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Abstract

Two important factors in cancer progression are: metastatic ability, can-
cer spreading and disrupting healthy function of bodily processes; and
heterogeneity, the variation in different cancers caused by genetics, the
microenvironment, and stochasticity. In this thesis, we investigate two
scenarios of interest using models and techniques inspired by interacting
particle systems.

First, we model osteocyte network formation. Within bone, dendritic
osteocytes form a spatial network allowing communication between osteo-
cytes and osteoblasts located on the bone surface. This communication
network facilitates coordinated bone formation. In the presence of a can-
cer, osteocytes manifest with either over- or under-developed phenotypes.
Preliminary studies measuring the number of osteocytes per unit area
show that the number density of osteocytes changes between healthy and
pathological bone. We develop a mathematical framework to describe
spatial networks, and present a stochastic agent-based model for bone
formation. Our approach allows us to probe both network structure and
number density of osteocytes in bone. Analysis of our model is possible
via mean-field equations. We consider variations of our model to pre-
dict how changing measurable biological parameters relating to osteoblast
differentiation can allow for different morphologies. We use our model
to hypothesise reasons for the limited efficacy of zoledronate therapy on
metastatic breast cancer.

Second, we model the diffusive microenvironment between cells to aid with
pathology slide analysis. Intra-tumor phenotypic heterogeneity limits ac-
curacy of clinical diagnostics and hampers the efficiency of anti-cancer
therapies. Dealing with this cellular heterogeneity requires adequate un-
derstanding of its sources; phenotypes of tumour cells integrate hard-
wired (epi-)mutational differences with responses to microenvironmental
cues. The latter come in the form of both direct physical interactions,



and gradients of secreted signalling molecules. Here, we develop a partial
differential equation based model that allows the separation of phenotypic
responses to signalling gradients within tumour microenvironments from
the combined influence of responses mediated by direct physical contact
and hardwired (epi-)genetic differences. We apply our model for the anal-
yses of breast cancer histological specimens. Our approach allows partial
deconvolution of the complex inputs that shape phenotypic heterogeneity
of tumour cells, and identifies cells that significantly impact gradients of
signalling molecules.
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Preface

This is a strange D.Phil.

I was originally signed up to do a Ph.D in computational economics at
Cambridge. After realising I disliked the research approach they were
using, I hesitantly signed up for a D.Phil place at Oxford entitled “Sys-
tems Approaches to Biomedical Science Industrial Doctorate Programme”.
With such a name, I was not exactly sure what to expect, but I ended up
working in mathematical biology due to the familiarity. As time came to
pass, it has now been revealed to me that this has been one of the best
decisions of my life. However, the journey has been tumultuous.

Over time, a problem regarding the nature of mathematical biology as a
field of study became apparent to me. It is very easy to get drawn into
one of two pitfall traps. Either:

1) One may drift into mathematical obscurity and approach research
problems that are years away from the laboratory and real data; or

2) One may be overly faithful to previous biological knowledge and build
models with self-evident conclusions.

This is a common criticism of the field, and I certainly do not have the
answer.

Having been initially advised by Mason Porter who was interested in net-
works, and David Basanta who was interested in metastatic bone cancer,
I felt that I should be trying to combine their interests in some way. Ear-
lier during my time in Oxford, I did my master’s thesis on kinetic theory
applied to swarm robotics. Being rather unimaginative, I felt I could use
this toolset to think about other interacting particle systems — in this
case osteocyte network formation in bone. I then asked Jon Chapman to
be involved as I needed someone who knew the topic well — it turns out
he knows most topics within applied maths well.



As such, the first part of my D.Phil considers using kinetic theory to ex-
plain osteocyte network formation in different microenvironments. Whilst
this was a nice problem in that it elucidated on a mechanism seldom
studied systematically by biologists, I felt that if one reasoned through
the problem carefully, one may be able to heuristically come to some of
the conclusions. Some results did in fact turn out to be unintuitive — a
pleasant surprise!

However, I still wanted to see if I could find a problem which steered well
clear of the two pitfall traps. The holy grail for me was twofold: first
to find a problem where I could design a reusable tool; and second, a
problem that utilised the mechanistic modelling frameworks with which I
was familiar.

The problem that came to mind was cellular heterogeneity. Using interact-
ing particle systems to approach interacting cellular systems is no longer
very original. However, one should not disregard what has been done
previously. Cellular automaton models have indeed driven the field for-
ward. The crux of why they have limited utility appears to be that objects
within a cellular automaton belong to a state space that the modeller has
to specify. And this is essentially half the problem with any mathematical
cancer modelling — one can not specify what mutations are important
(‘driver mutations’) until one has done prior genetic screening. Similarly,
one cannot know what environmental factors are important until the rel-
evant experiments have been carried out to show that they are indeed
important. We have now reverted back to the second pitfall of circular
reasoning.

If this were not enough, in the case of cancer, the attractive mathematical
framework of kinetic theory where we take mean field limits is unsuitable.
It is the fluctuations in a system that show the interesting behaviour, so
averaging out fluctuations is an entirely unsuitable thing to do! The first
pitfall is not even available to us were we so inclined to go that way.

The second part of my D.Phil changes track. It is essentially about posing
a model that we know to be incorrect, but to see if the differences between
the model and data can be assumed to be representative of a biological
reality. The fundamental assumption is that while cells may have different

ix



internal dynamics, their method of communication is identical between all
cells.

So, there we have it. I’ve had a wonderful time at Oxford; and while
one can always do more work for a D.Phil, I’m pleased to say that it is
the chance to chase originality that has made this whole venture worth
pursuing.

x



Contents

1 Introduction 1
1.1 Cancerous Osteocyte Network Formation . . . . . . . . . . . . . . . . 4

1.1.1 Healthy Bone Remodelling . . . . . . . . . . . . . . . . . . . . 4
1.1.2 Bone Cancer . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.1.3 Bone Formation Phase . . . . . . . . . . . . . . . . . . . . . . 7
1.1.4 Data Available . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.1.5 Previous Mathematical Models . . . . . . . . . . . . . . . . . 10
1.1.6 Requirements for New Generations of Models . . . . . . . . . 11

1.2 Heterogeneity in Cancer . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.2.1 Evolution in Cancer . . . . . . . . . . . . . . . . . . . . . . . 11
1.2.2 Quantification of Genetic Heterogeneity . . . . . . . . . . . . . 12
1.2.3 Histology slides . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.2.4 Data Available . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.2.5 Previous Mathematical Models . . . . . . . . . . . . . . . . . 14
1.2.6 Requirements for New Generations of Models . . . . . . . . . 15

1.3 Interacting Particle Systems . . . . . . . . . . . . . . . . . . . . . . . 16
1.3.1 Non-Interacting Particle Systems . . . . . . . . . . . . . . . . 16

1.3.1.1 Particle Motion in a Potential Well . . . . . . . . . . 17
1.3.1.2 Particle Motion with Stochastic Fluctuations . . . . 18

1.3.2 Pairwise Interactions . . . . . . . . . . . . . . . . . . . . . . . 18
1.3.2.1 Particle Motion in Pairwise Potential Well . . . . . . 20
1.3.2.2 Particle Motion with Stochastic Fluctuations and Pair-

wise Potential Well . . . . . . . . . . . . . . . . . . . 24

2 A Mean-Field Approach to Evolving Spatial Networks 27
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2 A Local State Degree Distribution . . . . . . . . . . . . . . . . . . . . 29
2.3 Model of Evolving Spatial Networks . . . . . . . . . . . . . . . . . . . 29

xi



2.4 Model Derivation: No Edge Deletion . . . . . . . . . . . . . . . . . . 33
2.4.1 Fokker–Planck Equation . . . . . . . . . . . . . . . . . . . . . 34
2.4.2 Low-Dimensional Approximation . . . . . . . . . . . . . . . . 35

2.5 Model Derivation: Edge Deletion . . . . . . . . . . . . . . . . . . . . 39
2.5.1 Fokker–Planck Equation . . . . . . . . . . . . . . . . . . . . . 39
2.5.2 Low-Dimensional Approximation . . . . . . . . . . . . . . . . 41

2.6 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.6.1 Accuracy of Our Mean-Field Assumption . . . . . . . . . . . . 45
2.6.2 Example Scenario: Local State Degree Distribution . . . . . . 46
2.6.3 Limit of Large Networks . . . . . . . . . . . . . . . . . . . . . 48
2.6.4 One-Step Network Creation Versus Kinetic Approximations . 49
2.6.5 Final Remarks: Moment Closure . . . . . . . . . . . . . . . . 50

3 Modelling Osteocyte Network Formation 52
3.1 Agent-Based Model Description . . . . . . . . . . . . . . . . . . . . . 53
3.2 Mean-Field Description . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.2.1 Derivation of Mean-Field Equations . . . . . . . . . . . . . . . 58
3.2.2 Solution Method . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.2.1 Time Dependent Problem. . . . . . . . . . . . . . . . 60
3.2.2.2 Osteoblast Mass Conserving Travelling Waves . . . . 62

3.3 Parameter Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.3.1 Osteoblast Diffusion Constant, κdiff . . . . . . . . . . . . . . . 64
3.3.2 Bone Secretion Rate Parameter, η . . . . . . . . . . . . . . . . 66
3.3.3 Dendrite Growth Shape Parameter, β . . . . . . . . . . . . . . 66
3.3.4 Mean Osteoblast Degree, 〈k̃〉Ob . . . . . . . . . . . . . . . . . 66

3.4 Results and Predictions . . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.4.1 Selection of Differentiation Mechanism . . . . . . . . . . . . . 67

3.4.1.1 No Network Influence: Null Model . . . . . . . . . . 68
3.4.1.2 Modelling Network Effects . . . . . . . . . . . . . . . 69
3.4.1.3 Proposed Mechanism: Switch-like Influence . . . . . 70
3.4.1.4 Discussion on Differentiation Mechanism . . . . . . . 72

3.4.2 Changing Model Parameters and Visualisations . . . . . . . . 72
3.4.3 Zoledronate Study . . . . . . . . . . . . . . . . . . . . . . . . 75
3.4.4 Final Remarks: Implications for Cancerous Bone Growth . . . 77

xii



4 Simulated Ablation for Detection of Cells Impacting Paracrine Sig-
nalling in Histology 78
4.1 Method Applied To Paracrine Signalling . . . . . . . . . . . . . . . . 79

4.1.1 Mathematical Modelling . . . . . . . . . . . . . . . . . . . . . 80
4.1.2 Parameter Selection . . . . . . . . . . . . . . . . . . . . . . . . 82

4.2 Experimental Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.2.1 Possible Identification of Microenvironmental Niches . . . . . 83
4.2.2 Use of Centromeric Probes to Investigate HER2 Gene Ampli-

fication Status . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.3 Method Motivation via Toy System . . . . . . . . . . . . . . . . . . . 86

4.3.1 Final Remarks: Method Applicability . . . . . . . . . . . . . . 91

5 Discussion and Conclusion 92
5.1 Evolving Spatial Networks . . . . . . . . . . . . . . . . . . . . . . . . 92

5.1.1 Mean-Field Approach Extensions . . . . . . . . . . . . . . . . 92
5.2 Osteocyte Network Formation . . . . . . . . . . . . . . . . . . . . . . 93

5.2.1 Triggering Osteoblast Differentiation . . . . . . . . . . . . . . 93
5.2.2 Osteocyte Degree Distribution . . . . . . . . . . . . . . . . . . 94
5.2.3 Orientation of Dendrites . . . . . . . . . . . . . . . . . . . . . 94
5.2.4 Network Description Incorrect . . . . . . . . . . . . . . . . . . 95

5.3 Histology Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.3.1 Data Limitations . . . . . . . . . . . . . . . . . . . . . . . . . 96
5.3.2 Parameter Selection . . . . . . . . . . . . . . . . . . . . . . . . 96
5.3.3 Applications within Interacting Particle Systems . . . . . . . . 96

A Image Processing Technique for Osteocyte Density Estimation 98

B Method of lines for IPDE in Section 2.6.2 100

C Monte Carlo Algorithm for Stochastic Simulation of Bone Forma-
tion 102
C.1 Extra Details for Algorithm 4 . . . . . . . . . . . . . . . . . . . . . . 103

D Discussion on Dk 108
D.1 Proposed Mechanism: Cumulative Activation . . . . . . . . . . . . . 108
D.2 Proposed Mechanism: Diminishing Activation . . . . . . . . . . . . . 110

xiii



E Finite Element Method for Simulated Ablation 112
E.1 Existence and Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . 112
E.2 Numerical Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

E.2.1 Practical Approach to FEM Implementation . . . . . . . . . . 116

Bibliography 118

xiv



List of Figures

1.1 Scanning electron micrograph of osteocytes in bone. The sample was prepared by

embedding the bone in resin, which was subsequently etched with perchloric acid.

The image was created by removing the entire mineral in the sample, leaving a

replica of the cells. Therefore, what is observed is the resin that filled the spaces

in the bone and the spaces inside the cells. Scale bar is approximate only. (This

picture is copyrighted work and is available via Creative Commons [28] from Kevin

Mackenzie, University of Aberdeen, Wellcome Images [158].) . . . . . . . . . . 4
1.2 Histology slices of cancerous bone. (i) Morphology of osteocyte network showing

extensive irregular canaliculi formation. Sample is from patient with sarcoma of

the jaw. (ii) Morphology of osteocyte network around a Haversian canal showing

normal osteocytes next to the area (A) showing osteocytes with stunted dendrites.

Sample is from patient with osteoma. On higher magnification (inset) one can see

a close up of an osteocyte from the region (A). (Figures recreated with permission

from Ref. [145].) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Diagrammatic illustration of the bone-formation process. Lighter shades of blue

indicate more differentiated cells. The lighter shade of pink indicates the deposition

front, and the darker shade of pink indicates the mineralisation front. The left

panel precedes the right panel. Dendritic osteocytes (light blue) have dendrites

that extend towards the osteoblast layer (dark blue). The osteoblasts secrete bone

matrix. Osteoblast cells marked with “A” are signalled by the osteocyte network to

differentiate into osteocytes. Osteoblast cells marked with “B” do not differentiate

and stay on the outer bone surface. Osteoblast cells marked with “C” arrive at the

bone front after differentiating from precursor osteoblasts (preosteoblasts). (This

figure is inspired by a similar illustration in Ref. [44].) . . . . . . . . . . . . . 7
1.4 Tukey box plots to show results of preliminary image analysis of osteocyte number

density. Means plotted in black. The far left histogram (marked †) is representative

of a collection of histology slides imaged at a lower resolution. Total area measured

for each experimental protocol marked next to each combined box plot. . . . . . 9

xv



1.5 Comparison between osteocyte sizes: (left) control, (right) bone under breast cancer

protocol. Image size corresponds to 32× 21µm. . . . . . . . . . . . . . . . . 10

2.1 Diagrammatic illustration of our model of evolving spatial networks. In each panel,

the square box represents the state space S. In each time step of size ∆t (where

0 < ∆t� 1), the following events can occur: (i) edge creation; (ii) edge deletion;

(iii) node creation; and (iv) evolution of node state. . . . . . . . . . . . . . . 32
2.2 Numerical illustration of the validity of the mean-field assumption (2.10). We

average over 100 realisations of Algorithm 1 using n = 125 particles and a time

step of ∆t = 10−3. No new particles enter the system (J = 0), the edge creation

rate is C(ki, kj) = 2, and the edge deletion rate is D(ki, kj) = ki + kj . We show

(left) the 2-particle distribution P (2)
k1,k2

(t), (middle) the product Pk1
(t)Pk2

(t) of the

1-particle distributions, and (right) the difference P (2)
k1,k2

(t) − Pk1
(t)Pk2

(t) at time

t = 1/10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.3 Illustration of the example scenario in Section 2.6.2. Nodes enter the system in

a strip on the left-hand side of the unit square and then diffuse and drift to the

right through equation (2.27). There are reflective boundary conditions at x = 0

and x = 1 and periodic boundary conditions at y = 0 and y = 1. We create edges

between nearby nodes according to equation (2.28). Edges are deleted at the rate

given by equation (2.29). . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.4 Comparison of (left) the mean of 200 Monte Carlo simulations using Algorithm 1

binned into compartments of size 1/100 along the x-axis and (right) uk1
(1/2, x1)

obtained from the numerical solution of equation (2.31). The parameter values are

J = 500, µ = 3/4, σ = 1/4, and ε = 0.1; and the time step in the stochastic

(i.e., Monte Carlo) simulations is ∆t = 10−4. We initialise the simulations with

103 particles placed uniformly randomly in the domain [0, 1/10]× [0, 1]. We show

results at the final time Tend = 1/2. . . . . . . . . . . . . . . . . . . . . . 48

xvi



2.5 Comparison of degree distribution at time Tend = 1/2 determined from solution

to mean field model [equation (2.31)] (red) and from a mean over multiple Monte

Carlo simulations using Algorithm 1 with a time step of ∆t = 10−3 (blue). With

n nodes (constant in time; J ≡ 0), we average the simulations are over 106/n

realisations, where n = 125 (dotted curve), n = 500 (dash-dotted curve), n = 2000

(dash-dotted curve), and n = 8000 (solid curve). (Left) No edge deletion (i.e.,

D ≡ 0), and the edge-creation rate is 500/n times that given in equation (2.28).

(Right) The edge deletion is given by equation (2.29), and the edge creation rate

750/n times that given in equation (2.28). The other parameter values are as in

Section 2.6.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.6 Analytical approximation to the degree distribution (solid blue curve) of the latent

social-space model [17] versus the result from a kinetic formulation (red dash-

dotted curve) using equation (2.16). We uniformly distribute nodes with a social

parameter h ∈ [0, 125]. We use the parameter values n = 1000, α = 3, and b = 1/2.

The probability of connection and choice of C is given by equation (2.34). There is

no edge deletion (i.e., D ≡ 0), and the system is of constant size (i.e., J ≡ 0). We

solve the kinetic equation until final time Tend = 1. . . . . . . . . . . . . . . . 51

3.1 Diagrammatic illustration of our model of osteocyte network formation. Os-

teoblasts are coloured in blue and osteocytes are coloured in red. In a small time

step, the following events can occur: (i) bone secretion; (ii) osteoblast differentia-

tion; (iii) dendrite growth; (iv) osteoblast migration; and (v) osteoblast proliferation. 54
3.2 Diagram of the domain Ω(t) in our model of a growing osteocyte network. . . . 55
3.3 Bone slice domain in three dimensions. Osteoblasts are depicted in light blue,

osteocytes are shown in red. Two dimensional projection shown below. . . . . . 57

3.4 Realisation of an osteocyte network formation event (at 365 days) using the Monte

Carlo algorithm in Appendix C. Parameters chosen are found in Table 3.2 and

Section 3.4.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.5 a.) Number of osteocytes over time, b.) Mean osteoblast degree over time. Match

between solution to mean-field equations (blue) and the average of 5 Monte Carlo

simulations (red) after 365 days. Uses null model, details of model set up in Section

3.4.1.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

xvii



3.6 (Left) Osteocyte density profile [q(t, x = ν̃t)], (middle) mean osteoblast degree over

time [〈k(t = ν̃t)〉Ob], and (right) mean osteocyte degree over time [〈k(t = ν̃t)〉Ocy]

when solving equations (3.7)–(3.8). The black line shows the null model, the blue

line shows the excitatory switch model, and the red line shows the inhibitory switch

model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.7 Single simulation visualisations of bone growth model with different parameter

choices: a.) Healthy parameter set (as shown in Table 3.2); b.) Increased osteoid

secretion (η → 2η); c.) Reduced dendrite growth (α → α/2); d.) Reduced os-

teoblast surface density (p̃ → p̃/2). Osteoblast are colored in blue and osteocytes

(and their network connections) are in red; darker shades of red denote osteocytes

that were buried earlier in time. All simulations are shown after 365 days. . . . . 74

4.1 Mathematical idealisation of cells on a pathology slice. Cells are shown in white

and the Signalling Field occupies the space between them at varying concentrations.

(a.) Original domain Ω, and (b.) modified domain Ωi = Ω ∪Di. See text for details. 80
4.2 Pathology slide with outlines plotted. Figures showing stain intensity for: (left

column) observed intensities ~c; (left centre column) the exterior signalling field —

the solution to equation (4.1); (right centre column) baseline intensities ~b; (right

column) cell impact ~f — for this column red colours correspond to secreting cells,

blue colours correspond to absorbing cells. The rows correspond to: (top row)

DAPI stain; (middle row) HER2 stain; and (bottom row) ER stain. . . . . . . 84
4.3 Figure to show possible existence of microenvironmental niches. a.) k-means clus-

tering applied to HER2 and ER baseline intensities; b.) The labelling from the

k-means clustering shown on the HER2 and ER observed data sets; and c.) the

k-means clustering labels applied spatially. . . . . . . . . . . . . . . . . . . 85
4.4 Figure to show the HER2 status of cells. a.) Status found from GoIFISH software

analysis, b.) results of logistic regression using ~c. Colour labels are as follows:

clear/white labelled cells were unidentifiable/non-tumour; blue labelled cells denote

wild type; and red cells had the HER2 gene amplified. . . . . . . . . . . . . . 86
4.5 Tukey box plots for cell impact data sets ~f for HER2 (red) and ER (blue) separated

by low/high HER2 staining intensity (~c) and unamplified/amplified HER2 gene

expression ( ~A). The concatenated data sets are shown on the bottom row. Asterisks

denote statistically significant differences between the data set denoted and the

mean low/high HER2/ER cell action (mean of the box plot shown in the bottom

row). The black dotted line corresponds to f = 0. . . . . . . . . . . . . . . . 87

xviii



4.6 Plots relating to toy model. (a, b.) Plot of observed cell intensities, and corre-

sponding histogram of intensities. (c, d.) Plot of simulated cell locations, now

marked red or blue according to cell phenotype, and histogram now broken up by

cell phenotype. (e, f.) Plot and histogram of baseline cell intensities. (g, h.) Plot

and histogram of cell impact intensities. For the simulation shown, α∗ = 10.91,

R2
max = 79%. Using k-means clustering on the 3 data sets (~c, ~b, ~f), cell phenotypes

are correctly identified with: 79% (~c), 84% (~b), and 13% (~f) accuracy. . . . . . . 90

5.1 Graphic illustrating the process of a series of adjacencies (generated by realisations

of random graphs) converging a Graphon limit as n → ∞, which in this case is

G(x, y) = 1 −max(x, y). (Figure kindly taken with permission from D. Glasscock

[52].) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

A.1 Output of image processing technique for osteocyte density calculation: (left) full

size image, (right) close-up image. Region measured is outlined in green and os-

teocyte centres are marked in red. . . . . . . . . . . . . . . . . . . . . . . . 99

C.1 Diagrams showing boundary discretisation refinements: (a) shows a discretisation

point being removed as the surrounding points move closer together; (b) shows

a discretisation point being added as the surrounding points move further apart;

and (c) shows how topology changes may occur, in the far right graphic, a hole is

immediately collapsed (which saves on computation time). . . . . . . . . . . . 105

D.1 (Left) Osteocyte density profile [q(t, x = ν̃t)], (middle) mean osteoblast degree over

time [〈k(t = ν̃t)〉Ob], and (right) mean osteocyte degree over time [〈k(t = ν̃t)〉Ocy]

when solving equations (3.7)–(3.8). The black line shows the null model, the blue

line shows the excitatory cumulative activation model, and the red lines show the

diminishing activation model, excitatory effects using the solid line and inhibitory

effects using the dot-dashed line. . . . . . . . . . . . . . . . . . . . . . . . 109

xix



Chapter 1

Introduction

Cancer is an evolutionary disease characterised by abnormal cell growth, and in ad-
vanced cases, metastasis (the spread of cancer cells to other parts of the body). The
progression of cancer is governed by the phenotypes of the cells within a tumour. Phe-
notypic heterogeneity is associated with tumour aggression, and also complicates di-
agnosis and underpins therapy resistance. This heterogeneity arises as the result of in-
terplay between: a) cell-intrinsic differences stemming from genetic heterogeneity and
stable epigenetically defined states; b) stochasticity arising via variability in gene ex-
pression; and c) environmental inputs in the form of physical forces, contact-mediated
signals from neighbouring cells, the extracellular matrix (ECM), and diffusible sig-
nals in the form of gradients of growth factors, cytokines, oxygen and metabolites
[103]. Metastasis occurs through the lymphatic system and blood vessels, and cells
preferentially move from a specific primary tumour location to form a secondary (or
metastatic) tumour [60].

Metastases and the treatments they require are the leading causes of mortality
from cancer [144]. The establishment of a metastasis is broadly believed to follow
the “seed and soil” hypothesis where cells from one organ move to a second with a
favourable microenvironment [60]. Additionally however, genetic mutations present
only in secondary tumours (and not in the primary) have been found. Once at the new
location for colonisation, tumour cells will drastically alter the microenvironment to
create “niches” to promote survival and avoid the immune system; examples of niches
include, hypoxia-induced angiogenesis [88] and immunoediting [156]. For example,
prostate and breast cancer frequently metastasise to bone, where they infiltrate and
disrupt the bone formation process. Crucially, once a secondary tumour has estab-
lished itself, it can disrupt healthy function of the organ in question. For example, in
bone cancer, the bone remodelling cycle can be disrupted and can lead to incorrect
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structure both at the macroscopic scale (net bone gain/loss) and microscopic scale
(malformed osteocyte networks).

When considering anti-cancer therapeutics, the primary issue that has recently
emerged is that heterogeneity is a critical biomarker of tumour prognosis, as greater
heterogeneity provides a clear advantage in the face of the evolutionary bottleneck of
anti-cancer therapy — there are simply more paths available to facilitate the genera-
tion of resistance [97]. The design of therapies must consider the existing heterogene-
ity in a tumour and account for the most aggressive cells that may exist; and in failing
to do so, one may select for pre-existing resistant cells [102]. Furthermore, a critical
generator of phenotypic heterogeneity involves microenvironmental variability within
the tumour, as a varying environment contributes greatly to different modes of adap-
tion upon spatially organised subgroups of cells [149]. In fact, it has been shown that
heterogeneity of oxygen distribution within a tumour leads to the adaption of subsets
of cells in microenvironmental niches to the hypoxic microenvironment, which has
been shown to result in poorer prognosis and more aggressive tumours [95]. Lastly,
heterogeneity has also been implicated as an important consideration in the field of
immunotherapy, where neo-antigen generation is a function of polypeptide hetero-
geneity, which is a critical determinant of the success of immunotherapy, and reflects
underlying genetic heterogeneity [139].

※
Mathematical modelling appears to be a somewhat formal process for construct-

ing conceptual metaphors; one uses mathematical constructions and operations (the
source domain) to understand physical reality (the target domain) [9]. Essentially,
one puts our beliefs and incomplete knowledge into formal equations and expressions;
this allows us to propose future experiments and make predictions when perturbing
the mathematical construction. Particularly in cases where the system of interest is
difficult to observe, a mathematical modelling approach can be exceedingly relevant.

Ignoring the microbiome, all human body function (and malfunction) is the coor-
dinated action of the cells within it. When it is necessary to model each cell separately,
a common theme within mathematical biology is the construction, simulation, and
analysis of cellular automata (CA) and other interacting particle systems, often built
upon the foundations of kinetic theory. This has been a proven success at replicating
the core qualitative behaviour of many biological processes that involve the movement
of “particles” (e.g., animals, cells, bacteria, proteins, ions etc).
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Within this thesis we create models of interacting particle systems to approach
two problems, the first relating to metastasis and the second relating to heterogeneity.
The first system we wish to look at is metastatic bone cancer, where the secondary
tumour alters the microenvironment leading to malformed osteocyte networks; osteo-
cyte networks being a cellular communication network to allow for coordinated bone
remodelling. We wish to know how different types of metastatic bone cancer can
lead to different osteocyte morphologies. The second problem we wish to approach is
broader — heterogeneity; can we use mathematical modelling to estimate how cells
contribute to their local microenvironment?

Through partnership with the Moffitt Cancer Center, we have obtained histology
slides for bone and breast cancer. For the bone samples, using image analysis, one
can locate the osteocytes within bone, unfortunately without elucidating on the un-
derlying network structure. For the breast cancer samples, cells are stained multiple
times, reflecting the concentrations of intracellular protein targets.

As well as using our mathematical models to answer biological questions, we are
also required to build modelling frameworks to deal with two problems. The first
is the networked structure of cellular communication: Osteocytes have a network
structure; not every cell can communicate with every other cell because osteocytes
are encased in osteoid and mineralised calcium. The second is heterogeneity: cells
cannot be considered identical agents following the same rules. When each cell has
the potential to be mutated in a different way, assuming all cancer cells act according
to the same rules is an unrealistic assumption.

For the preceding two problems, different approaches must be taken and assump-
tions must be made to analyse the models presented.

When modelling osteocyte network structure, we want to analyse how the network
forms, and find summary statistics for our model. This is an intrinsically dynamic
process, and so we build a forward model of osteocyte network formation. We examine
how, after initialisation, different parameterisations and modelling assumptions lead
to different network morphologies.

When modelling phenotypic heterogeneity, we assume there is a diffusible mi-
croenvironment of cytokines between cells, and this microenvironment is at a steady
state, with all other processes happening at slower timescales. These assumptions
allow us to build an inverse problem where we can estimate to what extent each cell
on a pathology slide is contributing to this diffusible microenvironment.

We now provide three literature reviews on the three topics: cancerous osteocyte
network formation, cellular heterogeneity, and interacting particle systems.
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10 µm

Figure 1.1: Scanning electron micrograph of os-
teocytes in bone. The sample was prepared by em-
bedding the bone in resin, which was subsequently
etched with perchloric acid. The image was cre-
ated by removing the entire mineral in the sample,
leaving a replica of the cells. Therefore, what is
observed is the resin that filled the spaces in the
bone and the spaces inside the cells. Scale bar
is approximate only. (This picture is copyrighted
work and is available via Creative Commons [28]
from Kevin Mackenzie, University of Aberdeen,
Wellcome Images [158].)

1.1 Cancerous Osteocyte Network Formation

1.1.1 Healthy Bone Remodelling

Bone remodelling consists of careful coordination between 3 cell types: osteoblasts,
osteoclasts, and osteocytes. Osteoblasts line bone surfaces due to be remodelled, and
then move aside for osteoclasts to resorb old or damaged bone. New bone is created
by osteoblasts secreting osteoid (a scaffold), and undergoing terminal differentiation
into osteocytes. As this differentiation process occurs, the osteoid becomes calcified.
Bone is constantly being recycled; damaged bone is resorbed and new bone built.

An osteocyte [151] is a cell found in cortical (dense weight bearing bone) and tra-
becular (“flexible” porous highly vascularised bone) bone. The cell has protrusions
(or dendrites), which are known as processes and form a communication network
between the osteocytes and cells on the bone surface. To avoid confusion, we refer
to processes as dendrites. Osteocytes are densely packed in bone, where they oc-
cupy spherical cavities called lacunae; their dendrites occupy porous channels called
canaliculi [27, 124]. The dendrites enable communication via gap junctions, allowing
diffusion of signalling molecules to take place. Additionally, around the osteocyte
network there is a thin layer of fluid.

Perturbations in osteocyte-network organisation can impact both fluid flow and
diffusion and thereby allow mechanosensation and signalling [78, 81, 92, 143]. The
exchange of signalling molecules relate to: oestrogen deficiency, skeletal unloading,
and fatigue damage [75]. The variety of signalling molecules detected is vast and arise
in the regulation of many other organs; these include Receptor Activator of Nuclear
Factor Kappa-B Ligand (RANKL), Vascular Endothelial Growth Factor (VEGF) [75],
Parathyroid Hormone (PTH) [164], calcium ions (Ca2+) [72], and Sclerostin [138].

Because of the location of osteocyte networks in bone, it is difficult to examine
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Table 1.1: Cancer type impact on bone morphology.
Cancer
type

Origin Bone
growth

Osteocyte morphology Ref.

Osteogenic
Sarcoma.
[Fig. 1.2(i)]

Mesenchymal
cells

Mixture Canaliculi upregulated, La-
cunae empty.

[145]

Osteoma
(benign).
[Fig. 1.2(ii)]

Unknown Osteoblastic Canaliculi down regulated
(retarded growth).

[145]

Myeloma Plasma cells /
White blood
cells

Primarily
osteolytic

Osteocyte lacunae spheri-
cal, canaliculi reduced in
number, shorter, distorted.

[41, 87]

Metastasis
(A group)

Lung, Breast,
Liver

Primarily
osteolytic

Unknown [41]

Metastasis
(B group)

Prostate Primarily
osteoblastic

Unknown [93]

them experimentally. In Figure 1.1, we show the outcome of applying an obtrusive
experimental technique to view osteocytes after nearby mineral has been dissolved.
Three-dimensional imaging data is now available by using confocal microscopy [76,
147, 148], and such work has led to the identification of some structural features of
osteocyte networks. Identified features include the mean number of dendrites that
protrude from each osteocyte [148] and mean lengths of a canalicular network [22].
Other work has reported that high-density networks correlate positively with high
bone quality. Note the mineral matrix has an orientation (due to dendrites and
collagen), and bone quality is associated with the level of organisation of this mineral
matrix [78].

1.1.2 Bone Cancer

Advanced prostate, breast, and lung cancer commonly metastasise to bone [134, 168].
With the onset of various types of bone cancer, it is common for the bone remodelling
process to be disrupted. A particularly painful symptom is net bone formation in
some regions and simultaneous weakening in other areas [126]. Small bone lesions
can also develop. Much previous work has been focused on macroscopic properties
of the resulting bone, e.g., the osteoblastic (net bone formation) and osteolytic (net
bone reduction) phenotypes. As bone is formed and resorbed cyclically, osteocyte
networks can be morphologically malformed. A relatively unexplored area regarding
cancerous bone formation is the study of osteoblast to osteocyte differentiation whilst
concurrently taking into account network structure.
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It was evidenced in Refs. [41, 145] that for myeloma and (benign) osteoma, osteo-
cytes appear exceptionally spherical with shorter distorted dendrites that are reduced
in number. An experimentally contrasting osteocyte network was observed with un-
regulated excessive dendritic growth (greater numbers of dendrites) in the presence
of osteogenic sarcoma [145]. Broadly speaking, osteocytes within a cancerous mi-
croenvironment display either over- or under-developed phenotypes (see Figure 1.2)
leading to “more connected” or “less connected” networks. Table 1.1 summarises the
findings of a literature review linking bone cancer type to bone phenotype.

Understanding the full nature of bone formation networks is now becoming impor-
tant, especially understanding how osteocyte network structure relates to the limited
effectiveness of current anti-cancer therapy. Therapeutically, zoledronic acid is fre-
quently used to treat metastatic breast cancer (BCA) where pathological bone is
formed with lower densities of osteocytes per unit volume; zoledronate then helps
recover the number of osteocytes, but can lead to brittle bone. There is also liter-
ature available suggesting that metastatic prostate cancer (PCA) leads to increased
levels of osteoblast proliferation, and/or increased levels of differentiation [93]. For
example, TGFβ expressed by tumour cells promotes excessive osteoblast growth [91],
however, TGFβ targeted cancer therapy has only been a mitigated success [33].

i) ii)

Figure 1.2: Histology slices of cancerous bone. (i) Morphology of osteocyte network showing
extensive irregular canaliculi formation. Sample is from patient with sarcoma of the jaw. (ii)
Morphology of osteocyte network around a Haversian canal showing normal osteocytes next to the
area (A) showing osteocytes with stunted dendrites. Sample is from patient with osteoma. On
higher magnification (inset) one can see a close up of an osteocyte from the region (A). (Figures
recreated with permission from Ref. [145].)

Because osteocytes are cells derived from osteoblasts, osteocyte morphology is
primarily influenced by the bone formation phase. Minimal changes to osteocyte
morphology may occur, but primarily in older osteocytes [34, 35]. Whilst the osteo-
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cyte and dendrites may move within the lacunae and canaliculi channels, the actual
physical structures stay fixed. For this reason, we focus on the bone formation phase.

1.1.3 Bone Formation Phase

When there is no bone remodelling taking place, a layer of osteoblasts line the sur-
faces of bone. Osteoblasts originate from mesenchymal cells and have one of four
possible fates: undergo apoptosis (approximately 65%), become embedded in bone
as osteocytes (approximately 30%), transform into inactive osteoblasts and become
bone-lining cells, or trans-differentiate into cells that deposit chondroid bone [44].
Osteoblasts express RANKL and osteoprotegerin (OPG), which promote and inhibit
the bone resorption by osteoclasts, respectively.

A

A

B

B

B

B

A

A

C

B

B

B

B

Figure 1.3: Diagrammatic illustration of the bone-formation process. Lighter shades of blue
indicate more differentiated cells. The lighter shade of pink indicates the deposition front, and
the darker shade of pink indicates the mineralisation front. The left panel precedes the right panel.
Dendritic osteocytes (light blue) have dendrites that extend towards the osteoblast layer (dark blue).
The osteoblasts secrete bone matrix. Osteoblast cells marked with “A” are signalled by the osteocyte
network to differentiate into osteocytes. Osteoblast cells marked with “B” do not differentiate and
stay on the outer bone surface. Osteoblast cells marked with “C” arrive at the bone front after
differentiating from precursor osteoblasts (preosteoblasts). (This figure is inspired by a similar
illustration in Ref. [44].)

Upon some signalling event, multi-nucleated osteoclasts arrive and the osteoblasts
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move aside. The osteoclasts then burrow into the bone; as they do so, they resorb
some of the osteocyte matrix [132]. It has been suggested that after an osteocyte un-
dergoes apoptosis, pro-osteoclastogenic signals are released by the osteocyte’s neigh-
bours in the network [77].

A trail of osteoblasts then follows the osteoclasts and secretes new bone matrix1,
although some of these get left behind to become osteocytes. This second stage is
the bone formation phase. Kamioka et. al. suggested osteoblasts are incorporated
into the osteocyte network by mature osteocytes extending their dendrites towards
the osteoblast layer [76, 99, 101, 115, 118].

Thus far, we have discussed three types of bone cells: osteoblasts, osteoclasts,
and osteocytes. For at least the osteoblast-to-osteocyte cell transition, biologists
have subdivided the process of cell differentiation to include eight phenotypes: (i)
preosteoblast; (ii) preosteoblastic osteoblast; (iii) osteoblast; (iv) osteoblastic osteo-
cyte; (v) osteoid-osteocyte (i.e., Type-II preosteocyte); (vi) Type-III preosteocyte;
(vii) young osteocyte; and (viii) old osteocyte [44]. Additionally, the secretion of
bone occurs as two steps: first osteoid is deposited as a scaffold, and then miner-
alisation occurs to confer strength. Stages (iv)–(vi) are cells after the deposition
front but before the mineralisation front; they are surrounded by a non-mineralised
osteoid matrix. (In other words, there is scaffold around them.) Stages (vii)–(viii)
are cells whose volume has depleted (by reduction in the endoplasmic reticulum and
Golgi apparatus) and are in mineralised bone. The diagram in Figure 1.3 shows the
bone-formation step. Although it is potentially useful to consider all the above phases
(defined from osteogenic markers, see [44]), we are interested only in the structure of
a mature osteocyte network [stages (vi)–(viii)], so we will make simplifications when
later building mathematical models.

1.1.4 Data Available

Through collaboration with the Moffitt Cancer Center, we obtained mice tibia samples
under different experimental protocols. All animal studies were conducted under
University of South Florida IACUC approved protocols (R2238 and R1762-CCL).

Specimens for analysis were derived from mice that were intratibially inoculated
with either saline (Control), prostate cancer (PCa, PAIII cell line) or breast cancer
(BCa, PyMT cell line) as described previously [7, 152]. Mice were harvested for anal-
ysis prior to breach of the cortical bone (day 14 for PAIII study mice, Day 21 for

1The unit that consists of osteoblasts following osteoclasts is known as a “Bone Multicellular
Unit” (BMU).
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Figure 1.4: Tukey box
plots to show results of
preliminary image analysis
of osteocyte number den-
sity. Means plotted in
black. The far left his-
togram (marked †) is repre-
sentative of a collection of
histology slides imaged at
a lower resolution. Total
area measured for each ex-
perimental protocol marked
next to each combined box
plot.

PyMT study mice). Additionally, BCa-PyMT inoculated mice were treated with a
bisphosphonate (zoledronate) over the course of the study period (1mg/Kg, subcuta-
neously thrice weekly) [7, 152]. Subsequent to tissue collection and isolation, bones
were decalcified, processed and paraffin embedded. Sections (5µm) were generated,
rehydrated and then stained with either Gomori’s Trichrome or Hematoxylin & Eosin
using standard procedures. This formed the basis of a preliminary study described
below.

The trabecular bone had osteocytes (and their communication network) embedded
within them. Unfortunately, the samples were not at a quality high enough to de-
termine network structure, however it was possible to estimate number of osteocytes
per unit area (#osteocytes/mm2).

Using routine image analysis tools (see Appendix A), we created a user assisted
algorithm to estimate the area of visible bone within a pathology slice, and subse-
quently count the number of osteocytes within this region. In Figure 1.4, we see box
plots presenting the results. The smaller box plots are the osteocyte densities for each
mouse using a few imaging slides (3–8 slides per mouse), weighted by the quantity
of visible bone within the sample. The larger box plots show the combined data for
mice undergoing the same protocol.

From Figure 1.4, prostate and breast pathological bone have lower osteocyte num-
ber densities when compared to healthy bone. When applied as a therapy for breast
cancer, it appears the zoledronate treatment allows for partial recovery of osteocyte
number density.
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Common to both cancers is the reduced osteocyte number density. However there
are also differences between the cancer pathologies: breast cancer is more often oste-
olytic and suppresses osteoblast proliferation and maturation, whilst prostate cancer
is more often osteoblastic and promotes osteoblast proliferation and maturation.

When viewing the pathology slides of bone under the breast cancer protocol,
there seems to be some noticeable quantity of osteoblasts that were buried without
full differentiation. This manifests as osteocytes that are larger and more osteoblast-
like inside a lacunae with excess space around the cell body, see Figure 1.5. In this
work, we do not carry out rigorous analysis of osteocyte sizes. When referring back to
Table 1.1, we believe this is consistent with osteocyte phenotype where cells are inside
spherical lacunae and have downregulated canaliculi. Therefore, we assume breast
cancer has poor osteocyte network formation and therefore the dendritic network is
less connected. The prostate cancer samples however were more difficult to interpret.

Figure 1.5: Comparison between osteocyte sizes:
(left) control, (right) bone under breast cancer
protocol. Image size corresponds to 32× 21µm.

The zoledronate treatment is known
to improve osteoblast proliferation and
maturation while simultaneously killing
osteoclasts. It should also be noted that
the zoledronated treated bone is brittle
compared to healthy bone; this brittle-
ness is suggestive of poor osteocyte net-
work formation. One should then be able
to conclude that whilst zoledronate ther-
apy restores osteocyte number density, it

does not restore the osteocyte network structure.

1.1.5 Previous Mathematical Models

The functional role of these different network topologies is unclear and can be inves-
tigated with mathematical modelling. Experimental work reveals a snapshot of the
communication between the osteocytes within bone, and the osteoblasts on the bone
surface. Sclerostin has been stained for and observed within the dendrite structures
between osteocytes and osteoblasts [127]. From these studies, it is clear that one
should place importance on incorporating some aspect of network structure so one
can adequately model osteoblast differentiation.

Numerous previous studies have examined osteocyte density, but none of them ex-
plore network structure. References [54, 107, 161] give ordinary differential equations
(ODE) and hence non-spatial models for cell populations; these include osteoblast,

10



osteoclast, and osteocyte populations. Existing models of healthy bone remodelling
(homeostasis) include partial differential equation (PDE) models [135, 136] and then
these models have been adapted for the cancerous regime [137]. Mechanically focused
models capturing stresses and strains on the bone have also been explored [131, 155].
A general continuum modelling approach has also been proposed [20].

1.1.6 Requirements for New Generations of Models

Suppose we wanted to build an agent-based model accounting for osteocyte network
structure. The agents in our model would be cells within a spatial network. The
spatial network would then specify if cells were able to communicate. Based on the
description of the bone formation phase, the minimum requirements for a model would
be that:

1) A network structure is modelled in a mathematically consistent way;

2) Agents have a “state”, that may dynamically change, e.g., position, cell type,
how the cell is embedded in the network structure;

3) Network structure is added to/modified over time;

4) New agents enter the system through (pre-)osteoblast proliferation/migration;
and

5) The domain may change size.

Agents of the same type (either osteocytes or osteoblasts) would then follow the same
rules, although each agent may have different states.

By accounting for network structure in an agent-based model, providing analysis of
the model is possible, one should inquire how candidate mechanisms lead to different
osteocyte morphologies. Additionally, one should then explain how the process is
altered in cancerous microenvironments.

1.2 Heterogeneity in Cancer

1.2.1 Evolution in Cancer

In Nowell’s seminal paper [110], it was put forward that cancer was an evolutionary
process: cells would undergo clonal expansion, genetic diversification, and clonal
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selection. Evolution happens at an (epi-)genetic level but is shaped by the tissue
ecosystem and the tumour progenitor cell [55].

The central dogma of molecular biology explains how genetic information flows
within a biological system. In short, deoxyribonucleic acid (DNA) undergoes tran-
scription into ribonucleic acid (RNA), which then undergoes translation into proteins.
However, this whole process is in fact a lot more complicated due to other transfers
of biological sequential information and regulation, e.g., reverse transcription, non-
coding RNA, RNA replication, post-translational modification etc. Note also the
term gene, that is, a functional unit of inheritance traditionally defined as a sequence
of DNA base pairs that encodes for a specific protein2 [48]. When mutations occur,
DNA base pair sequences are altered which leads to the corresponding RNA produc-
ing modified proteins, which then affects cell function. The types of mutations include
local changes to DNA base pairs, e.g., missense and nonsense mutations. However,
there are more involved mutations such as insertions, deletions, and duplications
which apply to larger sections of the DNA strand, or involve multiple strands. These
mutations can then be classified, e.g., frameshift mutations, repeat expansions.

As one can imagine, stochasticity is a big driver of mutation; however the microen-
vironmental context in which the cell resides selects for phenotypes that thrive within
said environment. There are many types of microenvironments which are commonly
studied, and often these relate to metabolites, e.g., hypoxia (insufficient oxygen), acid-
ity (low pH), hypoglycaemia (insufficient glucose). Other noted microenvironments
include: necrotic (factors related to cell apoptosis), immunoreactive (abundance of
immune cell infiltration), immunoinflamed (cytokine abundance).

1.2.2 Quantification of Genetic Heterogeneity

With the advent of low-cost high-fidelity genetic sequencing, intra-tumour genetic
heterogeneity may be assayed with high accuracy. There are many methods for
analysing genetic material, although it seems most techniques are grounded upon
variations of either: sequencing of cells [62], DNA microarrays [26], or fluorescence
in-situ hybridisation (FISH) based methods [69].

Sequencing of cells allows for analysis of the whole genome. Bulk tumour strate-
gies utilise measurements such as variant allele frequencies (VAFs) to characterise the
proportion of different genetic subtypes comprising a tumour from bulk sequencing

2Definitions have often been altered over time to incorporate newly observed biological phenom-
ena, e.g., RNA editing, protein trans-splicing etc.
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data, which may be used to construct phylogenetic histories of the genetic hetero-
geneity arising within a tumour [6]. Bulk sequencing a tumour can be expensive and
will miss out spatial contexts, often giving data regarding a population average not
representative of any single cell [157]. With single-cell level sequencing of the genome
for cells in different spatial regions of a pathological sample, intra-sample genetic het-
erogeneity may be captured. However, single-cell is even more expensive, and data
sets are noisy. Quantification of this genetic heterogeneity on a statistical level, to
better understand disease progression, particularly in evolutionary diseases, such as
cancer, is proving to be very promising [47, 97, 159].

DNA microarrays and FISH methods are probe based methods. Essentially, one
tests for specific sequences (associated with genes) to see if they are present; this is
done by attaching a fluorophore-, silver-, or chemiluminescence-labeled target to de-
termine the relative abundance of a nucleic acid sequence in the target. The (frankly)
amazing feature of FISH is that it is in situ, so one can apply it to histology slides
and preserve their spatial structure [69].

1.2.3 Histology slides

Microscopy imaging of histological specimens is widely and routinely used in clini-
cal diagnostics of cancers, as well as in experimental studies aiming to understand
the underlying biology and responses to anti-cancer therapies. After fixation and
placement on glass slides, tissues are subjected to chromogenic or fluorescent staining
using chemical or antibody-based stains3. Staining intensity reflects concentration of
the chemical moiety to which the stain binds. Therefore, digitisation of chromogenic
or fluorescent signals allows quantification the of concentration of these chemicals.
Since histological slides retain spatial information, they are suitable for the analysis
of not only cellular phenotypes and genotypes, but also microenvironmental factors
that shape cellular heterogeneity [64].

1.2.4 Data Available

Through collaboration with the Moffitt Cancer Center and the University of Oslo,
we obtained multi-channel immunofluorescence in-situ hybridisation (iFISH) stained
breast cancer histology samples [69]. The data used were collected in compliance
with the Declaration of Helsinki and approved by the regional ethics committee (REK

3Note once fixation has taken place, using these cells for sequencing is no longer an option.
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S-06495b) and the institutional review board of Oslo University Hospital Radiumhos-
pitalet (IRB 2006-53). Full details of the experimental protocol can be found in
Refs. [2, 154].

For the stained samples, 5 channels were available. Two channels related to the
FISH procedure, both a HER2 gene specific probe and a centromeric probe (cen-
tromere 17). The HER2 gene is associated with poor prognosis in breast cancer and
encodes the HER2 protein [105]. The HER2 gene is found on centromere 17, and so
by looking at the ratio of the number of copies of the HER2 gene probes detected
compared to the number of centromere 17 probes detected, one can specify if the
HER2 gene is amplified.

The other 3 channels were the IHC stains: DAPI that reflects cellular DNA
content; the HER2 protein, a receptor tyrosine kinase that is amplified in a subset of
breast cancers; and Oestrogen Receptor (ER), a nuclear receptor that mediates cellular
response to oestrogen signalling. Both HER2 and ER expression are expected to have
profound influence on cell phenotypes.

1.2.5 Previous Mathematical Models

Substantial mathematical modelling efforts have been focused on understanding the
impact of the microenvironment on phenotypic heterogeneity using biophysical prin-
ciples; common themes include diffusion of cytokines, and construction of chemical
reaction networks. Efforts at modelling the microenvironment in a spatial setting
have largely been focused on forward modelling, where one makes assumptions and
rules for a model, initiates the model in some starting configuration, and then evolves
it forward in time. Due to the complexity of the models involved, cellular automata
approaches have often been utilised [3–5, 13, 125]. Such approaches, depending on
the complexity of the rules built into the model, can reproduce many experimen-
tal/clinical observations, and in some cases are capable of making experimentally
validated predictions [7]. Unfortunately, mathematical modelling approaches are lim-
ited by: the frequent need for model iteration, where model components are added
and removed; the complexity of rules needed to describe the behaviour of biological
systems, underlying assumptions may often be untestable; and the experimental dif-
ficulty obtaining relevant measurements required for adequate parametrisation of the
underlying model.

People have also applied quantitative techniques to image analysis, however these
statistical approaches have been focused on the tasks of feature extraction, feature
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selection, and dimension reduction of large histological images. This field is some-
times known as whole-slide imaging (WSI). Feature extraction can happen at both
a pixel-level, largely uninterpretable by a human (e.g., pixel intensities compared
to neighbours), and at an object-level, recovering features in which a pathologist
would naturally be interested (e.g., circularity of cell nuclei, location of blood ves-
sels). Feature selection (along with the preceding staining procedure) can be carried
out depending on the histopathology of the specific disorder, or based on dimension-
ality reduction (e.g., using principle component analysis) and irrelevant features can
be ignored. Feature analysis is a statistical/machine learning problem, where the aim
is to link the collective cell (or pixel) properties to macroscopic disorders/clinical out-
comes [49]. Modern trends include considering ecologically motivated spatial statistics
[64, 108]. Histology analysis is both cheap and also highly clinically relevant, and a
pathologist can make a diagnosis based on an image. However, a histology slide is
static and one is seldom able to elucidate any mechanism underlying observations.

1.2.6 Requirements for New Generations of Models

The main drawback to forward mathematical modelling of heterogeneous cell pop-
ulations in is the over specification of a priori knowledge. For example, in breast
cancer, the following paracrine molecules have been detected: Wnt signalling, epider-
mal growth factor (EGF), fibroblast growth factors (FGFs), insulin-like growth factor
(IGF), transforming growth factor-beta (TGFβ) [and therefore bone morphogenetic
proteins (BMPs)], and Notch signalling [133]. The aforementioned examples are only
a subset of the full list of proteins, and it should be noted that these are not individual
proteins, but usually families of proteins under one umbrella. Genetic differences be-
tween cells are too numerous to count, however some group properties are considered
notable, e.g., triple negative breast cancer where the cells do not express the genes
for oestrogen receptor, progesterone receptor, or HER2. The point being, trying to
incorporate all this into a model is nigh on impossible.

Incorporating discretely labelled genotyped cells may be possible, e.g., one could
build a CA model where cells are cancerous, with some probability of having one of
a finite number of mutations which then subsequently affect the behaviour of the cell
in question. Due to extensive genetic sequencing of tumours, one can use results from
statistical analysis to identify and include mutations which are relevant to the process
under investigation.

With proteomics, one is able to identify what proteins may exist both within cells,
and within the extracellular matrix (ECM). However, a harder task is to specify which
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proteins are important, and how they react. That is, a signalling molecule may have
been observed, and subsequently built into a model — however, unless one knows the
signalling mechanism well, it can be hard to specify confidence in conclusions.

Continuing new iterations of models may allow one to move “closer” to the truth,
however to break from this cycle we need a method to tell us what cytokines we should
be including in our models. We need a method to “rule in” critical determinants.

1.3 Interacting Particle Systems

Contemporary mathematical biology frequently uses some variant of reaction–diffusion
modelling, often with a discrete set of interacting particles as agents. These models
(hopefully) can be derived from first principles, and so we provide a general overview
here as to how one would go about doing this. Before we describe interacting particle
systems, we start with the easier case of particle motion without interactions.

1.3.1 Non-Interacting Particle Systems

Imagine a particle has a state vector s that is embedded within state space S. This
state space could be representative of the particle’s genotype, phenotype, position,
velocity, or other physical or latent social variable. Two things are then required for
a model: first, a model for the dynamics of s ∈ S; and second, the specification of
an initial condition. Many models for dynamics exist, but usually the modeller in
question has a preference, e.g., ODEs, or stochastic differential equations (SDEs). To
illustrate our mathematical construction, we shall give two examples with abridged
details on their analysis.

Common to both examples (and many others) is that once equations for the
particle dynamics are established, one can write down a PDE for ρ = ρ(t, s); where the
probability (density) of observing the particle in state s at time t is given by ρ(t, s)ds.
There are many reasons for why one may want to do this. If the particle dynamics
are deterministic (e.g., dynamics given by ODEs), then one can look at the variation
in sample paths by specifying the initial condition as a distribution; also one can
investigate properties of the dynamics from an ergodic perspective (especially useful
should the dynamics be chaotic). When the particle dynamics are stochastic, writing
down a PDE allows one to specify the probability of observing the particle in some
specific state without having to carry out a large number of stochastic simulations.
Additionally, when stochastic dynamics involve SDEs, the dynamics can be difficult
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to analyse as one is required to utilise Itô calculus. In contrast, ODEs and PDEs
have a plethora of methods available to analyse their solutions.

Once we have specified what the particle dynamics are, we write an evolution
equation of the form

dρ
dt

=
∂ρ

∂t
+ Lρ = 0 , (1.1)

for a linear operator L. We require that the particle is always in some state s ∈ S
with probability 1, i.e.,∫

S

ρ(t, s)ds = 1 , for ρ : R+ × S→ R+ . (1.2)

There are many names for equation (1.1), specific scenario-dependent names in-
clude the Liouville equation, the Fokker–Planck equation, or the Kolmogorov forward
equation. The most general interpretation of equation (1.1) would be as the Perron–
Frobenius operator [80]4.

1.3.1.1 Particle Motion in a Potential Well

The first example we consider is a particle of unit mass in a potential well following
Newton’s equations of motion, in which case s(t) = (x(t),v(t)) ∈ S ⊆ R2d, and

ẋ(t) = v(t) , v̇(t) = −∇xV (x(t)) . (1.3)

The ODEs in equation (1.3) can be solved using a numerical scheme, and depending
on the geometry and specifics of the model, analytic techniques may be employed.

There is a Liouville equation interpretation of equation (1.3) where one derives
a PDE using the divergence theorem and imposes conservation of probability mass.
For probability distribution ρ = ρ(t,x,v), the Liouville equation for the system of
ODEs given in equation (1.3) is

dρ
dt

=
∂ρ

∂t
+∇x · (ẋρ) +∇v · (v̇ρ)

=
∂ρ

∂t
+ v · ∇xρ−∇xV (x) · ∇vρ

= 0 , (1.4)

4 For completeness, we note that the operator L in equation (1.1) is the negative of the adjoint of
the infinitesimal generator A, i.e., 〈Lρ, q〉L2 = −〈ρ,Aq〉L2 where 〈ρ, q〉L2 :=

∫
S
ρq ds. Equation (1.1)

governs how probabilities evolve and the adjoint system (using the infinitesimal generator) governs
how expectations evolve. The adjoint system is then known as either the Kolmogorov backward
equation, or most generally, the Koopman operator.
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with initial condition ρ(0,x,v) = ρ0(x,v) and possibly boundary conditions on ∂S.
Due to the dynamics being deterministic in equation (1.3), the corresponding Liouville
equation has no dispersal term5.

1.3.1.2 Particle Motion with Stochastic Fluctuations

Our second example consists of the stochastic position jump process in which s(t) =

X(t) ∈ S ⊂ Rd and6

dX = µ(X)dt+ σ dW t , (1.5)

where µ is a vector-valued function that specifies the direction of (deterministic) drift,
σ is a scaling constant for the “noise” in the system, and W t is standard Brownian
motion [113]. Other examples of stochastic dynamics include velocity jump processes
[114] and fractional diffusion processes [104]. Due to equation (1.5) being stochastic,
a Liouville description is no longer possible, one must use a Fokker–Planck equation
for the distribution of sample paths, that is for ρ = ρ(t,x), then

∂ρ

∂t
+∇x ·

(
µ(x)− σ2

2
∇x

)
ρ = 0 , (1.6)

with initial condition ρ(0,x) = ρ0(x) and potentially boundary conditions depending
on S (usually no flux boundary conditions are used to preserve mass). Due to the
stochastic nature of equation (1.5), equation (1.6) is derived using Itô calculus and
has a dispersal term (second order spatial derivatives).

1.3.2 Pairwise Interactions

By allowing for multiple interacting particles, most of the mathematical construction
follows as before but with multiple copies of the state space. The PDE for the dis-
tribution of sample paths then lies in a high dimensional space. The mathematical
challenge is then finding a low dimensional description of the high dimensional sys-
tem; this is usually done though making some mean-field closure assumption. The
details below are abridged, for full details surrounding the validity of assumptions,
see Refs. [30, 142].

We first consider the n particle distribution ρ = ρ(t, ~sn), such that the probability
of simultaneously observing all n particles with states ~sn = {s1, . . . , sn} at time t is

5Under the classifications of PDEs, equation (1.4), corresponds to a hyperbolic transport equa-
tion. Therefore all motion described by ODEs have hyperbolic transport equations, but only some
stochastic motion has this property, e.g., velocity jump motion [114, 153].

6Following standard practice, we use capital letters for random variables and lower-case letters
for realisations of these variables.
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given by ρ(t, ~sn)d~sn. Analogously to equation (1.1), we can then write an n-particle
evolution equation as

dρ(n)

dt
=
∂ρ(n)

∂t
+ L(n)ρ(n) = 0 , (1.7)

where the interactions are encoded in the L(n) term. We also have the following
normalisation∫

Sn

ρ(n)(t, ~sn)d~sn =

∫
· · ·
∫
Sn

ρ(n)(t, s1, . . . , sn)ds1 . . . dsn = 1 , (1.8)

for ρ : R+×Sn → R+. The n-particle distribution is identical with respect to pairwise
particle relabelling, so for i 6= j

ρ(n)(t, s1, . . . , si, . . . , sj, . . . , sn) ≡ ρ(n)(t, s1, . . . , sj, . . . , si, . . . , sn) , (1.9)

providing the particles are identical and equation (1.9) also holds for the initial con-
dition. Unless specified otherwise,

Sn = Sn = S× · · · × S︸ ︷︷ ︸
n times

. (1.10)

If there are no direct interactions between particles, then

ρ(n)(t, s1, . . . , sn) ≡
n∏
k=1

ρ(t, sk) , (1.11)

where each equation for ρ follows equation (1.1). In this case, one can then also
decompose the linear L(n) particle operator into n 1-particle L operators where each
operator acts on one particle index.

One can calculate the q-particle distribution (the probability density of finding
particles 1, . . . , q with states ~sq = {s1, . . . , sq}) by integrating over particles q +

1, . . . , n in equation (1.7), thus

ρ(q)(t, ~sq) = ρ(q)(t, s1, . . . , sq)

=

∫
· · ·
∫
Sn−q

ρ(n)(t, s1, . . . , sn)dsq+1 . . . dsn

=

∫
Sn−q

ρ(n)(t, ~sn)d~s (q+1)
n , (1.12)

where we introduce the shorthand notation d~s (µ)
n = dsµ . . . dsn for µ ∈ {1, . . . , n}.

We drop the superscript when q = 1, so ρ(1) ≡ ρ. We can also consider the number
density of particles with state vector ~sq via the relation

f (q)(t, ~sq) =
n!

(n− q)!
ρ(q)(t, ~sq) . (1.13)
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The quantity f (q)(t, ~sq)d~sq indicates how many particles are in the configuration where
q-particles have states ~sq. Equation (1.13) relies on indistinguishable particle rela-
belling, see equation (1.9).

If there are pairwise interactions between particles, then by integrating over par-
ticles q + 1, . . . , n for all q = 1, . . . , n, one generates the Bogoliubov–Born–Green–
Kirkwood–Yvon (BBGKY) hierarchy, where the evolution equation for ρ(q) depends
on ρ(q+1). Crucially, for q = 1, we wish to evaluate the term∫

· · ·
∫
Sn−1

L(n)ρ(n)(t, s1, . . . , sn)ds2 . . . dsn . (1.14)

If one then approximates ρ(2) using the mean-field approximation

ρ(2)(t, s1, s2) ≈ ρ(t, s1)ρ(t, s2) , (1.15)

then one obtains a quadratic operator which we write as L̄ρ. By calculating the
quadratic operator in equation (1.14), one obtains an approximate low dimensional
description of the interacting particle system, where one solves a PDE for ρ = ρ(t, s):

∂ρ

∂t
+ L̄ρ = 0 . (1.16)

In equation (1.16), we write how a single particle probability distribution evolves
over time. By making the mean-field approximation in equation (1.15), we discard
correlations between pairs of particles. Therefore, the second particle responds as an
“average” particle, sometimes referred to as a “cloud” of particles.

We alter the examples above to now include interactions between particles, and
discuss a corresponding low dimensional approximation.

1.3.2.1 Particle Motion in Pairwise Potential Well

Our example in Section 1.3.1.1 is modified to n identical particles of unit mass that
follow Newton’s equations of motion with a smooth pairwise potential Φ. In that
case, si(t) = (xi(t),vi(t)) ∈ S ⊆ R2d and

ẋi = vi , v̇i = −∇xiV (x1, . . . ,xn) , (1.17)

for a potential of the form

V (x1, . . . ,xn) =
∑

1≤i<j≤n

Φ(xi − xj) . (1.18)

Variations of these equations have been used to consider collective motion such as
swarming [37, 45, 71]. We first consider the n particle distribution, i.e., the probability
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of simultaneously observing all n particles with positions ~xn = {x1, . . . ,xn} and
velocities ~vn = {v1, . . . ,vn}.

The high dimensional description for ρ(n) = ρ(n)(t, ~xn, ~vn) follows the Liouville
equation

dρ(n)

dt
=
∂ρ(n)

∂t
+ Lnρ(n)

=
∂ρ(n)

∂t
+

n∑
k=1

(vi · ∇xk −∇xkV (~xn) · ∇vk) ρ
(n)

= 0 . (1.19)

We now demonstrate the steps necessary to obtain an equation for ρ(q). We now
integrate equation (1.19) over positions and velocities q+ 1, . . . , n term by term. The
partial time derivative immediately passes through the integral∫

Sn−q

∂ρ(n)(t, ~xn, ~vn)

∂t
d~s (q+1)

n =
∂ρ(q)(t, ~xq, ~vq)

∂t
. (1.20)

For the linear operator L(n), when integrating the flux contributions for particles
q+1, . . . , n, the terms disappear by the divergence theorem. For simplicity we assume
that each particle’s position and velocity is located inRd, i.e., S = Rd×Rd. For a finite
state space S with no-flux boundary conditions, one can derive the same resulting
equation but one has to be careful with regards to incoming/outgoing velocities.
Therefore, for k > q∫

S

vk · ∇xkρ
(n)(t, ~xn, ~vn)dsk =

∫
S

∇xk ·
(
vkρ

(n)(t, ~xn, ~vn)
)
dsk

= lim
R→∞

∫
Rd

∫
B(R)

∇xk ·
(
vkρ

(n)(t, ~xn, ~vn)
)
dxkdvk

= lim
R→∞

∫
Rd

∫
∂B(R)

n · vkρ(n)(t, ~xn, ~vn)dSkdvk

= 0 , (1.21)

for a d-dimensional ball B(R) of radius R centred at the origin. Using equation (1.21),
we find that∫

Sn−q

n∑
k=1

vk · ∇xkρ
(n)(t, ~xn, ~vn)d~s (q+1)

n =

q∑
k=1

vk · ∇xkρ
(q)(t, ~xq, ~vq) . (1.22)

For the potential, we split the contribution into three components

V (~xn) =
∑

1≤i<j≤q

Φ(xi − xj)︸ ︷︷ ︸
V1(~xq)

+
∑

q+1≤i<j≤n

Φ(xi − xj)︸ ︷︷ ︸
V2(xq+1,...,xn)

+

q∑
i=1

n∑
j=q+1

Φ(xi − xj)︸ ︷︷ ︸
V3(~xn)

. (1.23)
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For the first component, since V1 = V1(~xq) does not depend on sq+1, . . . , sn,∫
Sn−q

n∑
k=1

∇xkV1(~xq) · ∇vkρ
(n)d~s (q+1)

n =

∫
Sn−q

q∑
k=1

∇xkV1(~xq) · ∇vkρ
(n)d~s (q+1)

n

=

q∑
k=1

∇xkV1(~xq) · ∇vkρ
(q) . (1.24)

The second component is identically zero. The first q terms disappear by taking a
gradient of a function not dependent on the first q variables V2 = V2(xq+1, . . . ,xn);
the final n−q terms can be written as a divergence (but in velocity space). Therefore,∫

Sn−q

n∑
k=1

∇xkV2(xq+1, . . . ,xn) · ∇vkρ
(n)d~s (q+1)

n

=

∫
Sn−q

n∑
k=q+1

∇xkV2(xq+1, . . . ,xn) · ∇vkρ
(n)d~s (q+1)

n

=
n∑

k=q+1

∫
Sn−q

∇vk ·
(
∇xkV2(xq+1, . . . ,xn)ρ(n)

)
d~s (q+1)

n

= 0 . (1.25)

The third component uses the index permutation properties of ρ(n) on indices q +

1, . . . , n to calculate an interaction term with the (q+1)-particle distribution function
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ρ(q+1). We write∫
Sn−q

n∑
k=1

∇xkV3(~xn) · ∇vkρ
(n)d~s (q+1)

n

=

∫
Sn−q

n∑
k=1

∇xk

q∑
i=1

n∑
j=q+1

Φ(xi − xj) · ∇vkρ
(n)d~s (q+1)

n (by definition)

=

∫
Sn−q

q∑
k=1

∇xk

n∑
j=q+1

Φ(xk − xj) · ∇vkρ
(n)d~s (q+1)

n

+

∫
Sn−q

n∑
k=q+1

∇xk

q∑
i=1

Φ(xi − xk) · ∇vkρ
(n)d~s (q+1)

n (split up sum)

=

∫
Sn−q

q∑
k=1

∇xk

n∑
j=q+1

Φ(xk − xj) · ∇vkρ
(n)d~s (q+1)

n

+
n∑

k=q+1

∫
Sn−q

∇vk ·

(
∇xk

q∑
i=1

Φ(xi − xk)ρ(n)

)
d~s (q+1)

n (identify divergence)

= (n− q)
q∑

k=1

∫
Sn−q

∇xkΦ(xk − xq+1) · ∇vkρ
(n)d~s (q+1)

n (relabel particles)

= (n− q)
q∑

k=1

∫
S

∇xkΦ(xk − xq+1) · ∇vk

[∫
Sn−q−1

ρ(n)d~s (q+2)
n

]
dsq+1 (rearrange)

= (n− q)
q∑

k=1

∫
S

∇xkΦ(xk − xq+1) · ∇vkρ
(q+1)dsq+1 (identify term) . (1.26)

Putting this altogether, we find

∂ρ(q)

∂t
+

q∑
k=1

(vk · ∇xk −∇xkV1(~xq) · ∇vk) ρ
(q)

= (n− q)
q∑

k=1

∫
S

∇xkΦ(xk − xq+1) · ∇vkρ
(q+1)dsq+1 . (1.27)

Equation (1.27) is called the BBGKY hierarchy. For the case where q = 1, equation
(1.27) becomes(
∂

∂t
+ v1 · ∇x1

)
ρ(t,x1,v1) = (n−1)

∫
S

∇x1Φ(x1−x2)·∇v1ρ
(2)(t,x1,x2,v1,v2)ds2 .

(1.28)
By making the mean-field closure assumption in equation (1.15), our quadratic low
dimensional approximation in equation (1.16) is

L̄(1)ρ = v · ∇xρ− B(ρ, ρ) , (1.29)
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where B(ρ, ρ) is the Vlasov mean-field approximation

B(ρ, ρ) = (n− 1)

(
∇xΦ ∗

∫
Rd
ρ dv

)
· (∇vρ) , (1.30)

and ∗ represents the convolution operator. When there are excluded volume effects
of the form

Sn = {(s1, . . . , sn) ∈ S× · · · × S : ‖xi − xj‖ ≥ ε for all i 6= j} , (1.31)

one has to be careful when using the mean-field approximation (now termed the
molecular chaos assumption), and one derives the famous Boltzmann collision oper-
ator

B(ρ, ρ) = κ

∫
Rd

∫
S−

B(v′ − v,n)[ρ(t,x,v∗)ρ(t,x,v′∗)− ρ(t,x,v)ρ(t,x,v′)]dndv′.

(1.32)
In equation (1.32) S− is the half unit-disc/ball of incoming particle collisions, κ =

(n − 1)εd−1 is the Boltzmann collision constant, and (v∗,v
′
∗) are the new velocities

after particles with velocities (v,v′) undergo a collision. The scattering kernel B and
velocity variables with asterisks are determined by conservation laws, e.g., conserva-
tion of momentum and energy.

1.3.2.2 Particle Motion with Stochastic Fluctuations and Pairwise Po-
tential Well

For particles in Section 1.3.1.2, the motion remains the same, i.e., each particle follows
the stochastic position jump process in which si(t) = X i(t) ∈ S ⊂ Rd and

dX i = µi(X1, . . . ,Xn)dt+ σ dW t , (1.33)

where W t is standard Brownian motion. However, we suppose that the forcing term
µi is due to a pairwise potential well, we write

µi = −∇xiV (X1, . . . ,Xn) = −∇xi

∑
1≤i<j≤n

Φ(X i −Xj) . (1.34)

If si(t) evolves according to equation (1.33), one has the Fokker–Planck equation

dρ(n)

dt
=
∂ρ(n)

∂t
+ Lnρ(n)

=
∂ρ(n)

∂t
+

n∑
k=1

∇xk ·
(
µk(xk)−

σ2

2
∇xk

)
ρ(n)

= 0 . (1.35)
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Following the same analysis as in Section 1.3.2.1, we obtain the following BBGKY
hierarchy

∂ρ(q)

∂t
−

q∑
k=1

∇xk ·
(
∇xkV1(~xq) +

σ2

2
∇xk

)
ρ(q)

= (n− q)
q∑

k=1

∫
Rd
∇xkΦ(xk − xq+1) · ∇xkρ

(q+1)dxq+1 . (1.36)

For q = 1, equation (1.36) becomes(
∂

∂t
− σ2

2
∇2

x1

)
ρ(t,x1) = (n− 1)

∫
Rd
∇x1Φ(x1 − x2) · ∇x1ρ

(2)(t,x1,x2)dx2 .

(1.37)

Therefore, after making the mean-field approximation in equation (1.15), we find that
the quadratic operator in equation (1.16) is

L̄(1)ρ = −σ
2

2
∇2

xρ− (n− 1)∇xρ · ∇x(ρ ∗ Φ) . (1.38)

For the case where particles have finite volume effects with the state space in equation
(1.31), a low dimensional description was calculated by Bruna and Chapman [19] using
matched asymptotic expansions (for small ε) to give

L̄(1)ρ = −σ
2

2
∇2

x

[
ρ+ αd(n− 1)εdρ2

]
, (1.39)

for α2 = π/2 and α3 = 2π/3.
Thus far, we have used the probabilistic normalisation as opposed to the number

normalisation, i.e., using the distribution ρ as opposed to distribution f = nρ. In
Chapter 2, it will become necessary to use f as we wish to consider systems which
change size. Notice there is an (n− 1) coefficient to the quadratic interaction terms.
Therefore, if we approximate n ≈ n − 1, then one uses f = nρ and one has an
expression in f only.

※
We have now introduced the relevant biology and mathematical concepts that will

be referred to throughout the thesis. In order to develop a model of osteocyte network
formation, we need a consistent mathematical framework that addresses the concerns
in Section 1.1.5. In Chapter 2, we use some of the ideas from interacting particle
systems in Section 1.3 to derive differential equations to investigate a wide range of
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evolving network problems. In Chapter 3, we build a stochastic agent-based model
of bone formation, and use the modelling framework in Chapter 2 to analyse the
mean-field behaviour. In Chapter 4, we change topic to histology analysis, where we
develop a method to analyse paracrine signalling based on histology slides. We then
tie this back into interacting particle systems and show that our model can be seen
as cells communicating via a signalling field located within the extracellular space.
Finally, in Chapter 5, we discuss the work from the thesis and consider strengths,
shortfalls, and the (many) future avenues that this work could take.
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Chapter 2

A Mean-Field Approach to Evolving
Spatial Networks

This chapter is organised as follows. In Section 2.1, we give a review on networks and
models of their creation. In Section 2.2, we define the concept of a “local state degree
distribution” (LSDD), which encapsulates the degree distribution of a network local
to a point in state space. In Section 2.3, we give a description of our model of evolving
spatial networks. In Section 2.4, we derive an equation for the LSDD when edges are
created but cannot be destroyed. In Section 2.5, we incorporate edge destruction into
our model. Our derivations require the use of approximations, so we use numerical
simulations to explore agreement and discrepancies between theory and our derived
equations in Section 2.6.

2.1 Introduction

Networks, in which entities (“nodes”) interact with each other via “edges”, are a useful
representation of complex systems [109]. They have often been very helpful for formu-
lating and answering questions in biology, sociology, engineering, and numerous other
fields. Many systems—such as blood vasculature [74], leaf venation [15], and fungi
[63, 90]—can be treated as biological transportation networks, in which edges carry
resources and nodes operate as junctions. Some of these studies exploit ideas from
fluid mechanics and energy minimisation to investigate flow through various media
[61, 63, 68, 111]. To give another type of example, in evolutionary game theory, a
node can represent a biological agent, and edges indicate interactions in a “game”
between those agents [150]. Applications range from behavioural ecology [141] to
investigating tumour heterogeneity in cancer [8]. Changes in node fitness can depend
on, for example, a node’s phenotype and its immediate neighbours [112].
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Many of the above examples involve “spatial networks” [11], and spatial constraints
can exert significant influence (directly and/or indirectly) on both network structure
and function. In the aforementioned examples, the networks are embedded in space,
and one thus can assign physical locations to the nodes and edges. This is clearly
important when considering dynamical processes on those networks [40].

Some spatial networks grow in time as they form: new nodes and edges can join a
spatial network, and the spatial domain can expand. For example, cities often grow
outwards or arise when borders from multiple settlements coalesce [12, 46, 94]. Fungi,
which are living networks, expand to reach nutrients, and such growth induces flows
of mass [63, 90].

There are myriad models of network formation [109]. There are at least three
possible ways of formulating such a model: (i) all nodes and edges are created simul-
taneously with a single algorithmic step (e.g., the standard Erdős–Rényi (ER) random
graph G(n, p) [42, 109] and standard random geometric graphs [122]); (ii) nodes and
edges have an implicit order of creation but time is not considered explicitly (e.g., in
some preferential-attachment models [106, 129]); or (iii) nodes and edges have an or-
der of creation and time is considered explicitly (e.g., in some preferential-attachment
models [83, 85] and in adaptive network models [56]). Because we want to incorporate
time explicitly, we will consider spatial networks in category (iii). See also the recent
work by Zuev et al. on geometric preferential-attachment models [170].

When studying a model in category (iii), it is common to employ kinetic approx-
imations [83–85, 98]. Such approximations often allow one to construct a “master
equation” to obtain approximate and/or asymptotic expressions for quantities such
as degree distributions, component sizes, and cycle sizes [84]. These equations can
take the form of an ordinary differential equation (ODE), partial differential equation
(PDE), or other continuous model. By carefully constructing a general state space of
the system, we derive an extension to the ODE master equations given in [83–85, 98]
to obtain a master equation in the form of an integro-partial differential equation
(IPDE) that incorporates this state space.

Our work illustrates how to use a master-equation approach to study spatial net-
works. As an illustration of its potential, we examine degree distributions in a very
general model of evolving spatial networks and in Chapter 3 use our results to gain
insights on osteocyte network formation in bone. An important benefit of using an
explicit time-dependent kinetic approach is that it allows one to incorporate nodes
that move through a state space (e.g., particles that diffuse). Note that we will often
use the terms “nodes” and “particles” interchangeably (depending on the context).
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When considering spatially-embedded network models, the state space corresponds
to each node being located in a copy of the physical space. From a mathematical
viewpoint, our approach is reminiscent of some models of social networks [17, 162],
for which the state space corresponds to a latent social space described by some
internal parameters; however, these models have no time dependence.

2.2 A Local State Degree Distribution

We consider networks in which each node (i.e., particle) has some number of associated
properties in addition to those, such as degree distribution, that arise from network
structure. For example, each node may have a spatial location and a velocity, or it
may have some more abstract internal (“latent”) property describing, for example,
some social trait. We collect these properties together into a state vector s, which
belongs to a state space S.

The density f(t, s) of particles in the state space gives the expected number of
particles with state1 s. However, a common way to study the properties of models
of network formation is to examine the degree distribution [109]. In this chapter, we
combine these ideas to consider what we call a local state degree distribution (LSDD)
uk(t, s), which gives the expected number of particles of degree k at time t with state
vector s. One can write the LSDD as

uk(t, s) = pk(t | s)f(t, s) ,

where pk(t | s) is the conditional probability that a node at time t has degree k, given
that its state is s. We can recover both f and pk from uk via

f(t, s) =
∞∑
k=0

uk(t, s) , pk(t | s) =
uk(t, s)∑∞
k=0 uk(t, s)

. (2.1)

The degree distribution of the whole network is given by

Pk(t) =

∫
S
uk(t, s)ds∑∞

k=0

∫
S
uk(t, s)ds

. (2.2)

2.3 Model of Evolving Spatial Networks

We now present a model for evolving spatial networks. Our model has three tuneable
features. First, edges can be created and deleted. Second, new nodes can be created

1More precisely, f(t, s)ds gives the expected number of particles that have states lying in the
volume element ds centred on s.
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(but we do not allow node deletion). Finally, we specify a model (possibly depending
on network structure) for the evolution of the state s of each node.

Suppose at time t that there are N(t) nodes with state vectors si and degrees ki
(with i ∈ {1, . . . , N}). We suppose that new edges are created between each pair
of nodes as independent Poisson processes, where C(si, ki, sj, kj) is the rate of edge
creation between node i and node j, so that the probability of an edge being created
between node i and node j in time t to t + dt is C(si, ki, sj, kj)dt. We suppose that
C depends on the states and degrees of the two nodes i and j, but that it does not
depend on other properties of the network (such as, for example, whether an edge
between node i and node j already exists). Thus, our model allows multiedges (i.e.,
multiple edges between two distinct nodes).

Similarly, we suppose that existing nodes are deleted as independent Poisson pro-
cesses, where D(si, ki, sj, kj) is the rate of edge deletion (per edge) between node i
and node j. We suppose also that new particles, which have degree 0, arrive randomly
as a Poisson process with constant rate J , and we assign to them a state drawn at
random from the probability distribution K.

The final component of our model is the equation of motion of the particles in the
state space. Many possible models are available (both deterministic and stochastic);
for examples of these, refer back to Section 1.3. For the examples in Section 1.3,
the motion in state space is independent of network structure. Of course, it is also
possible to imagine scenarios in which the motion depends on node degree or other
structural features.

We summarise the model events and state update in Table 2.1, and we illustrate
them in Figure 2.1. In Algorithm 1, we give pseudocode for our simulations of evolving
spatial networks.

When simulating Algorithm 1, we use a small time step ∆t, so 0 < ∆t � 1.
We also specify the following ordering of events: edge creation; edge deletion; state
update; and then new particles are allowed to enter the system. This specification is
arbitrary, and obviously it is desirable that any reordering of these events becomes
inconsequential as ∆t → 0. For our numerical experimentation using the examples
in Section 2.6, this indeed appears to be the case. For the simulations that we report
in Section 2.6, we chose a time step ∆t to be sufficiently small that a reordering of
events has no discernible impact.

The update rule for event (iv) in Table 2.1—namely, the evolution of the states of
the individual nodes—depends on the particular process that we consider. We write
si(t+ ∆t) = D(s1(t), . . . , sN(t)(t),∆t), where D arises from the time-discretisation of
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Table 2.1: Model description: (i) edge creation; (ii) edge deletion; (iii) node creation; and (iv)
evolution of node state.

(i) The rate of edge creation between nodes i and j is C(si, ki, sj, kj).

(ii) The rate of edge deletion per edge between nodes i and j is D(si, ki, sj, kj).

(iii) Nodes of degree 0 enter the system at rate J . We assign the new node a state
s∗ ∈ S, where we draw s∗ from the distribution K.

(iv) Nodes move in the state space S according to some (possibly stochastic) differ-
ential equation. We specify a single differential equation for each node, and all
nodes must follow the same differential equation.

the underlying process. For example, one can use an Euler–Maruyama method or the
Milstein method for the SDE (1.33) [65]; and one can use Störmer–Verlet schemes for
the ODEs in equation (1.17) [57].

One can devise a efficient simulation algorithm for situations in which edge cre-
ation or deletion do not depend on the state of nodes. In that case, one can use an
event-driven algorithm, such as a Gillespie algorithm [51], for creation and deletion
events.

31



(i) Rate: C(si, ki, sj, kj)
Time: t Time: t+ ∆t

(si, ki)

(sj , kj)

(si, ki + 1)

(sj , kj + 1)

S S

(ii) Rate: D(si, ki, sj, kj)

(si, ki)

(sj , kj)

(si, ki − 1)

(sj , kj − 1)

S S

(iii) Rate: J

(s∗, k∗ = 0)

S S

(iv) State change: si(t)→ s̃i = si(t+ ∆t)

(si, ki) (s̃i, ki)

S S

Figure 2.1: Diagrammatic illustration of our model of evolving spatial networks. In each panel,
the square box represents the state space S. In each time step of size ∆t (where 0 < ∆t � 1),
the following events can occur: (i) edge creation; (ii) edge deletion; (iii) node creation; and (iv)
evolution of node state.
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Algorithm 1: Algorithm to generate an evolving spatial network. The notation
randperm(X) signifies a permutation, selected uniformly at random, of the discrete set X.

Data: Choose an end time Tend = M∆t for large M ∈ N and small ∆t > 0.
Set the number of particles N ← N0.
Initialise the starting state at si ← s

(i)
0 and starting degree at ki ← k

(i)
0 for each

i ∈ {1, . . . , N0}.
Set time counter m← 0.
while m ≤M do

%Edge creation update.
for i← randperm({1, 2, . . . , N}) do

for j ← randperm({i+ 1, . . . , N}) do
Draw a uniform random number r1 from the distribution U(0, 1).
if r1 ≤ C(sj , kj |si, ki)∆t then

Create an edge between node i and node j.

%Edge deletion update.
for i← randperm({1, 2, . . . , N}) do

for j ← randperm(Ei) do %Ei is the set nodes joined by an edge to i, counted
according to multiplicity.

Draw a uniform random number r2 from the distribution U(0, 1).
if r2 ≤ D(sj , kj |si, ki)∆t then

Delete an edge between node i and node j.

%State update.
for i← 1 to N do

Update particle state: si ← D(s1, . . . , sN ,∆t). %D arises from the
time-discretisation of the state dynamics

%New node creation.
Draw a uniform random number r3 from the distribution U(0, 1).
if r3 ≤ J∆t then

Create node with state sN+1 ← s∗, where s∗ ∼ K.
Initialise the degree kN+1 ← 0
Update the number of particles: N ← N + 1.

Update time: m← m+ 1.

Our model treats all nodes identically, although our methodology can be extended
to heterogeneous classes of nodes or heterogeneous classes of edges. (Both of these
generalisations are examples of multilayer networks [79].) To consider such cases, one
can modify kinetic methodology from [14, 23].

2.4 Model Derivation: No Edge Deletion
We begin by considering the case in which there is no edge deletion. That is D = 0 for
all si, ki, sj, kj. In the next subsection, we give a set of hierarchical master Fokker–
Planck (FP) equations for the probability distribution of the state of the system.
Because it is not pragmatic to work in this high-dimensional space, in Section 2.4.2,
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we reduce the dimension using mean-field arguments from kinetic theory.

2.4.1 Fokker–Planck Equation

We define P
~kn
n (t, ~sn) to be the probability that a network has n nodes with degree

sequence ~kn = {k1, . . . , kn} and state vectors ~sn = {s1, . . . , sn}. Note the normalisa-
tion

∞∑
n=0

∑
K1,n

[∫
Sn

P
~kn
n (t, ~sn) d~sn

] = 1 , (2.3)

where Ka,b is shorthand for summing over all possible degrees for nodes i ∈ {a, a +
1, . . . , b}. That is, ∑

Ka,b

≡
∞∑

ka=0

∞∑
ka+1=0

· · ·
∞∑
kb=0

. (2.4)

We note that existence of a network with arbitrary degree sequence ~kn is not
guaranteed, in which case we assume that the associated probability of observing the
network is zero for all state vectors ~sn, i.e., P

~kn
n (t, ~sn) = 0 for all ~sn ∈ Sn.

We are not considering edge deletion and we have assumed that edge creation
and state-space motion depend only on node state and degree, so it is possible to
write down a closed equation for P

~kn
n (t, ~sn). In contrast, when we do consider edge

deletion in Section 2.5, it will not be enough simply to keep track of node degrees.
We will need the full adjacency matrix.

Because the probability density function P
~kn
n (t, ~sn) depends on the number of

particles in the system (which changes when new nodes are created), we obtain a
hierarchy of Fokker–Planck equations as in [31]. By considering a small time step
from t to t+ dt and partitioning over the events that can occur, we obtain(

∂

∂t
+ L(n)

)
P

~kn
n (t, ~sn)

=
∑

1≤i<j≤n

(
C(si, ki − 1, sj, kj − 1)P

~ki,jn,−
n (t, ~sn)− C(si, ki, sj, kj)P

~kn
n (t, ~sn)

)

+
n∑
i=1

1

n
δki,0 J K(si)P

~ki−n
n−1(t, ~si−n )− JP

~kn
n (t, ~sn) . (2.5)

The operator on the left-hand side describes the evolution of particles in state
space, and it depends on the particular model that one chooses for this evolution.
For examples of these evolution operators, see Section 1.3. If the states of nodes are
static, then L(n) ≡ 0.

The first term in parentheses on the right-hand side of equation (2.5) corresponds
to edge-creation events between each pair, i and j, of nodes. The positive term
corresponds to gaining a network with degree sequence ~kn = {k1, . . . , kn} from a
network with degree sequence ~ki,jn,− = {k1, . . . , ki− 1, . . . , kj − 1, . . . , kn} by adding an
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edge between nodes i and j. The negative term corresponds to losing a network of
degree sequence ~kn (as it changes to a network of degree sequence ~ki,jn,+ = {k1, . . . , ki+
1, . . . , kj + 1, . . . , kn}) by adding an edge between nodes i and j.

The second term on the right-hand side of equation (2.5) corresponds to gaining
a network with degree sequence {k1, . . . , ki−1, 0, ki+1, . . . , kn} from a network with
degree sequence ~ki−n = {k1, . . . , ki−1, ki+1, . . . , kn−1} by adding a new node (of degree
0) to the system. The Kronecker delta δki,0 ensures that this term is present only
when ki = 0, corresponding to the new node having degree 0. One draws the new
state si from the probability distribution with density function K. (The state vector
of the existing nodes is ~si−n = (s1, . . . , si−1, si+1, . . . , sn).) We assign the label of the
new node uniformly at random from the set {1, . . . , n} (rather than assigning it to be
the last node n) to ensure that particles are indistinguishable. Hence the factor 1/n.

The final term on the right-hand side of equation (2.5) describes the loss of a
network with degree sequence ~kn because of the addition of a new node. (One thereby
obtains a network with degree sequence {k1, . . . , ki−1, 0, ki, . . . , kn} for some i.)

To save us from writing down separate equations for each case in which ki = 0
for some i (because it is impossible to arrive at a state in which a node has degree
0 by adding an edge to a state in which it has degree −1), we use the convention
that P

~kn
n (t, ~sn) = 0 if n < 0 or ki < 0 for all i ∈ {0, 1, . . . , n}. We also suppose that

particles are indistinguishable initially, so the initial condition P
~kn
n (0, ~sn) is invariant

to index permutation. Equation (2.5) then ensures that this is true for all t.
It is not feasible to solve equation (2.5) analytically (except perhaps when the

node state vectors are uncorrelated), and it is not practical to solve it numerically
due to the infinite number of copies of the state space (see Section 1.3.2). In Section
2.4.2, we reduce the dimension of the equation (2.5) using mean-field approaches from
kinetic theory.

2.4.2 Low-Dimensional Approximation

To derive our low-dimensional approximation, we adapt methods from kinetic the-
ory [25, 37]. A common approach in kinetic theory is to average over the states of
particles 2 to n to find an equation for the marginal distribution function of the first
particle [29, 59] (the so-called “1-particle distribution function”). Because particles
are indistinguishable, multiplying by n gives the probability of finding any particle in
a given state. Here we adopt the same approach, and we average over the states and
degrees of particles 2 to n. Because the number of particles itself can vary, we also
need to average over this quantity. The resulting 1-particle distribution function is
exactly the previously-defined LSDD uk1(t, s1). Specifically,

uk1(t, s1) =
∞∑
n=0

n
∞∑
k2=0

· · ·
∞∑

kn=0

∫
Sn−1

P
~kn
n (t, s1, . . . , sn) ds2 . . . dsn

=
∞∑
n=0

n
∑
K2,n

∫
Sn−1

P
~kn
n (t, ~sn) d~s (2)

n , (2.6)
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where we remind the reader of the shorthand notation d~s (µ)
n = dsµ . . . dsn for µ ∈

{1, . . . , n}.
To find the equation satisfied by uk1(t, s1), we apply the same summation and

integration to the Fokker–Planck equation (2.5).
Because the summation and integration commutes with the time derivative, it

follows for the first term on the left-hand side (LHS) of equation (2.5) that

∞∑
n=0

n
∑
K2,n

∫
Sn−1

∂P
~kn
n (t, ~sn)

∂t
d~s (2)

n =
∂uk1(t, s1)

∂t
. (2.7)

For the next term on the LHS, we need to evaluate

∞∑
n=0

n
∑
K2,n

∫
Sn−1

L(n)P
~kn
n d~s (2)

n . (2.8)

For specific examples of the resulting operator (which lack dependence on network
structure), see Section 1.3. As a quick reminder, when there are pairwise interactions
between particles in the state space, for each interacting pair, one can perform the
integration over all other particles. Consequently, after relabelling, one can write
(2.8) in terms of the 2-particle LSDD

u
(2)
k1,k2

(t, s1, s2) =
∞∑
n=0

n(n− 1)
∑
K3,n

∫
Sn−2

P
~kn
n (t, ~sn) d~s (3)

n . (2.9)

The (n− 1) term in equation (2.9) relates to how many particles can be placed in a
configuration with state vector s2 after the first particle with state vector s1 is fixed,
see also equation (1.13).

We do not have a closed equation for uk1 , but the first in a series of equations
(the BBGKY hierarchy) for the 1-particle, 2-particle, 3-particle, etc. LSDDs. In this
case, we make the common mean-field closure assumption that

u
(2)
k1,k2

(t, s1, s2) ≈ uk1(t, s1)uk2(t, s2) . (2.10)

Notice that in equation (2.10) the LSDD is normalised to the size of the system,
not to unity (suggesting probability mass) as in equation (1.15). Therefore, one is
additionally making the assumption that n2 ≈ n(n− 1).

We now apply the same integration and summation to the right-hand side (RHS)
of equation (2.5). This gives

∞∑
n=0

n
∑

~kn∈K2,n

∫
Sn−1

n∑
i=1

n∑
j=i+1

C(si, ki − 1, sj, kj − 1)P
~kijn,−
n (t, ~sn) d~s (2)

n

−
∞∑
n=0

n
∑

~kn∈K2,n

∫
Sn−1

n∑
i=1

n∑
j=i+1

C(si, ki, sj, kj)P
~kn
n (t, ~sn) d~s (2)

n . (2.11)
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For i > 1, each individual term appears once in the positive sum and once in the
negative sum; they thus cancel each other out. The remaining terms are

∞∑
n=0

n
∑

~kn∈K2,n

∫
Sn−1

n∑
j=2

C(s1, k1 − 1, sj, kj − 1)P
~kijn,−
n (t, ~sn) d~s (2)

n

−
∞∑
n=0

n
∑

~kn∈K2,n

∫
Sn−1

n∑
j=2

C(s1, k1, sj, kj)P
~kn
n (t, ~sn) d~s (2)

n . (2.12)

Because P
~kn
n (t, ~sn) is invariant with respect to particle relabelling, we can relabel

(sj, kj)↔ (s2, k2) in each term in the sum over j to obtain

∞∑
n=0

n
∑

~kn∈K2,n

∫
Sn−1

n∑
j=2

C(s1, k1, sj, kj)P
~kn
n (t, ~sn) d~s (2)

n

=
∞∑
n=0

n
∑

~kn∈K2,n

∫
Sn−1

n∑
j=2

C(s1, k1, s2, k2)P
~kn
n (t, ~sn) d~s (2)

n

=
∞∑
n=0

n(n− 1)
∞∑
k2=0

∫
S

C(s1, k1, s2, k2)
∑

~kn∈K3,n

∫
Sn−2

P
~kn
n (t, ~sn) d~s (3)

n ds2

=
∞∑
k2=0

∫
S

C(s1, k1, s2, k2)u
(2)
k1,k2

(t, s1, s2) ds2 ,

where the last line follows from equation (2.9). Consequently, we can write (2.11) as∫
S

∞∑
k2=0

C(s1, k1 − 1, s2, k2 − 1)u
(2)
k1−1,k2−1(t, s1, s2) ds2

−
∫
S

∞∑
k2=0

C(s1, k1, s2, k2)u
(2)
k1,k2

(t, s1, s2) ds2 . (2.13)

For the remaining terms on the RHS of equation (2.5), we sum over the degrees and
integrate over the states of particles 2 through n, multiply by n, and sum over n to
obtain

∞∑
n=1

n
∑

~kn∈K2,n

∫
Sn−1

(
n∑
i=1

1

n
δki,0 J K(si)P

~ki−n
n−1(t, ~si−n )− JP

~kn
n (t, ~sn)

)
d~s (2)

n . (2.14)

For the term i = 1, we are summing and integrating over all arguments of P ~ki−n
n−1(t, ~si−n ),
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so
∞∑
n=1

n
∑

~kn∈K2,n

∫
Sn−1

1

n
δk1,0 J K(s1)P

~k1−n
n−1 (t, ~s1−

n ) d~s (2)
n

= δk1,0 J K(s1)
∞∑
n=1

∑
~kn∈K2,n

∫
Sn−1

P
~k1−n
n−1 (t, ~s1−

n ) d~s (2)
n

= δk1,0 J K(s1)
∞∑
n=1

∑
~kn−1∈K1,n−1

∫
Sn−1

P
~kn−1

n−1 (t, ~sn−1) d~sn−1

= δk1,0 J K(s1) ,

where the last line follows from equation (2.3). For each term i > 1, we use the
invariance of P

~kn
n (t, ~sn) with respect to particle relabelling to swap particle i with

particle n to give

∞∑
n=1

n
∑

~kn∈K2,n

∫
Sn−1

n∑
i=2

1

n
δki,0 J K(si)P

~ki−n
n−1(t, ~si−n ) d~s (2)

n

=
∞∑
n=1

n
∑

~kn∈K2,n

∫
Sn−1

n∑
i=2

1

n
δkn,0 J K(sn)P

~kn−n
n−1 (t, ~sn−n ) d~s (2)

n

= J
∞∑
n=1

(n− 1)

∫
S

K(sn) dsn
∑

~kn−1∈K1,n−1

∫
Sn−2

P
~kn−1

n−1 (t, ~sn−1) d~s (2)
n−1

= J
∞∑
n=0

n
∑

~kn∈K1,n

∫
Sn−1

P
~kn
n (t, ~sn) d~s (2)

n ,

which cancels with the remaining term in equation (2.14).
Therefore, by relabelling particles and using the fact that P

~kn
n (t, ~sn) is invariant

with respect to index permutation, we find that

RHS =

∫
S

∞∑
k2=0

C(s1, k1 − 1, s2, k2 − 1)u
(2)
k1−1,k2−1(t, s1, s2)ds2

−
∫
S

∞∑
k2=0

C(s1, k1, s2, k2)u
(2)
k1,k2

(t, s1, s2)ds2

+ JK(s1)δk1,0 . (2.15)

We again need to use the mean-field closure assumption (2.10) to write the 2-particle
LSDD in terms of the 1-particle LSDD. This gives the final closed mean-field equation
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for the 1-particle LSDD in the absence of edge deletion:[
∂

∂t
+ L(1)

]
uk1(t, s1) =

(∫
S

∞∑
k2=0

C(s1, k1 − 1, s2, k2 − 1)uk2−1(t, s2) ds2

)
uk1−1(t, s1)

−

(∫
S

∞∑
k2=0

C(s1, k1, s2, k2)uk2(t, s2) ds2

)
uk1(t, s1) + JK(s1)δk1,0 , (2.16)

where uk1 ≡ 0 if k1 < 0 by convention. When C is a constant and S is a point,
equation (2.16) reduces to master equations previously found [84]. The quadratic
terms in equation (2.16) are analogous to the mean-field term in the Vlaslov equation,
where a test particle feels the effect of a “cloud” of points [29, 45, 59].

2.5 Model Derivation: Edge Deletion

The state space {(~sn, ~kn) : n > 0} that we used in Section 2.4 is not sufficient when we
allow edge deletion. With edge deletion, it is crucial to know whether an edge exists
between each pair of nodes, so we must consider the underlying adjacency matrix.
For undirected networks with multiedges, the adjacency matrix An = ATn has entries
(An)i,j for i 6= j and i, j ∈ {1, . . . , n}, where (An)i,j ∈ N0 gives the number of edges
between nodes i and j.

Because we consider probability distributions over An, the most efficient repre-
sentation is to restrict attention to the independent entries of An. We thus change
convention slightly and set (An)i,j = 0 for i ≥ j, and we will retain the term “adja-
cency matrix” to indicate the resulting matrix.

2.5.1 Fokker–Planck Equation
Let PAnn (t, ~sn) denote the probability that a network has adjacency matrix An and n
nodes with state vectors ~sn = {s1, . . . , sn}. The normalisation condition is

∞∑
n=1

{ ∑
An∈Sn

[∫
Sn
PAnn (t, ~sn) d~sn

]}
= 1 , (2.17)

where

Sn =

{
An :

(An)ij ∈ N0 , 1 ≤ i < j ≤ n

(An)ij = 0 , otherwise

}
, (2.18)

so that ∑
An∈Sn

≡
∞∑

(An)12=0

· · ·
∞∑

(An)1n=0

∞∑
(An)23=0

· · ·
∞∑

(An)n−1,n=0

.

For fixed n, one can calculate the degree ki of node i from the adjacency matrix using

ki =
n∑

j=i+1

(An)ij +
i−1∑
j=1

(An)ji .
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Therefore, we can relate the distributions P and P via

P
~kn
n (t, ~sn) =

∑
An∈Sn

[
n∏
i=1

δ

(
ki,

n∑
j=i+1

(An)ij +
i−1∑
j=1

(An)ji

)]
PAnn (t, ~sn) , (2.19)

where δ(a, b) is the Kronecker delta (which is usually written as δab). When we include
edge deletion, the hierarchical Fokker–Planck equation (2.5) becomes(
∂

∂t
+ L(n)

)
PAnn (t, ~sn)

=
∑

1≤i<j≤n

(
C(si, ki − 1, sj, kj − 1)PA

ij
n,−

n (t, ~sn)− C(si, ki, sj, kj)PAnn (t, ~sn)

)
+

∑
1≤i<j≤n

(
(Aijn,+)ijD(si, ki + 1, sj, kj + 1)PA

ij
n,+

n (t, ~sn)− (An)ijD(si, ki, sj, kj)PAnn (t, ~sn)

)

+
1

n

n∑
i=1

[
i−1∏
j=1

δ(0, (An)ji)

][
n∏

j=i+1

δ(0, (An)ij)

]
JK(si)PA

i−
n

n−1(t, ~s i−n )− JPAnn (t, ~sn) ,

(2.20)

where
(Aijn,±)lm =

{
(An)lm ± 1 , if (i, j) = (l,m) ,
(An)lm , otherwise . (2.21)

The first term on the RHS of equation (2.20) corresponds to edge-creation events
between nodes i and j as before (see Section 2.4). The first part of the second term
corresponds to gaining a network with adjacency matrix An from a network with
adjacency matrix Aijn,+ by deleting an edge between i and j. Note that D is the
rate of deletion per edge, so we multiply by the number of edges (which is equal to
(An)ij + 1) between i and j. The second part of this term corresponds to losing a
network with adjacency matrix An by deleting an edge between i and j (to produce
a network with adjacency matrix Aijn,−).

The third term on the RHS of equation (2.20) corresponds to gaining a network
with adjacency matrix

0 A12 . . . A1,i−1 0 A1,i+1 A1,i+2 . . . A1n

0 0 . . . A2,i−1 0 A2,i+1 A2,i+2 . . . A2n
...

...
...

0 0 0 . . . 0 Ai−1,i+1 Ai−1,i+2 . . . Ai−1,n

0 0 0 . . . 0 0 0 . . . 0
0 0 0 . . . 0 0 Ai+1,i+2 . . . Ai+1,n

0 0 0 . . . 0 0 . . . 0 An−1,n

0 0 0 . . . 0 0 . . . 0 0


,
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from an adjacency matrix

Ai−n =



0 A12 . . . A1,i−1 A1,i+1 A1,i+2 . . . A1n

0 0 . . . A2,i−1 A2,i+1 A2,i+2 . . . A2n
...

...
0 0 0 . . . Ai−1,i+1 Ai−1,i+2 . . . Ai−1,n

0 0 0 . . . 0 Ai+1,i+2 . . . Ai+1,n

0 0 0 . . . 0 . . . 0 An−1,n

0 0 0 . . . 0 . . . 0 0


,

by relabelling nodes j → j+1 for j ≥ i and adding a new unconnected node with label
i (which we choose uniformly at random from the set {1, . . . , n}). The Kronecker δ
ensures that this term is present only when (An)ij = (An)ji = 0. As in Section 2.4,
the uniformly random choice of the label for the new node ensures that PAnn (t, ~sn) is
invariant with respect to index permutations.

2.5.2 Low-Dimensional Approximation

In kinetic theory, the first question to address when deriving a reduced model is which
variables to retain in the model and over which to integrate. In Section 2.4, each
variable was associated with a node in a network, and it was natural to integrate over
all nodes but the first. We thus retained the state and degree of node 1 as independent
variables. We could have reduced the model further by subsequently integrating over
either the state or degree of node 1.

When considering edge deletion, it is much more difficult to associate the inde-
pendent variables with individual nodes, since each entry of an adjacency matrix is
associated with a pair of nodes. Consequently, it is not obvious which variables are
natural to retain in a reduced model and which variables should be integrated out.
To facilitate a direct comparison of the reduced model including edge deletion with
the reduced model of Section 2.4, we again retain the state and degree of node 1 as
independent variables. We thus sum over all entries of the adjacency matrix for which
node 1 has degree k1. Additionally, as before, we integrate over ~s(2)

n , multiply by n,
and sum over n.

Because the operators L(n) that we are considering do not depend on network
structure, the approximation of the LHS of equation (2.20) proceeds as in Section
2.4.2. This modelling assumption is done for simplicity only; the approach would be
equally valid if L(n) depended on network structure — this possibility is discussed in
the conclusion chapter (Chapter 5).

For the edge-creation term on the RHS of equation (2.20) we find, as in Section
2.4.1, that for i > 1, each term appears once in the positive sum and once in the
negative sum; these terms thus cancel. For the remaining terms (for which i = 1), we
exploit the invariance of P An

n (t, ~sn) with respect to particle relabelling. Specifically,
we relabel j ↔ 2 in each term in the sum over j (i.e., swapping rows and columns of
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An) to obtain

∞∑
n=0

n
∑
An∈Sn

∫
Sn−1

δ

(
k1,

n∑
j=2

(An)1j

)
(n− 1)C(s1, k1 − 1, s2, k2 − 1)PA

12
n,−

n (t, ~sn) d~s (2)
n

−
∞∑
n=0

n
∑
An∈Sn

∫
Sn−1

δ

(
k1,

n∑
j=2

(An)1j

)
(n− 1)C(s1, k1, s2, k2)PAnn (t, ~sn) d~s (2)

n ,

(2.22)

where the Kronecker δ enforces the degree condition. The 2-particle LSDD is

u
(2)
k1,k2

(t, s1, s2)

=
∞∑
n=0

n(n− 1)
∑
An∈Sn

δ

(
k1,

n∑
j=2

(An)1j

)
δ

(
k2, (An)12 +

n∑
j=3

(An)2j

)

×
∫
Sn−2

PAnn (t, ~sn) d~s (3)
n , (2.23)

so one can write equation (2.22) as equation (2.13), and the analysis proceeds as in
Section 2.4.2.

Let us now consider the edge-deletion terms. As with the edge-creation terms, for
i > 1, each term appears once in the positive sum and once in the negative sum; these
terms thus cancel each other. For the remaining terms (for which i = 1), relabelling
j ↔ 2 in each term in the sum over j yields

∞∑
n=0

n(n− 1)
∑
An∈Sn

δ

(
k1,

n∑
j=2

(An)1j

)

×
∫
Sn−1

(A12
n,+)12D(s1, k1 + 1, s2, k2 + 1)PA

12
n,+

n (t, ~sn) d~s (2)
n

−
∞∑
n=0

n(n− 1)
∑
An∈Sn

δ

(
k1,

n∑
j=2

(An)1j

)

×
∫
Sn−1

(An)12D(s1, k1, s2, k2)PAnn (t, ~sn) d~s (2)
n

=
∞∑
k2=0

∫
S

D(s1, k1 + 1, s2, k2 + 1)U
(2)
k1+1,k2+1(t, s1, s2) ds2

−
∞∑
k2=0

∫
S

D(s1, k1, s2, k2)U
(2)
k1,k2

(t, s1, s2) ds2 , (2.24)
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where

U
(2)
k1,k2

(t, s1, s2)

=
∞∑
n=0

n(n− 1)
∑
An∈Sn

δ

(
k1,

n∑
j=2

(An)1j

)
δ

(
k2, (An)12 +

n∑
j=3

(An)2j

)

×
∫
Sn−2

(An)12PAnn (t, ~sn) d~s (3)
n , (2.25)

note that the (An)12 factor in equation (2.25) determines the difference between u(2)
k1,k2

and U (2)
k1,k2

.
There is now a new closure problem, as we need to relate U (2)

k1,k2
(t, s1, s2) to known

variables. One choice is to relate U (2)
k1,k2

to u(2)
k1,k2

via

U
(2)
k1,k2

(t, s1, s2) = αu
(2)
k1,k2

(t, s1, s2) ,

where α is the expected number of edges between nodes 1 and 2, given then these
nodes have degrees k1 and k2, respectively.

If there are m edges in total, there are 2m stubs (ends of edges, or “half edges”),
of which k1 are at node 1 and k2 at node 2. In the configuration model, one specifies
a desired degree sequence ~kn = {k1, . . . , kn}, assigns the appropriate number of stubs
to the nodes in question, and then connects edges between pairs of stubs chosen
uniformly at random. The resulting graphs can then have self-loops and multiedges.
Nonetheless, we use this to approximate the probability that a given edge connects
nodes 1 and 2 as

2× k1

2m
× k2

2m
.

Therefore a reasonable closure assumption for the expected number of edges between
nodes 1 and 2 is

α ≈ k1k2

2m
=

k1k2

E[N ]〈k〉
=

k1k2∫
S

∑∞
k1=0 k1uk1(t, s1) ds1

,

where E[N ] is the expected number of nodes and 〈k〉 is the mean degree. This
assumption is valid for large networks where node degrees and states are uncorrelated.
Whilst this assumption is obviously incorrect, it allows us to close the system of
equations.

Using a mean-field approximation for u(2)
k1,k2

(t, s1, s2), we can then close the edge
deletion term by writing

U
(2)
k1,k2

(t, s1, s2) =
k1k2uk1(t, s1)uk2(t, s2)∫
S

∑∞
k1=0 k1uk1(t, s1) ds1

.
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Finally, we consider the node-creation term. The term i = 1 gives
∞∑
n=0

n
∑
An∈Sn

∫
Sn−1

δ

(
k1,

n∑
j=2

(An)1j

)
1

n

[
n∏
j=2

δ(0, (An)1j)

]
JK(s1)PA

1−
n

n−1 (t, ~s 1−
n ) d~s (2)

n

= δk1,0 J K(s1)
∞∑
n=1

∑
A1−
n ∈Sn−1

∫
Sn−1

PA
1−
n

n−1 (t, ~sn−1) d~sn−1

= δk1,0 J K(s1) ,

where the last equality follows by equation (2.17). For each term with i > 1, we can
use the invariance of P

~kn
n (t, ~sn) with respect to particle relabelling to swap particle

i with particle n. As in our prior calculations, we then find that all of these terms
cancel each other out.

Our low-dimensional approximation to (2.20) is thus[
∂

∂t
+ L(1)

]
uk1(t, s1)

= uk1−1(t, s1)

(∫
S

∞∑
k2=0

C(s1, k1 − 1, s2, k2 − 1)uk2−1(t, s2) ds2

)

− uk1(t, s1)

(∫
S

∞∑
k2=0

C(s1, k1, s2, k2)uk2(t, s2) ds2

)

+
(k1 + 1)uk1+1(t, s1)∫

S

∑∞
k1=0 k1uk1(t, s1) ds1

(∫
S

∞∑
k2=0

D(s1, k1 + 1, s2, k2 + 1)(k2 + 1)uk2+1(t, s2) ds2

)

− k1uk1(t, s1)∫
S

∑∞
k1=0 k1uk1(t, s1) ds1

(∫
S

∞∑
k2=0

D(s1, k1, s2, k2)k2uk2(t, s2) ds2

)
+ JK(s1)δk1,0 . (2.26)

2.6 Numerical Examples
We now carry out Monte Carlo simulations of our stochastic network evolution process
to illustrate the validity of equations (2.16) and (2.26) for sufficiently large networks.

First, in Section 2.6.1, we investigate numerically the validity of the mean-field
assumption for our model when the state space is a point. Second, in Section 2.6.2, we
use an example scenario to demonstrate that a numerical solution of equations (2.16)
and (2.26) matches well with a full Monte Carlo simulation of the underlying process.
Third, in Section 2.6.3, we adapt the example scenario to consider the convergence of
a network’s degree distribution in the limit of large networks. Fourth, Section 2.6.4,
we show that one can use our kinetic approximation as an alternative to some one-step
network creation models proposed by Boguñá et al. [17]. Finally, in Section 2.6.5, we
briefly consider some further approximations that one can make to equations (2.16)
and (2.26).
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2.6.1 Accuracy of Our Mean-Field Assumption

In the absence of a network structure, the validity of the mean-field approximation
depends on the choice of L(n), and it has been studied widely [19, 29, 37, 45, 59].
In this chapter, we focus on evolving network structure. In our exploration of the
validity of the mean-field approximation in the network evolution model, we suppose
that there is no state dependence in either the node creation rate C or the node
deletion rate D.

The 2-particle degree distribution P (2)
k1,k2

is the probability that two nodes selected
uniformly at random without replacement have degrees k1 and k2. In our mean-
field closure, we approximate this quantity by the product Pk1Pk2 , where Pk1 is the
probability that a single node selected uniformly at random has degree k1 (and Pk2 is
defined analogously). In Figure 2.2, we compare the empirical distributions P (2)

k1,k2
(t)

and Pk1(t)Pk2(t) generated from 100 realisations of Algorithm 1 using 125 particles
(and no node creation). The specific choices of C and D shown in the figure are
C(ki, kj) = 2 and D(ki, kj) = ki + kj, but many choices were tested including C,D ∝
1, k1, k2, k1 + k2 with similar results.
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Figure 2.2: Numerical illustration of the validity of the mean-field assumption (2.10). We average
over 100 realisations of Algorithm 1 using n = 125 particles and a time step of ∆t = 10−3. No new
particles enter the system (J = 0), the edge creation rate is C(ki, kj) = 2, and the edge deletion
rate is D(ki, kj) = ki + kj . We show (left) the 2-particle distribution P (2)

k1,k2
(t), (middle) the product

Pk1
(t)Pk2

(t) of the 1-particle distributions, and (right) the difference P (2)
k1,k2

(t)−Pk1
(t)Pk2

(t) at time
t = 1/10.

We see that our mean-field approximation does well on this example, and the
main error occurs when k1 = k2, for which the product Pk1(t)Pk2(t) of 1-particle dis-
tributions is slightly larger than the 2-particle distribution P (2)

k1,k2
(t). This discrepancy

arises because one cannot select the same node twice when evaluating the correlation
function P

(2)
k1,k2

(t), so the probability of finding two nodes with the same degree is
lower than that estimated by Pk1(t)Pk2(t) (which corresponds to choosing two nodes
uniformly randomly with replacement). The difference should therefore tend to 0 as
1/n as the number n of nodes becomes infinite.

One way to evaluate the difference between two probability distributions is the
Kolmogorov–Smirnov (KS) test [120], which gives the probability ρKS that one rejects
the hypothesis that the two distributions are equal. For P (2)

k1,k2
(t) and Pk1(t)Pk2(t), we
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find that ρKS ≈ 2.0 × 10−3. This probability is very small, corresponding to a 0.2%
chance that the two distributions are not equal.

2.6.2 Example Scenario: Local State Degree Distribution

The example in Section 2.6.1 was particularly simple, as it focused only on the network
aspect of the model. We now want to compare Monte Carlo simulations of a much
more complicated evolving spatial network with a numerical solution of the reduced
equation (2.26). We select our new example to illustrate and evaluate all of the model
components described in Table 2.1. It does not represent any particular physical or
biological process.

Let us consider noninteracting point particles contained in the unit square, so one
can describe the state of each particle by its position vector si = (xi, yi) ∈ [0, 1]2. We
suppose that these positions evolve according to the SDEs [113]

dXi = µ dt+ σ dWt , dYi = σ dWt , (2.27)

where as before we use capital letters Si = (Xi, Yi) to distinguish random variables
from the values that they take. We assume that the drift coefficient µ > 0 and volatil-
ity coefficient σ > 0 are constant (corresponding to a constant diffusion coefficient
σ2/2). To initialise, we place 1000 particles with degree 0 uniformly at random in
the rectangle (Xi, Yi) ∈ [0, 1/10] × [0, 1]. We impose reflective boundary conditions
at x = 0 and x = 1, and we impose periodic boundary conditions at y = 0 and
y = 1. To generate some spatial heterogeneity, we suppose that the rate of edge cre-
ation between nodes depends both on the distance between nodes and on the spatial
coordinates of each node. We take

C(Si, ki,Sj, kj) =

{
Xi +Xj , if ||Si − Sj|| ≤ ε ,

0 , otherwise

}
. (2.28)

In contrast, we suppose that the rate of edge deletion per edge between nodes i and j
depends on the degrees of nodes i and j but is independent of position. Specifically,
we take

D(Si, ki,Sj, kj) =
ki + kj

10
. (2.29)

We introduce new nodes of degree 0 at a rate J uniformly at random in the rectangle
(x, y) ∈ [0, 1/10]× [0, 1]. Therefore,

K(x, y) =

{
10 , if x < 1/10 ,
0 , otherwise . (2.30)

We give a schematic illustration of these processes in Figure 2.3. We simulate the
system using Algorithm 1 until final time Tend = 1/2.

Having defined the stochastic process that we are simulating, we now turn to the
reduced model (2.26). Because C(s1, k1, s2, k2) and D(s1, k1, s2, k2) are independent
of y1 and y2, and K(x, y) is independent of y, we expect a solution in which uk1(t, s1)
is independent of y1. Integrating over y1 gives
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Figure 2.3: Illustration of the example scenario in Section 2.6.2. Nodes enter the system in a strip
on the left-hand side of the unit square and then diffuse and drift to the right through equation (2.27).
There are reflective boundary conditions at x = 0 and x = 1 and periodic boundary conditions at
y = 0 and y = 1. We create edges between nearby nodes according to equation (2.28). Edges are
deleted at the rate given by equation (2.29).

∂uk1
∂t

(t, x1) + µ
∂uk1
∂x1

(t, x1)− σ2

2

∂2uk1
∂x2

1

(t, x1)

=

(
∞∑
k2=0

∫ 1

0

Ĉ(x1, x2)uk2(t, x2) dx2

)
(uk1−1(t, x1)− uk1(t, x1))

+

∫ 1

0

∑∞
k2=0 k

2
2uk2(t, x2) dx2

10
∫ 1

0

∑∞
k2=1 k2uk2(t, x2) dx2

(
(k1 + 1)2uk1+1(t, x1)− k2

1uk1(t, x1)
)

+ JK(x1)δk1,0 , (2.31)

where

Ĉ(x1, x2) =

{
2(x1 + x2)

√
ε2 − |x1 − x2|2 , if |x1 − x2| ≤ ε ,
0 , otherwise

}
. (2.32)
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We solve (2.31) with no-flux conditions at x = 0 and x = 1 and initial condition

uk1(t = 0, x1) =

{
104δk,0 , x1 ∈ [0, 1/10] ,
0 otherwise , (2.33)

because initially there are 103 particles placed uniformly at random in [0, 1/10]×[0, 1].
In Figure 2.4, we show a comparison between a Monte Carlo simulation of uk(t, x)

using Algorithm 1 and a numerical solution of equation (2.31) using a second-order
central difference finite-volume method (FVM) in space and a fourth-order Runge–
Kutta scheme in time (see Appendix B). We use the parameter values µ = 3/4,
σ = 1/4, J = 500, and ε = 0.1.

We observe that the distribution function uk(t, x1) is non-trivial, and that the
reduced model does a good job of capturing the empirical distribution that we obtain
from Monte Carlo simulations. The KS probability for the distributions in Figure 2.4
is ρKS ≈ 3.2× 10−2.
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Figure 2.4: Comparison of (left) the mean of 200 Monte Carlo simulations using Algorithm 1
binned into compartments of size 1/100 along the x-axis and (right) uk1

(1/2, x1) obtained from
the numerical solution of equation (2.31). The parameter values are J = 500, µ = 3/4, σ = 1/4,
and ε = 0.1; and the time step in the stochastic (i.e., Monte Carlo) simulations is ∆t = 10−4. We
initialise the simulations with 103 particles placed uniformly randomly in the domain [0, 1/10]×[0, 1].
We show results at the final time Tend = 1/2.

2.6.3 Limit of Large Networks

We expect our mean-field assumption to be more accurate for larger networks. We
now briefly investigate this hypothesis in the context of degree distributions. (Natu-
rally, it is also relevant to consider this hypothesis for other quantities.)

For a network with n nodes, uk = O(n), so we see that all the terms in equation
(2.26) have the same order as n → ∞ if C = O(1/n) and D = O(1). To investigate
the convergence for large n, we consider networks in which the number of nodes is
constant in time (i.e., J ≡ 0). We first consider networks in which there is no edge
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deletion (i.e., D ≡ 0). We take the edge-creation rate to be 500/n times that given
in equation (2.28). We choose all other parameters as in Section 2.6.2.

In the left panel of Figure 2.5, we show the mean degree distribution sampled over
106/n realisations of Algorithm 1 for n = 125, n = 500, n = 2000, and n = 8000. We
also show the degree distribution calculated by solving the IPDE (2.31). Qualitatively,
this figure supports the hypothesis that, at least in terms of degree distribution, the
mean-field approximation is more accurate for larger networks.

We now introduce edge deletion and choose D to be given by equation (2.29). We
increase the rate of edge creation slightly by taking the edge-creation rate to be 750/n
times that given in equation (2.28). We show the resulting mean degree distribution
sampled over 106/n realisations of Algorithm 1 for n = 125, n = 500, n = 2000, and
n = 8000 in the right panel of Figure 2.5 along with the degree distribution that we
calculated by solving the IPDE (2.31).
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Figure 2.5: Comparison of degree distribution at time Tend = 1/2 determined from solution to
mean field model [equation (2.31)] (red) and from a mean over multiple Monte Carlo simulations
using Algorithm 1 with a time step of ∆t = 10−3 (blue). With n nodes (constant in time; J ≡ 0),
we average the simulations are over 106/n realisations, where n = 125 (dotted curve), n = 500
(dash-dotted curve), n = 2000 (dash-dotted curve), and n = 8000 (solid curve). (Left) No edge
deletion (i.e., D ≡ 0), and the edge-creation rate is 500/n times that given in equation (2.28).
(Right) The edge deletion is given by equation (2.29), and the edge creation rate 750/n times that
given in equation (2.28). The other parameter values are as in Section 2.6.2.

2.6.4 One-Step Network Creation Versus Kinetic Approxima-
tions

Dynamic models of network creation can provide an alternative to one-step network
creation. For example, in the standard G(n, p) Erdős–Rényi (ER) model [109], one
specifies that a network has n nodes and that each pair of nodes is connected with
independent, constant probability p ∈ (0, 1). This leads to a binomial degree distri-
bution Bin(n − 1, p), which becomes the Poisson distribution Pois(np) in the limit
n → ∞ with fixed np. Reference [84] discussed an alternative, dynamic approach

49



to the ER model in which an initially unconnected network has n nodes and each
node connects to other nodes uniformly at random at a specified rate. In the n→∞
limit, one can solve a master equation to obtain a Poisson degree distribution, which
coincides with the standard model when halted at a specific time (depending on
the edge-creation rate). We note also the work by Krioukov and Ostilli [86], who
showed that certain equilibrium ensembles create the same distribution of graphs as
non-equilibrium ensembles.

References [16, 17] discussed a one-step network-creation model that allows nodes
to have an associated state. Nodes i and j have randomly distributed latent social
variables si and sj, and these nodes are adjacent to each other with probability
r(si, sj). References [16, 17] then used a mean-field approximation to derive a formula
for the degree distribution (depending on the probability distribution of the social
variables and on the function r) of the network as the number of nodes tends to
infinity.

One can use our kinetic approach as an alternative to one-step creation to examine
such a scenario. To demonstrate this, we consider the case investigated in [17], where
the latent social variable is a positive scalar s = h ∈ [0, hmax] and

r(hi, hj) =
1

1 + (b−1|hi − hj|)α
, (2.34)

for constants b and α. We solve equation (2.16) with an initial condition corresponding
to n unconnected nodes that are distributed uniformly at random in a state space
[0, hmax]. No new nodes enter the system (i.e., J ≡ 0), there is no edge deletion
(i.e., D ≡ 0), and the edge-creation rate is C = r(hi, hj). Thus, at time Tend = 1, the
expected number of edges between node i and node j is r(hi, hj). In Figure 2.6, we see
for parameter values n = 1000, α = 3, and b = 1/2 that the degree distribution given
by our mean-field model at t = Tend matches very closely with the analytical formula
of [17]. We solved the IPDE using a method of lines with a spatial discretisation of
∆h = 1/4 and a fourth-order Runge–Kutta scheme in time.

2.6.5 Final Remarks: Moment Closure

Despite the fact that equations (2.16) and (2.26) are of much lower dimension than
equations (2.5) and (2.20), each of the former equations is still an infinite system
of IPDEs, and they may still be too expensive to solve numerically. One can make
further approximations by considering moments of the density uk(t, s) with respect
to the degree k:

Mr(t, s) =
∞∑
k=0

kruk(t, s) . (2.35)

In particular, M0 gives the number density of nodes (for which we obtain a closed
equation if J ≡ 0 and L(1) does not depend on the network structure), and M1

gives the number density multiplied by the mean degree of a node with state vector
s. Therefore, M1/2 gives the number of edges per unit area. It is only possible to
obtain a closed system of equations for particular choices of C and D. In general, one
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Figure 2.6: Analytical approximation to the degree distribution (solid blue curve) of the latent
social-space model [17] versus the result from a kinetic formulation (red dash-dotted curve) using
equation (2.16). We uniformly distribute nodes with a social parameter h ∈ [0, 125]. We use the
parameter values n = 1000, α = 3, and b = 1/2. The probability of connection and choice of C is
given by equation (2.34). There is no edge deletion (i.e., D ≡ 0), and the system is of constant size
(i.e., J ≡ 0). We solve the kinetic equation until final time Tend = 1.

needs to truncate the hierarchy of moment equations and then apply another closure
assumption by positing an expression for a high-order moment in terms of lower-order
moments [66, 67, 89].

※
In the next chapter, we shall pose a model for osteocyte network formation. The

work in this chapter serves as the mathematical framework used to analyse the model.
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Chapter 3

Modelling Osteocyte Network
Formation

To model osteocyte network formation, we have a developed a simple stochastic agent-
based model. Our model builds on the mathematical framework by Buenzli to describe
osteocyte generation [20]. In Buenzli’s original work, osteocytes are located within
a growing domain that represents the presence of mineralised bone; osteoblasts are
located on the surface of the bone substrate. There are two constitutive processes: (i)
the bone surface moves with a speed proportional to the surface density of osteoblasts;
and (ii) osteoblasts differentiate into osteocytes. This work utilised a rate equation
approach to hypothesise a relationship between osteocyte number density and rate of
osteoblast bone secretion to estimate the differentiation rate of osteoblasts around a
Haversian canal1.

We add to the Buenzli model by allowing for extra structure relating to the os-
teocyte’s dendritic network. We allow for osteocytes to extend dendrites towards the
osteoblast layer to signal osteoblast differentiation (we assume these processes occur
concurrently). Osteoblasts are also allowed to proliferate and move along the bone
surface. We have created this model to investigate the properties of cancer induced
bone formation. Here we aim to link osteocyte density and network structure to mea-
surable quantities that may impact these, such as: the rate of osteoid secretion; the
rate of osteocyte dendrite growth; the rate of osteoblast to osteocyte differentiation;
and the surface density of osteoblasts.

This chapter is arranged as follows. In Section 3.1, we specify our model of bone
formation. In Section 3.2, we utilise the approach from Chapter 2 to write down mean-
field equations. In Section 3.3, we give details on model parameterisation. In Section
3.4, we give results on two key topics: first, we investigate possible mechanisms for
osteoblast differentiation and discuss model selection; and second, we consider model
based predictions and put these within the context of zoledronate therapy.

1A specific bone formation event observed within cortical bone, and not in trabecular bone as is
the case in our work.
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3.1 Agent-Based Model Description
Our model is a stochastic agent-based model for the bone formation phase only. The
agents are osteocytes or osteoblasts occupying nodes within a spatial network. We
model mobile (pre-)osteoblasts (disconnected from the osteocyte network) in front of
the deposition front that proliferate and secrete osteoid; (mature) osteoblasts that
secrete osteoid and are connected to the osteocyte network; and osteocytes that form
dendrites with osteoblasts. The spatial network has pairwise edges between nodes,
representing the ability for two cells to communicate; physically this communication is
mediated through dendrites. The model consists of the following processes: (i) bone
secretion; (ii) osteoblast differentiation; (iii) dendrite growth; (iv) (pre-)osteoblast
migration; and (v) (pre-)osteoblast proliferation (see Figure 3.1). Agents of the same
type (osteocytes or osteoblasts) follow the same rules, although each agent may have
different properties, e.g., position, number of edges, in addition to type.

The first two processes were accounted for in Buenzli, although network structure
was not considered [20]. Bone secretion is carried out by osteoblasts secreting bone
in a small region around themselves, resulting in movement of the bone surface.
Osteoblasts can also differentiate into osteocytes and become buried, the rate of
osteoblast differentiation may depend on how the osteoblast is in communication
with the osteocyte network in bone.

For dendrite growth, our model follows the observation in Refs. [76, 116] that
dendrites grow away from osteocytes within bone and towards the osteoblast layer
on the bone surface. Therefore, osteocytes create edges to osteoblasts, and edges
between pairs of osteoblasts are not allowed.

Movement and cell division are included for (pre-)osteoblasts that are disconnected
from the osteocyte network. Osteoblasts can move along the bone surface, this is
assumed to be approximated by diffusion and is incorporated into the model by
means of a position jump process. They are also able to proliferate and divide into
two daughter cells.

We make the model description more precise through the introduction of math-
ematical concepts and notation. Osteoblasts and osteocytes act as nodes in a spa-
tial network. Between pairs of nodes, undirected unweighted edges represent den-
drites growing away from osteocytes. The osteocytes occupy an expanding domain
Ω(t) ⊂ Rd, and osteoblasts are located on sections of the boundary of the domain
B(t) ⊂ ∂Ω(t). The boundary B(t) moves in the outward normal direction n(t,x) for
x ∈ B(t) at velocity u(t,x). In Figure 3.2, we give a schematic of a general domain.

For all times t > 0, the whole system is described completely by 4 (multidimen-
sional) quantities. First, one must know how many nodes n are present. Second, we
specify the cell type %i for each node i = 1, . . . , n. We must know whether it is an
osteoblast (Ob) or an osteocyte (Ocy). Third, each node i = 1, . . . , n must have an
associated position, we write xi = (x1, . . . , xd) ∈ Ω(t) ∪ B(t) ⊂ Rd. Finally, we must
know the adjacency matrix of the underlying network (defined in Chapter 2). For
our framework in Chapter 2 to be applicable, we allow for the existence of multiedges
(multiple edges between the same two nodes) for mathematical tractability. Although
as the size of the network becomes large, the probability of multiedges occurring ap-
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(i) Bone secretion
Time: t Time: t+ ∆t

(ii) Osteoblast differentiation

(iii) Dendrite growth

(iv) Osteoblast migration

(v) Osteoblast proliferation

Figure 3.1: Diagrammatic illustration of our model of osteocyte network formation. Osteoblasts
are coloured in blue and osteocytes are coloured in red. In a small time step, the following events
can occur: (i) bone secretion; (ii) osteoblast differentiation; (iii) dendrite growth; (iv) osteoblast
migration; and (v) osteoblast proliferation.
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Ω(t)

B(t) ⊂ ∂Ω(t)

n(t,x)

Figure 3.2: Diagram of the domain Ω(t) in our model of a growing osteocyte network.

proaches zero. Additionally, the mean degree for each node is a priori likely to be low,
e.g., we estimated the mean osteoblast degree to be ∼ 1 (see parameter estimation,
Section 3.3).

We now respecify the model given in Figure 3.1 with extra mathematical details.
We frequently make use of the phrasing that events occur at some rate. This rate will
always then refer to the probability of an event happening per unit time (also known
as a Poisson process).

(i) Bone secretion. The bone surfaces move with normal speed ν depending on the
number of nearby osteoblasts. For the diagram shown in Figure 3.2, we write

ν(t,x) =
∑

i : %i=Ob

S(x,xi) for x ∈ B(t) , (3.1)

where the function S specifies the rate of secretion at position x due to an
osteoblast at position xi. As osteoblasts can only secrete bone locally, the
function S(x,y) decays for ||x− y|| � ι for some characteristic length scale ι.
For simplicity, we choose the function

S(x,y) = η exp

(
−1

2
ι−2||x− y||2

)
. (3.2)

(ii) Osteoblast differentiation. An osteoblast with degree k (or k dendrite structures
attached to it), differentiates into an osteocyte at rate Dk. The precise choice
of the form of Dk is discussed in Section 3.4.1.

(iii) Dendrite growth. Connections are created from osteocytes in Ω(t) towards the
osteoblast layer B(t). We specify that osteocytes at position x ∈ Ω(t) can
create edges to osteoblasts at position y ∈ B(t) at rate C(x,y). We make the
assumption that the rate is proportional to a Gaussian with the argument of
distance between x and y. An edge is only able to form provided there exists a
straight line path within the bone domain Ω(t) between both nodes. Therefore

C(x,y) =

{
α exp

(
−1

2
β−2||x− y||2

)
(x,y) ∈ P ,

0 (x,y) 6∈ P , (3.3)
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Table 3.1: Model functions.
Function name Symbol and form Units

Rate of dendrite growth C(x,y) = α exp
(
−1

2
β−2||x− y||2

)
day−1

See equation (3.3). Assumption that ability to dendrites from osteocyte to
osteoblast is normally distributed.
Rate of bone secretion S(x,y) = η exp

(
−1

2
ι−2||x− y||2

)
mmday−1

See equation (3.1).
I.C Ob. surface den. vk(t = 0) = p̃1[x ∈ {ω0} × (0, Ly)]δk,0 mm−2

I.C Ocy. number den. wk(t = 0,x) ≡ 0 mm−3

for constants α, β > 0, and

P := {(x,y) ∈ Ω(t)×B(t) | sx+ (1− s)y ∈ Ω for s ∈ [0, 1]} . (3.4)

(iv) Osteoblast migration. Osteoblasts disconnected from the network (preosteoblasts,
osteoblasts of degree 0) are allowed to move on the bone surface manifold B(t).
We model this movement using Brownian motion on the manifold B(t) with
corresponding diffusion constant κdiff > 0.

(v) Osteoblast proliferation. Osteoblasts disconnected from the network (preosteoblasts,
osteoblasts of degree 0) are allowed to proliferate on the bone surface manifold
B(t). As we are not modelling finite volume effects, the new daughter osteoblast
will be located at the same position as the parent cell2. We specify that once an
osteoblast is buried, a proliferation event occurs elsewhere on the bone surface.
This new osteoblast has no network structure. Therefore, the total number
of osteoblasts is conserved and the mean osteoblast surface density is approx-
imately constant provided there are no large surface deformations. One can
interpret this scenario as the case in which (pre-)osteoblasts are in abundance
in front of the bone–tissue interface. New osteoblasts then move into the gaps
on the bone surface as space becomes available. In the mean-field description,
we call the proliferation rate µ(t).

We list the functional forms underpinning our model in Table 3.1; in the case of the
rate of osteoblast differentiation, Dk, we investigate possible choices that represent
different dependences on network structure later in Section 3.4.1. Parameter selection
is discussed later in Section 3.3.

Our simulation is carried out in two dimensions, but represents a three-dimensional
slice, in which the vertical height Lz is the typical distance between osteocyte centres
(Lz ≈ 40µm), projected onto two dimensions, see Figure 3.3. The x-direction is
the main direction of bone growth, and the area occupied by the bone increases in
time. We impose periodicity in the y-direction (orthogonal to bone growth) to avoid
artificial boundary effects.

2Whilst osteoblasts are tightly packed, they can deform and move around each other. Therefore
we do not focus on finite volume effects.
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Figure 3.3: Bone slice domain in three dimensions. Osteoblasts are depicted in light blue, osteo-
cytes are shown in red. Two dimensional projection shown below.

In all the simulations, we consider growing a piece of bone after a cement line has
been deposited. A cement line is a 1-5µm region of hypermineralised (and collagen
deficient) bone [140] that occurs during the reversal of the bone formation process:
when osteoclasts stop resorbing bone, and bone producing osteoblasts start rebuilding.
When this cement line is deposited, osteocytes from deep within the bone are not
necessarily in communication with osteoblasts on the other side of the cement line
[130].

We use the initial condition that there are no old osteocytes with which to com-
municate (no initial network structure) and there is an initial surface density of
6 × 103 mm−2 osteoblasts that do not have any network structure. Realisations of
our stochastic agent-based model are possible via a fixed time step Monte Carlo al-
gorithm (see Appendix C). A single realisation of our model is shown in Figure 3.4.
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Figure 3.4: Realisation of an osteocyte
network formation event (at 365 days) us-
ing the Monte Carlo algorithm in Appendix
C. Parameters chosen are found in Table 3.2
and Section 3.4.2.

3.2 Mean-Field Description
A single realisation is unrepresentative of the stochastic process, so many simulations
must be carried out to work out statistics of the process along with parameterisation.
This can be computationally demanding, especially as the system grows in size.

As an alternative to large numbers of simulations, we can utilise mean-field equa-
tions. It was shown in Chapter 2 that in the limit as the number of nodes in the
network becomes large, one is able to derive a mean-field partial integro-differential
equation for the expected number of nodes at a particular position in the domain con-
nected to a fixed number of cells, the Local State Degree Distributions. By solving
the IPDE, one can also calculate the degree distribution of the network. Mean-field
equations are then amenable to tools from calculus.

Simulations of the stochastic mathematical model suggest that the system is ap-
proximately homogeneous in the direction orthogonal to bone growth (see Figure
3.4). In that case, the mean-field equations depend only on x (the direction of bone
growth). The solutions of these equations provide spatial profiles perpendicularly to
the bone surface of the densities of osteocytes and their network structure. We now
derive these mean-field equations, before solving them in Section 3.2.2.

3.2.1 Derivation of Mean-Field Equations

From earlier work in Chapter 2, we can write down differential equations for the
LSDD. Previously, we used the expression uk(t, s) as the expected number of particles
with degree k and state vector s. For the model contained in Section 3.2, our state
vector is described by position and cell type, so s = (x, %), and % ∈ {Ob,Ocy}.

For notational convenience, we write vk(t,x) is the expected number of osteoblasts
of degree k with position x at time t, and wk(t,x) as the expected number of osteo-
cytes of degree k with position x at time t. We write the number density of osteoblasts
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and osteocytes (respectively) as

p(t,x) =
∞∑
k=0

vk(t,x) , q(t,x) =
∞∑
k=0

wk(t,x) . (3.5)

The osteocytes are present in domain Ω(t) ⊂ Rd, and the osteoblasts are present
on (a subset of) the boundary of this domain B(t) ⊂ ∂Ω(t). The domain boundary
moves with normal velocity

u(t,x) = ν(t,x)n(t,x) , (3.6)

where n is the normal to ∂Ω. Adapting Stone’s derivation of surfactants on moving
interfaces [146], our equations become

∂vk(t,x)

∂t
+∇S · (u(t,x)vk(t,x)) = −Dkvk(t,x)

+

(∫
Ω(t)

C(x,y)q(t,y)dy
)

[vk−1(t,x)− vk(t,x)]

+ δk,0
(
κdiff∇2

Sv0(t,x) + µ(t)v0(t,x)
)
, (3.7)

in B(t), and

∂wk(t,x)

∂t
= Dkvk(t,x)δB(t)(x)

+

(∫
B(t)

C(x,y)p(t,y)dy
)

[wk−1(t,x)− wk(t,x)] , (3.8)

in Ω(t), where ∇S := (Id − nnT )∇ is the surface gradient operator3. The coupling
between equations (3.7) and (3.8) then occurs through the integral terms. Taking the
continuum limit in equation (3.1), then

ν(t,x) =

∫
B(t)

S(x,y)p(t,y)dy . (3.9)

Assuming a solution homogenous in the y and z directions, we can write the system’s
domain as: Ω(t) = (−∞, ω(t)]; the normal vector as n = ex; and then

vk(t,x) ≡ vk(t, ω(t)) ≡ vk(t) , wk(t,x) ≡ wk(t, x) . (3.10)

Under these assumptions, equations (3.7) and (3.8) become

dvk(t)
dt

= −Dkvk(t) + δk,0µ(t)v0(t)

+

(∫ ω(t)

−∞
K(ω(t), y) q(t, y)dy

)
[vk−1(t)− vk(t)] , (3.11)

3We use standard convention that Id is the d-dimensional identity matrix.
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on the bone surfaceB(t) = {ω(t)} for kernelK(x, y) = αβLz
√

2π exp
{
−1

2
β−2|x− y|2

}
,

and
∂wk(t, x)

∂t
= Dkvk(t)δ(ω(t)− x) +K(ω(t), x) p(t) [wk−1(t, x)− wk(t, x)] , (3.12)

in the bone volume Ω(t). The velocity given by equation (3.9) is then interpreted as
an ODE for the position of ω(t), which is

dω(t)

dt
= κformp(t) = ν(t) , (3.13)

for secretion rate κform = ηι
√

2πLz, which represents the volume of bone secreted per
osteoblast per unit time.

3.2.2 Solution Method

We now need to solve equations (3.11)–(3.13). We consider two different scenarios.
In the first case (Section 3.2.2.1), we turn the differential equations for wk(t, x) into
integral equations involving the solution to vk(t) so that we only need to construct
a numerical scheme for the ODEs in vk(t). In the second case (Section 3.2.2.2), we
choose the rate of proliferation µ to conserve mass [see equation (3.34)], allowing a
travelling wave solution which can be solved analytically. Such a solution is useful
both to parameterise the model and to investigate the qualitative effects of perturba-
tions to parameters. We denote the travelling wave solution with a tilde.

3.2.2.1 Time Dependent Problem.

Analysing equations with a moving boundary can be challenging, so we change our
coordinate system to fix the location of this boundary by moving from (x, t) to (z, τ),
where z = x− ω(t) and τ = t. Therefore we write equation (3.12) as

∂wk(τ, z)

∂τ
− ω′(τ)

∂wk(τ, z)

∂z
= K(ω(τ), ω(τ) + z) p(τ) [wk−1(τ, z)− wk(τ, z)] , (3.14)

on (z, τ) ∈ R− ×R+ with initial condition

wk(τ = 0, z) = f
(0)
k (z) . (3.15)

Additionally, we turn the delta function in equation (3.12) into the boundary condition

wk(τ, z = 0) =
Dkvk(τ)

ω′(τ)
= g

(0)
k (τ) . (3.16)

Using the method of characteristics, with ζ as the characteristic variable, we find
dτ
dζ

= 1 , (3.17)

dz
dζ

= −ω′(τ) , (3.18)

dwk
dζ

= K(ω(τ), ω(τ) + z) p(τ) [wk−1 − wk] . (3.19)
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When ζ = 0, we specify initial and boundary data as a function of ξ. We write

τ = τ0(ξ) =

{
ξ if ξ > 0 ,
0 if ξ < 0 ,

(3.20)

z = z0(ξ) =

{
0 if ξ > 0 ,
ξ if ξ < 0 ,

(3.21)

w = w
(0)
k (ξ) =

{
g

(0)
k (ξ) if ξ > 0 ,

f
(0)
k (ξ) if ξ < 0 .

(3.22)

Solving equations (3.17)–(3.18), we find that

τ =

{
ζ + ξ if ξ > 0 ,
ζ if ξ < 0 ,

(3.23)

z =

{
ω(ξ)− ω(ζ + ξ) if ξ > 0 ,
ω0 − ω(ζ) + ξ if ξ < 0 .

(3.24)

Writing

ε(ζ, ξ) =

{ ∫ ζ
0
K(ω(y + ξ), ω(ξ))p(y + ξ)dy if ξ > 0 ,∫ ζ

0
K(ω(y), ω0 + ξ)p(y)dy if ξ < 0 ,

(3.25)

then

wk(ζ, ξ) = e−ε(ζ,ξ)
k∑
j=0

w
(0)
k−j(ξ)

ε(ζ, ξ)j

j!
. (3.26)

Inverting equations (3.23) and (3.24), we obtain

ζ =

{
τ − ω−1[ω(τ) + z] if z > ω0 − ω(τ) ,

τ if z < ω0 − ω(τ) ,
(3.27)

ξ =

{
ω−1[ω(τ) + z] if z > ω0 − ω(τ) ,
z + ω(τ)− ω0 if z < ω0 − ω(τ) ,

(3.28)

(3.29)

and therefore the solution as a function of (z, τ) is given by inserting equations (3.27)
and (3.28) into equation (3.26). For the exponent term ε(z, τ), we can use a change
of variables and write

ε(z, τ) =

{ ∫ τ
ω−1[ω(τ)+z]

K(ω(h), ω(τ) + z)p(h)dh if z > ω0 − ω(τ) ,∫ τ
0
K(ω(h), ω(τ) + z)p(h)dh if z < ω0 − ω(τ) .

(3.30)

and we have also therefore solved our equations for wk(t, x) given ω(t) and vk(t). To
solve equation (3.11) for vk(t), we need to evaluate the integral

F (t) :=

∫ ω(t)

−∞
K(ω(t), y) q(t, y)dy . (3.31)
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Figure 3.5: a.) Number
of osteocytes over time, b.)
Mean osteoblast degree over
time. Match between solu-
tion to mean-field equations
(blue) and the average of
5 Monte Carlo simulations
(red) after 365 days. Uses
null model, details of model
set up in Section 3.4.1.1.

By noting that

q(t, x) =
∞∑
k=0

{
g

(0)
k (ω−1(x)) if x > ω0 ,

f
(0)
k (x− ω0) if x < ω0 ,

(3.32)

then we can calculate F as the contribution from the initial condition f
(0)
k and the

boundary condition g(0)
k , therefore

F (t) =
∞∑
k=0

∫ ω0

−∞
K(ω(t), x)f

(0)
k (x− ω0)dx

+
∞∑
k=0

∫ ω(t)

ω0

K(ω(t), x)g
(0)
k (ω−1(x))dx . (3.33)

Referring back to the definition of g(0)
k in equation (3.16), we note that our ODEs

have become integro-differential equations. These can be solved via finite differences.
To demonstrate that we obtain a match between the mean-field equations and Monte
Carlo algorithm in Appendix C, in Figure 3.5 we show the match between the average
of 5 simulations when compared to the mean-field solution.

3.2.2.2 Osteoblast Mass Conserving Travelling Waves

We now solve the travelling wave problem in the case where the osteoblasts have a
constant surface density. This is used to obtain analytic expressions for the depen-
dencies between parameters, the mechanism for osteoblast differentiation (Dk), and
variables including: the osteocyte number density, the mean osteoblast degree, and
the mean osteocyte degree. These relationships are then later used with experimen-
tal measurements to parameterise our model in Sections 3.3 and 3.4.1. To maintain
a constant surface density of osteoblasts, we must choose the proliferation rate (of
degree zero osteoblasts) as

µ = µ({vk(t)}∞k=0) =

∑∞
k=0Dkvk(t)

v0(t)
, (3.34)

where the v0(t) denominator cancels with the v0(t) term in equation (3.11) so that

dp(t)
dt

=
∞∑
k=0

dvk(t)
dt

= 0 , (3.35)
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and the total number of osteoblasts does not change over time.
Our system of ODEs then admits a travelling wave solution corresponding to

uniform bone growth. We write the travelling wave speed as ν̃. The solutions of the
ODEs now correspond to the constant value ṽk with sum p̃ =

∑
k ṽk. The solutions for

the degree k osteocytes have travelling wave profile w̃k(x) where x→ −∞ corresponds
to the back of the wave (away from the osteoblast front) and x = ω0 is the front of the
wave (where the osteoblasts are located). The total osteocyte density q̃ =

∑
k w̃k(x)

is then a constant by equation (3.32) as the initial condition f (0)
k does not enter into

the solution.
From equation (3.13), the wave speed is given by the relation

ν̃ = ηιLz
√

2πp̃ . (3.36)

We now have to solve the algebraic system of equations

−Dkṽk + δk,0

∞∑
l=0

Dlṽl + F̃ [ṽk−1 − ṽk] = 0 . (3.37)

Equation (3.37) has recursive solution

ṽk = ṽ0

k∏
j=1

F̃

F̃ +Dj

for k ≥ 1. (3.38)

The solution for ṽ0 is then found by asserting

p̃ =
∞∑
k=0

ṽk (3.39)

once a specific choice in Dk has been made. The constant F̃ in equation (3.37) can
be calculated from equation (3.31) by

F̃ =

[∫ ω0

−∞
K(ω0, x)dx

]
q̃

=

[
1

2

∫ ∞
−∞

αβLz
√

2π exp

(
− x2

2β2

)
dx
]
q̃

= αβ2πLz q̃ . (3.40)

Summing equation (3.16) over k and using equation (3.36), q̃ is given by

q̃ =

∑∞
k=0Dkṽk

ηι
√

2πLzp̃
. (3.41)

For a given choice inDk, the mean osteoblast degree can be found by solving equations
(3.37) and calculating

〈k̃〉Ob =

∑
k kṽk
p̃

. (3.42)
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We can also calculate the solution to w̃k(x) by using equation (3.26) and assuming
steady-state bone formation, that is

w̃k(x) = e−ε̃(x)

k∑
j=0

g̃k−j
ε̃(x)j

j!
, (3.43)

where
g̃k =

Dkṽk
ν̃

, (3.44)

and
ε̃(x) =

p̃

ν̃

∫ ω0

x

K(y, x)dy . (3.45)

With a solution to {ṽk}∞k=0, then the mean osteocyte degree can be calculated away
from the osteoblast front as

〈k̃〉Ocy = lim
x→−∞

∑∞
k=0 kw̃k(x)

q̃

= lim
x→−∞

e−ε̃(x)
∑∞

k=0 k
∑k

j=0 g̃k−j
ε̃(x)j

j!

q̃

= lim
x→−∞

e−ε̃(x)
∑∞

k=0 g̃k
∑∞

j=0(k + j) ε̃(x)j

j!

q̃

= lim
x→−∞

∑∞
k=0 k g̃k + q̃ ε̃(x)

q̃

=

∑∞
k=0 kDkṽk∑∞
k=0Dkṽk

+
αβ2

ηι

√
π

2
. (3.46)

We then use equations (3.41), (3.42) and (3.46) with different choices in Dk to aid
with parameterisation.

3.3 Parameter Estimation
We now parameterise our model, see Table 3.2. Some parameters are model specific
depending on Dk, in which case they will be discussed in Section 3.4.1. Parameters
were found using data from previously conducted experiments. In cases where the
parameter choice was not immediately clear, we provide extra details in the following
subsections.

3.3.1 Osteoblast Diffusion Constant, κdiff
In the work by Araujo et. al. [7], a cellular automaton model was proposed in which
migrating osteoblasts were allowed to move on a lattice every time step. With time
steps of 6mins, in the absence of any chemical signalling, osteoblasts moved either
up, down, left or right with equal probability. Additionally, it was stated that (from
experiments), the speed of a migrating osteoblast was 0.1470mmday−1.
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Table 3.2: Model parameters.
Parameter name Symbol and value Units Reference

Osteoblast diffusion constant κdiff = 4.5× 10−5 mm2day−1 [7]
Value obtained from an interpretation of Araujo et. al. [7] using the method from Taylor-
King et. al. [153], see Section 3.3.1.

Domain size Ly = 0.5, Lz = 0.04. mm −
Ly is chosen such that Ly � β. Lz is chosen to be the diameter of an osteoblast (15 ×
10−3 mm) plus the mean distance between osteocytes (25×10−3 mm). Also note that ω0 = 0.
Bone secretion rate parameter η = 7.27× 10−5 mmday−1 [7]

Parameter estimated by steady-state analysis, see Section 3.3.2
Dendrite growth shape parameter β = 25× 10−3 mm [58]
This value is essentially the standard deviation of the normally distributed rate function
[equation (3.3)]. Chosen to be typical distance between osteocytes. The typical distance
measured between osteocytes was reported in Ref. [58] to be between 10–40µm; we use the
midpoint in this range. More details in Section 3.3.3
Bone secretion shape parameter ι = 15× 10−3 mm [7]
This value is essentially the standard deviation of the normally distributed bone secretion
function. Chosen to be the typical diameter of an osteoblast.
Travelling wave parameters.

Travelling wave speed ν̃ = 6.56× 10−4 mmday−1 [7]
Used in steady-state travelling wave regime.

Mean osteoblast degree 〈k̃〉Ob = 1 No units [76]
Used in steady-state travelling wave regime. See Section 3.3.4

Osteoblast surface density p̃ = 6× 103 mm−2 [21]
Osteoblast surface densities observed within the range 2–10 × 103 mm−2. This value was
chosen to be the midpoint in this range.

Osteocyte density q̃ = 2.375× 104 mm−3 [22]
Used in steady-state travelling wave regime. Osteocyte densities observed within the range
1.90–2.85× 104 mm−3. This value was chosen to be the midpoint in this range.
Model dependent parameters (see Section 3.4.1).

Dendrite growth rate α (model dependent) day−1 −
See equation (3.3). Free parameter of the model, chosen to maintain constant wk and vk
profiles, see Section 3.4.1.

Intrinsic differentiation rate λ (model dependent) day−1 −
Free parameter of the model, chosen to maintain constant wk and vk profiles, see Section
3.4.1.

Extrinsic differentiation rate γ (model dependent) day−1 −
Free parameter of the model, chosen to maintain constant wk and vk profiles, see Section
3.4.1.

65



Using the results from Taylor-King4 et. al. [153], it was shown that, for a velocity
jump process in n-dimensions with fixed speed ST , exponentially distributed runs of
mean length µτ , and with uniformly random selection of new directions, the large
time effective diffusion constant is

κdiff =
S2
Tµ

n
=

(0.1470)2( 6
60

1
24

)

2
= 4.50× 10−5 mm2 day−1 . (3.47)

3.3.2 Bone Secretion Rate Parameter, η

Through analysis of the travelling wave case (see Section 3.2.2.2), one can choose
η such that one obtains the (experimentally observed [7]) travelling wave speed of
ν̃ = 0.656µmday−1. This is done by noting that for a constant wave speed ν̃, by
equation (3.13), we choose that

η =
ν̃

ιLzp̃
√

2π
. (3.48)

3.3.3 Dendrite Growth Shape Parameter, β

This value is essentially the standard deviation of the normally distributed rate func-
tion [equation (3.3)]. Note that we are not selecting the length of dendrites with this
parameter, it specifies how likely a dendrite is to form from an osteocyte within the
bone to an osteoblast on the bone surface. The length of the dendrite may change
while the osteoblast is located on the bone surface, once it differentiates into an
osteocyte, the edge length is fixed.

We choose β to be the typical distance between osteocytes. The typical distance
measured between osteocytes was reported in Ref. [58] to be between 10–40µm; we
use the midpoint in this range.

3.3.4 Mean Osteoblast Degree, 〈k̃〉Ob

The only network structure property that we deduced from experimental data was
the average number of distinct osteocytes to which a single osteoblast connects. This
corresponds to the average node degree of osteoblasts in our connectivity network,
〈k̃〉Ob. We assumed this number to be 〈k̃〉Ob = 1 based on the following estimate. We
divide the total number of dendritic processes of an osteoblast, by the redundancy of
the physiological network, i.e. by the number of dendritic processes connecting the
same osteoblast and osteocyte. Kamioka et. al. [76] measured the number of den-
dritic processes coming from an osteoblast to be 4.8. The redundancy of osteocyte–
osteoblast connections can be estimated by dividing the number of processes running
from an osteocyte to osteoblasts (26.05) by the number of osteoblasts reached by a
single osteocyte (5.7), giving a redundancy of 4.57 [76]. This provides the estimate
〈k̃〉Ob ≈ 4.8/4.57 ≈ 1. This value is consistent with Kamioka et. al.’s observation that
they rarely observed osteoblasts that had connections with more than one osteocyte.

4Earlier work, not in thesis.
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We note here that there are not many studies reporting these kinds of measurements.
Marotti et. al. [100] have reported the number of dendrites coming from an osteoblast
to range from 9.4 to 20.9 in four osteoblasts (so ∼ 13.6 on average). If this figure is
used instead, 〈k̃〉Ob ∼ 3.

3.4 Results and Predictions

3.4.1 Selection of Differentiation Mechanism

We wish to investigate the effects of different model choices for the rate of osteoblast to
osteocyte differentiation, Dk. Currently we wish to determine the implication of this
rate depending on the degree k (recall this corresponds to the number of osteocytes
in communication with the osteoblast).

For a given surface density of osteoblasts, the volumetric density of inclusions em-
bedded in a tissue during appositional growth is determined by two dynamic processes:
the rate of differentiation and the tissue growth rate [20]. If the rate of osteoblast
burial is identical for all osteoblasts at a given location, i.e., Dk is independent of k
(Dk ≡ D̂), then the density of osteocytes generated is given by

q̃ ≡ D̂ p̃

ν̃
=

D̂

κform
, (3.49)

where D̂ is the burial rate, i.e., the probability per unit time for a single osteoblast
to become embedded as an osteocyte, and ν̃ = κformp̃ is the normal velocity of the
bone interface [20] where κform is the rate of bone deposition per osteoblast. If the
rate of osteoblast burial depends additionally on the number of connections k they
have with osteocytes, the density of osteocytes generated sums up the contributions
of all k-degree osteoblasts

q̃ ≡
∞∑
k=0

Dkṽk
ν̃

. (3.50)

In contrast to equation (3.49), the density of osteocytes given by equation (3.50)
depends explicitly on the population of osteoblasts that generated it, through the
proportions vk/p̃ of k-degree osteoblasts. Notice that this expression determines the
density of osteocytes created at the moving bone deposition front. It does not account
for subsequent bulk processes such as osteocyte apoptosis, nor for bone resorption or
remodelling, which may remove and replace osteocytes. Modelling such processes
would lead to further spatio-temporal dependences of q̃ [92]. In the present work, we
only consider an uninterrupted bone formation process.

Many parameters we assume to be “fixed” for the purpose of model selection. This
is because these parameters refer to length scales that impact the bone formation
process independently of the differentiation mechanism. To explore different differen-
tiation mechanisms we alter both: the rate of dendrite growth, α, and the mechanism
behind the rate of osteoblast differentiation, Dk. We discuss the differences between
differentiation mechanisms in Section 3.4.1.4.
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3.4.1.1 No Network Influence: Null Model

Our null hypothesis specifies that there is no feedback between network structure and
osteoblast to osteocyte differentiation. Mathematically speaking, the degree of each
osteoblast (the number of osteocytes each osteoblast is in communication with) does
not impact the rate of osteoblast differentiation; we write

D
(null)
k ≡ D̂ , (3.51)

for all values of k = 0, 1, . . . ,∞.
When considering the parameters in Table 3.2, and our choice of osteoblast differ-

entiation, Dk = D
(null)
k , we have two undefined (free) parameters in our model (α̂, D̂)

and two unused observations: the mean degree of an osteoblast 〈k̃〉Ob = 1; and the
number density of osteocytes q̃ = 2.375 × 104 mm−3. By carrying out mathematical
analysis in the travelling wave regime, one can insert the choice of Dk in equation
(3.51) into equations (3.38)–(3.39) to then solve equations (3.41) and (3.42).

First, we solve equations (3.38)–(3.39) to find that the osteoblast degree is geo-
metrically distributed

ṽk = p̃(1− r)rk , for r =
F̃

F̃ + D̂
. (3.52)

The osteocyte density is calculated from equation (3.41) as

q̃ =

∑∞
k=0 Dkṽk

ηι
√

2πLzp̃
=

D̂

ηι
√

2πLz
, (3.53)

which is restating equation (3.49). Using the definition in equation (3.42), we calculate

〈k̃〉Ob =
1

p̃

∞∑
k=0

kṽk = (1− r)
∞∑
k=0

krk

=
r

1− r

=
F̃

D̂

=
αβ2πLz q̃

D̂

=
α̂β2

ηι

√
π

2
, (3.54)

using equations (3.52), (3.40) and (3.53). We can then determine the parameters
α̂ = 1.39× 10−3 day−1 and D̂ = 2.59× 10−3 day−1.

For completeness, we can also calculate the mean osteocyte degree, starting from
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equation (3.46) and substituting in D(null)
k

〈k̃〉Ocy =

∑∞
k=0 kDkṽk∑∞
k=0Dkṽk

+
αβ2

ηι

√
π

2

=
D̂
∑∞

k=0 kṽk

D̂
∑∞

k=0 ṽk
+
αβ2

ηι

√
π

2

= 〈k̃〉Ob +
αβ2

ηι

√
π

2
=
α̂β2

ηι

√
2π . (3.55)

Quite remarkably when Dk is independent of k, for any values of the other parameters
〈k̃〉Ocy = 2〈k̃〉Ob.

By changing the rate of osteoblast to osteocyte differentiation, D̂, we observe a lin-
ear relationship with the number density of osteocytes buried, q̃ [see equation. (3.49)].
Changing the rate of dendrite formation, α̂, leads to a linear relationship with the
mean osteoblast degree, 〈k̃〉Ob, and the mean osteocyte degree, 〈k̃〉Ocy. These effects
are decoupled — changing the rate of osteoblast to osteocyte differentiation rate, D̂,
has no effect on the network structure, and changing the rate of dendrite formation,
α̂, has no effect on the osteocyte density, q̃. This will not be the case when osteoblast
burial is coordinated by the osteocyte network.

The null hypothesis is contestable due to the following experimental observations.
First, as reviewed in Ref. [53], osteoblasts can be signalled to adhere to the mineral
matrix and grow dendrites (subsequently differentiating) via the insulin-like growth
factor 1 (IGF-1). Second, sclerostin secreted by osteocytes has been shown to act
briefly as an inhibitory signal to prevent excessive osteoblast differentiation and al-
lowing for coordinated osteocyte network formation [127]. Note that in Ref. [127],
sclerostin was stained for and observable within the osteocyte’s dendritic protrusions.
These experiments, along with the three-dimensional scans taken by Kamioka et. al.
[76], strongly suggest that osteocytes signal osteoblast differentiation through the ex-
tension of dendrites towards the osteoblast layer. This corresponds to a rejection
of the null hypothesis. However, one cannot rule out some intrinsic differentiation
ability of mature osteoblasts. The reason being due to the existence of cement lines
where osteocytes on either side may not be in communication. Therefore, when re-
garding the rate at which osteoblasts differentiate into osteocytes, one should expect
an intrinsic differentiation rate, and an additional contribution from other osteocytes.

3.4.1.2 Modelling Network Effects

Depending on the varying contribution between intrinsic osteoblast differentiation
signals, and extrinsic differentiation signals from the osteocyte network, the extrinsic
network can either have an excitatory or inhibitory effect on osteoblast differentiation.

We consider differentiation rates of the form

Dk =

{
λ if k = 0 ,

λ+ f(k) if k ≥ 1 ,
(3.56)
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where λ is the intrinsic rate of osteoblast differentiation and f = f(k) is the contribu-
tion to osteoblast differentiation for an osteoblasts connected to k osteocytes. When
f > 0 the network has an excitatory effect on osteoblast differentiation, and when
f < 0 the network has an inhibitory effect on osteoblast differentiation. To prevent
negative differentiation rates, we require that

λ > 0 , and λ+ f(k) ≥ 0 , ∀k ≥ 1. (3.57)

In the main text, we consider only the case where f is a constant (see Section 3.4.1.3).
Other very simple choices in f that only have 1 free parameter are considered in
Appendix D (we call this free parameter γ). It should be noted that choices of f that
have non-monotonic behaviour (i.e., a local maximum/minimum exists) can lead to
non-monotonic profiles in q.

Our technique for parameter identification relies on the use of our mean-field
equations and is as follows. We choose a base rate of intrinsic osteoblast differentiation
such that λ 6= D̂, leaving 2 free parameters α and γ. We then determine the free
parameters by asserting that 〈k̃〉Ob = 1 and q̃ = 2.375 × 104 mm−3 in the travelling
wave regime. By making these assertions, if λ < D̂, then the network contribution
will always have an excitatory effect on osteoblast differentiation; and if λ > D̂, then
the network contribution will always inhibit osteoblast differentiation.

3.4.1.3 Proposed Mechanism: Switch-like Influence

Switch-like mechanisms are frequently found in biology [32]; at a cellular level this
includes mechanisms for proliferation and differentiation [163]. For a switch-like con-
tribution to the osteoblast differentiation rate, we proposed the form of Dk as

D
(swt)
k =

{
λ if k = 0 ,

λ+ γ if k ≥ 1 ,
(3.58)

where γ is a constant. The interpretation of equation (3.58) is that: if the osteoblast
on the bone surface is not in communication with any other osteocytes (k = 0) then
it has an intrinsic differentiation rate λ; alternatively if osteoblasts are contact with
one or more osteocytes, there is an induced differentiation rate λ+ γ, where γ is the
contribution from the dendritic network.

First, we solve equations (3.38)–(3.39) to using our choice of Dk in equation (3.58).
As in the null model, we find that the osteoblast degree is geometrically distributed

ṽk = p̃(1− r)rk , for r =
F̃

F̃ + λ+ γ
. (3.59)

Using the solution for ṽk, we find that the mean osteoblast degree is linearly related
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to the osteocyte number density

〈k̃〉Ob =
r

1− r

=
F̃

λ+ γ

=
αβ2πLz q̃

λ+ γ
, (3.60)

by equations (3.59) and (3.40). We now use the choice of Dk in equation (3.58) to
calculate q̃ from equation (3.41)

q̃ =

∑∞
k=0 Dkṽk

ηι
√

2πLzp̃

=
λṽ0 + (λ+ γ)(p̃− ṽ0)

ηι
√

2πLzp̃

=
λ(1− r) + (λ+ γ)r

ηι
√

2πLz

=
λ(λ+ γ) + (λ+ γ)F̃

(ηι
√

2πLz)(F̃ + λ+ γ)

=
λ(λ+ γ) + (λ+ γ)αβ2πLz q̃

(ηι
√

2πLz)(αβ2πLz q̃ + λ+ γ)
, (3.61)

by equations (3.58), (3.60), (3.59) and (3.40). Thus we have a quadratic equation for
q̃. Using (3.60), the corresponding quadratic equation for 〈k〉Ob is

〈k̃〉2Ob + (1− a)〈k̃〉Ob − ab = 0 , for a =
αβ2

ηι

√
π

2
, b =

λ

λ+ γ
, (3.62)

and by equation (3.60) one can find the corresponding equation for q̃. Note that
since a > 0 and 0 < b < 1, there is exactly one positive real root to the quadratic in
equation (3.62) (we do not give the resulting formula).

Suppose one now asserts that the intrinsic differentiation rate λ contributes half
the total rate of osteoblast to osteocyte differentiation rate of the null model (so
λ = D̂/2). Then one is able to determine that α = 2.08 × 10−3 day−1 and γ =
2.59× 10−3 day−1. Another option would be for an inhibitory contribution, in which
case we can set λ = 3D̂/2, and then α = 6.96×10−3 day−1 and γ = −2.60×10−3 day−1.

Note that we can use the formula for F̃ in equation (3.40) to calculate the mean
osteocyte degree as

〈k̃〉Ocy =

∑∞
k=0 kDkṽk∑∞
k=0Dkṽk

+
αβ2

ηι

√
π

2

=
(λ+ γ)p̃(1− r)

∑∞
k=1 kr

k

λ(1− r)p̃+ (λ+ γ)rp̃
+
αβ2

ηι

√
π

2

=
F̃ (λ+ γ + F̃ )

(λ+ γ)(λ+ F̃ )
+
αβ2

ηι

√
π

2
. (3.63)
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Note there is consistency that the solutions to equations (3.61)–(3.63) agree with the
solutions to equations (3.53)–(3.55) when γ = 0.

3.4.1.4 Discussion on Differentiation Mechanism

In Figure 3.6, we plot the osteocyte density profile, the mean osteoblast degree over
time, and the mean osteocyte degree over time using equations (3.11)–(3.13) for
3 proposed choices of Dk: the null model, excitatory network contributions, and
inhibitory network contributions. We note that in the right panel of Figure 3.6
(showing mean osteocyte degree), the mean osteocyte degree decreases at the bone
deposition front as new edges are being created at this location.

Figure 3.6 shows that when considering all 3 models, it takes approximately 1 year
to get to the desired osteocyte density. Although this timescale is too long (one would
expect it to be in the order of months), it is the correct order of magnitude. We see
similar results for the mean osteoblast degree, except that inhibitory contributions to
osteoblast differentiation require more time for the osteoblasts to reach the steady-
state degree distribution. The main means for differentiation between models is the
resulting mean osteocyte degree profile. Keeping p̃, q̃, 〈k̃〉Ob fixed, excitatory network
contributions to osteoblast differentiation leads to more connected osteocyte networks,
and inhibitory network contributions lead to less connected networks.

Capturing network structure and choosing a model that is “correct” seems to be
difficult. For instance, the mean osteoblast degree profile seems to take a long period
of time before settling to the steady-state mean osteoblast degree of 〈k̃〉Ob = 1.
One assumption we have made throughout our model selection process was that the
osteoblast surface density was approximately constant. It may be the case is that
this surface density changes in time. Were it the case that the surface density of
osteoblasts was initially at a higher density before decreasing, in the context of our
model, it would speed up the timescales until a steady-state travelling wave profile
was reached.

3.4.2 Changing Model Parameters and Visualisations

By varying the parameters of the model, we are able to alter the osteocyte network
morphology. Using the analytic expressions in Section 3.2.2.2 for the travelling wave
solutions, we summarise the results of single parameter changes in Table 3.3. A few
specific examples of realisations of the stochastic process are shown in Figure 3.7. For
these, we use the Monte Carlo algorithm in Appendix C, the parameters given in Table
3.2, and the function forms in Table 3.1. The choice in osteoblast differentiation uses
the switch mechanism in Section 3.4.1.3 (Dk = D

(swt)
k ) with the inhibitory parameter

choice.
Of particular interest is the observation that changing model parameters can have

different effects depending on whether the network contribution activates or inhibits
osteoblast differentiation. From our discussion in Section 3.4.1.1, inhibitory net-
work contributions to osteoblast differentiation seem more likely in the presence of
sclerostin, and excitatory network contributions may also be possible via IGF-1. Un-
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Figure 3.7: Single simulation visualisations of bone growth model with different parameter choices:
a.) Healthy parameter set (as shown in Table 3.2); b.) Increased osteoid secretion (η → 2η); c.)
Reduced dendrite growth (α→ α/2); d.) Reduced osteoblast surface density (p̃→ p̃/2). Osteoblast
are colored in blue and osteocytes (and their network connections) are in red; darker shades of red
denote osteocytes that were buried earlier in time. All simulations are shown after 365 days.
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fortunately at this juncture, it is not yet known to what extent each mechanism
contributes to network signalling of osteoblast differentiation, therefore we consider
both excitatory and inhibitory scenarios.

Whilst many parameters change the density of osteocytes, only α (the rate of
dendrite growth) and η (the rate of bone formation) can change the mean osteocyte
degree. Therefore, altering the rate of osteoblast differentiation (parameters λ and γ)
changes the osteocyte density (variable q̃), but not the degree of these newly formed
osteocytes (variable 〈k̃〉Ocy).

In Table 3.3, we also show the results for the first moment M̃1 = q̃ × 〈k̃〉Ocy/2
which is the number of edges per unit area5. With India ink stained histology slides
(providing the stain takes to the sample), dendrites will appear as a black blur. The
intensity of the stain is then a measure of M̃1. Therefore, even if the resolution of
the histology image is not high enough to estimate the mean number of dendrites
per osteocyte, 〈k〉Ocy (or a proxy like the lacunae shape), it may still be possible to
obtain an estimate of M̃1.

3.4.3 Zoledronate Study

Breast cancer is known to be osteolytic and suppresses osteoblast proliferation and
maturation. When applied as a therapy for breast cancer, the zoledronate treatment
allows for recovery of osteocyte number density. The zoledronate treatment is known
to improve osteoblast proliferation and maturation while simultaneously killing osteo-
clasts. We remind the reader that the zoledronated treated bone is brittle compared
to healthy bone, which is suggestive of poor osteocyte network formation.

Changing the proliferation ability of osteoblasts will change the osteoblast surface
density. Our analysis suggests this will change the quantity of bone produced, but not
the network structure. In our model, changing the process of maturation corresponds
to changing either: the mechanism behind osteoblast differentiation (parameters λ,
γ), or changing the rate of dendrite growth (parameter α).

From our discussion in Section 1.1.4, under (BCa) cancerous conditions osteocytes
have fewer dendritic connections to the remaining osteocyte network structure (and
lower osteocyte density) — and therefore the mean osteocyte degree is reduced.

To achieve a simultaneous decrease in osteocyte density and mean osteocyte de-
gree, one would either have to: decrease the rate of dendrite growth if excitatory
switch model configuration; or increase the rate of bone secretion per osteoblast.
Drastically increasing the rate of bone secretion per osteoblast seems unlikely from
a mechanistic point of view as there are physical limits on the rate of bone synthe-
sis. This suggests that reducing the rate of dendrite growth may be the most likely
mechanism.

Given that the zoledronate treatment only partially restores healthy bone, it seems
likely that either the intrinsic or extrinsic rate of osteoblast differentiation is targeted.
Exactly which is not possible to specify at this juncture without extensive experimen-
tal data regarding the osteocyte network.

5Note the factor of 2 compared to the use ofM1 in Chapter 2.
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To summarise, using our model along with biological reasoning suggest that:
breast cancer alters how dendrites form; and zoledronate therapy is partially restora-
tive by targeting the osteoblast to osteocyte differentiation mechanism.

3.4.4 Final Remarks: Implications for Cancerous Bone Growth

When one observes cancerous osteocyte networks, it appears osteocytes are either over
differentiated (excessive dendrite growth) or underdeveloped (diminished dendrite
growth). Additionally, the osteocyte number density tends to decrease.

With experimental data that give information about network structure (e.g., trans-
mission electron microscopy, India ink histology stains), one should be able to approx-
imately measure at least 2 of 3 quantities: the number of osteocytes present (quan-
titative estimate); whether the osteocytes are over-differentiated or underdeveloped
(qualitative estimate); and finally the density of dendrites (quantitative estimate).
Therefore, we should be able to compare a pathological bone slide to a (healthy)
control slide and determine differences between: the osteocyte number density (q);
the mean osteocyte degree (〈k̃〉Ocy); and the density of dendrites (M̃1).

Our model predicts that:

a.) If all 3 quantities (osteocyte number density, mean osteocyte degree, and den-
drite area) have increased (resp. decreased), this corresponds to either: os-
teoblasts on the bone surface producing too little (resp. too much) osteoid
when compared healthy bone; or that the rate of dendrite growth has increased
(resp. decreased) in the excitatory switch model configuration. Distinguishing
between these two effects will likely be difficult. However, when it is the case
that osteoblasts are producing too little osteoid, one would expect to see greater
quantities of mineralisation because the bone formation process occurred slower.
It seems unlikely the rate of bone secretion could be drastically increased much
due to limits on the rate of bone synthesis.

b.) If the osteocyte number density has increased (resp. decreased) with an op-
posing decrease (resp. increase) in 〈k̃〉Ocy or M̃1, then this must correspond
to the rate of dendrite growth changing but in the inhibitory switch model
configuration.

c.) If the osteocyte density increases (or decreases), but then the level of cell differ-
entiation is approximately the same, our model suggests this relates to a change
in the rate of osteoblast differentiation.
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Chapter 4

Simulated Ablation for Detection of
Cells Impacting Paracrine Signalling
in Histology

We now depart from spatial networks and cancerous bone formation, and move onto
the topic of histology analysis. After posing an approach to quantify paracrine sig-
nalling, we interpret our method in the context of a toy model where cells are agents
in an interacting particle system. Previously, we used mean-field approaches to calcu-
late summary statistics of the underlying system. This is no longer appropriate as we
are now considering heterogeneous agents where the fluctuations indicate interesting
behaviour.

※
Using mathematical modelling, we present a quantitative approach to calculate

how each cell alters the local microenvironment using only histological images. Our
approach allows us to determine two things. First, to what degree a cell is either
absorbing from, or secreting into, a local diffusible signalling environment; and sec-
ond, how much of the observed staining intensities are explainable via diffusion. Thus
given a histology slide stained to measure the expression of a specific protein, we are
able to quantify the extent to which that protein contributes to microenvironmental
signalling. The method presented is based on postulating that expression levels (as
determined by staining intensity) of targets of analyses are determined by a field of
secreted environmental signalling molecules. This signalling field (SF) abstraction
integrates all of the secreted factors that impact the expression of a particular phe-
notypic trait in a paracrine manner (cytokines, gases, metabolites). Our approach
ignores physical interactions between cells (e.g., force interactions through the ECM)
and relies on availability of multi-channel staining data.

Substantial mathematical modelling efforts have been focused on understanding
the impact of the microenvironment on phenotypic heterogeneity using biophysical
principles; common themes include diffusion of cytokines, and construction of chemi-
cal reaction networks. Efforts at modelling the microenvironment in a spatial setting
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have largely been focused on forward modelling, where one makes assumptions and
rules for a model, initiates the model in some starting configuration, and then evolves
it forward in time. Due to the complexity of the models involved, cellular automaton
approaches have often been utilised [3–5, 13, 125]. Such approaches, depending on
the complexity of the rules built into the model, are able to reproduce many experi-
mental/clinical observations, and in some cases are capable of making experimentally
validated predictions [7]. Unfortunately, mathematical modelling approaches are lim-
ited by: the frequent need for model iteration, where model components are added
and removed; the complexity of rules needed to describe the behaviour of biological
systems, such that underlying assumptions may often be untestable; and the experi-
mental difficulty of obtaining relevant measurements required for adequate parametri-
sation of the underlying mathematical model. Our method should aid with future
modelling as then one can “rule in”/“rule out” critical determinants.

Our approach is centred on mimicking the process of ablation within the fields of
neuroscience [18, 157, 165] and embryonic development [10]; this is where one kills
or disables a single neuron to observe how the remaining system behaves. Each cell
is considered a functional unit that changes the SF from an implied baseline value,
to the observed value of the staining intensity. The baseline value we calculate as
the SF at the cell’s location were the cell not present ; this calculation is performed
by solving a steady-state diffusion equation (Poisson’s equation) with decay. We cal-
culate the signal staining intensities that we expect based on the postulate of all of
the variability coming from the impact of the signalling field. We then compare the
expected (baseline) staining intensity of each cell with the experimentally measured
(observed) values. Differences between the baseline and observed values are inter-
preted as cell impact : how a cell alters the SF. We test applicability of our approach
using histological samples of breast cancer.

The chapter is structured as follows: in Section 4.1, we present the mathemati-
cal details behind our method including assumptions made and parameter selection.
Section 4.2 discusses our method applied to a multi-channel immunofluorescence in
situ hybridisation (iFISH) stained breast cancer data set, in which the HER2 gene
and HER2 protein expression were studied concurrently. Section 4.3 presents the
approach in the context of an interacting particle system. We also give a toy problem
to demonstrate our approach when one uses artificially generated data.

4.1 Method Applied To Paracrine Signalling
Our approach consists of two stages: a mathematical modelling step (Section 4.1.1),
and a parameter selection step (Section 4.1.2). We first pose a class of diffusion
models governed by a PDE for the description of SF in the extracellular space. This
class of models has a number of free parameters: the effective diffusion constant; the
rate of decay and the type of boundary condition posed on the cell surfaces. We then
consider model selection by asking: what is the discrepancy between the expression
of the target being analysed (the observed staining intensity) and the expected SF
were the cell absent from the histological slide (the baseline staining intensity). Using

79



a.)
Cell j

(cj ,Dj)→

nj

Cell k
(ck,Dk)

→nk

Cell i
(ci,Di)

→

ni

Ω ⊂ R2

b.)
Cell j

(cj ,Dj)→
nj

Cell k
(ck,Dk)

→nk

Ωi = Ω ∪Di ⊂ R2

Figure 4.1: Mathematical idealisation of cells on a pathology slice. Cells are shown in white
and the Signalling Field occupies the space between them at varying concentrations. (a.) Original
domain Ω, and (b.) modified domain Ωi = Ω ∪Di. See text for details.

the assumption that the SF should account for most of the variance in signal that
the cell produces, we carry out model selection over the space of possible model
parameterisations. Finally, we then have a baseline staining signal intensity and an
observed signal intensity for each cell.

4.1.1 Mathematical Modelling

To model paracrine signalling, we assume that cells communicate via a diffusible
species present in the extracellular domain called the Signalling Field (SF), with
concentration profile u = u(x), which degrades at rate λ > 0. Cells are stained
with a probe that binds internally: the chromogenic or fluorescent intensity is not
necessarily representative of the SF. However we specify that production of the SF
is linearly related to the stain intensity. We do not model other signalling processes
such as direct signalling or forces exerted between cells via direct contact (such as
adherent or gap junctions) or indirect contact via the ECM.

A histology slide is a 2-dimensional slice though a 3-dimensional tissue. In reality,
the cells visible on this slide would be interacting with cells above and below the side
(before sectioning the tissue). However, for the purposes of our reconstruction we
consider only cells visible in the slide, and consider the signalling field to diffuse in
2-dimensions only. Whilst the validity of this assumption has not been tested, it is
frequently made use of in the literature. In principle a 3-dimensional analysis could
be performed by considering multiple adjacent pathology slides.

We consider N non-overlapping cells labelled i ∈ N = {1, . . . , N} that occupy
volumes1 Di ⊂ R2 (see Figure 4.1(a)), so that extracellular domain is Ω = R2\

⋃N
i=1 Di.

We consider the case in which the timescale of diffusion is faster than any other
timescale of interest so that the SF is in steady-state. The concentration profile u is

1Thus Di ∩Dj = ∅ for i 6= j.
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then governed by
∇2u− α2u = 0 in Ω , (4.1)

where α2 = λ/κ and κ > 0 is the diffusion coefficient.
We suppose that the production/absorption of the SF is proportional to the dif-

ference in the average cellular stain intensity ci (averaged over the cell) and the
concentration of the SF at the cell boundary. Thus we write2

ni · ∇u = γ(ci − u) on x ∈ ∂Di . (4.2)

The parameter γ ∈ (0,∞) is a measure of how strong the cellular response is to a
difference between the local SF field and the “target” value ci. When γ = 0, the cell
does not react to the signalling field at all; as γ →∞ the cell actively absorbs/secretes
the SF as fast as it needs to in order to maintain the interior of the cell at the fixed
observed staining intensity ci.

The problem defined by equations (4.1)–(4.2) is well-posed3 and would allow us
to recreate the extracellular SF were parameters (α, γ) known. However, it was our
aim to learn how each cell modifies the SF. To this end, for each cell i ∈ N , we will
determine the difference between the observed staining intensity (ci) and the expected
signal were the cell not present. Therefore, we define a new SF problem with cell i
removed. Denoting the resulting concentration profile by ui, we then have

∇2ui − α2ui = 0 in Ωi , (4.3)

and Ωi = Ω∪Di = R2 \
⋃
j 6=i Dj. Thus the SF now diffuses in the region occupied by

cell i also; the boundary conditions on the remaining cells stay the same

nj · ∇ui = γ(cj − ui) on x ∈ ∂Dj , (4.4)

for all j = 1, . . . , i−1, i+1, . . . , N . The domain for the modified problem is illustrated
in Figure 4.1(b). The problem is also well posed (see Appendix E.1). The baseline
SF were cell i not present is then defined as the mean value of the SF over the cell

bi :=
1

|Di|

∫
Di

ui(x)dx . (4.5)

We could have chosen to average over the cell boundary rather than its area, however
this gives no qualitative difference in our results. We define the cell impact to be

fi := ci − bi , (4.6)

which can be interpreted as follows: if fi > 0, the cell is secreting factors locally into
the SF; and if fi < 0, then the cell is absorbing factors from the SF.

We solve the PDE systems (4.3)–(4.4) using a finite element method; see Appendix
E.2 for details.

2In principle, we could use the spatially varying stain intensity in equation (4.2) rather than
averaging over the cell. Measuring and quantifying a heterogeneous protein concentration within a
cell would be experimentally demanding and may require extra analysis, e.g., location of internal
cell apparatus. This spatial averaging is often done automatically by WSI software.

3We also implicitly assume that as ‖x‖ → ∞, there is a free boundary.
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4.1.2 Parameter Selection

Parameter selection is the biggest challenge to implementation of our method. For
metabolic processes, diffusion constants and decay rates are frequently known, for
example, for oxygen, glucose, etc. However, in our case, the specific chemicals com-
prising the signalling field are unknown (we note again that this is not the chemical
stained for, but a hypothesised downstream factor).

Rather than trying to estimate ~p = (α, γ) from experiments, we choose ~p to give
a best fit to the data in the following sense. For each stain, we measure the observed
staining intensities for each cell ~c = {c1, . . . , cN}. For a fixed set of model parameters
~p, the method described above can be used to generate the baseline intensities ~b =
{b1(~p), . . . , bN(~p)}.

The parameters ~p∗ are then chosen such that the coefficient of determination
(denoted R2) is maximised, i.e.,

~p∗ = arg max
~p=(α,γ)

R2 , (4.7)

where

R2 = 1−
∑N

i=1(ci − bi)2∑N
i=1(ci − c̄)2

, (4.8)

with

c̄ =
1

N

N∑
i=1

ci . (4.9)

The R2 coefficient for a model (with fixed parameters) measures the proportion of the
variance that is explainable by the model. When R2 ≤ 0 the model does not describe
any of the observed data, and as R2 increases (R2 → 1) the model becomes an exact
fit.

Therefore in equation (4.8), the R2 coefficient measures the fraction of the variance
of the stain intensities that can be accounted for by our signalling field model. The
variance in stain intensities can be accounted for by epigenetic, stochasticity, and
environmental inputs. By maximising the R2 value, we obtain an upper bound for
the paracrine signalling variance contribution.

4.2 Experimental Data
We apply our approach to the analysis of breast cancer tissue sections stained with
nuclear stain DAPI that reflects cellular DNA content, and two important proteins
targets: HER2, a receptor tyrosine kinase that is amplified in a subset of breast
cancers and is considered to be a potent “driver” gene [105], and Oestrogen Receptor
(ER), a nuclear receptor that mediates cellular response to oestrogen signalling4. Both
HER2 and ER staining are expected to have a profound influence on cell phenotype

4These were done with Immunohistochemistry (IHC) derived methods.
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and overall tumour aggression. Additionally, using fluorescence in situ hybridization
(FISH), data regarding the amplification status of the HER2 gene are available.

The cell outlines were found using the GoIFISH software [154], the pixels that
formed the cell outlines were down sampled by a factor of 8, so that the cell edges were
given by polygons. For the FEM scheme, nodes within domain Ω were placed using
Halton node placing5 [43]. To simplify parameter searches in γ ∈ (0,∞) (which crosses
many orders of magnitude) we mapped it to the bounded variable β = γ/(γ + 1) ∈
(0, 1).

From the method in Section 4.1, we maximise R2 given in equation (4.8) for each
of the 3 stains for 3 histology slides. The corresponding values of α∗ and γ∗ are found
in Table 4.1. From Table 4.1, we see that the R2

max is small for DAPI as expected:
DNA content should be independent of diffusible signalling components. In contrast,
for the HER2 and ER stains, Table 4.1 suggests that the majority of the variance in
the observable data set can be explained by SF.

Stain Region Sample 1, N = 479 Sample 2, N = 381 Sample 3, N = 524
α∗ γ∗ R2

max α∗ γ∗ R2
max α∗ γ∗ R2

max

DAPI Nucleus 0.008 0.15 17% 0.006 0.04 12% 0.006 0.05 21%
HER2 Membrane 0.000 ∞ 61% 0.023 ∞ 60% 0.010 6.75 67%
ER Nucleus 0.012 0.14 51% 0.012 1.11 45% 0.003 0.07 50%

Table 4.1: Maximum variance reduction possible for each stain and corresponding
parameters for BCA data set.

Note that the large values of γ∗ indicate a strong coupling between the HER2
staining intensity and the SF. It is reassuring that R2

max and α∗ are similar for the
same stain across different slides. The range of values of γ∗ are less consistent.

In Figure 4.2, we plot the observed, baseline and cell impact spatial staining pat-
terns for the DAPI, HER2 and ER stains for sample 1. Additionally, we also plot the
solution to equation (4.1) using the ~p∗ parameter set (without removing any cells).
This allows us to visualise the hypothesised SF. Plots relating to the same stain use
the same scaled colour bar. The general trend one finds is that the observed data set
is very heterogeneous with regards to staining intensity, the baseline data set looks
like a smoothed version of the observed data set, and the cell impact data set shows
variations around the baseline.

4.2.1 Possible Identification of Microenvironmental Niches

For Sample 1, ignoring the DAPI stain, we plot the baseline HER2 and baseline
ER data sets as a scatter graph in Figure 4.3(a). One observes approximately 3

5Halton node placing is a quasi-random (deterministic) mesh generation technique that covers
domains in a uniformly distributed manner without clustering of nodes. One advantage over equal
spaced node points is that more nodes can be added without needing to move the locations of
previously placed nodes.
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Figure 4.2: Pathology slide with outlines plotted. Figures showing stain intensity for: (left column)
observed intensities ~c; (left centre column) the exterior signalling field — the solution to equation
(4.1); (right centre column) baseline intensities ~b; (right column) cell impact ~f — for this column red
colours correspond to secreting cells, blue colours correspond to absorbing cells. The rows correspond
to: (top row) DAPI stain; (middle row) HER2 stain; and (bottom row) ER stain.

84



600 800 1000 1200 1400 1600

100

150

200

250

300

350

400

450

a.) Baseline intensity

HER2

E
R

500 1000 1500 2000

100

200

300

400

500

b.) Observed intensity

HER2
E
R

c.)

x (µm)

y
(µ
m
)

Figure 4.3: Figure to show possible existence of microenvironmental niches. a.) k-means clustering
applied to HER2 and ER baseline intensities; b.) The labelling from the k-means clustering shown
on the HER2 and ER observed data sets; and c.) the k-means clustering labels applied spatially.

clusters of points, which can be found using k-means clustering6. When looking
at the observed staining intensities, these clusters of points appear as less distinct
entities, see Figure 4.3(b). An interpretation of this finding is that there are 3 distinct
microenvironmental niches on the slide. Viewing these clusters spatially, one can see
that cells with approximately the same microenvironment are located in adjacent
locations, see Figure 4.3(c). Samples 2 and 3 seemed to also have niches, but without
such immediately identifiable groups.

4.2.2 Use of Centromeric Probes to Investigate HER2 Gene
Amplification Status

Using the FISH experimental procedure, a HER2 gene specific probe was used in
conjunction with a centromeric probe to identify the copy number of the HER2 gene
for each cell. The GoIFISH software package is then able to count the number of
subcellular probes. We write the copy number of cell i as

Ai =
BAC
CEP

=
# Number of HER2 gene probes detected

# Number of centromeres detected
. (4.10)

As the data are noisy, we are conservative and discard data points that may be
biologically unreasonable, i.e., correspond to an amplification ratio that is infinite
(Ai = ∞), or less than a single specific probe detected per centromere (Ai < 1).
Additionally, we remove a small number of cells that are not tumourous, e.g., lym-
phocytes, fibroblasts. We then put the data into two ordinal sets, either unamplified
wild type (WT) cells where the HER2 gene has not been upregulated (Ai = 1), or
where the cell has amplified the HER2 gene (Ai > 1). For the 3 data sets, after
invalid data have been discarded, amplified HER2 cells account for 34%, 9% and

6The optimal value of k for k-means clustering was confirmed using the Davies-Bouldin index,
which was maximised for k = 3 [36].
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Figure 4.4: Figure to show the HER2
status of cells. a.) Status found from
GoIFISH software analysis, b.) results of lo-
gistic regression using ~c. Colour labels are
as follows: clear/white labelled cells were
unidentifiable/non-tumour; blue labelled cells
denote wild type; and red cells had the HER2
gene amplified.

20% (respectively) of the cells on the slide. In Figure 4.4(a), we spatially visualise
the HER2 status of the cells in Sample 1.

For the first data set, using a logistic regression, one can use the measured
HER2 staining intensities ~c to predict whether the HER2 gene is amplified ~A =
{A1, . . . , AN}. This logistic regression is correct with 66% accuracy (see Figure 4.5),
and can be seen in Figure 4.4(b). Analysing the binary classified data sets for staining
intensity (either low or high staining intensity with the threshold determined by the
logistic regression), we find that for high staining intensity cells tend to be net secre-
tors of the SF (fi > 0), and cells with low staining intensity tend to be net absorbers
of the SF (fi < 0).

However, when looking at cells with low HER2 staining intensity, but with am-
plified HER2 gene, we find that the cell impact for the HER2 stain is greater than
the mean for all low HER2 stain intensity cells (see Figure 4.5). By use of z-tests
(used for n > 30 samples), we reject the null hypothesis that: the mean cell impact
for cells with low HER2 stain intensity and amplified HER2 gene is the same as the
population mean cell impact for all cells with low HER2 stain intensity ; compared
to the alternative hypothesis that the means are not the same. This is found to be
statistically significant with p < 0.05. The interpretation of this is that when cells
have a low staining intensity, but with an amplified HER2 gene, the cells may not
necessarily stain brightly but are net secretors into the SF (and therefore they likely
stain comparatively more intensely than their immediate neighbours).

Additionally, it should be noted for cells with low staining intensity: for amplified
HER2 copy number, cells are net producers of the SF impacting ER intensity; and
for unamplified HER2 cells, cells are net absorbers of the SF impacting ER intensity
(for both cases using z-tests, p < 0.05).

4.3 Method Motivation via Toy System
In this section we evaluate the efficacy of our method on synthetic data (where we
know the exact mathematical representation of the heterogeneity). We generate this
data with the following simple model. For each cell i, we suppose that there is
measurable quantity yi = yi(t) corresponding to the staining intensity. We suppose
that there are a number of cell phenotypes, labelled by τ in set T . We suppose
that each cell produces a signalling field from other cells as well as to some internal
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Figure 4.5: Tukey box plots for cell impact data sets ~f for HER2 (red) and ER (blue) separated
by low/high HER2 staining intensity (~c) and unamplified/amplified HER2 gene expression ( ~A).
The concatenated data sets are shown on the bottom row. Asterisks denote statistically significant
differences between the data set denoted and the mean low/high HER2/ER cell action (mean of the
box plot shown in the bottom row). The black dotted line corresponds to f = 0.
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dynamical system within the cell. Thus we write

dyi
dt

= µi(yi) + φi(yi, u) . (4.11)

Here µi represents the internal dynamics, and will account for the cell’s phenotype τ ,
and φi represents the forcing by the signalling field u. As before we suppose that the
dynamics of yi are slower than the diffusion of the SF, so that u is in quasi-steady-
state. In the method described in Section 4.1, this had the form

φi(yi(t), u(x)) =
β

|Di|

∫
∂Di

(u(x)− yi(t)) dS , (4.12)

where β is a scaling constant with units length over time, and u = u(x) obeys equa-
tions (4.1)–(4.2). One interpretation of equations (4.11)–(4.12) is that of a “swarming”
model, where particles have internal dynamics µi, and φi is a term analogous to an
interaction potential.

The baseline was then found by considering the average concentration at the cell’s
location were the cell not there. In Section 4.1 cells had geometries and so required
changes to the domain.

For simplicity, in our synthetic system, we will consider cells occupying negligible
area, i.e, they will behave as point sources/sinks of the SF — and therefore we do
not need to incorporate boundary conditions. In this case, the baseline (bi) can be
calculated by removing the internal dynamics for cell i, i.e., by setting µi = 0. We
do not try to systematically reduce the model of Section 4.1 to a model with point
sources (by supposing cells are well separated, for example). Rather we postulate a
new simpler model in which the interaction between cells depends on their separation
though the Green’s function for equation (4.1). Specifically, we take φi to be

φi = β
∑
j 6=i

Gn(dij, α) [yj(t)− yi(t)] , (4.13)

where Gn satisfies
∇2Gn − α2Gn = −δ(x) in Rn , (4.14)

and dij represents the distance between cells i and j. The form of Gn depends on the
dimension, and is given by

Gn(r, α) =

{
K0(αr)/2π if n = 2 ,
e−αr/4πr if n = 3 ,

(4.15)

where K0 is the modified Bessel function of the second kind. The baseline is then
given by

bi =
∑
j 6=i

cj Gn(dij, α)

/∑
j 6=i

Gn(dij, α) . (4.16)

Notice that as cells are points, there is no γ parameter (though in some sense it has
been replaced by β).
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We specify that there are three cell phenotypes τ ∈ T = {1, 2, 3}. We take
N = 3000. 1500 cells are placed uniformly at random in the unit circle; 1500 cells
are placed uniformly at random in the annulus between r = 1 and r = 2 (see Figure
4.6). Using k-means clustering, cells are assigned into 15 groups. Groups are then
assigned a cell type label randomly so that there are 5 groups of each cell type. The
internal dynamics of each cell type are chosen to be given by

µi(yi) =


εi/4− yi if τi = 1 ,

0 if τi = 2 ,
1 + εi/4− yi if τi = 3 ,

(4.17)

and we use the 3-dimensional Green’s function as the interaction term. Here εi is
a random number drawn from εi ∼ N (0, 1) and is the means by which we model
heterogeneity within a fixed cell phenotype. We choose β = 4π/N and α = 10. We
can interpret the cell phenotypes as: cell phenotype τ = 1 is a cell that averages
the signal received by neighbours to settle at a steady-state close to some intrinsic
value εi/4; cell phenotype τ = 2 is a passive cell that mimics nearby cells; and cell
phenotype τ = 3 is a cell that averages the signal received by neighbours to settle at
a steady-state close to some intrinsic value 1 + εi/4. From random initial conditions
in the unit interval (yi(t = 0) ∈ [0, 1]), the system will reach a steady-state. The
functional forms chosen are such that there is considerable overlap in the distribution
of steady-states for each cell phenotype, so that it is not immediately clear which
phenotype a cell belongs to given the steady-state value ci.

In Figures 4.6(a, b), we see a spatial plot of the cell centres and a histogram of the
observed intensities (~c); Figure 4.6(c, d) reveals the discrete cell phenotypes that are
not immediately apparent when viewing Figures 4.6(a, b). To calculate the baseline
(~b), we assume the functional form of the interactions are as in equation (4.13), but
without specifying the value of α, which is determined via a best fit as in Section 4.1.2.
In Figure 4.6(e, f), we show a spatial plot and histogram of the baseline cell intensities;
and in Figure 4.6(g, h) we show the cell impact cell intensities. From Figure 4.6(c)
to Figure 4.6(f), we see the emergence of a trimodal distribution indicating the three
cell phenotypes. The phenotype τ = 2 is easily identified in Figure 4.6(h) as the
population having zero cell impact : this is to be expected since these cells essentially
copy what their neighbours are doing.

Over 1000 simulations, we find that α∗ has a mean value of 11.49 [95% CI: (8.65,
14.46)], and R2

max has a mean value of 79.6% [95% CI: (76.9%, 82.3%)]. Carrying out
k-means clustering on ~c, ~b and ~f using a priori knowledge that there are 3 phenotypes
present, one finds that on average one identifies the 3 groups with 70.2% [using ~c,
95% CI: (49.9%, 82.5%)], 74.3% [using ~b, 95% CI: (57.4%, 87.3%)], and 15.7% [using
~f , 95% CI: (11.0%, 20.1%)] accuracy respectively. Therefore, one can obtain slightly
higher accuracy by looking at the baseline intensities rather than the stain intensities.
Moreover, if we identify the passive τ = 2 cells using fi ≈ 0, see Figure 4.6(h), then
the remaining cells can be clustered into 2 groups with approximately 100% accuracy.

Carrying out further simulations using different strengths of interactions, we find
that as we increase β, the value of R2

max increases as well as the value of α∗. This first
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Figure 4.6: Plots relating to toy model. (a, b.) Plot of observed cell intensities, and corresponding
histogram of intensities. (c, d.) Plot of simulated cell locations, now marked red or blue according
to cell phenotype, and histogram now broken up by cell phenotype. (e, f.) Plot and histogram of
baseline cell intensities. (g, h.) Plot and histogram of cell impact intensities. For the simulation
shown, α∗ = 10.91, R2

max = 79%. Using k-means clustering on the 3 data sets (~c, ~b, ~f), cell
phenotypes are correctly identified with: 79% (~c), 84% (~b), and 13% (~f) accuracy.
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result should be expected as R2
max is the maximum proportion of variance accounted

for by paracrine signalling. The second result is an artefact of the toy system, the
baseline is a weighted average given by equation (4.16), α∗ will then increase as the
fitting procedure will prioritise local interactions as the interaction strength increases.
It should be said however that α∗ is always within the correct order of magnitude of α,
even as β changes drastically. When considering the 2-dimensional Green’s function,
the same trends persist.

4.3.1 Final Remarks: Method Applicability

When applied to our synthetic data, the method successfully deconvolutes the ob-
served intensities data set into the baseline and cell impact intensities. This allows
for easy visual interpretation and further analysis.

In our analyses of clinical samples, we used stains for proteins where we are unsure
of the exact sources behind variation in stain intensity, be that genetic, microenviron-
mental, or stochastic. HER2 amplification is widely believed to be a genetic event and
should be heritable. Expression levels of HER2 protein are expected to reflect the gene
amplification status. On the other hand, some experimental evidence shows HER2
expression might reflect not only genetic material, but also microenvironmental stim-
uli, such as Notch and NF-κB (RANK) signalling (with the effect of increased HER2
transcription and regulation of the expansion of cancer stem cells) [73, 82, 96, 168].
The interpretation of the R2

max values should be as what is the maximum percent of
the signal variance explainable via our model of cellular communication for paracrine
signalling. Therefore, our method can potentially reveal paracrine interaction even in
scenarios where variability of the analysed trait is primarily believed to reflect genetic
differences.

When considering the data set used in Sections 4.2, for our method to “pick out”
important features of the data, we recommend that R2

max & 40% at a minimum.
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Chapter 5

Discussion and Conclusion

5.1 Evolving Spatial Networks
In Chapter 2, we introduced a model for evolving spatial networks, and we used a
mean-field approximation to reduce the dimension of its governing hierarchal Fokker–
Planck equations. Specifically, by defining a local state degree distribution, we derived
IPDEs (2.16) and (2.26) to describe an evolving spatial network that includes evo-
lution of the position of nodes (or some more general state vector), edge creation,
edge deletion, and new node creation that occur at prescribed rates. Our approach
generalises commonly-studied master-equation approaches by including a state space
so that we can examine spatial networks.

For all our examples in Chapter 2, the motion in state space was independent of
network structure. Of course, it is also possible to imagine scenarios in which the
motion depends on the network. Our mean-field approach can be readily extended
to situations in which the motion of a node depends on its degree (and even the
degrees of its neighbours). For example, in the case of pairwise interactions it is easy
to extend the model to the case in which the interaction depends on the degrees of
the two nodes as well as their position. However, network information that is not
expressible in terms of the degrees of nodes, such as the local clustering coefficient,
would require extra closure assumptions to incorporate. In Chapter 3, osteoblasts of
degree k = 0 were able to diffuse — we did not carry out a derivation of this diffusion
term as it was a trivial extension of the derivation in Chapter 2.

5.1.1 Mean-Field Approach Extensions

In our model of network evolution nodes are created or removed according to Poisson
processes, so that the model may generate multiedges. Our approach may be extended
to simple graphs, in which multiedges are not allowed, with an additional closure
assumption. In the edge creation term the creation of an edge should be abandoned
if an edge already exists between a pair of nodes. This results in C(si, ki, sj, kj) being
multiplied by the probability that there is no existing edge between nodes i and j,
which can be approximated by 1 − kikj/2m, where ki and kj are the node degrees
and m is the total number of edges, as in Section 2.5.
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Figure 5.1: Graphic illustrating the process of a series of adjacencies (generated by realisations of
random graphs) converging a Graphon limit as n→∞, which in this case is G(x, y) = 1−max(x, y).
(Figure kindly taken with permission from D. Glasscock [52].)

Another extension of interest are non-local limits of our network formation model,
specifically Graphon limits [52], see Figure 5.1. A Graphon is a function from the
unit square to the unit interval, G : [0, 1]2 → [0, 1], specifying the probability of an
edge after two nodes are given values in the range [0, 1] drawn uniformly at random
from the unit square. Deriving a differential equation for an evolving network with a
Graphon as a solution is attractive because Graphons contain more information about
the underlying network than the degree distribution. A literature search suggests that
Graphon differential equations for evolving networks have not been derived before.

5.2 Osteocyte Network Formation
In Chapter 3, we have presented a model for the formation of an osteocyte network
and identified parameters for healthy bone formation. By perturbing parameters,
one can investigate irregular bone formation and the resulting osteocyte morphology
changes. One can also then predict the driving differentiation markers that osteoblasts
exhibit that would lead to these morphological changes. In the context of zoledronate
therapy for breast cancer, we have used our model to propose reasons behind the
brittle treated bone. For future experiments, we have suggested how measurable
quantities link to underlying mechanisms.

From a modelling perspective, were one to chase biological reality, one could sug-
gest many improvements to the model to improve our idealisation of the osteocyte
network. Additionally, one might also want to consider the inclusion of chemical
species representing proteins of interest, and the inclusion of osteoclasts to incorpo-
rate bone resorption. However, our model acts as a first step towards mathematically
modelling osteocyte network formation, and avoids making overly specific assump-
tions on underlying mechanisms.

We now comment on how various aspects of our model compare to biological
reality.

5.2.1 Triggering Osteoblast Differentiation

During a bone remodelling event, the total number of osteoblasts generated is far
larger than the total number of new osteocytes generated [117]. Pazzaglia et. al.
[119] have estimated that only 1 in 67 osteoblasts become embedded in bone matrix
as osteocytes, whereas in our model, all osteoblasts will eventually differentiate; the
mechanisms behind which are still poorly understood. They may involve physical
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processes such as burial by neighbouring osteoblasts, or self-burial [44]. It has also
been suggested that subpopulations of osteoblasts are predestinated to become osteo-
cytes [100], and that this selection may be determined by the number of connections
with osteocytes [76].

One aspect ignored in our model is mechanotransduction. It is known that me-
chanical loads and fluid flow sheer stress can lead to greater dendrite growth [24, 167].
After now posing our model, a pertinent question then remains as to the relative effect
sizes between mechanical stimuli and microenvironmental signalling. In our work, we
focused on breast cancer that metastasises to bone. One advantage to investigating
breast cancer is that it is osteolytic, which means that there is a net bone reduction, so
it is unlikely there is a substantial increase in pressure on bone. Other cancers may be
osteoblastic, which means there would be net increase in bone mass, e.g., metastatic
prostate cancer. For osteoblastic cancers, it may be hard to decouple mechanical and
microenvironmental effects experimentally.

5.2.2 Osteocyte Degree Distribution

In the steady-state travelling wave regime, one can show that the degree distribution
of the osteocyte network is geometrically distributed when using either the null model
(see Section 3.4.1.1), or the switch-like proposed mechanism (see Section 3.4.1.3).
This effect comes from the difference equation structure in equations (3.11)–(3.12) in
Section 3.2.1.

In Ref. [78] a three-dimensional osteocyte network was studied, the topology of this
network includes dendrites that do not connect to a second osteocyte, and edges that
link between multiple osteocytes. Additionally, the nodes of their network included
both osteocytes and the branching points of dendrites. Thus the communication net-
work we studied, and the exact biological network they studied are different. However,
the degree distribution of their three-dimensional scanned network was shown to be
geometrically1 distributed. It remains to be elucidated as to whether there is a rea-
sonable explanation for this match in degree distributions, or as to whether this is
coincidence.

5.2.3 Orientation of Dendrites

It is clear from Figure 3.7 that we observe orientation of edges from older osteocytes
towards the younger osteocytes and the osteoblast layer. An interesting question is
as to whether one can configure our model to lose this orientation.

This is also evidence of lateral connections between osteocytes [115], and we do
notice some of this within Figure 3.7. Having said this, the majority of the network
structure is perpendicular to the bone surface.

A possible future direction in our work may be to modify our model to explore the
functional difference between lateral connections, and connections perpendicular to

1They actually stated that the degree distribution was exponentially distributed, but this would
only be correct for continuous distributions. A geometric distribution is the discrete equivalent.

94



the bone surface. As osteocytes have coordinated burial, one may be able to explore
whether coordinated burial can occur as a function of lateral connections, burying a
group of osteoblasts simultaneously.

5.2.4 Network Description Incorrect

Our network description refers to which osteoblasts and osteocytes are communicating
with each other — not the full biological reality of the dendritic network. Were one
to consider the full morphology of the dendritic network, one would have to also
consider edges that occasionally do not go anywhere, and edges that connect multiple
nodes (hypergraphs). This would account for the branching dendrites that one sees
experimentally. We also have redundancy in our communication network in the form
of multiedges (multiple edges between two nodes). However in the limit of large
networks, the probability of a multiedge occurring approaches zero. Additionally, even
in the case of finite networks, this is very unlikely to occur as 〈k̃〉Ob, 〈k̃〉Ocy = O(1).

To summarise, points of dendrite branching may act as nodes within osteocyte
networks and we do not account for this. The network modelled is the network of cell–
cell connections, not the dendritic nor the canalicular network, and so represent the
ability for communication not morphological reality. Other approaches to modelling
spatial networks may be possible, although our approach allows for visualisation of
the network, and is amenable to parameterisation via mathematical analysis.

5.3 Histology Analysis
In Chapter 4, we have presented a method to identify and extract diffusible microenvi-
ronment signalling from histology slides. We are also able to quantify what percentage
of the data is explainable by diffusion mediated signalling. We applied our method to
breast cancer histology slides and found that HER2 amplified cells with low HER2
stain intensity have a higher cell impact than the population of all low HER2 stain
intensity cells. Finally the method was evaluated on synthetic data generated by a
simpler model for cell behaviour.

Due to this work being only a preliminary study, the presented analysis should be
viewed as a promising first step and demonstration of the method, rather than bona
fide proof of principle. We envision that the method presented here will be directly
applicable to defined scenarios of biological and clinical importance. For example,
paracrine signalling is responsible for microenvironment-directed therapy resistance
against most of the targeted anti-cancer therapies used in clinics [160]. Yet, the
signalling fields, as well as the impact of individual cells on them, have not been
studied due to the lack of appropriate tools.

A clear next step to promote use and acceptance of our method would be to see
how our method performs against different types of cancer stained under the same
protocol. Particularly, it may be of particular interest to investigate cancers that
are known to be genetically homogeneous, and so the majority of the variance in
observation may come from diffusion. In contrast, one could investigate genetically
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heterogeneous cancers and therefore proportionally less variance may be accountable
by diffusion. Additionally, it would be particularly pertinent to design experiments
where stains relating to metabolic activity were selected. Cell types are usually iden-
tifiable by eye, and our approach may even aid hypothesis of cell function.

Future experiments have been proposed to apply the method to interrogate the
spatial distribution of c-MET phosphorylation in non-small cell lung cancers2. The
c-MET protein is implied in resistance to ALK tyrosine kinase receptor [160, 166].
Phosphorylation of c-MET should be reflective of microenvironmental gradients of
its ligand HGF, which is primarily produced by cancer-associated fibroblasts.

5.3.1 Data Limitations

Clearly our method as it stands suffers many drawbacks. Regarding use of data, we
are stuck working in two dimensions. Working in three dimensions using complete
reconstructions of cell geometry would be possible; however, this would be expensive
and not repeatable in a clinical setting.

There will also be edge effect artefacts that we have not accounted for in the
model. By this, we mean there will be cells that impact the SF, but were excluded
by the biopsy extraction and preparation process. One option is to decrease sample
sizes by ignoring a layer of cells at the edge of the histology slice.

5.3.2 Parameter Selection

It is likely that other methods for parameter selection are also worthy of exploration.
For example, one could also make the opposite assumption: that the contribution of
genetic heterogeneity is large, and the microenvironment minimally contributes to the
observed data set ~c — however this does not work practically as then one could then
either set α → ∞, or γ = 0 and then bi = 0 and ‖~c −~b‖ is maximised. Constraints
have to be introduced in an intelligent manner.

Our model could also be expanded to include different classes of objects, for in-
stance, it would not be difficult to include blood vessel structures. Additionally, were
it the case that a cell was stained multiple times and one had an a priori knowledge
for how a cell was supposed to function, relevant constraints could be included in the
parameter selection method. In this work, we did not carry out an exhaustive search
on parameter selection techniques.

5.3.3 Applications within Interacting Particle Systems

The approach described in Section 4.3 essentially amounted to setting up a null model
for interacting particle systems allowing to ask: assuming business as usual, how close
could the null model get to reality? This initial study suggests a methodology that

2The MET gene encodes the c-MET receptor protein that processes activity of the enzyme
tyrosine kinase.
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could be applied to more general problems. For example with regards to interact-
ing cellular systems, mechanotransduction is another important method of cellular
communication [70], to which our simulated ablation approach could be applied.

The approach may also be applicable to other interacting particle systems where
the agents are not close to steady-state. For instance, we are now starting to recon-
cile swarming models with real data [121]. However, some swarms consist of agents
carrying out different behavioural roles, e.g., leader and follower behaviour seen in
pigeons [123]. If one could adapt the method appropriately, it may be possible to
analyse trajectories to discern between different animal behaviours.
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Appendix A

Image Processing Technique for
Osteocyte Density Estimation

Using the inbuilt functions of the MATLAB image processing toolbox, our technique
for calculating approximate osteocyte densities consists of three stages:

1. Colour-based segmentation to isolate the mineralised section of the bone.

2. Entropy-based segmentation to isolate and locate osteocytes centres.

3. Estimation of osteocyte density as

Implied osteocyte density =
#osteocytes

mineralised area
(A.1)

Colour-based segmentation is carried out by treating the RGB signal as a vector
and clustering these vectors using k-means clustering, the value of k chosen depending
on an ad-hoc basis depending on the specific image. Entropy-based segmentation
and thresholding was used to detect approximate locations of osteocytes. Manual
validation was also carried out to confirm/correct the locations of the osteocytes
detected. In Figure A.1, we see the output of the algorithm, the stroma appears red,
the mineralised region of the bone appears blue. The region between measured is
outlined in green and the osteocyte’s centre is marked with a red circle.

Our criterion for what was marked and counted as an osteocyte was as follows:

i.) The cell boundary of the osteocyte must be visible.

ii.) There must be de-calcified osteoid around the osteocyte.
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100 µm 10 µm

Figure A.1: Output of image processing technique for osteocyte density calculation: (left) full
size image, (right) close-up image. Region measured is outlined in green and osteocyte centres are
marked in red.
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Appendix B

Method of lines for IPDE in Section
2.6.2

We briefly describe the numerical method used to solve equation (2.31). A finite-
volume method (FVM) involves averaging equation (2.31) over a test volume. We
derive a numerical scheme for the quantities

Uk,j(t) :=
1

∆x

∫ j∆x

(j−1)∆x

uk(t, x)dx , (B.1)

for j = 1, . . . , J and ∆x = 1/J and large J ∈ N0. For the degree k flux defined as

Fk(t, x) = µuk(t, x)− σ2

2

∂uk
∂x

(t, x) , (B.2)

using the Fundamental Theorem of Calculus (or Divergence theorem in higher dimen-
sions), we need to approximate the flux at the edges of the test volume

1

∆x

∫ j∆x

(j−1)∆x

∂

∂x
Fk(t, x)dx =

1

∆x
[Fk(t, j∆x)− Fk(t, (j − 1)∆x)] . (B.3)

Using central differences, one can write

Fk(t, j∆x) =

{
µ
2

(Uk,j + Uk,j+1)− σ2

2∆x
(Uk,j+1 − Uk,j) if j 6= 1, J ,

0 if j = 1, J ,
(B.4)

and the no flux boundary conditions are immediately incorporated at the end points.
The discretisation of the drift and diffusion differential operators is second order, in
that

|Uk,j(t)− uk(t, x)| = O(∆x3) . (B.5)

The summation and integration terms can then easily be approximated using the
trapezium rule; for general f = f(k, x), we write

∞∑
k=0

∫ 1

0

f(k, x)uk(t, x)dx ≈ 1

2

∞∑
k=0

J∑
j=1

[f(k, (j − 1)∆x) + f(k, j∆x)]Uk,j(t) . (B.6)
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Putting all these terms together, one has a system of ODEs (this discretisation of
space is known as the method of lines). One then solves the resulting equations with
a Runge–Kutta scheme (or other method for initial value problem ODEs).
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Appendix C

Monte Carlo Algorithm for Stochastic
Simulation of Bone Formation

We give pseudocode for a fixed time step Monte Carlo algorithm for our osteocyte
network formation model described in Section 3.1 using functions and parameters
as detailed in Table 3.2. The Monte Carlo algorithm is broken town into two sub-
algorithms. Algorithm 2 is the master algorithm that calls on Algorithms 3 and
4.

Algorithm 3 details how the network structure changes with the following Poisson
processes: edge creation events from osteocyte to osteoblast; osteoblast to osteocyte
differentiation; and osteoblast proliferation. Algorithm 3 follows from the Algorithm
1 given in Chapter 2. When the number of osteoblasts is fixed [see equation (3.34)],
one can save on computation time by enforcing that osteoblast differentiation and
proliferation occur simultaneously, i.e., a proliferation event is triggered by a differ-
entiation event.

Algorithm 4 details the changing domain Ω(t) and boundary B(t) (we specify
osteoblast migration as part of this). For the changing domain, one has a few options
regarding how one deals with the boundary (e.g., the level set method), but due to
the fact that we have osteoblasts that occupy positions on the boundary, we use a
particle method (discretising the boundary with an ordered set of particles).

As osteoblasts can diffuse on the boundary B(t), osteoblast diffusion is incorpo-
rated into this Algorithm 4 via a position jump process (a type of random walk) where
osteoblasts can jump either left or right along the discretised boundary as a Poisson
process that approximates diffusion (Brownian motion) as the spacing between the
boundary discretisation reduces to zero. Therefore, osteoblasts move perpendicular
to B(t), and secrete bone normal to Ω(t).

For all simulations in Chapter 3, in Algorithms 2, 3 and 4, we use a global time
step of ∆t = 0.25 days and a diffusion time step of δt = 0.0125 days. Osteoblasts
are placed uniformly at random along the boundary B. The initial spacing between
discretisation points along boundary B is set as 0.01mm with tolerances in Algorithm
4 chosen as TOL1 = 0.006mm and TOL2 = 0.0015mm. Therefore, lots of new
discretisation points will be added initially as the boundary deforms.

We now give extra details for Algorithm 4 on the particle method for the changing
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boundary and the selection of the jumping rate for the osteoblasts.

Algorithm 2: Master algorithm for fixed time step progression of ∆t > 0 that refers to
Algorithms 3 and 4.
Data: Choose an end time Tend = M∆t for large M ∈ N and small ∆t > 0.

For Algorithm 4, one needs to also specify osteoblast diffusion time step
δt > 0 and two tolerances TOL1 > TOL2.

Set the number of particles N ← N0.
Initialise the starting state as si ← s

(i)
0 = (x

(i)
0 , ρ

(i)
0 ) for i = 1, . . . , N and

ρ0 ∈ {Ob,Ocy}, and specify starting degree ki ← k
(i)
0 .

Specify region Ω← Ω0 and boundary B ← B0. (Note that a method for the
discretisation of the boundary will be needed.)
Set time counter m← 0.
while m ≤M do

% Network structure update.
Run Algorithm 3.
% Domain size update.
Run Algorithm 4.
% Time update.
Update time: m← m+ 1.

C.1 Extra Details for Algorithm 4
Algorithm 4 deals with the changing boundary by allowing for the addition and
removal of extra discretisation points. When pairs of discretisation points are too
close, one of the points may be removed to avoid having to reduce the time-step
∆t. When pairs of discretisation points move to far apart, a new discretisation point
is added with coordinates equal to the mean of the pair of discretisation points in
question.

There is the potential for topology changes where osteoblasts would be buried
without differentiation. However, we do not account for topology changes as circular
regions with an osteocyte within them would shrink to a point; we save on computa-
tion time by shrinking closed to loops to points immediately (see Figure C.1).

Algorithm 4 approximates osteoblast diffusion via a jumping process along the
boundary discretisation. The effective jump rates are found from analysing the Taylor
expansion for the Poisson process where one either jumps “up” a distance of `u at rate
ju or “down” a distance of `d at rate jd along an arc length coordinate s. As an
approximation, we assume that the migration speed of osteoblasts occurs at an order
of magnitude faster than the rate of osteoid deposition; therefore we can assume the
interface is temporarily static. Consider a small time step of size δt > 0, and denote
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Algorithm 3: Algorithm for network structure changes. By randperm(X), we mean a
permutation of the discrete set X selected uniformly at random.

% Edge creation update.
for i← randperm({1, 2, . . . , N}) and %i = Ocy do

for j ← randperm({i+ 1, . . . , N}) and %j = Ob do
Draw a uniform random number r1 from distribution R ∼ U(0, 1).
if r1 ≤ C(xi,xj)∆t then

Create an edge between osteocyte i and osteoblast j.

% Differentiation update.
for i← randperm({1, 2, . . . , N}) and %i = Ob do

Draw a uniform random number r2 from distribution R ∼ U(0, 1).
if r2 ≤ Dk∆t then

Osteoblast i differentiates into an osteocyte.

% Proliferation update.
for i← randperm({1, 2, . . . , N}), %i = Ob and ki = 0 do

Draw a uniform random number r3 from distribution R ∼ U(0, 1).
if r3 ≤ µ(m∆t)∆t then

Osteoblast i produces a daughter osteoblast. The daughter osteoblast
will have index N + 1.
Initialise position xN+1 ← xi.
Initialise degree kN+1 ← 0.
Update number of particles: N ← N + 1.

the density of osteoblasts on B by ρ(t, s), then

ρ(t+ δt, s) = ρ(t, s) + δt(jdρ(t, s+ `d) + juρ(t, s− `u)) (C.1)
− δt(jd + ju)ρ(t, s) +O(δt2) .

Taylor expanding around the value s, and taking the limit as δt → 0, we obtain the
drift-diffusion equation

∂ρ

∂t
= (jd`d − ju`u)

∂ρ

∂s
+
jd`

2
d + ju`

2
u

2

∂2ρ

∂s2
+O(`3

d, `
3
u) . (C.2)

To prevent artificial drift of osteoblasts along the bone surface, one must choose jd`d =
ju`u and we specify that the diffusion constant is κdiff = jd`

2
d + ju`

2
u/2. Therefore we

select the jumping rates ju and jd as

ju =
2κdiff

`u(`d + `u)
, and jd =

2κdiff
`d(`d + `u)

. (C.3)

Note that osteoblasts jump along the boundary B(t) at a rate faster than all the
other processes, so we specify a smaller time step δt > 0 for the osteoblast position
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a.)

b.)

c.)

Figure C.1: Diagrams showing boundary discretisation refinements: (a) shows a discretisation
point being removed as the surrounding points move closer together; (b) shows a discretisation point
being added as the surrounding points move further apart; and (c) shows how topology changes may
occur, in the far right graphic, a hole is immediately collapsed (which saves on computation time).
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jump process. The value of δt > 0 is such that ∆t/δt is an integer, i.e., there are
∆t/δt iterations of the osteoblast position jump process for a single iteration of all
other processes.
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Algorithm 4: Algorithm for changing the size of the domain Ω(t) and boundary B(t) for
small time step ∆t > 0.
Data: Specify small time step ∆t > 0, osteoblast diffusion time step δt > 0

and two tolerances TOL1 > TOL2.
For a boundary discretised by NB points labelled {yi}

NB
i=1, the locations of the

osteoblasts are constrained to the boundary discretisation {xi}ρi=Ob ⊂ {yi}
NB
i=1.

% Osteoblast migration update.
for k ← {1, . . . ,∆t/δt} do

for i← randperm({1, 2, . . . , N}), %i = Ob and ki = 0 do
% Allow osteoblast i to diffuse on the manifold B.
Calculate the rate of jumping up ju = 2κdiff/`u(`u + `d) and the rate of
jumping down as for jd = 2κdiff/`d(`u + `d) for `u = ||yi − yi+1|| and
`d = ||yi−1 − yi||.
Draw a uniform random number ru from distribution R ∼ U(0, 1).
if ru ≤ juδt then

% Osteoblast i moves up.
xi ← yi−1

Draw a uniform random number rd from distribution R ∼ U(0, 1).
if rd ≤ jdδt then

% Osteoblast i moves down.
xi ← yi+1

% Boundary position update; note that the distance between used in S(yi,xj) is
the curve distance.
for i← {1, 2, . . . , NB} do
yi ← yi + ∆tn(yi)

∑
ρj=Ob S(yi,xj).

% Boundary node deletion (See Fig. C.1a).
for i← randperm({1, 2, . . . , NB − 1}) do

if ||yi − yi+1|| < TOL2 then
Delete discretisation point yi provided there is no osteoblast present at
this location.

% Boundary node addition (See Fig. C.1b).
for i← randperm({1, 2, . . . , NB − 1}) do

if ||yi − yi+1|| > TOL1 then
Add discretisation point between points yi,yi+1, y∗ = (yi + yi+1)/2.

% Boundary topology update (See Fig. C.1c).
for i← randperm({1, 2, . . . , NB − 1}) do

if yi+1,2 < yi,2 then
Change topology by allowing for a closed loop in addition to exterior
boundary.
Optional: Save on computation by instantly shrinking loop to single
point.
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Appendix D

Discussion on Dk

D.1 Proposed Mechanism: Cumulative Activation
One mechanism we considered was a cumulative activation effect, essentially each
osteoblast has an intrinsic rate of differentiation (λ1) plus an extrinsic contribution
(f = γ1k). This extrinsic contribution corresponds to increasing the rate of osteoblast
to osteocyte differentiation proportional to the number osteocytes that each osteoblast
is in contact with. We write

D
(1)
k = λ1 + γ1k . (D.1)

One can calculate the mean osteoblast degree with the following analysis. Writing
the first moment of ṽk as M̃1 =

∑∞
k=0 kṽk, then the equation for k = 0 is

λ1p̃+ γ1M̃1 = (F̃ + λ1)ṽ0 . (D.2)

We can recursively find all ṽk, and we determine that

ṽk = ṽk−1
F̃

F̃ + λ1 + γ1k
. (D.3)

though the use of lower incomplete gamma functions defined as γ̂(s, x) =
∫ x

0
ts−1e−tdt,

one can show that
γ̂(s, x)ex

xs−1
=
∞∑
k=0

xk

(s+ 1) . . . (s+ k)
, (D.4)

and therefore

〈k〉Ob = G

(
F̃ + λ1

γ1

,
F̃

γ1

)
− λ1

γ1

, (D.5)

for G(s, x) = xse−x/γ̂(s, x) and

q̃ =
λ1 + γ1〈k〉Ob

ηι
√

2πLz
. (D.6)

We fit parameters as stated in Section 3.4.1.2. Specifying that the network has
an excitatory effect on osteoblast differentiation, we set λ1 = D̂/2 and therefore
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Table D.1: Choice in rate of osteoblast differentiation.
Symbol and form Interpretation

D
(null)
k = D̂ No network effects.

This corresponds to the null hypothesis: the network does not impact the rate
of osteoblast differentiation.

D
(swt)
k =

{
λ if k = 0

λ+ γ if k ≥ 1

}
Switch-like influence.

The network does impact osteoblast differentiation rates but there are no cu-
mulative effects, i.e., communicating with more osteocyte does not mean os-
teoblasts differentiate any faster/slower.

D
(1)
k = λ1 + γ1k Cumulative activation.

The osteoblast will differentiate at a rate that increases proportional to how
many osteocytes it is in communication with.

D
(2)
k =

{
λ2 if k = 0

λ2 + γ2/k if k ≥ 1

}
Cumulative inhibition.

The osteoblast will differentiate at a rate that increases inversely proportional
to how many osteocytes it is in communication with.

α1 = 2.41 × 10−3 day−1 and γ1 = 1.30 × 10−3 day−1. Figure D.1 shows that when
considering the cumulative activation model when compared to the null model, it
takes approximately 3 years to obtain the desired osteocyte density of q̃ = 2.375 ×
104 mm−3. This timescale is clearly too long to be considered biologically realistic.
Additionally, were one to make γ1 < 0, the rateD(1)

k can be negative which means that
when using this model, inhibitory network effects are impossible. When considering
the cumulative activation model, at the time of osteoblast differentiation a large
quantity of a differentiation-promoting protein must be present in the osteoblasts.
This protein would have therefore previously diffused along the dendrite structures.
From a biological perspective, it seems more likely that only a small amount of protein
should be required to travel though the dendrite structure to induce differentiation.

D.2 Proposed Mechanism: Diminishing Activation
Another mechanism considered is a cumulative inhibition effect. Each osteoblast has
an intrinsic rate of differentiation (λ2) plus an extrinsic contribution (f = γ2/k). This
extrinsic contribution corresponds to decreasing the rate of osteoblast to osteocyte
differentiation inversely proportional to the number osteocytes that each osteoblast
is contact with. We write

D
(2)
k =

{
λ2 if k = 0

λ2 + γ2
k

if k ≥ 1

}
. (D.7)

110



To calculate the mean osteoblast degree, one can make use of the series

Hf (x, y) =
∞∑
k=0

f(k)[y + k + 1]B(y + 1, k + 1)xk , (D.8)

for f : N0 → R and B(a, b) =
∫ 1

0
ta−1(1− t)b−1dt is the beta function to calculate

〈k〉Ob =
Hk(

F̃
F̃+λ

, γ

F̃+λ
)

H1( F̃
F̃+λ

, γ

F̃+λ
)
. (D.9)

and

q̃ =
F̃ + λ

ηι
√

2πLz

[
H1

(
F̃

F̃ + λ
,

γ

F̃ + λ

)]−1

. (D.10)

Using equation (3.40), algebraic equations (D.9)–(D.10) are closed.
We fit parameters as stated in Section 3.4.1.2. Specifying that the network has

an excitatory effect on osteoblast differentiation, we set λ2 = D̂/2 and therefore
α2 = 1.75 × 10−3 day−1 and γ2 = 4.56 × 10−3 day−1. Our diminishing activation
model also has the possibility to allow for inhibition when λ2 > D̂; however the rate
D

(2)
k can be negative. For the greatest allowable amount of inhibition, one can set

γ2 = −λ2. To maintain the desired travelling wave profile, the maximum value of λ2

is given as λ2 = 190%× D̂ and in which case α2 = 1.01× 10−3 day−1.
Both the excitatory and (maximum) inhibitory effects are shown in Figure D.1.

When compared to the null model, both models take approximately 2 years to get to
the desired osteocyte density. This timescale is too long to be considered biologically
realistic.

One emergent property we notice from this choice in differentiation mechanism is
that when Dk is non-monotonic (i.e., has a maximum/minimum around k = 1),
it appears that there is an over-shoot then adjustment period when viewing the
density profile q(t, x), e.g., the density starts below q̃, then over-reaches above q̃
before converging to q̃. In Figure D.1, this effect is very minimal, but different
parameter choices can exacerbate this effect. When viewing 3-dimensional scans, one
does observe similar behaviour around cement lines [39, 128]. The question now is
how to choose and calibrate a function f ; due to a lack of data and the fact that our
model will never replicate reality perfectly, we only consider a switch-like mechanism
in Chapter 3.
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Appendix E

Finite Element Method for Simulated
Ablation

In this appendix, we give both an existence and uniqueness proof for the solution to
the elliptic PDE in Chapter 4, and also a method for FEM implementation.

E.1 Existence and Uniqueness
The original problem is stated as equations (4.3)–(4.4) for each i ∈ N . Without any
loss of generality, we can solve equations (4.1)–(4.2). Written out again, this is

∇2u− α2u = 0 in Ω ,

ni · ∇u = γ(ci − u) on ∂Di . (E.1)

We specify that ∂Di is C1 regular, and we prove the existence and uniqueness of u in
H1(Ω) — although the solution is likely smoother.

The question whether we have to impose a limit condition of the form lim‖x‖→∞ u(x) =
0 is a priori unclear. Intuitively, if we impose such a condition, it has to be zero,
since the dissipation term would mean a null concentration at an infinite distance
from the source (provided by the boundary condition). In fact, we will not have to
impose this, as the unique solution of (E.1) is zero at infinity, due to the dissipation.

Let us recall that the Sobolev space W p
m(Ω) is the space of functions defined as

follows
W p
m(Ω) = {u ∈ Lp(Ω) |Dβu ∈ Lp(Ω) ,∀β ≤ m} . (E.2)

Here we will be particularly focused on the Hilbert space H1(Ω) = W 2
1 (Ω) endowed

with the H1 norm defined by

‖v‖H1(Ω) = ‖v‖L2(Ω) + ‖∇v‖L2(Ω) , ∀v ∈ H1(Ω) . (E.3)

Proposition E.1.1. The problem (E.1) has a unique solution in H1(Ω).

Proof. The weak formulation of the problem (E.1) is given by

a(u, v) = l(v) , ∀v ∈ H1(Ω) , (E.4)
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for

a(u, v) =

∫
Ω

∇u(x)·∇v(x)dx+α2

∫
Ω

u(x)v(x)dx+γ

∫
∂Ω

u(x)v(x)dS , ∀u, v ∈ H1(Ω) ,

(E.5)
and

l(v) = γ

∫
∂Ω

ψ(x)v(x)dS , ∀v ∈ H1(Ω) , (E.6)

where ∂Ω =
⋃
i ∂Di and ψ is a function satisfying

ψ(x) = ci when x ∈ Di . (E.7)

We now aim to prove continuity and coercivity of a(u, v) on H1(Ω), as well as the
continuity of l(v) on H1(Ω) to satisfy the Lax–Milgram Theorem (Theorem 5.8 on
page 83 in [50]). Specifically, we wish to show that

Continuity of a(u, v)⇐⇒∃A > 0 s.t. |a(u, v)| ≤ A‖u‖‖v‖ ,
Coercivity of a(u, v)⇐⇒∃B > 0 s.t. |a(u, u)| ≥ B‖u‖ , (E.8)

Continuity of l(v)⇐⇒∃C > 0 s.t. |l(v)| ≤ C‖v‖ .

Continuity of a(u, v)

For u, v ∈ H1(Ω), by nature of the modulus function, one can immediately write
the following inequality

|a(u, v)| ≤
∣∣∣∣∫

Ω

∇u(x) · ∇v(x)dx
∣∣∣∣+α2

∣∣∣∣∫
Ω

u(x)v(x)dx
∣∣∣∣+γ

∣∣∣∣∫
∂Ω

u(x)v(x)dS
∣∣∣∣ . (E.9)

The Cauchy-Schwartz inequality allows us then to write

|a(u, v)| ≤ ‖∇u‖L2(Ω)‖∇v‖L2(Ω) + α2‖u‖L2(Ω)‖v‖L2(Ω) + γ‖u|∂Ω‖L2(∂Ω)‖v|∂Ω‖L2(∂Ω).
(E.10)

According to the Trace Theorem [38], since u, v ∈ H1(Ω) and because Ω is C1 and
∂Ω is bounded, then u|∂Ω, v|∂Ω ∈ H

1
2 (∂Ω) and the Trace operator is continuous from

H1(Ω) to H
1
2 (∂Ω). So, there exists a positive constant C such that

‖u|∂Ω‖H 1
2 (∂Ω)
‖v|∂Ω‖H 1

2 (∂Ω)
≤ C2‖u‖H1(Ω)‖v‖H1(Ω). (E.11)

According to the Sobolev Embedding Theorem [169], for an open set U ⊂ RN ,
Wm,p(U) ⊂ Lq(U),∀q ∈ (1,∞) if mp = N . This is the case for us when U = ∂Ω,
m = 1

2
, p = 2 and N = 1. Moreover, this injection is continuous and then, for all

q ∈ (1,∞), there is a positive constant Dq such that

‖u|∂Ω‖Lq(∂Ω)‖v|∂Ω‖Lq(∂Ω) ≤ D2
q‖u|∂Ω‖H 1

2 (∂Ω)
‖v|∂Ω‖H 1

2 (∂Ω)
. (E.12)

Therefore, using (E.11) and (E.12), we can write

‖u|∂Ω‖Lq(∂Ω)‖v|∂Ω‖Lq(∂Ω) ≤ C2D2
2‖u‖H1(Ω)‖v‖H1(Ω). (E.13)
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From this inequality, we can write (E.10) as follows

|a(u, v)| ≤ ‖∇u‖L2(Ω)‖∇v‖L2(Ω) + α2‖u‖L2(Ω)‖v‖L2(Ω) + γC2D2
2‖u‖H1(Ω)‖v‖H1(Ω) .

(E.14)
Because ‖∇u‖L2(Ω)‖∇v‖L2(Ω) ≤ ‖u‖H1(Ω)‖v‖H1(Ω) and ‖u‖L2(Ω)‖ v‖L2(Ω) ≤ ‖u‖H1(Ω)‖v‖H1(Ω),
then the following inequality can be deduced from (E.14):

|a(u, v)| ≤ (1 + α2 + γC2D2
2)‖u‖H1(Ω)‖v‖H1(Ω) , (E.15)

allowing us to conclude that the bilinear form a(u, v) is continuous on H1(Ω).
Coercivity of a(u, v)

Let us prove now the coercivity of a. Let u ∈ H1(Ω). We can write

|a(u, u)| = ‖∇u‖2
L2(Ω) + α2‖u‖2

L2(Ω) + γ

∫
∂Ω

[u(x)]2dS . (E.16)

Since the term γ
∫
∂Ω
u2dS is positive, then

|a(u, u)| ≥ ‖∇u‖2
L2(Ω) + α2‖u‖2

L2(Ω) , (E.17)

and therefore
|a(u, u)| ≥ min(1, α2)‖u‖2

H1(Ω) , (E.18)

which proves the coercivity of a(u, v).
Continuity of l(v)

Let v ∈ H1(Ω), we can immediately write the following inequality

|l(v)| ≤ γ

∫
∂Ω

|ψ(x)v(x)|dS . (E.19)

Because the function ψ is bounded on Ω, we can write

|l(v)| ≤ γ‖ψ‖L∞
∫
∂Ω

|v(x)|dS , (E.20)

which can be written
|l(v)| ≤ ‖ψ‖L∞‖v‖L1(∂Ω) . (E.21)

Using again the Trace Theorem [38], since v ∈ H1(Ω), we know that there exists a
positive constant C such that

‖v|∂Ω‖H 1
2 (∂Ω)

≤ C‖v‖H1(Ω) . (E.22)

According once more to the Sobolev Embedding Theorem [169], there is a positive
constant Dq such that

‖v|∂Ω‖Lq(∂Ω) ≤ Dq‖v|∂Ω‖H 1
2 (∂Ω)

. (E.23)

Therefore, using (E.22) and (E.23), we can write

‖v|∂Ω‖L1(∂Ω) ≤ CD1‖v‖H1(Ω) . (E.24)
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Then we can write (E.21) as follows

|l(v)| ≤ γCD1‖ψ‖L∞‖v‖H1(Ω) , (E.25)

which proves the continuity of l on H1(Ω). Then the Lax–Milgram Theorem [50]
ensures that the problem (E.4) has a unique solution u on H1(Ω).

Remark E.1.1. The previous proof does not work for the particular case γ → ∞,
which corresponds to a Dirichlet condition imposed on the surface of each cell. The
proof of existence and uniqueness in this particular case would need to proceed dif-
ferently. This case can be treated in defining the closed and convex set K = {v ∈
H1(Ω) | v − ψ ∈ H1

0 (Ω)} and applying Stampacchia’s Theorem [50].

E.2 Numerical Approach
Due to the geometrical effects involved in this problem, we use a Finite Element
Method (FEM) approach. For a practical guide to implementation, see Ref. [1], and
a theoretical guide to elliptic PDEs, see Ref. [50]. In weak form, our problem is for
cell i removed on domain Ωi = Ω ∪ Di = R2 \

⋃
j 6=i Dj. For ui, v ∈ H1(Ωi), we have

the weak form problem∫
Ωi

∇v(x) · ∇ui(x)dx+ α2

∫
Ωi

v(x)ui(x)dx+ γ

∫
∂Ωi

v(x)ui(x)dS

= γ

∫
∂Ωi

v(x)ψi(x)dS , (E.26)

where ψi = ψi(x) is any function that satisfies

ψi(x) = cj when x ∈ D̄j , (E.27)

for j = 1, . . . , i−1, i+1, . . . , N . We use a standard continuous Galerkin method with
piecewise linear basis functions {ηk(x)}Kk=1 on the triangulation of Ωi, T = T (Ωi).
For a triangle T with vertices (t1, t2, t3), and the kth basis function being located at
vertex t1, ηk is given as

ηk(x, y) =
1

2|T |
det

 1 x y
1 xt2 yt2
1 xt3 yt3

 , ∀(x, y) ∈ T , (E.28)

for

|T | = Area(T ) =
1

2
det

 1 xt1 yt1
1 xt2 yt2
1 xt3 yt3

 , (E.29)

and ηk(x, y) = 0 for (x, y) 6∈ T . Therefore

ηk(xl, yl) = δkl , for k, l = 1, . . . K . (E.30)
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Replacing v by the lth basis function ηl and expanding ui as the sum

ui =
∑
k

akηk , (E.31)

we obtain a linear system of equations(
L+ α2D + γR

)
a = γr , (E.32)

and we solve for a. Notice that changing constants (α, γ) do not require reassembly
of matrices. The matrix entries are given as follows: the Laplacian matrix L is given
by

Lkl =

∫
Ωi

∇ηk(x) · ∇ηl(x) dx ; (E.33)

the exponential decay matrix D is given by

Dkl =

∫
Ωi

ηk(x) ηl(x) dx ; (E.34)

and the Robin boundary condition comes in two parts, first the matrix R,

Rkl =

∫
∂Ωi

ηk(x) ηl(x) dS , (E.35)

and then the vector r with entries

rk =

∫
∂Ωi

ηk(x)ψi(x) dS . (E.36)

Within this finite element framework, calculating the baseline is then

bi =
∑

T∈T (Di)

∫
T

akηk(x)dx , (E.37)

=
∑

T∈T (Di)

|T |
3

[at1 + at2 + at3 ] . (E.38)

Calculating these inner products between basis functions can be challenging. We
now give a practical guide to implementation.

E.2.1 Practical Approach to FEM Implementation

To practically implement our FEM scheme, instead of putting in the entries to the
matrices L,B,R and vector b individually, it is much simpler to do it each triangle
or boundary edge at a time. We write L and B as a sum over the triangles T in the
triangulation T (Ωi)

L =
∑

T∈T (Ωi)

L(T ) , (E.39)

D =
∑

T∈T (Ωi)

D(T ) . (E.40)
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The entries of L(T ) are given as

L
(T )
kl =

{
L̃

(T )
tk,tl

if vertices (k, l) are part of triangle T
0 otherwise

}
, (E.41)

and analogously for D(T )

D
(T )
kl =

{
D̃

(T )
tk,tl

if vertices (k, l) are part of triangle T
0 otherwise

}
, (E.42)

and therefore L̃ and D̃ are 3× 3 matrices. These matrices have well known analytic
formulations given as

L̃ =
|T |
2
GG† , (E.43)

for

G =

 1 1 1
xt1 xt2 xt3
yt1 yt2 yt3

−1 0 0
1 0
0 1

 , (E.44)

and

D̃ =
|T |
12

 2 1 1
1 2 1
1 1 2

 . (E.45)

For matrix R and vector r, we sum over edges E that form the discretised bound-
ary E(∂Ωi)

R =
∑

E∈E(∂Ωi)

R(E) , (E.46)

b =
∑

E∈E(∂Ωi)

b(E) , (E.47)

where

R
(E)
kl =

{
R̃

(E)
ek,el if vertices (k, l) are part of edge E
0 otherwise

}
, (E.48)

and therefore R̃ is a 2× 2 matrix given as

R̃ =
|E|
6

(
2 1
1 2

)
, (E.49)

for |E| = Length(E) = ‖xe1 − xe2‖. Similarly for entries of vector r

rk =

{
r̃

(E)
ek if vertex k are part of edge E
0 otherwise

}
, (E.50)

and therefore

r̃k =
|E|
2
ψi(xe) . (E.51)
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