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Abstract

The thesis addresses certain problems in the model theory of henselian fields, with
a special focus on decidability. Some new methods are introduced along the way,
which are of independent interest. The following results are obtained:

o A transfer theorem for perfectoid fields, saying that a perfectoid field K is
decidable relative to its tilt K”, modulo a subtle (albeit natural) condition on
K. As an application, we prove that the fields Q,(p*/?™) and Q,((p~) admit
decidable maximal immediate extensions, thereby obtaining some of the first

few decidabilty results for tame fields of mixed characteristic.

o A model-theoretic proof of the Fontaine-Wintenberger theorem, which states
that the absolute Galois groups of K and K’ are canonically isomorphic.
(joint with F. Jahnke).

o A general existential Ax-Kochen/Ershov principle for tamely ramified fields in
all characteristics, conditional to a certain form of resolution of singularities.
This extends well-known existential Ax-Kochen/Ershov principles in residue
characteristic 0 and also unramified mixed characteristic. It also encompasses
the (conditional) existential decidability result of Denef-Schoutens for F,((%)),
which we also strengthen by replacing the assumption of (global) resolution

with local uniformization.

« An undecidability result for the asymptotic theory of {K : [K : Q,] < oo}
in the language of valued fields with a cross-section. The proof goes via
reduction to positive characteristic, a la Krasner-Kazhdan-Deligne, ultimately
adapting Pheidas’ proof of the undecidability of IF,((t)) with a cross-section.
This answers a variant of a question of Derakhshan-Macintyre.

« An undecidability result for power series fields k((t)), equipped with a total
residue map res : k((t)) — k, which picks out the constant term of the Laurent
series. Becker-Denef-Lipschitz showed that res : k((t)) — k is definable in the
language of rings with a parameter for ¢, when the base field k is finite. We
show that (k((t)),res) is undecidable, whenever k is infinite.
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Notation

o If (K,v) is a valued field, we denote by O, the valuation ring. If the valuation
is clear from the context, we shall also write Og.

o We write I', for the value group and k, for the residue field. If the valuation
v is clear from the context, we also denote them by I' and k respectively.

o When (K, v) is of mixed characteristic, we always write p for the residue

characteristic char(k).

o The notation p"0, stands for the ideal of O, generated by the element p”. If
both the field in question and the valuation v are clear from the context, we
shall write (p") for p"0O,.

e Z,": The valuation ring of ( s vp), the maximal unramified extension of Q,
equipped with the unique extension of the p-adic valuation.

. Zgb: The valuation ring of ( ;b, vp), the maximal Galois extension of @, whose

Galois group over Q, is abelian.

o We write F,((#)?™ (resp. F,((t)*?™) for the perfect hull of F,((#)) (resp.
Fy(£)-

o For a given language L, we denote by Sent; the set of L-sentences and by
Form; the set of L-formulas. If M is an L-structure and A C M is an
arbitrary subset, we write L(A) for the language L enriched with a constant
symbol ¢, for each element a € A. The L-structure M can be updated into

an L(A)-structure in the obvious way.

« Given a language L, an L-structure M and A C M, we write L(A) for the
language L enriched with constant symbols for the elements of A. We write
Diag,,(A) for the atomic diagram of A in M.

o Given L-structures M, N with a common substructure A, we use the notation
M =54 N in L to mean that the structures M and N are existentially
clementary equivalent in the language L(A).

o We write Lyngs = {0, 1, +, -} for the language of rings, Lo, = {0,+, <} for
the language of ordered abelian groups, Lya = Lyings U {O} for the language
of valued fields (where O is a unary predicate O for the valuation ring),
L; = Lyy U {t}, where t is a constant symbol whose intended interpretation
will always be clear from the context.
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o A local ring (R, mg) may be viewed as an Lj.-structure, where Lj. is the
language of local rings consisting of the language of rings Lyings together with
a unary predicate m, whose intended interpretation is the maximal ideal
mgr C R.

o Let X be a scheme over a discrete valuation ring R with residue field x and
fraction field K. Let s be the closed point of SpecR and 7 be its generic point.
We denote by X the special fiber X Xgpecr Spec(x) and by Xk the generic
fiber X' Xgpecr Speck.

« Given an R-algebra A, we denote by X (A) the set of A-integral points, i.e.,
the set of morphisms Spec(A) — X over SpecR. If X = SpecB, where B is a
finitely generated R-algebra of the form B = R[xy, ..., z,)/(f1, .-, fm), this can
be identified with the set of tuples (ay, ...,a,) € A" such that fi(ai,...,a,) =
oo = fm(ay, ...,a,) = 0. If Frac(A) = L, we also speak about the underlying
L-rational point of an A-integral point P : Spec(A) — X, which is simply the
induced morphism Spec(L) — Xk.



Preliminaries

1.1 Logic

We collect some basic definitions and facts from logic.

1.1.1 Decidability

Introduction

Fix a countable language L and let Sent; be the set of well-formed L-sentences,
identified with N via some Godel numbering. Let M be an L-structure. Recall that
M is decidable if we have an algorithm to decide whether M = ¢, for any given
¢ € Senty. More formally, let x5 : Sent;, — {0,1} be the characteristic function
of Th(M) C Senty. We say that M is decidable if s is recursive.

Uniform decidability

Definition 1.1.2. For each n € N, let f, : N — N be a function. The sequence
(fn)new is uniformly recursive if the function N x N — N : (n,m) — f,(m) is

recursive.
This concept is best illustrated with a non-example:

Example 1.1.3. Let A C N be non-recursive. For each n € N, let 6,, : N — N :
m +— Opm, wWhere d,,, is the Kronecker symbol. For each n € N, define f,, : N — N
to be (1) §, if n € A and (2) identically 0 if n ¢ A. One readily verifies that each

individual f,, is recursive. On the other hand, the sequence (f,,)new is not uniformly
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recursive. Indeed, otherwise we could solve the membership problem for A, using

that ne A <= f,(n) =1.

Using some Goédel numbering, we can also state a version of Definition for
sequences of functions (f,,)new, where dom(f,,) = Senty, (or cdm(f,) = Sentr). One

can then define a notion of uniform decidability for sequences of L-structures:

Definition 1.1.4. A sequence (M,,)ne, of L-structures is uniformly decidable if
the sequence of functions (s, )neo 18 uniformly recursive, i.e. if the function

X : N x Senty, — {0,1} : (n,¢) — X, (¢) is recursive.

Remark 1.1.5. If the sequence x : N x Sent;, — {0,1} : (n,¢) — xu,(¢) is
recursive when restricted to existential sentences, we naturally say that the sequence
(M, new is uniformly existentially decidable. Other syntactic variants may be defined
analogously.

1.1.6 Interpretability

Our formalism follows closely §5.3 |[Hod93|, where details and proofs may be found.

Definition

Given a language L, an unnested atomic L-formula is one of the form x = y or
x =cor F(x) =y or RT, where z,y are variables, c¢ is a constant symbol, F' is a

function symbol and R is a relation symbol of the language L.

Definition 1.1.7. An n-dimensional interpretation of an L-structure M in the

L'-structure N is a triple consisting of:
1. An L'-formula Op(z1, ..., zp).

2. A map ¢ — ¢r, that takes an unnested atomic L-formula ¢(xy, ..., z,,) and

sends it to an L'-formula ¢r (7, ..., 7,,), where each g, is an n-tuple of variables.
3. A surjective map fr: Op(N") — M.

such that for all unnested atomic L-formulas ¢(x1, ..., z,,) and all @; € Ip(N"™), we

have

M = o(fr(ar), ..., fr(@n)) <= N E or(a,...,an)
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An interpretation of an L-structure M in the L'-structure N is an n-dimensional
interpretation, for some n € N. In that case, we also say that M is interpretable in N.
The formulas Or and ¢r (for all unnested atomic ¢) are the defining formulas of T

Interpretability is a transitive relation on the class of structures, i.e. if the
L-structure M is interpretable in the L’-structure N and N is interpretable in the
L"-structure P, then there exists a composite interpretation of M in P (Exercise
2, pg. 218 [Hod93)).

If N is an L'-structure and @ = (aq,...,an,) € N™, we write (N,a) for the
expansion of N in the language L(¢), which is L together with an m-tuple of
constant symbols (cq, ..., ¢,) with CZ(N’E) = a;. If M is interpretable in (N, @), for

some a € N™, we say that M is interpretable in N with parameters.

Proposition 1.1.8 (Reduction Theorem 5.3.2 [Hod93]). Let I" be an n-dimensional
interpretation of an L-structure M in the L’-structure N. There exists a map
¢ — ¢r, extending the map of Definition M(Q), such that for every L-formula
o(x1, ..., Ty) and all @; € Op(N™), we have that

M = ¢(fr(@), ... fr(@m)) <= N = or(a, ..., am)

Proof. We describe how ¢ — ¢r is built, for completeness (omitting details). By
Corollary 2.6.2 [Hod93|, every L-formula is equivalent to one in which all atomic
subformulas are unnested. One can then construct ¢ +— ¢r by induction on the
complexity of formulas. The base case is handled by Definition [1.1.7(2). This

definition extends inductively according to the following rules:
L (=¢)r = =(&)r.

2. ( i1 @')F = /\((bi)l‘-

w

. (Vo)r =Vaq, ..., 2,(0r (21, ..., x0) — or)
4. (3¢)r = Fz1, ..., 2, (O (21, ..., Tn) A Or)
The resulting map satisfies the desired conditions of the Proposition. O

Definition 1.1.9. The map Form; — Formy, : ¢ — ¢r constructed in the proof

of Proposition [1.1.8|is called the reduction map of the interpretation I'.
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Complexity of interpretations

The complexity of the defining formulas of an interpretation defines a measure

of complexity of the interpretation itself:

Definition 1.1.10 (§5.4(a) [Hod93]). An interpretation I' of an L-structure M in
an L'-structure N is quantifier-free if the defining formulas of I' are quantifier-free.

Other syntactic variants are defined analogously (e.g., existential interpretation).

Remark 1.1.11. (a) The reduction map of a positive existential interpretation
sends positive existential formulas to positive existential formulas.

(b) The reduction map of an existential interpretation sends positive existential
formulas to existential formulas but does not necessarily send existential formulas

to existential formulas.

Lemma 1.1.12. If the L-structure M is 3*-interpretable in the L’-structure N
and N is 3T -interpretable in the L”-structure P, then the composite interpretation

of M in P is also an 3"-interpretation.

Proof. Clear. O

Recursive interpretations

Definition 1.1.13 (Remark 4, pg. 215 [Hod93| ). Suppose L is a recursive language.
Let T be an interpretation of an L-structure M in the L’-structure N. We say
that the interpretation I' is recursive if the the map ¢ — ¢r on unnested atomic

formulas is recursive.

Remark 1.1.14 (Remark 4, pg. 215 [Hod93]). If T is a recursive interpretation
of an L-structure M in the L’-structure N, then the reduction map of I' is also

recursive.

Turing reducibility of theories

See Definition 14.3 [Pap94] for the formal definition of a Turing machine with an ora-

cle.

Definition 1.1.15. A theory T is Turing reducible to a theory T" if there is a

Turing machine which decides membership in 7" using an oracle for T".

Remark 1.1.16. In particular, if 7" is Turing reducible to 77 and 7" is decidable,

then so is T.
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Example 1.1.17. If T" is a recursive interpretation of an L-structure M in the
L'-structure N, then Th(M) is Turing reducible to Th(N). Indeed, for any given
¢ € Senty, we have that M = ¢ <= N |= ¢r, where ¢ — ¢r is the reduction
map of I". This furnish us with an algorithm to decide whether M | ¢ using an
oracle for Th(N).

Uniformly recursive interpretations

Definition 1.1.18. Suppose L and L' are languages. Let (M, )ne. be a sequence of
L-structures and (N, ),e, be a sequence of L'-structure. For each n € N, let T',, be
an interpretation of M, in N,,. We say that the sequence of interpretations (I';,),ew
is uniformly recursive if the sequence of reduction maps (¢ — ¢r, )nee, On unnested

atomic formulas is uniformly recursive, i.e. if the map (n, ¢) — ¢r, is recursive.

If an L-structure M is interpretable in the L’-structure N and the latter is

decidable, then so is the former. It is not hard to prove the following uniform version:

Proposition 1.1.19. Suppose L is a recursive language, (M,,)nec. a sequence of L-
structures and NV is an L’-structure. Suppose N is decidable, I',, is an interpretation
of M, in N and the sequence of interpretations (I',,) e, is uniformly recursive. Then

the sequence (M,,),e, is uniformly decidable.

Proof. Rephrasing Proposition for sentences, yields s, (¢) = xn(¢r,) for
every ¢ € Senty. It follows that the map (n,®) — xu, (¢) is equal to the map
(n,¢) — ¢r, — xn(¢r,) and the latter is recursive as a composition of recursive

functions. O

If the interpretation of M in N is recursive and so is the interpretation of N
in P, then the composite interpretation of M in P is recursive as well. Indeed,

recursive functions are closed under composition. One also has a uniform version:

Lemma 1.1.20. Let (M,),e., be a sequence of L-structures, (N, ),e, be a sequence
of L'-structures and (P,),cw be a sequence of L”-structures. For each n € N; let
I',, be an interpretation of M, in NNV,, and A,, be an interpretation of NV,, in P, and
suppose that the sequences of interpretations (I'),)ne, and (A, )ne, are uniformly
recursive. Let F, be the composite interpretation of M, in P,. Then the sequence

of interpretations (P, ),e, is uniformly recursive.

Proof. Clear. O
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1.1.21 Ultraproducts

We now set our notation on ultraproducts. Fix an ultrafilter U on some index set I.
Given a sequence (M;);e; of L-structures, we write [[;c; M;/U for the associated
ultraproduct. The underlying set of [[;e; M; /U is the quotient {(a;)ies : a; € M;}/ ~,
where (a;)ier ~ (b;)ier if and only if {i € I : a; = b;} € U. We shall often write
lim; .y a; for the equivalence class of (a;);c; in the ultraproduct. The ultraproduct
readily becomes an L-structure. If the M;’s are groups (resp. rings, fields, valued
fields etc.), then so is the ultraproduct. More generally, L.os’ s Theorem ensures
that any elementary property which holds for the majority of the M;’s will also
be inherited by the ultraproduct. More precisely, for any ¢ € Senty, one has
that {i € I : M; E ¢} € U <= T[LiesM;/U E ¢. In case M; = M, we
write My = [[ier M/U and call it the wltrapower of M along U (or simply the
ultrapower of M when the context is clear). A standard fact which will be used
throughout is Corollary 2.2 [Kei70|, saying that non-principal ultraproducts (resp.

ultrapowers) are Wi-saturated.

1.2 Algebraic geometry

We now introduce the necessary background from algebraic geometry, related to
desingularization. We also collect some basic facts from computational algebraic

geometry in §?77. We assume familiarity with the language of schemes throughout.

1.2.1 Regular schemes

Definition 1.2.2. Let (A, m) be a Noetherian local ring with residue field £ = A/m.
We say that A is regular if dim; m/m? = dim A.

The concept of a "non-singular" scheme is formalized in the following:

Definition 1.2.3. Let X be a locally Noetherian scheme.
(a) We say that X is regular at x € X, or that = is a regular point of X, if Ox , is
a regular local ring.

(b) We say that X is regular if it is regular at all z € X.

If X is regular at x € X, then a minimal set of generators for mx, is said

to be a regqular system of parameters of X at x.
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1.2.4 Normal Crossings

Definition

A divisor D is said to be strict normal crossings if Zariski locally D,eq is the union

of non-singular hypersurfaces crossing transversely. More formally:

Definition 1.2.5. (a) Let X be a locally Noetherian scheme and D be an effective
Cartier divisor on X. We say that D has strict normal crossings at a point z € X
if X is regular at x and there exists a regular system of parameters fi, ..., f,, of X
at x, an integer 0 < m < n and integers ey, ..., e, > 1 such that D is cut out by
e fe? e femin Ox . If D has strict normal crossings at all points z € X, then
D is a strict normal crossings divisor.
(b) Let R be a DVR. We will simply say that X — SpecR has strict normal crossings
if X is a regular scheme and X, = X Xgpecr Spec(R/mp) is a strict normal crossings

divisor.

The integers e; in Definition [1.2.5(a) are the multiplicities of the irreducible

components of D passing through . Some examples are given below:

Example 1.2.6. (a) Let R = F,[t] and X be the affine R-scheme defined by
2%y —t = 0. Then X — SpecR has strict normal crossings; the irreducible
components of X = Spec(F,[z,y|/(z*y)) have multiplicities 2 and 1.

(b) Let R = Z(,) and X be the affine R-scheme defined by zy” —p = 0. Then
X — SpecR has strict normal crossings; the irreducible components of X, =

Spec(F, [z, y]/(zPy)) have multiplicities p and 1.

Normal crossings vs strict normal crossings

Since the term "normal crossings" is used with subtly different meanings throughout
the literature, we find it useful to clarify a few things. In addition to Definition

1.2.5, one has the following more general notion:

Definition 1.2.7. If X is a regular scheme and D is an effective Cartier divisor on
X, we say that D has normal crossings if there exists an étale morphism 7 : 7 — X

such that the pullback 7*D has strict normal crossings.

However, sometimes authors use the term "normal crossings" for Definition
rather than the more general Definition [I.2.7] (see Remark 9.1.7). Thanks
to the following well-known fact, this distinction is not going to be important

for our purposes:
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Remark 1.2.8 (see Proposition 2.2.2 |[Nic13], [Conl6|). If D has normal crossings,
one can always find a blow-up f: X — X so that f*D is a strict normal crossings

divisor.

Remark is proved in Proposition 2.2.2 [Nic13] when dim X = 2 but the
general case is similar. It is explained in detail in [Conl6]. Note that in Conrad’s
terminology a strict normal crossings divisor is taken to be reduced (see also the
last paragraph of §1.2.4). Nevertheless, the proof of [Conl6] applies equally well
in the non-reduced context. We illustrate Remark with an example:

Example 1.2.9. Let p # 2, R = F,[t] and X be the affine R-scheme defined by

2 — ozy2 =1
where a € FY — (F))?. Let 8 € F, be such that 3* = a. After a base change
S" — S, corresponding to R — F,(5)[t], the pullback of the divisor X has defining

equation
(z = By)(z+ By) =0

and is thus a normal crossings divisor of Xg = X xg .S’. Blowing up the ideal

(z,y,t) makes X, into a strict normal crossings divisor, in accordance with Fact

1.2.8

We finally warn the reader that in several places in the literature (e.g. [Conl6]
and 2.2.2 [Tem11]), the term strict normal crossings divisor means that the divisor
is reduced. However, our Definition [1.2.5] allows non-reduced divisors as well. In
fact, the reader should have the non-reduced case in mind as the typical case

throughout the paper.

1.2.10 Resolution of singularities

Motivation

For the rest of the paper, unless otherwise stated, we will assume a certain form of
resolution of singularities. Recall that a resolution of singularities of a scheme X
is a proper and birational morphism X’ — X with X’ regular (Definition 8.3.39
[Liu06]). Before we state precisely the form of resolution that we shall use, let

us first discuss the notion of an excellent DVR.
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Excellent DVR

The concept of a quasi-excellent ring first appeared in §7.9 |Gro65]. Grothendieck
showed in 7.9.5 [Gro65| that if R is a ring such that every integral scheme of finite
type over R admits a resolution of singularities, then R is quasi-excellent.

We shall not dwell on the precise definition of quasi-excellence, which is rather
technical. For the rest of the paper, our base ring R will always be a DVR, in
which case R is excellent precisely when the field extension K /K is separable,
where K = Frac(R) (see Corollary 8.2.40(b) [Liu06]). The reader may take this as
the definition of an excellent DVR, although this is a consequence of the actual
definition. We record the following construction, due to F. K. Schmidt, which will
appear again in Remark [5.3.8] It is a classical example of a non-excellent DVR:

Example 1.2.11 (see Examples 2.3.5 [Tem11], 3.1 [Kuh11]). Let y = 32, ayz’ €
[F,[«?] be transcendental over F,(z) and let F' = F,(z,y). Consider the embedding
F — TF,((z) and the restriction of the z-adic valuation on F. We have that
F= F,((x)). It is clear that F/F is not separable as y'/? € F — F.

Resolution of singularities

Grothendieck conjectured that the converse of 7.9.5 [Gro65| is also true, i.e. every
integral quasi-excellent scheme admits a resolution of singularities (see 7.9.6 [Gro65]).
In practice, one often asks for stronger variants of resolution, some of which are
discussed in §2.5 [Tem11]. These variants are mostly discussed in the characteristic
0 context, where we have proven results. However, in 2.3.2 [Teml1l] Temkin
explains that the stronger variants discussed in §2.5 are expected to be true for
general quasi-excellent schemes. In this paper, we will assume the validity of

the following statement:

Conjecture R (Log-Resolution). Let X be a reduced, flat scheme of finite type
over an excellent discrete valuation ring R. Then there exists a blow-up morphism
f:X — X in a nowhere dense center Z C X such that

1. X is a regular scheme.

2. X, =X X speci Spec(R/mp) is a strict normal crossings divisor.

Condition (1) is the one predicted by Grothendieck’s conjecture. A desingular-
ization of X which also satisfies condition (2) is often called a desingularization of
the pair (X, X;) (see 2.5.3 [Tem11])[] or a log-resolution of (X, X;). We emphasize
that X will typically be non-reduced. In residue characteristic 0, one can also make

X, reduced, at the cost of replacing R with a finite extension (see 3.1.4 [Tem11]).

n the terminology of 2.5.3 |[Tem11] a desingularization of (X, X) is only required to make X
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Evidence for Conjecture [R]

We refer to §8.3.4 [Liu06], §3 [Tem11|] for more information on established desingu-

larization results. See also §3.6-§3.8 [Spi20] for a more up-to-date survey.

Fact 1.2.12 (Residue characteristic 0). Conjecture [R]is known when the residue
field of R is of characteristic 0 by work of Hironaka (see Main Theorem I, pg. 132
and Corollary 3, pg.146 [Hir64]). These results are phrased for varieties over fields
of characteristic 0 but on pg. 151 [Hir64] Hironaka explains that similar results hold
more generally over quasi-excellent local rings of residue characteristic 0. This is
also explained in the introduction of [Tem08a]. The notion of "quasi-excellence" does
not actually appear in Hironaka’s paper but was later introduced by Grothendieck.

To obtain Conjecture[R]in residue characteristic 0, one splits the desingularization
of the pair (X, X;) into an ordinary desingularization X’ — X and an embedded
desingularization of X, C X’. Theorem 1.1 [Tem08a] proves a more general result
for general quasi-excellent schemes. We note that the above cited results are stated
for integral (rather than reduced) schemes but this is not very important (see
Remark 2.3.8 [Tem08a]).

In positive characteristic, Conjecture [R] and other variants of resolution are

widely open. We nevertheless have some partial results:

Fact 1.2.13 (Positive characteristic). (a) First, in a series of papers Abhyankar
proved resolution of singularties for the case of varieties of dimension at most 3,
over an algebraically closed field k of characteristic p > 5 (see [Abh66]). Cutkovsky
gave a simplified and self-contained version of Abhyankar’s proof in [Cut09]. In
[CP08] and [CP09], Cossart and Piltant removed the restriction on the characteristic
and generalized it for base fields k satisfying a very mild assumption (namely that
[k kP] < 00).

(b) Lipman showed that reduced, excellent, Noetherian schemes of dimension 2
can be desingularized, but his result does not include a divisor condition (see
Theorem 8.3.44 |Liu06]). More recently, Cossart and Piltant [CP19] proved a strong
desingularization result for general quasi-excellent schemes of dimension at most 3.
Conjecture [R] for dim(X) = 3 can be deduced from Theorem 1.1 [CP19].

into a normal crossings divisor but this is not really important in view of Fact We warn the
reader that in [Tem11|] the term "monomial divisor" is used for what we called "normal crossings
divisor" in Definition [[.2.7] In Temkin’s terminology a normal crossings divisor is required to be
reduced (see 2.2.2 [Tem11]). Note also that 2.5.3 [Tem11| asks for some control over the centers of
the blow-ups but this is not going to be important for us.
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Fact 1.2.14. A.J. de Jong proved a weaker statement than Conjecture [R] with

alterations, in the case where R is a complete DVR (see Theorem 6.5 [Jon96]).

For a concrete and detailed calculation of a desingularization of X = Spec(R[z,y]/(zy—
a)) with a € R, which also makes X into a normal crossings divisor, see Example
8.3.53 [Liu06).

1.2.15 Computational algebraic geometry

Affine schemes as algorithmic inputs

Let R be a Noetherian and computable ring, i.e. one whose underlying set is
(or may be indetified with) a recursive subset of N, so that the ring operations
are (or are identified with) recursive functions (e.g., R = F,[t] or R = F,(t) or
R = F,). Ideals I C R[zy,...,x,] are construed as algorithmic inputs via some
natural identification R[zy, ..., 2,] ~ N. For example, one can enumerate all finite
sequences of elements from R[zy, ..., 2,], which encode (non-faithfully) all ideals

of R[xy,...,x,] by Noetherianity.

Definition 1.2.16. (a) By saying that we are explicitly given (or simply given) an
ideal I C R[zy, ..., x,|, we mean that we are given a finite set of generators via the
above identification.

(b) By saying that we are explicitly given (or simply given) a closed subscheme
X C A%, we mean that X = Spec(A4) with A = Rzy,...,x,]/1(X) and the ideal
I(X) C R[zy, ..., z,) is given.

Some algorithms in algebraic geometry

Grobner bases are at the basis of Facts [1.2.17 and [1.2.20] Background material
on Grobner bases can be found in Chapter 2 [CLO04]. Here, we simply focus

on their applications in computational algebraic geometry, again using [CLOO4]
as our main reference.

The reader can assume throughout that & = F, or k = F,(¢), which are the
only cases used in §5.5] The results hold in much greater generality, although some

care is needed in the choice of k in order to have effective primary decomposition

of ideals (see also Remark [1.2.18)).

Fact 1.2.17. There is an algorithm to compute:

(a) The primary decomposition of a given ideal I C k[xy,...,x,] as well as the
associated primes.

(b) The dimension dim V() of a given ideal I C k[z1, ..., x,].
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Proof. (a) See pg. 213 [CLOO04]. (b) See pg. 462 |[CLO04]. O

As was mentioned above, the choice of the base field k is delicate and merely
assuming that k£ is computable does not guarantee the existence of an algorithm
for computing primary decompositions. This is not discussed in [CLOO04], but is
discussed in [GTZ88] and [Sei78]. We shall not dwell on this but it is worth

including a few comments:

Remark 1.2.18. (a) There are computable fields k, for which even the factorization
of single-variable polynomials in k[z] is not effectively computable (see pg. 273
[Sei78]). One can certainly add effectiveness of factorizations in k[z]| as an extra
ad hoc condition on k. Still, primary decomposition in higher dimensions is not
guaranteed (see pg. 274 [Sei78]).

(b) By |GTZ8§|, the situation is remedied by asking that k be factorially closed,
meaning that factorization of single-variable polynomials in k'[z] is effective, for any
finitely generated extension k'/k. Prime fields have this property (see §1 [GTZ88]).
We note that the main result of |[GTZ8§| is stated in much greater generality,
covering the case where the base ring is a factorially closed algorithmic PID (not

necessarily a field).

Remark 1.2.19. By the usual dictionary between algebra and geometry, Fact
1.2.17(a) says that we can compute the irreducible components of a given closed
subscheme X C A}. Being able to compute the associated primes of the primary
decomposition of a given ideal I C k[zy, ..., x,], in particular allows us to compute

the reduced underlying scheme of any given closed subscheme X C A}.

Fact 1.2.20. There is an algorithm to check if f € I, for any given f € k[xq, ..., x,]
and I C k[xq,...,x,]. In particular, there is an algorithm to check if I = J for any
two given ideals I, J C k[xy, ..., z,].

Proof. See Chapter 2, §8 [CLO04]. O

1.3 Valued fields

We assume familiarity with the basics of valued fields. See [EP05] for a detailed
treatment. Here we provide an overview of RV-structures which are of central
importance in chapter 5| and also a synopsis of the various formalisms which are

used in the model theory of valued fields.
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1.3.1 RV-structures

We first provide an overview of the RV-structures associated to a valued field (K, v).

History

The RV-structures (closely related to Krasner’s hyperfields due to [Krab6]) first
appeared in a model-theoretic context in the work of Scanlon [Sca99] (by the name
leading terms) and were subsequently studied by his student Flenner in |Flel1].
These structures are simplified versions of Kuhlmann’s earlier amc-congruences’|
(see [Kuh94]), which in turn were inspired by Basarab’s foundational work in
[Bas91]. Basarab [Bas91| introduced his mized structures to obtain relative quantifier
elimination and relative completeness results for general henselian valued fields
of characteristic 0 (see Theorems A, B |[Bas91]). However, his results require an
infinite family of such residual structures, which in practice makes it difficult to

use for decidability purposes.

Definition

Let (K,v) be a valued field with residue field k£ and value group I'. Consider the

following short exact sequence of abelian groups
0=k S5 K /(1+m)>T —0

where ¢(a) is the equivalence class in K*/(1 + m) of any lift @ € Og of a. We
introduce the structure RV(K*) = K*/(1 +m), and write rv : K* — K* /(1 +m)
for the natural map that sends a € K to its equivalence class in K*/(1 +m). As
with the value group, it will be convenient to include an element oo in RV(K*),
resulting in RV(K) = RV(K*) U {oc}. We naturally extend rv : K* — RV(K*)
torv : K — RV(K) by requiring that rv(0) = oc.

Apart from its natural multiplicative structure, inherited from K*, one can

also equip RV(K') with additional structure.

« We have a ternary relation @ for (multi-valued) addition among elements
of RV(K), so that @&(a, b, c) holds if there are x,y, z € K such that rv(z) =
a,rv(y) = b,rv(z) = c and x +y = z. We shall simply write a + b = ¢ to mean
that ¢ is unique such that &(a, b, c).

o We equip RV(K) with a binary relation R(a,b) <= vz < vy, where
rv(z) = a and 1v(y) = b.

2See the discussion on pg. 6 |[Flel1] for a comparison between the two formalisms.
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Since rv(z) =rv(y) = vz = vy, the relation R is well-defined. It will be harmless
and also convenient to write va < vb in place of R(a,b). The "higher" RV-structures

described in §2 [Flel1| will not be important for us.

Language

Definition 1.3.2. The language Lry is a two-sorted language having the following
sorts and symbols:

(1) a VF-sort, which uses the language of rings Lyngs = {+, —,-,0,1}.

(2) an RV-sort, which uses the group language {1, -}, a constant symbol for oo, a
ternary predicate for @ and a binary predicate intended for the relation va < vb
(see [L.3.1).

(3) a function symbol rv : VF — RV for the natural map rv: K — RV(K). Recall
from that by convention rv(0) = oco.

Lemma 1.3.3. Let (F,v) be a valued field. Then the natural inclusion map
RV(F) < RV(F") (resp. RV(F) < RV(F)) is an isomorphism.

Proof. Since (F",v)/(F,v) is immediate, we have the commutative diagram below,

consisting of two short exact sequences

0 K> RV(FX) r 0
J J J
0 K> RV((F")%) T 0

By the Five Lemma, it follows that the natural inclusion RV(F*) — RV ((F")*) is
an isomorphism of abelian groups. Finally, note that this isomorphism respects the

additional structure. The same proof applies verbatim for the completion (F\ ,0). O

Cross-section

A right inverse s : ' - K> of v : K* — T’ is called a cross-section and makes
the exact sequence of [I.3.1] split. Therefore, if such a cross-section exists, it allows
us to identify the abelian group RV(K*) with £* x I". Explicitly, we identify
(a,7) € k* x T’ with «(a) - s(y) € RV(K*).

We add to £* x I' an additional symbol co and equip (k* x I') U {oco} with

the following structure:

o A multiplication -, which restricts to the natural group operation on k* x I'

and satisfies 0o - (a,7y) = (a,7y) 00 =00-00 =oc forall a € k*,y € T.
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o A ternary relation @ for (multi-valued) addition, defined by &((a, ), (b,9), (¢, €))
whenever (1) v < §d and ¢ = a,e =y or (2) § < 7 and ¢ = b,e = J or (3)
vy=da+b#0andc=a+be=7vyor(4)y=0d0,a+b=0and e> .

A binary relation R((a,7), (b,d)) <= ~v <.

In the presence of a cross-section, the structure (RV(K), @, -, <, 1, 00) described
in is isomorphic to the structure ((k* x I') U {0}, ®,-, <,1,00) via the
identification described above.

Interpretability

In Fact we record the observation that k and T are quantifier-free interpretable
in RV(K). We first introduce some notation and make some preliminary remarks,
which will also be useful later on:

Consider a valuation ring Ok with fraction field K. We consider the set
RV(Okg) = {z € RV(K) : vz > 0} and RV(Ox) = {z € RV(K) : vz = 0},
equipped with the induced structure from RV(K') and readily seen to be quantifier-
free interpretable in the latter. We note that in [Denl6] the structure RV(Ok) is
denoted by MR(O) and is called the structure of multiplicative residues of O.

The residue map res : RV(Og) — k, mapping the equivalence class of a € Ok
in RV(Ok) to @ (and oo to 0), induces a multiplicative isomorphism RV(Oj) = k*,
which is also a left inverse of ¢ : kX — RV(O%). The isomorphism res : RV(O%) =
k* extends to res : RV(O%)U{oo} = k, by sending oo — 0. It also respects addition
in the following sense: For all for all a,b,c € RV(O))U{oo}, we have that &(a, b, ¢)
if and only if res(a) + res(b) = res(c). Moreover, if res(c) # 0, then ¢ € RV(K) is
unique such that @(a, b, ¢) and we may simply write a + b = ¢ (see §1.3.1)).

Fact 1.3.4 (cf. Proposition 2.8 [Flell]). The residue field (k,+,-,0,1) and the
value group (I, +, <, 0) are quantifier-free interpretable in RV (K') with the structure
described in Definition [1.3.2(2). Moreover, the interpretations are uniform in K.

Proof. We start with the residue field. We identify (k,+,-,0,1) with RV(0%) U
{00} ={z € RV(K) : v(z) = 0} U {oc}, which is quantifier-free definable in RV(K)
by the formula va = vl V & = oo (formally vz = vl stands for vz < vl Avl < vx).
The identification is given by res : RV(Oy) U {oo} — k as described above.

We next argue that the value group is quantifier-free interpretable in RV (K).
We introduce the following quantifier-free definable relation ~ on RV(K): x ~
y <= wvx = vy. The value group is identified with the quotient RV(K)/ ~,
addition in I' is recovered by multiplication, the order < is recovered by vx < vy
(viz. v < vy A —wy <wvz) and 0 € T is identified with co € RV(K).

O
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1.3.5 Languages

We write Lo, = {0, 4+, <} for the language of ordered abelian groups and Lyings =
{0,1,+,-} for the language of rings.

Valued fields language

Let L., be the three-sorted language of valued fields, with sorts for the field, the

value group and the residue field.
e The field sort K is equipped with the language of rings Lyings.

« The value group sort I' is equipped with Le,g, together with a constant symbol

for co.
« The residue field sort k is equipped the language of rings Lyings.

We also have function symbols for the valuation map v : K — I" and a residue map

res : K — k (where res(z) = 0 when vz < 0 by convention).

Convention 1.3.6. We shall write x € O as an abbreviation of the formula
ze KAvx > 0.

Ax-Kochen/Ershov language

Historically, the Ax-Kochen/Ershov formalism also included a function symbol for
a cross-section, i.e. group homomorphism s : I' — K* satisfying v o s = idr (see
[AK65] and [Koc74]). One can also extend s by defining s(0o) = 0. We write Ly «

for the language L., enriched with such a cross-section symbol s : I' — K.

1.3.7 Ax-Kochen/Ershov with cross-section

Among other results, Ax-Kochen [AK65] and independently Ershov [Ers65] ob-

tained the following:

Fact 1.3.8 (Ax-Kochen/Ershov). The field Q,, equipped with the normalized

cross-section s : n +— p", is decidable in Ly, «.

Remark 1.3.9. (a) More generally, by Theorem 4 [Koc74], any unramified henselian
field (K, v), equipped with a normalized cross-section (viz., s(1) = p) and with
perfect residue field k, is decidable in Ly, «.

(b) Finite extensions of Q, are also decidable in Ly, «, for a suitable choice of a

cross-section (see §2.4)).
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Theorem 12 [AKG66] in fact shows that Q, admits quantifier elimination in
La1 « relative to the value group. The definable sets of the latter are perfectly
understood by classical quantifier elimination results for Presburger arithmetic.

Nevertheless, the following is worth noting:

Remark 1.3.10. The definable sets in the Ax-Kochen/Ershov language are compli-
cated and are generally not definable in the valued field language. For instance, the
image of the cross-section is not definable without the cross-section (see Example, pg.
609 [Mac86]). For this reason, at least for the purpose of studying definable subsets
of the p-adics, the Ax-Kochen/Ershov formalism was superseded by Macintyre’s

language (see pg. 606 [Mac86]).

Despite Remark the Ax-Kochen/Ershov formalism has remained relevant.
The fact that p-adic fields are decidable in such an expressive language is a strong
result. This is in stark contrast with the fact that positive characteristic local
fields are undecidable in Ly, x ([Phe87]).
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Ax-Kochen/Ershov principles

Introduction

The theory of the p-adic numbers Q, was determined by Ax-Kochen [AK65] and
independently by Ershov [Ers65]. Since then, several questions about the model

theory of local fields and their extensions have been raised and answered:

e In mixed characteristic, Kochen [Koc74| determined the theory of Q)", the
maximal unramified extension of Q, in the language Ly, = {0,1,+,-, O} (see
notation). More generally, by work of [Zie72|, [Ers65], [Bas7§|, [Bél99] and
more recently [AJ19], [Lee20] and [LL21], we have a good understanding of the
model theory of unramified and finitely ramified mixed characteristic henselian
fields. In a somewhat different spirit, in Theorem 17 [Ax68|, Ax determined
the theory of {Q, : p € P} and also that the theory of {Q,(¢,) : p t n},
namely the collection of all finite unramified extensions of @,. To summarize
the above, theories of mixed characteristic henselian fields and collections
thereof are by and large well understood model-theoretically, as long as the

ramification is bounded.

In positive characteristic, by work of Denef-Schoutens [DS03|, we know that
F,((t) is existentially decidable in L; = {0,1,¢,+,-, O} (see notation), modulo
resolution of singularitiesﬂ In fact, Theorem 4.3 [DS03| applies to show

that (assuming resolution) any finitely ramified extension of F,((¢)) can be

!The formalism of [DS03| does not include a unary predicate O for the valuation ring. This
does not make a difference because of the equivalences € O « Jy(y?> =1+t -22) (for p > 2;
replace squares with cubes for p=2)and x ¢ O < 2=t €¢- 0.

19
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recursively axiomatized relative to its residue field. Anscombe-Fehm |AF16]
showed unconditionally that the existential theory of equal characteristic
henselian valued fields is determined by the existential theory of the residue
field. The caveat is that their result is stated in the weaker language L., which
does not include a constant symbol for ¢. Finally, we mention Kuhlmann’s
theory of tame fields [Kuhl6a], which provides many decidability results for
positive characteristic tame fields. This will be discussed further in §3.3

From the above (incomplete) list, we see that our understanding is less clear in the
positive characteristic case. Notably, the theory of F,((t)) still remains unknown
and is perhaps the prominent open problem in the area. On the other hand, certain
infinitely ramified mixed characteristic fields have also been difficult to understand.
The theories of collections of p-adic extensions where the ramification is unbounded
(e.g., the collection of all finite extensions of Q,) have also been mysterious from
a model-theoretic standpoint. It has long been suspected that the two unknown
domains mentioned above, i.e., positive characteristic and infinite/unbounded
ramification, are interlinked. In chapters [3] and [0, we shall justify this premonition
by establishing precise connections.

In all cases which have been understood thus far, the theories are ultimately un-
derstood via so-called Ax-Kochen/Ershov principles. The essence of Ax-Kochen/Ershov
principles is to understand the theory of a henselian valued field in terms of
more primitive structures associated to it. If, in turn, the theories of those
primitive structures can be recursively axiomatized, this furnish us with a recursive
axiomatization of the valued field itself. In equal characteristic 0 or unramified
mixed characteristic, these primitive structures are simply the value group and the
residue field, so that the theory of the valued field is simply determined by the
theories of the residue field and the value group (and the fact that it is henselian).
Already in the presence of finite ramification, this naive reduction may fail and one
needs more algebraic information. Still, the situation is tractable.

The goal of the present chapter is to collect certain Ax-Kochen/Ershov principles

that are perhaps less known.

o The first one is an unpublished result by van den Dries. It is an Ax-
Kochen/Ershov principles for general mixed characteristic henselian valued
fields (i.e., with no restriction on the ramification). However, it requires
knowledge of infinitely many residual structures (see . On top of requiring
an infinite number of them, each individual one can be quite complicated in

general. For those two reasons, this Ax-Kochen/Ershov principle has been
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rather difficult to use in practice, e.g., for decidability problems. Nevertheless,
the result by van den Dries will be instrumental for our perfectoid transfer
theorem in chapter [3] In order to get an existential perfectoid transfer, we

will also prove an existential version of van den Dries’ theorem.

« The Ax-Kochen/Ershov principle proved in yields a recursive axioma-
tization for each finite extension of QQ, in the language with a cross-section.
This will not be used directly. Its main purpose is rather to illustrate that
while each individual finite extension of Q, is decidable with a (suitable)
cross-section, the theory of all of them is less well-behaved, thereby putting

the main result of chapter [6]in context.

A general ezistential Ax-Kochen/Ershov principle will be established in chapter
by putting some constraints on the type of ramification in play (but not on its
size) and assuming a certain form of resolution of singularities. This result requires

entirely different techniques and we shall therefore defer its treatment to chapter [

2.1 A result by van den Dries

2.1.1 A result by van den Dries

Introduction

We start with a general Ax-Kochen/Ershov style result in mixed characteristic,
due to van den Dries (unpublished), which is briefly discussed on pg. 144 in
[Dril2]. We shall sketch the proof (due to van den Dries), which does not seem
to appear anywhere in the published literature. Some references, which use a
similar coarsening argument, include pg. 2 [Dri99], the proof of Corollary 12.3
[AJ19] and the proof of Proposition 9.6 [Sca99|. For background material on

coarsenings of valuations, see §7.4 [Dril2].

Inverse systems

The formalism of multi-sorted structures, used in this section, is spelled out in §3
[Sca99]. The proof of van den Dries’ Theorem requires a technical lemma
for inverse systems, which we now discuss.

Let R = (R,)new be a sequence of rings, viewed as a multi-sorted structure
with sorts (Ry,)new, each equipped with the language of rings Lyings, and for each
n € N we have a map f, : R,.1 — R,. Let T be the theory that requires of
R = (R,)new that the map f, : R,41 — R, be surjective with Ker(f,) = p"R11 ,
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ie. Ry Z Ryi1/p" Ry R = (Ry)new and 8 = (Sy,)new are two models of 7', they
are isomorphic precisely when there is a compatible system (¢, )new of isomorphisms

On Ry, =N Sy, i.e. such that the diagram commutes

Rn+1 ? SnJrl

| |

R, — S,
for each n € N. Compatibility of the ¢,’s is essential as there are examples

where R, = S, for each n € N but R 2 8 (see e.g., Remark [3.1.37)). Somewhat

surprisingly, compatibility comes for free in a saturated setting:

Lemma 2.1.2. Assume CH. Let R = (R,))new and 8 = (S,)new be two models of
T. Suppose that for each n € N, we have that R, = S,, and the rings R,,, S, are
saturated with |R,| = |S,| < R;. Then R = 8.

Proof. Let U be a non-principal ultrafilter on P(N) and consider the ultraproducts
RU = HnEw Rn/U and SU = Hn6w Sn/U
Claim 1: Ry = 5.

Proof. Since R,, = S, for each n € N, we get that Ry = Sy by Los” s Theorem.
For each n € N, let &, = {n € N: |R,| > m}. If there exists m € N with F,, ¢ U,
then Ry and Sy are both finite and thus Ry = Sy. If on the other hand &, € U
for all m € N, then Ry and Sy are both infinite. Since |R,| < N;, we get that
|Ry| < W = 2% = 2% — N, using the continuum hypothesis (similarly [Sy| < X;).
Moreover, the ultraproducts Ry and Sy are Nj-saturated (Exercise 4.5.37 [Mar(02])
and thus saturated of size N;. Since Ry and Sy are elementary equivalent and both
saturated of size Ny, we conclude that Ry = Sy (Theorem 4.3.20 [Mar02]). O eaim 1

Next we prove:
Claim 2: For each n € N, we have Ry /p"Ry = R,,.

Proof. Fix n € N. Since R,,/p" R, = R, for m > n, we get that Ry /p"Ry = R,
in Lyings by Lo Theorem. If R, is finite, then Ry /p"Ry = R,, and we are done.
Otherwise, we will have that R, is saturated of size N;. The same is true for
Ry /p™ Ry, being interpretable in the structure Ry, which is saturated of size N; by
CH (see the proof of Claim 1). We conclude that Ry /p"Ry = R, (Theorem 4.3.20
[Mar02]). O Glaim 2

Similarly, for each n € N, we have Sy /p"Sy = S,. By Claim 1, we obtain
¢ : Ry = Sy. Note that o(p"Ry) = p" Sy, for each n € N. By Claim 2, this gives
rise to a compatible system (¢, )ne, of isomorphisms ¢, : R, =R Sy, which yields

R = 8. O
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Statement and proof

The following result will be of fundamental importance in chapter [3}

Theorem 2.1.3 (van den Dries). Let (K,v), (K',v") be two henselian valued fields
of mized characteristic. Then (K,v) = (K',v") in Ly if and only if O,/p™0, =
Ou /D" Oy in Lyggs for all n € N and (I'y,vp) = (L, v'p) in Loy together with a

constant for vp.

Proof. "=": Clear.
"<": As the statement at hand is absolute, we may assume the continuum hypothesis
(see §8 [Sca99] or pg. 122 [Dril2]). We may therefore assume that both (K, v) and
(K',v") are saturated of size X; (Corolllary 4.3.13 [Mar02]). By our assumption,
we have an isomorphism of ordered abelian groups (I',,vp) = (I'y,v'p) and a
ring isomorphism O, /p"0, = 0,/p"0, for each n € N. We shall argue that
(K,v) = (K',v).

Consider the finest coarsening w of v for which the associated residue field
k. has characteristic 0. The corresponding valuation ring is O,, = OU[%] and the
corresponding value group is I', = I';,/Conv(Zuvp). Let v be the induced valuation
from v on the residue field k,. We then have that O; = O,/ Nnew P"0,. We also
consider the analogous objects for K'.

Claim 1: We have a ring isomorphism O3 = lim 0,/p"0,.

Proof. Consider the ring homomorphism f : O — lim 0,/P"Op : & + Nnew POy —
(x4 p"Oy)new, which is clearly injective. We shall argue that it is also surjective. For
a given (z, +p" 0y )new € lim 0,/p"0,, we may find z € O, with z = x,, mod p"O,,
using that O, is N;-saturated. It follows that f(z) = (2, + p" Oy )new- O laim 1

Similarly, one obtains an isomorphism O = lim O, /D" O,
Claim 2: We have an isomorphism of valued fields ¢ : (k,,v) = (k. v').

Proof. Let R = (0,/p"Oy)new and 8 = (O /p"Oy )new. Then R = 8§ by Lemma
. This yields liin(‘)v/pn(‘)v =~ liLnOU//p"(‘)v/ and thus O3 = Oy by Claim

1. [ Claim 2

We also have that I', = I ,,

descends to the quotients I',/Conv(Zvp) = I'y,/Conv(Zv'p). By Lemma 7.13
[Dril12], the coarsened valued fields (K, w) and (K’,w’) are henselian too. By

since the isomorphism (I',,vp) = (I'y,v'p)

the Ax-Kochen/Ershov principle in pure characteristic 0 (see e.g., Corollary 5.22
[Dril12]), we get that (K,w) = (K',w’) in Lya).
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Passing once again to elementary extensions, in a suitable language that includes
unary predicates for both O, and O,,, we may even assume that (K, w) = (K’ w')
to begin with. By stable embeddedness of residue fields for henselian valued fields
of pure characteristic 0 (see Corollary 5.25 [Dril2]), there is even an isomorphism
®: (K, w) = (K',w') inducing ¢ : k., — k..

Claim 3: The map ® is an isomorphism of the valued fields (K, v) and (K’,v").

Proof. Given x € K, we need to show that vz > 0 < ¢'(®(x)) > 0. If vz > 0,
then either (i) wz > 0 or (i7) wr = 0 and Tz > 0, where T € k, is the image of x via
resy : Oy — ky. In the first case, we get that w'(®(x)) > 0as ¢ : (K, w) — (K',w')
is a valued field homomorphism and therefore v'(®(x)) > 0 as m,, C m,,. Suppose
now that wx = 0 and vz > 0. Then we also get that wz = 0 and v/(¢(Z)) > 0 as
¢ : (ky,0) — (K., v") is a valued field homomorphism. Since ® induces ¢, we get

w’

that v/(®(x)) = v/(é4(x)) > 0 and conclude that v'(®(x)) > 0. O Gtaim 3

Claim 3 finishes the proof. n

2.2 Existential AKE in mixed characteristic

In this section we prove an existential version of Theorem We first review

some known AKE results in the equal characteristic setting.

2.2.1 Comparison with the equal characteristic case

For equal characteristic henselian valued fields one has the following simple Ax-

Kochen/Ershov principles due to Anscombe-Fehm:

Theorem 2.2.2 (Corollary 1.2 [AF16]). Let (K,v), (K’,v") be two equal charac-
teristic non-trivially valued henselian fields. Then (K,v) =5 (K',v') in Ly if and
only if k =3 k" in Lyjngs.

Theorem 2.2.3 (Corollary 7.5 |AF16]). Let (K,v) be an equal characteristic
henselian valued field. Then Ths(K,v) is decidable in Lq if and only if Tha(k) is

decidable in Lyiygs.

Remark 2.2.4. In residue characteristic 0, Theorems|[2.2.2|and [2.2.3| were essentially
known by work of Ax-Kochen/Ershov prior to the work of Anscombe-Fehm (see
Remark 7.3 [AF16]).
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2.2.5 Existential AKE in mixed characteristic

In mixed characteristic, one can easily construct counterexamples of Theorems [2.2.2
and (see Remark 7.6 [AF16]). It is then natural to ask what an existential
AKE principle in mixed characteristic would look like. This will be Theorem
below, whose proof follows closely the proof of Theorem [2.1.3] The role of
stable embeddedness in the proof of Theorem will now be played by the
relative embedding property in equal characteristic 0. More generally Kuhlmann

shows the following:

Fact 2.2.6 (Theorem 7.1 in |[Kuhl6a]). Let (K,v), (K’,v") be tame fields with a
common defectless subfield (K, vg). Suppose that we have embeddings p : k, — ky
over k,, and o : I, — I"yy over I';,. Suppose further that k,/k,, is separable and
that I", /T, is torsion-free. Then there exists a valued field embedding ¢ : (K,v) —
(K’,v") inducing p and o.

We write m,, for the maximal ideal of O,/p"O, and (O, /p"0,, m,) for the local

ring, viewed as an Lj,-structure (see notation).

Theorem 2.2.7. Let (K,v), (K',v") be two henselian valued fields of mized charac-
teristic. Then we have that (a) (K,v) =3 (K',v") in Ly if and only if O,/p"0, =3
Oy /POy in Lyings for alln € N, and (b) (K,v) =3 (K',v") in Ly if and only if
(0,/p"0y,my,) =3+ (O /p" Oy, m)) in Ly, for all n € N.

Proof. (a) "=": Clear.
'<": By symmetry, it will suffice to show that (K,v) = Thg(K’,v"). We may
further assume (K’,v') is countable by downward Loéwenheim-Skolem and that
(K,v) is Ny-saturated.

We again consider the valuations w, v (resp. w’,v’) that were introduced in the
proof of Theorem By our assumption, we have for each n € N an embedding
of rings O, /p" Oy — O, /p™0,,.

Claim: There is an injective ring embedding ¢ : Oz — Oj.

Proof. Let us fix an enumeration of O, say O, = (a;);en. Consider the set of

formulas in countably many variables = (x,),e, of the form
X(z) ={z;0z; = x,(p"), xnn Oz, (p") : a; € Oy, a0 a; = a,(p"), anOa,(p™)}

where ¢ is either 4+ or - and [ is either = or #. Since for each n € N we have an
embedding of rings O,/ /p"OQ, — O, /p"0,, we get that 3 (z) is finitely satisfiable.
The ring O, is Rj-saturated and we thus have b = (b,)ne,, with b = 3(z). Using
that O = 0/ Nnew 2" Oy (resp. Oz = Oy / Nnew P" O ), one readily checks that the
map O, — O, : a; — b; descends to a ring embedding Oz — O3. O ctaim
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Claim 1 provides us with a valued field embedding ¢ : (kl,,v") — (ky,v). By
the existential Ax-Kochen/Ershov principle in pure characteristic 0 (see Theorem
and Remark [2.2.4)), we get that (K, w) = Tha(K’,w’). Replacing K with an
N;-saturated extension in a suitable language that includes unary predicates for
both O, and O,, we will also have an embedding (K’,w') — (K, w).

By Fact for equal characteristic 0 henselian valued fields, we can even find
¢ (K w') — (K,w) that induces ¢ : (kl,,v") — (ky,v). Finally, we get that the
map ¢ : (K',v") — (K, v) is an embedding of valued fields, as in the proof of Claim
2, Theorem [2.1.3]

(b) For f(x1,....,xn) € Z[x1, ..., 2] and (aq, ..., ay,) € O™, note that f(ay, ..., an) # 0
mod p"0, if and only if there exists y € m, such that f(ay,...,an) -y = p"
mod p" 10O, (similarly for O,). Consequently, for each n € N, we see that if
(0, /POy, mpp1) =3¢+ (O /p" Oy, m). ) in Ly, then O,/p"0, =3 Oy /p"O, in

Lyings. The conclusion follows from part (a). O

2.3 Decidability

We now harvest the consequences of Theorem and in relation to
decidability. Since the countable union of recursive sets is not guaranteed to
be recursive, we need to ask not only that each individual O /(p™) be decidable in

Lyings but also that the sequence (O /(p"))new be uniformly decidable in Lygs:

Corollary 2.3.1. Let (K,v) be a henselian valued field of mized characteristic.
Suppose that (L', vp) is decidable in Lo, with a constant for vp and that the sequence
(Ok/(P™))new s uniformly decidable in Lyings. Then (K, v) is decidable in L,q.

Proof. The identification I', = K*/O* furnish us with a recursive interpretation
I of (I'y, vp) in the valued field (K, v). Let also I',, be the natural interpretation
of Ok /(p") in the Lyy-structure (K, v), for each n € N. If g, : Senty,

denotes the reduction map of I',,, then one can see that the sequence (g, )new iS

— Sentr,,

rings
uniformly recursive (using that I',, is uniform in n € N). Let

5 1= Henoy U (| {ér, : Ox/(") b= 0}) U {ér : (T, op) = 6}

new

where Hen ) is a first-order axiom schema capturing Hensel’s lemma (see e.g.,
pg.21 [Kuhl6a]), together with a set of sentences capturing that the valued field
has mixed characteristic (0, p).

Claim: The axiomatization X is r.e.
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Proof. The set Heng,) is clearly r.e. The set {¢r : (I'y,vp) = ¢} C Ly is 1ee.,
being the image of a recursive set via the recursive reduction map of I'. Since
recursively enumerable sets are closed under finite unions, it remains to show that
Uneudér, : Ox/ (o) = 6} is re.

Let x : N x Sentr, .

decidable sequence (Of/(p"))new- We construct the partial recursive function

— N be the recursive function associated to the uniformly

X' N xSentr, . — NxSentr, . which maps (n,¢) — (n,¢) if x(n,¢) =1 and is
undefined if x(n, ¢) = 0. Consider also the recursive function g : N x Sentr . —

Senty. :(n,m)+— g,(m) associated to the uniformly recursive sequence (g, )necw-

rings

Observe that U,e,{¢r, : Ox/(p") E ¢} = Im(F) where F is the (partial) recursive
function F' = go x'. It follows that Unen{¢r, : Ox/(p") = ¢} is r.e. O Gtaim

If (K',)v") = %, then (K',v') = (K,v) in Ly, by Theorem [2.1.3] We therefore
get that ¥ is a complete axiomatization of (K, v). We conclude that the L,-theory

of (K,v) admits a r.e. and complete axiomatization, whence (K, v) is decidable. [

Corollary 2.3.2. Let (K,v) be a henselian valued field of mixed characteristic.
Suppose that the sequence (O /(p™), My )new s uniformly 3*-decidable in Ly... Then
(K, v) is 3-decidable in Lq.

Proof. Similar to Corollary [2.3.1] ultimately using Theorem [2.2.7](b). O

2.4 Ax-Kochen/Ershov with cross-section

2.4.1 Motivation

The main result of chapter [0] is Theorem [6.0.1], which states that the asymptotic
theory of finite extensions of Q, is undecidable in Lakg. This should be contrasted
with the fact that each individual finite extension F' of Q, is decidable in Lk (see
Remark[1.3.9)), at least for a suitable choice of a cross-section (see Example[2.4.4)). It
is true that F' is decidable in L., —Dbeing interpretable (without parameters) in Q,
itself—but it is not immediately obvious that F'is also decidable in Lkg. For certain
extensions F/Q, (e.g., unramified extensions or extensions of the form Q,(p*/™)),
this again follows by interpreting (without parameters) the Lakg-structure F' in
the Lagg-structure Q,, equipped with the normalized cross-section. The general
case does not seem to be amenable to such interpretability methods and we are
not aware of a reference. This result is important to put Theorem in context

and we shall therefore spell out the details below.
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2.4.2 Setting

Suppose F'/Q,, is a finite extension with residue field F, and write Op = W(F,)[z]/(E(z)),
where E(z) € Z[(,—1][z] is Eisenstein of degree e = e(K/Q,) and W(F,) is the
ring of Witt vectors over F,. We can indeed assume that E(x) has coefficients
in Z[(,—1] € W(F,) by Krasner’s Lemma. We shall argue that F, equipped with
the cross-section s : Z — F* : n +— z", is decidable in Lagr. We shall provide

a complete and recursive axiomatization.

2.4.3 Axiomatization

Let T be the theory of henselian valued fields (K, v, s) such that:

2. (T,up) = (Z,e) in Loyg.
3. mis a root of E(x), where m = s(1).

Note that (3) is first-order expressible because E(x) € Z[{,1][z]. Theorem [2.4.6]
shows that T' is complete, by demonstrating that any two saturated models are
isomorphic. The decidability of F' will then follow from the recursiveness of the above
set of axioms. Note that we have been careful with the choice of the cross-section.

Indeed, not every choice will lead to a decidable Lakg-theory:

Example 2.4.4. Let a = >° o, - p* € Z,, with «,, € {0,...,p — 1}, be an
uncomputable p-adic integer with v,a = 1. The former condition means that the
function d, : N — {0, ...,p — 1} : n = a, is non-recursive. Let s, : Z — Qy : 1+ a
be the associated cross-section. One sees that Q,,, equipped with the cross-section

Sa, is undecidable in Lakg.

2.4.5 Statement and proof

Following the notation of |[Dril2|, given an embedding ¢ : (K,v) — (K’ ,v') of
valued fields, we write ®, : k — k' and ®, : I' — I" for the induced residue field
and value group embeddings respectively. When K and K’ are equipped with
cross-sections s and s’ respectively, an embedding (K, v,s) — (K',v’, s’) must also
satisfy @ o s = s’ o ®,. If in addition K and K’ are equipped with liftings of their
residue fields, say ¢ and ¢/ respectively, an embedding (K, v,s,t) — (K',v', s ()

is also required to satisfy ® o = ¢/ o ..
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The proof of Theorem is a standard coarsening argument (see §7.4 |[Dril2]),
ultimately reducing the problem to equal characteristic 0, and follows closely the
proof of Theorem 1 [DM16]|. The only nuance is that we need to equip the coarsened

valued fields with suitable cross-sections.
Theorem 2.4.6. The theory T is complete. In particular, F' is decidable in Lakg.

Proof. As the statement at hand is absolute, we may assume the continuum
hypothesis (see pg. 122 [Dril2]). We may therefore assume throughout the
existence of saturated models of uncountable cardinality (Corollary 4.3.13 [Mar(2]).
Let (K,v,s) and (K',v',s") be two saturated models of T' of the same size. By
our assumption, we have an isomorphism of ordered abelian groups I', = T’
and a ring isomorphism k, = k/,. We shall argue that there is an isomorphism
(K,v,s) = (K',v,5).

Consider the finest coarsening w of v of residue characteristic 0. By Lemma
7.13 [Dril2], the coarsened valued field (K, w) is henselian. The value group is
Iy, =T,/A, where A = Zvr and the residue field is F,. Let v be the induced
valuation from v on the residue field k,. Let also s = res,, o s|ao be the induced
cross-section on (k,,v). We also have a lifting ¢ : k, — O, of res,, : O, — ki
(Theorem 2.9 [Dril2]). We consider analogous objects for K.

Claim 1: There are isomorphisms ¢ : (k,,7,3) = (kl,, v, s') and Ty, 2 Ty

Proof. By Hensel’'s Lemma, we have that (,_; € K. The subfield Q({,—1) C O,
maps isomorphically into k, via res, : O, — k, and we still write E(x) for the
image of F(z) in k,. The element 7 = s(1) maps to a root T € k, of E(x).
By Nj-saturation, the valued field (k,,7) is a complete discrete valued field (see
Lemma 7.14 [Dril2]), of absolute ramification e and with residue field F,. By
the structure theorem for mixed characteristic complete DVRs, we deduce that
Oz = W(F,)[z]/(E(x)) via an isomorphism which identifies 7 with z. Moreover, we
have that $(1) = x, via the above identification. A similar analysis holds for K’
and we get an isomorphism ¢ : (k,,7,3) = (kl,,v', s’). We also have that T'y, & T,

since the isomorphism I', = I';; descends to the quotients I'y/A = T /A", Oeaim 1

Note that 1 05 = s|a (resp. ! 08’ = §'|ar). Indeed, since A = Z, it suffices to
check that «(7) = m. Now «(7) is a root of E(x) which maps to 7 via res,. By the
uniqueness part of Hensel’s Lemma, we get that «(7) = 7.

Claim 2: There exist saturated elementary extensions (K., vy, Ws, Sk, L) (resp.
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(KL, vl wl, s, 1)) of (K,v,w,s,t) (resp. (K',v',w',s',//)) such that the exact

sequences

0 A, I, r r.,/A, —— 0
o~ lg X§¥_ J{Q
0 Al I = /AL —— 0
X’ -

split and the diagram commutes.

Proof. Set (Ko, vo, wo, So, to) = (K,v,w, s, ) and for each n € Nlet (K, 11, Vni1, Wni1s Sntts bnil)
be a | K,|*-saturated elementary extension of (K, vy, Wy, Sy, tn). For each n € N,
we shall argue that I',,/A,, embeds in T, 1:

Since (I'y,vm) = (Z, 1), we will have that T, /Zvr is divisible. Since (T',, A,,) =
(T'y, Zvm), it follows that I',,/A,, is also divisible. We may now view I',,/A,, as
an ordered Q-vector space. Let B = {~; + A, }ie; be a Q-basis of I',,/A,,. Since
[',/A, is divisible, we have that for each m € N and each equivalence class v; + A,,,
there is v € I',, such that v, + A, =7, + A,, with 7/ being m-divisible in I',,. By
IT",| T-saturation of T',, 41, for each equivalence class 7; + A, there is v/ € ', 41 such
that v + Apy1 = 7, + Ayyq, with 4/ divisible in ', 1. We can now embed I',,/A,,
in I'y41 via xp 0 % + Ay, — 7, and extending it Q-linearly. Note that x,, is order

preserving because

DGl +A)>0= Y g >An =D 6 > A = ) gy >0

i€lp i€lp i€lp i€lp

for any finite Iy C I and ¢; € Q.

The structure K, := Unen K, is also an elementary extension of K by Tarski-
Vaught and the quotient map 'y — ' /Ao admits a section x : ['no/Ax — T,
namely x = U2 x». Having assumed the continuum hypothesis, we may pass to a
saturated elementary extension (K., U, Wy, Sk, L, Xx) Of (Koo, Voo, Woos Soos Loos Xoo)-
We also pass to a saturated elementary extension (K7, v}, w’, s, ,) of (K', v, w', s, 1)
of the same size. We then have an isomorphism I, & I',, which restricts to an
isomorphism A/, = A,. In particular, we may choose a section x' : I, /A, — T,

such that the above diagram commutes. Uctaim 2

It is now harmless to replace K (resp. K') with K, (resp. K.). Claim 2 allows
us to write I', = A@Q (resp. T'y = A’®Q’), where Q = Im(x) (resp. Q' = Im(y’)).
Let s|g : @ — K (resp. s'|¢/) be the cross-section of (K, w) obtained by restricting
son @ (resp. Q).

By Claim 1, we have isomorphisms ¢ : (k,,7,5) = (kl,,v/,s') and T, = T'.

By the Ax-Kochen/Ershov principle in equal characteristic 0 (see Theorem 5.11
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[Dri12]) and saturation, we therefore get that (K, w, s|q,tw) = (K, 0, s |or, t).
Now recall that residue fields are stably embedded in henselian valued fields of
equal characteristic 0, even in the enriched language with a cross-section and a
lifting of the residue field (see Corollary 5.15 [Dril2]). Therefore, by one of the
equivalent conditions for stable embeddedness (see Lemma 1(6) [CH99|) there is even
an isomorphism ® : (K, w, s|q, tw) — (K, w',|¢,t,,) inducing ¢ : (ky,7,3) —
(K., 7,5, ie., with &, = ¢.

Claim 3: The map ® is an isomorphism between (K, v, s) and (K',v', ).

Proof. First we check that ® is a valued field isomorphism. Given x € K, we
need to show that vz > 0 <= v'(®(z)) > 0. If vz > 0, then either (i) wz > 0
or (it) wx = 0 and vz > 0, where Z € k, is the image of x via res,, : O, — k.
In the first case, we get that w'(®(z)) > 0 as ¢ : (K,w) — (K',w') is a valued
field homomorphism and therefore v'(®(z)) > 0 as m,, C m,. Suppose now
that wz = 0 and vz > 0. Then we also get that wz = 0 and v'(¢(Z)) > 0 as

¢ : (ky,v) — (K., v") is a valued field homomorphism. Since ® induces ¢, we get

that v/(®(x)) = v'(¢(T)) > 0 and conclude that v'(®(x)) > 0.
We also need to check that ® respects the cross-sections, i.e. ®(s(7)) = s'(Py(7)).
Write v = ya + 7g. We have that ®(s(yg)) = s'(Py (7)) and also

O(s5(7a)) = 2(e(5(1a)) = K(¢(5(1a))) = V(s'(dv(1a))) = s (¢v(7a)) = 5'(Pv(7a))

using that s = 103 (resp. 8 =1/ o05), pos=5o0¢, and Por=10®d, = 0 ¢.

We now compute
D(s(7)) = 2(s(7a +79)) = (s(1a) - 5(1Q)) = 2(s(71a)) - (s(7q))

s'(@y(7a)) - 8'(Pu(1Q)) = 5" (Du(va +7q)) = §'(Pu(7))

O Claim 3

[]
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Perfectoid fields

Introduction

The material presented in this chapter is based on [Kar20]. We shall investigate the
model theory of perfectoid fields, focusing on certain extensions of Q, and F,((%)).
For the purposes of the introduction, the reader is welcome to think of extensions of
Q, or IF,((t)) containing lots of p-power roots of elements in the field. Some examples
which have been of historical interest to model-theorists are listed below. (The
fields in the list below are not quite perfectoid, as they are not complete, but we will

soon explain that this is of minor importance for any model-theoretic purposes.)

« In mixed characteristic, these include Qj

b the maximal abelian extension of
Q, and the totally ramified extension Q,((,~ ), obtained by adjoining all p"-th
roots of unity. These extensions had already been discussed in Macintyre’s
survey on pg.140 [Mac86| and a conjectural axiomatization of ng was given
by Koenigsmann on pg.55 [Koel8|. Another interesting extension is Q,(p'/?”™),
a totally ramified extension of @, obtained by adjoining a compatible system

of p-power roots of p.

« In positive characteristic, two very natural infinitely ramified fields are the
perfect hulls of F,((t)) and F,((#). These are semitame fields, using the
terminology of Kuhlmann-Rzepka [KR21|, and are both expected to be
decidable (see pg. 4 |[KR21]). The ultimate goal of [KR21] is to extend
Kuhlmann’s results for tame fields to the more general framework of semitame

fields.

38
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The above fields will be the main objects of interest throughout the chapter. Their
p-adic (resp. t-adic) completions are typical examples of perfectoid fields in the
sense of Scholze [Sch12a] (see §3.1). For any such field K, one can define its tilt
K’ (see , which intuitively is its local function field analogue. This can be
thought of as a strengthening of the classical (local) function field analogy between
Q, and F,((t)). The perfectoid framework often allows one to reduce arithmetic
problems about K to arithmetic problems about K”. This kind of transfer principle,
which works for a fixed p, should be contrasted with the Ax-Kochen principle which
achieves such a reduction only asymptotically, i.e. with the residue characteristic

p — oo. This is explained in detail in Scholze’s ICM report (see pg.2 [Sch14]).

Our main goal is to set the stage for incorporating ideas from perfectoid
geometry in the model theory of henselian fields. In the present chapter we
focus on decidability, although it is conceivable that our methods can be used in
different model-theoretic contexts. We will prove the following relative decidability

result for the fields discussed above:

Corollary 3.0.1. (a) Assume F,((¢))'/?” is decidable (resp. J-decidable) in L.
Then Q,(p*/?™) and Q,((y~) are decidable (resp. I-decidable) in L.

(b) Assume F,((#))"/™ is decidable (resp. 3-decidable) in L;. Then Q% is decidable
(resp. J-decidable) in Ly,).

As usual, we write F,(()Y/?™ (resp. F,((t))/?™) for the perfect hull of F,((t))
(resp. F,((t), Lya for the language of valued fields and L; for the language Ly,
enriched with a constant symbol for ¢ (see notation). Corollary is essentially
a special case of a general relative decidability result for perfectoid fields, which
is discussed next. As was noted above, the fields in Corollary are not quite
perfectoid (they are not complete) but one can readily adapt the proof of Theorem
[3.0.2] to obtain Corollary [3.0.1, We also note that the above mixed characteristic
fields have the same theory as their completions (see Remark [3.2.21). The same
is true for the characteristic p fields listed above. This will not be discussed here
but will appear in upcoming joint work with F. Jahnke.

Let F be a perfectoid field of characteristic p (e.g., F' = F,((#)'/?). An untilt

of F'is a mixed characteristic perfectoid field K together with an isomorphism

KPS P In general, there will be many non-isomorphic untilts of F. In fact,
there will be too many untilts even up to elementary equivalence (see Proposition
3.1.36|(b)), thus shattering the naive guess of K being decidable relative to its

tilt K” that one might initially have. On a more elementary level, ones needs
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to assume decidability with parameters on the positive characteristic side (see
Example . Nevertheless, a relative decidability result for perfectoids can
be salvaged by asking that K be an Ry-computable untilt of F', a notion which
is briefly explained below (see for details).

Write W (O) for the ring of Witt vectors over Op (see §3.1.13). An element
¢ € W(Op) is identified with its associated Witt vector, which is an infinite sequence
(&0, &1, ...) with &, € Op. Whenever there is a computable subring Ry C Op such
that &, € Ry and the function N — Ry : n — &, is recursive, we say that £ is
Ry-computable. As usual, a computable ring Ry is one whose underlying set is (or
may be indetified with) a recursive subset of N, so that the ring operations are
(or are identified with) recursive functions (e.g., F,[t] is a computable ring). An
important result by Fargues-Fontaine gives a 1-1 correspondence between untilts
of F' and certain principal ideals of W(Op) (Theorem [3.1.29). An untilt K of F is
then said to be an Ry-computable untilt, whenever there exists an Ry-computable
generator & € W(Op) of the ideal corresponding to K. We then have the following

relative decidability result (the name is due to Scanlon):

Theorem 3.0.2 (Perfectoid transfer). Suppose K is an Ry-computable untilt of F.
If F is decidable in L,u(Ry), then K is decidable in Ly.

Here Lya(Rp) is the language Ly, enriched with constant symbols for the
elements of Ry. We also obtain an existential version of Theorem [3.0.2]in §3.2.8]

The condition on K being an Ry-computable untilt of F'is virtually true in all cases

of interest (although generically false), even for a natural choice of Ry. Corollary
[3.2.20] is an immediate consequence of Theorem [3.0.2] by considering the t-adic
completion of F, ()P~ (resp. F,((#)/?™ for part (b)) and Ry = F,[t]. The two
key ingredients in the proof of Theorem [3.0.2] are:

1. An (unpublished) Ax-Kochen/Ershov style result by van den Dries, presented
in 21
2. The Fargues-Fontaine correspondence described above, presented in §3.1.22|

The result by van den Dries will enable us to reduce the decidability of K to the
uniform decidability of the sequence of residue rings (O /(p"))new and also the
decidability of (I',,vp). The Fargues-Fontaine correspondence then gives us a way
to interpret each individual residue ring O /(p™) inside the tilt F', with parameters
from Ry, via an interpretation I',,. The assumption on K being Ry-computable

will then imply that the sequence of interpretations (I, )ne, is uniformly recursive
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(see §1.1.6). Having assumed the decidability of F' in Ly, (Rp), this will then give
us that the sequence (Of/(p"))new is uniformly decidable. The pointed value
group (I',,vp) is easily seen to be interpretable in F', with parameters from Ry
and the decidability of K follows.

It should be mentioned that—prior to this work—Rideau-Scanlon had made a
formative observation, namely that the Fargues-Fontaine correspondence already
provides us with an interpretation of the valuation ring Ok in Op (with parameters)
in the sense of continuous logic. This however does not yield an interpretation in
the sense of ordinary first-order logic (see . On the other hand, there do
exist honest first-order interpretations of the truncated residue rings Ox/(p") in
Op, which is why it is convenient to work with them instead.

Theorem allows us to reduce decidability problems from the mixed char-
acteristic to the positive characteristic world. Although our model-theoretic
understanding of the latter is notoriously limited, this method still yields several
applications. In sections and we obtain new unconditional decidability
results in mixed characteristic via reduction to characteristic p. In §3.3 we

prove the following:

Corollary 3.0.3. The valued field (Q,(p*/?™),v,) (resp. (Q,((p=),v,)) admits a

maximal immediate extension which is decidable in L.,;.

Note that the fields Q,(p'/?™) and Q,({,~) are not Kaplansky and have many
non-isomorphic maximal immediate extensions, all of which are tame in the sense of
Kuhlmann [Kuh16a] (see Example [3.3.5)). Although the work of Kuhlmann yields
several decidability results for equal characteristic tame fields, Corollary [3.0.3]is, to
my knowledge, the first decidability result for tame fields of mixed characteristic
(see §3.3). The proof uses a recent decidability result of Lisinski [Lis21] for the
Hahn field F,((t")) with ' = p%,cZ in the language L, strengthening Kuhlmann’s
earlier result for F,((t")) in the language Ly, (see Theorem 1.6 [Kuh16a]). Corollary
then follows from Theorem and basic properties of the tilting equivalence
(see §3.1.22). It is worth remarking that most maximal immediate extensions of
Q,(p'/P™) (resp. Qu({p=)) are undecidable (see Remark [3.3.14)).

Without making essential use of the perfectoid machinery but only the philosophy
thereof, we show in the following:

Theorem 3.0.4. Let K be any of the valued fields Q,(p*/?”™), Q,(Cpes) or ng. The
existential theory of Ok /pOf in the language of Tings Lyings is decidable.
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The proof is again via reduction to characteristic p, using a recent existential
decidability result for equal characteristic henselian valued fields in the language
Lya1, due to Anscombe-Fehm [AF16]. However, as Corollary suggests, if we
aim to understand the theories of Q,(p"/?™),Q,(¢ye) and Q2 via reduction to
positive characteristic, we will need stronger decidability results for F,((¢)/?” and
F,((t)/? in the language L; on the characteristic p side. This is also supported
by Proposition which shows that the Diophantine problem for F,(())'/?” in
L; is Turing reducible to the V'3-theory of Q,(p'/?™).

An application of a different flavor, which yields an undecidability result in
mixed characteristic via reduction to characteristic p, will be presented in Chapter
6l Theorem shows that the asymptotic theory of {K : [K : Q,] < oo} in

the language L., with a cross-section is undecidable.

3.1 Perfectoid fields

3.1.1 Introduction

Motivation

The theory of perfectoid fields (and spaces), introduced by Scholze in [Sch12a], was
initially designed as a means of transferring results available in positive characteristic
to mixed characteristic (see §1 [Sch14]). It formalizes the earlier Krasner-Kazhdan-
Deligne philosophy (due to [Kra56|, [Kaz86] and |[Del84]), of approximating a highly
ramified mixed characteristic field with a positive characteristic field. Within the
framework of perfectoid fields, this kind of approximation becomes precise and
robust with the use of the tilting functor (see §3.1.5)).

All this is substantially different from the Ax-Kochen method (see e.g., 2.20
[Dril12]), which achieves a model-theoretic transfer principle asymptotically, i.e.
with the residue characteristic p — co. The theory of perfectoid fields will allow
us to transport decidability information for a fixed residue characteristic (but
with high ramification), setting the stage for a different type of model-theoretic

transfer principle.

Definition

Definition 3.1.2. A perfectoid field is a complete valued field (K, v) of residue
characteristic p > 0 such that I', is a dense subgroup of R and the Frobenius map

®:0k/(p) = Ok/(p) : © +— zP is surjective.
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Example 3.1.3. (a) The p-adic completions of Q,(p*/?™), Q,({y~) and QuP are
mixed characteristic perfectoid fields.
(b) The t-adic completions of F,((t)*/?™ and F,((¢))/?™ are perfectoid fields of

characteristic p.

Remark 3.1.4. In characteristic p, a perfectoid field is simply a perfect, complete

non-archimedean valued field.

3.1.5 Tilting

Introduction
A construction, originally due to Fontaine, provides us with a tilting functor
that takes any perfectoid field K and transforms it into a perfectoid field K’ of

characteristic p. We shall now describe this tilting functor. For more details,
see §3 |Schl2a].

Definition

Given a perfectoid field (K, v), we shall now define its tilt (K”,v"). Let lim K

< x—aP
be the limit of the inverse system

z—zP x—zP z—xP
) K K K

which is identified as lim K = {(n)new : ¥b 11 = x,}, viewed as a multiplica-
——x—zxP

tive monoid via (Z,)new * (Un)new = (Tn * Yn)new. Similarly, one can define the

Ok.

Let w € Ok be such that 0 < vaw < wp (e.g.,, w = p when char(K) = 0

multiplicative monoid lim
%

x—xP

and @ = 0 when char(K) = p) and consider the ring lim O /(w) which is the

limit of the inverse system of rings
20/ (@) Ok /(@) O ()
where @ : Ok /(w) — Ok /(w) : x — 2P is the Frobenius homomorphism.

Lemma 3.1.6 (Lemma 3.4 (2), (i¢) [Schl2a]). (a) The ring lim O /(w) is inde-
pendent of the choice of w and there is a multiplicative isomorphism @mHzP O =
lim Ok /(w). Moreover, we get a multiplicative morphism £ : lim O /(@) — O :
x + 2 such that if = (2, + (@))new, then 2f = 2y mod (w).

(b) There is an element @’ € lim O /(w) with v(w’)t = vw.
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The definition of £ goes as follows: Let z = (2,)new € lim O /(w@), ie. z, €
Ok/(w) and 2% | = x,,. Let &, € O be an arbitrary lift of z,, € Ox/(w). Then
the limit lim,, o :Icﬁn exists and is independent of the choice of the Z,,’s (see Lemma
3.4(i) |Sch12a]). We define z¥ := lim,, .., 72 .

We now introduce K’ := lim Ok /(@)[(=’)~Y]. For now this is merely a ring.

It can be made into a valued field according to the following:

Lemma 3.1.7 (Lemma 3.4 (iii) [Sch12a]). (a) There is a morphism of multiplicative
monoids K* — K : z + 2* (extending the one of Lemma (a)), which induces
an isomorphism of multiplicative monoids K* = lim — K:z— (zf, (x})V/P, ).
The map v’ : K* — T, U {oo} : 2 +— vat is a valuation on K”, which makes (K”, ")
into a perfectoid field of characteristic p. If Og» is the valuation ring of K”, then
we have a ring isomorphism O, = lim O /().

(b) We have an isomorphism of ordered abelian groups (I, v@w) = (v* K, v"w”) and

~Y

a field isomorphism k, = k,,. Moreover, we have a ring isomorphism O /(w) =

O /().

Remark 3.1.8. Lemma m(a) allows us to identify the multiplicative underlying
monoid of K’ with liﬂlmep K. It is not hard to see that, via this identification,
addition is described by (2,)new + (Un)new = (2n)new, Where z, = limy,, oo (Tpim +

m

yn-l—m)p

Definition 3.1.9. We say that the valued field (K°,v”) constructed in Lemma
3.1.7(a) is the tilt of the perfectoid field (K, v).

Remark 3.1.10 (Lemma 3.4 (iv) [Schl2a]). If (K,v) is a perfectoid field of
characteristic p, then (K°,v°) & (K, v).

Example 3.1.11 (see Corollary |3.2.17)). In the examples below, K stands for the p-
adic (resp. t-adic) completion of the field K depending on whether its characteristic
is 0 or p.

(a) Q7™ = Fy ()7 and t = p.
b

(b) (gp\(fpm)/g’w)l/pw and (t + 1)* = ¢,
(c) Q2 =TF,(t)V/r* and (t + 1)f = ¢,

Remark 3.1.12. The tilting construction makes sense for non-perfectoid fields as
well. However, in the absence of infinite wild ramification, it is too lossy for it to be
useful (e.g., Q) =TF,).
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3.1.13 Witt vectors

We review the basics of Witt vectors. Details and proofs can be found in §5,6
[Ser80] and §6 |Dril2].

p-rings

Definition 3.1.14. A ring R of characteristic p is called perfect if the Frobenius

homomorphism & : R — R : z + 2P is bijective.

Definition 3.1.15. (a) A p-ring is a commutative ring A provided with a filtration
a; O ap O ... such that a,a,, C a,., and so that A is Hausdorff and complete
with respect to the topology induced by the filtration and A/a; is a perfect ring of
characteristic p.

(b) If in addition a,, = p™A and p is not a zero-divisor, then we say that A is a strict

p-ring.

If A is a p-ring, we call the quotient ring A/pA the residue ring of the p-ring
A and write res : A — A/pA for the quotient map. A system of multiplicative
representatives is a multiplicative homomorphism f4 : A/pA — A such that
fa(res(z)) = x. A p-ring A always has a system of representatives f4 : A/pA — A

and when A is strict every element a € A can be written uniquely in the form
a = 20 falay) - p' (pg. 37 [Ser80]).

Proposition 3.1.16 (Proposition 10, pg. 38 [Ser80|). Let A and A’ be two p-rings
with residue rings R and R’ respectively, multiplicative representatives f, : R — A
and fq : R — A’ respectively and suppose that A is strict. For every ring
homomorphism ¢ : R — R’ there exists a unique homomorphism g : A — A’

making the diagram below commute

More precisely, g(32%2g fa(es) - p') = S22 far (d(aw)) - p'.

Theorem 3.1.17 (Corollary pg.39 [Ser80]). For every perfect ring R, there exists
a unique strict p-ring, denoted by W (R), with residue ring W (R)/pW (R) = R.

The ring W (R) is said to be the ring of Witt vectors over the ring R.
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Teichmiiller representatives

When R is perfect, one has a system of Teichmiiller representatives of R in W (R).
This is the (unique) multiplicative homomorphism [ | : R — W(R) with the property
that res([z]) = x for all z € R. Explicitly, for x € R and n € N, let z, € R be
such that z£" = x and %, € W(R) be an arbitrary lift of z,. The sequence
(2P")ew is a Cauchy sequence, whose limit is independent of the chosen lifts. We
let [x] := lim, .o 7 (see Proposition 8 pg. 35 [Ser80]).

It is easy to see that any element x € W(R) can be written uniquely in the
form x = 320 )[z,] - p", for some z; € R. The vector (zg,z1,...) € R is called

the Teichmdiiller vector of z.

Witt vectors

The advantage of Witt vectors over Teichmiiller vectors, comes from the fact that
the ring operations in W (R) have nicer coordinatewise descriptions when using the
former (see . Write € W(R) in the form z = 3% [z "] - p™, for some
z; € R. The vector (xg,x1,...) € R is called the Witt vector of x.

Ring operations

By the discussion above, the ring W (R) can be thought of as the p-adic analogue
of formal power series with coefficients in R. By identifying = with its Witt
vector, we see that W(R) has R“ as its underlying set. By Lemma 6.5 [Dril2],

the ring operations are given by

(ao, ai, ) + (bo, bl, ) = (S()(am bo), Sl(ao, ay, bo, bl), )

and
(a07a’17 ) : (b07b17 ) = (PO(CL(],bO),Pl(ClO,CLl, b07b1)7 )

for suitable polynomials S;, P; € Z|xo, ..., T, Yo, .., ¥;) which are universal, in the

sense that they do not depend on R.

Observation 3.1.18. The polynomials S; (resp. P;) are computable, i.e. the
function N — Z[zo, yo, ...] : n— S, (resp. N — Z[xg, yo, ...] : n +— P,) is recursive.

Proof. For n € N, we introduce the n-th Witt polynomial W, (xy, ..., z,) = xé’n +
pad 4 P, € Zlzo, ...,x,) (pg. 135 [Dril2]). The proof of Lemma
6.5 [Dril2] shows that Sy(zo,v0) = xo + yo and W, _1(Sh,...,S*_) +p" - S, =
W1 (So(2B,y8), oy Snoa(xh, ooy ab _ub, o yh 1)) + p™ (2, + yn), whence the poly-
nomial S,, may be computed recursively from Sy, ...,.S,_1. The proof is similar for
the P,’s. O
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3.1.19 Truncated Witt vectors

Definition

In this chapter, we will mostly be working with truncated Witt vectors. These can
be thought of as p-adic analogues of truncated power series, i.e. elements of the
ring R[t]/(t") = R[t]/(t") (over some base ring R). More formally:

Definition 3.1.20. Let R be a perfect ring. Given n € N; the ring of n-truncated
Witt vectors over R is defined as W, (R) := W(R)/p"W (R).

Language

For a perfect ring R, the pair (W (R), R) (resp. (W,(R),R)) is viewed as a two-
sorted structure with sorts W for the Witt ring W (R) (resp. W, (R)) and R for
the residue ring R. The sort W is equipped with the language of rings Lyines, while
the sort R may be equipped with any L O L. We also have a function symbol
for the Teichmiiller map [ ] : R — W. For each choice of a language L for the
R-sort, the resulting language will be denoted by (Lyings, L).

Interpretability in R

Lemma 3.1.21. Let R be a perfect ring, viewed as an L-structure with L O Lyipgs.
For each n € N, there exists a quantifier-free interpretation I, of the (Lyings, L)-
structure (W,,(R), R) in the L-structure R such that the sequence of interpretations

(I'n)new is uniformly recursive.

Proof. By §3.1.13] for n € N the underlying set of W,(R) can be identified
with R™, so we take Or,(z1,...,x,) to be A, z; = x; and the coordinate map
fr, : R* — W,(R) as the identity map. The ring operations of W, (R) are
given by (ag, ..., an—1)+ (bo, ..., bu—1) = (So(ao, bo); ---s Sn—1(a0, bo, ..., an_1,bp_1)) and
(agy oy an_1) * (bo, ..., bu_1) = (Po(ag,bo), ..., Pu_1(ag, bo, .-, @n_1,bn_1)), for certain
polynomials S;, P, € Z[xy, ..., x:, Yo, ---, yi], for i = 0,....n — 1. We now need to

describe the map ¢ +— ¢r, on unnested atomic L,j,gs-formulas:

1. If ¢(x,y, 2) is the formula x+y = z (here x,y, 2 € W), we may take ¢r, (7,7, Z)

to be the Lyjngs-formula A= 2 = Si(20,Yos -os Ty Yn1).

2. If ¢(z,y, ) is the formula x-y = z (here x,y, 2 € W), we may take ¢r, (Z,7,2)

to be the L,ig-formula NS 2 = Pi(20, Y0, oo o1, Yn1)-

3. If ¢(x,y) is the formula [z] = y (here z € R and y € W), we may take
ér, (z,7) to be the formula A’ y; = 0 Ay = .
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4. If ¢(T) is an unnested atomic L-formula with variables from the sort R, then

we may take ¢r, (T) := ¢(T) (here z; € R for the latter formula).

The above data defines a quantifier-free interpretation I',, of the (L,ings, L)-structure
(Wa(R), R) in the L-structure R. Moreover, since the polynomials S;, P; are com-
putable (Observation [3.1.18)), the sequence of interpretations (I';,),e, is uniformly

recursive. O

3.1.22 Untilting

Expository notes on the material of this section may be found either in §5 of
the Bourbaki seminar given by Morrow |[Morl7] or in the lecture series notes by
Lurie (see Lecture 2 [Lurl§]).

Overview

The functor K +— K’ is far from being faithful, i.e. there will be several non-
isomorphic mixed characteristic perfectoid fields K that tilt to the same perfectoid
field of characteristic p. For example, the p-adic completions of Q,(p*/?™) and
Q,(¢p>) both tilt to the t-adic completion of F,((#))/?™. For a perfectoid field
F of characteristic p, an untilt of F is a pair (K,¢), where (K,v) is a perfectoid
field and ¢ : (F,w) = (K”,+") is a valued field isomorphism. Fargues-Fontaine
give a description of all possible untilts of F' in an intrinsic fashion, i.e. in a way

that uses only arithmetic from F' itself (see Theorem |3.1.29)). This result will be
of vital importance for Theorem [3.2.11]

The ring Aj.s

Fix any perfectoid field (F,w) of positive characteristic. We introduce A, :=
W(OF), called the infinitesimal period ring, which is the ring of Witt vectors

over the valuation ring of F.

Definition 3.1.23. An element £ € A, is said to be distinguished if it is of the
form & = 3700 e p™, with ¢p € mp and ¢, € Oj.

In other words, distinguished elements are those of the form ¢ = [7] — up

where wnr > 0 and v € Ay, is a unit.

Remark 3.1.24. Let res: O — Op/mp be the residue map and W(res) : Ay —
W(OF/mp) be the (unique) induced ring homomorphism provided by Proposition

3.1.16| that maps S0 [c.]p" — S22 [res(c,)] - p". The element & € Ay is
distinguished precisely when W (res)(§) is a unit multiple of p in W(Op/mpg).
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Distinguished elements and untilts

We now explain the relationship between distinguished elements and untilts of F.
Let (K, ) be an untilt of F, i.e. we have ¢ : (F,w) — (K", v"). By Lemma M(a),
we have an isomorphism of multiplicative monoids f : O» — Og. We also write
f:0p — Ok, for the map obtained by precomposing with ¢, which in turn induces a
surjective ring homomorphism Op — O /(p). By Proposition [3.1.16] the latter lifts

uniquely to a ring homomorphism 6 : Aj; — O sending 3% o[c,]-p™ +— 32°%, cf-p™.

By Lemma [3.1.6(b), there exists an element 7 € Op such that v’ = vp. It
follows that vm* = vp and therefore ¥ = u - p for some v € OF%. By Lemma
3.1.7(b), we have Og/(p) = Op/(7). Let w € Op/(m) be the image of u via
Ox — Ox/(p) = Op/(n). Note that [7] — - p € Ay is a distinguished element

and that (7] — @ - p € Ker(0). In fact, the following is true:

Proposition 3.1.25 (Corollary 17 [Lurl8|). Let (F,w) be a perfectoid field of
characteristic p and (K, ¢) be an untilt. Let 6 : Ay — O be as above. Then
Ker(0) is a principal ideal generated by any distinguished element & € Ker(0).

Starting with an untilt (K, ¢), we have thus produced a distinguished element

€k € Ay (unique only up to a unit in Ajyf).

Conversely, starting with (£) C Aj,¢, we may produce an untilt (K,¢) of F' as
follows. Write 0 : Ay — Aje/(€) for the quotient map. We then have:

Lemma 3.1.26 (Lecture 3, pg. 4, Claim (a) [Lurl8|)). For every y € Aj.s/(£),
there exists © € O such that (y) = (0([z])).

Proposition 3.1.27 (Proposition 16 [Lurl8|). Let (F,w) be a perfectoid field of
characteristic p and £ € Ay, a distinguished element. Then the quotient ring Aj,¢/(€)
is the valuation ring Ok of a perfectoid field (K,v) such that (K, v") = (F,w).
The valuation v is such that if y € Aj¢/(€), then vy := wzx with x € Op so that

(y) = (0([z])) in Ane/ ().

The isomorphism ¢ : (F,w) — (K°,v°) of Proposition is described as
follows. If & = [7] — up, then Ok /(p) = W(Or)/(p, [r] — up) = Op/(7). Passing
to inverse limits, this induces a ring isomorphism Oz, = Op, which in turn yields
L+ F 5 K by passing to fraction fields. Starting with (£) C Ay, we have

thus produced an untilt (K,¢).
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Definition 3.1.28. Two untilts (K, ¢) and (K’,:’) are isomorphic when there exists

a valued field isomorphism ¢ : K = K inducing a commutative diagram

F— K’
T

F—— K"

where ¢ : (z,2'/P,..) — (¢(z), p(x/?), ...). Let Yr denote the set of characteristic

0 untilts of (F,w), up to isomorphism.

We write 0 for the isomorphism class of the unique characteristic p untilt of
(F, 1), represented by F' itself together with the natural isomorphism ¢ : F’ ENAE
v — (2,27 ..), and set Y = Yp U {0} for the set of all untilts of (F,w),

up to isomorphism.

Theorem 3.1.29 (Fargues-Fontaine). Let (F,w) be a perfectoid field of character-
istic p. The map & — Frac(Op/(£)) defines a bijective correspondence between the
set of ideals (€) C Ay generated by a distinguished element and the set Y .

Proof. See Proposition 5.1 [Morl7] or Lecture 2, Corollary 18 [Lurl§]. O

Remark 3.1.30. Let (K,:) be an untilt of (F,w) and (§) = ([x] — up) be its
associated ideal. Note that (p) = (6([x])) in Aje/(§) and therefore vp = w.

Tilting equivalence

We emphasized in §3.1.22] that untilting is ambiguous, in the sense that there are
many ways to untilt a perfectoid field of positive characteristic. However, the
ambiguity is eliminated by fizing a base perfectoid field K and its associated tilt
K’. This leads to an equivalence of categories of perfectoid extensions, known

as the tilting equivalence:

Theorem 3.1.31 (Tilting equivalence). The categories of perfectoid field extensions
of K and perfectoid field extensions of K° are equivalent.

Proof. See Theorem 2.8 [Sch12b]. Theorem 5.2 [Sch12a] shows a more general result
about perfectoid algebras; the case of perfectoid fields follows as a special case by
Lemma 5.21 [Sch12a]. O

In the discussion after Theorem 2.8 [Sch12b], Scholze explains that there are
two proofs of Theorem [3.1.31}
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1. His original proof in [Sch12a], using Faltings’ almost mathematics (see §4

[Sch12al).

2. An alternative proof which describes the functor # inverse to b as L
W(Or) ®wo,,) K (see Remark 5.19 [Sch12a]).

Let us elaborate more on the second approach, which is in the spirit of and
will be more suitable for us. If (§) C W(Og») is the ideal associated to K, then one
computes that W(Or) ®wo,,) Ox = W(Or) @w(o,,) W(Ok)/(§) = W(Or)/(§)-
In other words, if L is a perfectoid field extending K”, then Lf is simply the untilt
of K whose associated ideal in W(0Op) is (§).

3.1.32 Space of untilts

In we exhibit an appealing model-theoretic property of the space Yr of
untilts of (F,w). This will not be used in the rest of the chapter. We then study
in the size of the space of untilts up to elementary equivalence. We will
see that the cardinality is often too big, so that one cannot possibly expect K

to be decidable simply relative to K.

Metric structure on Yr

Fargues-Fontaine equip Y with a metric topology, which allows us to view the
space of untilts geometrically. Suppose z = (K,,v,) and y = (K,,v,) are two
"points" of Y, corresponding to the ideals (&) and (§,) respectively, provided by
Theorem [3.1.29] We choose an embedding I', < R, which determines embeddings
Iy, = R for all y € Yr via the canonical identification I',, = I',. One then

defines d(z,y) = |0,(&)|y, where 0, © Ay — Ain/(§) = Ok, is the quotient

map and as usual |a|, = ﬁ.

Proposition 3.1.33 (Proposition 2.3.2(1) |[FF19]). Let d : Yr x Y — R be as

above. The pair (Y p,d) is a complete ultrametric space.

Proof. See Propositions 2.3.2, 2.3.4 [FF19] or Lecture 14, Propositions 6, 7 |[Lurl§].
]

Recall that 0 € Y is the isomorphism class of the untilt corresponding to (F,w)
itself together with the natural isomorphism ¢ : F = F* : z — (z,2'/7,..). We
can define a radius function r(y) := d(0,y) for y € Y, which allows us to think

of Y intuitively as the unit disc with center 0.
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A model-theoretic property of Yp

We now show that limits in the punctured unit disc Yz, with respect to the Fargues-

Fontaine metric, agree with limits in the model-theoretic sense:

Proposition 3.1.34. Let (x,)nec0 be a sequence in Y such that z, 4y and £ 0.
Let (K,,v,) be the untilt associated to x, and (K, v) the untilt associated to .
We set

(K™, v") = H(Kn,vn)/U

new

for a non-principal ultrafilter U on P(N). Then (K*,v*) = (K,v) in Ly,.

Proof. Let (&,) = ([mn] — unp) be the ideal in Ajy¢ corresponding to (K, v,)
and (§) = ([r] — up) be the ideal corresponding to (K,v). Note that the set
{vpp : n € N} C T, is bounded from above; otherwise, there would be a subsequence
(@n, Jken with x,, — 0.

Fix m € N and let (&,) and (£) be the images of the ideals (£,) and (£) in
Wi (OF) via A = A/ (p") = Wi (OF).

Claim: We have that (£,) = (£), for sufficiently large n.

Proof. We let 6 : Ajp — A/ (§) = Ok be the quotient map. Since d(z,,z) — 0,
we get that v(0(&,)) — oco. We will thus have that &, = p™ - a,, mod (&), for
some «, € Ajr and for all n >> 0. Consequently, one gets that (én) C (5) for
n >> 0. Similarly, since v,(6,(£)) — oo and {v,p : n € N} is bounded, we get
that v,(0,(£)) > mu,p for n >> 0. It follows that there exists /3, € Ay such that

E=p™- B, mod (&,), for n >> 0. We conclude that (fn) = (&), forn >> 0. Oepim

We have in particular that (¢,) and (§) have the same image in Ajue/(p) = Op,
for n >> 0 and therefore (m,) = () for n >> 0. By Lemma [3.1.7|(b), we get that
(Ty,, vnp) = (T, wmy) = (Dy,wr) = (T, vp), for all sufficiently large n € N. The

conclusion follows from Theorem 2.1.3] and }.0§’ s Theorem. O

The space Zp

It is natural to consider the set Yz up to elementary equivalence. More precisely:

Definition 3.1.35. Let (F,w) be a perfectoid field of characteristic p. For x =
(Ky, i),y = (Ky, 1) € Yp define the equivalence relation z ~ y <= (K,,v,) =
(Ky,vy) in Lyy. We define Zp := Yp/ ~.
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Note that the definition of Zp only takes the underlying valued fields (K, v)
into account and not the map . We determine the size of Zr in a few cases. The
construction in part (b) is an elaborated version of Scholze’s answer [Sch] to a

closely related mathoverflow question asked by the author.

—

Proposition 3.1.36. (a) Let (F,w) = (F,((¢)),v), the t-adic completion of an
algebraic closure of IF,((t)). Then |Zp| = 1.
(b) Set (F,w) = (F,((¢)*?>,v;). Then |Zp| = c.

—

Proof. (a) First proof: Let (K,v) be such that (K”,v’) = (F,((t)), v;). By Proposi-
tion 4.3 [Sch12a], we get that K is algebraically closed. By Robinson’s completeness
of ACVF (g, (see Corollary 3.34 [Dril2]), we get that Th(K,v) = ACVF g, and
hence |Zp| = 1.

Second proof: Alternatively, one can use the fact that we have a ring isomorphism
Ok /(p") = Oc,/(p") for each n € N (Remark 2.24 [FF14]) together with Theorem
. One also has to check that (I'y, vp) = (v,Cp, vpp) in Loag with a constant for

vp. First note that I', = I',, is divisible as F' is algebraically closed. The conclusion

now is an application of quantifier elimination for the theory ODAG of ordered
divisible abelian groups (Corollary 3.1.17 [Mar02]).
(b) We assume that p is odd; the case p = 2 is similar and is left to the reader. For
each a € 2¥, we define a algebraic extension K, of Q, as follows. Set 7,y = p and
Ko@) = Qp. We now define inductively:
1 1 .

(1) Kagm) = Ka(n—l)(ﬁaég—n) and o) = Waéi_l) if a(n) =0 or
(2) Ko@) = Ka@-1)(1+p) Ta@-1)""") and Tagy = (1+p) Tagu-1y) /7 if a(n) = 1.

We let Ko = Unew Kagm)- Set @, = SpZg (k) - p¥, note that X*" — (1+p)®p €
Z,(X] is an Eisenstein (hence irreducible) polynomial and that we have K,q) =
Q,p(((1 +p)@p)V/#") for all n € N. We have that ¢, ¢ K, since e(Kun)/Qp) = p"
while e(Q,(¢,)/Qp) =p — 1.
Claim 1: For each o € 2*, we have (1 +p)'/? ¢ K,,.

Proof. Suppose that (1 + p)'/? € Ky, for some n € N. By the unique subfield

property for radical extensions (see Theorem 2.1 [OV82])[[] we would then have that

Q,((1 4+ p)'/?) = Q,(((1 + p)*© . p)1/P). Whether a(0) = 0 or 1, this implies that
P P

1+ p)/? € Q,(p'/?). Now suppose a € Q,(p'/?) is such that a? = 1 + p. Write

( b b

LA finite extension L/K has the unique subfield property if for every d|[L : K], there is a unique
subextension F/K such that [F': K] = d. We state Theorem 2.1 [OV82] here for the convenience
of the reader: Let K be a field, n € N be such that char(K) {n, a € K such that X™ —a € K|[z] is
irreducible and set L = K(al/”). Suppose that for every odd prime p|n, we have that , ¢ L — K
and in case 4|n we have 4 ¢ L — K. Then L/K has the unique subfield property.
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a = co+cp-pt’? mod p?/PZ,[p'/P), for some ¢y, ¢; € {0, ...,p—1}. We then compute
a?=ch+&-ptcy-cy-p TP #£1+p mod p' /P, for any choice of ¢y and ¢;. We
conclude that (1 + p)'/? ¢ K,,. O ctaim 1

Using this, we can show:
Claim 2: If o # 3, then K, #3 Kz in Lyings.

Proof. Let n € w be least such that a(n) # B(n) and say a(n) = 1. Now if
K, =3 Kj, there would be a,b € K, such that a?" = (14p)®p and b*" = (14p)Pnp.
. a pn o (1+p)anp o pnfl .. . cP pnfl o
Set ¢ := ¢ and note that ¢ = e (14+p)?" . This implies that ()P = 1.
Since ¢, ¢ K,, we get that ¢» =1+ p, which is impossible by Claim 1.  Oeygim 2

Next we prove:

—b
Claim 3: For every a € 2¥, we have that K, = F,((¢)/r>.

Proof. For every n € N, we have that K,(41)/Kam) is totally ramified and
OK ity = OKym [Ta(nrn)] (Corollary pg.19 [Ser80]). It follows that O, = Zp[{ma(m) :
n € N}]. We compute

Ok, /(p) = Zp[x1, 72, .../ (s 2} — (14 p)*Op, a8 — (1 + p)* Wy, ...)

= B, 0, ) (2, 28— 1, ) S F ) /() R [/ ()

We thus get that lim O, /(p) = F,[t]'/*™ and the conclusion follows.  Dloiim 5

Claims 2,3 show that |Zr| > ¢. On the other hand, the bound |Zp| < ¢
is automatic, as any first-order L.,-theory can be identified with a subset of
~ N. O

val T

Senty,

—

Remark 3.1.37. Set (F,w) = (F,(t),v). In Remark 2.24 |FF14|, Fargues-
Fontaine ask whether every untilt (K, v) of (F,w) is isomorphic to (C,, v,). They
note in Remark 2.24 that for any untilt (K, v) of (F,w) one has Og /(p™) = Oc¢,/(p")

for each n € N. However, these isomorphisms are obtained in a non-canonical way

and do not necessarily yield a valued field isomorphism between K and C,. In fact,
an example of such a K with K 2 C, was provided by Kedlaya-Temkin in Theorem
1.3 [KT18]. This should be contrasted with Proposition [3.1.36(a), saying that all

untilts of (F,w) are elementary equivalent.



50 3.2. Relative decidability for perfectoid fields

Remark 3.1.38. In Remark 7.6 [AF16], the authors write:

"At present, we do not know of an example of a mized characteristic henselian
valued field (K, v) for which Ths(k) and Ths(T',,vp) are decidable but Ths(K,v) is
undecidable."

Let us provide such an example. By Proposition (b) and the fact that there
are countably many Turing machines, thwu\st exist an undecidable perfectoid
(thus henselian) field (K,v) with K” = F,((#)!/**. By Lemma [3.1.7(b), we have
that k, = F, and (I, vp) = (p%OZ, 1), both of which are decidable—the latter being
an easy application of Robinson-Zakon |[RZ60)].

Remark 3.1.39. For future use in Proposition [3.5.2] we record here that Claim 2
gives t = (ma(0)+(P), Ta(1)+(p); --.), via the identifications F,[t]'/#~ = lim Ok, /(p).

Question 3.1.40. Is there a perfectoid field (F,w) of characteristic p with 1 <
|ZF| <¢?

3.2 Relative decidability for perfectoid fields

3.2.1 Introduction
We shall now use the results of to prove Theorem and Corollary [3.2.20}

Work of Rideau-Scanlon

It is my understanding that there is ongoing work by Rideau-Scanlon, which aims
at giving a model-theoretic account of many of the concepts and facts that were
discussed in §3.1] in the context of continuous logic. In particular, they obtain
a bi-interpretability result between O and Oy» in the sense of continous logic.
It should be noted that their bi-interpretability result was conceived prior to the

present work and in fact influenced the material that is presented here.

Plan of action

Without any adjustments, the interpretation of Rideau-Scanlon does not quite
yield an interpretation in the sense of ordinary first-order logic. The problem
is that when one converts statements about Ok to statements about O, via
O ZW(Ogv)/(£), one ends up with infinitely many variables, coming from the
Witt vector coordinates. This problem disappears by interpreting one residue
ring Ok /(p") at a time, via Ox/(p") = W, (Og»)/(€ mod (p™)). This approach is
facilitated by Corollary 2.3.1] In §2.3) we emphasized that uniform decidability
of the residue rings is key. As we will see, this eventually comes down to the

computability of the distinguished element ¢ itself.
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3.2.2 Computable untilts
Computable Witt vectors

In analogy with a computable real number, a computable p-adic integer is one
for which there is an algorithm which outputs the sequence of its p-adic digits.
More precisely, a p-adic integer a € Z, of the form a = Y% [av,] - p" is said
to be computable precisely when the function N — Z/pZ : n — «, is recursive.
The notion of a computable p-adic integer extends naturally to the more general
concept of a computable Witt vector.

First recall that a computable ring Ry is one whose underlying set is (or is
identified with) a recursive subset of N, via which the operations + : Ry x Ry — Ry

and - : Ry x Ry — Ry are identified with recursive functions.

Definition 3.2.3. Fix a perfect ring R and let Ry C R a computable subring.
Consider the ring W(R), the ring of Witt vectors over R. An element £ € W(R)
with Witt vector coordinates (&, &1, ...) € R is said to be Rg-computable if:

1. For each n € N, we have that &, € Ry.

2. The function N — Ry : n +— &, is recursive.

Example 3.2.4. (a) Let Ry = R = F,. Then the computable elements of Z, =
W(IF,) are the usual computable p-adic integers.

(b) A non-example: Let R be any perfect ring, Ry C R any computable subring and
S C N be a non-recursive set. The element £ = 3,c5 p™ € W(R) is not computable.

Computable untilts

Let (F,w) be a perfectoid field of characteristic p and Ay = W(Op). Let also
Ry € Op be a computable subring.

Remark 3.2.5. The reader is welcome to assume that F' = F,((¢))'/?> or F,((t))/»™
and Ry = F,[t]. This case is enough for the applications presented here, i.e.

Corollaries [3.2.20] and B.3.111

We shall now define what it means for an untilt K of F' to be Ry-computable:

Definition 3.2.6. Let (K, ¢) be an untilt of (F,w) and Ry C O a computable
subring. We say that (K,v) is an Rg-computable untilt of (F,w) if there is an
Ry-computable distinguished element {x € Ay with O = A/ (Ex).

Example 3.2.7. In Corollary [3.2.19| we will see that Q,(p'/?>) and Q,({,~) are
computable untilts of F,((¢))/?>. Also, that @’ is a computable untilt of T, ((#))1/7*.
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3.2.8 Relative decidability

Let (K,v) be an untilt of (F,w) and {x € Ay be such that Ox = A/ (k)
(Theorem [3.1.29). We write £, for the image of &k in W,(0p) via Ay —
Aint/(p") = Wa(OF).

Interpretability

All the necessary background material related to interpretability is presented in

L5

Lemma 3.2.9. For each n € N, there is a 3T -interpretation A, of the local
ring (O /(p™), my,) in the (Lyings, Licr)-structure (W, (Or), Or), Ek.,,) such that the

sequence of interpretations (A, ),e, is uniformly recursive.

Proof. Fix n € N. We have that Og/(p") = At/ (0" Ex) = Wa(OF)/(Ekn)- By
Proposition[3.1.27] we get that m,, = ({0,,([z]) : © € mp}), where 6,, is the composite
map Ans — At/ (Ex) o’ W)/ (En) = O /(7). We take da, () to be
x = x. Let ¢ be a constant symbol with ¢Wn(0r):.9r) = ¢, The reduction map
Formy, , — (Lyings, Lier) U {c} © ¢ — ¢a, on unnested atomic formulas is described

as follows:

1. If ¢(x,y) is * = y, then we take ¢a, to be the formula z,y € W A 3z €
W(x =y + z-c¢). As usual, the conjunct z,y € W is an informal way of
saying that the variables x,y are taken from the sort W. The cases of z =0

and x = 1 are similar.

2. lf ¢(x,y, 2) is xoy = z, then we take ¢4, to be the formula z,y,2 € WATJw €

W(zoy=z+w-c), where ¢ is either - or +.

3. If ¢(z) is © € m, then we take ¢, () to be the formula x € W A 3z, w €
WiyeRyemAz=[y] -z+w-c).

The coordinate map fa, : W,,(Op) — Ok /(p") is the one induced by the map 6,
above. The above data defines a recursive 3" -interpretation A,, of (Og/(p"), m,,)
in (Wa(Or),0r),&k.,). The sequence of interpretations (A,)ne, is uniform in n

and thus also (trivially) uniformly recursive. O

Proposition 3.2.10. Suppose (K, v) is an untilt of (F,w) and that {x € Ay is
such that O = A/ (Ex). Let (&, &1, ...) € O% be the Witt vector coordinates of
¢k Then:

(a) The value group (I',, vp) is interpretable in the valued field ((F,w),&p).
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(b) For each n € N, there exists a 3™-interpretation I',, of the local ring (Ox /(p™), m,,)
in the local ring ((Op, mp), o, ...,£n—1) such that the sequence of interpretations

(T'2))new is uniformly recursive.

Proof. (a) By Lemma [3.1.7(b), we will have that (T, vp) = (T4, w&o) and the value
group ([, w&p) is interpretable in the Ly, U {c}-structure (F, w) with %) = &,
(b) Lemma[3.2.9 provides us with a 3™-interpretation A,, of the local ring (O /(p"), m,,)
in the (Liings, Lier) U {c}-structure (W,(Or),Op),&k,,) such that the sequence
of interpretations (A,)ne, is uniformly recursive. Lemma provides us
with a quantifier-free interpretation B, of ((W,(Or),0r),€k,,) in the local ring
((Op,mp), &, ..., &n—1), such that the sequence of interpretations (B, ),e, is uni-
formly recursive. Let I, be the composite interpretation of (Og/(p"),m,) in
((Op,mp), &, ..., &n—1). This is also a I™-interpretation by Lemma and the
sequence of interpretations (I',)ne, is uniformly recursive by Lemma . ]

Proof of Theorem [3.2.17]

Given a computable subring Ry C Op, we write Ly, (Ry) for the language Lyu
enriched with a constant ¢, for each a € Ry (see notation). The valued field (F, w)

can then be updated to an Ly, (Rp)-structure with c(F**) = q.

Theorem 3.2.11. Let (F,w) be a perfectoid field of characteristic p. Suppose
Ry C Op is a computable subring and (K,v) is an Ry-computable untilt of (F,w).
(a) If (F,w) is decidable in L,u(Ro), then (K,v) is decidable in Lq.

(b) If (F,w) is 3-decidable in L,u(Ry), then (K,v) is 3-decidable in L,q.

Proof. (a) By Proposition (a), we get that (I',, vp) is decidable in L, with
a constant for vp. By Proposition (b), for each n € N, there exists an
interpretation I, of the Lj,-structure (Ox/(p"),m,) in the Ly, U {co, ..., cpn_1}-
structure ((Op, mg), &, ..., Eu1) with ¢OFmr) = ¢ for m = 0,...,n — 1. Moreover,
the sequence of interpretations (I';,) e, is uniformly recursive.

Claim: There exists an interpretation A, of the Ly, U {co, ..., c,_1}-structure
((Op,mp), &, ..., &no1) in the Lyy(Rp)-structure (F,w) such that the sequence of

interpretations (A, )new is uniformly recursive.

Proof. Fix n € N. We take Oa, (x) to be the formula z € O. The reduction map on

unnested atomic formulas is described as follows:

1. If ¢(x) is the formula = = ¢,,, for some m = 0,...,n — 1, we take ¢, () to be

the formula = = ¢,,.
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2. If ¢(z) is the formula = € m, we take ¢, (z) to be the formula Jy(zy =
1Ay ¢0).

3. If ¢(x,y,2) is x oy = z, then we take ¢a, to be the formula z,y,z €
O A ¢(z,y, z), where ¢ is either - or +.

The coordinate map fa, : Oa, (F') — Op is the identity. Since N — Ry : m +— &, is
recursive, the reduction map N x Formp, ugc,....co i3 — Formp  (ry) : (7, 0) — éa,
restricted to unnested atomic formulas is recursive. By definition, this means that

the sequence of interpretations (A, ),ec. is uniformly recursive. O Glaim

For each n € N, let E, be the composite interpretation of I',, and A,. The
sequence (E,)ne. is uniformly recursive by Proposition [1.1.20] By Proposition
[1.1.19] we get that the sequence of rings (Ok /(p"))new is uniformly decidable in
Lyings. The conclusion follows from Corollary @

(b) For the existential version, one needs to keep track of the complexity of formulas.
Since I',, is a Jt-interpretation and A, is an J-interpretation, we see that the
reduction map Li; — Lya(Ro) : ¢ — ¢p, sends IT-formulas to I-formulas (see
Remark [1.1.11). It follows that the sequence of local rings ((Ox/(p™), Mp)new is
uniformly 3*-decidable in L;,,. We conclude by Corollary . O

The assumption of completeness in Theorem [3.2.11] can be easily relaxed

to henselianity:

Corollary 3.2.12. Let (F,w) be a perfect non-trivially valued field with a rank
1 wvalue group and Ry C Op be a computable subring. Suppose (K,v) is a mized
characteristic henselian valued field such that (f(\, 0) is an Ry-computable untilt of
(F,®). Then:

(a) If (F,w) is decidable in L,qu(Rp), then (K, v) is decidable in L.

(b) If (F,w) is 3-decidable in L,qu(Ro), then (K, v) is 3-decidable in L.q.

Proof. Suppose O = W(ap)/(ﬁ), where £ = [r] — up, with 7 € mp N Ry and
u € W(Op)*. Note that W(Op)/([x] — up) = W (Og)/([x] — up); indeed, W(Op) is
p-adically complete and [7] and p are associates in the quotient W(Og) /(7] — up).
For each n € N, one has that

Ox/(p") = O/ (p") = Wo(Op) /(7] = up) = Wi (Or)/([x] - up)

We now proceed as in the proof of Theorem [3.0.2 ]
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Remarks on Theorem [3.2.117]

Note that decidability of K in L, relative to its tilt K " in Ly, i.e. without taking
parameters into account, is false. Essentially, the point is that p is named in

Ly, while t is not:

Example 3.2.13. Let (I, +,<) C (R, +, <) be any p-divisible ordered abelian
group, which is decidable in L, but undecidable in Lg,, U {1}, where 1 a
distinguished element of I'. For example, let S C P be a non-recursive set of
primes and S’ := P — S be its complement. Denote by %Z the group generated by

{1 :s € S} and consider the ordered abelian group

1,1 1
= pTO(EZ ® §Z\/ﬁ)
equipped with the order induced from the natural embedding I' < R. This is a
regularly dense group, in the sense of Robinson-Zakon |[RZ60], with prime invariants
[[':pl'] =1 and [I": g['] = ¢ for ¢ # p. By Robinson-Zakon [RZ60|, this group is
decidable in Lg,g but is clearly undecidable in Loae U {1}. Since I' is p-divisible, we
may form the tame valued field (F,w) = (F,((t")), v;), which is decidable in L, by
Theorem 1.4 [Kuh1l6a]. However, the untilt (K, v), whose associated Witt vector is
[t] — p, is undecidable in L., . Indeed, even (I',, vp) is undecidable in Ly, with a

constant for vp.

Remark 3.2.14. Theorem [3.0.2] holds also for untilts K of F, which have an
associated distinguished element g satisfying a more relaxed condition than the
one of Definition [3.2.3] Namely, suppose that x = (&, &1, ...) € 0% and each &, is
definable in the valued field (F,w) by a formula ¢, (z) € Lya(Ry) with parameters
from Ry. Suppose furthermore that the function N — Formyp,  (ry) : n +— on(x) is
recursive. Then the conclusion of Theorem is still valid, i.e. (K, v) is decidable
in Ly, relative to (F,w) in Ly (Rp).

It is clear that when each ¢,(x) is a quantifier-free formula, the configuration
described in Remark specializes to the notion of a computable untilt. We
have no particular application in mind that requires the level of generality described
in Remark [3.2.14] which is one reason we have restricted ourselves to the quantifier-

free case (the other being clarity of exposition).

3.2.15 Corollary [3.0.7]

In order to prove Corollary |3.2.20, we need to calculate the tilts of our fields of

interest and compute the associated distinguished elements.
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Computing the distinguished elements

All computations below are well-known to experts (see e.g., Example 2.22 [FF14]).

For lack of a detailed reference, we shall spell out the details.

Lemma 3.2.16. There exist ring isomorphisms:

(@) Z, (/71 (p) 2 B, [V7™]/(£) mapping p/7" + (p) — 117" 4 (¢).
(8) ZoylGoe] /(0) = Byt /(29°1) mapping G, + (p) v ¢+ 1+ (¢7°1).
(¢) Zg"/(p) = T [t"/P™]/(t7~") mapping G + (p) =t + 1+ (771,

Proof. (a) For each n € N, the irreducible polynomial of p!/?""" over Q,(p'/?") is

the Eisenstein polynomial 27 — p'/?" € Z,[p'/?"][z]. We therefore compute

Zplp'"™)/(p) = Zyl1, s, ) /(0,2 = pyah — a1, )

zn>—>t1/pn .
=T [ry, @9, ] (2], b — 2y, ) =2 FL[EYPT]/()
(b) The irreducible polynomial of ¢, over Q, is the cyclotomic polynomial ®,(z) =
P~ 4 .. +1. Moreover, given n > 1, the irreducible polynomial of (n over Q,(Cyn-1)

is &P — (-1 € Z[(pn][x]. We now proceed as in (a) and compute

n
$n+1r—>$1/p

LylGoe]/ (D) = Lplwr, wa, ]/ (0, ®plan) 0 — 21,) = Fy[a 7]/ (D))

Note that @,(z) = L= = % = (z — 1)P~! and thus

Zy[Ge] /(p) = Fp [P [ (x — 1P TR [T /(7

(¢) By local Kronecker-Weber (see Theorem 14.2 in [Was97]) and Proposition 17 in
[Ser80], we get that Z2% = Z[(ye]. We now proceed as in (D). O

b
Corollary 3.2.17. (a) Q,(p*/?™) X F,(1)/*™ and t* =p

(b) (gp\(fpoo)iﬂ&)l/pw and (t + 1) = ¢,
(0) @ = F,p(6)'r™ and (t+ 1) =,

Proof. (a) By Lemma [3.2.16{a), we have that Z,[p'/?™]/(p) = F,[tV/?™]/(t) via
an isomorphism mapping p*/?" + (p) — tY/P" 4 (t). One can verify directly

that F,[{]7~ — lim F,[/7")/(t) : @ — (¢ mod (t),2Y* mod (1),..) is a

b
ring isomorphism. It follows that Q,(p'/?>) = F,((¢)/?> and by definition
t = lim,, o (p*/?" )" = p.

(b) By Lemma [3.2.16(b), we have that Z,[(,~]/(p) = F,[tY/?™]/(t*7!) via an
isomorphism mapping ¢, + (p) — ¢+ 1+ (t*~'). One again verifies that F,[t]"/»™ —
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lim F,[tYP7]/(tP71) « @ (bx mod (t*71),z'/? mod (#*71),...) is a ring isomor-

phism. It follows that Q,((p=) = F,((#))'/*™ and by definition (¢4+1)* = lim,, .« C;’:H
Cp-

(c) By Lemma3.2.16(c), we have that Z2*/(p) = F,[t"/**]/(t*~') mapping (,+ (p) —
t+ 1+ (#7').. One verifies that F,[{]'/?™ — @@Fp[tl/poo]/(tpfl) DT r—>b (x
mod (#71), !/ mod (#*7),...) is a ring isomorphism. It follows that Qg =

F,((t)'/*™ and by definition (¢ + 1)* = lim, .« C;)D:H = (,. 0

Proposition 3.2.18 (c¢f. Example 2.22 [FF'14]). We have the following isomor-
phisms:

() Zylp 7™ = WL 7)1 - ).

(D) Zyp[Gpoo] = W (F,[]V/P™) /([t + 1P+ [t + 1P 4+ 1),

(c) Zgh = W (F,[t]/r=) /([t + 1P~ + [t + 1772 + ..+ 1),

b
Proof. (a) By Corollary |3.2.17(a), we have that Q,(p'/P>) = TF,((¢)/?>. Consider

the ring homomorphism 6 : Ajs — Z,[p'/?>] inducing § : F,[t]'/?™ — Z,[p'/7~].
Since t* = p, we get that 0([t]) = p and therefore [t] — p € Ker(§). By Proposition
3.1.25, it follows that Ker(0) = ([t] — p).

(b) By Corollary [3.2.17((b), we have that Qp(g,,w)b = F,((t)"/?>. mapping 1+t — (.
Consider the ring homomorphism 6 : A, — m inducing f§ : W —
m. Since (t41)* = (,, we get that 0([t+1]) = (, and therefore [t+1]P~1+....+[t+
1]+1 € Ker(0). By Proposition[3.1.25] it suffices to show that & = [t+1]P~ +....+[t+
1]+ 1 is a distinguished element of A, Set res: O — Op/mp for the residue map
and W (res) for the unique induced homomorphism W(res) : W(R) — W (R/mg)
of Proposition [3.1.16, We compute that W (res)() =141+ ...+ 1 = p, whence ¢
is a distinguished element of A;,; (Remark .

(¢) Similar to (b). O

Proof of Corollary [3.2.20

Corollary 3.2.19. We have the following:
(a) Q,(p'/7) and Q,(Cp) are F,[t]-computable untilts of F,((¢))'/7>.
(b) @ is an Fp[t]-computable untilt of F,((t))"/»>.

Proof. The case of Q,(p'/P™) is clear. For the other two cases, note that £ :=
[t+ 1P +[t+1]P72 + ... + 1 is F,[t]-computable, using the computable polynomials
S0, -, Sp for Witt vector addition (Observation [3.1.18)). O
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Corollary 3.2.20. (a) Assume F,((#))'/7” is (existentially) decidable in L;. Then
Q,(p'/P™) and Q,((y=) are (existentially) decidable in L.

(b) Assume F,((#)/?™ is (existentially) decidable in L;. Then Q4P is (existentially)
decidable in L.

Proof. (a) By Corollary [3.2.19|and Corollary (3.2.12]
(b) Similar to (a). O

Remark 3.2.21. It is worth mentioning that van den Dries’ Theorem implies
that for any mixed characteristic henselian field (K, v), we have that (K, v) = (K, )
in Ly,. Indeed, for every n € N we have canonical isomorphisms O, /(p") = O5/(p")
and (I'y,vp) = (I';,0p). The former is the natural inclusion O,/(p") — O5/(p"),
which is also surjective as for any « € O, there is 2’ € O,, such that z — 2’ € p"0O5.
The conclusion follows from Theorem m For instance, we have that Q,(p'/?™) =

@p(pl/poo) in Lval-

3.3 Applications: Tame fields of mixed charac-
teristic

3.3.1 Introduction
Motivation

In this section we prove Corollary [3.3.11] which to my knowledge is the first
decidability result for tame fields of mixed characteristic. Corollary [3.3.11}is proved

by transposing a decidability result for tame fields in positive characteristic and
ultimately using Theorem |3.2.11}

Preliminaries

The algebra and model theory of tame fields was introduced and studied by
Kuhlmann in [Kuhl6a]. Recall the definition:

Definition 3.3.2. Let (K,v) be a henselian valued field. A finite valued field

extension (L, w)/(K,v) is said to be tame if

1. pt[A: T, where p is the characteristic exponent of k, i.e. p = char(k) if this
is positive and p = 1 if char(k) = 0.

2. The residue field extension [/k is separable.
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3. The extension (L,w)/(K,v) is defectless, meaning that we have the funda-
mental equality [L: K] =[A:T]-[l: k]

An algebraic valued field extension is said to be tame if every finite subextension is

tame.

Definition 3.3.3. A henselian valued field (K, v) is said to be tame if every finite
valued field extension (L, w)/(K,v) is tame.

In practice, one often needs a more intrinsic description of tame fields. This

is provided by the following:

Proposition 3.3.4 (Theorem 3.2 [Kuhl6a]). Let (K,v) be henselian valued field.

Then the following are equivalent:
1. (K,v) is a tame field.
2. (K,v) is algebraically maximal, I' is p-divisible and k is perfect.

Example 3.3.5. Using Proposition [3.3.4] one can verify the following:

(a) Any (algebraically) maximal immediate extension of Q,(p'/?™) or Q,({y~) is
tame.

(b) Any (algebraically) maximal immediate extension of F,((#))*/?” is tame. In
particular, the Hahn field (F,((t")), v;) with value group I' = p%Z and residue field

[F, is tame.

Equal characteristic

Kuhlmann obtained the following Ax-Kochen/Ershov principle for tame fields

of equal characteristic:

Theorem 3.3.6 (Theorem 1.4 [Kuhl6a)). Let (K,v) and (K',v") be two equal
characteristic tame fields. Then (K,v) = (K',v") in Ly if and only if k = k' in
Lyings and I' =TV in L.

Kuhlmann then deduces the following decidability result (among others):

Corollary 3.3.7 (Theorem 1.6 [Kuhl6a]). Set I' = I,%Z; i.e. for the p-divisible
hull of Z. The Hahn field (F,((t")), v;) is decidable in L.

In recent work, Lisinski combined results of Kuhlmann [Kuhl6a] with work of
Kedlaya [Ked06] and obtained the following strengthening of Corollary

Theorem 3.3.8 (Theorem 1 [Lis21]). Set I' = p%OZ. The Hahn field (F,((t"), v;)

is decidable in L.
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Mixed characteristic

Kuhlmann’s Theorem [3.3.0 fails as such for mixed characteristic tame fields. A
counterexample is given in Theorem 1.5(c) [AK16]. The lack of such a principle has

been a fundamental obstacle in obtaining decidability results for such fields.

3.3.9 Mixed characteristic tame fields

While we do not know whether Q,(p'/?™) and Q,((,~) are (existentially) decidable,

we will show that they admit decidable maximal immediate extensions. These

are tame fields by Example [3.3.5(a).
Lemma 3.3.10 (Remark 2.23 [FF14]). Let (K, v) be a perfectoid field. Then (K, v)

is maximal if and only if (K”,") is maximal.

Proof. Immediate from the tilting equivalence Theorem [3.1.31| and the fact that
tilting preserves value groups and residue fields (see Lemma [3.1.7(b)). O

Corollary 3.3.11. The valued field (Q,(p*/?™),v,) (resp. (Q,(¢p=),v,)) admits a

maximal immediate extensions which is decidable in L.,.

b
Proof. Recall from Corollaries |3.2.17(a) and [5.1.4(a) that Q,(p'/P>) = F,((t)Y/»™

and that § = [t] — p. Let F,((t")) be the Hahn field with value group I' = 7 and

residue field F,. It is a (non-unique) maximal immediate extension of F,((#))'/7”.

By Theorem [3.1.31 we may form K = F,((t")* as in the diagram below

K Fp(£7)

Qp(p'7™) Fp ()P

such that £k = [t] — p (see §3.1.22)). By Lemma [3.3.10, we see that (K,v) is a
maximal immediate extension of (Q,(p'/?™),v,). By Theorem and Theorem

3.2.11} we see that (K,v) is decidable in Ly,. The proof for Q,((ye) is similar. O

Remark 3.3.12. Unraveling the description of F,((#))* from §3.1.22} one sees that
F,(t")* = Frac(W (F,[t'])/([t] — p)) is the decidable maximal immediate extension

of Q,(p'/P™) that we get from Corollary |3.3.11}

Remark 3.3.13. It is also true that ng admits a decidable maximal immediate
extension (in this case unique) but this already follows from well-known results
in the model theory of algebraically maximal Kaplansky fields (see pg.4 Part (f)
[Kuh16a]).



3. Perfectoid fields 61

In spite of Corollary |3.3.11] the following is worth noting:

Remark 3.3.14. A tree-like construction similar to Proposition[3.1.36{b) shows that
there exist uncountably many pairwise elementary inequivalent maximal immediate
extensions of Q,(p'/?™) (resp. Q,(¢p=)). In particular, the valued field Q,(p'/?™)
(resp. Q,(pe)) has uncountably many undecidable maximal immediate extensions.
Note that the tilts of all such fields will be maximal immediate extensions of
F,(()*/P™ and thus will be tame fields. As a consequence of Kuhlmann’s Theorem
all of them will be decidable in L., . Nevertheless, they will all be undecidable

in Lt'

3.4 Applications: Congruences modulo p

3.4.1 Introduction
Goal
We shall now prove Theorem which shows the existence of an algorithm that

decides whether a system of polynomial equations and inequations, defined over Z,

has a solution modulo p over the valuation rings of our fields of interest.

Strategy

The proof is via a local field approximation argument, using the computations
of Lemma [3.2.16] One eventually encodes the above problem in the existential
theory of the tilt in L.,;, where the Anscombe-Fehm Theorem applies. This
should be contrasted with Corollary [3.2.20, which requires decidability in the

language L; on the characteristic p side.

3.4.2 From residue rings to valuation rings

The crux of the argument lies in the following:

Proposition 3.4.3. Let f;(z), g;(z) € F,[z] be multi-variable polynomials in = =

(1, .y Tpy) for i, j =1,...;n. Then

F,t77)/ () E3z N\ (filz) =0Agi(a) #0) =

1<i,j<n

F[]7" F3e A (u(fi(2) > v(g;(2)))

1<i,j<n
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Proof. First observe that

Fp[t]Y77 /(t) = Y F[['/7"])/(£) = L F[t/7"]/ (1) = F[t77]/ () (1)

'=": Let a € (F,[tY?™]/t)™ be such that f;(a) = 0 A gj(a) #0, for 1 <i,j <n
and let @ be any lift of a in F,[t]'/?™ via the isomorphism (). We see that
v(fi(a)) > 1> wv(gj(a)), forall 1 <i,57 <n.

'<": Let b € (F,[t]"/*™)™ be such that v(g;(b)) < v(fi(b)) for all 1 <i,j < n. Set
7 =max{v(g;(b)) : j = 1,...,n} and v, = min{v(fi(b)) : ¢ = 1,...,n} and consider
the open interval I = (v1,7) C p%oZZO. Since }%,OZ is dense in R, we can find
q € p%.oZ such that 1 € ¢I.

We now make use of the fact that for each ¢ € ]%,OZN), there is an embedding
prE, ()P — Fy()""

which maps ¢t — t?. Indeed, if ¢ € piNZ>O for some N € N, then there exists an
embedding p : F,()/?" — F,((t)"/?" mapping t — t?, exactly as in Remark 7.9
[AF16]. Such a map can also be extended uniquely to the perfect hull F,((¢))'/?™.
Now let p: F,(()/P™ — F,((t)/?™ be as above. Then, since f;(z),g;(z) € F,[z],

we get

v(g;(p(b))) = v(p(g; (b)) = qu(g;(b)) < qu(fi(b)) = v(p(fi(b))) = v(fi(p(b)))

for all 1 <i,7 <n. We may thus replace our witness b with a = p(b).
Since 1 € ¢I, we get fi(a) =0 mod (¢)Ag;(a) #0 mod (), foralli,j =1,...,n.
The reduction of @ modulo (¢), seen as a tuple in F,[t/7™]/t via (), is the desired

witness. n

Remark 3.4.4. The same argument used in Lemma [3.4.3] shows that

K271/ E3e A (filz) =0Agi(a) #0) =

K[ b T 1<}/\‘< (v(fix)) > v(g;(2))) <

where k = F, or F,. The argument of Proposition needs only a slight
modification for the converse direction; one needs to take ¢ € I%,QZ such that

(p—1) € ¢l instead of 1 € g and the same proof goes through.
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3.4.5 Proof of Theorem [3.4.6

We may now prove the following:

Theorem 3.4.6. Let K be any of the fields Q,(p*/?™), Q,(Cp) or sz. Then the
ezistential theory of Ok /(p) is decidable in Ly ings.

Proof. By the Anscombe-Fehm Theorem m the valued fields (IF,((t))*/?™, v;) and
(F, ()™ ;) are F-decidable in Ly,. For Q,(p*/?™) the conclusion now follows
from Lemma [3.2.16(a) and Proposition 3.4.3, For the other two fields, one has to

use Lemma [3.2.16(b), (¢) and Remark |3.4.4] O

Remark 3.4.7. Note that Corollary requires decidability in the language
L, on the characteristic p side. However, for the purposes of Theorem [3.4.6] the
Anscombe-Fehm results in L, turned out to be sufficient. Note that, if we were to

proceed naively, we would have
Fy[t77]/(t) | Fxf(x) = 0 A g(x) #0) <=

F, ("7 | 3, 2(f(2)) = t2 A Vug(x)) # tw)

Note that the latter sentence uses a parameter for t. Nevertheless, the trick of
Proposition provides us with a different (equivalent) sentence which does not

involve t.

3.5 Final remarks

3.5.1 An almost decidable field

In §2.3] we emphasized that uniform decidability of (O /(p"))neo is key for the
decidability of (K,v). Indeed, at least by assuming the decidability of F,((¢))'/7>
in L;, Proposition [3.1.36[b) allows us to produce undecidable valued fields (K, v)

whose each individual residue ring O /(p") is decidable.

Proposition 3.5.2. Assume F,((¢))'/7* is decidable in L,. Then there exists a

mixed characteristic henselian valued field (K, v) such that:
1. The valued field (K, v) is undecidable in Ly,).
2. For each n € N, the ring O /(p") is decidable in L,jgs.

3. The value group (I',, vp) decidable in Le,g.
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Proof. For the convenience of the reader, we first review the construction from
proof of Proposition (b) Set Ta0) = p and Ky = Q,. For each o € 2,
define inductively Kq) = Kam-1)(((1 +p)em -Wa(n,l))l/p) and ma(m) = ((1 +p)em).
Wa(n_l))l/p for n € N. Let Ky = Unecw Kam). Claim 2 of Proposition shows
that _f(;b = W". We shall argue below that any K, satisfies conditions (2)
and (3). On the other hand, since K, # Kz for a # 3 (see the proof of Proposition
3.1.36((b)), we will have that some K, is undecidable in L.

Fix o € 2¢, set @ = Yysoa(k) - p* € Z, and @, = Y725 a(k) - p* € Z for all
n € N (ap = 0 by convention). One sees that (1 + p)?" =1 mod p"tZ,, for all
n € N. It follows that the limit lim, (1 4+ p)® exists in Z, and we denote it by
(1+p)®. Fix n € N=! for the rest of the proof.
Claim: We have ! = (1+p)?-pand t* = (14 p)®-1-p mod p"Ok, .

Proof. We have that t = (7 0)+(p), Ta1)+(p), -..), via the identification F,, [¢]1/7> =
pTL
a(n

lim Ok, /(p) (see Remark [3.1.39). Since m;,, = (1 + p)@ - p, we compute t* =

limy, o 72,y = limy oo (14p)®" -p = (14p)7-p. Since (1+p)""" =1 mod p"0,,
we also get t* = (1 + p)®1 - p mod p"Ok,. U ctaim

As a consequence, we may take &, = [t] — (1 + p)® - p as a generator of the ideal
of Ajyr associated to K,. Consider also the distinguished element & := [t] — (1 +
p)® 1 - p € Ay and the associated untilt (K’,v"). We have an equality of ideals
(p", &) = (p™,€') in Ay and thus an isomorphism of rings O, /(p™) = Ok /(p").

Having assumed that the valued field (IEW, v;) is decidable in L; and since
¢’ is F,[t]-computable, we get that the valued field (K’,v’) is decidable in Ly, by
Theorem [3.0.2] In particular, the ring Ok, /(p™) = Ok /(p") is decidable in Ly
The value group (s, vop) = ([%,OZ, 1) is also decidable in L, with a constant

symbol for 1. Since n was arbitrary, this concludes the proof. n

Remark 3.5.3. It seems plausible that a similar construction can be carried out
with F,((¢")) instead of F,((¢))'/*>, where I' = [%,QZ, thereby recovering the above

result unconditionally. Nevertheless, we do not have a working example at present.

3.5.4 Reversing the direction

Given that our understanding of decidability problems in characteristic p is lim-
ited, our philosophy of reducing decidability questions from mixed characteristic
to positive characteristic may seem impractical. Nevertheless, we have already

seen two applications in §3.3 and §3.4. We also mention another application
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in [Kar2la), which proves an undecidability result for the asymptotic theory of
{K :[K :Q,) < oo} in the language L., with a cross-section, again by transposing

a result in positive characteristic.

We shall now demonstrate that the characteristic p difficulties in the language
L, are already encoded in the mixed characteristic setting, by showing a relative

decidability result in the opposite direction:

Proposition 3.5.5. If Q,(p*/?™) is ¥!3-decidable in L., then F,[t]'/?™ is 3*-
decidable in L;.

Proof. Let fi(Xy, ..., Xm,T) € F,[ Xy, ..., X;n, T] for i = 1,...,n. We claim that

F 017" B 3w, 2 N\ fi(@n, oo Ty 1) = 0) <=

1<i<n
F,[t/71/(t) | Yy € m3ay, o, @ N fi(@1, o Tnyy) = 0)
1<i<n

It is enough to prove the claim since Z,[p*/?”]/(p) = F,[t/?*]/(t) by Lemma
3.2.16(a).
7 =71 Let (a1, ..., ) € (FL[t]?7)™ be such that

filaq, .o, am, t) = falag, oo, am, t) = . = fulag, ooy, t) =0

Let y € m C F,[t]*/?” and x € N be such that y*" € F,[t]. Then there exists a ring
endomorphism p on F,[t] mapping ¢ — y?", which extends uniquely to F,[t]/?”.
Let f; := p(oy) for i =1, ...,m. Since f;(X1,...,Xm,T) € F,[X,T], we get

fl(ﬁla -'-7Bmaypn) = f2(617 "'>Bmaypﬁ) = e = fn(ﬂla "'7ﬁm7ypﬁ) =0

and thus

fl(ﬂll/pﬁv ”"57171/p"7y) = f2(/611/pm7 "'a67177,/pn7y) = e = fn(ﬁll/pﬁv "'7/Bfrln/pmvy) =0

In particular, the tuple (z1, ..., z,,) 1= (511/,3%7 ..., BY/7") is a solution modulo (¢) to
the above system of equations.

2

< 7 A generalized version of Greenberg’s Theorem due to Moret-Bailly (see
Corollary 1.2.2 [MB11]) shows that

fl(.CL’l, ...,xm,t) = fg(ﬂj‘l, ...,Q?m,t) = ... = fn(l’l, ...,xm,t) =0
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has a solution in T, [t]'/P™ if and only if it has a solution modulo (¢V), for all N € N.
Equivalently, if and only it has a solution modulo (#") for all N € N. Using the
N-th iterated Frobenius, we see that for any N € N we have

N R == o ( N fi(z1, .2, t) =0 mod ) =

1<i<n
F 07 = 30 A filwr, i t7Y) =0 mod 1)
1<i<n

and the latter is true by assumption, for any N € N. O]

Remark 3.5.6. By an identical argument, one can prove a similar result for Q, ()
or Q. In the case of the latter, one gets that F,[t]'/?™ is 3"-decidable in L,
provided that Qg is V' 3-decidable in Lyq.

It would be nice to have a version of Proposition for the full theories.
Together with Corollary [3.0.1] this would yield a Turing equivalence between the
theories of Q,(p'/P™) and F,((t))*/?”. Nevertheless, Proposition still suggests
that if we eventually want to understand the theories of Q,(p'/?”), Q, () and Q2°
(even modest parts of their theories), we would have to face certain characteristic
p difficulties, posed in Question below:

Question 3.5.7. (a) Is Ths+ (F,[t]*/?”) decidable in L,;?
(b) Is Tha+ (F,[t]*/P™) decidable in L;?
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Introduction

The material presented in this chapter represents part of upcoming joint work
with F. Jahnke. In chapter [3] we explained how ideas from perfectoid geometry
can be useful in the model theory of henselian fields. We are now interested in
the reverse direction. We will see that model-theoretic techniques can be used to
understand certain arithmetic phenomena in perfectoid geometry. We refer to
for background on perfectoid fields and the tilting functor. The goal is to give a

model-theoretic proof of the (generalized) Fontaine-Wintenberger isomorphism:

Theorem 4.0.1. The absolute Galois groups of K and K° are canonically isomor-

phic.

In the form stated above, the result was stated and proved by Scholze |[Sch12a]
but it also follows from parallel work by Kedlaya-Liu [KL15]. The two approaches
are quite different (cf. Remark 5.19 [Sch12a]). One should mention that there
was earlier formative work by Fontaine-Wintenberger [FW79], which contained
many of the key ideas and also instances of the above result. For this reason, the
above result is commonly referred to as the (generalized) Fontaine-Wintenberger
theorem (cf. §3 [Schl4], §2.1 [Sch12b]).

We briefly discuss the main ideas in Scholze’s approach to the Fontaine-Wintenberger
theorem, which is the more relevant for us. See §2.1 [Sch12b| for a more detailed
exposition. We then explain the main ideas of our non-standard approach and

draw comparisons with the classical approach.

67
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Standard proof

Given a ring R, we write R — fét for the category of finite étale extensions of R.
When R is a field, this is simply the category of finite separable extensions of R.
The goal is to provide an equivalence between the categories K — fét and K” — fét;
the statement on Galois groups is a formal consequence.

This equivalence between K — fét and K° — fét is achieved by a series of

intermediate equivalences presented in the diagram below

K —fét ——— 0% —fét —— (Og/p)® — fét

|

K —fét —=— 0%, — fét —— (O /1) — fét

Il

Here 0%, — fét is the category of almost finite étale extensions of Ok and similarly
for the other categories which have a superscript a. The notion of an almost étale
extension is quite technical to define here. See §4 |Schl2a] for an exposition of
Faltings’ almost mathematics, which was developed systematically by Gabber-
Ramero |GRO3].

The equivalence between K — fét and 0% — fét (resp. K” — fét and 04, —fét) fol-

lows:

Theorem 4.0.2 (Tate/Gabber-Ramero). If L/K is finite, then Or/Ok is almost
finite étale. Similarly, if M/K” is finite, then Op/Ogs is almost finite étale.

The positive characteristic version admits an easy proof due to the presence
of Frobenius (see pg. 4 [Sch12b]). However, the proof in mixed characteristic is
non-trivial. Finally, the equivalence between 0% — fét and (Og/p)* — fét (resp.

% — fét and (O /t)* — fét) uses the fact that finite étale algebras lift uniquely
over nilpotents (Theorem 4.17 [Sch12a]). We also note that Scholze [Sch12a] obtains
an equivalence between the larger categories of perfectoid spaces over K and K°,

which vastly generalizes the above equivalence and in fact specializes to it.

Non-standard approach

In our non-standard approach, we aim to replace the above classical picture with

the one below

Ky — fét ——— k,, — fét

|

K?y — fét —— k,, — fét
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Here U is any non-principal ultrafilter on N. Note that we have dispensed with
the terminology of almost mathematics and that we have replaced the highly
nilpotent rings Ok /p and O /t with the ordinary fields k,, and k. In particular,
all categories in the above picture are plainly understood as categories of finite
separable field extensions. This comes at the cost of replacing K and K with
non-principal ultrapowers Ky and K}, respectively. The fields Ky and K7, can be
equipped with suitable henselian valuations w and w” respectively. We emphasize
that these are not the non-standard counterparts of v and v* but rather suitable

coarsenings thereof. We then have the following facts:

1. Every finite extension of (Ky,w) (resp. (K}, w”)) is unramified. This stems
from our work in and can be seen as a non-standard version of the
Tate/Gabber-Ramero theorem. However, our proof is easy, both in positive

and mixed characteristic.

2. In particular, the horizontal arrows in the above diagram simply represent the
equivalence between the category of unramified extensions of (K, w) (resp.

(K7, w")) and the category of separable extensions of k,, (resp. k).

3. We have a field isomorphism k,, = k,». This is closely related to the vertical

isomorphism between O /p and O/t in the classical picture.

It formally follows from the above that Gg, = G K which already gives a quick
proof of the weaker statement that Gx = G» in the language of profinite groups,
as developed by Cherlin-Dries-Macintyre [CDMS81]. A more refined analysis is
required in order to prove that Gx = Gg». One first shows that K” sits naturally
inside k,,, as a relatively algebraically closed subfield. It thus makes sense to lift
a finite extension of K’ to an (unramified) finite extension of K. We will prove
that any such extension actually comes from a finite extension of K. It will then

follow that G, = Gy, restricts to Gxg = Go.

4.1 Taming perfectoid fields

All definitions and facts related to tame fields can be found in §3.3.1 While
perfectoid fields are typically not tame (they can admit defect extensions), we will
show that any N;-saturated extension admits a tame coarsening. It is precisely in
that sense that we can "tame" perfectoid fields. Moreover, the associated value

group is going to be divisible.
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4.1.1 Taming perfectoid fields of positive characteristic

We first recall the notion of the discriminant. Given a field K and f(x) = ap+ a1z +
. + apz™ € K[x], with roots 7, ..., 7y, the discriminant disc(f) of the polynomial
f(z) is equal to the quantity
disc(f) = a2 > [ (ri — r5)?
i<j
One readily checks that this is a symmetric polynomial in the r;’s and can be
therefore expressed as a (homogeneous) polynomial in the a;’s by Galois theory.
The next proof is essentially identical with the (easy) proof of the Tate/Gabber-

Ramero theorem in positive characteristic (cf. pg. 4[Sch12b]):

Proposition 4.1.2. Let (Ko, v9) be a perfect henselian valued field of positive
characteristic and suppose t € O,, is such that every finite extension of K can be
generated by a root of a polynomial ag + a1z + ... + a,x™, with —vgt < vga; < vot
whenever a; # 0. Let (K, v) be an Rj-saturated elementary extension of (K, vp)
and w be the coarsest coarsening of v such that wt > 0. Then (K,w) is a tame

field with divisible value group I',,.

Proof. Since henselianity is an elementary property, the valued field (K, v) is also
henselian. By Lemma 7.13 [Dril2], we also get that (K, w) is henselian. Let A be
the maximal convex subgroup of I', such that vt ¢ A. It suffices to show that each
finite extension of (K, w) is unramified.

Since K is perfect, each finite extension of K generated by a root of a separable
polynomial ag + ayx + ... + a,z™ can also be generated by a root of a(l)/pm + ai/pmm +
. +al/P"z" for any m € N. Since the discriminant of a polynomial is itself
a (homogeneous) polynomial in the coefficients, we see that for any k£ € N, any
finite extension of Ky can be generated by a root of some f(z) € Klz|, with
—b < yg(dise(f)) < L. By Lo§’ s Theorem, the same holds true for (K, v).
Moreover, by Nj-saturation of K, any finite extension L/K can be obtained by
adjoining a root of an irreducible polynomial f(z) € K[z] with v(disc(f)) € A.
Observe that 7, (disc(f)) = disc(f) # 0 and therefore f(z) € k,[z] is separable. By
Hensel’s Lemma, the polynomial f(z) € k,[z] is also irreducible and therefore L/K

is unramified with respect to w. O

Remark 4.1.3. When I',, has a cofinal element, then any ¢ with vt cofinal in I',,
will satisfy the assumption of Proposition [£.1.2] This again relies on the observation
that each finite extension of K, generated by a root of ag + a1z + ... + a,z" can
also be generated by a root of ay”" + al/""z + ... + a/P" 2", for any m € N. In

particular, when I',, is of rank 1, then any ¢ € m,, will do.
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4.1.4 Taming perfectoid fields of mixed characteristic

We first record a coarsening lemma. Given a ring R with nilradical N = Nil(R),

we write Ryq for the reduced ring R/N.

Lemma 4.1.5. Let (K,v) be a valued field and @ € Og. Let w be the coarsest
coarsening of v such that ww > 0 and ¥ be the induced valuation on k,,. We will
then have that Oz = (0, /(®@))red-

Proof. By construction, we have that O = O,/m,. It suffices to show that
m,, = proj ' (Nil(0,/(w@))), where proj : O, — O, /(@) : x — x + () is the natural
projection map. If x € m,,, then vz > %-vw for some n € N. It follows that 2" =

mod (w), i.e., proj(z) € Nil(0,/(w)). Conversely, if proj(z) € Nil(0,/(w)), then
2" = 0 mod (w) for some n € N. It follows that vz > Zvw and therefore

T E my,. O

Lemma 4.1.6. Let (K, v) be an Ny-saturated mixed characteristic henselian valued
field. Let w be the coarsest coarsening of v such that wp > 0. Then (K, w) is a

henselian defectless field.

Proof. Let wqg be the finest coarsening of v of residue characteristic 0, Ag be the
minimal convex subgroup such that vp € Ag and A be the maximal convex subgroup

with vp ¢ A. Consider the standard decomposition below

K l—‘1J/AO A0/A kw A kv

K,

The following claim is well-known. We include a proof for completeness:

Claim: The valued field (k,,,®) is spherically complete.

Proof. Since I'yz = Ag/A has cofinality X, (being of rank 1), it suffices to show that
for any decreasing sequence of closed balls By O By O ... in (ky,, w), we have that
Mnen Bn # 0. Let b; € B; and r; € 'y be the radius of B;. Let a; € O, be such
that m,,(a;) = b; and ; € Ag be such that r; = v; + A. By Ry-saturation of (K, v),

we may realize the partial type
p(z) = {v(x —a;) > v;:i € N}

and thereby find a € O, such that v(a — a;) > ;. In particular, for all : € N, we
have w(a—a;) > v;+A and therefore wW(b—0b;) > r;, where b = m,,(a). Equivalently,
we get that b € N,en Bn- O ctaim
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Spherically complete fields are defectless by Theorem 11.27 [Kuh], so (k,,, W) is
defectless. The valued field (K, wy) is also defectless, being of equal characteristic
0. We conclude that (K, w) is also defectless, since the associated place P, is a

composition of defectless places. O

Proposition 4.1.7. Let (Kj,vg) be a henselian valued field of mixed characteristic
with O,/(p) being semi-perfect and I', being p-divisible. Let (K,v) be an ;-
saturated elementary extension of (Kjy, vg) and w be the coarsest coarsening of v
such that wp > 0. Then (K, w) is a tame field. If vgp is cofinal in T, then 'y, is

divisible.

Proof. By Lemma [1.1.6] the valued field (K, w) is henselian defectless. By Lemma
[1.1.5] we have Oz = (0,/(p))rea- Since O,/(p) is semi-perfect, so is O. It follows
that the residue field k,, = Frac(Oz) is perfect. Finally, the value group I'y, = I', /A
is p-divisible as a quotient of the p-divisible group I',,, where A is the maximal
convex subgroup of I', with vt ¢ A. We conclude that (K, w) is tame.

Suppose now that vgp is cofinal in I',,. Fix v € I', and n € N. Since I}, is
p-divisible and Z[%] is dense in Q, we deduce the following: For any ¢ € Q”°, we can
find v.,6. € I'y, with 0 <. < ¢e-wvp such that vy =n - . + .. By Ny-saturation of
I',, we see that for all v € I', we can find 7/ € I', and § € A such that v =n-+"+6.
It follows that I, = ", /A is divisible. O

4.2 Elementary Fontaine-Wintenberger

Keeping with our notation in §1.1.21} we write Ky and K7, for the ultrapowers of
K and K’ with respect to an ultrafilter U on N. The fields K;; and K7, naturally

inherit henselian valuations which we denote by v, and vf respectively.

Proposition 4.2.1. Let K be a perfectoid field with tilt K” and U be a non-
principal ultrafilter on N. There are valuations w and w” on Ky and K7, respectively,
such that (Ky,w) and (K}, w’) are tame, k, = k,» and with I',, & I, divisible.

. .. . ~
In particular, we have a canonical isomorphism Gk, = G K

Proof. By Lemma M(b), we may choose a pseudouniformizer ¢ in K” such that
0,/(p) = 0, /(t). It then also follows that

Ou, /(p) = (0u/(P))u = (O /(1)) = O, /()

Let w (resp. w’) be the coarsest coarsening of v, (resp. v”) with wp > 0 (resp.

w’t > 0). By Lemma §.1.5, we get that k, = Frac((O,,/(p))rea) and k,» =
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Frac((Ou, /(t))rea). Since Oy, /(p) = O, /(t), this yields k,, = k,». The ultrapowers
(Ky,v,) and (K},v°) are R;-saturated by Corollary 2.2 [Kei70]. By Propositions
4.1.2) and |4.1.7, we will have that (K, w) and (K}, w) are tame with divisible
value groups. It follows that Gk, = Gy, = Gr , =G K O

Profinite groups are classically construed as structures in the Cherlin-Dries-
Macintyre formalism [CDMS81|. The basic fact needed here is that for a given a
profinite group sentence o, there is a sentence o’ in Lyjngs such that G =0 <=
K E o¢'. In particular, if L = K, then G, = Gg.

Corollary 4.2.2. Let K be a perfectoid field with tilt K*. Then G = Ggos.

Proof. Let U be a non-principal ultrafilter on N. We then have that Gx = Gk, =
G Ky = G g», where the middle isomorphism follows from Proposition . n

4.3 Classical Fontaine-Wintenberger

4.3.1 K’ as a subfield of k,

We first remind the reader our usual setting. Let K be a perfectoid field with tilt
K’. Let U be a non-principal ultrafilter on N and (K, v,) be the corresponding
ultrapower. Let also w be the coarsest coarsenings such that wp > 0 and (k,,v)
be the associated residue field.

Recall that Oy = ((Ok/(p))v)rea and Op» = lim O /(p). We may thus represent
elements of Oy as (xg, 1, ...) where the z; € Ok /(p) are such that 2f ; = z;. We
exhibit K” as a relatively algebraically closed subfield of k.. In our upcoming work
with F. Jahnke we even prove that K” < k,. Here, for self-containment purposes,

we will only show the former (weaker) statement:

Proposition 4.3.2. There exists a valued field embedding (K”,v") < (k,,, ) such
that K’ is relatively algebraically closed in k.

Proof. Define the map
L: O — Op: (z0, 21, ...) — lirrlljxn + N

Claim 1: The map ¢ is an injective local ring homomorphism.
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Proof. 1t is clear that ¢ is a ring homomorphism. To see that ((my) C mg, note
that (xg,x1,...) € mys if and only if each z; is in the maximal ideal of O /(p). By
L.o§” Theorem, the latter condition implies that lim,,_; x,, is in the maximal ideal
of (Ok/(p))v and hence lim, .y x, + N is in the maximal ideal of Og.

We now argue that ¢ is injective. Assume lim,, .y z,, € N, so that (lim,,_y x,)™ =
0 for some m € N. Let S = {n € N: 2" = 0} and note that S € U by Lo$. Now
suppose that x,, # 0 for some ng. It follows that aP" " £ 0 for n > ny. Note

n

that [ng + log, m,00) NS € U. For any n € [ng + log,m,o0) NS, one obtains a

n—rng

contradiction since ™ =0 = 2" " = 0. U ctaim 1

The map induces an embedding of valued fields (K°,v") — (k,, 7). We let
t € Og» be such that Ok /(p) = Og»/(t). We may represent t as (0,7, 7o, ...) for
some 7, € Ok /(p) and set m = lim,,_y 7, + N. We also write 7,, for an arbitrary
lift of m, in Og. Note that ¢((t)) C (m) and therefore ¢ induces an embedding
O /(1) = Og/(m).
Claim 2: O /(t) = O5/(x).

Proof. Indeed, the embedding O /(t) < Og/(7) is elementary, being a composition

of the elementary maps below

O/ (1) = Orc/ () > (O () 2 T] O/ (7a) /U = 05/ ()

neN

Here ¢ is the usual diagonal embedding, which is elementary by Y.os. The isomor-

phism ¢ is constructed by patching the isomorphisms
O/ (Fn) = O /() s @+ (7n) = " + (p)

Finally, since N C (m), we have Oz/(7) = (Ok/(p))v/(7) = [lnen Ok /(7n)/U.

[ Claim 2

Now we argue that K’ is algebraically closed in k,. Consider a polynomial
f(X) € Oy [X] and suppose that f(a) = 0 for some a € Oy. Since K’ is perfect, one
may apply the generalized Greenberg’s approximation theorem due to Moret-Bailly
(see Corollary 1.2.2 [MB11]). It thus suffices to show that f(X) = 0 mod (V)
has a solution in Oy for every N € N. Equivalently, that f(X) =0 mod (")
has a solution for every N € N. Equivalently, that ®~ f(X) = 0 mod (¢) has a
solution in Oy, for every N € N. Here =% f(X) is the polynomial obtained from
fi by applying the N-th iterated inverse Frobenius map to its coefficients. Now
N f(X) =0 mod (7) has a solution in Oz, namely ®"(a). By Claim 2, we have
that Og»/(t) < Oz/(m) and the conclusion follows. O
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We henceforth use the above embedding to identify K° as a subfield of k,,. To
deduce the classical Fontaine-Wintenberger theorem, it suffices to show that the
isomorphism G, = Gy, restricts to Gx = Gg». In other words, we need to check
that the extensions of Ky coming from finite extensions of K are precisely those

which are obtained by lifting a finite extension of K”.

4.3.3 Small discriminants

Given a valued field (K,v) and a finite extension L/K, we will have that L =
Klz]/(f(x)), where f(z) € O,[z] is monic. Indeed, we may assume that f(x) € O,[z]
by making a change of variables of the form z +— xc. In order to make f(x) monic,
write f(z) = a,2™ + ... + a1z + ap. We now have "' f(z) = a”z" + ... + a" layz +

a"lag = X"+ ...+ a" a1 X + a” tag, where X = a,z.

Lemma 4.3.4. Let (K, v) be a perfectoid field with pseudouniformizer «o and L/ K
be a finite extension. Then L = K[z]/(f(x)), where f(z) € O,[z] is monic such
that 0 < v(disc(f)) < vw.

Proof. Let U be a non-principal ultrafilter on N and (K, v,) be the corresponding
ultrapower. Let w be the finest coarsening of v, such that ww > 0. By Propositions
4.1.2{and [4.1.7, LKy /Ky is unramified with respect to w and is therefore obtained
by lifting a finite separable extension [, /k,. Write I, = ky[z]/(f(x)), where

f(z) € ky[z] is a separable irreducible polynomial. We may further assume that

f(z) € Og[z] and that it is monic, by making a suitable change of variables, as we

explained above.

Let f(x) € Ou[z] be a monic lift of f(z) and note that f(z) € O,,[x]. We
will have that LKy = Ky[z]/(f(x)). We may write f(z) = lim;y fi(z), where
fi(x) € O,[z]. By Lo§’ s Theorem, we see that f;(x) is monic, irreducible over K and
L = K[z]/(fi(z)), for almost all . Since the discriminant of a polynomial is itself a
(homogeneous) polynomial in the coefficients, we see that 7, (disc(f)) = disc(f) # 0.
It follows that disc(f) € 0. Since f(z) € O,,[x], we get that v(disc(f)) € A=0. In
particular, by L.os” s Theorem, we see that 0 < v(disc(f;)) < vw, for almost all 7.

The conclusion follows. O
Given a monic f(z) € K[z] and a root r, observe that f'(r)? = disc(f).

Lemma 4.3.5. Let (K,v) be a henselian valued field with pseudouniformizer
w. Let f(z) = ap + ez + ... + 2™ € O,[z] be an irreducible polynomial with
0 < v(disc(f)) < vw and g(x) = a) + @z + ... + 2" € O,[x] be such that a) = q;
mod (w). Then K[z]/(f(x)) = Klx]/(g(x))-



76 4.3. Classical Fontaine- Wintenberger

Proof. Set L = K|[z]/(g(x)). It suffices to find @ € L such that f(«a) = 0. Recall
that the discriminant is a (homogeneous) polynomial in the coefficients. Since
0 <vw <wpand af = a; mod (w), we deduce that disc(g)? = disc(f) mod ().
Since 0 < v(disc(f)) < vew, it follows that v(disc(g)) = %v(disc(f)). Let g € L
be a root of g(z) and L' = K (). Since a = a; mod (w) and 0 < vw < vp, we

compute that

0=g(B)P = f(p?) mod (w)= f(f’)=0 mod (w)

Similarly, since ¢'(3)? = disc(g) and thus v(¢'(8)) = tv(disc(g)) = %v(disc(f)) <

1

3, VT, We get that

g By = f(8") mod (@) = v(f'(5") =p-v(g'(B))

We get that v(f(8”)) > vaw > 2v(f'(B?)). By Hensel’'s Lemma, we deduce the
existence of o € L' C L with f(a) = 0, which finishes the proof. ]

Let R be a ring and U be an ultrafilter on N. Let f(z) = ag+ a1z + ... + a,a™ €
Rylx] and f; = ap; + a1,@ + ... + an2" € Rlz], for i € N. We shall write

f(z) = lim;y fi(z) if ax = lim;_y ag,, for each k = 0,...,n.

Lemma 4.3.6. A finite extension L' of Ky is of the form LKp, for some finite
extension L of K, if and only if L' = Ky[z]/(f.(z)), where f.(z) = lim,;_y fi(z)
with f; € O,[z] such that 0 < v(disc(fy)) < vw and fii1(z)? = fi(r) mod wO,[z].

Proof. Suppose fi(x) = lim,; .y fi(x) with 0 < v(disc(fy)) < vw and fF 4 (x) = fi(x)
mod @wO,[z]. By Lemma [4.3.5] all fields L, = K|z]/(f.(z)) are isomorphic over
K. By Lo$’ s Theorem, it follows that Ky[z]/(f.«(z)) = Kylx]/(fo(x)). Coversely,
suppose L/K is finite and L' = LKy. By Lemma , we will have that L =
K[z]/(fo(z)), for some monic fy(z) € O,[z] with 0 < v(disc(f)) < vw. By Lemma
and induction, we also have L = K|[z]/(f.(x)), where f,(z) € O,[z] are monic
polynomials such that fr. ,(z) = f.(z) mod wO,[z]. Note that said polynomials
exist because O, /(w) is semi-perfect. Set f.(x) = lim,, .y f.(z), for some choice of

fn’s as above, and note that L' = Ky[z]/(f.(x)) by Los. O
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4.3.7 Finishing the proof

Throughout this section, we let (K, v) be a perfectoid field with pseudouniformizer
w. We also fix a non-principal ultrafilter U on N and write Ky for the corresponding
ultrapower. Recall that K is equipped with a valuation w, which is the finest
coarsening such that ww > 0, and that we have an induced valuation ¥ on the

residue field k,,. Moreover, the tilt K” sits inside k,, as an elementary substructure.

Proposition 4.3.8. Let (K, v) be a perfectoid field with pseudouniformizer w. Let
U be a non-principal ultrafilter on N and (K, v,) be the corresponding ultrapower.
Let w be the finest coarsening such that ww > 0. An extension L’ of K is of the
form LKy, where L/K is finite, if and only if it is a lift of some finite extension
lk,,, where /K" is finite.

Proof. By Lemma [1.3.6] we have L' & Ky [z]/(f.(x)), where f.(z) = lim;_y f;(z)
with f; € 0,[z] satistfying 0 < v(disc(fy)) < vw and f(z) = f;(z) mod wO,[x].
One sees that f,(r) € K’[x], where f, is the image of f, via 7,. Note that f,(z) is
separable (and irreducible) because v, (disc(f.)) € A, where A is the maximal convex
subgroup of ', not containing v,co. We conclude that disc(f.) = m,(disc(f.)) # 0
and that L' is a lift of k,[z]/(f.(x)).

Conversely, suppose we have a finite extension of the form K°[z]/(f(z)), where
f(z) € K’[x]. By making a change of variables, we may even assume that f(x) €
O [z]. Note that f(z) stays irreducible over k, because by Lemma we
have that K’ is relatively algebraically closed in k,. We now see that any lift
f(x) € Ky[z] of f(x) is of the shape described in Lemma and therefore the

corresponding extension of Ky comes from a finite extension of K. m

It is not difficult now to put all the pieces together. By Proposition [4.2.1]
every finite extension of Ky is unramified with respect to w and therefore we have
an equivalence of categories between Ky — fét and k, — fét. Note that K — fét
sits inside Ky — fét as a full subcategory. Explicitly, the finite extension L/K
gives rise to the composite extension LKy /Ky. Similarly, K > _ fét sits inside
k, — fét as a full subcategory, using Lemma By Proposition the
equivalence of categories between Ky — fét and k,, — fét restricts to an equivalence
between the full subcategories K — fét and K’ — fét. The above discussion is

summarized in the diagram below:

Ky — fét —— k,, — fét

T ]

K—fét = K° — fét
We have thus obtained:
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Corollary 4.3.9 (Fontaine-Wintenberger). Let K be a perfectoid field with tilt K°.

Then we have a canonical isomorphism Gk = G .

It would be of great interest to also recover the equivalence between the categories
of perfectoid spaces over K and K’ (Theorem 1.9 [Sch12a]) in a model-theoretic
fashion. We mention that there are already some interesting (unpublished) efforts

in this direction by Rideau-Scanlon.



Tamely ramified fields

Introduction

The material presented in this chapter is based on [Kar2lb]. In a way, tame
ramification is orthogonal to deep ramification, which was discussed in Chapter
Bl We want to clarify early on that the fields of interest in this chapter are not
tame fields. Indeed, far from it. Tame fields are fields which admit only tame
extensions. On the other hand, we will be interested in fields which are tame over
a base (an excellent DVR). The difference can be viewed as a bottom-up (rather
than a top-down) approach to tameness.

More concretely, we aim to understand the theories of tamely ramified extensions
of Q, and F,((t)), including the infinitely ramified ones. The scope of our results is
restricted to existential theories. We will obtain an abundance of explicit examples
of infinitely ramified extensions of Q, and F,((¢)) whose theory is existentially
decidable. The caveat is that a certain form of resolution of singularities is required.

Before we state our results, let us first state the precise form which we will use:

Conjecture R (Log-Resolution). Let X be a reduced, flat scheme of finite type
over an excellent discrete valuation ring R. Then there exists a blow-up morphism

f: X — X in a nowhere dense center Z C X such that
1. X is a regular scheme.

2. Xy = X Xgpecr Spec(R/mp) is a strict normal crossings divisor.

79
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Some background material related to resolution of singularities is provided in
§1.2.10, We obtain the following existential Ax-Kochen/Ershov principle, from
which all applications will be deduced:

Theorem 5.0.1. Assume Conjecture [R. Suppose (K,v) and (L,w) are henselian
with perfect residue fields and that they are tamely ramified over a valued field (F,vo)
with Op an excellent DVR. If RV(K) =3 gv(py RV(L), then K =3 L in Lyjngs.

It should be noted that our notion of a "tamely ramified extension" used in
Theorem [5.3.2] is not restricted to algebraic extensions but does indeed specialize to
the ordinary notion in the case of an algebraic extension (see . This level of
generality is essential for applications, even if one is merely interested in algebraic
tamely ramified algebraic extensions of Q, or F,((t) (see Remark [5.4.7). The
excellence condition on the discrete valuation ring O simply amounts to F /F being
separable (see §1.2.10). For example, this is the case for the valued fields (Q(t),v¢),
(Q, vp) or (Fy(t),v). In fact, all decidability consequences in §5.4) will be obtained by
specializing (F, vp) to one of the three examples mentioned above. Some background
material on the RV-structure associated to a valued field is provided in

The key ingredient in the proof of Theorem [5.3.2]is a certain form of Hensel’s
Lemma, which we call RV-Hensel’s Lemma. This is completely parallel to the
classical geometric version of Hensel’'s Lemma for smooth morphisms over henselian
local rings, saying that the existence of an integral point is equivalent to the
existence of a solution in the residue field. In general, the best one can hope for is
not smoothness but rather strict normal crossings. This necessitates a variant of
Hensel’s Lemma for morphisms having strict normal crossings. However, to ensure
the existence of an integral point, one must now require not just a solution in the
residue field but rather an RV-solution, i.e., more residual information is needed.
Most crucially, this only works when one of the multiplicities of the irreducible
components of X is not divisible by p, the residue characteristic of the base ring.
This condition plays well with tame ramification (as one might guess) and is the
reason why the scope of our results is restricted to that setting.

Theorem [5.3.2) specializes to well-known Ax-Kochen/Ershov results in residue
characteristic 0 and in the mixed characteristic unramified setting. Moreover, these
Ax-Kochen/Ershov principles hold not only for the existential theories but also
for the full-first order theories. The case of finite tame ramification in mixed

characteristic and with perfect residue fields was proved recently in Corollary 5.9

[Lee20] (see also Remark [5.3.7)).
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At the same time, Theorem [5.3.2] implies conditional existential decidability
results for I, ((¢)) and its finite extensions, which were already known by the work
of Denef-Schoutens [DS03]. Our proof does not use Greenberg’s approximation
theorem, which is an important ingredient in [DS03]. In fact, in the case of F,((%)),
the proof can be significantly simplified, as we explain in Although Conjecture
[R] is a more refined version of resolution than Conjecture 1 [DS03], the simpler
proof explained in uses only Conjecture 1 [DS03].

On the other hand, Theorem [5.3.2] applies also to the setting of infinite ramifica-
tion. We highlight the following application regarding the maximal tamely ramified
extension Q" (resp. F,((t)") of Q, (resp. F,((2))), which is of arithmetic significance:

Corollary 5.0.2. Assume Conjecture @ Then the field Q) (resp. F,((t)") is
existentially decidable in the language of rings (resp. Ly).

Ramification theory provides us with nice explicit descriptions for the fields
of Corollary (see Fact . More generally, we deduce Corollary ,
which can be used to generate plenty of other existentially decidable infinitely
ramified fields, both in mixed and positive characteristic (assuming Conjecture @
For instance, if £ # p is a prime, we get that Q,(p*/*") (vesp. F,((t)(t'/*™)) is
existentially decidable in the language of rings (resp. L;). We note that the case of
Q,(p'/P™) (resp. F,((#)'/?™), which was mentioned before, does not appear to be
amenable to the methods presented here and probably requires some new ideas.

Apart from decidability consequences, certain new existential Ax-Kochen/Ershov
phenomena become accessible (see . For example, if ¢ is a prime different
from p, one can deduce (modulo Conjecture @ that F, () (tV/¢") =1 F,((t"), the
latter being the Hahn series field with value group I'; = E%,OZ and residue field
F,. This should be contrasted with the classical example by Abhyankar, namely
the Artin-Schreier equation #? — z — 1/t = 0. This has a solution in the Hahn
field F,((t"»)) with value group I, = I%,OZ, namely x = 322 +~Y/?" but has no
solution in F,((¢))*/?”. Similarly, we have that Q,(p'/*™) is existentially closed in

any of its maximal immediate extensions.

5.1 Tamely ramified extensions

For valued fields (K,v) and (L, w), we shall abbreviate the residue fields by k£ and [
respectively, and the value groups by I' and A respectively. Although the notion
of a tamely ramified extension is usually defined within the context of algebraic
extensions, it will be essential for us to have an analogue for general (possibly
transcendental) valued field extensions. Such a definition is given by Endler on
pg. 180 |End72] and we follow his treatment.
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5.1.1 Algebraic tamely ramified extensions

We first review the usual notion of an algebraic tamely ramified extension:

Definition 5.1.2. (a) A finite valued field extension (L,w)/(K,v) is said to be
tamely ramified if [/k is separable and p 1 [A : I'], where p = char(k).
(b) An algebraic valued field extension (L, w)/(K,v) is said to be tamely ramified if

every finite subextension is tamely ramified.

Example 5.1.3. (a) The extension (Q,(p'/"),v,)/(Q,,v,) is tamely ramified if and
only if p {n.

(b) Any unramified extension of Q, or IF,((¢)) is automatically tamely ramified.

(¢) If £ is a prime different than p, then F,((¢))(t'/*”) is tamely ramified over F,((t)).

One can give an explicit description of the mazimal tamely ramified algebraic
extension of Q, and F,((t)), denoted by @}/ and F,((t))"" respectively:

Fact 5.1.4 (Corollary 1, pg. 32 [CF67]). We have that:
(@) Q) = Q" ({p"" : (p,n) = 1}) = Qp({Gu.p"/" : (p.m) = 1}).
(b) Fp((t)™ = Fp(&) ({t" « (p,n) = 1}) = Fp(t)({Ca, /" : (pim) = 13).

We stress that the notion of a tamely ramified extension defined above is subtly
different from the notion of a tame extension in [Kuh16b|. The difference is that
tamely ramified extensions are not required to be defectless. In many cases of
interest, the base field is defectless (e.g., a local field). For instance, this applies in
the treatment of tame ramification given in [Lan94], [CF67] and [Ser80]. This is
also the case for us here (see Fact [5.1.11)). Over such a defectless base, the notions
"tamely ramified" and "tame" coincide. We favor the use of tamely ramified rather
than tame extensions because the former readily extends in the transcendental

context and will be sufficient for our purposes.

5.1.5 Transcendental tamely ramified extensions

We now extend the notion of a tamely ramified field extension to the context
of transcendental valued field extensions. The need for this level of generality
is explained in Remark [5.4.7] First, recall that an extension of fields I/k (not
necessarily algebraic) is said to be separable if every finitely generated subextension
l1/k has a separating transcendence basis, i.e., a transcendence basis T' C [; such

that the extension [y /k(T') is separable algebraic.
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Definition 5.1.6. A valued field extension (L,w)/(K,v) is said to be tamely
ramified if [/k is separable, the quotient group A/T" is p-torsion-free, where p =
char(k).

Note that Definition [5.1.6] specializes to Definition in the case of an

algebraic extension.

Example 5.1.7. (a) Every valued field extension is tamely ramified when the
residue characteristic is zero.

(b) The valued field extension (Q,(p'/™),v,)/(Q,v,) is tamely ramified if and only
if ptn.

(c) Let F,((t")) be the Hahn series field with residue field F, and value group T.
Suppose 1 € T is a distinguished positive element and write ¢ for ¢'. The valued field
extension (F,((t")), v)/(F,(t), v;) is tamely ramified if and only if 1 is not p-divisible
inI'.

For the rest of the chapter, unless otherwise stated, a valued field extension

is said to be tamely ramified if it is tamely ramified in the generalized sense
of Definition [E.1.6]

5.1.8 Some comments on the defect
Definition
First let us recall some basic definitions. See §1 [Kuh10] for a more detailed overview.

Given a valued field (K, v) and a finite field extension L/K of degree n, let wy, ..., w,

be the extensions of v to L. We then have the fundamental inequality

T
n>>e-f;
i=1

where ¢; = e(w;/v) and f; = f(w;/v) are the ramification and inertia degrees
associated to w;/v. We say that the extension L/K is defectless if equality holds.

We also say that (K,v) is defectless if any finite extension as above is defectless.

Excellent vs Defectless

Let (F,v) be a valued field with valuation ring Op. We say that (F,v) is separably
defectless if any finite separable extension Fj/F is defectless. Likewise (F,v) is

inseparably defectless if any finite purely inseparable extension F/F is defectless.

Fact 5.1.9 (Theorem 3.3.5 [engprest|). Any discrete valued field is separably

defectless.
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However, when char(F) > 0, the valued field need not be inseparably defectless:

Example 5.1.10. Let (F,v) be as in Example [1.2.11, We see that F(y'/?)/F is

an inseparable immediate extension. In particular, it is not defectless.

Nevertheless, in the context of Theorem [5.3.2, our base ring O will in fact be

an excellent DVR. In this case, we record the following fact:
Fact 5.1.11. Let (F,v) be a discrete valued field. The following are equivalent:

1. (F,v) is defectless.

2. Op is excellent.

Proof. By Corollaire 7.6.6 |Gro65|, O is excellent if and only if it is a Japanese ring,
which is equivalent to (F,v) being defectless by Théoreme 2, pg. 143 |[Bou06|. [

5.2 RV-Hensel’s Lemma

5.2.1 Hensel’s Lemma

Motivation

Let X — SpecR be a smooth morphism, where R is a henselian local ring R with
residue field k. The classical geometric version of Hensel’s Lemma allows us to
lift k-rational points of X, to R-integral points of X (see e.g. Corollary 6.2.13
[Liu06]). Proposition is an analogue of this, for the case where X — SpecR
is not necessarily smooth but has strict normal crossings. In that case, one may
lift RV-points of X to integral points of X, at least when one of the multiplicities
of the irreducible components of X is not p-divisible, where p = char(x). For lack

of a suitable reference, we shall spell out the details.

Hensel’s Lemma for smooth morphisms
Recall the geometric version of Hensel’s Lemma for (locally) smooth morphisms:

Lemma 5.2.2 (Hensel’s Lemma for smooth morphisms). Let 7 : X — Y be a
morphism of schemes over a henselian local ring R with residue field x. Let P € Y (R)
and suppose that the induced r-rational point y € Y;(x) lifts to x € X(k) and
suppose that 7 is smooth at x. Then P lifts to an R-integral point of X, which

specializes to x.
Proof. See Corollary 6.2.13 [Liu06]. O

Remark 5.2.3 (Remark 6.2.14 |[Liu06]). Corollary 6.2.13 |Liu06| is stated with a
completeness assumption but henselianity is enough (cf. Proposition 2.3.5 [BLRI0]).
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5.2.4 RV-Hensel’s Lemma

Throughout this section, the ring R will be a DVR with uniformizer 7 and residue
field Kk = R/mR. We set p = char(k). We also have a henselian valuation ring
A extending R (typically non-discrete). We let m4 be the maximal ideal and
k = A/my4 be the residue field of A. Suppose X is a scheme over R. Given a
scheme-theoretic point x € X, (not necessarily closed), we write x € X, (k) if
there is a k-rational point of X, above x. This allows us to identify the residue
field k(z) = Ox,/mx, with a subfield of k. Given a € Ox,, we write @ for the
image of a inside k via this identification.

Proposition [5.2.6—which we call RV-Hensel’s Lemma—is the key ingredient in
the proof of Theorem [5.3.2, The proof of RV-Hensel’s lemma goes via an étale local
analysis of strict normal crossings around a point in the special fiber, eventually
reducing to Lemma [5.2.50 The case [ = 0 in Lemma [5.2.5 simply means that
there are no T;’s and gives the étale local picture around a closed point of the

special fiber. The presence of the T;’s is precisely to account for the non-closed

case. Recall the map ¢ : k¥ — RV(K™*) from §1.3.1}

Lemma 5.2.5. Let 0 < n < m and [ > 0 be integers. Let F(T) € &[Ty, ..., T})[T]
be separable and irreducible over k(T1,...,T;) and F(T) € R[T3,...,T;][T] be any

lift. Consider the affine scheme
Y = Spec(R[Xy, ..., X0, Th, .. T}, Z1)(Z - X7 - oo - X — m, F(Z)))

where e; € Z7° for i = 1,...,n and p{e;. Let y € Y, be the point corresponding to
the prime ideal (7, Xi, ..., X,,). Suppose y € Y,(k) and that there exist ay, ..., a, €
my such that «(Z) - rv(af - ...-aS*) = rv(r). Then Y has an A-integral point lifting
Y.
Proof. The point y € Y;(k) corresponds to a morphism of R-algebras

RX1, ... Xm,T1,... T, Z))(Z - X+ - ... - X — 7, F(Z)) — k

with kernel (7w, X1, ..., X,,,). Write t; = T; for the image of T} in k and note that the
t;’s are algebraically independent. Let f; € A be an arbitrary lift of ¢; and f(7)
the polynomial F(T) where we replace T; with ;. Likewise, the reduction f(T) of
f(T) modulo my is the same as F(T) with T} replaced by t;. It is also separable
since k(t1, ..., t;) = k(Ty,...,T;}) and f(Z) = 0. Hensel’s lemma allows us to choose
u € A* so that f(u) =0 and @ = Z. By assumption, there exist ay,...,a, € A such

that w-af -...-a%* =7 ¢, with ¢ € 1 + m. Since p 1 e;, Hensel’s lemma provides
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us with a € A* such that o = . Replacing a; with a; - @ gives us an A-integral

point P € Y(A) corresponding to a morphism of R-algebras
RX1, ... X, 11, .. T, Z)(Z - X3 - .. - X — 7w, F(Z)) — A

mapping X; — a;, T; — t; and Z +— u. One readily checks that P specializes to
y. n

Recall the definition of strict normal crossings in Definition [1.2.5(b).

Proposition 5.2.6 (RV-Hensel’'s Lemma). Let X — SpecR be a finite type
morphism having strict normal crossings at © € X;. Write 7 = h - 27" - ... - 2&»
in Ox4, where ¢; € Z7°, h € Ok, and {z1,...,x,} is part of a regular system of
parameters of X at . We further assume that x(z)/k is separable and p { e;.
Then X has an A-integral point lifting x if and only if z € X (k) and there exist

ai, ..., a, € my such that ¢(h) - rv(af' - ...-a%*) =rv(m) in RV(A).

Proof. 7 = 7 : Clear.

7 < 7 Shrinking X around z, if necessary, we may assume that X = Spec(B). We
may also assume that the x;’s are regular functions on all of X. Let p C B be the
prime ideal corresponding to z. Since k(z)/k is finitely generated and separable,
we may choose a separating transcendence basis, say {t1, ..., #;} (or ) in case z € X
is closed). Let f(T) € klty,...,t;][T] be irreducible and separable over s(ty,...,t;)
with f(h) = 0. Let {fi,...,4;} be a set of lifts in B,. By shrinking X further, one
may even assume that #,,...,7; € B. Let f(T) € R[f, ..., {;][T] be a lift of f(T).
Claim: There is a common étale neighborhood (U, u) of (X, z) and (Y,y), where
(Y,y) is as in Lemma [5.2.5

Proof. We pass to an étale neighborhood (U, u) of (X, z), where U = Spec(C') with
C = Blz]/(f(2)) and w is the point of U, corresponding to q = (p, z — k). To verify
the étaleness of (U, u) — (X, ) at u, observe that f'(z) ¢ q. Indeed, otherwise we
would have f’(h) = 0, which is contrary to the assumption that f(T') is separable.
Finally, note that (U,u) — (X, ) is residually trivial, i.e., K(u) = x(z). By Tag
02GU(8) |Stacks|, we see that (U,u) — (X, z) is étale at u. In particular, we get
that U is regular at u by Tag 025N [Stacks].

We introduce Y = Spec(R[ X, ..., X0, T, .., T), Z1 J(Z - XT* - .- XS — 1, F(Z))),
where F(T) € R[Tt,...,T}][T] is the same as f(T) but with #; replaced with T}.
Consider the morphism U — Y, which corresponds contravariantly to the ring
homomorphism sending X; + x;, T; — t; and Z — z. Note that Y is regular at

y € Y associated to the prime ideal (7, X1, ..., X,,) and that U — Y maps u to y.
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We claim that (U,u) — (Y,y) is étale at u. First, note that {Xi,..., X;,}
is a regular system of parameters of ¥ at y. This maps via Oy, — Oy, to
{1, 29, ..., 2, }, which is a regular system of parameters for U at u. We also need to
argue that x(u)/k(y) is finite separable. Indeed, we have a tower of finite extensions
k(u)/k(y)/Kk(t, ..., t;) with k(u)/k(t1, ..., t;) being finite separable. It follows that
r(u)/k(y) is also finite separable. Etaleness of (U, u) — (Y, y) may now be verified
using Lemma 2.1.4 [Nicl3]. O ctaim

We summarize the above in the following diagram

(U, u)

N

(Y. y) (X, z)
Note that y € Y;(k), corresponding to the morphism
RIX1, oo Xy Tn, o, T, Z))(Z - X - X8 F(Z)) — k

with X; — 0,7; — t; and Z — h (i.e., Z = h). Using our assumption, we may find
ai, ..., a, € my such that «(2) -rv(af - ... - a%) = o(h) - rv(af - ... - a®) = rv(7) in
RV(A). Lemma implies the existence of an A-integral point of Y lifting y.
Now apply Lemma to the morphism Uy — Yjy, induced from U — Y by base

change. The morphism Uy — Yy is étale at uy (by base change) and we get an

A-integral point of U lifting u. Finally, the latter induces an A-integral point of X
lifting . m

The assumption that one of the multiplicities not be p-divisible is necessary:
Example 5.2.7. Let R = F,[t] and A = F,[t'/?]. Consider
X = Spec(R[z]/(1 + ) - 2P — 1)

Let P be the point at the origin of the special fiber, corresponding to the maximal
ideal (z,t). Although, P € X,(F,) and a = t'/? has the property that rv((1+a)-a?) =
rv(t), one sees that X has no A-integral point lifting P. Indeed, this would yield
a solution of (1 + x) - 2P = t? in [, [t] with v;2 > 0. This would then imply that
1+ € F,[t*] and therefore x € IF,[t?]. Setting x = y* and taking p-th roots, we get
(1+y)-y?” =t, which is impossible since the left hand side has p-divisible valuation.
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5.3 Existential transfer for tamely ramified fields

5.3.1 Restating the main theorem

Theorem 5.3.2. Assume Conjecture [R. Suppose (K,v) and (L,w) are henselian
and tamely ramified over a valued field (F,vy) with Op an excellent DVR. If
RV(K) =3 rv(ry RV(L), then K =55 L in Lyings.

For the valued fields (K, v) and (L, w), we shall abbreviate the residue fields by
k and [ respectively, and the value groups by I' and A respectively. We write 7 for
a uniformizer of Op, K = Op/mOF for the residue field and p = char(k).

5.3.3 Geometric reformulation

We now reformulate our task in geometric terms. Using the disjunctive normal
form and replacing conjunctions A", fi(Xi, ..., X;n) # 0 with a single inequation
[T, fi( X, ..., Xin) # 0, every existential Lyngs(Op)-sentence is equivalent to a

disjunction of sentences of the form
¢ = Ele, ...,Xm<f1(X1, 7Xm) = ... = fn(X17 ,Xm) =0 and g(Xl, ,Xm) 7& 0)

for some f;(X1, ..., Xin), 9(X1, ..., Xin) € Op[Xq, ..., X;n] and n,m € N. It is enough
to focus on one such disjunct. We now define the affine Og-algebra

B = Op[X1, oo Xonl /(X1 s Xon)s oons (X1 ooy X))

and let X = Spec(B) be the associated affine scheme over Spec(Or). Let W C Xp
be the (basic) Zariski open subset of the generic fiber, defined by the extra condition
9(X1, ..., Xm) # 0. A witness of ¢ in Ok (resp. Op) corresponds to an integral
point P € X(Ok) whose underlying K-rational point satisfies P € W(K).
From the above discussion and by symmetry, it suffices to prove the following:

Theorem 5.3.4. Assume Conjecture [Rl Let (K,v) and (L,w) be valued field
extensions of (F,vg) with O an excellent DVR. Suppose that (K,v)/(F,vy) is
tamely ramified, (L, w) is henselian and that RV(L) = Tha gy RV(K). Let X be
a scheme of finite type over Op and W C Xr be a Zariski open subset. Suppose
there exists P € X(Ok) with Px € W(K). Then there also exists Q) € X (Or) with
QL € W(L)

Let also x € X, be the scheme-theoretic point (not necessarily closed) where P
meets the special fiber. The proof of Theorem ?? is divided into two steps:

1. We treat the case where X — SpecOp has strict normal crossings at = and

2. We treat the general case using Conjecture |R] and an inductive argument on

dim(X).
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Strict normal crossings

First assume that W = Xp and X — SpecOp has strict normal crossings. Since
X — SpecOp has strict normal crossings at z, there exists a regular system
of parameters {z1,...,2,,} in Ox, such that h-2f' - ... 25" = 7, where 7 is a
uniformizer of Op and h € O%,.

The point P corresponds to a local Op-algebra homomorphism Ox, — Ok

mapping f — f(P). Taking valuations in the equation
h(P) -zt (P)-...-x"(P)=m

and noting that h(P) is a unit in O, yields
> e vz(P) =wor
i=1

Since I'/Zvm has no p-torsion elements, we get that p 1 e;, for some i € {1,...,n}.
Suppose p 1 e;, without loss of generality. Moreover, we have that k(x)/k is
separable because k/k is separable and x € X(k). Now we may assume that L is
|K|*-saturated as an Lgy-structure. Since RV(L) |= Ths gy (s RV (K), this furnish
us with an embedding p : RV(Of) — RV(0) over RV(Or) and a compatible
embedding of residue fields p : k — [. In particular, we get x € X () and that

there exist ay, ..., a, € my such that ¢«(p(h)) - rv(af - ... - af") = rv(w). Proposition

applies to give us an Op-integral point of X specializing to x.

Reduction to strict normal crossings

Our analysis of the general case follows the line of reasoning of the proof of Theorem
4.3 [DS03]. Let X be a scheme of finite type over O and W C Xp be Zariski
open. We shall argue by induction on dim(X) that if there exists P € X(Ok)
with Px € W(K), then there also exists @ € X(0p) with Q, € W(L). The base
case dim(X) = 0 holds vacuously because there cannot exist P € X (Og) when
dim(X) = 0. We only need to explain how the inductive step works.

We shall argue that it is enough to assume that X is integral and affine. We may
first assume that X is reduced by passing to its reduced underlying scheme. To see
this, note that O is reduced and therefore the integral point P : Spec(Og) — X
factors (uniquely) as Spec(O) L, Xied — X. We have an equality | X | = | Xred]
of underlying topological spaces and P'(nx) = P(nk), where ng is the generic
point of Spec(O). In particular, we have P'(nx) € W. It would then suffice to

prove the inductive step for X,.q in place of X, so that we may assume X = X,
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to begin with. We may then assume that X is irreducible, replacing X with
one of its irreducible components which contains the scheme-theoretic image of
P : Spec(Og) — X. Finally, replacing X with an affine neighborhood allows us
to assume that X = Spec(B), where B is an integral domain, which is a finitely
generated Op-algebra with O — B injective (here Op — B corresponds to the
structure morphism X — Spec(Op)).

It follows that B is a torsion-free Op-module and therefore flat by Tag 0539
[Stacks|. By Conjecture @, we will have a blow-up morphism f : X — X with
X — SpecOp having strict normal crossings and f an isomorphism outside a
nowhere-dense closed subscheme Z C X, the center of f. If Px € Zk(K), then
P is an integral point of Z and since dim(Z) < dim(X), the conclusion follows
from our induction hypothesis. Otherwise, we will have that Px € Xp(K) — Zp(K)
and Py lifts to Py : Spec(K) — X, using that fp: Xp — Xp is an isomorphism
outside Zp C Xp. By the valuative criterion of properness, the integral point P

lifts to an Og-integral point of X as in the diagram below

SpecK VSN e

>
S
| >

SpecO g X

By the analysis of the strict normal crossings case, one also gets an O-integral point
of X. Now W — Zp is a Zariski dense open subset of Xp. To see this, note that
W, X — Zr C X are non-empty and X is irreducible. By Theorem 2.4 [DS03|,
the O -integral point of X can be chosen so that its underlying L-rational point
is in fot(W) — fz'(Zp), which is a Zariski dense open subset of Xp — fr'(Zr),
as fr is an isomorphism outside Zp and W — Zp is a Zariski dense open subset
of Xp. This point induces an Op-integral point of @ € X(0,) with @ € W(L)

via composition with f, which is what we wanted to show.

5.3.5 Some remarks on Theorem [5.3.2

Remark 5.3.6. By Fact[1.2.12] Conjecture [R]holds when the residue characteristic
is 0 and the above proof becomes unconditional. In that case, it becomes automati-
cally true that Op excellent (see Corollary 8.2.40(c) |Liu06]) and that the valued
field extensions are tamely ramified (see Example [5.1.7(1)). Therefore, one recovers
the existential version of Ax-Kochen/Ershov in residue characteristic 0. In [Denl6],
Denef manages to recover the full first-order Ax-Kochen/Ershov theorem in residue

characteristic 0 using weak toroidalization of morphisms.
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In the case of finite tame ramification in mixed characteristic and when the
residue fields are perfect, the full first-order version of Theorem has been
proved unconditionally by J. Lee:

Remark 5.3.7 (see Corollary 5.9 [Lee20]). When (K, v), (L, w) are henselian valued
fields, finitely and tamely ramified over (Q,v,) with perfect residue fields, then J.
Lee proves unconditionally that RV(K) = RV(L) implies K = L in Lyjpgs.

Our proof did not use the assumption that F' admits no defect extensions inside
K (resp. L), which is part of the definition of a tamely ramified extension (see

5.1.2)). The reason is that (F,vg) is automatically defectless (see §5.1.8)). If O is
not assumed to be excellent and K, L are only tamely ramified in the weak sense of

Endler [End72|, then the conclusion of Theorem does not necessarily hold:

Example 5.3.8. Let R be the DVR that was introduced in Example [I.2.11] for
which there exists a € R such that o'/? € R — R". Set K = Frac(R"), L = Frac(R)
and F' = Frac(R). We have that K #5p L, although RV(K) =gy RV(L) (see

Lemma [1.3.3)).

5.4 Applications

5.4.1 Decidability

Motivation

In Remark 7.6 |[AF16], the authors write:

"At present, we do not know of an example of a mixed characteristic henselian valued
field (K,v) for which k and (I', vp) are 3-decidable but (K, v) is I-undecidable." The
existence of such an example is demonstrated in Remark 3.6.9 [KK]. However, if
we restrict ourselves to the tamely ramified setting and require that (K,v) admits
a cross-section extending a cross-section of (Q,v,), we indeed get such an Ax-
Kochen /Ershov style statement in Corollary (modulo Conjecture . In fact,
Corollary is stated in a uniform fashion in all characteristics.

Existential Ax-Kochen/Ershov

For the sake of simplicity and concreteness, we take our base field (F, vg) to be any
of the valued fields (Q(¢), v:), (Q,v,) and (F,(¢),v:). The associated valuation rings
are indeed excellent DVRs (see Corollary 8.2.40 [Liu06]). The equal characteristic
0 and unramified mixed characteristic versions of Corollaries [5.4.2] and [5.4.6] are

well-known. However, in this level of generality, the mixed characteristic and

positive characteristic versions are new.
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Corollary 5.4.2. Assume Conjecture [R. Suppose (K,v) and (L,w) are henselian
valued fields tamely ramified over (Q,v,) (resp. (F,(t),v:) or (Q(t),vt)). Suppose
(K,v) and (L,w) admit cross-sections that restrict to the same cross-section of
(Q,v,) (resp. (Fy(t),ve) or (Q(t),vy)). If k =31 in Lyngs and (I',vp) =3 (A, wp) in
Loag (resp. (I, vt) =3 (A, wt)), then K =3 L in Lyygs (resp. Ly).

Proof. We focus on the mixed characteristic case—the proof applies verbatim to
the other two cases. Let (L*, w*, s}) be a |K|*-saturated elementary extension of
(L,w, sp) in the language Lakg (see notation). In particular, the residue field [* and
the value group A* are themselves |k|T-saturated and |T'|*-saturated respectively.
Since [ = Thak and (A, wp) = Tha(T, vp), we get a field embedding p : k < [* and
an embedding of pointed ordered abelian groups o : (I', up) — (A*, w*p).

The structure (RV(K), ®, -, <,1,00) (resp. (RV(L*),®, -, <,1,00)) described in
is isomorphic to the structure ((k* x I') U {oo}, @, -, <, 1,00) (resp. ((I** x
A*)U {0}, ®, -, <, 1,00)) via the identification described in . Moreover, these
identifications are compatible with the identification of (RV(Q), ®, -, <, 1, 00) with
((Fx x Z) U {oo},®, -, <,1,00), as the cross-sections of K and L* extend the one
of Q. The maps p and o combine to give us an embedding of RV-structures
RV(K) < RV(L*) over RV(Q). Reversing the roles of K and L, we deduce that
RV(K) =3 rv(g) RV(L) and the conclusion follows from Theorem [5.3.2] O

The cross-section condition of Corollary cannot be omitted, as the following

example shows:

Example 5.4.3. Take p # 2 such that 2 ¢ (F))* (e.g. p = 3). Let (K,v) =
(Q,(p'/?),v,) and (L,w) = (Q,((2p)*/?),v,). It is clear that k = | = F, and
(T',op) = (A,wp) = (Z,2). On the other hand, we have that K #3 L in Lyigs.
Indeed, if p'/? € L this would imply that 2 € (F})?.

This should be contrasted with the unramified case, where the cross-section
condition may be dropped. The equal characteristic 0 and mixed characteristic
parts of Remark are well-known. The (conditional) part (b) of Remark
can also be deduced from the method of Denef-Schoutens [DS03], although it is

not explicitly mentioned in their paper:

Remark 5.4.4. (a) When (K, v) is unramified, meaning that vp (resp. vt) is the
smallest positive element of I', there is always an elementary extension admitting a
cross-section which extends the standard cross-section n +— p™ (resp. n +— t") of
(Q,v,) (resp. (Fp(t),v:) or (Q(t),v)). This follows from Proposition 5.4 [Dril2].
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In particular, one can drop the cross-section condition in Corollary in the
unramified setting.

(b) Assuming Conjecture [R} we deduce that if (K, v) is a henselian valued field
extending (F,(t),v;) with k¥ = F, and (I',vt) =3 (Z,1) in Ly, with a constant
for the value of ¢, then K =3 F,((t)) in L;. It is worth noting that the condition
(I',vt) =5 (Z,1) is simply equivalent to asking that v¢ be minimal positive in I" (cf.
Corollary 1.6 [Wei90]).

Remark 5.4.5. If we do not ask for (K, v) and (L, w) to be tamely ramified over
(Q,v,) (resp. (F,(t),v:)), the conclusion of Corollary may fail (see Example
5.4.12).

Corollary 5.4.6. Assume Conjecture @ Suppose (K,v) is henselian and tamely
ramified over (Q,v,) (resp. (Fp(t),v:) or (Q(t),v:)). Suppose (K,v) admits a cross-
section that extends a cross-section of (Q,v,) (resp. (Fp(t),v:) or (Q(t),v:)). Then
K is existentially decidable in Lygs relative to k in Lyjgs and (I, vp) in Lye, with

a constant for the value of p (resp. t).

Proof. We again focus on the mixed characteristic version. Assume k (resp. I') is
existentially decidable in Lyigs (resp. Loag With a constant for vp). Consider the
Lakg-theory

T = Hen U Tyes U Tyy U Diagy (Q)

where Hen is the usual axiom-schema capturing Hensel’s Lemma and

Tres = {® € Lyings : ¢ existential and k |= ¢} U {¢ € Lyings : ¢ universal and k |= ¢}
and

Tve = {¢ € Loagwp : ¢ existential and I' = ¢}U{¢p € Loagvp : ¢ universal and I' = ¢}

and Diagy (Q) is the atomic diagram of Q in K in Lakg. By our assumptions on k
and I', we have that the above axiomatization is recursive.

Claim: For every existential or universal sentence ¢ € Lyiygs, we have T' |= ¢ <=
K E ¢.
Proof. If T |= ¢, then clearly K |= ¢. For the converse, suppose that K |= ¢ and let

(L,w,s) = T with residue field [, value group A and cross-section sy : A — L*.
Note that A/Zwp has no p-torsion elements, using that (A, wp) =3 (I, vp) and that
I'/Zvp has no p-torsion elements. Since (Q,v,) is defectless and [/F,, is separable,
we deduce that (L, w)/(Q,v,) is tamely ramified. Since L |= Diag,(Q), we have
that s;, and sk restrict to the same cross-section of (Q,v,). By Corollary , we
see that L = ¢. U ctaim
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In particular, the theory T is ezistentially complete with respect to Lyings,
meaning that for every existential sentence ¢ € Lyjngs either T = ¢ or T' |= —¢p. A
brute-force enumeration of all proofs from the axioms of T' now yields an effective

procedure for deciding whether K = ¢, for any existential sentence ¢ € Lyjngs. [

Remark 5.4.7. Even if (K, v) is algebraic over (Q, v,), the model (L, w) constructed
in the proof of Corollary will generally be highly transcendental, the residue
field { will also be highly transcendental and A will be of rank greater than 1. It is
therefore essential—even if one is merely interested in algebraic extensions—that

we have proved Theorem [5.3.2]in this level of generality.

Once again, the cross-section condition cannot be omitted from Corollary [5.4.6]

We provide a counter-example in equal characteristic 0:

Example 5.4.8. For each a € 2¥, we define an equal characteristic 0 valued
field K, as follows. Set (K, v:) = (Q2((t)),v¢) and ma) = t. We now define
inductively:
1/2 12 .

(1) Kam) = Kam-1)(T,(,_1y) and Ta(m) = 7,y if a(n) =0 or
(2) Ko = Kan-1)((2 Ta(u-1)"?) and o) = (2 Ta@-1)"/? if a(n) = 1.

More succinctly, for n € N we have that K,y = Q2(()((2% - t)¥/?"), where
a, = S35 ak) - 28 We let Ky = Unen Ko@) For every a € 2¢, we have that
(K4, vy) is henselian, being an algebraic extension of (Qq((t)), v;). It has value group
(T, vp) = (Z%Z, 1) and residue field k, = Qy, both of which are decidable. Indeed,
the former is decidable using results by Robinson-Zakon [RZ60] and the latter is
decidable by Ax-Kochen/ Ershov.ﬂ

If « # 3, then K, #3 Kp in L;. Indeed, suppose that K, =3 Kz and let
n € w be least such that a(n) # B(n) and say a(n) = 1. We would then have
a,b € K, such that a2" = 2% - ¢ and b*" = 28+ - . Tt follows that ¢*" = 22",
where ¢ = ¢. Reducing this equation over the residue field k, = Qo, we get
2" = 922" = 2. 9,¢ = 1, which has no solution in the value group Z of Q,. We
conclude that K, #3 Kz in L,. Since 2“ is uncountable and there are countably

many Turing machines, there must exist an o € 2* such that K, is 3-undecidable

in Lt.

'The former needs some explanation: Let T be the theory in Lgag that requires of I' that it is
regularly dense, that [I": 2I') = 1 and [ : pI'] = p for any prime p > 2. By Theorem 4.4 [RZ60]
(see also the proof), T' is model-complete in Loag U {P,, : n € N} (where P,(z) <« Jy(ny = z))
and also complete. Consider the expansion Loag U{P, : n € N} U {1} and the theory 7", which in
addition asks that 1 > 0 and that p{1if p > 2. It is clear that 7" is still model-complete and that
(5%7Z,1) is a prime model of 7”. The decidability of (57, 1) in Loag follows.
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Remark 5.4.9. The algorithm provided by the proof of Corollary is effective
only in theory, meaning that it is very difficult to implement in practice. A similar
remark applies to the proof of Denef-Schoutens [DS03] (see Remark [5.5.7|(b)). In
§5.5, we will present an alternative (conditional) proof of the existential decidability

of F,((t)), which becomes effective once an effective desingularization algorithm in

positive characteristic becomes available (see Remark [5.5.7|(b)).

Proof of Corollary

Among the fields that are existentially decidable, the maximal tamely ramified
extensions of Q, and F,((t)) occur naturally in ramification theory and are of

arithmetic significance.

Corollary 5.4.10 (Ramification fields). Assume Conjecture . Then the field fo
(resp. Fp((t)") is existentially decidable in Lyiygs (resp. Ly).

Proof. From Fact , one sees that both of these fields have residue field F,, and
value group Zp). The field F, is decidable in Ly, and (Zp), 1) is decidable in Lo,
with a constant symbol for 1. The latter is an application of Robinson-Zakon [RZ60]
(cf. footnote . Moreover, the field Q) (resp. F,((t)") admits a cross-section
mapping v — p? (resp. v — t7). The conclusion follows from Corollary [

Other examples include Q,(p'/*™) and F,((¢))(t'/*"), where £ is a prime different

from p. These are again existentially decidable in Ly, and L; respectively.

5.4.11 Taming Abhyankar’s example

For an application of a different kind, we present a tame variant of the following
famous example due to Abhyankar [Abh56]. Tt is also presented by Kuhlmann
in Example 3.13 [Kuhl11] in relation to the defect:

Example 5.4.12. Let (K,v) = (F,((t)Y?,v;) and (L,w) = (F,(#)),v;) be the
Hahn series field with value group I', = p%,oZ and residue field F,. We observe
that RV(K') Sy, @) RV(L) but (K,v) #3r, () (L, w) since the Artin-Schreier
equation z¥ — x — 1/t = 0 has a solution in L but not in K. Note that both K, L
admit a cross-section which sends v +— t7. This example therefore demonstrates
why Corollary is not true without the tameness assumption.

Our version of Abhyankar’s example is obtained by replacing p-power roots of ¢

with ¢-power roots and exhibits a totally different behaviour (as expected):
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Example 5.4.13. Fix any prime ¢ # p. Consider the valued fields (K,v) =
(F,(#) (), v;) and (L, w) = (F,((t7)),v;), with the latter being the Hahn series
field with value group I'y = 77 and residue field F,,. We observe that RV(K) =
RV(L) and by Theorem we get that (K,v) =35 (/e (L, w), for all n € N.
It follows that K =i L in Lyings.

Remark 5.4.14. Similarly, we have that Q,(p*/*”) is existentially closed in every

maximal immediate extension.

5.5 Revisiting Denef-Schoutens

5.5.1 Overview of Denef-Schoutens

In Theorem 4.3 [DS03], Denef-Schoutens proved the existential decidability of IF, (%))
in L;, assuming resolution of singularities for schemes over fields (Conjecture 1

[DS03]). We state Conjecture 1 [DS03] below for the convenience of the reader:

Conjecture 1. Let X be a reduced scheme of finite type over a field k. Then there
exists a blow-up morphism f: X — X in a nowhere dense center Z C X such that

X is reqular.

Using Conjecture [I, Denef-Schoutens reduce the problem of existential decid-
ability of F,((¢)) in L; to the problem of deciding whether a given scheme Y of
finite type over F,[t] has an F,[t]-integral point (see the proof of Theorem 4.3
[DS03]). They solve the latter using an effective Greenberg approximation theorem
(Theorems 3.2, 6.1 [BDLD79]). In particular, they prove unconditionally that the
positive existential theory of F,[t] is decidable in L; (Proposition 3.5 [DS03]).

5.5.2 Comparison with Denef-Schoutens

Assuming Conjecture [R], our Theorem [5.3.2] also implies the existential decidability
of F,((t)) in L, (see Corollary [p.4.6). Moreover, by Remark [5.4.4|b) we have a simple
system of axioms which captures the existential theory of F,((¢)) in L;. Note that
our proof does not make use of Greenberg’s approximation theorem. On the other
hand, Conjecture [R] is more refined than Conjecture [II We shall now provide a
simplified proof in the case of F,((t)), which only relies on Conjecture [I}
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5.5.3 Simplified proof for F,((?)

We refer to Appendix 77 for background material related to computational algebraic
geometry. Let X be a given affine scheme of finite type over F,[t] and W a given
Zariski open subset of the generic fiber (Xo)g, ). Our task is to decide whether
there exists P € X,(F,[t]) such that P, € W(F,((t))), where P, is the underlying
F,((t)-rational point. We note that X and W may be viewed as algorithmic
inputs in the sense of [[.2.15]

We shall also write X = Xg Xgpec(r, ) Spec(Fp[t]) for the base change via
Spec(F,[t]) — Spec(F,[t]) and X, for the special fiber.

Non-singular case

Our proof relies on the observation that one can avoid using the effective Greenberg
approximation theorem to check if X has an F,[t]-integral point, in case X is
reqular at all points x € X,. Instead, one can use a more elementary fact. Since we
were not able to find a reference for Proposition in published literature, we
shall spell out the details. We do mention however that Proposition follows
easily from Proposition 2, pg.61 [BLR90].

Proposition 5.5.4. Let R be a DVR with residue field x and f : X — SpecR be
a morphism of finite type. Let P be an R-integral point of X, meeting the special
fiber at # € X,(k) and suppose that X is regular at z. Then f is smooth at .

Proof. By the definition of a smooth morphism (Definition 4.3.35 [Liu06]), it suffices
to show that f : X — SpecR is flat at x and that X, is smooth at x, as an algebraic
variety over . To this end, we may assume that X is the local scheme Spec(A),
where A is a regular local ring (by replacing X with Spec(Ox )).

Claim 1: The morphism f is flat at x.

Proof. Since A is a regular local ring, it is also an integral domain (Proposition
4.2.11 |Liu06]). Since X admits an R-integral point, we get that f : R — A is
injective. We conclude that A is a torsion-free R-module and therefore flat (see Tag
0539 [Stacks]). U craim 1

An integral point P : SpecR — X corresponds to a section of f : X — SpecR.
The maps f and P induce ring homomorphisms f* : R/mg — A/m4 and P* :
A/my — R/mpg such that P* o f* = id. The latter condition means that P* is
surjective. On the other hand, a ring homomorphism between fields is always

injective, whence P*: A/my = R/mp = k is an isomorphism. Since R is a DVR,
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we may consider mg/m#% as a 1-dimensional k-vector subspace of m4/m?, spanned
by 7 + m%, where 7 is a uniformizer of R. One may extend {7 + m%} to a basis of
ma/m?, say {m +m?, z; + m%, ..., x, + m4} with x; € my.

Claim 2: The scheme X, is smooth at z.

Proof. Let B=A®g R/mp = A/mA be the local ring of the special fiber at z. We
will then have that {z; + m%,...,x, + m%} is a k-basis for mp/m%. By flatness, we
get that dim(B) = dim(A) — 1 (Theorem 4.3.12 [Liu06]) and therefore that the
local ring B is regular, i.e. X is regular at x. Since k(z) = k, we get that X is
smooth at x (Proposition 4.3.30 |Liu06]). O Gtaim 2

]

We refer to Definition [1.2.16, which allows us to view affine schemes of finite

type (over a computable base ring) as algorithmic inputs.

Corollary 5.5.5. There exists an algorithm to decide whether a given regqular affine

scheme Xo of finite type over Fp[t] has an F,[t]-integral point.

Proof. We keep our notation from ; X = Xo Xgpec(®,[1)) Spec(F,[t]) and X
is the special fiber of Xy, which is also identified with the special fiber of X.
Say Xo = Spec(A) where A =TF,[t,x1,....,xn)/(f1, ..., fs) with fi € F,[t, x1, ..., T
Any F,[t]-integral point of X, corresponds to an F,[t]-integral point of one of
its irreducible components. Since we may effectively compute the irreducible
components of Xy (see Fact [L.2.17|(a)), this allows us to further assume that Xj is
irreducible. Since X is already reduced (being regular), we have that X is integral.
For any =z € X, we have that X is regular at x if and only if X is regular at
x (see Tag 0BG6(2) [Stacks]). Together with our assumption, this gives that X is
regular at all points x € X,. Now X, has finitely many IF,-rational points, the set
of which is computable by brute-force. It is therefore enough to check whether a
given x € X (F,) lifts to an F,[t]-integral point. By Proposition and Hensel’s
Lemma (Corollary 6.2.13 [Liu06|), we equivalently need to check if X — Spec(F,[t])
is smooth at z.
Claim 1: We can effectively check if X — Spec(F,[t]) is flat at z.

Proof. Equivalently, we need to see if t is a zero-divisor in A. Since A is an integral
domain, we need to check if ¢t = 0 in A (i.e., if Xy = X,). Equivalently, we need to
check if the generic fiber (Xo)g, ) = Spec(F,(t)[x1, ..., Tm]/(f1, .-, fs)) is non-empty.
Equivalently, we need to see if (f1, ..., fs) = (1) in F,(¢)[x1, ..., xm]/(f1, .., f5), which
can be checked effectively by Fact [1.2.20] O Claim 1
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Note that X = Spec(F,[z1, ..., 2]/ (f1, s [5)), Wwhere f;(z1, ..., 2) = fi(0, 21, ...
Finally, we have the following:

Claim 2: We can effectively check whether z is a smooth F,-rational point of X.

Proof. This can be done by using the Jacobian criterion for smoothness (Theorem
4.2.19 |Liu06]). More precisely, one needs to check if rank(J,) = m — dim, X,

where J, := (%(x))lgigs’lgjgm. To this end, we note that:

1. The number rank(./J,) is computable by Gauss elimination.

2. The number dim, X, is also computable. One needs to compute the ir-
reducible decomposition Xy = U, X; using Fact [1.2.17|(a) and calculate

max,ey, dim X; using Fact [1.2.17(b).

[ Claim 2

Claim 2 finishes the proof. n

General case

We now sketch the case where X is a general affine scheme over F,[t]. This follows
again by induction on dim(Xj). If dim(Xy) = 0, then X, cannot possibly have
any F,[t]-integral points. For the inductive step, we first view Xy as a scheme of
finite type over F, via Xq — Spec(F,[t]) — Spec(F,). As in the proof of Corollary
, we may assume that X is reduced, by computing effectively (Xg)rea (see Fact
1.2.17(a) and Remark and replacing Xy with (Xo)ea. We may therefore take
X to reduced and W a non-empty Zariski open subset of the generic fiber (Xo)g, -
We note that the case W = () can again be checked effectively: If W¢ =V (J) and
(Xo)r, ) = V(I), it suffices to calculate v/.J (Fact (a)) and check if [ = J
(see Fact . In that case, the output of our algorithm is that there does
not exist P € Xo(F,[t]) with B, € W(F,(1)).

Now Conjecture [I] provides us with a blow-up morphism Yy — Xj in a nowhere
dense center Z C X, with Yj regular. The center of such a blow-up can be calculated
by brute-force, as explained in Remark 4.1 [DS03]. The affine charts of Yy can be
computed explicitly from the blow-up ideal. Using Corollary for each affine
piece separately, one may then check if Y = Y{ Xgpecqr, 1)) SPec(F,[t]) has an F,[t]-
integral point. Moreover, if Y has an F,[t]-integral point, its underlying rational
point is also a regular point of Y, using that the regular locus Reg(Y) is open in Y.

Arguing as in the proof of Theorem 4.3 [DS03], we see that there are two scenarios:

) Tn)-
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1. Either Y(F,[t]) # 0, which implies the existence of P € X(F,[t]) with
P, € W(F,(%)) (using Theorem 2.4 [DS03|) or

2. The problem is reduced to the lower-dimensional scheme Z, which can be

solved by our induction hypothesis.

Remark 5.5.6. (a) In Theorem 4.3 [DS03], Denef-Schoutens desingularize the
generic fiber of X. As a consequence, the scheme Y produced in the proof of
Theorem 4.3 [DS03] has regular generic fiber but Y need not be regular at points
y € Y;. On the other hand, by desingularizing Xy, our scheme Y (and hence Y')
is regular at all y € Y;. This simplifies the task of deciding whether Y (F,[t]) = 0,
because of Corollary [5.5.5]

(b) The state of the art in desingularization theory allows the present method to
work unconditionally for dim(Xy) = 3, whereas the method of [DS03| works for
dim(X,) = 4. This is an unfortunate consequence of desingularizing X instead of
the generic fiber of X.

Remark 5.5.7. (a) One defect of this method, besides the one mentioned in
Remark [5.5.6(b), is that it does not provide us with an unconditional proof of the
decidability of the positive existential theory of F,[t] in L,.

(b) One advantage of this method is that once an effective desingularization algorithm
is known in characteristic p, the above proof can be converted into an actually
effective (not merely theoretically terminating) algorithm. On the other hand, the
effective Greenberg approximation theorem used by Denef-Schoutens (see Theorem
3.1, Remark 3.3 |[DS03]) is only effective in theory, as it ultimately relies on the
brute-force algorithm explained in the proof of Theorem 6.1 [BDLDT79).

5.6 Local uniformization

The result of this section was stated and sketched in the first version of [Kar21b).
We explain how local uniformization—a local form of resolution of singularities—
suffices in order to prove the existential decidability of F,((¢)) in L;. Using local
uniformization, we will show the following existential Ax-Kochen/Ershov principle,

from which the existential decidability of F,((¢)) in L; follows easily:

Proposition 5.6.1. Assume local uniformization in positive characteristic. Let
(K,v) and (L,w) be henselian valued fields over (F,(t),v;) with residue field F,,.
Suppose further that vt (resp. wt) is minimal positive in I" (resp. A). Then
K =3r5,) L in Lyjngs.

Similarly to the decidability results obtained in §5.4.1] the resulting algorithm
is highly impractical. For this reason, is still relevant.
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5.6.2 Background

For a concise overview on the problem of local uniformization, see §1 [TemO8b].
More detailed accounts may be found in [Spi20] and [Kuh00]. Kuhlmann’s survey

[Kuh00] also draws connections with the model theory of henselian fields.

Center of a valuation

To give a precise form of local uniformization, we need the notion of center of

a valuation on an integral scheme over a field:

Definition 5.6.3. Let X be an integral scheme over k. Consider the function
field k(X) and let V' C k(X) be a valuation ring. The set {z € X : V C

Ox, and my N Ox, = mx,} is called the center of the valuation at X.

The center of V' is a closed irreducible subscheme of X, i.e., a scheme-theoretic
point of X, but may well be empty. For instance, it is empty when X = Spec(k|t])
and V' C k() is the valuation corresponding to the point at infinity (i.e., V' = kly](y)
with y = 271). When the center of V at X is non-empty, we say that V is centered
at X. Note that in the case X = Spec(A), this happens precisely when A C V.
In that case, the center is the closed irreducible subscheme of X corresponding

to the prime ideal ¢ = A N my of A.

Formulation

We now define the notion of local uniformization along a valuation and subsequently
state the precise form of local uniformization. Our exposition follows §3.5 [Spi20],

where more historical details can be found.

Definition 5.6.4. Let X be a integral scheme over a field k and V' C k(X) be
a valuation ring centered at X. A local uniformization of X along V' is a proper

birational morphism f : Y — X such that V is centered at a non-singular point of

Y.

Note that a resolution of singularities f : ¥ — X, i.e., a proper birational
morphism with Y regular, readily gives a local uniformization of X along any

valuation ring V' centered at X. We are now in a position to formulate the conjecture:

Conjecture 5.6.5 (Local Uniformization). Let X be an integral scheme of finite
type over a field £ and V' C k(X)) be a valuation ring centered at X. Then there

exists a local uniformization of X along V.
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Zariski [Zar40| has established local uniformization over fields of characteristic 0.
As with resolution of singularities, the problem of local uniformization in positive
characteristic is wide open. Temkin’s inseparable local uniformization [TemO8b|
achieves local uniformization up to an inseparable alteration. This means that
the map f is not necessarily birational but there is still some control over the
induced function field extension, namely k(Y")/k(X) is finite and purely inseparable.
Interestingly enough, there is also a somewhat orthogonal result, due to Kuhlmann-

Knaf [KKO09|, which achieves local uniformization up to a separable alteration.

5.6.6 F,((t) and local uniformization

A valuative warm-up

It will be useful to analyze what local uniformization says in terms of V-integral
points, where V' is a valuation ring. Fix an integral scheme X over a field k, a
valuation ring V' with Frac(V) = K and suppose that we are given a dominant
morphism P : SpecV — X. In particular, since P is dominant, one sees that
k(X) C K and V induces a valuation on k(X) with valuation ring V; = k(X) N V.
Assuming local uniformization of X along Vi and using the valuative criterion
of properness, we get a proper birational morphism f : ¥ — X and a lift P :

SpecV — Y of P as in the diagram below

SpecK VN e

3 .7
| >l

SpecOx —2— X
such that P(my) is non-singular, being the center of V; at Y.

Proof of Proposition [5.6.1

We now explain the proof of Proposition [5.6.1] from which the existential decidability
of F,((t)) in L; (modulo local uniformization) follows routinely. We first prove an
easy generalization of Proposition 5.5.4}

Proposition 5.6.7. Let R be a DVR with uniformizer m, residue field x and
f : X — SpecR be a morphism of finite type. Let also R C S be a local ring
extending R such that mg = 7S5 and P be an S-integral point of X, meeting the
special fiber at a closed point = € X,. Suppose that X is regular at = with x(x)/k

separable. Then f is smooth at x.
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Proof. By the definition of a smooth morphism (Definition 4.3.35 [Liu06]), it suffices
to show that f: X — SpecR is flat at x and that X, is smooth at z, as a scheme
over k. To this end, we may assume that X is the local scheme Spec(A), where A
is a regular local ring (by replacing X with Spec(Ox,)).

Claim 1: The morphism f is flat at z.

Proof. Since A is a regular local ring, it is also an integral domain (Proposition
4.2.11 [Liu06]). Since X admits an S-integral point, we get that f : R — A is
injective. We conclude that A is a torsion-free R-module and therefore flat (see Tag
0539 [Stacks]). U ctaim 1

An integral point P : SpecS — X gives rise to a commutative diagram

A
N
R = S

Note that m ¢ m% because otherwise we would have that = € m%, which is contrary

to our assumption that mg = w.S. We thus consider mR/m% as a l-dimensional
k(z)-vector subspace of m4/m?, spanned by 7 + m?, where 7 is a uniformizer of R.
One may extend {7 +m?%} to a basis of ms/m%, say {7 +m%, z; +m?, ..., x, + m?%}
with z; € my.

Claim 2: The scheme X, is smooth at z.

Proof. Let B=A®g R/mr = A/mA be the local ring of the special fiber at z. We
will then have that {z; + m%,...,x, + m%} is a k-basis for mp/m%. By flatness, we
get that dim(B) = dim(A) — 1 (Theorem 4.3.12 |Liu06]) and therefore that the
local ring B is regular, i.e. X is regular at z. Since k(z)/k is separable, we get
that X is smooth at = (Proposition 4.3.30 [Liu06]|). O clgim 2

O

As in §5.3.3 we may reformulate our task in geometric terms. Let X be a
scheme of finite type over F,[t]) and W a given Zariski open subset of the generic
fiber X, (). Suppose that we have P € X(Og) with P, € W(K). We aim to show
that there is Q € X(0) with @, € W(L). Arguing as in §5.3.3] we may assume
that X is integral and that T is non-empty. We proceed by induction on dim(X).

First assume that P : SpecOx — X is dominant. We may view X as a
scheme over I, by X — SpecF,[t]) — SpecF,. Now local uniformization provides
us with a proper birational map f : Y — X, so that SpecOx — X lifts to

SpecOx — Y as in the diagram below
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SpecK — Y

!

SpecO}( X

and with P(mg) being a regular point of Y (cf. . By assumption, we have
that wt is minimal positive in A, which is equivalent to my = tO,. Proposition
now applies to show that the integral point P € Y (Ok) meets the special fiber
at a point y € Y, such that Y — SpecF,[t]) is smooth at y. By Hensel’s Lemma,
y can also be lifted to an Op-integral point of Y. Moreover, Theorem 2.4 [DS03|
implies the existence of Q € Y(0) with Q, € f~'W(L). Finally, precomposing
with f, we see that Q induces Q € X(Op) with Q, € W(L).

Finally, if P : SpecOg — X is not dominant, then P is an integral point of a
closed subscheme Z C X, where Z = {£} and ¢ = P(ng). Since X is integral, we

see that dim Z < dim X and the conclusion follows from our induction hypothesis.



The theory of all p-adic fields

Introduction

The material presented in this chapter is based on [Kar2la]. Let L, « be the
language of valued fields with a cross-section (see §1.3.5). Ax-Kochen [AK65] and
independently Ershov |[Ers65] showed that Q,, equipped with the normalized cross
section s : n +— p", is decidable in L, x. More generally, we showed in that
every finite extension of @, is also decidable in Ly, x, for a suitable choice of a
cross-section . Combining the results of [AK65] with the theory of pseudofinite fields,
Ax showed in Theorem 17 [Ax6§| that the (asymptotic) theory of {Q, : p € P} is
decidable in Ly, « and also that the (asymptotic) theory of {Q,((,) : p { n}, namely
the collection of all finite unramified extensions of Q,, is decidable in Ly, x. Recall
that the asymptotic theory of a class € of L-structures is defined to be the set of
sentences ¢ € L which are true in all but finitely many M € C.

In sharp contrast, we have that F,((t)) is undecidable in Ly, «. This was already
known to Ax (unpublished) and an elementary proof was given later by Becker-Denef-
Lipshitz [BDL80], which was also reworked by Cherlin in §4 [Che82]. Pheidas [Phe87]
generalized the result for k((t)), where k is an arbitrary field of characteristic p, and
showed that already the ezistential Ly, «-theory is undecidable. The decidability
problem for [F,((¢)) in the language of rings Lynes is still an open problem.

An important related open question in mixed characteristic is whether Th({ K :
[K : Q] < oo}), i.e. the theory of all finite p-adic extensions, is decidable.
This question was first raised (in print) by Derakhshan-Macintyre in §9 [DM22]
for the language of rings Lyings. In Theorem 9.1 [DM22], they showed that the

105
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theory of adele rings of all number fields in L,gs is decidable if and only if
Th({K : [K : Q,] < 00}) is decidable in L,j,gs, for each prime p. It is also natural
to consider Th({K : [K : Q,] < oo}) in any of the standard expansions L of Lyings
(see e.g., pg. 20-22 |Der20]), and ask whether it is decidable (Problem 6.2 [Der20]).

In the present chapter, we resolve negatively the asymptotic version of this prob-
lem in the presence of a cross-section. While each individual finite p-adic extension

is decidable in Ly, «, the asymptotic theory of all of them is less well-behaved:

Theorem 6.0.1. The asymptotic Ly x-theory of {K : [K : Q,] < oo} is undecid-
able.

We note that for each K with [K : Q,] < oo there are many choices of a cross-
section and any such choice will lead to an undecidability result (see Convention
. By carefully keeping track of quantifiers, we will prove in that already
the asymptotic 3V-theory of {K : [K : Q,] < oo} is undecidable in Ly, «.

The key idea of the proof will be to use highly ramified p-adic fields to
approximate [F,((¢)) a la Krasner-Kazhdan-Deligne (see Section and then adapt
Pheidas’ proof of the undecidability of F,((¢)) in Lya « (see [Phe87]). In more detail,
the proof of Theorem [6.0.1] consists of the following steps:

1. Encode the asymptotic theory of totally ramified p-adic fields, i.e., the
asymptotic theory of {K : [K : Q)] = e(K/Q,) < oo} (see the proof of

Theorem [6.3.7)).

2. Observe that Ok /(p) = F,[t]/(t°), for K/Q, totally ramified of degree e, and
thereby encode the asymptotic theory of {F,[t]/(t") : n € N} in L, with a
predicate for powers of ¢ (see Corollary [6.1.7)).

3. Encode the asymptotic theory of truncated fragments of (N;0,1,+,],) (see
§6.2.2)), where m |, n if and only if n = p® - m for some s € N.

4. Show that the latter is undecidable by encoding the Diophantine problem of
(N;0,1,+,1,) (see §628).

We note that Derakhshan-Macintyre had already suggested that the difficulty
in understanding the (asymptotic) theory of p-adic fields must lie in unbounded
ramification (see the last paragraph of [DM22]). This is precisely the ingredient
that makes the transition to positive characteristic work and is the reason why this
asymptotic class exhibits a different behavior from the two asymptotic theories

mentioned in the first paragraph of the introduction.
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6.1 Local field approximation

6.1.1 Motivation

A powerful philosophy, often referred to as the Krasner-Kazhdan-Deligne principle
(due to [Krab6], [Kaz86] and |Del84]), says that a highly ramified p-adic field
K (e.g., K = Q,(p"™) with n large) is in many respects "close’ to a positive
characteristic valued field. Although this is reflected in many aspects of K, perhaps
the most elementary one is that the residue ring Ok /(p) "approximates" a positive
characteristic valuation ring (see Lemma Remark . Our goal in this
section will be to prove Corollary [6.1.7 which will serve as a bridge between Pheidas’
work in positive characteristic and our problem in mixed characteristic (see .

6.1.2 Computations modulo p

Let K/Q, be a finite totally ramified extension of degree n, with value group I' and

residue field k. For completeness, we record here the following computation:

~

Lemma 6.1.3. For each uniformizer 7 of O we have an isomorphism Og/(p)
F,[t]/(t"), which maps the image of 7 in O /(p) to the image of ¢ in F,[t]/(t").

Proof. Write Ok = Zy|r|, where 7 is a root of an Eisenstein polynomial E(t) =
t" + an,_1t" 1+ ... + ag € Z,|t] (see Proposition 11, pg.52 [Lan94]). In particular,
we have that a; = 0 mod pZ, and the reduction of E(t) modulo pZ, is equal to
E(t) =t" € F,[t]. We now compute

Ok /(p) = Zp[t)/ (p, E(1)) = Fp[t]/(E(1)) = Fyp[t]/ (")

and observe that the above isomorphism sends 7 + (p) to ¢ + ("). O

Remark 6.1.4. If K, 7 are as above, then Og/(7") = Ox/(p) = F,[t]/(t") =
F,[[[t]/(t") and Kazhdan says that K is n-close to F,[[t]] (see §0 [Kaz86]). In what
follows, it will indeed be useful to think of Ok /(p) as being very close to F,[[t]] for

large n (see[6.2.1)).

Residue rings

For each n € N, we view I, [t]/(t") as an L; U P-structure, where L, is the language
of rings Lyings together with a constant symbol for ¢ and P is a unary predicate,
whose interpretation is the set {0,1,¢,...,t""'}. Note that we have tacitly replaced
the equivalence class t* + (") with #*, which is harmless and common when dealing

with truncated/modular arithmetic.
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Interpreting F,[t]/(t")
As a consequence of Lemma [6.1.3] we obtain:

Proposition 6.1.5. Let K/Q, be totally ramified of degree n € Nand s : I' — K*
be a cross-section. The structure F,[t]/(¢") in L; U P is 3V-interpretable in K in
the language L, x. Moreover, the reduction map ¢ — ¢a, does not depend on K

or the choice of s.

Proof. Let v be the minimal positive element in I'. It is definable by the V-formula

in the free variable v € I" written below
7> 0AVS € T70%y <6)

henceforth abbreviated by (v minimal positive).
We now define a 1-dimensional interpretation Ay of F,[t]/(t") in K. Take
Oa, () to be the formula z € O. The reduction map on unnested atomic formulas

is described as follows:

1. If ¢(x) is the formula x = 0 (resp. = = 1 and = = t), we take ¢a, ()
to be the formula Jy € O(x = py) (resp. Jy € O(z = 1 + py) and Iy €
I'[(v minimal positive) A (x = s(7))]).

2. If ¢(z,y) is the formula z = y, we take ¢a, (z,y) to be the formula 3z €
O(x =y + p2).

3. If ¢(z,y,2) is x oy = 2z, then we take ¢a, to be the formula Jw € O(z oy =

z 4+ pw), where ¢ is either - or +.

4. If ¢(z) is the formula z € P, we take @a, () to be the formula Iy € T'=%(z =

s(7))

The coordinate map fa, : Ox — F,[t]/(t") is the projection modulo p, given by
Lemma [6.1.3] The isomorphism O /(p) = F,[t]/(t") identifies 7 with ¢ and the
image of s(I'2°) in Ok /(p) is equal to {0,1,¢,...,t" '}, via the above identification.
One readily checks that the above data defines an 3V-interpretation of the L, U P-
structure Fp[t]/(t") in the Ly, «-structure K.

Finally, the reduction map ¢ — ¢a, does not depend on K, because of the
inductive construction of the reduction map (see Proposition and the fact
that ¢ — ¢, does not depend on K when ¢ is any of the unnested atomic formulas
listed above. [
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Convention 6.1.6. For the rest of the chapter, fix once and for all a choice of a
cross-section si : I' — K™, for each finite extension K of Q,. For each such K, a

cross-section does indeed exist and corresponds to a choice of a uniformizer for Og.

Corollary 6.1.7. The asymptotic existential Ly U P-theory of {F,[t]/(t") : n € N}

is Turing reducible to the asymptotic existential-universal Lq x-theory of {K : [K :

Q] = e(K/Qp) < oo}

Proof. For K/Q, totally ramified of degree n, let Ax be the interpretation of the
L, U P-structure F,[t]/(t") in the Ly, «-structure K, provided by Proposition [6.1.5]
The reduction map of Ax does not depend on K and will simply be denoted by
¢ = Pa.

Claim: For any existential ¢ € Senty,,p, the sentence ¢ is equivalent to an

dV-sentence.

Proof. For sentences ¢ of the form Jxi(x), where 1(x) is a quantifier-free formula
without negations, this follows from the fact that Ak is an FV-interpretation.
We may therefore focus on formulas ¢ (z) of the form f(z1,...,2m,t) # 0 (resp.
f(z1, ...y xm,t) ¢ P). Such a formula is logically equivalent to = f(x1, ..., T, y) =
0Ny =t (resp. =f(z1,..., Tm,y) € PAy=1t). Now =(f(x1, ..., Tm,y) = 0)a (resp.
=(f(x1, ..., ®m,y) € P)a) is universal and (y = t)a is existential-universal. The

conclusion follows. U claim

For any ¢ € Senty,,p and any totally ramified extension K/Q, of degree n, we
have that F,[t]/(t") = ¢ <= K |= ¢a. For any given n € N, there are finitely
many totally ramified extensions K/Q, of degree n (Proposition 14 [Lan94]). It
follows that

F,[t]/(t") = ¢ for almost all n € N <=

K = ¢a for almost all K with [K : Q,] = e(K/Q,) < o

The conclusion follows from the Claim. O

6.2 Truncations of (N;0,1,+,|,)

6.2.1 Motivation
Pheidas’ work

In Theorem 1 [Phe87|, Pheidas showed that the Diophantine problem for (N; 0,1, +, |,
) is undecidable. The proof goes by defining multiplication via a positive existential

formula and using Matiyasevich’s negative solution to Hilbert’s tenth problem
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[Mat70]. In Lemma 1(c) [Phe87|, it is shown that the Diophantine problem for
(N;0,1,4+,|,) can be encoded in the existential theory of F,((¢)) in L, with a predicate
P for {0,1,¢,t%,...}. Tt follows that the latter is also undecidable.

Plan of action

Our intuition that F,[t]/(¢") approximates FF,[t] when n is large, suggests that
we can adapt Pheidas’ strategy and show that the asymptotic existential theory
of {IF,[t]/(t") : n € N} is also undecidable in L, U P. This will be established
in Proposition [6.3.2] and in combination with Corollary will pave the way

for proving Theorem [6.0.1] in Section [6.3.6]

6.2.2 p-divisibility

The notion of p-divisibility was introduced by Denef in [Den79a], in order to show
that the Diophantine problem of a polynomial ring of positive characteristic is
undecidable. Given n,m € N and p € P, we write n |, m if m = p°n, for some s € N.

Let us also write L,_4, = {0, 1, +,|,} for the language of addition and p-divisibility.

Encoding |, in F,[t]/(t")
The following result is due to Pheidas:

Lemma 6.2.3 (Lemma 1(a) [Phe87]). Let n,m € N with 0 <n <m. Thenn |, m
if and only if there exists a € F,[t] such that ™ —¢" =a? —a™ .

Remark 6.2.4. If n |, m, then the proof of Lemma 1(a) [Phe87] provides a =
(t—n'p571 + t_n.p572

formulation of Lemma 1(a) [Phe87], so that the witness a has positive valuation.

... +t™)71. Note that we have slightly rephrased the original

We shall use a truncated version of Lemma [6.2.3] whose proof is identical,

modulo some additional bookkeeping:

Lemma 6.2.5. Let n,m, N € N with 0 <n <m < N/3. Then n |, m if and only
if there exists a € F,[t]/(t") such that a?(t" — ™) = t"t™(1 — a?~!) and o’ # 0
in F, 1]/ (")

2

Proof. » = 7: Let a = (t7"7" 4¢P 4 t7)"L € F,[t]. After clearing
denominators in Lemma , we get that a?(t™ —t™) = t"t™(1 — a?!). Reducing
the equation modulo tV, yields o (" — t™) = t"t™(1 — a?~1), where « is the image
of a in F,[t]/(t") = F,[t]/(tY). Note that v;a®® = 3m < N and thus o® # 0 in
Ry ft]/(1).
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7«7 Let n = p"k and m = p'i with p{k,i. Let a be as in our assumption and
a € F,[t] be a lift of a. Since o # 0, we get that v,a? < N/3. We will have by
assumption that t™™ — ¢ = @ — a~! + t¥""""2q7?, for some z € F,[t]. Set
e =tV "2a7P and note that v;e > 0 because m,n,v;a? < N/3 and v,z > 0. By
Lemma 1 [Phe87], we may find ay,as € F,[t] such that t ™ —¢% = a;? — a7 and
7 —t7" = ay” — ay'. We compute that
th—tF=W—b+te

where b =a"' + a7’ —ay "

We claim that ¢+ = k. Otherwise, the left hand side must have negative valuation.

Since v;e > 0, this forces the right hand side to have p-divisible valuation. This is
contrary to the fact that p{ i, k. It follows that i = k and thus n |, m. O

Interpreting I, in F,[t]/(t")

Motivated by Lemma [6.2.5] we introduce for each n € N the L,,_ 4, U {oco}-structure
I, = ({0,1,....,n — 1,00};0,1, 00,4, |,), where:

o For z,y € I,,, we have z |, y if y = p°z for some s € Nand 1 < z,y < n/3.

e The operation @ : I, x I, — I, stands for truncated addition, i.e. given
z,y € {0,1,...,n—1} we have that t®y = z+y if x+y < n and oo otherwise.

Moreover, co @z = 2 & oo = oo for all z € {0,1,...,n — 1, 00}.

Proposition 6.2.6. For each n € N, there is an 3-interpretation I',, of the L,_ g4, U
{oo}-structure I, in the L; U P-structure F,[t]/(¢"). Moreover, the reduction map
¢ — ¢r, does not depend on N.

Proof. Take Or, (x) to be the formula € P. The reduction map of I';, on unnested

atomic formulas is described as follows:

1. If ¢ is the formula x = 0 (resp. x = 1, z = oo and x = y), we take ¢r, to be

the formula z = 1 (resp. x =t, z = 0 and =z = y).
2. If ¢(z,y, 2) is  +y = z, then we take ¢r, (z,y, z) to be the formula z -y = z.

3. If ¢(z,y) is the formula z |, y, we take ¢r, (x,y) to be the formula 3z(2P(x —
y) =z y(l =27 AP #£0),
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The coordinate map fr, : {0,1,¢,...,t" '} — I, is equal to v|p, i.e., the valuation
map v restricted on P. Condition (3) of Definition is readily verified for
unnested atomic formulas of type (1). For the formula described in (2), one has to
use the isomorphism of monoids (P,-,1) = ({0,1,....,n—1,00},®,0). Using Lemma
6.2.5, one also verifies it for the unnested atomic formula of type (3). We deduce
that I',, is an interpretation. It is clear from the description of the reduction map
on unnested formulas that I',, is existential.

Finally, the reduction map ¢ — ¢r, does not depend on n € N, because of the
inductive construction of the reduction map (see Proposition and the fact
that ¢ — ¢r, does not depend on n when ¢ is any of the unnested atomic formulas
listed above.

O

Corollary 6.2.7. The (resp. asymptotic) Ly, _qi, U {o0}-theory of {1, : n € N} is
Turing reducible to the (resp. asymptotic) Ly U P-theory of {F,[t]/(t") : n € N}.

Proof. Immediate from Proposition [6.2.6 O]

6.2.8 Undecidability of fragments

Using the undecidability of the Diophantine problem over (N;0,1,+,|,) (Theorem
1 [Phe87]) as a black box, we shall prove that the asymptotic existential theory
of {I, : n € N} is also undecidable.

The proof becomes more transparent by using matrix norms. Recall the maxi-
mum absolute row sum norm ||- ||, on the set of all matrices over R, which is defined
as || Alloo = maxi<ijcm Y7y |aij, for A € My, (R). One readily checks that ||- || is
both sub-additive and sub-multiplicative, meaning that ||A+ Bllco < ||Allco + || Bl|co
and ||A - Blleo < ||A]lco - [| B|so, Whenever the operations are defined. Note also that
when A = (ay,...,a,)" € Myx1(N), we have ||Alo = max{a; : i =1,...,n}.

For A = (a;;) and B = (b;;) in M,,»,(N), it will be convenient to use the

notation A |, B, which means that a;; |, b;; for each 1 <i <mand 1 <j <n.

Proposition 6.2.9. The asymptotic existential L,,_ 4, U{oco}-theory of {/,, : n € N}
is undecidable. Moreover, let T' be the subtheory consisting of sentences ¢ of the
form 3z (x), where © = (x4, ...,x,) and ¥(zx) is a conjunction of a quantifier-free
formula without negations with a formula of the form A ; Nx; # oo, for some
N € N. Then T is undecidable.
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Proof. We shall encode the Diophantine problem of (N;0,1,+,]|,) in 7". Let ¥ be
an arbitrary system in variables x = (21, ...,2,)" € Myx1(N) of the form

{Alx + bl = AQX + b2 (E)

A3X + b3 |p A4X + b4
where A; € M,,x,(N) and b; € M,,»1(N). Consider also the formula (z) €

Formyp, associated with the system ..

p—div

Claim: We have that

(N; 0,14, |,) | 32¥(x) <= T = Jo(X(2) /n\ 3Mz; # )

=1

where M = maxj<;<a{[|Ai|loo + [|bi|loo}-

Proof. "=": Consider a witnessing tuple ¢ = (ci, ..., ¢,)" € Myx1(N). If ¢ = 0, then
the conclusion is clear. Otherwise, consider m = ||c|lo = max{c;:i=1,...,n} >1
and choose N € N such that N > 3- M - m. Using the sub-additive and sub-

multiplicative properties of || - ||oo, we see that

[Aic +billee < [[Aillscllclloc + Ibilloe < m - ([Ailloe + [[Dilloc) < M -m < N/3

for i = 1,...,4. In particular, we get that both & and |, specialize to their ordinary
counterparts in N and that ¥(c) holds true in Iy, viewing ¢ as a tuple in I}. Each
conjunct 3Mx; # oo also holds true for ¢; because 3M¢; < 3M -m < N.

'<": Let ¢ = (c1,...,cp) " € I% be a witness of the sentence 3z (X(z) AL, 3Mx; #
o0), for some N >3- M. Since 3Mc¢; # oo, we get that ¢; < N/3M fori=1,...,n.
We therefore get that

N N
Aje + byl < || A; b; (4 bille) < — M =N
14ic +billoe < [ Aillooliclloo + billoc < 577 - (IAilloe + [Ibillc) < 577 /3

for i = 1,...,4. In particular, we get that both & and |, specialize to their ordinary

counterparts in N. The corresponding tuple in N” is the desired witness.  Uegpim

The conclusion follows from the fact that the Diophantine problem over (N; 0,1, +, |,
) is undecidable (Theorem 1 |[Phe87]). O
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6.3 Proof of the main Theorem

6.3.1 Truncated polynomial rings

Proposition 6.3.2. The asymptotic existential L;UP-theory of {F,[t]/(t") : n € N}

is undecidable.

Proof. Let T be as in Proposition [6.2.60 We shall argue that the asymptotic
existential L; U P-theory of {F,[t|/(t") : n € N} is Turing reducible to 7. The
conclusion will then follow from Proposition [6.2.9] Let I',, be the J-interpretation
of the L,_4i, U {oo}-structure I,, in the L, U P-structure F,[t]/(t"), provided by
Proposition [6.2.6, The reduction map of I';, does not depend on n € N and will
simply be denoted by ¢ — ¢r. Since T, is existential, whenever 1(x) is a quantifier-
free L,_4i, U {oo}-formula, the formula p(z) is an existential formula. Moreover,
from the description of the reduction map on unnested atomic formulas (see the proof
of Proposition [6.2.6), we have (A7_; Na; # 0o)r = Ay (Nz; # 00)pr = ANy zl¥ # 0.
It follows that T' is Turing reducible to the asymptotic existential L; U P-theory of
{F,[t]/(t") : n € N}. m

6.3.3 Totally ramified extensions

Proposition 6.3.4. The asymptotic IV-theory of {K : [K : Q,] = ¢(K/Q,) < oo}

is undecidable in Ly, «.
Proof. This follows from Corollary and Proposition [6.3.2] O

Remark 6.3.5. (a) The same proof applies verbatim to any infinite collection of
totally ramified extensions of Q,, e.g., {Q,((») : n € N} or {Q,(p'/") : n € N}.
(b) We do not know if the asymptotic existential theory of {K : [K : Q,] =
e(K/Q,) < oo} is decidable or not in Ly, «.

6.3.6 Finite extensions

Theorem 6.3.7. The asymptotic IV-theory of {K : [K : Q] < oo} is undecidable

i Lygl,x -

Proof. Let T be the theory in question and T}, be the asymptotic theory of
{K:[K:Q,] =e(K/Q,) < oo} in Ly, with a cross-section. We shall encode T,

in T'. Given an dV-sentence ¢, we see that

Tt ¢ = TE(k=F)—¢
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The formal counterpart of (k = F,) — ¢ is logically equivalent to an 3V-sentence. It
follows that the asymptotic existential-universal Ly, x-theory of {K : [K : Q,] < oo}
is Turing reducible to the asymptotic existential-universal Ly, «-theory of {K : [K :
Q,] = e(K/Q,) < co}. The conclusion follows from Proposition [6.3.4] O

6.4 Final remarks

6.4.1 Lval VS Lrings

In view of [CDLM13| and by possibly increasing the complexity, one may replace
L1« with the 1-sorted language of rings Lyings together with a unary predicate P

for the image of the cross-section in K. We need to use the following;:

Fact 6.4.2 (Theorem 2 |[CDLM13]). There is an 3V-formula ¢(z) in L, such that
Ok = ¢(K) for any henselian valued field K with finite or pseudo-finite residue
field.

Remark 6.4.3. In fact, Theorem 2 [CDLM13] is about the existence of an existential
formula in Lyg U Py, where PS(x) = Jy(z = y* + y). However, any existential

sentence in Lyings U PQAS is equivalent to an JV-sentence in Lyings.

By Fact [6.4.2] the asymptotic theory of {K : [K : Q,] < 0o} in Ly, with a cross-
section can be encoded in the asymptotic theory of {K : [K : Q,] < 00} in Lyjngs U P.
By Theorem [6.0.1} the latter is undecidable. Our use of the cross-section/predicate

formalism is essential and we do not know whether the (asymptotic) theory of
{K : [K : Q)] < oo} is decidable in Lyjgs.

6.4.4 Residue rings and F,((?))

If the (asymptotic) theory of {K : [K : Q,] < oo} is decidable in L,i,gs, then by
Corollary this would also yield a positive answer to the following question:

Question 6.4.5. Is the (asymptotic) theory of {F,[t]/(t") : n € N} decidable in

Lrings?

Observation 6.4.6. The asymptotic existential theory of {F,[t]/(t") : n € N} is

decidable in Lyipgs.
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Proof. Let F,[t'/>] be the direct limit of the injective system lim F, [t'/™], where ¢, :
F,[tY/"] < TF,[t/™] is the natural inclusion map for n | m. We write F,[t'/"]/(t)
and F,[t/>]/(t) for the quotients modulo . Note that ¢y, (t-F,[t'/"]) C t-F,[t/™]
and therefore the induced maps @, : F,[t'/"] < F,[t'/™] and ¢, : F,[t'/"]/(t) —
F,[tY/>°]/(t) are also injective.

Claim 1: The asymptotic existential Lyings-theory of {IF,[t]/(¢") : n € N} is equal
to Tha(F 1] (1)),

Proof. For each n € N, we have a ring isomorphism
Fy[t'/"]/(t) 2= Fylt, X] /(X" — t, 1) = F,[X]/(X") = F,[t]/(t")

Now if ¢ € Liings is existential, then F,[t/°]/(t) = ¢ if and only if F,[t}/"]/(t) |= ¢

for all sufficiently large n. The conclusion follows. U ctaim 1

Finally, we prove:
Claim 2: Ths(F,[t'/>]/(t)) is decidable in L.

Proof. A straightforward adaptation of Proposition [3.4.3] shows that

F[t/=]/(t) 3z N\ (fiz) =0/ g(2) #0) =

1<i,j<n
F[t*) 3z A (0(fi(x)) > v(g;(2)))
1<i,j<n
where fi(z), g;(xz) € F,[z] are any multi-variable polynomials in z = (x1, ..., 2,)
for i,j = 1,...,n. Finally, the henselian valued field F,((#))(t'/*°) is existentially
decidable in L, by Corollary 7.5 |[AF16]. O craim 2

]

Remark 6.4.7. (a) Observation should be contrasted with Proposition [6.3.2]
which shows that the asymptotic existential theory of {F,[t]/(t") : n € N} is
undecidable in L; U P.

(b) The proof of Observation does not go through for the language L;, as the
ring isomorphisms in the proof of Claim 1 do not respect t. We do not know if the
asymptotic existential theory of {F,[t]/(t") : n € N} is decidable in L,.

(c¢) On the other hand, the asymptotic positive existential theory of {F,[t]/(t") :
n € N} in L; is equal to Tha+F,[t] and is decidable by an effective version of
Greenberg’s approximation theorem (see Theorem 3.1 and Theorem 6.1 [BDLD79]).



Valued fields with a total residue map

Introduction

The material presented in this chapter is based on |[Kar22]. Let k be a field. Consider
the power series field k((t)) and let res : k((t)) — k be the total residue map

[o.¢]
res : Z c;t' — co
i=—N

Viewing k((t)) as a k-vector space, we see that res : k((t)) — k is a linear form which
extends the usual residue map 7 : k[t] — k to all of k((t)) (hence the name total).

The motivation for studying the model-theory of this structure is twofold:

1. In complex analysis, one defines the residue of a complex meromorphic
function f at an isolated singularity a € C, denoted by Res(f,a) or Res,(f).
The map res is essentially the same as Resy on C((t)). More precisely, we
have res(t - f) = Reso(f). For all model-theoretic purposes, one can work

interchangeably with either one of those functions.

2. On the other hand, Becker-Denef-Lipschitz [BDL80] showed that res : F,(()) —
[F, is definable in F,((¢)) in L;, which is defined to be L,i,gs together with a
constant symbol for ¢. The crucial observation was that res(z) = 0 holds for
x € F,((t)), precisely when there exist xg, x1, ..., xp—1 € F,((t)) such that

— P p p—1_p
r=o9—To+lr) + ...+ 2wy,

Using this, they showed that F,((¢)) is undecidable in the language of valued

fields with a cross-section. This was in sharp contrast with the result by Ax-
Kochen |[AK66] and Ershov [Ers65]: For any decidable field k of characteristic

117



118 7. Valued fields with a total residue map

0, the power series field k((¢)) is decidable in the language of valued fields with

a cross-section.

Towards understanding the model theory of F,((¢)), it may be instructive to isolate
such definable functions/predicates and study them over k((¢)), where k is not
necessarily finite. Enriching k((¢)) with such functions/predicates, even when k is
infinite, allows us to gauge the complexity of said functions/predicates over [F,((t))
itself and may give us new insights into its theory. For instance, if k((t)) turns out
to be undecidable in the resulting expansion—which is a common theme as we
will see—this may be a strong indication that large part of the complexity of the
theory of F,((¢)) lies in that particular function/predicate. Also, once we establish
the undecidability of k((¢)) in the resulting expansion, we can then ask if that
function/predicate is in fact definable in the language of rings, at least for suitable
infinite fields & of positive characteristic. This would then yield an undecidability
result in the language of rings. The approach described above is largely influenced
by Cherlin [Che82|, especially Problems 3 and 4 in §5 [Che82].

In the present chapter focuses on the case of the total residue map res : k((t)) —
k. We will study the model theory of power series fields k((¢)), equipped with
res : k((t)) — k. One can also take this a step further and study valued fields—mnot
necessarily power series fields—enriched with a total residue map res : K — k.
In the axiomatic setting, the total residue map res : K — k is assumed to be a
linear form extending 7 : O — k. We consider the theory of equal characteristic
valued fields K with a total residue map res : K — k and also a lift + : £k — K
of the residue field. We call VF,¢, the resulting theory. The standard model is
(k((t)),res), which was discussed above.

At first glance, the theory VF e, seems like an innocent variant of VF. However,

we will show the following:
Theorem 7.0.1. The theory VF,., does not admit a model companion.

This should be contrasted with the classical theorem by A. Robinson: the
theory VF of valued fields admits a model companion, namely ACVF, the theory of
algebraically closed valued fields. We also note that the theory VF,, of valued fields
with a lift + : £ — K of the residue field, still admits a model companion. The model
companion of VF, is simply the theory ACVF, described by Hrushovski-Kazhdan
§6 [HKO09] (there it is called T},.). Indeed, they prove a quantifier-elimination result
for ACVF,, which in fact—according to §6.1 [HK09]—goes back to F. Delon.

Building on the ideas that go into the proof Theorem [7.0.1, we will then

be able to show:
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Theorem 7.0.2. Let k be an infinite field. Then (k((t)), res) is undecidable in L.

Here L, is the three-sorted language L., of valued fields, together with a
function symbol for res : k((t)) — k. In fact, we prove that already the 3V-
theory is undecidable (at least when ¢ is added in the language) and also that
(N, +,-) is interpretable (without parameters). A more refined analysis shows
also that the subring k[t] C k((t)) is definable in L, with a parameter for ¢
(see Corollary . The proof also applies to show that the Puiseux series
field Upen k((t'/™)) is undecidable in L., whenever k is an infinite field. As a
consequence of Theorem [7.2.11] we get that (C((¢)), Resy) is undecidable, where
Resg : C((t)) — C: f — Resy(f) maps f to its complex residue at 0 (see Corollary
[7.2.13)). As was mentioned above, when k is finite, then res : k((t)) — k is definable
in Ly, and in that case the decidability problem over (k((¢)),res) in Lyes is equivalent
to the decidability problem over k((t)) in Ly, . The proofs given here do not seem
to shed any light on that case.

7.1 Valued Fields with a total residue map

Let Ly be the three-sorted language of valued fields with sorts for the field,
the value group and the residue field, equipped with a function symbol for the
valuation v : K — I' U {o0}.

7.1.1 Axiomatization of VF,,

We now study valued fields of equal characteristic, together with a lifting ¢ : k — K
and a total residue map res : K — k, which is a linear form extending the residue
map 7 : O — k. To simplify notation, we shall henceforth identify k with its
field of representatives ¢(k). Call Ly, the three-sorted language Ly, together with

function symbols for ¢ and res. Consider the following set of axioms:

1. (K,v) is a valued field of equal characteristic and ¢ : & — K is a field

homomorphism such that 7o = id,.
2. We have that res|o, = 7.
3. res: K — k is k-linear, i.e. res(Aa + ub) = Ares(a) + pr(b), for all \, p € k.

Let VF,e, be the L, ,-theory generated by the above axioms. Some standard

models of VF,., are presented below:
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Example 7.1.2. (a) We have (k((t)); vs, res, ) = VFyes,, where res : 3220y cit’ —
co and ¢ : k — k((t)) is the obvious lifting.

(b) Similarly, we have (P(k);v;,res, t) = VFyes,, where P(k) = Upen k((t/™)) is the
Puiseux series field, res : P(k) — &k : 2y cit?/" v ¢y and ¢« : k — P(k) is the

obvious lifting.

7.1.3 Extensions
Recall the following from linear algebra:

Definition 7.1.4. Given a k-vector space V', a subspace W C V and vy, ...,v, € V,
we say that vy, ..., v, are linearly independent over W if for aq, ..., a, € k, we have
that

Z%Ui eEW=a=0foralli=1,...,n
i=1

More succinctly, we require that the images of vy, ...,v, in V/W be k-linearly

independent.

Lemma 7.1.5. Let (L, w,t1)/(K,v, k) be an extension of valued fields with liftings
of their residue fields. If 5y, ..., 3, € [ are k-linearly independent and aq, ..., a, € K,
then

w(Bray + ... + Bray) = 1121<nn va;

Proof. We may assume that v(a;) = ... = v(a,). For each 1 < i < n, there exist

«; € k and g; with ve; > 0, such that a; = «; - a1 + &; - a;. It follows that

n n n
Zﬁiaz‘ =ap- Z%ﬂi +ap- Zﬁiﬁi
i=1 i=1 i=1

Since the ;’s are k-linearly independent, we get that > , a;3; # 0. In particular,
we get that w(a; -3, @;f0;) = vay. Since v(ay-Y 1, Bie;) = va,+v(X1, Bie;) > vay,
we deduce that w(5ia; + ... + fpa,) = vay.

]

Given a valued field extension (L;w,tr,)/(K;v, 1), we denote by (K); the [-linear
span of K inside L. Note that (K); is isomorphic to K ®y, [ as an [-vector space.

Lemma 7.1.6. Let (L, w,t1)/(K, v, k) be an extension of valued field with liftings
of their residue fields. Then O N (K); = (Ok):.

Proof. The conclusion will follow easily from the following:
Claim: Let aq,...,a, € K be k-linearly independent over Og. Then ayq, ..., a, are

also [-linearly independent over Op.



7. Valued fields with a total residue map 121

Proof. Suppose 1, ..., B € [ are such that
Zﬁz{a’i € 0
i=1

Let {81, ..., Bm} be a k-linear basis of (3, ..., 8;,)r and write 5 = -7, c¢;; - §; with
cij € k. We will then have that

> Biai =Y (6 ¢ija;)
i=1 i=1  j=1
Since the §;’s are k-linearly independent, Lemma implies that
w(Z(ﬁz Z Cijaj)) = 1%1<nn{v ZCZJCLJ
=1 j=1
For i =1,...,n, it follows that

m
Zc’ijaj € OK = Cij = 0

j=1
for all j =1,...,m. We conclude that 5/ = 0 for all i = 1,...,n and that the a;’s are
[-linearly independent over Oy,. O ctaim

Now let V' be a complement of the k-vector subspace O C K, i.e., we have
K =0k ®V. We will then have that (K);, = (Og); +V;. By the claim, we get that
V,N O = {0} and since (Og); C Oy, we conclude that Oy N (K); = (Ok);. O

Lemma 7.1.7. Let (K;v,resg, ti) = VFies, and (L;w, ¢1)/(K;v, L) be an exten-
sion of valued fields with liftings of their residue fields. Let {e; : i € I} C L be
[-linearly independent over Oy, + (K);. One may then extend n; : O — [ to an
[-linear map resy, : L — [ such that (L;w,rest, ) is a model of VF ., extending

(K;v,resk, tx) with res(e;) = 0.

Proof. First we extend resg : K — k to resy, : (K); — [ by extension of scalars;
more explicitly, we will have resy (5 -a) = 5 -resk(a), for f € [ and a € K. We also
require that resy restricts to 7, on Oy. By Lemma , it b€ O N (K);, we may
write b = 3", B;a;, with 8; € [ and a; € Og. We now compute that

resy, (b Zﬁl resy (a;) Zﬁl resg(a;) Zﬁz i (a;) = mp(b)

We may therefore extend resk : K — k to resy, : Oy + (K); — [ so that it restricts
to resxy on K and also to 7 on Op. Finally, by elementary linear algebra, we
may extend the linear map res; on L by requiring that e; — 0 and get a model

(L;w,resy, tr,) of VF,e, extending (K;v,resg, L), as required. O

Remark 7.1.8. There is nothing special about 0 in Lemma [7.1.7] One can ask

that res(e;) = o, where {a; : i € I} C [ is an arbitrary subset.
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7.1.9 Existentially closed models

Extension by an infinitesimal

Fact 7.1.10 (Corollary 2.2.3 [EP05]). Let (K, v) be a valued field with value group
' and residue field k. Let I be an ordered abelian group extending I' and v € I be
torsion-free over I, i.e., if n-+y € [, then n = 0. Then there is exactly one valuation
w on K(z) extending v with w(z) = v. We have I'g(,) = I' @ Z~, with the ordering
induced by I, and k() = k.

Remark 7.1.11. A lifting ¢ : kK — K of the valued field (K, v) naturally induces a
lifting of (K(x),w), namely tx(y) : k — K(x) : o — 1(a).

Remark 7.1.12. As a special case of Fact [7.1.10] there is a unique valuation w on
K (x) such that waz > T'. We will have kx () = k and T'k(z) = Zy @pea I

Lemma 7.1.13. Let (K,v,res,t) = VF,,. Let w be the unique valuation on
K (x) such that wz > T" and also let tx(,) : K — K(x) be the induced lifting. Then
there is a map resg(,) : K(x) — k, such that (K (z); w, resk (s, Li(z)) is a model of

VF,es, extending (K;v,res, ) and with resg(,)(z7™) = 0, for all m € N.

Proof. By Lemma, it suffices to show that the elements x~1, 272, ..., 27" are
k-linearly independent over K + Og(y). Indeed, let ¢ € K and 34, ..., 8, € k, with
some 3; # 0. We will have that

w(z Bix™" +c) = 1%i?n{_iw$’ vel <0
i=1 S

since wx > —uvc.

]

Lemma 7.1.14. Let (K;v,res,t) be an e.c. model of VF o, and n € N. Then

there exists a € m — {0} such that res(a™™) =0 for m =1,...,n.

Proof. Let (K(z);w,resg (), Li(z)) be as in Lemma [7.1.13] Since (K;v,res,t) is an

e.c. model of VF,,, we will have that
<K7 U, IS, L) =1 (K(ZL’), W, TESK ()5 LK(J:))

Since x € mg(,) — {0} and resg(,)(z7™) = 0, for m = 1,...,n, we may also find
a € m — {0} such that res(a™™) =0, for m =1, ..., n. O
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Gauss extension

Fact 7.1.15 (Corollary 2.2.2 [EP05]). Let (K, v) be a valued field with value group
[ and residue field k. Then there is exactly one extension w of v to K(z) such that
w(z) = 0 and 7 is transcendental over k. For this w, we have kg () = k(Z) and
Tk =T

Remark 7.1.16. The proof of Corollary 2.2.2 [EP05] provides us with

w(ag +amz + ... + a,z”) = 1121@,i<rlnv(a,-)

and w(ﬁ) =w(f) —w(g), for any f,g € K[z].

The valuation w described in Fact [T.1.15] and Remark [7.1.16 is known as the

Gauss extension of v from K to K(x).

Remark 7.1.17. A lifting ¢ : K — K automatically induces a lifting ¢ () : k(T) —
K (x) such that t|x) = ¢ and tx ) (T) = x. As usual, we shall identify T with its

lift  to simplify notation.

Lemma 7.1.18. Let (K, v,res,t) = VF, and a,c € K with a € m — {0} and
ve < Zwa. Let w be the Gauss extension of v to K(z) and g @ k(z) —
K(x) be the induced lifting. There is a map resg(y) : K(x) — k(z) such that

K(z); w,1e8K(2), Lic(2)) i @ model of VF s, extending (K'; v, res, 1) and with resg(y) (75-) =

—~

e

Proof. By Lemma [7.1.7} it suffices to show that the element = is k(z)-linearly

independent over O (y) + (K )p(). Note that (K)p@) = K|[x]k)—{0}, the latter being
the localization of K{[z] at k[z] — {0} C K|[z]. Suppose that

¢ f

+ z)
l—ax g

x)
for some ¢(x) € k(z)*, f(x) € K[z], g(z) € k[z] — {0}. Dividing by ¢(z), we may

q(z) E € Ok

assume that ¢(z) = 1 to begin with. Therefore, we have

G,
1 —ax * g(x)

€ OK(z)

for some f(z) € Klz|, g(z) € k[z] — {0}. Choose f(x) and g(z) as above, such
that deg(f) is minimum; note that f(z) cannot be 0 and thus deg(f) is well-
defined. Write f(x) = fo + ... + foa™ with f; € K and g(z) = go + .... + gna™
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with ¢; € k. Note that w((1 — az)g(z)) = w(l — azx) + w(g(z)) = 0 and therefore
w(cg(x) + (1 — ax)f(z)) > 0. By the definition of w, this is equivalent to

v(fo+cgo) >0 (1) and v(fo, + ¢gm — afm—1) > 0 (2) and v(af,) > 0 (3)

form=1,... n.
Claim 1: We have that vfy < 0.

Proof. Indeed, suppose that v fo > 0. We will then have that ;= + % € Ok (a)-

If go = 0, then write f(z)— fo = xf(a:) and g(z) = zg(x) and note that 1_Ca$—|—§gz)) €

Ok (). Since deg(f) < deg(f), this contradicts our minimality assumption on deg(f).

Therefore go # 0. We now see that v(cgo + fo) = min{v(cgo), vfo} = vc < 0, which

contradicts (1). U eiaim 1

Next, we prove:

Claim 2: For each m =0, ..., n, there exists k,, € N such that vf,, = vc + k,va.

Proof. We proceed inductively. For m = 0, recall from (1) that v(fy + cgo) > 0.
By Claim 1, we have that vfy < 0. We deduce that gy # 0 and therefore vfy =
v(cgo) = ve. For m > 0, recall that v(f,, + ¢gm — afm—1) > 0. By our induction
hypothesis, we have v f,,_1 = vc+ k,,_1va, for some k,,_1 € N. If g,, = 0, this gives
Vfm = ve+ (kpm_1 + 1)va and we may take k,, = k,,_1 + 1. Suppose that g,, # 0.
Since va > 0, we see that v(af,—1) > v(c) and thus v(cg, — afm-1) = v(cgn) = ve.
By (2), we have that v(f,, + cgm — afm_1) > 0. Since ve < 0, we deduce v f,, = vc
and k,, = 0. This finishes the proof of the inductive step. O Claim 2

In particular, we will have that vf, = vc + k,va, for some k, € N. Since
ve < Zoa, this finally gives v(af,) = ve+ (k, +1)va < 0, because of our assumption
that ve < Zva. This contradicts (3). O

Lemma 7.1.19. Let (K;v,res, ) be an e.c. model of VF,s,. Let a € m — {0} be
such that res(a™™) = 0, for all m € N. Let also ¢ € K be such that ve < Zva. For
every « € k, there exists § € k™ such that res(;=3) = 0.

l1-a

Proof. By Lemma [7.1.18 and since (K;v,res, ) is an e.c. model of VF,,, we will
have that

(K;v,res, 1) =1 (K(2);w, 168K (2, Lic(2))

Since resg(z)(1=5;) = 0, there is 8 € k> with res(;=3) = 0. O
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7.1.20 Non-existence of a model companion of VF,,

Generalities on model companions

Definition 7.1.21 (Definition 3.2.8 [TZ12]). Let T be a theory. A theory T* is a
model companion of T if the following conditions are satisfies:

(a) Every model of T" embeds into a model of T*.

(b) Every model of T embeds into a model of T'.

(¢) T* is model-complete.

Fact 7.1.22 (Theorem 3.2.9 [TZ12]). A theory T has, up to equivalence, at most

one model companion 7.

Definition 7.1.23. (a) Let M, N be L-structures. Suppose that N = ¢ = M | ¢
for any existential sentence ¢ € L(M). Then we say that M is existentially closed
(or e.c.) in N and write M =<; N.

(b) Let T be a theory. A model M =T is said to be an existentially closed (or e.c.)
model of Tif M <y N, forall N = T.

Fact 7.1.24 (Theorem 3.2.14 [TZ12]). For any theory T, the following are equiva-
lent:

(a) T has a model companion T*.

(b) The e.c. models of T" form an elementary class.

Moreover, if T* exists, we have that T = "the theory of e.c. models of T".

Proof of Theorem [7.0.1]
Theorem 7.1.25. The theory VF,.,, does not admit a model companion.

Proof. Assume otherwise and let 7" be the model companion of VF.,. By
Fact , the theory T is precisely the theory of e.c. models of VF,,. Let
(Ko; vo,reso, to) = T be Nj-saturated. By Lemma and N;-saturation, we
may find a € my — {0} such that resp(a™™) = 0 for n > 0. Let (K;v,res, i) :=
(Ko; v, reso, to)Y be an ultrapower of Ky, where U is a non-principal ultrafilter on
P(N). By Lo$” s Theorem, we will have that (Ky;vg,resg, t0) < (K;v,res,¢). In
particular, we will have (K; v,res, ) = T and therefore (K;v,res, ) is an e.c. model
of VFieg,.

Set a* := lim,, .y a™™. Since U is non-principal, we will have that va* < Zva.
By Lemma , we may find 8 € k — {0} such that res(lfzﬁ) = 0. By Lo§’ s
Theorem, we will have that

—-n

)=0)} el

meN:KyEdye kX(reso(la
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In particular, there exists n € N and 8y € t(ko) — {0} such that res(:%~) = 0.

1—apo
Note that
a—n

1 —apo

Since res : K — k is k-linear, res(m) = {0} and res(a™™) = 0 for all m € N, we

=B +a Bt . +a™™ modm

compute that

a]*TL n .
res( y=rtes(By +a By T+ +a ) =Y B res(a”™) = B
1-— aﬁo m=0

This forces By = 0, which is a contradiction. It follows that VF,., does not admit

a model companion. O

7.2 Undecidability of k(t) with a total residue
map

7.2.1 Definability

We consider the Ly ,-structure (k((2)); v, res,t), which is a model of VF,e, by
Lemma (7.1.2] In fact, the lifting can be recovered from res according to the following:

Lemma 7.2.2. Let k be any field. The subfield k£ C k((t)) is 0-definable in L,es. In
particular, the lifting ¢ : & — k((t)) is 0-definable in Lyes.

Proof. We claim that k = {z € k((t)) : Vy(res(z-y) = res(x)-res(y))}. The inclusion
"C"is clear: for all z € k and y € k((t)), we have res(x-y) = z-res(y) = res(z)-res(y),
using that res : k((t)) — k is k-linear and that res(z) = z for € k. For the converse,

write = o + 2’ with a € k, res(2’) = 0 and 2’ # 0. For n = vz’, we have
res(z -t ") = a-res(t™") +res(x’ - t7") =res(a’ - t7") = ac(z’) #0

It follows that res(z - t7") # res(z) - res(t™") = res(x) - 0 = 0. We have thus shown
that the subfield k£ C k((t)) is (-definable in L. Finally, note that ¢(«) = a if and
only if a € «(k) and res(a) = a. O

Because of Lemma [7.2.2] we will henceforth restrict our focus on the L,.-
structure (k((t)),res). In complete analogy with the integer part |r| of a real
number r € R, one may define the principal part |a] of a € k((t)).

Definition 7.2.3. For a € ¢, t™" + ... + ¢ + tk[t], we define the principal part of a
to be |a] = c,t™™ + ... + o € k[t



7. Valued fields with a total residue map 127

Each polynomial p € k[t™!] gives rise to a function p : &k — k : a — p(a)
by simply evaluating p at t7! = a.

Comment 7.2.3.1. We have refrained from making the substitution z =t~ and
working with k((1/z)). Although this is arguably natural in the present context, it is

not so natural in other parts of the chapter and would probably cause confusion.

Lemma 7.2.4. We have res(*

) = la)(y), for all a € k((t)) and y € k.

Proof. Write a = c,t™™ 4 ... + ¢ + €, where n € N and ¢ € tk[t]. For y € k, we
compute

s (Cat ™4 ot co+ (1 +ty + .+t + )

=(cnt™ 4+ ..+ eo)l+ty+ ... +t"y") mod tk[t]

It follows that

a z j %
res(1 ) = Z res(t/~ Z Sijcy’ = Z cy' = |al(y)
= olij<n 0<ij<n 0<i<n
for every y € k (here ¢;; is the Kronecker symbol). O

Remark 7.2.5. Lemma [7.2.4] does not show that the function
L] k(@) = k() - a— |a]
is definable in L,e,. Instead, Lemma shows that
k((#) — Hom(k, k) : a = (y = [a](y))
is definable in Lyes ;.

For a € k((t)), we introduce the set Z(|la]) = {y € k : |a](y) = 0}, namely

the zero set of the principal part of a.

Remark 7.2.6. By Lemma [7.2.4] we see that Z(|a]) is definable with a parameter

for ¢ and also uniformly in a.

Remark 7.2.7. Let k((t?)) be the Hahn field with residue field k¥ and value group
Q. Let a = Y eacgt? € k((t?), where A C Q is well-ordered. We write p,(X) =

S neanz<o ¢gX? and see that

a
11—ty

res( ) = pa(y)

is definable in L, via the same calculation as in Lemma [7.2.4] Similarly, for the
field P(k) = Unen k((#*/™)) of Puiseux series over k.
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7.2.8 Infinite residue field

Let k be an infinite field.

Undecidability of (k((t)),res)

We isolate the following elementary fact from algebra to pinpoint exactly where
the proof of Theorem fails for the case where k is finite:

Lemma 7.2.9. Let k be any infinite field and f(X) € k[X]. Then f(X) = 0 if
and only if f(k) = {0}.

Proof. Any non-zero polynomial over any field has finitely many roots. O]

Fact 7.2.10 (Denef). Let R = k[t], where k is any field. Then Hilbert’s tenth

problem over R with coefficients in Z[t] is unsolvable.
Proof. See [Den79b| and [Den78]. O

Theorem 7.2.11. Let k be an infinite field. Then (k((t)), res) is IV-undecidable in
Lres,t-

Proof. Let p1(X1, ..o, Xon, T), ooy (X1, ooy X, T) € Z[ X1, ..., Xpn, T], where n,m €
N. The system

p1<X1, ,Xm,T) = .... :pn(Xh ,Xm,T) =0
has a solution in k[7] if and only if there exist ay, ..., a,, € k((t)) such that

pi(lar], ., [am]. t71) = pllai], ..., lam],t71) =0

By Lemma this is also equivalent to the existence of ay, ..., a,, € k((t)) such
that

pillad)(¥), - lam] (¥),y) = ... = pu(lar] (y), .-, Lam](y),y) = 0

for all y € k. The latter condition is expressible in L,es by Lemma and Lemma
[[.2.2 We conclude from Fact [.2.100 O

Remark 7.2.12. Using Remark [7.2.7] the proof of Theorem works verbatim
for the Hahn field k((t?)) or the Puiseux series P(k) over an infinite field k.



7. Valued fields with a total residue map 129

A natural example from complex analysis

Consider the field of Laurent series C((t)) over the complex numbers C. In complex
analysis, one defines the residue of a complex function f € C((t)) at an isolated
singularity a € C, denoted by Res(f,a) or Res,(f). Numerically, if f =>°  ¢;(t—
a)’, we have that Res(f,a) = c_.

Corollary 7.2.13. We have that (C((t)), Resy) is IV-undecidable in Lpes, +.

Proof. Note that Resy(a) = res(t - a) and conclude from Theorem [7.2.11] O

7.2.14 Eliminating ¢

We now give a different proof of the undecidability of (k((t)),res), where k is an
infinite field. The proof discussed here does not require a parameter for ¢ and even
shows that (N, 4, -) is interpretable without parameters. On the other hand, this
seems to come at the expense of increasing the quantifier complexity, although

we have not tried to fine-tune the argument.

Interpreting finite subsets of k

Recall that weak monadic second-order logic is the fragment of second-order logic
where second-order quantification is restricted to quantification over finite subsets.
We will eventually interpret the weak monadic second-order theory of (k,+,-) in
(k((t),res). We start with the following:

Lemma 7.2.15. For every a € k((t)) and b € k[t], we have that the set

Sap =10 € k:res(l_abﬁ) =0}

is either finite or equal to k.

Proof. Let n € N be such that ab” € tk[t]. We then have that

a
1 -3

=a(l+b3+ 282 + ...+ b"A")  mod tk[{]

and therefore

res( ) =0 <= pup(8) =0

a
1-0b8
where p,u(X) = Y¢_gres(ab®) - X* € k[X]. If pop(X) = 0, then S, = k and
otherwise S, is finite.

]
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Remark 7.2.16. When b = ¢, the set S,; has a nice description due to Lemma

namely
Sz = Z(la]) ={y € k: [a](y) = 0}

In words, this is simply the set of zeros of the principal part of |a].

Lemma 7.2.17. The weak monadic second-order theory of (k,+,-) is interpretable

(without parameters) in (k((2)), res).

Proof. By Lemmal7.2.2] we have that the first-order theory (k, +, -) is #-interpretable
in (k((t)),res). By Lemma [7.2.15] we have a uniformly (-definable family

{Sup:a € k() and b € k[t]}

of finite subsets of k together with k itself. Note that every finite subset S C k arises
as S, for some a € k((t)) and b € k[t]. Indeed, if a = [[ses(t™" — s) and b = t,
then S, = Z(la]) = S (see Remark [7.2.16). It follows that the weak monadic
second-order theory of (k,+,-) is interpretable. ]

Lemma 7.2.18. Let k& be an infinite field. Then the weak monadic second-order

theory of (k,+, ) interprets (N, +,-). In particular, it is undecidable.
Proof. See §1 |Che82]. O

Theorem 7.2.19. Let k be an infinite field. Then (k((t)), res) interprets (N, +,-).
In particular, (k((t)), res) is undecidable in Les.

Proof. Clear from Lemma and Lemma [7.2.1§ O

Remark 7.2.20. When £ is an infinite, perfect field of positive characteristic, one
can also deduce Theorem directly from Lemma and Cherlin’s result
saying that k((t)) is undecidable with a predicate for k C k((t)) (see §2 |[Che82|).
7.2.21 Defining k[t]

We now prove Proposition [7.2.26] which shows that k[t] C k((t)) is definable in Ly .

Lemma 7.2.22. We have that k[t] = {x € k((t)) : Jy(y* = 1 + t2?)} if char(k) # 2
and kt] = {z € k(1)) : Jy(y® = 1 + tz®)} if char(k) = 2.

Proof. This is a standard application of Hensel’s Lemma. O
Lemma 7.2.23. Let k be any field. For a € k((t)), we have deg(|a]) = —va.

Proof. Clear. O
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Lemma 7.2.24. Let k be an infinite field.

(a) The set Div = {(a,b) € k(¢)? : |a] | [b] in k[t7']} is definable in Lyes;.

(b) The set Irred = {a € k((t)) : |a] is irreducible in k[t~']} is definable in Ly -
(¢) The set Split = {a € k((t)) : |a] splits over k} is definable in Lye;.

Proof. (a) Since k is infinite, we have |a| | [b] if and only if there exists ¢ € k((t))
such that |b|(y) = [a](y) - |¢](y), for all y € k. The latter expressible in Ly, by
Lemma [7.2.4]

(b) We have that |a] is irreducible in k[t~!] if and only if there is no b € k((t)) such
that [b] | |a] and 1 < deg(|b]) < deg(|a]). The latter is expressible in L by
part (a) and Lemma [7.2.23]

(c) Note that Split = {a € Ek((t)) : for all b € Irred we have deg(b) = 1}. We
conclude from (b) and Lemma [7.2.23] O

Lemma 7.2.25. Let k be an infinite field. The subset Pow = J,ent ™" + tk[t] of
k((t)) is definable in Lyeg;.

Proof. By Lemma [7.2.24] and Remark [7.2.6, we see that Uyeny k* - t7" + tk[t] =
{a € Split : Z(|a|) = {0}} is definable in L, ;. Finally, note that

Pow = {a € |J k-t + tk[t] : [a)(1) = 1}

neN

The latter is again definable by Lemma [7.2.4] O
Proposition 7.2.26. Let k be an infinite field. The subring k[t] C k[t] is definable

m Lres,t~

Proof. The key is the following;:
Claim: We have that
k[t] = {a € k[t] : In € N such that res(a-b) =0 forall be | J ¢~V +tk[t]}
N>n
Proof. Suppose a € k[t] and write a = ¢y + ¢y -t + ... + ¢, - t". Let b € k((t)) be of
the form b =t~ + ¢, for some N > n and € € tk[t]. It follows that

res(a-b) = res(a-t™")+res(a-¢) = res(a-t ™) = co-res(t V) +...+c,-res(t"N) =0

since N > n.

Conversely, suppose a € k[t] and let n € N be such that res(a - b) = 0, for all
b€ Upsnt™N +tk[t]. Tt follows that res(a-t=) = 0 for all N > n and therefore a
is an element of k[t] of degree at most n. O claim

By Lemma [7.2.25] the set U,ent™" + tk[t] is definable in Lye;. By Lemma
the valuation ring k[t] is definable in the language Lyings with a parameter for
t. Finally Lemma allows us to quantify over deg(b), whence k[t is definable
in Lyes by the Claim. O
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7.2.27 Cherlin’s Problem 3A

Finally, we would like to bring to the reader’s attention the following interesting
problem, which was originally posed by Cherlin and is very much in the spirit of
the present chapter. Recall that the angular component map ac on k((t)) picks

out the coefficient of the leading term:
ac(f) ==y, if f=> at’, ayy #0, ac(0) := 0.
i>io
When £ is a finite field, the map ac : k((t)) — k is definable in L, with a
parameter for ¢t (see §5.1 [Che82]).

Problem 7.2.28 (Problem 3A [Che82|). Let k£ be an infinite field of positive
characteristic. Is (k((t)),ac) undecidable?

Cherlin |[Che82| shares his premonition that this should be the case. For now,

we simply note that the angular component was encoded in (k((t)), res) all along:

Observation 7.2.29. Let k be any field. The angular component ac : k((t)) — k

is definable in Lyeg ;.

Proof. If k is finite, this is standard and does not require the total residue map (see
§5.1 [Che82]). Suppose k is infinite. Note that

ac(xr) =1 <= there is a € Pow such that vx = va and v(x — a) > va

The latter is expressible by Lemma [7.2.25/and Lemma [7.2.22/. Finally, for x € k((t))

and a € k, we have that ac(z) = « if and only if ac(b(””—a)) = 1. The latter is

expressible in L. by Lemma [7.1.11} ]
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