Section |3.4]

Remark 3.5.3 (Piecewise Constant Lookback Options). It follows from the proof

of Theorem that for piecewise constant, non-decreasing and right-continuous
payoffs ¢ (3.5.6) holds with € = 0.

Remark 3.5.4 (Continuous Trading). It can be shown that under certain integra-
bility conditions and by allowing dynamic trading strategies of bounded variation,
one can obtain explicitly a superreplication strategy which is optimal in the sense
that it is a perfect hedging strategy for the iterated Azéma-Yor type embedding.

This is formalized by Henry-Labordere et al. [49].

Remark 3.5.5 (Continuity of Extremal Model). Note that the extremal model for

(3.5.4) can be chosen continuous although the duality is valid for cadlag paths.
Remark 3.5.6 (Assumption [®)). It follows from the discussion of Section that
if Assumption [®)|fails then (3.5.6)) is not true anymore. Also the duality statement
(3.5.4)) remains open in that case.



Chapter 4

Martingale Inequalities for the
Maximum via Pathwise

Arguments

Joint Publication Large parts of this chapter will be submitted as part of a

joint publication with Jan Obl6j and Nizar Touzi, see Obldj et al. [78].

In this chapter we look at certain martingale inequalities for the terminal max-
imum of a cadlag submartingale. The difference to many existing martingale
inequalities in the literature is that they feature information about the process at

intermediate time points.

The starting point is the simple observation that Proposition yields the
following martingale inequality for cadlag submartingales X (X, deterministic)

and right-continuous, non-decreasing functions ¢ on R,

E [¢(Xe,)] (4.0.1)

Y — Gi(m))"] _ E[(Xy, — Gi+1(m)) "] ' -
)+ (Xo0,00) =1 ( m — Cz(m) m — Cipr(m) IL{Z<n}> dg(m)

85
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for functions ¢;(m) < --- <, (m) < m.

This is because for a cadlag submartingale X, it follows by taking expectation

in inequality that

1 m — Gi(m) m — Giy1(m)

for any (4 < --- < (, < m. Then, for a right-continuous non-decreasing function

¢, we write

6(Xe,) = 6(X0) + /

(Xo,00

) Lex, >myde(m),

and we plug the previous inequality after taking expectations.

One goal of this chapter is to understand how the bound induced by these
more elaborate inequalities compares to simpler inequalities which do not use
information about the process at intermediate time points. We show that in our

context these bounds can be both better or worse.

Throughout, we emphasize the simplicity of our arguments, which are all ele-
mentary. This is illustrated in Section 4.2| where we obtain amongst others the

sharp versions of Doob’s inequalities.

The idea of deriving martingale inequalities from pathwise inequalities is already
present in the work on robust pricing and hedging by Hobson [50]. Other au-
thors have used pathwise arguments to derive martingale inequalities, e.g. Doob’s
inequalities are considered by Acciaio et al. 2] and Obldj and Yor [77]. The
Burkholder-Davis-Gundy inequality is rediscovered with pathwise arguments by
Beiglbock and Siorpaes [9]. In this context we also refer to Cox and Wang [24]
and Cox and Peskir [23] whose pathwise inequalities relate a process and time. In

a similar spirit, bounds for local time are obtained by Cox et al. [25]. Beiglbock
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and Nutz [§] look at general martingale inequalities and explain how they can be

obtained from deterministic inequalities.

In a a discrete time and quasi-sure setup, the results of Nutz and Bouchard [71]
can be seen as general theoretical underpinning of many ideas we present here in

the special case of martingale inequalities for the terminal maximum.

Organization of the Chapter In the next section we state and prove our main
results. In Section we specialize our inequalities and demonstrate how they
can be used to derive, amongst others, Doob’s inequalities. We also investigate
in which sense our martingale inequalities can provide sharper versions of Doob’s

inequalities.

4.1 Main Result

In our main results, we obtain and compare inequalities for cadlag submartingales

which are directly implied by Proposition [3.2.1]

4.1.1 Main Result — Part 1

In the first part of our main result we devise a general martingale inequality for

E [¢(X7)] and prove that it is attained under some conditions.

Define

¥ = {C = (1,5, Cn) G (Xo,00) = R is right-continuous,
(4.1.1)

G(m) <--- < ((m) < m, nEN}.
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In order to ensure that the expectations we consider are finite we will occasion-

ally need the technical condition that there exists o € (0, 1) such that

C1(m)

1
liminf ——= > 1, limsupm =0 for some vy < 1o (4.1.2)

m—oco QM m—oo MY —

Theorem 4.1.1 (Main Result — Part 1). Let X be a cadlag submartingale, ¢ a
right-continuous, non-decreasing function and t; < --- < t, = T. Then, for all

¢= (G-, ) € Z we have

n

E [6(X1)] < UB (X, .¢) = 6(Xo) + /

(Xo0,00) =1

E [)\f’m(Xti)] dp(m) (4.1.3)

where

A () s EZGO)T (= G () Lfi<n}. (4.1.4)

m — Gi(m) m — Ciy1(m)

Now fixr { € Z and consider (4.1.3) as being valid for every cadlag submartin-
gale. If (y is non-decreasing and satisfies together with ¢ the condition (4.1.2),

then there exists a continuous martingale which achieves equality in (4.1.3)).

Remark 4.1.2 (Optimization over {). If X and t,...,t, are fixed we can optimize
(4.1.3) over ¢ € Z to obtain a minimizer {*. Clearly, more intermediate points
t; in can only improve the bound for this particular process X. However,
only for very special processes (e.g. the iterated Azéma-Yor type embedding) is
there hope that will hold with equality. This is, loosely speaking, because a
finite number of intermediate marginal law constraints will in general not uniquely

determine the law of the maximum at terminal time ¢,,.

Proof of Theorem[{.1.1. Equation (4.1.3)) has been proven in the introduction of

this chapter.
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If ¢; is non-decreasing and (;(m) > am for m large, a € (0,1), we define X by

X BTt—t/\TCl lft < tl,
t:

B, if t>t.

where B is a Brownian motion, By = X, and 7, := inf {u >0: B, < Cl(Bu)}
X is a uniformly integrable martingale by similar arguments as in the proof of

Proposition [2.2.5] Then, one readily verifies together with Proposition that

Tn(Xa m, C) = Tl(X>m7 C) = E{thzm} - H{thZm}'

Condition ([4.1.2) ensures that E [¢(X,,)] < oo because then by excursion theo-

retical results, cf. e.g. Rogers [83], we compute

_ 1 1
P [th > y] = exp <—/ —dz) < const - exp (—/ dz)
(Xow) # — G1(2) (19) ¥ — Q%

1
=const -y 1-a

for large y. Set ¢™(y) := L{y>m}. Now the claim follows from

E [6(X,,)] = ¢(Xo) + /

(X07OO)

= $(Xo) +/ UB (X, ¢™,¢) dg(m)

(Xo0,00)

E[Lig, o] do(m)

= ¢(Xo) + UB (X, ¢,()

where we applied Fubini’s theorem. O

4.1.2 Main Result — Part 2

As mentioned in the introduction, the speciality about our martingale inequality

from Theorem [4.1.1]is that it uses information about the process at intermediate
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times. The second part of our main result sheds light on the question whether this
information gives more accurate bounds than e.g. in the case when no information
about the process at intermediate times is used. In short, the answer is negative,
i.e. we demonstrate that for a large class of f ’s there is no “universally better”
choice of ¢ in the sense that it yields a tighter bound in the class of inequalities

for E [¢(X7)] from Theorem m

To avoid overly technicalities in the second part of our main result, we impose
additional conditions on ¢ € Z and ¢ below. Many of these conditions could be

relaxed to obtain a stronger statement in Theorem We define
= {C e . (is continuous} (4.1.5)
and

= {C € % . (;is strictly increasing and continuous,
Ja > 0 s.t. liminf ¢ (m)/am > 1, (4.1.6)
m—ro0

Je >0 st G(m) = = Cu(m) Vme(Xo,Xo+e)}.

Before we proceed, we want to argue that the set % arises quite naturally. In the

setting of Remark 4.1.2 if X is a martingale such that its marginal laws
1= L(Xy), .., pni=L(X)

satisfy Assumption [®] [(z — ()*ui(dz) < [(z — )t pya(da) for all ¢ in the
interior of the support of ;.1 and their barycenter functions satisfy the mean
residual value property of Madan and Yor [64] close to X, and have no atoms at
the left end of support, then the optimization over ¢ as described in Remark
yields a unique 5* € %. Hence, the set of these E* seems a “good candidate set”

for ¢’s to be used in Theorem 4.1.1}
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The statement of the Theorem concerns the negative orthant of 27,

(¢, &) = {c € ¥ . UB(X,6,¢) < UB (X, o, 5) V cadlag
(4.1.7)

submartingales X and < for one X }

Theorem 4.1.3 (Main Result — Part 2). Let ¢ be a right-continuous, strictly

increasing function. Suppose ¢ € Z and assume (4.1.2) holds. Then,

Z5(9,¢) = 0. (4.1.8)

The key ingredient for the proof of Theorem [4.1.3]is isolated in the following

Proposition.

Proposition 4.1.4 (Positive Error). Let { € & and ¢ € Z° satisfy ¢ # C.
Set " (y) := Lyy>my. Then there exists a non-empty interval (my, my) C (Xo, 00)

such that
Vm € (my,ms): UB (X, ¢m,5> < UB(X, ¢™,¢) (4.1.9)
where X is an iterated Azéma-Yor type embedding based on some é

Proof. To each E € % we can associate a non-decreasing and continuous stopping

boundary é which satisfies

Enlm) <---<&(m)<m  Vm e (Xo, Xo+€), (4.1.10a)

&(m) = {(m) Vm > Xy + e, (4.1.10D)

(;(m) = min€;(m) vm > Xj. (4.1.11)
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Fix such a é and let X be an iterated Azéma-Yor type embedding based on this
€. Let j > 1. Using the notation of Definition m, it follows by monotonicity of
€, (#.1.10D) and that on the set {B,, = éj(BTj), B, > X, + €} we have
B, = éj(BT].) < éjH(BTj). Therefore, the condition of in the definition
of the iterated Azéma-Yor type embedding is not satisfied and hence 7;,; = 7;.

Consequently,

Xy =Xy ==Xy, and Xy =Xy, ==X, (4.1.12)

on the set {th = éj(th), )_(tj > Xo+ e}
for all j > 1.

Take 1 < j < n. Denote xy := max{k <n: 3t < Hx,ie s.t. By < Sk(Bt)} V0,
where H, = inf{u > 0: B, = 2} and H = {x = j — 1, Hx,4e < o0}. By

(@.1.10a) we have P[H] > 0. Further, by using (;(m) < - < Go(m) < m we
conclude by the properties of Brownian motion that P [H N {BTJ. € (’)}} > ( for

O C (Xo+€,00) an open set. Relabelling and using (4.1.10b)) yields
P[X, = (X)), X, €0, %y, < Xo+e| >0 (4.1.13)

for all open O C (X + €, 0).

By 5 # ¢ either Case A or Case B below holds (possibly by changing € above).
In our arguments we refer to the proof of the pathwise inequality of Proposition

3.2.1l and argue that certain inequalities in this proof become strict.

Case A: 30 = (my,my) C (Xo + €,00) and j < n such that ;(my) > ¢(ms).

Take m > my. Then on {th = @(X’tj), th S (9} we have almost surely

@) @112 Prop.
Tn(X7m7 C) - T]'<X>ma C) >0= ﬂ{mSth} = 1 p:@Tn(Xama C)

fms,)
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where the strict inequality holds by noting that (X, — ¢;j(m))™ > 0 for all m €

(mq, my) on the above set and then directly verifying that the second inequality

of (3.2.5)) applied with ¢ and X is strict.

Case B: 30 = (my,my) C (X + €,00) and j < n such that ¢;(my) < ;(my).
Take m € O. Then on {th = fj()_(tj), X, € ON(m,00), Xy, , < Xo+ e} we

have almost surely

To(X, m, ¢) Ti(X,m,€) > 1= 115y = Lipes, ) Proe B2y ox 6

where the strict inequality holds by observing that the last inequality in ((3.2.5))
applied with ¢ and X is strict because (X; — (;(m))* =0 > X, — (;(m) for all

m € O on the above set.

Combining, in both cases A and B the claim (4.1.9) follows from (4.1.13)). O

Proof of Theorem[{.1.3. Take ¢ € Z°* such that strict inequality holds for one
submartingale in the definition of 2%, see (#.1.7). Then we must have ¢ # C.

As in the proof of Proposition we choose a € such that ({.1.10a])-([£.1.10D),

(4.1.11)) hold and let X be an iterated Azéma-Yor type embedding based on this

€. Propositions and yield
E [¢"(X,,)] = UB (X, o, 5) <UB(X,6™¢)  ¥m> X,
and by Proposition
UB <X, & 5) < UB(X, o™ ¢)

for all m € O where O C (X, 00) is some open set. Now the claim follows as in

the proof of Theorem O
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Remark 4.1.5. In the setting of Theorem let 51,52 e Z, 51 =+ 52, and
assume that (2.1.2) holds for (¢, ¢ 1) and (¢, ¢ 2). Then there exist martingales X'

and X? such that

UB (Xl,gb, 51) < UB (Xl, &, 52> ,

~2

UB (X2,¢, él) >~ UB <X2,¢,C ) .

This follows by essentially reversing the roles of f ' and f 2 in the proof of Theorem

413l

4.2 Doob’s Inequalities

In this section we demonstrate how Theorem can be used to derive Doob’s
inequalities. Further, we investigate in which sense there is an improvement to

Doob’s inequalities.

Related work on pathwise interpretations of Doob’s inequalities can be found
in Acciaio et al. [2] and Obldj and Yor [77]. Peskir [80, Section 4] derives Doob’s
inequalities and shows that the constants he obtains are optimal. We now give
an alternative proof of these statements and we provide new sharp inequalities for

the case 0 < p < 1.

4.2.1 Doob’s LP-Inequalities, p > 1

Using a special case of Theorem we obtain an improvement to Doob’s in-

equalities.

Denote pow?(m)=mP, (*(m):=am.
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Proposition 4.2.1 (Doob’s LP-Inequalities, p > 1). Let (X;):<r be a non-negative

cadlag submartingale (here T is assumed to be a deterministic constant). Then:

(i) forp>1,

E[X:] < UB (X,powp,g%l) (4.2.1a)

IA

p
p p

(ii) for every e > 0 there exists a martingale X such that

p
p p %

(iii) The inequality in (4.2.1b) is strict if and only if either:

_ -1
E [Xﬂ < oo and Xp < p—XO with positive probability, or (4.2.3a)
p

E [X%] < oo and X is a strict submartingale. (4.2.3b)

Proof. Let us first prove (4.2.1a) and (4.2.1b]). If E[X%] = oo there is nothing

to show. In the other case, equation (4.2.1a]) follows from Theorem applied

with n =1, ¢(y) = pow?(y) = y* and (; = (%, a < 1. We compute

_ o X N
E[X2] — X! < UB(X,pow”,(") — X! = E [ / pyp—lwdy}
XO y - ay
7T\/X0 r % B
N ay |/ Xo y—ay
1 X - i X \7
- o1 E — - Xg_l Xr| — a E[(Z2L) — Xt
p—1l—-a « 1—a o
1 1 _ p—alp—1)

IN

E [X?] (4.2.4)

P10 —ajar? - —a) 0

where we used at the last inequality that X is a submartingale.
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Note that the function o # attains its minimum at o* = ’%1. Plugging

(1-a)

a = o into the above yields (4.2.1h)).

Now we prove that Doob’s LP-inequality is attained asymptotically in the sense

of (4.2.2)). This fact was also proven by Peskir [80, Section 4].

Let Xy > 0, otherwise the claim is trivial. Set o* = 7%1 and take o < a =

p;%;l < 1. Let Xy = B, where B is a Brownian motion stared at X, and
7o := inf{u > 0: B, < aB,}. Then by using exursion theoretical results, cf. e.g.

Rogers [83],

Fy) =P [Xr > y] = exp (_/Xiz—lazdz) _ (X%)—la

and then direct computation shows

B [X)] = 225Xy,

By Doob’s LP-inequality,

o p ' p QNP g p
Bxy) < (S25) B0 - 2oxp = (S) B IR - S Lox

and one verifies

r \" p+e—1p_1 PEe P
p—1 p+e e Y €0 p—17°

This establishes the claim in (4.2.2)).

Finally, we note that in the calculations (4.2.4) which led to (4.2.1b|) there are

three inequalities: the first one comes from Theorem {4.1.1] and does not concern

the claim regarding (4.2.3a))—(4.2.3b|). The second one is clearly strict if and only
if (4.2.3a) holds. The third one is clearly strict if and only if (4.2.3b)) holds. [
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Remark 4.2.2 (Asymptotic Attainability). For the martingales in (ii) of Proposi-
tion .2.1] we have

P
p—1 [ D

UB [ X P P = | — R S(p Xp

< , pow”, ¢ ) (p 1) [ T] p—1 0

and E[X7] — oo as € — 0.

4.2.2 Doob’s L'-Inequality

Using a special case of Theorem we obtain an improvement to Doob’s in-

equalities.

Denote id(m) = m, and

—o0 ifm <1,
C“(m) = (4.2.5)

am ifm>1.

Proposition 4.2.3 (Doob’s L'-Inequality). Let (X;)i<r be a non-negative cadlag

submartingale. Then:
(i) with 0log(0) := 0 and V(x) := x — xlog(z),

E[X;] < UB (X,id,gi) (4.2.68)
(&
e—1

IN

<]E [Xrlog (X7)] + V(1 V X0)>. (4.2.6b)

(ii) n the case Xo > 1 there exists a martingale which achieves equality in both

(4.2.6a) and (4.2.6b)) and in the case Xy < 1 there exists a submartingale
which achieves equality in both (4.2.6a]) and (4.2.6b)).



Chapter |Zl Martingale Inequalities for the Mazimum 98

(iii) the inequality in (4.2.6b|) is strict if and only if either:

_ _ 1

E [XT] < oo and Xr > 1, Xp < —Xq with positive probability, (4.2.7a)
e

E[Xr] <ooand Xp>1, E[X7]>XoV 1, or (4.2.7b)

E [X7] < 0o and Xr < 1 with positive probability. (4.2.7¢)

Proof. Let us first prove (4.2.6a) and (4.2.6b)). If E [X7] = oo there is nothing
to show. In the other case, equation (4.2.6a]) follows from Theorem applied
with n =1, ¢(y) = id(y) = y and ¢4 = ¢+

In the case Xo > 1 we further compute using ¢; = (%, a <1,

E[Xr] - Xy < UB(X,id, (%) -

_ /TVXO E XT _ Oéy] /a XT — aydy

S s e

a=1/e e e 1
=/ 1E [Xrlog (X7)] — e——lE [X7]log(Xo) + e——lXO

—CE[(Xr) log (X1)] — —= X log(Xo) + —Xp, (4.2.8)

—=dy < E

e —
(&

IN

where the choice a = % gives a convenient cancellation and we used again that X

is a submartingale. This is (4.2.6b]) in the case Xy > 1.

For the case 0 < Xy < 1 we obtain from Proposition forn =1,

_ . CE[(Xr—0OF] _ E[(Xr — ay)*]
e e

for v < 1 and therefore

B[%] - X = [ P[Xrzyldy < (-X)+ [ P[Yr=]dy
Xo . ! . (4.2.9)
< (1= Xo) + —E[(Xr)log (Xr)] + —
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by (4.2.8]). This is (4.2.6b]) in the case Xy < 1.

Now we prove that Doob’s L!-inequality is attained. This was also proven by

Peskir [80, Section 4].

Firstly, let Xq > 1. Then the martingale

X = (BL

/\T1>
T=t"" e /4<T

(4.2.10)

where B is a Brownian motion, By = X, achieves equality in both (4.2.6al) and
(4.2.6b)). Secondly, let Xy < 1. Then the submartingale X defined by

(4.2.11)

B i1 ift > T2,

T/2—(t—T/2) /\T%

where B is a Brownian motion, By = 1, achieves equality in both (4.2.6a)) and
[@.2.61).

Finally, we note that in the calculations (4.2.8) which led to (4.2.1b)) there are

three inequalities: the first one comes from Theorem {4.1.1] and does not concern

the claim regarding (4.2.7al)—(4.2.7c|). The second one is clearly strict if and only

if (4.2.7a)) holds. The third one is clearly strict if and only if (4.2.7b) holds. In
addition, in the case Xy < 1 there is an additional error coming from (4.2.9). Note

that

E[(Xr— ()] — lim E [(Xr— ()] _
y—¢ (oo y—C

(=00

in the case when E [)_(T] < 00. Hence, the first inequality in (4.2.9)) is strict if
and only if (4.2.7¢) holds. The second inequality in (4.2.9)) is strict if and only if

(4.2.7a]) or (4.2.7h)) holds. O



Chapter IZL Martingale Inequalities for the Mazimum 100

4.2.3 Doob Type Inequalities, 0 <p <1

It is well known that if X is a positive continuous supermartingale converging a.s.

to zero, then
Xoo ~ — (4.2.12)

where U is a uniform random variable on [0, 1]. Further, if X does not converge
to zero but a non-negative limit X, we can define a process Y by means of time-
changing X and extension with a positive continuous supermartingale converging
a.s. to zero. Clearly, Y is then a positive continuous supermartingale converging
a.s. to zero and X, < Y,. Hence, for any positive continuous supermartingale

X, and for p € [0,1),

E[X]] <E K%)p} = /01 (%)pdu = igp (4.2.13)

and (4.2.13) is attained.

We now generalize (4.2.13)) to a non-negative submartingale.

Proposition 4.2.4 (Doob Type Inequalities, 0 < p < 1). Let X be a positive

cadlag submartingale, 0 < p < 1, denote m, := X, "E [X}] for r < 1. Then:

(i) there is a unique & € (0, 1] which solves

moGP — L —p+pm
P 1—p+pa

(4.2.14)



Chapter |Zl Martingale Inequalities for the Mazimum 101

and for which we have

_ XP P
E[X?] < XPm,a? = — 20 Xp_1—<EX —X)
[(X7] < XEmyd 1—p—|—pd+ O 1—pipa [X7] — Xo
(4.2.15a)
Xp
< 20 Xé’_lL(]E[XT]—X(]). (4.2.15b)
I—p I—p

(i) there exists a martingale which attains equality in (4.2.15a)). Further, for

every € > 0 there exists a martingale such that

X —
0< Op + Xé’_l—p <]E [Xr] - X0> —E[X]] <e (4.2.16)

(iii) the inequality in (4.2.15b) is strict if and only if E[X7] < oo and X1 # X,

a.s.

Proof. Following the calculations in (4.2.4)), we see that

E[X7] <1 = —Xi+ E [-a' "X} +pX§ ' Xr] = X{f(),

(1—a)(1-p)
where, with the notation m, introduced in the statement of the Proposition,

1 N —a'™Pm, + pmy
T 1l-a (1-a)(1-p)’

a€[0,1].

Next we prove the existence of a unique & € (0, 1] such that f(&) = minaeo,1) f(e).

To do this, we first compute that

h(a)

Fe=apa—am

where h(a) :=1—p+pmi — (1 —p+ pa)mya ™.

By direct calculation, we see that h is continuous and strictly increasing on (0, 1],
with h(0+) = —oo and h(1) = 1 — p + pmy — m,. Moreover, it follows from the

Jensen inequality and the submartingale property of X that m, < m{ and m; > 1.
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This implies that h(1) > 0, and therefore there exists & € (0, 1] such that A~ < 0 on
(0,&] and h > 0 on [&, 1]. Consequently, f is decreasing on [0, &] and increasing

on [&, 1], proving that & is the unique minimizer of f.

Now the first inequality (4.2.15a]) follows by plugging the equation h(&) = 0

into the expression for f. Choosing a = 0 in the expression for f yields the second

inequality (4.2.15b|) and hence together the claim in (i).

As for (ii), the claim regarding a martingale attaining equality in (4.2.15al)
follows precisely as in the proof of Proposition Let a € (0,1). Then one

computes as in the proof of Proposition |4.2.1| that E [BZT’J = kﬁm and E[B,, | =

Xo.

Assertion (iii) is trivial. O

4.2.4 No Improvements

Next, we prove that beyond the improvement stated in Proposition no sharper

bounds can be obtained from the inequalities of Theorem [4.1.1}]

Proposition 4.2.5 (No Improvement of Doob’s LP-Inequality from Theorem

4.1.1). Let p > 1 and ¢ € Z be such that (;(m) # Cijl(m) = ’%lm for some

m > Xo and some j. Then there exists a martingale X such that

p ~
<p—f 1) E[X7] - ]%Xg <UB (X, pow?, C) . (4.2.17)

Proof. Let a > ;%1 =: o and take X satisfying

0=X"=... X" B, =Xp ==X

tj_17
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where B is Brownian motion started at Xy and 7, = inf{u > 0: B, < (*(B,)}.

It follows easily that for this process X,
UB (Xa, pow?, @) <UB (Xa, pow?, E)

and hence it is enough to prove the claim for n = 1 and 5 = C~j.

For all « € (a*,a*+¢€), € > 0, Proposition yields existence of a non-empty,

open interval Z,, such that
VmeZ,: UB(X® ™ () <UB (X‘“, o, 5]-) . (4.2.18)
In fact, taking € > 0 small enough, Z,, can be chosen such that
ﬂ I, 2  (mg,me), Xo < my < ma. (4.2.19)

a€(a*,a*+e)

We can further (recalling the arguments in Case A and Case B in the proof of

Proposition [4.1.4)) assume that for all « € (a*, a* + ¢€):
Vm € (m1,ms): UB (Xa, ¢M,5j> CUB(X®,¢™, %) >8>0, (4.2.20)

The claim follows by letting o | o* and using the asymptotic optimality of X<,

see (E2:2). 0

In addition to the result of Proposition we prove that there is no “inter-
mediate moment refinement of Doob’s LP-inequalities” in the sense formalized in
the next Proposition. Intuitively, this could be explained by the fact that the p'"
moment of a continuous martingale is continuously non-decreasing and hence does
not add relevant information about the p® moment of the maximum. Only the

final p'" moment matters in this context.
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Proposition 4.2.6 (No Intermediate Moment Refinement of Doob’s LP-Inequality).

Ifay, ..., a, are such that for every continuous submartingale X, Xo = 0, we have
E[X}] < iaiE [X7] (4.2.21)
i=1
or
E[X}] < i ok [| Xy, — Xi, 1 |7] (4.2.22)
i=1
then

(25) Bl < Y a(x) (4223

or

(L) ExE) <Y aE (X, - X, "], 2.2

respectively.

Proof. From Peskir [8(, Example 4.1] or our Proposition we know that Doob’s

LP-inequality given in (4.2.1b)) is enforced by a sequence of continuous martingales
P

(Y¢) in the sense of (4.2.2). We will write <p%> E [|YF|P] ~ E [max;<r |Y|P].

1

Firstly consider the case of (4.2.21)) and (4.2.23]). By scalability of the asymp-

totically optimal martingales (Y¢) we can assume
E (X" =E [|Y: ] -
In addition we can find times u; < --+ < u,_; such that

E Hth

=B,

d
Uq :
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Therefore, writing u,, = t, = T and using asymptotic optimality of (Y°),

p \’ p \
—— | E[|X,P]= (—— ) E[Y,["] ~E |max|Y;]"
p—1 p—1 " t<T
- -
< Z%’E [V lP] = Z%’E [ X4 17] -
i=1 i=1

Equation (4.2.23]) follows.

Secondly consider the case of (4.2.22)) and (4.2.24)). Taking a martingale which

is constant until time ¢;,_; and after ¢; and using the the fact that Doob’s LP

inequality is sharp yields
p
(L) < a; foralle=1,...,n.
p—1

Equation (4.2.24)) follows. O]

Remark 4.2.7. Analogous statements holds for Doob’s L! inequality. This can be
argued in the same way by using that Doob’s L' inequality is attained (cf. e.g.
Peskir [80, Example 4.2] or our Proposition [4.2.3)) and observing that the function

x +— xlog(x) is convex.






Chapter 5

Characterization of Market
Models in the Presence of Traded

Vanilla and Barrier Options

Calibration of models to market data is one major challenge in Mathematical
Finance. Typically, one uses call option prices to incorporate information about
univariate distributional properties. In some markets there are in addition options
which are informative about joint distributional properties. Here we are interested
in the case when there are traded Vanilla and Barrier options. We obtain a char-
acterization of these joint distributions for the stock and its running maximum in
the case of traded options with multiple maturities. Our characterization requires
a kind of decomposition of certain call price functions and once it is obtained, we
have an explicit expression for certain joint probabilities in the models character-
ized by this decomposition. We discuss interpolations of these joint probabilities
which yield a fully specified marginal joint distribution which is consistent with

the market.

107
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Once one is given marginal joint distributions, we note that there are methods
for defining diffusion-type models consistent with these marginals, cf. research by

Carr [19], Cox et al. [30], Forde [41] and Forde et al. [42].

Notation The underlying asset will be denoted by S. For its maximum we
write Mr = sup,<r S;. The standard Markovian time-shift operator is denoted by

01 (w) := (Wy)u>t- The first hitting time of B is denoted by Hp.

5.1 Characterization of Market Models

In this section we present our main results. We characterize the existence of a

market model, both in the case of a single and multiple maturities.

5.1.1 Market Data and Market Models

Suppose ¢(K3),...,c(K,) are the prices for call options with strikes 0 < K; <
- < K,, respectively. Further, let b = (b(Bl),...,b(Bm)) be the prices for
simple barrier options l(g,>p,; with barrier levels Sop =: By < By < -+ < By,

respectively.

Definition 5.1.1 (Market Model). A market model is a filtered probability space
(2, F,F,P) where the filtration F = (Fi)cjor) satisfies the usual hypothesis and

there is an F-adapted martingale S defined on this space satisfying

E[(Sr—K)"| =c(K;), i=1,...,n, (5.1.1a)

E[1gzsy] =0(By),  j=1,...,m. (5.1.1b)

Using this definition, it is clear how to extend the notion of market model to a

setting where there are options with multiple maturities.
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For our main result we require the following assumption.

Assumption (i) (Asset). Assume that the asset S

(a) has continuous trajectories,
(b) has zero cost of carry (e.g. when interest rates are zero),

(c) is (strictly) positive.

5.1.2 One Maturity

We now state and prove our main result in the case of one maturity. This result
will be extended to multiple maturities in the next section. The proof of this
extension will be an induction over the number of maturities and hence will rely

on the one maturity statement.

Theorem 5.1.2 (Characterization Market Model — One Maturity). Let Assump-

tion hold. Then there exists a market model if and only if

1. there exists a call price functiorﬂ cu(r) = [(z — )T p(dx) which interpolates

the given call prices c(K), ..., c(K,), —c,(0+) = 1.

2. there exist ¢, ... P such that for all j=1,...,m,

5 Rsg — [0, So] is convet, (5.1.2a)
0< P <o <P <Pt i= ¢, (5.1.2b)
dCBj B. B.

— 1z (O+) =1, < J(O) =Sy, ¢ J(l’) =0, Vo > Bj, (5120)
dcPi

— g, (Bi—) =0(B)), (5.1.2d)
x> Pt (z) — Pi(x) + b(B;) (B — x) " is convex. (5.1.2¢)

!i.e. a non-negative convex function ¢ such that —%(0—1—) <1 and ¢(x) = 0 as ¢ — oo, cf.

Davis and Hobson [33].
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This market model can be chosen with bounded support (but does not have to).

Furthermore, in the market models characterized by (5.1.2a)—(5.1.2¢) we have

for 0 <z < Bj,

dcBi
]P)[ST>I’,MT<Bj] = -

(e +) — b(B)). (5.1.3)

Proof. Let (Q, F,F,P) be a market model, i.e.

E[(St— K)'] =c(K;) Vi=1,...,n,

P[Mr > B;] = b(By) Vi=1,...,m.
By continuity of S the Dambis-Dubins-Schwarz time change yields

(St)th = (Xpt)th

where X is Geometric Brownian motion started at Sy and p; = (log(.9)):.

Define

+
Fi(z) =E [(XpT/\HBj — :17) ] j=1,....m, x€R. (5.1.4)

Clearly ¢51, ... ¢Bm satisfy (5.1.2a)—(5.1.2d).

Note

dcBi
b(B;) =P[My > Bj] =P [XpTAHBj 2 Bj| = ———(Bj~)

which is condition ([5.1.2d]). Note also

b(BJ) =P [pT Z HBJ .
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Let X% denote a Geometric Brownian motion started at B;. We have for j < m,

P () — o (z)
+ +
= [E [l{pT<HBj} (XpT/\HBj - l‘) —+ H{PTZHBJ-} <XPT/\HB]- — $> :|
Jr
2o 0] 5= 5[ (S, 1) ]
+
‘HE |:<‘XV[2T/\HBijl - fl') ]]_{PTZHBJ-}:|

= Plpr > Hp,| - <_ (Bj—xz)" +E {(ij — xﬂ) (5.1.5)
where 1 is an independent stopping time (independent of X') such that
Pl <a]=P[(pr AHp,,,) — Hp, < l’}pT > Hp,] .
These two properties of ¥ together with the Markov property of X ensure that

1) embeds the same distribution as required by the above equation. Then, since

B

_ +
z—E [(XJ — a:) } is convex condition ((5.1.2¢]) follows.

Now assume that conditions (5.1.2a})—(5.1.2¢) hold. By the Skorokhod embed-

ding theorem the claim is true for m = 0. Inductively, let us assume that the claim

is true until m — 1, i.e. there exist stopping times v < -+ < yp,-1, v < Hp,,

such that for j =1,...,m — 1,

H(a) =B |(X, —2)]  veeR

Define

_ Pm(z) - E [(X%H1 — x)q

+ (B — )" (5.1.6)

It follows by induction hypothesis and by (5.1.2¢) and (5.1.2€) that ,, defines a
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call price function, i.e. ¢, is convex, ¢,,(0) = By,—1, —¢,,(04+) = L and ¢,,(z) =0

for x > B,,. Hence, there exists a stopping time 9,, such that
Bm-1 +
om(x) =E (Xﬂm - x) Vr e R.

Therefore, by (5.1.6]), (5.1.7) and induction hypothesis,

(5.1.7)

+
=P [yn1=Hg, ] -E {(Xf;l — x) ] +E [(X%_l —a)" Lo ictin, )

Ym—1 if Ym—1 < HBm_17
Tm =
Ym—1 + ﬁm if Ym—1 = HBmfl'

Clearly, v,, < Hp,, and
Py = Hp,) =P[X,, = By =P[X,, > B, = —""(B,,—) =
and
]P’[fymzHBj} :P[’ym_l ZHB]-] = b(B;) Vi<m-—1.
By the same argument as above, there exists ¥,,11 > 7, such that

]P’[fymHzHBj]:]P’[’ymzHBJ:b(Bj), j=1....m,

E (X = 2) ] = () = cua).

Taking Sy := X e A yields a market model.

(5.1.8)

(5.1.9)

(5.1.10)
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As for the bounded support claim, we note that choosing a sufficiently large

upper bound for the support of p, will allow us to choose ¢, = ¢®+! in a way to

satisfy (5.1.2¢]) for j = m.

Finally, using the notation from the proof, we get by rearranging (5.1.8)) and

writing % for the right-derivative,

P[ST > l‘,MT < BJ]

- & (E[ -9 1 m))

dt [ 5 cBit (@) ¢Bi ()
= - — J+1 — b(B,; B — )"
T (o v [ -y
dcPi
= — S () - U(By)
for 0 <z < B;. O

5.1.3 Multiple Maturities

We now extend Theorem to the setup of multiple maturities.

For simplicity we assume that the strikes and barriers at each maturity coincide.

Denote the right endpoint of the support of the measure p by 7, := inf {:1: :

p((z,00)) = 0}.

Take 0 < Ty < -+- < Ty. Suppose ¢(Kj),...,¢q(K,) are the prices for call
options with strikes 0 < K; < --- < K,, and maturity 7;, [ = 1,..., k. Further,
let by = (b)(B1),...,b(By)) be the prices for simple barrier options with barrier
levels Sy =: By < By < -+ < B,, and (deterministic) maturity 7;, [ = 1,..., k.

Set bl(Bo) =1 and bo =0.

Theorem 5.1.3 (Characterization Market Model — Multiple Maturities). Let As-

sumption |(1)| hold. Then there exists a market model if and only if
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1. there exist call price functions c,,(-) = [(z — )" (dx) which interpolate the
giwven call prices for (deterministic) maturity T;, | = 1,...,k, and satisfy
< - <y, —c;“(()—l—) = 1. For By = 1y, we set b(By41) =

Coy

¢
- g;l (Bm-i-l_)'

2. there exist {clB]} such that for ally=1,.... m+1andl=1,... k,

cfj :Rso — [0, 50) is convez, (5.1.11a)
dCBj B

———(0+) =0(Bj1), 7 (0) =b(Bj1) - B, (5.1.11b)
dc

—— = (Bi=) = bu(By), ¢/ (z) =0, x> B;, (5.1.11c)
(@) + (b —b1)(Bjo1) - (Bjy —2)" < ¢ () Vo,  (5.1.11d)

S B + Brmt1

Z <Cz (x) — bi(B))(B; — x) ) +¢ " (z) = ¢y (x) V. (5.1.11e)
j=1

This market model can be chosen with bounded support (but does not have to).

Furthermore, in the market models characterized by (5.1.11al)—(5.1.11e) we have

for 0 <z < Bj,

]P)[STZ > iL‘,MTl < B]] = —d;ljj (.73+) — bl(B]) (5112)
where
P (z) = (cl (@) — by(By) - (B; — ;c)+) + () (5.1.13)

Bi(z) = () (5.1.14)

easily shows that Theorem [5.1.3|in the case [ = 1 implies Theorem [5.1.2]
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Conversely, identifying (using the notation of Theorems [5.1.2] and |5.1.3])

P (z) = Pi(x) — P () + b(B;_1)(Bj—y — )t (5.1.15)

for j =1,...,m + 1, with the convention ¢%°(z) := (By — z)", easily shows that

Theorem [5.1.2| implies Theorem [5.1.3| in the case [ = 1.

Therefore, Theorem [5.1.3| provides a slightly different alternative characteriza-

tion than Theorem [5.1.2
Proof of Theorem[5.1.3. Let (2, F,F,P) be a market model, i.e. for [ =1,... k,

E [(STZ - Kz)—q = C,ul(Ki) Vi = 1, o, n,

By continuity of S the Dambis-Dubins-Schwarz time change yields

(St)thk - (Xpt)thk

where X is Geometric Brownian motion started at Sy and p; = (log(.9)):.

Define for j=1,....m+1, l=1,...,k and z € R,

Pi(z) =E {1 (motta, |} (X,)TZAHB], . x> j . (5.1.16)

Similarly as before, properties ((5.1.11af)-(5.1.11c]) are easily verified. We compute

B; ; N
¢’ (z)—¢(x) =E |:]]_{PTZ1<HB]'_17PT1>HB]‘—1} <XpTl/\HBj - x) }
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which defines a measure with mass (b;—b,_1)(B;_1) and mean (b;—b;_1)(B;_1)-Bj_1
and hence ((5.1.11d)) follows. As for (5.1.11€)) we note that

m

> (e @) = u(B)(B; —a)t) + " (@)

=1

m +
- ZE |:]l{pTlZHB-_1} (XpTl/\HBj o x) o H{PTZEHB]-} (Bj - x)—i_}
j=1

o E [ﬂ{wHBm} (%o - Qﬂ

- Cm (.73)

Now assume that conditions (5.1.11af)—(5.1.11e) hold. By Remark the

claim is true for £k = 1. Inductively, let us assume that the claim is true until

k — 1, in particular there exist n;, [ =1...,k — 1, such that

, -
cfﬂ(a;) =E {ﬂ{mZHBj_l} (anAHBj - :v) ] , zr € R, (5.1.17a)

b(B;) =P[M, > B;]=P[n > Hg,]. (5.1.17b)

By (5.1.11a]) the two functions

are convex and by (5.1.11d|) we have

OSSkBj §ckBj.
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By (5.1.11b)) the means of the measures corresponding to sfj and ckBj coincide,

507 (0) = by_1(Bj_1) - Bj_1 + (by — by_1)(Bj_1) - Bj—1 = by(Bj_1) - Bj1 = ¢, (0),

and the same is true for the masses,

85?
ox

(0+) = bp—1(Bj1) + (bk — be—1)(Bj-1) = br(Bj-1) =

B
_ 9

ox

(0+).

Hence, by Strassen [92] there exists a stopping time ij which embeds the measure

. B
corresponding to s,

We define recursively

nk/\HB1 =

me N\ Hp, =

(

\
(

\

(

\

oft  if ey < Hp,,

Hp, else,

e N\ Hp,

77]6 A HB1 + Q]?Q o eﬁkAHgl

Hp,

m N\ Hp,,

Mk A\ HBmfl + QkBm © enkAHBm_

Hpg

m

me N\ Hp,,

. : B,
’ into the measure corresponding to ¢, ”.

if T]k/\Hgl < HBU

else,

if Nk A ]‘]Bm_1 < HBm—l’

if Np—1 < HBm, Nk A\ HBmf

else,

if?]k/\HBm <HBm,

n N Hp, + QkBm+1 Oenk/\HBm if n NHp, = Hpg .

(5.1.18a)

if ne—1 < Hp,, nx A Hp, = Hp,,

(5.1.18b)

1:HB

m—1)

(5.1.18¢)

(5.1.18d)

Next we show that this construction recovers the correct quantities. It is already
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visible from ({5.1.18a)—(5.1.18d|) that the condition for gfj is triggered only for

paths which hit the level B;_; and hence ,QkBj does not change the probability that

B;,1 < j —1,is hit. However, it can change the probability that B; is hit.

B . .
Denote E%’ [(X, —2)"] the expectation of X, where X, ~ I/,f] and V,?J is the
measure corresponding to skBj . With this definition it follows inductively that for

j=1,....m+1,

[ +
E l{nkZHBj_l} <X7Ik/\HBj — :L‘) }

+
= E (1{%7121{%,1} + ]l{ﬁk71<HBj,1,nk/\HBj,leBj,l}> (Xnk/\HBj N SB) :|

+
= E ﬂ{nk—12HBj,1} (X(nk_l-l-gfjoank_l)AHBj N l‘) ]

+
+E|1 Hp, \=H N C— iy
{?71@71<H3j71,77k/\ Bj_1= Bj,l} ( Bj71+ng09HBj_1)/\ Bj

_ Efj{ﬁxgj—aﬁ+}=cﬁtﬂ

O
and therefore

(%Bj .1.11c
P[> Ha] = =5 (B,-) = b(B))
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Finally, the embedding property follows as

E [(Xmi — )]
R [E ) O | B
= iE _ﬂ{nka] 3 (Kgunrns, - xﬂ —P[n. > Hp] (B; —x)*
+ E[Lj2m5,) (Xy —2)7]
= i ( — bi(B;)(Bj — x)*) + B () B9 ().

The claim regarding the existence of a market model with a bounded support

and equation ((5.1.12)) follow in the same way as in the proof of Theorem [5.1.2|

5.2 Interpolation

Theorems [5.1.2| and [5.1.3| require to “decompose” some call price functions into a

sequence of intermediate convex functions. Given this decomposition, equations

(5.1.3) and (5.1.12)) partially specify the joint marginal distributions of (.S, M)

implied by this decomposition. Next we discuss how to consistently interpolate

these joint probabilities from and (| in barriers and time.

5.2.1 Computation of Decomposition

The strength of our main result hinges on the computation of the quantities {cf;j }
as described in Theorem In practice, a simple and efficient method to
compute them would be to discretize in space and solve a linear programming
(LP) problem. If N is the number of discretization points in space, the number

of variables is O(N) in the one maturity case. Of course, a naive linear program
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which optimizes over the joint distribution of maximum and terminal value is also
possible, but it has more variables: in the one maturity case it is of order O(N?).

In addition, one would also need to make sure that one obtains a valid joint

distribution for the stock and its maximum, see conditions (5.2.3a])—(|5.2.3b]) below.

In the case of k maturities, the number of variables is O(kN) to compute {cfj } as
described in Theorem [5.1.3. When trying to use a naive linear program one would
need to ensure several condition regarding the ordering of the joint distributions,

see Section below. This might not be straightforward to implement.

By changing the objective function of the LP one is able to achieve two things.
Firstly, one can regularize the solution by “penalizing” e.g. gaps in support or
atoms. Secondly, one can find solutions with additional features such as maxi-
mizing the expectation of a given payoff, which would yield a upper robust price
bound for this payoff. In particular, one could calculate the maximal price of a

simple barrier option with barrier B # B;.

5.2.2 Interpolation of Barrier Prices

In the models characterized by the decomposition {cfj }, equation ([5.1.3]) of The-
orem partially specifies the joint (tail) distribution for (S, Mr) as

_ dc dcPi
FT<£IZ',Bj) =P [ST >, MT > BJ] = —d—;($+) + < dr (l'—i‘) + b(B])) 1{z<B]-}

(5.2.1)

forx >0and 57 =0,...,m.

Recall from Theorem that in order to incorporate a bounded support for
the joint distribution we can impose that B,, = K,, and b(B,,) = 0 = ¢,(K,,) for

B,, sufficiently large.
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In order to obtain an unbounded support, we have to extrapolate. In this
context, note that Theorem [5.1.2] is readily extended to countably many call and

barrier options with increasing strikes and barriers.

Rogers [84], Theorem 2.2] characterizes the set of all these possible distributions

by some integrability condition and two properties of the function

d(m) = E [Sp|Mr > m] (5.2.2)
namely
d(m) > m, (5.2.3a)
m +— d(m) is non-decreasing. (5.2.3b)
By construction we have for j =1,...,m,
d(BJ) > Bj, (524&)
d(Bj_1) < d(Bj). (5.2.4Db)

The simplest interpolation is to use linear interpolation in barrier option prices.

Let a € (0,1) and B = aB;_; + (1 — a)B;. Setting

Fr(z,B) := aFr(z, Bj_1) + (1 — a)Fr(x, B;) (5.2.5)

yields a joint (tail) distribution Fr which satisfies (5.2.3a)—(5.2.3h)).

We will refer by M7 to the measure corresponding to Fip.
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5.2.3 Interpolation in Time

An interpolation in time is not as easily obtained because the interpolations for

fixed maturities cannot be done independently of each other.

Rost [87, Theorem 4] characterizes when there exists a martingale S such that
(ST17 MTI) ~ MTU (ST27 MTQ) ~ MT2'

However, his characterization is not very explicit in our setup.

To see in a simple example that things can indeed go wrong, consider
5{5'0} e M1 e M2, b,u1 ﬁ b,ug MT1 =L <X7':;“1Y7 MT[}F) ) MT2 =L <XT‘;A;(7 M‘rﬁ‘})

where b, denotes the barycenter function of 1 and Ti‘Y denoted the Azéma-Yor
embedding of u. It is known, see e.g. Rogers [84], that both My, and My, can
be embedded starting from the Dirac measure dys,; and that Mav ~ pil and
Mﬂg ~ il respectively, where Mt denotes the Hardy-Littlewood transform of
u. However, it follows from Brown et al. [18] that it is not possible to embed Mo,

after Mr, because of b,, % b,,.

Therefore, if the interpolation method from Section yield Mz, and Moy,

as above, then it follows that this interpolation is inconsistent with a model.

5.2.4 Interpolation via Skorokhod Embedding

One theoretical way to specify the joint laws (M), is to use one’s favourite
Skorokhod embedding (7;);<7 as described in the proofs of Theorems and

5.1.3 The functions clBj can be interpreted as the footprint of the marginal law
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evolution of the process. This yields marginal laws as

M, = L(X,,M,) Vt<T. (5.2.6)
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Realized Variance Constraints
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Chapter 6

Modelling Setup

Joint Publication Large parts of Chapters will be submitted as part of a

joint publication with Jan Obl6j, see Obt6j and Spoida [76].

As motivated in the introduction of the thesis, see Sections [1.2.3| and [1.3.2]

we follow Mykland [67, [68] 69, [70] and incorporate constraints on the realized
variance of price trajectories into the robust framework. That is, we formulate
and solve robust pricing and hedging problems with a finite number of put options
and constraints on realized variance, see the robust framework specification in
Section [1.3.2] Tackling this problem via a time-change and Skorokhod embedding
approach, we will see that this setup is different to the classical SEP in two ways:
firstly, we are not given a unique measure x4 to embed and secondly, the embedding

has to be completed in a finite amount of time.

Notation The set of continuous functions D — R, where D, R C R, will be de-

noted by C(D; R). Similarly, we will use C!, C*?, etc. for differentiable functions.

Denote the first hitting time of the level N by

Hy :=inf{t>0 : X; =N} (6.0.1)

127



Chapter @ Modelling Setup 128

and write H,; for the exit time of [a, b]. For an open set O we will denote

To :=inf{t >0 : X; & O}. (6.0.2)

Recalling [,, and 7, from (2.1.8)) we define the support of a measure y as

supp (i) := [l 74]. (6.0.3)

Organisation of Second Part of the Thesis In the remainder of this chapter
we carefully introduce the formal modelling framework in its full generality and

point out its flexibility to incorporate both market information and diverse types

of beliefs.

Chapters [7] and [§] are devoted to convex Vanilla and Lookback options, respec-
tively. More precisely, in the case of convex Vanilla options we recover the result of
Mykland [67] by using the methodology of Skorokhod embeddings. We show that
the robust pricing problem is essentially solved by Root’s solution of the SEP, see
Section [7.1 The robust pricing problem of Lookback and Barrier options requires
new optimal solutions to the SEP. The solutions turn out to be Root stopping

times for a certain two dimensional process, see Section (8.1

Looking at the dual problem, we show how our robust price bounds can be
enforced by pathwise hedging, i.e. we prove pathwise duality results in Sections
and[8.2] In our context, the superhedging strategy has to be valid if the realized

variance of the stock does not exceed a given threshold.

We characterize existence of a market model by a suitable notion of arbitrage,

see Sections [7.3] and [R.4]

Following the ideas of Dupire [3§], Cox and Wang [24] and Oberhauser and dos

Reis [72] we explain in Section how to compute numerically the robust prices
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and hedging strategies.

6.1 Market Data and Skorokhod Embeddings

We impose the following standing assumption on the market. Similar assumptions

are used by Davis et al. [32].

Assumption (i) (Market). We assume that

e the market is frictionless, i.e. there are no transaction costs, no trading re-
strictions, no illiquidity, trading is exzecuted instantaneously, arbitrary amounts

of the asset S can be traded.

e the asset S has zero cost of carry. For example this is the case when S is a
forward price, S pays dividends continuously at a rate equal to the prevailing
interest rate, or S is the exchange rate between two currencies with the same

interest rates.

e all counterparties are default-free and hence we ignore cash-flows due to

mark-to-market and collateralization procedures.

We suppose that n put options written on the underlying S with strikes 0 < K; <
-+« < K,, and maturity T are traded today at prices p*(Ky),...,p*(K,). In addi-

tion, call-put-parity is assumed to hold,
C*<KZ> :p*(Kz)—I—SO—KZ, 1= 1,...,n, (611)

where ¢*(K;) denotes today’s price of a call option on S with strike K; and maturity

T.

Remark 6.1.1 (Bubbles). The assumption that call-put-parity (6.1.1)) holds ex-

cludes the case that the asset S is a strict local martingale, which may be of
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interest in modelling financial bubbles, see e.g. Cox and Hobson [27], Jarrow et al.

[55] and Cox et al. [26].

Our market data is insufficient to imply a unique risk-neutral distribution of Sy
via the Breeden-Litzenberger formula. We think of this situation in the formalism

of equivalence classes of probability measures on R,

(1] = {,u e M'(R,): /R(K,- —8) " p(ds) = p*(K,), i=1,... ,n} (6.1.2)

where M!(R, ) denotes the set of probability measures on (R, B(R,)). We also

note the one-to-one relation to
[p*] :== {p is a put price function : p(K;) = p*(K;) Vi and p(0) = 0} (6.1.3)

and similarly for [¢*] and [U,+], where we recall the definition of these quantities

in (1.1.2)—(1.1.3)). In the following we will use p*, ¢* and U,,» interchangeably, see
(T.14).

Later, we will be interested in stopping times 7 such that £ (X, ,=z) € [u*] where

X is a Geometric Brownian motion and = > 0. By Tanaka’s formula
u(t,x) = —E[| Xon — 2| = u"(0,2) — E[LZ,,] (6.1.4)
and then the “embedding requirement” reads
E[LE.] = —So+ K; +2¢*(K;) +u(0, K;),  Vi=1,...,n, (6.1.5)

and we note that the right hand side of (6.1.5)) is known from market data. From
(6.1.5)) we get the following intuition: the local time L%/ increases when the process
X “crosses” K;. The idea in Sections [7.I] and [8.1]is to design 7 in such a way to

both reprice the puts and to maximize some criterion. The latter will be achieved
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by constructing a decision rule based on time and some other metric of the path

up to this time, to control whether a path can cross the level K; or not.

6.2 Path Spaces

We want to formalize the belief that price trajectories are continuous and have
bounded realized variance. To this end, we start with the path space C ([0, 7]; R;)
of positive continuous functionsE] on [0,7] and restrict to a subset P= of paths
which respects a bound on total realized variance. To achieve this, we need to

define quadratic variation pathwise.

Let w € C([0,T];R4). For m € N define D™ := {k27" : k € Z}, 7' := 0, and

for k > 1,
T (w) ==1inf {¢t € [, T] : w(t) € D™\w(m )} AT, (6.2.1)

Write 7™ = {n}",k € No} and 7w = {#",m € N}.
The following definition is based on Vovk [96, Section 2].

Definition 6.2.1 (Quadratic Variation). For a continuous functionw : [0,T] — R

define
AP W) =D () At) —w(my(w) ALY, te[0,T], meN. (6.2.2)

The function w has quadratic variation if (A™(w))men converges in the supremum

norm on C ([0, T];R). The limit, if it exists, is called the quadratic variation of w

and will be denoted by (w).

'We are restricting here directly to continuous functions instead of cadlag functions in order
to avoid unnecessary technicalities, but the same formalism can be setup for cadlag paths.
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Our definition of quadratic variation above differs from the definition of Follmer
[40]. However, as shown by Vovk [96], Proposition 6.1], if w has quadratic variation
in the sense above, the quadratic variation of w along 7r(w) exists in the sense
of Follmer [40] and the two definitions coincide. This will enable us to apply
the Ito-Follmer formula. In addition, as shown by Vovk [06, Section 7|, if w
has quadratic variation, then also f(w) has quadratic variation, where f is a

continuously differentiable function.
Now we can incorporate the belief on total realized variance.

Definition 6.2.2 (Path Space). A path space P is a Borel measurable subset of

C([0,T];Ry). First we exclude paths w which do not have quadratic variation,
P = {w e C([0,T;Ry) : w(0) =Sy, w has quadratic variation } (6.2.3)

Fix = > 0. The restricted path space with upper bound on realized variance is

defined as the set

Ps = {w e PV ¢ (log(w))r < E, t > (log(w)); is strictly increasmg}. (6.2.4)

6.3 Market Instruments, Pricing Operator and

Market Models

We want to allow for dynamic trading in the stock and static positions in other

market instruments, e.g. put options.

Definition 6.3.1 (Market Instruments). The set of market instruments is a set

Y of functionals defined on a path space P.
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The set of market instruments we will consider consists only of constants and a

finite number of put options, i.e.
Y={F (K-St : FeER, KeK}, (6.3.1)
where

K={Ki,... K,}. (6.3.2)

Next we formalize which dynamic trading strategies are permitted. Let P be
a path space (later we will be mainly interested in P = P=). A mapping ¢ :

[0,7] x P — R is called progressively measurable if for any w,o € P
ws =ws, Vs <10,1] — Y(t,w) =y(t,w), (6.3.3)

where we assume that ¢(- A t,-) is B([0,t]) ® o(Xs,s < t)-measurable for every
t < T. Take an increasing sequence of stopping times 0 =: 79 < 7 < 7 < ...

such that lim; . v;(w) = oo for all w € P. Then we allow the following strategies,

Pi(w) = Z ¢i(t,w)1 ) A7) (t) (6.3.4)

where ¢; : [0,T] x P — R is progressively measurable for all i € N and of either

form,

oi(t,w) = f(t,w(t)) for f € C* ([0, T];R), (6.3.5a)
$i(tw) = glpy(tw)  geR B C[0,T]xY. (6.3.5b)
=1

For these strategies we can define pathwise integrals w.r.t. every w € 4 which

coincide a.s. with the classical definition of the stochastic integral.
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Definition 6.3.2 (Admissible Pathwise Strategies). Let P C P be a path space.

We define the set of admissible pathwise dynamic trading strategies as

O = {(b [0, T x P =R : ¢ is of the form (6.3.4) and (¢ - 5), > —Cy — C.5;

vVt < = and some Cy,Cy > O}. (6.3.6)

The set of admissible pathwise trading strategies is then defined by

k T
A= {ZAMJF/O 6u(S)dS, : N ER, VeV, ¢ d, ke N}. (6.3.7)
i=1

Remark 6.3.3 (Interpretation of A). The constants A = ()\;) in the definition of
A represent the static position in the market instruments, in our case in the put

options.

Definition 6.3.4 (Pricing Operator). Let Lin()) denote the set of finite linear
combinations of elements from the set of market instruments Y defined in (6.3.1]).

A pricing operator on' Y is a linear functional P : Lin()) — R satisfying

Pl =1, (6.3.8a)

P(K—Sr)"] =p"(K) VKeK. (6.3.8b)
By the assumption of frictionless markets we also set
T
P {/ (budSu} =0 Vo € ¢ (6.3.9)
0
so that P is defined on Lin(A).

Next we want to consistently price a non-traded instrument by superreplication

Definition 6.3.5 (Pathwise Superhedging Price). Take P C P4 and let G : P — R

be a measurable payoff functional. The pathwise superhedging price on (9, A, P)
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for the payoff G is defined by

A(GY, A P) = inf{P[V] V(W) > G (w) Ywe, VEA}. (6.3.10)

The following definition is based on Cox and Obtéj [28, Definition 1.1].

Definition 6.3.6 (Model and Market Model). Let P be a path space. A P-model is
a filtered probability space (2, F,IF,IP), where the filtration F = (F;)ico,1) satisfies
the usual hypotheses, and an F-adapted stochastic process S defined on this space

with paths in P P-a.s.

A P-model is called a (P,Y, P)-market model if S is a P-martingale and
EY(S::t<T)]=P[Y] VY ey (6.3.11)

where we implicitly assume that the left hand side is well defined.

6.4 Time-Change

Next we introduce an auxiliary process X which will be the key mathematical
tool for pricing and hedging. X is defined as the coordinate process on Q¥ :=
C([0,Z];R,) and we fix F := B(2X) as the Borel sigma algebra of QX, F as the
natural filtration of X and IP as a probability measure such that X is a P-Geometric

Brownian motion on (X, F,F,P). Defining
QM= {w e C([0,Z; R:) : w(0) = Sy, (log(w)) =t Vt < E}. (6.4.1)

it is clear that such a PP satisfies P [QGBM] = 1 and hence we could alternatively

replace QX with Q&BM,
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Next we explain the link of w € Q%M to wS € P=. To this end let S be the
coordinate process on Pz, i.e. Sy(w) = w(t) for t < T and w € P=. The process S
has the interpretation of the asset price process. Denote the realized variance of

S and its right-continuous inverse by p and p, respectively,

p:[0,T] xP= — [0,Z], (t,w) — pi(w) := (logw)y, (6.4.2a)

P~ [0,5] x Pz = [0,T], (§,w) = pg (w):=inf{t >0:p(w) > &}, (6.4.2b)

Consider the time-change X& = Sp?, ¢ € [0,Z]. By continuity of S we have
Sy = X, forall t € [0,7]. Now let (%, F,F% P%) be a (¥z, V, P)-market model.
Then we observe that by the Dambis-Dubins-Schwarz time change, c¢f. Oberhauser
and dos Reis [72, Lemma 6 and 7] for more details, X is a P$-Geometric Brownian

motion with unit volatility w.r.t. the filtration F := (.7:"5 = .7-",;?) 0z
¢elo,E

It is important to observe that, via the time-change p, every w® € P= can be

QGBM

associated with (w(u))y<s for some w € and some s < =.



Chapter 7

Vanilla Options with Beliefs

about Realized Variance

The goal of this chapter is to answer questions about robust pricing, hedging
and arbitrage for convex Vanilla options G(Sr), where G satisfies the following

Assumption.

Assumption (iii) (Vanilla Payoff). The payoff function G : [0,00) — R is convex

and satisfies the following polynomial growth conditions,

G/
lim sup # < 00, limsup G'(s) - s < oo, (7.0.1)

s—00 S s—0

for some p > 0 and where G’ denotes the left-derivative of the convex function G.

In the following, if not made clear otherwise, X is a P-Geometric Brownian mo-
tion on the filtered probability space (Q%, F,F,P) and expectations with respect

to IP are denoted by the operator E, see Section

137
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7.1 Robust Pricing

The goal of this section is to compute the robust price of the convex Vanilla payoff
G(St), that is, we assume there are n traded put options maturing at time 7" with
strikes K1, ..., K, and given prices p*(K),...,p*(K,), respectively, and our goal
is to find the upper price bound for the payoff G(S7), consistent with these market

traded puts and the realized variance constraint (log(S))r < E.

The Root stopping time 7(b) based on b € R",
7(b) := inf {u >0: X, =K;, u>b; forsomei=1,... ,n}, (7.1.1)

will play a central role, see Figure for an illustration. Recall from Section
the Root embedding 7g (1) for a measure p. Intuitively, the Root stopping
time yields an embedding which “stops as late as possible”. Our time-change
approach corresponds to change in volatility. Therefore, since convex options
are non-decreasing with volatility, the Root stopping time appears as a natural

candidate solution for the robust pricing problem. We now formalize this intuition.

7.1.1 The Case of Bounded Support

In this section we consider the case of a risk-neutral distribution of Sy with
bounded support, i.e. we assume there is a traded put with strike K,,.; = N
and price p*(K,+1) = K,i1 — Sp. In addition, we assume there is a put with strike

Ky =€ >0 and price p*(Kj) = 0.

Definition 7.1.1 (Maximal Law in Convex Order). Assume there exists a stopping

time T such that

E[(K;— Xon2)"] =p"(K;), Vi=0,...,n+1 (7.1.2)
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FIGURE 7.1.1: The stopping time 7(b) AZ is defined as the first time the process
X hits the blue boundary.
Then we denote by uf y the unique measure which is supported on { Ko, K1, ..., K11}

and satisfies

/(Ki — x)"pl y(dz) = p*(K;), 1=0,...,n+1. (7.1.3)

Remark 7.1.2 (Uniform Integrability). It is clear, but important to note that for
any stopping time 7 which satisfies the stopped process (Xiar)i<z is a
uniformly integrable martingale. More generally, this uniform integrability asser-
tion remains true for any stopping time (assuming that = < oo is a deterministic

constant).

The following result links the measure p} \ from Definition to the robust

superhedging price of convex Vanilla options.

Proposition 7.1.3 (Robust Superhedging Price for Convex Vanilla Options).
Set K in (6.3.2) as K := {Ky, K1,...,K,i1} and suppose Y, A and P are as
described in Section [6.5 Assume (7.1.2) holds for some stopping time 7. Let
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G : [Ko, Kui1] = R be a convex function. Then,

A (G7 C ([07 T}; [K(b Kn—!—l]) A, P) =A (G, C ([O,T], [Ko, Kn—i—l]) 7y77))

(7.1.4)
~ [ Gy = [ Gl

where pie n is any probability measure which satisfies [(K; —x)* e n(dz) = p*(K;)

fori=0,....,n+ 1.
Proof. By convexity of G there are unique A, ..., A\,41 such that

G(S) < Z N (K, — 8T VS e [Ky, Knul, (7.1.5)
with equality at S = K;,i = 0,...,n + 1. Following Davis and Hobson [33] we

obtain that the cost of this superhedging position is fooo Gdp? -

Let 7 be a Skorokhod embedding for p? . Then

<St* =X

T—i/\T>t§T

(7.1.6)

yields a (C([0, T]; [Ko, Kn+11]), A, P)-market model which achieves equality in ([7.1.5)).
The claims in ([7.1.4) follow. O

Now we are in the position to prove a first version of our robust pricing result

for convex Vanilla options.

Proposition 7.1.4 (Robust Pricing of Convex Vanilla Options — Bounded Sup-
port). Let G satisfy Assumption on page . Fix = > 0 and assume there
exists a stopping time 7 such that (7.1.2)) holds. Recall pf y from Deﬁm’tz’onm

and write iy = g n- Then,

upE [ (X;12)] = E [G (XTR(MV )Aaﬂ (7.1.7)
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where the supremum is over all stopping times T satisfying (7.1.2]).

Proof. We first consider the case when G € C?(Rx; R) is strictly convex. Applying
It6’s formula we get for any stopping time 7,
gl
G(X,) = G(Xo)+ / G'(X,)dX,

0 (7.1.8)

1 [INE 1 [
+ / G"(X,)X2du + = / G (X,)X2du.
2 /o 2 ~

A=)

The stochastic integral fo G'(X,)dX, is a martingale because by our assumption
on G, see (7.0.1)), we have G'(x) < ¢; + co(aP + x7P) for some constants ¢y, co, and
then [*E [(G'(Xu)xgﬂ du < oo.

We will denote by 6, the time shift operator,
0; : C(R1;R) — C(R4; R), w i O (w) = (Wy)u>t- (7.1.9)

Let 7 satisfy (7.1.2)). By Proposition we have L (X, z) < uy. Hence, by
e.g. Oblgj [73, Proposition 8.1] there exists a stopping time n w.r.t. the filtration

(Frtt)>0 such that
0:=TANZ+nob =

embeds the law p}; and (Xynr),5 is a uniformly integrable martingale. The stop-
ping time 7y (p}) embeds law pj by definition. Since by assumption G” > 0,
the results of Cox and Wang [29, Sec. 4.3 and 5], see also Rost [86, Theorem 2],
applied to the Geometric Brownian motion X and the stopping times o < Hy and

= (uy) < Hy yield
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Using the fact that

E[G (X:p2)] < E[G (Xpne)] < E [G (XTR(% )Azﬂ . (7.1.10)

Finally, in the case when G is not necessarily smooth, we can find a sequence

G, of smooth, strictly convex functions such that Gy | G to obtain by monotone

convergence and ([7.1.10)),

E[G (Xp2)] = lim E[Gy (X,r2)]

k—o0

< Jim E G (X)) | =BG (Xoyn)c)]

which proves (7.1.7)). O

Remark 7.1.5 (Bound of Support). In the setting of Proposition , if b, =0
for some 7 then any stopping time 7 which satisfies also satisfies 7 < Hg,,
which corresponds to a bound on the support. These cases can be dealt with by
specifying this property in the path space (i.e. support of the model) P. With this

argument we will often restrict attention to
W>0  Vi=1,...,n. (7.1.11)

Corollary 7.1.6 (Bound for Rays of Root Stopping Time). In the setting of

Proposition and Remark wm’t mr(uy) = 7(bY) for a unique b €

Since ¥ is atomic and of bounded support this is possible.
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(0,00)"*1. Then,
W<=Z Vi=1,...,n+1. (7.1.12)

Proof. By Proposition we know that 7(b™) A Z satisfies (7.1.2). Further, b"
is unique by (7.1.11)) and (6.1.5). Moreover, by ([6.1.5) we also deduce that

t—E [LKi

T(bww] is constant for ¢t > =

which then implies (|7.1.12]). [

Corollary 7.1.7 (Maximization of Atoms at End of Support). In the setting of

Propositions|7.1.5 and |7.1.4, writing Ts (1! y) = 7(b°Y) for some b € R™2, we

have for all £ < =,

supP[X,pe = N] = P [XT(,,C,NW - N] , (7.1.13a)

supP [ X pe =€/ =P [XT(bE,N)/\f = e} (7.1.13b)
where the supremum is over all stopping times T satisfying (7.1.2]).

Proof. By the optimality property of the Root stopping time, cf. proof of Propo-
sition , the call price function corresponding to X (bNyne, denoted by ¢, is
at least as large as the call price function corresponding to any X;,¢, denoted by
¢, where 7 is a stopping times satisfying (7.1.2)). Also note that ¢(N) =0 = ¢*(N)

and c(e) = Xo — € = ¢*(¢). Then, by the Breeden-Litzenberger formula, we have,

N —¢€) —c(N
P [Xong = N] = P[Xng > N] = —¢(N-) = tip V=) =)
€ €
. (N —¢€)—c*(N)
< leligl . =P [XT(be’N)/\f > N] =P [Xr(bEvN)/\s = N] :

Analogously for the atom at e. O
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7.1.2 The Case of General Support

In this section we extend the result of the previous section to the case of a risk-

neutral distribution of S; with unbounded support.

We introduce the set of stopping times 7 < = which are consistent with the n

put prices,

T2 = {T €T : T<E, E[(Ki—X,)"] =p"(K) Vi= 1n} (7.1.14)

Theorem 7.1.8 (Robust Pricing of Convex Vanilla Options — General Support).
Let T3 # 0 and suppose G satisfies Assumption on page . Then,

sup B [G (X)) = Jim E[G (X, (s )2)| =E[G (Xrprng)]  (7.1.15)

TETE* N—oo

for some b* € [0,Z]" which does not depend on = and yields T(b*) N2 €

rd

Further, by is unique for every i such that K; € supp (E (XT(b*)/\E)) where we
recall the definition of supp in (6.0-3)F)

Proof. As in the proof of Proposition [7.1.4) Assumption ensures that all ex-
pectations we consider are finite and that the stochastic integral [j G'(X,)dX,, is

a martingale. Moreover, it will be enough to prove the claim for G € C*(Rx¢; R).

For any 7 € T2 Propositions [7.1.3] and [7.1.4] yield a measure Wy, With support

contained in [0, N] such that

L (Xrnmynz) € [ﬁ <XTR(“?V,T)/\E>:| ’

(7.1.16)
L(Xrnmynz) <c £ (XTR(%J)AE> VN sufficiently large,

2 In the following we always take a “regular” version of b* in the sense that b7 = 0 for K; < X,
(Ki > Xo) implies b7 = 0 for all j such that K; < K; (K; > K;).
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where in (6.1.2]) we use K,..., K,.1 = N. Note that by monotone convergence,
E[(K; — Xonmynz) | T0°(K:)  as N — oo (7.1.17)
foralli=1,....,nand 7 € 7>

By convexity of G we have for any stopping time 7

TAZ = =
/ G (X)X 2du < / G'(X)X2du, E [ / G”(Xu)xgdu] < .
0

0 0

Using It6’s formula we obtain further

TAZE 1 TAE
G(Xonz) = G(Xo) + / (X)X, + / G (X)X 2du
0 0
and by taking expectation
1 TAZ
E[G(X,\=)] = G(Xo) + §E {/ G”(Xu)deu] < 0. (7.1.18)
0

Hence by applying dominated convergence at the second equality sign,

TAE
sup E [G (X nz)] L3 sup E {G(XO) + %/ G"(Xu)deu]
0

TETS TETS

1 TAZAH N
sup lim E {G(XO) + —/ G"(XU)Xdeul
0

’T'E’TE* N—oo 2
E29 sup lim E[G (Xonzamy )]
’T'E’TE* N—o0
[7-1.16)
< 1 - 1.
=k 6 (¥entz,02) (7.1.19)

We identify 7r(uy,) = 7(d™7) for some b € R™'. From Corollary ,

applied to ,ujv’T, N > N, we know that
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and consequently

{(bf?’T,...,bfy’T) T eTS, N>N}§[O,E]”.

Let Ny — oo as k — oo. Choosing a maximizing sequence (7j )xen for (7.1.19) and
considering a convergent subsequence if necessary, we can define

b = lim b <E i=1,...,n. (7.1.20)

7
k—o0

Then by weak convergence and ([7.1.17]) we obtain 7(b*) A = € T2

—_

Let us also show uniqueness of the bf’s and its independence of =. Assume
there exists another b € [0, "] such that 7(b) A= € 7. Let £ and ¢ be such that

,,,,, n b = by and min,—;__, b, = Bg. For simplicity we present the argument
only in the case where ¢ and ¢ are unique and where every K; is in the support
of L(X,()nz). Then, if £ # € it follows that either 7(b*) A = “misprices” the put
with strike K or 7(b) AZ “misprices” the put with strike K,. If £ = ¢ but b} # b;
then it follows that either 7(b*) A Z or 7(b) A Z “misprices” the put with strike
K. Together this yields ¢ = ¢ and b} = b;. With the same argument one shows

iteratively that by = b; for alli =1,...,n.

Hence, continuing the estimation in ([7.1.19)),

sup lim B |G (X, 0 e)] =BG (Xrpryne)] < sup B[G (Xo2)].

reTs N—oo

The claim follows. O
Remark 7.1.9 (Characterization Bounded Embeddings). Theorem in partic-

ular implies that

= #0 = Ib*eR" : T(b)ANZE€ T2 (7.1.21)
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Remark 7.1.10 (Interpretation of b*). The vector b* from Theorem is related
to the annualized Black-Scholes implied volatilities oympi(K;) of the option prices
p*(K;), i =1,...,n. With T being the maturity in years, we have by our time-
change approach, see Section that

_min Top (7.1.22)

K;) = min b, Tol (K;) <b}

i=1..... impl 1) = Y-

Remark 7.1.11 (Case b; = =Z). If b; = = then we can discard the option with
strike K; from the robust pricing problem. Indeed, according to Theorem [7.1.8]
the robust pricing problem with puts p*(K1), ..., p*(K;i—1), p* (K1), ..., p*(K,) is

solved by the vector b = (by, ..., bi_y, bisq, ..., b,) and we have 7(b)AE = 7(b) AE.

7.1.3 Direct Extensions to Non-Vanilla Payoffs

Option on Stock and its Realized Variance Assume G satisfies

1 ,0*G oG
for some non-negative function g. Writing
TAZ
E[G(r ANE, X r2)] = G(0, X)) + E {/ g(Xu)du} , (7.1.24)
0

analogous arguments as in the proof of Proposition and Theorem yield

sup E[G(7, X;)] =E [G (7(b") A E, Xy 57)0z) | - (7.1.25)

TGTE*

Options on Realized Variance If ¢ = 1, the r.h.s. in (7.1.24) becomes
E [ A Z] which corresponds to the price of a capped variance swap, i.e. of an

option paying (log(S))r A = at maturity 7. More generally, we have by optimality
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of the Root stopping time and by disintegrating the concave function H,

sup E[H(T ANE)]| =E[H(7(b*) ANZ)]. (7.1.26)

TGTE*

Similar results have already been obtained by Cox and Wang [24] but in a different

context with a slightly different Mathematical Finance interpretation.

Option on the Squared Difference of Running Maximum and Spot Let
M, := sup,<; X,,. Consider the payoff G(X;, M;) for a bivariate function G of
the form G(x,m) = (m — x)?g(m) for some non-negative g. Robust pricing and
hedging without constraints on realized variance of payoffs G has been investigated

by Hobson and Klimmek [54].

Note G(Xy, My) = 0 by Xg = My. We have
TAZ TAZ
G(Xonzs Mypz) = / g(M,)du — / 2(M, — X,)g(M,)dX,,
0 0
and hence
TAZ TAE
E[G(X,pz, M pz)] = E {/ g(Mu)du} =E {/ g(Xu,Mu)du} (7.1.27)
0 0

for some §. Therefore, by Rost [86] the optimal 7 € 72 for (7.1.27)) can be chosen

as a Root embedding for a certain bivariate measure.

If we let g =1 then (|7.1.27)) reads
TAZ
E[(Mipz — Xonz)?] =E [/ 1du1 =E[r AT (7.1.28)
0

and the Root stopping time 7(b*) A = maximizes ([7.1.28)) over the set TZ.



Chapterlﬂ Vanilla Options with Beliefs about Realized Variance 149

7.2 Robust Hedging and Duality

In this section we state and prove our duality result for convex Vanilla options. We
also characterize the optimal static position A* € R™. The key part of the proof is
the construction of the cheapest pathwise superhedging strategy for payoff G(Sr)
which works on P=. It turns out that this strategy has a dynamic component.
Dynamic trading using a pathwise approach has been considered by Bick and

Willinger [12] and Davis et al. [32].

For A € R™ define the penalized payoff

GMNz) = G(z) — Z N (K — )7 (7.2.1)

A version of the following result has been proven by Mykland [67].

Theorem 7.2.1 (Duality and Optimal Static Position). Let G satisfy Assumption

on page[137 Recall the formalism of Section[6.5. Then,

sup E [G (X;)] = inf sup {E [G* (X;)] + Z )\ip*(Ki)} (7.2.2)

TETS AER” 1Tz

and there is no duality gap, i.e.

A(G(S7);P=, A, P) = sup E[G (X,)] = sup Eps [G(ST)] (7.2.3)

TETZ PS
where the last supremum is over all (Y=, Y, P)-market models (QS,}"S,]FS,IEDS).

Assume T2 # 0 and recall b* from Theorem [7.1.8 Then there is existence
in both problems in (7.2.2)) and the optimal static positiorﬂ A* € R is uniquely

3The financial interpretation of A was given in Remark
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determined by the linear system

[(Kj - Xr(b*)AE)+]
ob; ’

OE [G (X

. n OE
T(b )/\H)} — Z )\;
j=1

,=1.....n. 24
b, 1 N 7} (7.2.4)

The proof of this result will be developed in the next sections.

7.2.1 An Optimal Stopping Problem

Let T, = denote the set of stopping times 7 such that ¢ < 7 < =. We write

VAt x) := sup E [GA(XT) ’ X = :1:] (7.2.5)

TE'EE

Equation ([7.2.5)) is a standard optimal

for the Snell envelope of (G*(X;)), ..

stopping problem. The stopping time
mr=inf{u>t: V¥u, X,) = GMNX,)} AZ. (7.2.6)

is optimal for ([7.2.5)), see e.g. Peskir and Shiryaev [81].

Because V' is non-increasing in time, 7% := 7 must be a Root stopping time. In
addition, we conclude with Theorem m (or directly by the piecewise convexity
of G*) that

w=inf{u>t: X, =K;, u>b; forsomei=1,...,n} A= (7.2.7)
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for some b € R™. Therefore, the continuation region for the optimal stopping

problem (7.2.5) can be chosen ad

n

DA — {(t,x) €0.2) xRy : (ta) & | (i 00) x {Ki})}. (7.2.8)

i=1

Lemma 7.2.2 (Properties of V*). The value function V> is continuous on D» =

0,=] x Ry and VX € CY2(D*).

Further, for (t,r) € DX,

ovA o*VA
A 1 217
%(t,x) + 5:1:2 86;/2 (t,z) =0. (7.2.9b)
Moreover,
ovA ,
%(t,Kii) < 00 fort>b;, i=1,...,n. (7.2.10)

Proof. The proof follows closely the arguments outlined by Peskir and Shiryaev

[81], Chapter III, Section 7]. Since (¢, X;)¢>o and G* are continuous, continuity of

VA is clear.

Take (t,z) € D> and let € > 0 small enough such that B.(t,z) := {(s,y) :
|s —t|? + |y — z|? < €2} C D*. Classical PDE results, see e.g. Friedman [43, p.

134, Theorem 2.4], give existence of a smooth solution f to the Dirichlet problem

2
2—{ + %ﬁ% =0 in B(t,x), (7.2.11a)
Flogim = V™ (7.2.11b)

4This is not exactly true in the bounded support case. However, by continuity of paths, this
does not make a difference because the other parts of the time-space domain are never visited.



Chapterlﬂ Vanilla Options with Beliefs about Realized Variance 152

Then by Ito’s formula, the optional sampling theorem and properties of the Snell

envelope V*,

1(t,2) =B [V (7001, X o) | Ko = 2] =B [V2 (700, X, [ X = o

=FE [G)‘ (XTDA) ‘Xt = x} =V t,z)

proving that V? is smooth at (¢, 7).

Since V> is non-increasing in time and (V*(¢, X;)),.  is a martingale for (¢, X;) €

t>0

D> we deduce ([7.2.9a])(7.2.91)).

Now we argue (7.2.10). If ¢ > b; then VA (¢, K;) = GMK;), and it is generally
true by definition that V* > G*. Therefore, by (7.2.9a) and Assumption we

get
oV OG>
—00 < Oz (t,Kl ) < %<Kl—) < 00,
OGA ovA
— — (K4 < — , )
00 < — (Ki+) < pe (t, Ki+) < o0

7.2.2 Pathwise Superhedging Strategy

In this section we show how to construct a pathwise superhedging strategy which
dominates G*(X;) for all t+ < Z. It turns out that we can always do this with
cost V20, Xo) + 6 for arbitrarily small § > 0. Suitable time-changing will yield a

pathwise superhedging strategy for G(Sr) on P=.
In the following, all integrals w.r.t. X or S are understood pathwise.

Proposition 7.2.3 (Pathwise Superhedging Strategy). Let A € R™ and recall the
definition of V> in (7.2.5)).
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Then, for all § > 0 there exists a progressively measurable ¢ such that for all

t <= and X € QUBM;
t ~
5+ V0, Xo) +/ Ou (X)X, > VAt X,) > GMXy) (7.2.12)
0
is well defined pathwise. Setting

$u(S) = Bloa(sy. (S) (7.2.13)
yields for all S € P=:
T
5+ V20, Xo) +/ by (S)dS, > G*(Sr) (7.2.14)
0

and ¢ € @, defined in (6.3.6)).

Moreover, if t = Tpa for D> from (7.2.8)) then there is equality in (7.2.12) with
5=0.

Proof. By the Ito-Follmer formula we have by ((7.2.9b)),

t/\TD)\ aVA
VA(O,XQ) + / W(U,Xu)qu = VA(tATD)‘aXt/\’TDA) (7215)
0

and we can take ¢, (X) := %L;(u, Xu)]l{qu/\}. This is the pathwise superhedging
property until time 7px. It also proves the claim regarding equality in ((7.2.12)) for

t= TpX.

Next we find a pathwise superhedging strategy after time 7px. Let u < b;.
By continuity of V* we have VA(b;,+) = limy, V*(u,-). Therefore, for b; > 0
the value function V*(b;,-) is convex in a neighbourhood of K; by convexity of

VA (u,-), u < b, in a neighbourhood of K.
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For a,b € R, denote [a,b] = [a A b,a V b]. Take t > b; such that X; = K;. Then

clearly VA(t, K;) = GMK;). We claim that we can choose

o avA oV
:l: — p— [ .
bt € |[ — (L Ki—), - (t,Kﬂr)ﬂ (7.2.16)

such that for every ¢ > 0 there exists € > 0 such that
54+ VAL, X)) + o - (X, — X)) > Vs, X,) (7.2.17)

for all (s, X,) € [t,=Z] x [K; — ¢, K; + €.

In fact, for ¢t > b; we now argue that we can take 6 = 0. Observe that by the

supermartingale property of V> we have
GMNEK;) = VA bi, Ki) > E[V* (p, X,) | Xb, = K]

where p := Hg,_c g,+« N't. Now if VA(t,-) was convex in a neighbourhood of Kj,
then by (7.2.9a)) also V*(u,-), b; < u < t, would be convex in a neighbourhood of
K, and hence

E [V (p, X,) | Xo, = K] > GMK)

and there is equality only if V*(u, -) is linear on [K; — €, K; + €] for all u € [b;, t].
It follows that VX (¢,-) is either linear on [K; — €, K; + €] or not convex at K; and

the same holds for VA(#', ) for ¢ > t. It is now clear that there exists ¢F which

satisfies ((7.2.17)) with 6 = 0.

When t = b; it is clear that given § > 0 we can find € > 0 to satisfy ((7.2.17)).

In summary, the above argument shows that we can define a pathwise super-
heding strategy from time t = 7px until the time first time s after ¢ such that

Xs & (K;—¢, K+e¢). It is a buy and hold strategy given by bu=¢f fort <u<s.
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However, at time s, by (7.2.17)), we have enough capital to switch back to the

trading strategy ¢, (X) = a{x){; (u, X,). By the same arguments as above, this

strategy will superhedge until the path leaves D* again. It is clear that we can

iterate these arguments to obtain a pathwise superhedging strategy gz~5 as claimed

in (7.2.12).

Recalling ((7.2.13]) we now argue that ([7.2.14]) makes sense pathwise for S € P=.

By definition of 7 in (6.2.1]) we observe the fact supy, |7}, — 77'| — 0 as m — oo.
Then by (log(.S)) being non-decreasing we infer that (log(S)) has zero quadratic
variation in the sense of Definition [6.2.1} i.e. in particular the quadratic variation
of (log(9)) is well-defined. In that case the multi-dimensional It6-F6llmer formula
given in Follmer [40} eq. (12)] holds for Y = (.S, (log(5))) and yields for (log(S)); <

Tpr, (we use the same short-hand notation as in classical stochastic calculus)

VA ((10g(8))1, St) — V(0, So)

- /0 t aa_‘j <<log(S)>u, Su>dSu + /0 t % <<1og(S)>u, Su)d<log(5)>u

w5 [ G (st 5.)as)

Note that for S € Pz Follmer [40, eq. (14)] yields S?d{log(S)); = d(S); and then
we obtain for (log(S)): < Tpa by ((7.2.9b))

2 (oe()). ) afog())e + 2V

ot QW(G%(S)%&)d(Sﬁ =0. (7.218)

Together, we compute for (log(S)): < Tpa,

VA((log(S))e, 51) — VA0, 55) B2 / taa—v:<(log(5)>u,5u> ds,  (7.2.19)

v

g

=bu(S)

and in particular the stochastic integral on the r.h.s. of ((7.2.19) is well defined.

It is clear that when gz~5 is constant in time and space on some rectangle then the



Chapterlﬂ Vanilla Options with Beliefs about Realized Variance 156

integral in ([7.2.14)) is well defined. Together, this proves (7.2.14)). The property

¢ € ® can be deduced by using convexity of G. m

7.2.3 Proof of Theorem [7.2.1]

We require one last regularity result in order to prove Theorem [7.2.1]

Lemma 7.2.4 (Smoothness in b). Let G satisfy Assumption on page [137

Then the mapping
0,Z]" >R, b~ E[GMNX;p)z)] (7.2.20)
is continuous and is further differentiable at any point b in the interior of [0, Z]".

Proof. Cox and Wang [24, Lemma 3.3] yields that the measure corresponding to
L(X;;t < 7(b) A=) has density ppa with respect to the Lebesgue measure on D
and that the density is smooth. From this it follows that the transition density for
Geometric Brownian motion absorbed at two points is smooth in time and space

on the interior of the interval between the two points.

Denote Ky := 0, by := 0, K,11 := 400, byr1 := 0. Fixi € {1,...,n}.
Define j_ := max{j € {0,...,n+ 1} : b; < b;, K; < K;} and j; := min{j €
{0,...,n+1} - b; < b, K; > K;}. Now set K_ = K;

J—>

K, = K;, and
b:=b; Vb;, <b;. Note that b= b(b;) is piecewise constant and right-continuous

in bl

Take K € R,. Our first claim is that b; — E [(K - Xf(b)/\a)+] is continuously

Jr
differentiable if and only if the same holds for b, — E {(K — Xf(b)AEAHK,,;g) }

and in that case the derivatives coincide. If b < b; this is trivial. If b = b; then
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also trivially the right-derivatives coincide. Observe for x < K,

E[Lf}Xo:x}SP{SupXuzK XO:I’:|E[L§‘X0:K},
u<e
el0 €

and similarly for x > K. From this we deduce together with (6.1.4) that also the

left-derivatives coincide.

The previous argument allows to restrict to the case b < b; because the other

case follows in the same way. Then,

E|(K = Xewne) | = E[(K = Xewne) Vx, v i}

+
+E“K_KWE)MLWﬁKK%}

Observe that by choice of K_, K, and b it follows that the first term on the r.h.s.
is constant in b; in a neighbourhood of b;. Hence it remains to show that the

second term is continuously differentiable in b;. To this end, note that

+
EUK_XWE)%LWﬂKK%]
_ _ + _ o
_ /ﬁ Eﬂ};@mbedx}{u(—z(J P[XgKJqMH_Jaij_x]
(K*7K+)
(K = K" [ X, = K| X = 2]

+
+EUK—XWE)%%w@mﬂ&=4}
By b; > b, the quantity P [XT(b) A5 € dx} does not depend on b;. Further, clearly,

the first two terms in the curly brackets are continuously differentiable in b;. Hence,

it remains to verify smoothness of the third term in the curly brackets. We write
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for x € (K_, K,),

+
B[ (K = Xewne) " L, | X = 2]
:/ P [Xi, € dy| X5 = 2] E [ (K — Xon2) " | X = o]
(K-,K4)
The last expression is continuously differentiable in b; by Lemma [7.2.2]

The claim for general G now follows from the integration by parts formula. [

Putting the results of the previous sections together we can now prove Theorem

21

Proof of Theorem [7.2.1. For A € R™ we get essentially by an application of The-

orem [7.1.§]

sup B [G2(X7)] =bes[gg]nE[G( r)az)] - (7.2.21)

Note that existence of a maximizer is always guaranteed by the continuity of
0,Z" >R, b E[GCN X paz)],

cf. Lemma and the compactness of [0, =]".
In order to prove (7.2.2) we will apply Theorem [B.1.2l To this end, we make
the identification

X = [07 E]nv Y = Rn7 f(b7 A) [GA + Z )\Zp

and verify the Theorem’s assumptions. Clearly, 2" is compact and f(-,A) is
continuous on Z for each A € #. Now we check that f is concave-convex-like

in the sense of Definition m Property (i) holds essentially by Theorem
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Let x; = bl, 2o = b? and let a be an independent Bernoulli random variable with

parameter a. The stopping time
7= (7(b") ANE)Ljamop + (T(0°) AE) Ljary < E
has put option prices given by
QB [ (K = X nynz) | + (1= @B [(K = X 402) ]

Consequently, by Theorem there exists 3 = b® such that 7(b*) A = embeds

these puts and
E [G (XT(bs)/\E>:| > E[G (X7)] =dE [G (Xr(bl)/\E)] +(1-a)E [G (Xr(b2)/\5)} ,

which implies property (i). Property (ii) holds by the linearity of f(b,-).

Therefore, we can indeed interchange the inf and sup in ([7.2.2]) and then observe

3 E|G(X;)] itTeTz,
inf, (]E [G* (X,)] +;)\ip*(Ki)> _JElGX)] n

—00 else.

This establishes (7.2.2)).

It will follow from our arguments that the superhedging price cannot be reduced
by using put options p*(K;) where b} = = for hedging purposes, see also Remark
. Similar considerations allow to exclude put options p*(K;) where b = 0,
see Remark [7.1.5] Therefore, we assume WLOG that b* € (0,Z)". Then, by
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Lemma the following system is well-defined,

DyE [GMX;(br)02)] =0

IE [G(XT(b*)/\E)] - OE [(Kg - XT(b*)/\E)+i| (7.2.22)

— b, =2 N b,

j=1
where i = 1,...,n. Further, system ([7.2.22)) has a unique solution A* € R™ because

OE [(Ka‘ - me)*}
ob;

=0  fori# j such that by > b7,

and

OF | (K — Xrpryne) |
ob;

>0 fori=1,...,n such that 0 < b; < =,

and hence ([7.2.22)) is a linear system of triangular form with non-zero diagonal.
By choice of A*,

E [GN (X, 0)rz)] = sup E [GY (X, r2)] = V' (0, Xo). (7.2.23)

TET=
Using Proposition[7.2.3] for all § > 0 we can find ¢ € ® such that for all S' € P=:
* T i
5+ VA (0,X0) + / $u(S)dS, + > A (K; — Sr)" > G(Sr). (7.2.24)
0 i=1

We also conclude by Proposition that the (=, ), P)-market model obtained
by S*, where

S* .= (Xp:)te[O,T] , p: = <X*>t7 X* .= (XT(b*)At)te[O,E] , (7225)
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achieves equality in ([7.2.24)) with 6 = 0. This implies that there cannot exist a

cheaper pathwise superhedging strategy, i.e.

TE€TZ

Together with the time-change considerations of Section [6.4]this proves the duality
statement (7.2.3) and establishes (7.2.4)). O

7.3 Arbitrage

We investigate the forms of arbitrage which can arise in our robust framework
by adopting the definition of arbitrage from Acciaio et al. [1], see also Davis and
Hobson [33] and Cox and Obtéj [28]. In particular, we ask the question whether

this notion of arbitrage is suitable to characterize existence of market models.

7.3.1 Arbitrage on the Restricted Path Space

Definition 7.3.1 (Arbitrage Relative to (9,4, P)). Let P be a path space. Recall
the definitions of K, A and P in Section[0.3

We say the pricing operator P admits no arbitrage relative to P and A if

WweAd: V>0 ond = PV]>o0. (7.3.1)

The following result is based on Mykland [67, Proposition 3] and shows that the
notion of arbitrage relative to (¥,.4,P) is suitable to characterize existence of a

market model.

Theorem 7.3.2 (Arbitrage Relative to (P=, A, P)). Let K = {K;,..., K,}.
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Then, there is arbitrage relative to (Y=, A, P) if and only if TZ = 0.

Now let TS # 0. Suppose G satisfies Assumption on page . We add the
option G(St) to A and extend P [G(St)] = p¢.

Then, there is arbitrage relative to (P=, A, P) if pe > sup,cr= E[G(X,)].

Proof. Let us distinguish two cases: firstly when there exists a probability measure

w1 such that

/(Ki — ) p(dr) = p*(K;) Vi=1,...,n (7.3.2)

and secondly when there does not. Davis and Hobson [33] use the notion of weak

arbitrage to distinguish between these two cases.

When ([7.3.2)) holds for some p, we have seen in Section that there exists
7(b*) € T% for some b* € R". Further, we recall from Remark

Tz 40 — Ib* € [0,Z]" : 7(b)NE e TZ.

If max;—;__,b < = then the Root embedding 7(b*) A E provides a (Y=, Y, P)-

-----

market model and consequently there is no arbitrage in the sense of Definition

(31

b > =. Let S be the

Now we construct an arbitrage in the case of max;—; A

1

indices for which the b;’s are less or equal to = and let I be the index corre-
sponding to the smallest b} strictly greater than = (if it is non-unique choose one).
Considering only the puts p*(K;) where i € S, Theorem gives the maximal
price p for the put option with strike K;. We conclude that the observed market
price for the put with strike K7 is strictly larger than p and that there does not
exist a (P=, YV, P)-market model in which the price for the put with strike K7 is

reproduced. Hence the arbitrage consists in selling the put with strike K for its
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market price and setting up a superhedge for (K; — Sr)*. From Proposition
it follows that we can superreplicate (K;—Sr)* with cost p+0 and by the previous
argument there exists 4 > 0 small enough such that p*(K;) — (p+ ) > 0. This

arbitrage is guaranteed to realize whenever S € P=.

Now assume that ([7.3.2)) does not hold for any probability measure p. If there
is arbitrage relative to (C ([0,T]; R4, So), Y, P), i.e. when no dynamic trading is
allowedﬂ, it is clear how to realize the arbitrage. Following Davis and Hobson [33]

it remains to consider the case when
(Kp-1) = c*(K,) > 0. (7.3.3)

Remove the option with strike K,,. Now we argue analogously to the first case: if
max;—i. n—1b; > = we showed how to realize an arbitrage on P=. If max;—y_,,—106; <
= we sell the call with strike K, for ¢*(K,) = ¢*(K,_1) > 0 and setup a super-
hedge using trading and static positions in the options with strikes K, ..., K, 1
(cf. Proposition. It is clear that this superhedging cost can be chosen strictly

smaller than ¢*(K,) and hence the arbitrage is constructed.

Finally, if 72 # () and pg > sup,c7= E [G(X;)] then the arbitrage consists in sell-
ing the option G(Sr) for price pe and superreplicating it with cost sup, 7 E [G(X; )]+

(5<pg. ]

7.3.2 Remarks

Dichotomy As seen in Theorem|[7.3.2, on the restricted path space Pz and in the
case where A includes only the n put options and the dynamic trading strategies
in the stock, there is dichotomy in the sense that either there is a market model

or we can construct an arbitrage relative to (9,4, P).

5This situation is commonly referred to in the literature as model-independent arbitrage, cf.
Davis and Hobson [33]; Cox and Obiéj [2§].
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Consistent Beliefs Model-independent and weak arbitrage in the sense of Davis
and Hobson [33] or Cox and Obtéj [28] aside, if one does not want to challenge the

market prices, it makes sense to impose
E > max b; (7.3.4)

to make the belief about realized variance consistent with actually observed market

prices.

If market prices turn out to be inconsistent with the belief, an arbitrage strategy

can be setup as explained in Section

Lower Bound on Realized Variance At first sight it might seem interesting
to redo the analysis of robust pricing, hedging and arbitrage with both lower and

upper bounds on realized variance, i.e. Z_ < (log(9))r < =5

However, it is straightforward to see that there exists an embedding 7 € 7% such
that 7 > =_ if and only if there is b* € [=_, 00" such that 7(b*) € T%. Indeed, if
E [(KZ — XE_)JF} > p*(K;) there cannot exist a 7 € T2 such that 7 > Z_. In the
other case we can clearly use the Root embedding 7(b*). Then, with the previous
Remark in mind, it is reasonable to assume that min,—; __, b7 > Z_ and therefore
a lower bound on realized variance would not affect the analysis for convex Vanilla

options.

Lower Bound Analysis An open problem is to repeat the analysis to obtain
robust lower price bounds and subhedging strategies. In this context the Rost em-
bedding, see Obt6j [73, Section 7.3], first comes to mind. However, the embedding
requirement under realized variance constraints appears to be harder in this case.

We leave this question for future research.
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Perfect Hedge vs. Asymptotically Perfect Hedge in Worst-Case Model
In Section [7.1] we showed that the upper price bound is attained by a Root stopping
time, both in the case of a risk-neutral distribution of S; with bounded and

unbounded support. More precisely, we proved that

L (XTR(H?V;)A:> — L (X'r(b*)/\E) Weakly as M — oo (735)

for some b* € R" and = < oco. Note that (XT(b*)/\E/\t)tzo is uniformly integrable.
This is the reason why we have a perfect hedge in one model. The sequence
(13s)y, does not necessarily converge weakly and consequently there is only an
“asymptotically perfect hedge” in the case of = = oo. This situation corresponds

to weak arbitrage, cf. Davis and Hobson [33].






Chapter 8
Lookback Options with Beliefs

about Realized Variance

The goal of this chapter is to extend the results of Chapter 7| to certain Lookback

options GG (suptST St). We denote
M; := sup X,, S, = sup S,. (8.0.1)
0<u<t

0<u<t

If not specified further, we impose that the payoff GG is right-continuous, non-

# 0 if

decreasing and E [G(Mz)] < oo. Since these payoffs are invariant under time-

change our approach via time-change can be used to analyse the problem.

Recall the definition of 72 in ((7.1.14]) and the characterization that 7=
and only if there exists b* € R™ such that 7(b*) A Z € TZ, cf. Remark [7.1.9]

8.1 Robust Pricing

We have seen in Section that the optimal 7 € 72 for the robust pricing prob-
lem of the convex Vanilla option features only ¢ in its stopping rule. We argued

167
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that “stopping late is beneficial”. Similarly, “stopping late is beneficial” also for
Lookback options because the maximum is non-decreasing. However, in the ex-
ample of the simple barrier option, it is clear that after the barrier B is hit, the
payoff cannot become larger anymore along this path. Therefore, as we will show
below, in the robust pricing problem of a pricewise constant Lookback option it is

optimal to use initially a Root embedding based on some x° and after the option

2

starts knocking in we successively switch to Root embeddings based on k!, k2, etc.
8.1.1 Simple Barrier Option
We consider the robust pricing problem of the simple barrier option,

sup E [:[I{MTZB}] for B > Xo = M,. (811)

TETZ

Theorem 8.1.1 (Optimal Embedding for Simple Barrier Option). Let T2 # 0.
Then there exist k°, k' € [0,=]" such that 7(k) A Z is optimal for problem (8.1.1))

where

. ]l{HBSu} .
7(k) = inf {u >0 : X, =K, u> -k for somei=1,... ,n} . (8.1.2)

Before we can prove this result, we need an auxiliary statement.

Lemma 8.1.2 (Root Embedding for Process Started at Random Time). Suppose
(22,G) is a probability space with filtration G := (Gt),»,. Assume that GBM®@P) s
a Geometric Brownian motion relative to G started in B at time 1?, independently

of G5 and that U is Gy measurable. For B € (0,00) consider the process X defined
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by

~ B if t <99,
X, = (8.1.3)

GBME) ift > 9.

Let y”B be a measure such that the SEP of 1”® into X has a solution v > 0

which satisfies L(Xynz) € [ where we recall the formalism of (6.1.2).

Then there exists & € [0,Z]" such that

satisfies

LX) € 077, (8.1.50)

L ( ~%(S)/\g) 7o L (Xv/\£> Ve <

(1

(8.1.5b)

Furthermore, let X be the process from (8.1.3) with U replaced by 0. Assume

P [19 < 5} > P [& < 5} Ve >0, (8.1.6a)

P [19 < a} =P [15 < E} for some a < =. (8.1.6b)

Then, there exists & € [0,Z]" such that

'C(X%(é)/\E) e w7, (8.1.7a)

£(Zigine) e £(Krgne) 7 £(%one)  VE<E (8.1.7b)

Proof of Lemma[8.1.9. Our first observation is that it is enough to prove the claim

for (probability) measures p~? with support supp(u”?) C {K1,. .., K,}U{B}, i.e.
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for atomic measures with bounded support. In view of the arguments in Section

7.1 the general case then follows from compactness arguments.

SetfT]

i B—(0—t) ift<9,
Y, = (8.1.8)

GBMPE) it >,

and introduce the continuous, time-homogeneous, transient Markov process Z

defined by

7, = (f/t, 1{@}) e {[B 15, B) x {0}} U {m X {1}} (8.1.9)

where 75 1= inf {:z: P [5‘ > x} = 0} is the right end of support of V.

Consider the SEP of u”# ® 41y into Z to which ~ is a solution by assumption.
Then Rost [86, Theorem 1] implies existence of a stopping time T of minimal
residual expectation and Rost [86, Theorem 3] gives existence of a barrier B with

sections B; such that

inf{u>0: Z,€By}<T<inf{u>0: Z € B}. (8.1.10)

Now, since the measure ;”? ® 071y is concentrated on {Kl, oL Ky, B} x {1} we
must have

B C{Ki,...,K,, B} x {1} YVt >0 (8.1.11)

'We are thankful to Alexander Cox for suggesting this definition.
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and then because the one-point sets {x} x {1} are regular for the process Z for

all z € R, we conclude
T =7(9) (8.1.12)

for some & € R™.

For any non-negative g(z) = G"(x)z? we set
f(Z,) == g(B) - Legouy + 9(Y,) - Lrjcuy = G"(X,)X2.

By assumption, Z is a semi-martingale. Then, by applying It6’s formula to F(Z),

where F” = f, and using the embedding property, we obtain

BlF (%a)] =E[F (2)]

Therefore, as in the proof of Proposition [7.1.4] the minimal residual expectation

property of 7(8) implies that

F(OAE o
E / G (X)X 2du
0

and hence
E|G (X)) ZE |G (Xne)]  vez0.

Therefore, we observe further,

WP =L (Vi) = £ (X)) = £ (Krgaz) = £ (Xonz) € [
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and hence

L (X%(5)/\E> e [wF].

The previous equation implies § € [0,Z]". Together, this proves (8.1.5a)) and
(8.1.5b)).

By (8.1.6a)—(8.1.6b)) and Shaked and Shanthikumar |88, Theorem 1.A.1] there

exists a random variable y > 0 such that 0+ X ~ . Therefore, the stopping time

A= inf{u >V X,=K;, u> (SZ _X)B{Si—iko} for some i = 1,...,n} > 9
satisfies
L(Ksnz) € [£(X )] = [177) (5.1.13)
and
L(Xs5nz) 7o L(Xyn2). (8.1.14)

and
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and hence

E|G(Xgne)| ZE|G(Xne)|  vez0.

Equations ({8.1.7a)—(8.1.7b)) follow. O

Proof of Theorem [8.1.1. Let 7 € TZ. Observe

IP)[MT ZB] :IP)[MT/\HB ZB] :]P)[XTAHB :B]

Define
/LSB =L (XT/\HB) :

By Proposition and Corollary there exists k° € [0,Z] (here we set

Ii? := 0 for j such that K; > B) such that
L (Xrwoynmpnz) € [L£(Xrnny)]

and for all £ < =

]P) [MT(HO)/\§ 2 B] = ]P) [XT(K,O)/\HB/\g - B:| (8 1 15)

> P [ X nmpne = Bl =P[M; e > BJ.
Using the notation of Lemma we choose
9= inf{u>0:Xr,=B}\Z,
Y := inf {u >0 Xo(eoynu = B} ANZE,

V=T Yosupy + - Lir<ngy,

wh=r (f(,y> .
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It follows from (8.1.15) that o and ¥ satisfy the conditions (8.1.6a) and (8.1.6b)

of Lemma [8.1.2, The other assumptions of Lemma [8.1.2 are easily verified and

hence we obtain & = k! such that
E (X%(K,l)/\E) € [/L>B:| .

Denote by L& (U) the local time at K; of the process U until time ¢. Finally,
we verify the embedding property of 7(k) A = by verifying (6.1.5). We compute,
recalling the process GBMY2:5) from Lemma and (8.1.7a)),

E [LE(X)] = E [L5,, (0] +E [(L5(X) — L (X)) Lrorrgy]

—E LK (X)} +E [LK (GBM<H&B>> 1{T>HB}]

T(KOANHBAZE

(8.1.16)

T(KO)AHBAE

=E LKZ (X)} +E [Lf(inl)/\E(X)]

—E :Lf@) (X)} .

Together, we have constructed 7(k) A = € 72 which yields a larger probability of

hitting the barrier B than 7. O]

Remark 8.1.3 (Lower Bound on Realized Variance). Similar to the remark about
lower bounds on realized variance in Section [7.3.2} it follows from the construction
in the proof of Theorem that a lower bound on Realized Variance is not
effective because it would either be inconsistent with the option prices or satisfied

automatically.

8.1.2 Double-Touch Barrier Option

Now we consider the example of the Double-Touch Barrier option. We are able

to find the optimal embedding with similar arguments as in the proof of Theorem
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8.1.1, Mathematically, the problem reads,

sup E []]'{ITSBlyMTZBQ}} for By < Xo= My < By (8117)

TE'TE*
where [ := inf, < X,,.

Theorem 8.1.4 (Optimal Embedding for Double-Touch Barrier Option). Let
T2 # (0. Then, there exist kKO%0 gOLO gHOO LLO LI ¢ [0 2" such that

T(K) A E is optimal for problem (8.1.17)) where

’E{HBz S"}’H{HBl SHBzgu}

s, <}

T(k)=infSsu>0 : X, =K;, u>r; - "
(8.1.18)
for some i = 1,...,n}.

Proof. Take 7 € T7=. The idea of the proof is to show that we can improve both

terms in the decomposition

P[IT S BI7MT 2 BQ]
=P [X;amy, = B1,Hp, < Hp, AT + P [Xoan,, = Ba, Hp, < Hp, AT] .

(8.1.19)

Define

NO,O,O =L (XT/\HBl/\HBQ) ’

Similarly as in the proof of Theorem we use 7(k"%9) A\ Hg, A Hp, A= instead

of 7 A Hp, A Hp, to embed u*%% which yields for ¢ < =,

P [Xf(no’ovOMHBlAHBQAg = Bl] > P [Xonmp, i, = Bi] (8.1.20a)

P [XT(RO’OvO)/\HBl/\HBZ/\g = BQ] > P [XTAHBl/\HB2/\g = BQ] . (8.1.20b)
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Using the notation of Lemma we define

0,1,0 .__
B = B,
0,1,0 .__ : . =
90 = inf {u >0 XT/\HBl/\HB2/\u = B2} Nz,
19071’0'—'f 0:X =B A=
=E U > U A 0.00) \Hp AHp, Au = D2 =

0,1,0 ._ =
v =7 N\ Hp, - I]‘{T/\HBI>HB2} = ]]'{T/\HBISHB2}’

0,1,0 .__ ~0,1,0
uo = L (XVO’“J) >

where X010 is the process defined in (8.1.3) with B = B%'0 and § = 919

Similarly for X010 Then Lemma yields
FOL(KOM0) = inf {u > 900 X, = Ky, u> kM for some i =1, ,n}

such that £ (Xgé?{?omo,l,()) N AE) € [u®10]. Further, for convex, non-negative G

and £ < = equation (8.1.7h]) reads

E [G ( #0,1,0(0,1,0 /\HBl/\f) 1{H32<7—(;¢0,0,0)/\H31/\§}:|
G(By)P [Hp, > 7(k"*%) A Hp, N ¢]
> [G( TAHB, /\5) ]1{H32<T/\HBI/\§}:|

+ G(BQ)P[HBQ 27’/\}]'31 /\6]

Consequently, by G(By) > 0, equation (§8.1.20b]) and the same argument as in the

proof of Corollary [7.1.7], we deduce

P |:X,;-0,1,0(K’0,1,0)/\HBI/\§ = DBy, Hp, < T(KO’O’O) AN Hp, N f}
(8.1.21)

Z P |:X’T/\HBI/\§ = BIJHBQ <TA HB1 /\§j|

and hence an improvement of the first term on the right hand side of (8.1.19)).
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Completely analogously, we obtain 7500

on the right hand side of (8.1.19).

(190) which improves the second term

Again, using the notation of Lemma we define

1,1,0 .__
B0 .= By,
P = inf fu > 9O s Xy = Bif AZ,

HIL0 — inf {u > %M 2 X o000ty = Bl} AE,

1,10 . . =.
voET 1{H32<H31§T} T= ]l{HBQ<HBIST}C7

1,1,0 . >1,1,0
1% =L (X71,1,0> )

Recalling (8.1.21), Lemma/8.1.2 yields 7110(k1) such that £ (XE{%(KLLO)AE) S

!

Completely analogously (after marking the corresponding definitions as above),

we obtain 7101 (k111 such that £ (X;f;?l(nLlJME) € b,

The embedding property follows similarly as in the proof of Theorem [8.1.1} [

8.1.3 Piecewise Constant Lookback Option

Now we consider the robust pricing problem of a piecewise constant Lookback

option,

sup E [G (M,)] (8.1.22)

TETZ

for piecewise constant, right-continuous, non-decreasing G : [Sp,00) — R with

discontinuities By, ..., By such that Xy =: By < By < -+ < B < o0.

Theorem 8.1.5 (Optimal Embedding for Piecewise Constant Lookback Option).

Let T2 # (0. Then there exist k°, k', ... kK € [0,Z]" such that 7(k) AZ is optimal
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for problem (8.1.22)) where

T(k)=inf{u>0 : X, =K,;, u>rT forsomei=1,....,n}, (8.1.23a)

w, =max{j <k:M,> B;}. (8.1.23b)

Proof. The proof goes along the lines of the proofs of Theorems and (8.1.4],

essentially making repeatedly use of Lemma |8.1.2] [

8.1.4 Different Optimal Embedding for Different Barrier

Options

We now demonstrate that in general the optimal embedding depends on the payoff
function. More precisely, there is no “universally” optimal solution to the robust
pricing problem of Lookback options in the sense that one solution simultaneously
maximizes the price of each simple barrier option. This is different from the case
= = oo where it is known that the Azéma-Yor solution maximizes the law of the
maximum in stochastic order amongst all embeddings. However, the analysis of
Cox and Obléj [22], 28] for double touch/no-touch barrier options also arrived at

different optimal embedding for different barrier options (also in the case = = c0).

We consider the simplest, non-trivial setup, namely the case of just one market-
traded option. Our aim is to show that there exist 0 < = < 0o, a price of the put
option p*(K) and barriers K < B; < Bj such that the optimal solution for the

Bs-barrier option is suboptimal for the B;-barrier option.

Define

P(K) = E [ (K = X, 02) "
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and hence, by construction the stopping time Hp, A = solves the robust pricing

problem for the simple barrier option problem with barrier Bj.

As for the simple barrier option with barrier By we conclude from Theorem [8.1.1]

that the solution is obtained by choosing & < = such that
) = B[ X
Clearly,
P [Mu, az > Bi] > P [My, ne > Bi)

and therefore the optimal embeddings for these two barrier options are different.

8.2 Robust Hedging

Subsequently, we consider payoffs satisfying the following assumption.

Assumption (iv) (Lookback Payoff). The function G : [ Xy, 00) — [0, 00) is right-
continuous, non-decreasing and pricewise constant with discontinuities at By =

So < By <---< By

Following the same arguments as in Section [7.2] define the penalized Lookback
payoff

GMa,m) = G(m) =Y N (K —a)*. (8.2.1)

=1
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Theorem 8.2.1 (Duality). Let G satisfy Assumption|(iv)] Recall the formalism
of Section[6.3. Then,

sup E[G (M;)] = inf sup { [G* (X, M,)] + Z)\Zp } : (8.2.2)

TETZ AER™ reTz

and there is no duality gap, i.e.

A(G(S7); V=, A, P) = sup E [G(M,)] = sup Eps [G(Sr)] (8.2.3)

TETS Ps

where the supremum is over all (Y=, Y, P)-market models (QS,}"S,]FS,IP’S).

The proof of this result will be developed in the next sections.

8.2.1 An Optimal Stopping Problem

Let Assumption hold.

Define the penalized Lookback value function for x < m,

VA(t,z,m) == sup E [G"(XT, M) | X, =2, M, = m]. (8.2.4)

T€T: =
Set VMu,z,m) = VX u,z,m) — Gz, m) and
77 = inf {u >t VMNu, X, M,) = 0} NE. (8.2.5)

The stopping time 7; is optimal for . Further, V* is non-increasing in time

and hence 7/ defines a Root stopping time. It follows from Theorem that
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the continuation region of the optimal stopping problem can be chosen a&ﬂ

DA:{(t,x,m)e[O,E)xR+x[Mo,oo) c oz <m,
(8.2.6)
r# K; or t<mf(m) forallz'zl,...,n},

for some k°, ..., k" and £(m) := max{j < k:m > B;}. Observe further that
(t,z,my) € D> = (t,z,my) ¢ D* whenever m; < meo, (8.2.7)
which is because for every 7 € 7, = we have
G(M,Vmy) —G(my) > G(M, V my) — G(ms)
and hence, since there is “no interaction between x and m”,

0> E [G"(XT, M,) ( X, =z, M, = ml] — M, m)

> E [GA(XT, M) ‘ Xy =x, M, = mQ] — Gz, my).

For simplicity, the following result is stated for G(m) = 1{,>p;. However, it is
clear that it extends to payoffs satisfying Assumption on page . We will

use this observation in the proofs of Proposition [8.2.3| and Theorem [8.2.1]
Lemma 8.2.2 (Properties of V*). Suppose G(m) = Lyy>py for some B > Xj.

Set

A<B = {(t,z,m) € (0,) x Ry x [Xo,B) : 2 < m}, (8.2.8a)

A”B = {(t,z,m) € (0,2) x Ry x [B,00) : z < m}. (8.2.8b)

2A similar remark as in the footnote on page applies.
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Then, firstly, (t,z) — VX t,z,mV z) is continuous on [0,Z — €] x R, for every

e>0 and m > X,.

Secondly, for (t,z,m), (t,z,m) € A<B N D the value function V> satisfies

VAt z,m) = VNt x,m) = f(t,z), (8.2.9a)

ft,x) >0 — zn: N (K — )", (8.2.9b)
i=1

0 1 ,0°

a—{(t, x)+ §x2a—£(t,x) =0, (8.2.9¢)

Thirdly, for (t,x,m), (t,z,m) € A>B N D> the value function VX satisﬁeaﬂ

VMt x,m) = VMt z,m) = f(t,z), (8.2.10a)

flt,z)>1— i N (K —2)', (8.2.10D)
=1

) 1 ,0?

a—f(t, ) + Ean—xJ;(t, r) = 0. (8.2.10c)

Proof. Properties (8.2.9a))—(8.2.9b]) and (8.2.10al)—(8.2.10b]) are clear.

For every e > 0 the function f is continuous on [0,= — €] x R,. This yields in

turn the claim regarding continuity of V.

Now take ¢ > 0 small enough such that (¢, 7,2+ ¢) € A<BPN D> and B(t,r) x
{x + ¢} € A<P N D* C(lassical PDE results, see e.g. Friedman [43, p. 134,

Theorem 2.4], give existence of a smooth solution g to the Dirichlet problem:

Jg

1 2829 .
5 T59 52 =0 InBe(t,2), (8.2.11a)
9\335@@) =/ (8.2.11b)

®In the present case of G(m) = L{,,>p}, since G(m) =1 on A5 the continuation region is
determined solely by \;,7 =1,...,n. Note that \; can have either sign.
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Then by It6’s formula, the optional sampling theorem, (8.2.9a)), the Markov prop-

erty and properties of the Snell envelope V?,

g(t,z) =E VA (TBE(tJ),X

TBe(t,2)’

XoV Xey i) | X = 2]

_E :vx (7pm Xo 3 M) ‘ X, =z, M, = a:]

=E |G (X, ,, M

TD)‘ 9 TD>‘

) ‘ Xy =x, M, :x} =Vt z,z) = f(t,z),

proving that V* is smooth at (¢,z), and then (8.2.9d) follows. Completely analo-

gously, we prove (8.2.10c]). [

8.2.2 Pathwise Superhedging Strategy

In the following, all integrals w.r.t. X or S are understood pathwise.

Proposition 8.2.3 (Pathwise Superhedging Strategy). Let Assumption on

page hold and let X € R™. Recall the definition of V> in (8.2.4).

Then for all § > 0 there exists a progressively measurable ¢ such that for all

t<Z and X € QEBM;
t ~
§ + V0, Xo, M) +/ Gu(X)dX, > VMt Xy, My) > GMN Xy, M) (8.2.12)
0
1s well-defined pathwise. Setting

gbu(S) = Qg(log(S)>U<S) (8.2.13)

yields for all S € P=:

T
5+ V20, Xy, M) +/ $u(S)dS, > G*Sr, M) (8.2.14)
0

and ¢ € ®, defined in (6.3.6)).
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Proof. Take G(m) = Lyn>py for B > My = X;. Let € > 0. Because VX (ZE, -, ) is
not continuous at (B, B) we consider an extended superhedging horizon = + € by

defining

VAt,z,m)= sup E [G}‘(XT,MT) Xy =z, M, = m] : (8.2.15)

T€7—t,5+6

We clearly have

lim V20, Xo, My) = V0, Xo, M),

e—0

VAt z,m) > VMt z,m).

As in (8.2.6) we denote by D> the continuation region of the stopping problem
(8.2.15)) which is characterized by some k€, kb¢. It follows from Lemma m
that as long as the path is in DX N A<B, we obtain a valid pathwise hedge by
delta-hedging with

~ A%

Gu(X) = (6 Xe M) Ve < Tpp AHR AE (8.2.16)
x €

which works pathwise by the Ito-Follmer formula. Furthermore, by (8.2.9¢) and

the continuity assertion of Lemma [8.2.2| we have

TD€>\/\HB/\E _
VA0, Xo, Mp) + / 5u(X)dX,
0

— A =
= V2 (rop A Hp A2, Xy niipns, Moy niipns )
€ €

Hence, when X; = B, t < =, we switch to the strategy

B A

which also works pathwise by the Ito-Follmer formula and (8.2.10a))—(8.2.10c))
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Similar to the construction in the proof of Proposition [7.2.3] we now explain how
to superhedge after the continuation region D} of the stopping problem
is left. Observe that X can hit the points (/{é’e, K;), 1=0,1, i=1,...,n, at most
once because the time variable is strictly increasing. Therefore, given an additional
initial wealth of 9, say, we can upon hitting of any of these points, switch locally
to a simple superhedging strategy, see the argument in the proof of Proposition

7.2.3 If X hits a point (¢, K;), where t > &, “*<" then the value function (here

i

m € {Moy, B} depending on 1y,<py),
z = VMt z,mV ) is linear or not convex at K.
Hence, as in the proof of Proposition we can switch locally to a simple

superhedging strategy.

In summary, we have shown, that for arbitrarily small positive additional wealth,
we can superreplicate the barrier payoff pathwise. If GG satisfies Assumption ,
then by distinguishing between k+1 “regions” one obtains an extension of Lemma
which then allows to put together the pathwise superhedging strategies for

each separate region. The same time-changing arguments as in the proof of Propo-

sition yield (8.2.14]). Finally, ¢ € ® can be deduced by using that G is

non-decreasing. O]

8.2.3 Proof of Theorem [8.2.1]

We require one last regularity result in order to prove Theorem [8.2.1}]
Lemma 8.2.4 (Smoothness in k). Let G satisfy Assumption on page .

Then for every € > 0 the mapping

0,Z]"F) S R, k= E [GMXrwyrEras MrtonEro)] (8.2.18)
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is continuous and is further differentiable at any point K in the interior of [0, Z]™++1),
Proof. Tt is enough to consider G(m) = Lim>py for some B > X, because G
satisfying Assumption is just a sum of these indicators. Further, in view of
Lemma it remains to prove that /{g — P [MT(R) ANE+e) = B] is continuously
differentiable. It is clear that t — P[M\g, > B] is continuously differentiable
and hence by writing out P [MT(K) ANEte) = B} as in the proof of Lemma the

claim follows. O

Proof of Theorem[8.2.1. Let us prove equation (8.2.2)). Suppose G satisfies As-
sumption [(iv)] Then by Theorem it is enough to consider only 7 = 7(k) A Z
in the optimal stopping problem on the r.h.s. of (8.2.2)). This allows us to apply

Theorem [B.1.2] Indeed, making the identification

X =[0,Zv*+D g = R",

F(8,A) = B [GM (Xr(opnz, Merynz)] + > Aip* (K)),
=1

we verify the Theorem’s assumptions. Clearly, 2" is compact and f(-, A) is con-
tinuous on 2 for each A € #. Now we verify that f is concave-convex-like in
the sense of Definition m Property (i) holds essentially by Theorem : Let
r1 = k', 79 = k? and let o be an independent Bernoulli random variable with

parameter a. The stopping time
7= (7(k") ANE) Ljgeoy + (T(K*) AZ) Lgoqy < E
embeds the put prices

alk |:(Kz - XT(Rl)AE)+] +(1—a)E |:(Kz - XT(I{2)/\E)+i| :
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Consequently, by Theorem there exists a x3 = k® € 2 such that 7(k*) A2

embeds these puts and
E [G (M;)rz)] = E[G(M:)] = aE [G (M, (uynz)] + (1 — @)E [G (Xr(e2)nz)]

which implies property (i). Property (ii) holds by the linearity of f(k,-). This

establishes (8.2.2)).

Take G(m) = Ly>py. Let € > 0 and recall V* from (8.2.15) which clearly

satisfies

VAt Xy, My) > G Xy, M) Vt<Z, (8.2.19a)

0 < V20, Xo, My) — VX0, Xo, My) < §(¢) —> 0 as € — 0. (8.2.19b)

Recalling (8.2.6)), let k% k' € [0,Z]" be some optimal constants for V* from
(8:2.4). Next we want to differentiate w.r.t. !, see Lemma 8.2.4] Since we are

7
considering an extended superhedging horizon of = + ¢ > = the case mé- = Z is
not causing problems, and the case /ﬁé- = 0 can be naturally excluded, see Remark

[7.1.5] Then, as in the proof of Theorem it is clear that the linear system

+
Kj = Xo(e)n(z+0) }
Okl

(8.2.20)

OF [G (Mr(mnzto)] _ i i smE [

I
Ok

j=1 m=0

fori=1,...,nand [ = 0,1, is of triangular formﬁ and hence has a unique solution
X e R¥. Set A= A4 A for i = 1,...,n. It further follows analogously as in

the proof of Theorem that 7(k) A (2 + €) is optimal for VA"

The final step is to argue that the (cheapest) superhedging cost for payoff G is

V20, Xo, My). We will achieve this by fixing the market model characterized by

“In fact, in the present case of G(m) = 1{,,>py the partial derivatives w.r.t. ki, i=1,...,n,
and Ii? where K; > B of the left-hand expression of (8.2.20) are zero. We are not simplifying
this expression to demonstrate that analogous arguments hold for G satisfying Assumption
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7(k) A Z and identifying two payoffs G~ and G whose superhedging cost can be

made arbitrarily close to V*(0, Xo, M) and which satisfy G- < G < G7.

From Proposition we know that we can “superreplicate” VA" pathwise
with initial cost V2" (0, Xo, Xo) 4 6 (e) for arbitrariliy small 6(e) > 0. By (8.2.194)-
(8.2.19b)) we obtain that the strategy V" is dominating G*" (X;) for every t < =
and its initial cost converges to V*(0, Xy, My). It follows by choice of A° and the

definition of the trading strategy 956 from Proposition that

T(R)AE
VA (T(F‘.’) A E? XT(K,)/\E7 MT(K,)/\E) = ‘/GA (07 X07 MO) + / ¢§(X)dXt
0

It follows again by choice of A° and the definition of ¢¢ that on {r(k) NE =
T(K) N (E+ e)},
v (T(K) ANE, Xroynz, Mreynz) = G (Xr(eyrz, Mrmyaz) -

€

On {7(k) ANE < 7(k) A (E+€)} we have 7(k) > Z. Denote K := maxg,<p K;. If

further Xz ¢ (K, B) or M=z > B then by k°, k' € [0, Z]" we must have
VX (2, Xz, Mz) = GN (X2, Mz).
In the other case, z = Xz € (K, B) and m = M= < B. We compute

VN (E,z,m) — G (z,m) =P [Mzy. > B | Xz =2, Mz = m]

€

= Gt (z,m) < 1.

Construction of G Set

G*(x,m) == G(m) + G (2,m) 1 e B), 2<meny > G(m).
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The preceding arguments show

A (G+(5Ta Sr);P=, A, P) =E [G(MT(R)/\(E%))} = sup E[G(M;)]. (8.2.21)

T€7-5*+6

Construction of G= Let &' > 0 and take B := B+4§’. Repeating the arguments
for the barrier level B yields the function G* from above with B replaced by B.
We denote it by G~ (z,m). We have 0 < G~ (z,m) < G(m) for all z,m ¢ [K, B)
but G~ (z,m) > G(m) for z,m € [K,B). Note however that by choosing € > 0
small enough we can achieve

0< sup G (z,m) <.
z,mée[K,B)

This gives rise to the definition

G_(ZL', m) = G_<x7m):ﬂ-{x,m€[ﬁ,B)} < G(m)
It follows that for all € > 0 small enough,

sup E [E{Mfzé}} -0 <A (G_(ST,ST);%E,A, 77) < sup E [H{MTEB}} )

T€7-E*+e T€7~E*+€

The proof of (8.2.3)) in the case G(m) = L{n>p) is complete by noting that

sup E [H{MTEB}} — sup E [H{MTEB}} as € | 0,

T€TZ, . TETS
sup E [E{Mgé}} —  sup E [Iqa, 5] as 0’ 10, i.e. B B.

TETZ TETZ

The argument for payoffs satisfying Assumption is analogous, but notation-

ally more involved. O]
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8.2.4 Structure in Optimal Embedding

We conclude this section with a “monotonicity result” regarding the optimal

k%, k', ..., k" from Theorem m

Proposition 8.2.5 (Structure in Optimal Embedding). In the setting of Theorem

k= (K% kY, ... k") can be chosen such that

K < w7 (8.2.22)

forallt=1,.... nand j=1,... k.

Proof. Under our assumptions, we have argued in the proof of Theorem that
it is enough to consider stopping times 7 = 7(k) A Z for some & € [0, Z]***V in
both stopping problems in . We also proved in Theorem that 7(k) A2
is optimal for the l.h.s. of and we proved in the proof of Theorem m
existence of A € R™ such that 7(k) A (Z + €) is optimal for V.* defined in (8.2.15),

see (18.2.20)).
Noting that some #!’s are ambiguous, we set &} := 0 for i such that K; >
Bjy1, j=1,...,k—1, i=1,...,n. In addition we take “regular barriers” ’ in

the sense that #] = 0 implies #] = 0 for [ > 7 if K; > B and ] = 0 implies x] = 0

for [ < i if K; < B. Then the claim follows from (8.2.7)) applied for V2. H

8.3 Lookback Options Revisited

Until now we have considered Lookback payoffs satisfying Assumption on page
and obtained robust pricing and hedging results. A natural extension is to
consider general right-continuous, non-decreasing payoff functions G. We did not

pursue this question until now because we would like to point out a formal link



Chapter Igl Lookback Options with Beliefs about Realized Variance 191

to an alternative approach based on a recent paper by Beiglbock and Huesmann
[7]. The intuition we obtain by formally applying their results gives another ex-
planation for optimality of certain embeddings. However, as will become clear,
the arguments in this section are not yet powerful enough to prove e.g. the results

of Section B.1]
8.3.1 Link to the Beiglb6ck and Huesmann [7] Variational
Principle

Based on an idea of Hobson [52, Figure 15], formalized by Beiglbock and Huesmann

[7], we recall the notion of bad-pairs.

Bad-Pairs Consider the sample space
{(f, s) : >0, f:]0,s] = R, is continuous, f(0) = SO}

and a payoff function v : S — R. The following notion is based on Beiglbock and
Huesmann [7, Section 1.3]. Suppose that 7 stops a path once it reaches (g,t) and

some other path is still living in (f,s). Assume also that

“stop in (f,s), do not stop in (g,t)” leads to a better payoft.

Then we will say that ((f, s), (g, t)) is a bad pair relative to .

Formal Application of the Variational Principle The Variational Principle
of Beiglbock and Huesmann |7, Theorem 1.3] shows that a necessary feature of an

optimal embedding is that locally at level X = K; there are no bad pairs.
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Consider the payoff function v(f,s) = G (maxo<u<spz f(u)) where G > 0 is

right-continuous and non-decreasing, and note

sup |6 (max X, )| < sup B (e X, )] = swp BLOG1]L (83

TETZ us TETE uSTAZ TETE

Now, applying the variational principle of Beiglbock and Huesmann [7, Theorem
1.3] formally for X being a Geometric Brownian motion and pu = pj yields the

following heuristics.

From the no bad-pair assertion and the atomic nature of the target measure u},
we deduce that it is not optimal (or does not make a difference) to stop paths at
x # K;. Therefore, it remains to look at the stopping rule at K;. The following

properties appear natural:

(a) at each K there is a non-increasing stopping boundary d;. We illustrate this

intuition in Figure |8.3.1

(b) there is no benefit in continuing after =.

Hence, if there exists an embedding 7 < =, i.e. T2 # (), then for the optimal
stopping time 7* there will be no crossing of K; after = —ie. 7" AZ € T2. In
other words, if 72 # (), then a solution to sup, s E[y(X,,7)] is also a solution
to sup,ez: E [G(X,)], i.e. there is equality in (8.3.1)).

Remark 8.3.1 (Convex Vanilla Option). There is an analogous argument for the

convex Vanilla option case, encoded by the choice v(f,s) = G (f(s A Z)) which

boils down to the bad-pair argument given by Hobson [52] Figure 15].

8.3.2 Robust Pricing and Hedging of Lookback Options

The heuristics in the previous section motivate the following class of stopping

times.
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t £ t,

FIGURE 8.3.1: WLOG a path is only stopped at X = K;. The above picture
illustrates the optimal stopping rule in that case. Firstly, consider the two grey
points p; = (t,m1),p2 = (t,ms). Let us assume that a path continues from p,
but stops at p; (as indicated in the picture above). Then we can just “swap
these paths”, i.e. let the process continue from p; but stop it at ps. The result
of this is that regardless what the path does, we achieve at least the same payoff
as before. Secondly, consider the two green points ¢; = (¢1,m), g2 = (t2,m) and
assume that a path continues from ¢, but stops at ¢; (as indicated in the picture
above). Then we can “swap the paths at ¢; and g2” as before without affecting
the payoff. These arguments suggest that an optimal embedding is determined
by a non-decreasing boundary d.

Definition 8.3.2 (Optimal Stopping Boundaries). Define

2 = {d:(dl,...,dn) +d; + [0,00] = [0, 00,

(8.3.2)
d; non-increasing and right—contz’nuous}.
For d € 9 we define the stopping time
7(d) :=inf{u>0 : X, =K;, u>di(M,) forsomei=1,....n} (8.3.3)
and denote
2(2):={r(d)\NE : d€ D} NTZ (8.3.4)
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We obtain the following result for Lookback options.
Theorem 8.3.3 (Robust Pricing and Hedging of Lookback Options). Let G > 0

be non-decreasing and right-continuous and B [G(Mz)] < co. Then,

sup E[G(M,)] = sup E[G(M,)] =E [G (Myaz)] (8.3.5)
TETZ T€ETZ(2)

for some d* € 9 and there is no duality gap, i.e.

A(G(S7); V=, A, P) = sup E [G(M,)] = sup Eps [G(Sr)] (8.3.6)

T€TZ Ps

where the last supremum is over all (Y=, Y, P)-market models (QS,}"S,]FS,]P’S).

The proof of Theorem [8.3.3| will be developed in the next sections.

If = = oo, our class of embeddings contains both the Root and the Azéma-Yor

embeddings.

Example 8.3.4 (Root Embedding). If we let

di(m) = d¥(m) = b; (8.3.7)

then we recover the classical Root embedding Tg. This, in fact, shows

T2(2)=0 <<= 7T2=0. (8.3.8)
Example 8.3.5 (Azéma-Yor Embedding). If we let
di = df‘Y(m) = 00 - :H‘{m<bu(Ki)} (839)

then we recover the Azéma-Yor embedding Tay where b, denotes the barycenter

function of .
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8.3.3 A Class of Root Barriers

We extend the notion of Root barrier from Root [85, Definition 2.3].

Definition 8.3.6 (Root Barrier). A subset B C [0, 00] x [0, 00] X [My, <] is called

barrier for the Markov process (t, Xy, My)o<i<z if

(a) B is closed,

(b) if (t,z,m) € B then (s,x,m) € B whenever s > t,

(¢) oo x [0,00] x [Mo, 0] € B,

(d) [0,00] x 0 x [My,00] € B, [0,00] X 00 x [Mp, 0] C B,

(e) [0,00] x [0,00] x My C B, [0, 00] x [0, 00] x 00 C B.

We denote the set of barriers by % := {B is a barrier}. For convenience set

By:= o0 x[0,00] x [My,o00]U[0,00] x 0 x [My,o0]UI0,00] x 0o x [My,o0] U

[0,00] x [0,00] x My U[0,00] x [0,00] X o0.

To each d € 2 we can uniquely associate a barrier B(d) € £ in the following
way,
Bi(d;) == {(t,z,m) € [0,00] x [0, 00] x [My,00] : z=K;, t>di(m) },
B(d) := (U B,-(di)> U Bo. (8.3.10)
i=1
Inspired by Root [85] we define the following metric which will make the set of

barriers compact. We map H := [0, co] X [0, 00] x [M), oo] homeomorphically to a

bounded cuboid F' by

(t,x,m)r—>( CENE ) (8.3.11)

1+t 1+2"14+m
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Let F' be endowed with the standard Euclidean metric | - | and H the induced

metric 74, On the space of closed subsets of H, denoted by %, define a metric by

r(C, D) := max (sup r(z, D), supr™(z, C’)) (8.3.12)

yel zeD

As in Root [85] we obtain: “under r, € is a separable metric space and 4, the

space of all barriers is closed in 4 and hence compact”.

Lemma 8.3.7. For any € > 0 there exists 6 > 0 such that if d*,d> € 2 satisfy
d(B(d"), B(d*)) < & then

P HT(dl) ANE —1(d*) A Zl>€l <e (8.3.13)

Proof. By definition, both 7(d"') and 7(d?) only stop at X = K; for some i =
1,...,n. For any € > 0, by choosing § > 0 small enough and m > M, sufficiently

large, we can achieve

From this it follows that (8.3.13]) holds. O]

8.3.4 Proof of Theorem [8.3.3

Proof of Theorem|[8.3.5. For every e > 0 we can approximate GG by a non-decreasing,
right-continuous, pricewise-constant function G¢ such that 0 < G° — G < e. From
Proposition we infer that the optimal k¢ for the robust pricing problem with
payoff G¢ gives rise to an element d° € 2, i.e. 7(k°) AZE = 7(d°) A Z. In Section
we obtained that the space of all barriers is compact. Therefore, the limit

of (d) exists along some subsequence and we denote it by d*. It is clear that
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d* € 9. Consequently, by dominated convergence,

sup E [G(M,)] = lim sup E[G°(M,)] =limE [Ge (MT(RG)AE)] =K [G (M‘r(d*)/\E)}

TETZ €l0 TETZ €lo

where the last equality sign holds by Lemma and our assumption that
E [G(Mz)] < oo. This proves (8.3.5).

As for (8.3.6) we note by Theorem that

sup E [G<MT)] S A(G(gT)a QDEa Av P) S A<G€(ST)7 QDEv A> 7))

TETZ
= sup E[G(M,)] — sup E|[G(M,)]

TETZ TETZ

as € — 0. L]

8.4 Forms of Arbitrage

Theorem 8.4.1 (Arbitrage Relative to (P=,.4,P)). In the setting of Theorem

assume T= # 0. Suppose G is as in Theorem . We add the option
G(Mr) to A and extend P [G(Mr)] := pe.

Then, there is arbitrage relative to (¥, A, P) if pa > sup,c= E [G(M,)].

Proof. This can be argued as in the proof of Theorem by using the results
of Section B2 n

8.5 Numerical Methods

In this section we explain which numerical methods could be applied to com-

pute the optimal embeddings and static positions, both in the convex Vanilla and



Chapter Igl Lookback Options with Beliefs about Realized Variance 198

Lookback case. We omit here a rigorous and more complete treatment of im-
portant questions regarding well-posedness, existence, uniqueness and numerical

implementation as this is not the scope of this thesis.

For a some numerical examples for the convex Vanilla option we refer to Mykland

[70, pp. 424-425).

8.5.1 Computation of the Optimal Embedding
8.5.1.1 Convex Vanilla Options

Choose M sufficiently large. In Section we have shown that the robust pricing
problem for a convex Vanilla option is solved by g (1%,) AZ = 7(b™) AZ. We can
directly compute u},. Then, following Cox and Wang [24] or Oberhauser and dos
Reis [72] we first find v such that

v 22O
min {v — U, 8—2 - %a_;;} =0, on [0,5] xR, (8.5.1)

and then b is given by

1]

bi=inf {t <E : Uy (K;) =v(t, K;)} AE. (8.5.2)

8.5.1.2 Simple Barrier Option

Recalling the setting and statement of Theorem [8.1.1] we have

sup E [Lia, >py] = sup E [H{MT(K)AEZB}] (8.5.3)

TETZ K€E[0,E]?" : T(K)AEETS

= lim  sup {IP [Mruz 2 B] = N - (E | (Xeon
=1

N=00 efo,z)2n

(11
|
=
N~—
+
| S
|
9}
*
—
=
N—
~—
N
——
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by the standard “penalization argument”. Hence, in principle we can use (8.5.3)

to compute an optimal k = (k°, k') using any optimization method.
In order to compute P [Mr(n)/\a > B} and E [(Xr(n)/\a — Ki)ﬂ in (8.5.3) one
could first compute
cf(x) =E [(XT(K'O)/\HB/\g — 1) q (8.5.4)
by PDE methods along the lines of Cox and Wang [24] and Oberhauser and dos
Reis [72] for 0 < ¢ < E and = > 0. Then this yields

dcf
P [MT(“)A'E 2 B] =P [XT(RO)/\HB/\f = B} = _a_$<B_)

—(B— K)*P[r(k) AE = Hp). (8.5.5)

The point about (8.5.5) is that all terms can be computed by PDE methods as

outlined above.

8.5.2 Computation of the Static Position

By means of dynamic programming and the well-known link between optimal

stopping problems and variational inequalities, see Bensoussan and Lions [11], V*
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from - and - is expected to solwﬂ

ovr 1 ,0°vA
: A4\ A 19 _
mm{V (t, ) — G, ( gy + 57 57 >} 0, (8.5.6a)
A
—88‘; (t,m,m) =0, (8.5.6b)
on
A= {(t,z,m) € (0,E) xR% : z <m}. (8.5.7)

In the Vanilla case V*(t,z,m) = V*(¢,z) and hence (8.5.6a)—(8.5.6D]) simplify.

Recall (7.2.2)), (8.2.2) and observe that

A VN0, Xo, Mo) + > Aip*(K)) (8.5.8)

i=1

:fggE XT,M Z)\ K X +Z/\zp

is convex. This suggests that any optimization algorithm can be applied to solve

the problem. More precisely, in each iteration we would need to compute V* by

solving the free-boundary problem of the form (8.5.6al)—(8.5.6b]).

In this context we refer to the related work of Tan and Touzi [93) Sec. 5].

®We omit a rigorous treatment of existence and uniqueness of solutions to (8.5.6a])—(8.5.6D)
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Appendix: Part

A.1 Appendix: Proof of Lemma 2.1.14

In order to prove Lemma [2.1.14] we require to prove, inductively, several auxiliary
results along the way. We now state and prove a Lemma which contains the

statement of Lemma 2. T.74l
Lemma A.1.1. Let n € N and let Assumption [®] hold.

Then

y— K,(y) is absolutely continuous and non-increasing. (A.1.1)

If we assume in addition that the embedding property of Theorem |2.1.5 is valid

for the first n — 1 marginals then for almost all y > 0 we have:

If &a(y) <y then

Kuly) _ Konw W) (A12)

B+ ey = KW+ 2 )

201
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where K denotes the derivative of K; which ezists for almost all y > 0 and

Ka(y+) = K00 (y+)- (A.1.3)

For x € R the mapping
(x,-) :[0,00) > R, y— "(z,y) (A.14)

1s locally Lipschitz continuous, non-decreasing and for almost all y > 0

a n
S(a.y) = K, () + (9 — Ealw) K ) (): (A.15)
y x:{n(y)

The mapping c"(+,y) is locally Lipschitz continuous and if it is differentiable at

&a(y) and & (y) > 0 then for almost all y > 0

Ko(y) + ¢, (€n(y)) — ¢(&nly)) — K;(y) =0 (A.1.6)

for j = 9,(y) and j such that n > j > 3,(y) and &,(y) = &(y).

In the case of non-smoothness of " (-,y) at &,(y) we have either

&ly) =0 (A.L.7)

Ka(y) + &, (6n(y)+) — ¢i(&n(y)+) — Kj(y) = 0 (A.1.8)

for j = gu(y) and j such that n > j > 3,(y) and &,(y) = &;(y).
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Proof. We prove the claim by induction over n. The induction basis n = 1 holds

by definition and Lemma 2.6 of Brown et al. [1§].
Now assume that the claim holds for all ¢ =1,...,n — 1.

Induction step for ¢". We have

cn(x,y—i—(;)—cn(x,y):— Cop (z; 5(55)_(3/_"6_37)](%:6; 5(y—|—(5)
[ (z3y+9) (z3y+9) } (A.1.9)

+ o) (@) = (= 2) Ko (2 ()] -

Firstly, consider the case when there exists a ¢’ > 0 such that for all |§| < 6" we

have v, (z;y) = 1,(z;y + 0). Equation (A.1.9)) simplifies and we have

Cn(xa Y+ 5) - Cn(xa y) = (y +0 — x)Kzn(x;y)(y + 5) - (y - x)KZn(x;y)(y)
= (y +0— fzn(z;y)(y))Kzn(x;y) (?/ + 5) - (y - fzn(m;y)(y))Kzn(x;y) (y)

(@ = & o) (W) Ko@) (¥) = Ko (a) (Y + 0)]

@1.19) . (2
< () (1), 5+ 8) = IV, 0y (9), )

(Y = Conan) V) [Kon(an) (W) = Kop(am) (y + )]
< max {ci(fi(y)> y+06)— (&), y) + (v — &) [Ki(y) — Ki(y + 0)] }

< const(y) - |9 (A.1.10)
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by induction hypothesis and where const(y) denotes a constant depending on .

A similar computation shows for |4| small enough

Cn<x7y) - Cn(x7y + 6)

E112) _ :
< I (U A+ 0), ) — I (E iy (U + 6),y + 6)

+($ - fw(%y)(y + 5)) [Kzn(w;y) (y + 5) - KZn(iE;y) (y)}
= (y— Eun(asy) (y+49)) [Kzzn@;y)(ﬂf;y) (y) — Kzln(w;y)(imy) (y+ 5)] - 5Khn(w;y)(w§y) (y +9)
+( = &) (¥ +9)) [Kln(w;y) (Y +0) — K, (am) (y)}

const(y) - [6] if 6 <0,
< (A.1.11)

0 it 6 > 0,

again by induction hypothesis and continuity of & which indeed allows the con-

stant to be chosen independently of 6. Monotonicity of ¢"(z, -) follows. Equation

(A.1.11) together with (A.1.10) imply the local Lipschitz continuity. Plugging
x = &,(y) into (A.1.9)), direct computation shows that (A.1.5)) holds.

Secondly, consider the case when 2, (z;-) jumps at y. Recall (2.1.46). Note that

this is only possible when x satisfies

T =&, (zy-0)(Y) for § > 0 small enough, (A.1.12)

i.e. when x = & (y) for the index k = 1, (z;y — ) > 7,(y). By (2.1.46)) there exists
a 0’ > 0 such that v,(x;y +0) = 1,(x;y) for all 0 < § < §'. Hence, for § > 0 small

enough, |c"(z,y + 0) — ¢"(z,y)| has the same upper bound as in the first case.

Monotonicity of ¢"(z, ) follows.
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Furthermore, for § > 0 we have for the = from (A.1.12)) that v, (z; y—0) > 1,(z;y)

holds. For notational simplicity we only consider the case

Zzn(ac;y—é) (Ia Yy — 5) = Zn(xv y)

The general case follows by the same arguments. Observing

‘m‘

} "z,y) = "(z,y — 0 (y—0—2)K wn (T3 — 5)(y §) + (v _x)Kzn(m;y—é)(y)}

and using the induction hypothesis establishes the claim regarding monotonicity

of ¢"(z,-) and local Lipschitz continuity.

We prove (A.1.5) by computing the required right- and left-derivative of ¢"(x, )
at x = &,(y). The right-derivative is simply, using (2.1.46)) and (A.1.9),

Ky i) + (¥ = &) K, () () (A.1.13)

and the left-derivative is, writing k = 2,(£.(y); y—) > (& (¥);y) = In(y),

tim 5 (= &alu)) + (55— a0 Kty + 5)

510
+ G () — (0 = &) K (v))

tim 5 (046 = ) Kuly +8) = (0~ 60D )

510

= Ky)+ - &KL BV K, 0) + (0 - W) KL ) () (A1)

£n(y);€k (v)

by induction hypothesis. So the two coincide for almost all y > 0.

Induction step for K,. A straightforward computation shows that the mapping

= ( y) is non-increasing and hence for § > 0

Ko(y+0) = inf &Y g @CGyH+I) -y (GY)

_\»J 7 =K,
Sytd y+0—C¢ i<y y+0—(¢ T i<y y—C ()
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proving that K, is non-increasing.

Using again that ¢"(z,-) is non-decreasing and that &, is continuous, local Lip-

schitz continuity of K, now follows from

&y +0),y)
y— fn(y + 5)

K, (y) < < "y +0),y+90) _ K, (y+0) (1+ ;)

if £,(y) <y and if &,(y) = vy, recalling (2.1.13)), we have

- (€)= Gy (©) }
Kn +) = inf na —+ Kln .
(y ) < (y+) { (y+) _C (Gy+) (y>
Lemma 2112 . Cn(C) - Czn(C'y—i-)(C) }
= inf : + K, (¢ +)p =K, +
y<C<(y+) { (y+) — ¢ (Cy+) (y+) (y,y)<y )
- an(y) <y+)7

and local Lipschitz continuity of K, follows by induction hypothesis. Equation
(A.1.3) is also proven.

Local Lipschitz continuity of ¢”(+, y) follows from the properties of 4, cf. (2.1.45)),
the fact that the functions ¢;,7 = 1,...,n, are locally Lipschitz and a similar ex-

pansion of terms in the case when &,(y) = &(y) for some i < n.

In order to prove (|A.1.6)) we first exclude all y > 0 such that &,(y) is an atom of
any ci,...,c,. Amongst all y € {¢/ > 0} this is a null-set. By assumption ¢"(-, y)
is differentiable at &,(y). Using the optimality of &,, direct computation of the
left- and right-derivatives proves for j = y,(y) and k = 1,,(&,(y)+;y). Now
we want to apply the induction hypothesis to ¢*. By choice of y we have that ¢, is
differentiable at &,(y) = & (y), i.e. p does not have an atom at &,(y). Hence, by
the assumption that the embedding for the first n — 1 marginals is valid we cannot
have & (y) = 0 (except on a null-set because otherwise the embedding would fail).
By and choice of y, (-, y) therefore has to be differentiable at &, (y). This
shows that we can indeed apply to deduce for 7 = 7,(y) = x(y) and j such
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that n >k > j > 7,(y) and &,(y) = & (y) = &,(y) the following equation,

0= Kn(y) + &, (6a(v)) — (&) — Ki(y)
= K, (y) + (6 (v)) — i (&nly) + 1 (6n(y)) — ¢(6nly)) — K;(y)
= Kn(y) + (6 () — ¢ (&nly)) — K;(y).

Equation (A.1.6) is proven.

For later use we note the equation

cn(6n(y)) = ) (€n(Y))
Yy — gn(y)

cn(€n(y)) — cr(&n(y))
Y —&n(y)

+ K, (y) = Kuly) = + Ki(y)

(A.1.15)

for k such that n > k > 7,(y) and &,(y) = & (v).

Finally, we prove the claimed ODE for K, in the case £,(y) < y. For almost all

y > 0 we have

K' (y) = lim & { "(En(y +9),y +9) C”( (),y)l

6200 | y+0 =&y +9) (y)
o1 1 1
:?33)5{(%6 G0 -ty Oy
&y +0),y+6) — (&nly), v) }
y— gn(y)
&y —1 1 o Sy +0),y +0) — " (Ealy),y)
B Yy — gn(y)Kn(?ﬁ * Yy — fn(y) (‘15_>0 0 ) .

The main technical difficulty comes from the possibility that &,(y) = & (y) for
some k < n. We present the arguments for this case and leave the other (much

easier) case, to the reader.

By assumption the last limit exists and hence we can compute it using some
“convenient” sequence d,, | 0 where d,, is such that 7,(y + 9,,) = [ for all m € N.

Note that by continuity of &, ..., &, at y we have that either [ = 7, (y) or [ is such
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that &(y) = &,.(y). This will enable us to apply (A.1.15). Recall (2.1.46). For 6,,
small enough such that ,(&.(y); y + 6m) = n(y) we obtain

" (En(y +0m), ¥ +0m) — " (En(y), ¥ + 0m)
= &y +0m)) — &y + 0m)) + (¥ + om — &y + 0m)) Ki(y + Om)
=& (¥)) + () (&) = (U + Om — &a(Y)) ) (Y + )
B (€0 + ) — 6y + ) + (5 + 60 — Ealy + 0 Killy + 61)
—cn(&n(y)) + alén(y) — (v — &) (Kily) — K, ()

— (Y + 0m = &a(Y)) K, () (Y + Om).-

From this we obtain for almost all y > 0 by using the induction hypothesis

i CEn(y £ 0m)y + 0m) = " (&a(y),y + m)

m—0o0 5m
= &) |G — A&+ - Ki)]
+EKi(y) + (v — &) K((y) — Kpw)(y) — (v = &) K, ) (y)

(A.1.6) ,

in the case when ¢" (-, y) is differentiable at &,(y). Together with (A.1.5)) this yields

) = UK + s (060 + G 60
Kn(y) 1 ,
STy —aw Ty =aw (Kan@)(y) +(y - Sn(y))KJn(y)(y)). (A.1.17)

In order to finish the proof we just have to establish that (A.1.17)) also holds in

the case when ¢"(-,y) is not differentiable at &, (y).

To this end, we first argue that (A.1.16)), and hence (A.1.17)), remains true in

the case when ¢"(-,y) is not differentiable at &,(y), but when the slope of the

supporting tangent to ¢"(-,y) at &,(y) which passes the z-axis at y equals the
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right-derivative of ¢"(-,y) at &,(y). In that case, denoting k = 2,(&,(y)+;y),

() +) — i (&a(y)+) — Ki(y) = —Ka(y), (A.1.18)

holds by optimality of &, (y). Recall the sequence (9,,). We do not necessarily have

k = jo(y + 0,n) = I. Nevertheless, we argue that

(En(y)+) — c(6n(y)+) — Kily) = —Ka(y) (A.1.19)

holds. We can safely assume that &, (y+) > 0 (in the other case the conclusion of
remains true). Also it is enough to consider the case when k > 3, (y + §)
for all 6 > 0 sufficiently small (otherwise we may consider an alternative sequence
(0,) where k = 3,(y + 0,) for all m, ie. [ = k and would coincide

with (A.1.18). Consequently, & (y+) > &, (y+) > 0. Then, since by induction
hypothesis (A.1.6]) or (A.1.8) holds true for k, we must have, for almost all y that

ck(En(y)+) — & (&nly)+) — Ki(y) = —Ki(y) (A.1.20)

for j = jx(y) = n(y) and j such that n > k > j > 5,,(y) and &,(y) = & (y) = & (y)-
Then, combining these results we conclude by (A.1.18]) and (A.1.20]) that indeed
(A.1.19)) holds.

Now we consider the case of non-smoothness of ¢"(-,y) at &,(y) and where y is
such that the slope of the supporting tangent to ¢ (-, y) at &,(y) which crosses the
x-axis at y does not equal the right-derivative of ¢"(-,y) at &,(y). We show that

in this case we have for sufficiently small § > 0,

§n(y) = &y +96) and hence & (y+) =0, (A.1.21)

which implies that (A.1.17) holds as well.
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To achieve this we place a suitable tangent to ¢"(-,y) at &,(y). Since, by as-
sumption, ¢"(-,y) has a kink at &,(y) we have some flexibility to do that. Recalling
the tangent interpretation of we know by choice of &,(y) that we can place
a supporting tangent to ¢ (-, y) at &,(y) which passes through the z-axis at y. Al-
ternatively, by choice of y, we can place a tangent to ¢ (-, y) at &,(y) which crosses

the z-axis at some y + 0 > y. This implies that

. (Cy)
arg min —————

smin T = 6 (y). (A.1.22)

Assume first that &,(y) < y. Denote k = 1,(£,(y)+;y). For simplicity of the

argument let us also assume that &,(y) = &(y) # &(y) for all @ # k,n. Also

denote j = 7,(y) = 1 (& (y); v)-

Now we will use (A.1.22)) to deduce (A.1.21]). By continuity and monotonicity
of &, we have for 6 > 0 small enough that &,(y) < &(y +9) < &(y) +€ < y

for some ¢ = €(§) > 0. By taking § small enough we can also assume that

k = maxc<e,(y)+e tn(C;y +9). Then we have

in (& (C7y+5) Z . f (g y) + mf (& (C)y+5) —C (va)
c<yts y+0—C " enly ) <C<En(y)he YF0—C  tnly)<C<bnly)te y+0—¢
(A.1.23)

As for the first infimum in (A.1.23) we know from ({A.1.22)) that it is attained at
¢ =& (y). Now we will show that the second infimum in (A.1.23)) is also attained

at ¢ = &,(y). To this end consider the following estimate for ¢ € (&,(y), &n(y) +€),

Cn(C? Y+ 5) - cn(c’ y)

= Cln(C;y+5)<C) + Czn(c;y)(o (y — K, (¢ y)( )+ (y+6—- 0K, (¢ y+5)(y + )

2.1.12
— (=K, W) (Y +0 =Ky cyrs)(y +90)

— (= QOK;y) + (y+0—QOK;(y +96) = 1(C, y; 9). (A.1.24)
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Since [(-,y; 0) is non-decreasing and non-negative, we deduce that

1(C,y;0)

argmin  ———=—— =¢,(y).
Enl)<C<enly) e Y T = C

Finally, because at ( = &,(y) there is equality in (A.1.24) we can conclude

. (¢ y+0)
arg min ——————=

Cyrs Y i _C = gn(?/)

as required.

In the case when &,(y) = y we obtain by ([2.1.46) for 6 > 0 sufficiently small

that ,(y; y + 0) = 2,(y; y) and hence, using c,(y) = ¢, ) (),

"y +9) . cn(C) — Czn(C'y—HS)(C)
arg min ————~> = argmin ’ + Ko, (¢cy+o) (Y + )
<yrs Y+o—¢ y<C<y+d | y+0—¢ Nl yt,) -
gro zK'Ln(y;y+5)(y+5)
@113)
The proof is complete. O

A.2 When Does Assumption [®|(ii) Fail?

Although Assumption [®](ii) was convenient in the construction and proof of our

main result, it has the disadvantage that it is not very explicit.

Let (X3, X3) be a martingale with marginals v, and 5. Hobson and Klimmek
[53] consider optimal lower bounds on E [|X; — X5|] of the form [ gdvy + [ hdus.
For their construction they require some condition on the difference of the distri-
bution functions of v; and v5. In our construction we have the additional state

variable of the continuously sampled maximum and our construction depends on
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this variable. Hence, the fact that Assumption [®[ii) features quantities which

relate to this variable should not surprise.

The following result sheds more light on the question when Assumption [®](ii)

fails and can be seen as an extension of Brown et al. [I8, Section 3.5].

Proposition A.2.1 (Sufficient Condition). Let Assumption [®|(i) holds and as-

sume that ¢y, ..., c, are twice continuously differentiable.

Set p1p = 0 and recall the definition of 1, and r,, in (2.1.8). Suppose that for
allneNand alla = (o < ¢ < -+ < (¢, = B, where either o > 1, or B <1,

the measures

n—1

AL = Uy (o] and Ag 1= Z“i

=0

o] (A.2.1)

do not have the same mass or mean or are not in convex order.

Then pua, .. ., pin satisfy Assumption [®](ii).

Proof. The case n = 2 follows from Brown et al. [I8, Section 3.5]. For notational
convenience we will only spell out the proof in the case n = 3. It should be clear

that similar arguments apply for general n € N.

It follows immediately that

¢ < Civ1 fore=1,...,n—1.

We will proceed by proving that if a < § are minimizers in (2.1.16|) then

Mg and Ny = Mlha,@] + “2|[@m (A.2.2)

from ([A.2.1]) have the same mass and mean and are in convex order. This situation

however is ruled out by our assumption.
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We restrict to the following case,
13(6;y) =2 and 13(a;y) = 1. (A.2.3)

The other cases follow similarly.
Note that under our assumptions (A.1.6) holds for &5(y) = « and &3(y) = B.

Masses. The mass of Ay is ¢5(3) — ¢5(«). The mass of g is

&(8) = &h(&) + &(&) — ) =B &(8) + Kaly) — Ki(y) — ¢ (a)
B9 (5) - 4a)

where at the last equality we applied (A.1.6) for @ and .

Means. The mean of \; is
B8
t/wm@@zaﬁW—%w%Hﬁ—M%erwﬂmmy
o %/_/
621130 8)) — (€2 (¢ ()~ (a0)

The mean of As is

c2(&2) — c2(B) + (B — &) (B) + Lapa([E2, B])

+a(a) —al&) + (& — a)ﬂ@mm([a, &])-

=p1([a,€2])+c] (@)

Observe that by optimality of o and 8 and smoothness we have

oc’ _ (By) —Play) o
%(a,y) = 3 —a ~ or

(B, y).
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Now we compute the difference of the means as

Hay) = P(6,) + (& — ) g a0) + (5~ &) (5.0)

—(y — a)Ki(y) + (y — B)K2(y)
—(& — a)dy(a) + (& — ) Ki(y) — (a = &)&(8) + (8 — &) Ka(y)
—c2(&2) + a1 (&) + aps([a, B]) — Lopa([S2, B]) — Sapa(lev, &)
= (y—&)Ka(y) — (y — &) Ki(y) — (&) + i (&)
—(& —a)dg(a) = (a = &)c4(8) — (& — a)(c5(8) — c3(a))
+é (13l B] = pa([E2, B]) — ([, &2)))

=0

by definition of K5(y) and the same mass of A\; and .

Convex Order. We have to show

/(:c —2)" A (dx) < /(1: —2) " X(dx)  for all z € [, B].

We compute for z € [a, ]

=2 0(@) = ale) = () = (8 - 2) ul(5,)
=—c3(h)

and for z € [a, &)]

/ () alde) = er(2) — er(62) — (€ — 2) (€2, 00))

=—c(&2)

+c2(&2) — c2(B) — (B — &) pa([B, 00]) +(&2 — 2) pa([§2, B]) -
—_———— —_——
=—ch(B) =ch(B)—ch(&2)
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For z € [a, &), the difference of these two expression is

>0
"

Ve

Az,y) — (B, y) + (B — 2)((B8) — 4(8) — Ka(y))
+(y — B) K2 (y) — (v — &) K1 (y) + (B — 2)Ka(y)

—02(&) + (&) + (& — 2) (h(&) — c1(&)) > 0

-~

=—Ks(y)+K1(y)

by definition of Ks(y).

The case z € [£, 5] follows similarly. ]
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Appendix: Part [l1

B.1 The Fan [39] and Kneser [61] Min-Max The-

orem

The following definition extends the concept of concavity and convexity to spaces

without linear structure.

Definition B.1.1 (Concave-Convex-Like). A function f: 2" x % — R is said to
be concave-convex-like on X x % if, for 0 < a < 1 the following two properties

hold:

(i) For xi,x9 € Z there exists x5 € X such that

flas,y) =z af (x1,y) + (1 = a) f(22,y)

forally e & .

(ii) For yi,ys € ¥ there exists y3 € % such that

f(@ys) < af(z,m1) + (1= a)f(2,2)

217
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forallx e Z .

We refer to Sion [89] for a collection of Min-Max theorems.

Theorem B.1.2 (Fan [39] and Kneser [61] Min-Max Theorem, cf. also Theorem
4.2 of Sion [89]). Suppose that & and % are non-empty sets with f concave-convex

like on & x % . Suppose that 2" is compact and f(-,y) is lower semi-continuous

on X for eachy € % . Then

inf sup f(x,y) = sup inf f(x,y). (B.1.1)
YEY wer ze VEY
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