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Abstract— An adaptive Model Predictive Control (adaptive
MPC) strategy is proposed for linear systems with constant
unknown model parameters, bounded additive disturbances
and state and control constraints. By combining online set-based
identification and robust tube MPC, the proposed controller
reduces the conservativeness of constraint handling, guarantees
recursive feasibility and provides asymptotic bounds on the
closed loop system state that depend explicitly on the the
identified parameter set. Computational tractability is ensured
by using fixed complexity polytopic sets to bound the model
parameters and predicted states. Convex conditions for persis-
tence of excitation are considered. The results are illustrated
by a numerical example.

I. INTRODUCTION

Robust Model Predictive Control (MPC) uses numerical
optimization to approximate the solutions of optimal control
problems with state and input constraints in the presence of
model uncertainty. However, performance depends on model
quality since inaccurate models give poor prediction accu-
racy [1]. As a result, bounds on the achievable performance
of a robust MPC strategy are strongly dependent on the
amount of uncertainty in the system model [2].

On the other hand, uncertain system models can be im-
proved online using adaptive control. Algorithms combining
adaptive control and MPC therefore have the potential to
reduce the conservativeness of robust MPC while providing
robust stability guarantees. However, although adaptive MPC
algorithms have been considered for several decades [3],
computational tractability remains an obstacle for implemen-
tations of robustly stable adaptive MPC algorithms [4], [5].

Recent developments in adaptive MPC involve different
strategies for parameter identification, such as comparison
sets [6], set membership identification [7], recursive least
squares [8], and neural networks [9], [10]. Specifically,
in [6] safety and performance requirements are decoupled
by maintaining a nominal model for constraint satisfaction,
and a model learnt using statistical identification tools for
performance. However, the approach cannot guarantee robust
constraint satisfaction and cannot use model adaptation to
improve constraint handling. In [7], the system is assumed
to have a Finite Impulse Response (FIR) model with con-
straints and additive disturbances. Set-membership identifi-
cation techniques are used to determine a set of candidate
plants and enforce constraints for all plants in the model.
Although recursive feasibility is proven in [7], the FIR as-
sumption is restrictive. Online set-membership identification
is used in [11] with a linear state-space model and additive
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disturbances. The main disadvantage of the approach is the
lack of flexibility in its robust MPC formulation, which is
based on homothetic tubes [12], and allows only the centers
and scalings of tube cross-sections to be optimized online.

In this paper we also consider state space systems, set-
based model identification and robust tube MPC. Compared
with [7], [11], the algorithm provides flexibility in modelling
the effects of model uncertainty on predicted input and
state trajectories, incorporates a convex approximation for
persistency of excitation, and gives asymptotic bounds on
the closed loop state that depend explicitly on the identified
parameter set. In particular, a zonotopic description is used
so that the identified parameter set has a pre-specified com-
plexity. This is combined with a tube MPC formulation based
on [13] with fixed complexity polytopic sets. As a result the
approach retains computational tractability but allows greater
flexibility in the definition of predicted state tubes than [11]
since the shapes of the tube cross-sections are optimized in
addition to their centers and scalings. We propose a con-
vex constraint that ensures a persistence of excitation (PE)
condition, and incorporate this in an MPC algorithm with
guaranteed stability. The PE condition facilitates convergence
of the identified model to the true system parameters, thus
extending the result of [14] to MIMO systems. Finally, we
show that the resulting MPC strategy is recursively feasible
and give asymptotic bounds on the convergence of the closed
loop state that depend on the identified parameter set. This
bounding set is used in the definition of the MPC cost and
is updated online as the parameter set estimate is updated.

Notation: The sets of integers and reals are denoted N
and R respectively, and we define N≥0 = {n ∈ N : n ≥ 0},
N[a,b] = {n ∈ N : a ≤ n ≤ b}. The ith row of a matrix A
and ith element of a vector a are [A]i and [a]i respectively.
Vectors and matrices of 1s are denoted 1, and I represents
the identity matrix. For any real scalar-valued function J ,
maxx∈X J(x) means the maximum value of J over the set
X. For a vector a, max a means the maximum element of
the vector a, and for scalar x we define [x]≥0 = max{0, x}.
The inequality A ≥ B applies elementwise, while A � B for
square matrices A, B means x>Ax ≥ x>Bx for all vectors x
of conformal dimensions. The k-steps ahead predicted value
of a variable z is denoted zk, and the more complete notation
zk|t indicates the k-steps ahead prediction at time t.

II. PROBLEM FORMULATION AND PRELIMINARIES

This paper considers a linear system with linear state and
input constraints and unknown additive disturbance:

xt+1 = A(θ)xt +B(θ)ut + wt, (1)



Here xt ∈ Rnx is the system state, ut ∈ Rnu is the control
input, wt ∈ Rnx is the disturbance input, and t is the discrete
time index. The state and input constraints are given by

Fxt +Gut ≤ 1 ∀t ∈ N≥0 (2)

for given F ∈ Rnc×nx and G ∈ Rnc×nu . The system
matrices A(θ) and B(θ) depend on an unknown but constant
parameter θ ∈ Rp.

Assumption 1 (Additive disturbance): the disturbance wt
lies in a convex and compact polytope W, where

W = {w : Πww ≤ πw} (3)

with Πw ∈ Rqw×nx , πw ∈ Rqw and πw > 0.
Assumption 2 (Parameter uncertainty): the system matri-

ces are affine functions of the parameter vector θ ∈ Rp

(A(θ), B(θ)) = (A0, B0) +

p∑
i=1

(Ai, Bi)[θ]i

for known matrices Aj , Bj , j = 1, . . . , p, and θ lies in a
known, bounded, convex polytope Θ0 given by

H-form: Θ0 = {θ : Πθθ ≤ π0}
V-form: Θ0 = co{θ(1)

0 , . . . , θ
(m)
0 }.

In order to restrict computational complexity, Θ0 is as-
sumed to adopt the form of zonotope, i.e. Π>θ = [Π> −Π>],
where Π ∈ Rp×p is a full-rank matrix. This zonotopic
structure allows H- and V-forms to be easily interchangeable.

To obtain finite numbers of decision variables and con-
straints in the MPC optimization problem, the predicted
control sequences are assumed to have the dual mode form:

uk|t =

{
Kxk|t + vk|t ∀k ∈ N[0,N−1]

Kxk|t ∀k ≥ N

where v0|t, v1|t . . . , vN−1|t are optimization variables at time
t and N is the MPC prediction horizon. The feedback gain
K is designed offline and is assumed to robustly stabilize
the uncertain system xt+1 = (A(θ) +B(θ)K)xt, θ ∈ Θ0 in
the absence of constraints.

Assumption 3 (Feedback gain and contractive set): there
exists a polytopic set X = {x : V x ≤ 1} and feedback gain
K such that X is λ-contractive for some λ ∈ [0, 1), i.e.

V
(
A(θ) +B(θ)K

)
x ≤ λ1

for all x ∈ {x : V x ≤ 1} and θ ∈ Θ0.
(4)

Given knowledge of W and an initial parameter set Θ0, the
control objective is to solve a robust optimal regulation prob-
lem while respecting the constraints (2) and ensuring closed
loop stability. Simultaneously with controlling the system,
an additional objective is to update the model parameter set
Θt online using measurements of the state xt, and to use the
updated parameter set to improve controller performance.

III. ADAPTIVE ROBUST MPC
In this section a suitable parameter estimation scheme

based on [15], [16] is introduced. This is followed by the
construction of a tube bounding predicted model states and
corresponding constraints. Subsequently, the MPC cost is
discussed, linearized sufficient conditions for persistent exci-
tation are described, and a summary of the MPC algorithm is
given. The section concludes with a summary of closed loop
system properties. For brevity, proofs of the various results
are omitted, but standard results on polyhedral set inclusion
conditions (e.g. [17]) are employed, and we make use of the
following result on linearly parameterised sets.

Lemma 4: Let P1 = {x : F1x ≤ f1} and P2(θ) = {x :
F2(θ)x ≤ f2}, where F1 ∈ Rn1×nx , F2(θ) ∈ Rn2×nx and
[F2(θ)]i = θ>F̂2,i, i ∈ N[1,n2]. Then P1 ⊆ P2(θ) for all
θ ∈ Θ ⊂ Rp if and only if there exists Ĥi ∈ Rp×n1 satisfying

θ>Ĥi ≥ 0 ĤiF1 = F̂2,i θ>Ĥif1 ≤ f2,i

for all i ∈ N[1,n2] and all θ ∈ Θ.

A. Parameter estimation

At time step t we use observations of the system state xt,
which is assumed to be known, to determine a polytopic set
∆t of possible model parameters. This unfalsified parameter
set is then combined with the current polytopic parameter
set estimate to construct a new parameter set estimate Θt.

1) Unfalsified parameter set: Define D(x, u) ∈ Rnx×p as

D(x, u) =
[
A1x+B1u · · · Apx+Bpu

]
, (5)

and let dt ∈ Rnx be defined

dt = A0xt−1 +B0ut−1 − xt.

From the disturbance set W in (3), given xt, xt−1 and ut−1,
the unfalsified parameter set at time t is given by

∆t = {θ : xt − (A(θ)xt−1 +B(θ)ut−1) ∈W}
= {θ : −ΠwD(xt−1, ut−1)θ ≤ πw + Πwdt}
= {θ : Ptθ ≤ Qt}

with Pt = −ΠwD(xt−1, ut−1) and Qt = πw + Πwdt.

2) Parameter set update: Let Πθ ∈ R2p×p be an a priori
chosen matrix defining the initial parameter set Θ0 = {θ :
Πθθ ≤ π0}. At each time step t ∈ N≥0 the estimated
parameter set is defined as Θt = {θ : Πθθ ≤ πt}, where
πt is determined online. The complexity of Θt is controlled
by fixing Πθ, which is equivalent to fixing the directions of
the half-spaces defining Θt. The smallest set Θt+1 satisfying
Θt+1 ⊇ Θt ∩∆t is obtained by solving, for each i ∈ N[1,2p]

the linear program (LP):

[πt+1]i = min
π∈R, Hi∈R1×(2p+qw)

π

s.t. Hi

[
Πθ

Pt

]
= [Πθ]i, Hi

[
πt
Qt

]
≤ π, Hi ≥ 0.

(6)

Lemma 5: If Πθθ ≤ π0 and πt+1 is defined by (6) for all
t ∈ N≥0, then θ ∈ Θt and

Θt ⊇ Θt+1 ⊇ Θt ∩∆t



for all t ∈ N≥0. Furthermore πt+1 defines the minimum
volume set Θt+1 = {θ : Πθθ ≤ πt+1} containing Θt ∩∆t.

Remark 6: Instead of using only the current observation
∆t to update the parameter set estimate, a tighter set estimate
can be achieved at the expense of increased computation by
block-processing all past observations or observations in a
moving a window of length n, see [15] for details.

B. Polytopic tubes for constraint satisfaction

This section is concerned with predicted state and input
trajectories. To simplify notation, we omit the subscript t
indicating the time at which predictions are made; in partic-
ular the current state xt and parameter set Θt are denoted
x,Θ, and k steps-ahead predictions of x and u are denoted
xk, uk. For given V ∈ Rnα×nx satisfying Assumption 3 and
αk ∈ Rnα , let

Xk = {x : V x ≤ αk}.

To ensure that the predicted state and control sequences
satisfy the operating constraints (2) robustly for the given
uncertainty bounds we construct a tube (sequence of sets)
X0,X1, . . . satisfying, for all k ∈ N≥0,

Φ(θ)x+B(θ)vk + w ∈ Xk+1

for all x ∈ Xk, w ∈W, θ ∈ Θ = co{θ(1), . . . θ(m)}
(7)

where Φ(θ) = A(θ) + B(θ)K =
∑p
i=0 Φi[θ]i with Φi =

Ai +BiK and [θ]0 = 1. For notational convenience we also
define θ̂(j) as θ̂(j)> =

[
1 θ(j)>] for all j ∈ N[1,m].

Lemma 7: For xk ∈ Xk and uk = Kxk + vk, the
constraint (2) is satisfied at the kth prediction time step if

Hcαk +Gvk ≤ 1 (8)

where Hc is computed offline by solving the LP:

[Hc]i = argmin
H∈R1×nα

H1 s.t. H ≥ 0, HV = [F +GK]i. (9)

for each i ∈ N[1,nc].

Lemma 8: The predicted state tube satisfies (7) if, for all
j ∈ N[1,m] and i ∈ N[1,nα],

θ̂(j)>Ĥiαk + [V ]iB(θ(j))vk + w̄i ≤ [αk+1]i, (10)

where w̄i = maxw∈W[V ]iw and the matrices Ĥi are com-
puted offline by solving an LP for each i ∈ N[1,nα]:

Ĥi = argmin
H∈R(p+1)×nα

max
j∈N[1,m]

θ̂(j)>H1

subject to θ̂(j)>H ≥ 0, j ∈ N[1,m],

HV =

[V ]iΦ0

...
[V ]iΦp

 .
(11)

Initial and final conditions on state tubes are imposed as

α0 ≥ V x, (12)

[αN ]i ≥ θ̂(j)>ĤiαN + w̄i, ∀j ∈ N[1,m], i ∈ N[1,nα] (13)
HcαN ≤ 1. (14)

Here (12) implies x ∈ X0 whereas (13) and (14) ensure XN
is robustly invariant for the system xk+1 = Φ(θ)xk + wk
with constraint Fxk +Guk ≤ 1, for all θ ∈ Θ and wk ∈W.

Remark 9: The existence of some αN satisfying (13) is
ensured by the λ-contractivity condition (4), which implies
that the solution of (11) satisfies θ̂(j)>Ĥi1 ≤ λ for all i ∈
N[1,nα]. Therefore, with αN = r1 the RHS of (13) has upper
bound λr1 + w̄, and since λ ∈ [0, 1), this choice of αN is
feasible for (13) if r is sufficiently large.

C. MPC Objective function
Consider a min-max MPC strategy based on a piecewise-

linear worst case cost index of the form

max
xk∈Xk, k=0,1,...

∞∑
k=0

(
max{Qxk}+ max{Ruk}

)
(15)

where Q ∈ RnQ×nx and R ∈ RnR×nu are weighting
matrices and max{Qx} and max{Ru} denote the maximum
elements of Qx and Ru respectively. We assume that Q and
R are chosen so that max{Qx} and max{Ru} are positive
definite functions of x and u, so that {x : Qx ≤ 1} and
{u : Ru ≤ 1} are compact polytopic sets.

Lemma 10: If sk and tk satisfy the linear constraints:

sk1 ≥ HQαk (16)
tk1 ≥ HRαk +Rvk (17)

where HQ, HR are computed offline by solving the LPs:

[HQ]i = argmin
H∈R1×nV

H1 s.t. H ≥ 0, HV = [Q]i (18)

[HR]j = argmin
H∈R1×nV

H1 s.t. H ≥ 0, HV = [R]jK (19)

for i ∈ N[1,nQ] and j ∈ N[1,nR], then the terms in (15) satisfy

max
x∈Xk

max{Qx} ≤ sk, max
x∈Xk

max{R(Kxk + vk)} ≤ tk.

By Lemma 10, the piecewise-linear worst case cost (15) is
bounded by

∑∞
k=0(sk+ tk). However, to avoid the difficulty

that this sum is in general infinite because of the presence
of persistent additive disturbances, we redefine the cost by
penalizing only the amounts that sk and tk exceed upper
bounds on asymptotic limits as k → ∞. The required
asymptotic bounds and an associated terminal penalty term
are provided by Lemmas 11 and 12, which are based on the
stabilizing feedback K and λ-contractivity condition (4).

Lemma 11: For k ≥ N , we have vk = 0, uk = Kxk and

max
x∈Xk

max{Qx} ≤ s̄k(λ), max
x∈Xk

max{RKx} ≤ t̄k(λ)

where s̄k(λ) = max{HQ1}λk−N max{αN}
+ 1−λk−N

1−λ max{HQ1}max{w̄}, (20)

t̄k(λ) = max{HR1}λk−N max{αN}
+ 1−λk−N

1−λ max{HR1}max{w̄}. (21)

Since λ ∈ [0, 1), Lemma 11 implies the asymptotic bounds

lim
k→∞

s̄k(λ) = s̄∞(λ) = 1
1−λ max{HQ1}max{w̄}



lim
k→∞

t̄k(λ) = t̄∞(λ) = 1
1−λ max{HR1}max{w̄}

and it follows that s̄∞(λ) + t̄∞(λ) provides an upper bound
on the value of max{Qx} + max{Ru} for all x in the
minimal robust positively invariant set [2] for the uncertain
system (1) with θ ∈ Θ under u = Kx. The proposed MPC
algorithm updates this bound as the estimated parameter
set Θ is updated online. Furthermore, convergence of the
closed loop system state to a set on which max{Qx} +
max{Ru} ≤ s̄∞(λ) + t̄∞(λ) is ensured (as demonstrated
in Proposition 19) by defining the MPC cost as the amount
by which sk + tk exceeds this bound. We therefore redefine
the MPC cost as

max
xk∈Xk, k=0,1,...

∞∑
k=0

(σk + τk) (22)

where σk, τk are the amounts by which sk and tk exceed
the limits s̄∞(λ) and t̄∞(λ):

σk = [sk − s̄∞(λ)]≥0 τk = [tk − t̄∞(λ)]≥0 (23)

(with [s]≥0 denoting max{0, s} for any scalar s).
Lemma 12: The value of

∑∞
k=N (σk + τk) is bounded by

σ̄N + τ̄N , where

σ̄N =
[
max{HQ1} 1

1−λ

(
max{αN} − 1

1−λ max{w̄}
)]
≥0

τ̄N =
[
max{HR1} 1

1−λ

(
max{αN} − 1

1−λ max{w̄}
)]
≥0
.

Remark 13: From (22), (23) and Lemma 12, the MPC
cost function can be expressed

J(x,v,α,σ, τ ) =

N−1∑
k=0

(σk + τk) + σ̄N + τ̄N (24)

where v = {v0, . . . , vN−1}, α = {α0, . . . , αN}, σ =
{σ0, . . . , σN−1, σ̄N}, τ = {τ0, . . . , τN−1, τ̄N} are optimiza-
tion variables, with σ, τ defined by the linear constraints

σk ≥ 0, σk1 ≥ HQαk − s̄∞(λ)1 (25)
τk ≥ 0, τk1 ≥ HRαk +Rvk − t̄∞(λ)1 (26)

σ̄N ≥ 0, σ̄N ≥ 1
1−λ

(
max{HQ1}max{αN} − s̄∞(λ)

)
(27)

τ̄N ≥ 0, τ̄N ≥ 1
1−λ

(
max{HR1}max{αN} − t̄∞(λ)

)
. (28)

D. Persistent Excitation

In [18] it is shown that, if the disturbance bound wt ∈W
is tight and the regressor is persistently exciting, then the
diameter of the parameter set estimated using set membership
identification will converge asymptotically to zero with prob-
ability one. In the current context, given a suitable window
length, n, the PE condition over time steps t− n+ 1, . . . , t,
where t is the current time, is

t∑
k=t−n+1

D>k Dk � nβ2
1I (29)

where Dk = D(xk, uk). This condition is in general non-
convex in x and u, and we therefore derive a convex
sufficient condition for (29) as follows.

Assume a control input, uo0|t, that satisfies the state and
input constraints has been obtained at time t. To obtain an
input ut that additionally satisfies the PE constraint (29),
consider applying a perturbation, δu, to uo0|t:

ut = uo0|t + δu.

Since Dt = D(xt, ut) depends linearly on δu, we have
t∑

k=t−n+1

D>k Dk = Mt + L(δu)>D(xt, u
o
0|t)

+D(xt, u
o
0|t)
>L(δu) + L(δu)>L(δu)

where Mt is independent of δu,

Mt =

t−1∑
k=t−n+1

D>k Dk +D(xt, u
o
0|t)
>D(xt, u

o
0|t),

and L(δu) is linear in δu

L(δu) =
[
B1δu · · · Bpδu

]
.

The quadratic term L(δu)>L(δu) is necessarily positive
semidefinite and a sufficient condition for (29) is therefore

Mt +D(xt, u
o
0|t)
>L(δu) + L(δu)>D(xt, u

o
0|t) � nβ

2
1I.
(30)

This is a linear matrix inequality (LMI) constraint on δu
which is necessarily convex in δu and which ensures the PE
condition (29) with a degree of conservativeness that depends
on δu as O(‖δu‖2).

Remark 14: The only variable in (30) is a perturbation
δu associated with the current time step, and there may not
exist a solution that satisfies this condition simultaneously
with the constraints. On the other hand, it is not necessary
for condition (29), and by implication (30), to be satisfied at
every time step t for convergence of the parameter set Θt.

E. Proposed Algorithm

Algorithm 1 (Robust Adaptive MPC):
Offline, given an initial parameter set estimate Θ0:
Choose V and compute λ ∈ [0, 1), K and

Hc, Ĥ1, . . . , Ĥnα by solving (9), (11)

HQ, HR by solving (18), (19).
Online at times t ∈ N≥0, given the state measurement xt:
1) Update Θt using the parameter set identification algo-

rithm (6) and compute its vertices θ(1)
t . . . θ

(m)
t .

2) Update λt by solving

λt = max
j∈N[1,m], i∈N[1,nα]

θ̂
(j)>
t Ĥi1.

3) Compute the optimal solution: vt = {v0|t, . . . , vN−1|t},
αt = {α0|t, . . . , αN |t}, σt = {σ0|t, . . . , σN−1|t, σ̄N |t},
τt = {τ0|t, . . . , τN−1|t, τ̄N |t} of the LP

Jo(xt) = min
v,α,σ,τ

N−1∑
k=0

(σk + τk) + σ̄N + τ̄N

subject to (8), (10), (25), (26) ∀k ∈ N[0,N−1]

(12), (13), (14), (27), (28).

(31)



4) Calculate the control law uo0|t = Kxt + v0|t and check
the PE condition (29) with Dt = D(xt, u

o
0|t).

(a) If (29) is satisfied, implement ut = uo0|t
(b) Otherwise, recompute the optimization (31) with an

additional optimization variable δu and with the
convex PE condition (30), v0 + Kxt = uo0|t + δu
and J(xt,v,α,σ, τ ) ≤ J(xt, ṽt, α̃t, σ̃t, τ̃t) as addi-
tional constraints (where ṽt, α̃t, σ̃t, τ̃t are defined
in (32) below).

(i) If the optimization in step 4(b) is infeasible,
then implement ut = uo0|t.

(ii) Otherwise implement ut = uo0|t + δu.

Remark 15: The offline computation of V , λ ∈ [0, 1) and
K is feasible under the stabilizability condition of Assump-
tion 3. A possible procedure is: (a) compute an ellipsoidal
set, E , that is robustly invariant for (1) with θ ∈ Θ0 under
linear feedback using semidefinite programming; (b) choose
V so that {x : V x ≤ 1} approximates E to a required
degree of accuracy; (c) solve a linear program to determine
the minimum λ and the corresponding K satisfying (4).

Remark 16: Step 4(b)(i) of the algorithm stipulates that, if
the convex PE condition (30) cannot be met while at the same
time robustly satisfying the constraints (2) and achieving
a sufficiently rapid decrease in predicted cost, then robust
constraint satisfaction takes priority over the PE condition.

F. Recursive feasibility and closed loop stability

Consider the suboptimal decision variables (ṽt, α̃t, σ̃t, τ̃t)
defined at time t in terms of the optimal solution of (31) at
time t− 1, (vt−1,αt−1,σt−1, τt−1), as

ṽt = {v1|t−1, . . . , vN−1|t−1, 0}
α̃t = {α1|t−1, . . . , αN |t−1, α̃N |t}
σ̃t = {σ̃0|t, . . . , σ̃N−1|t, ˜̄σN |t}
τ̃t = {τ̃0|t, . . . , τ̃N−1|t, ˜̄τN |t}

(32)

where

σ̃k|t =
[
max{HQαk+1|t−1}−s̄∞(λt)

]
≥0

(33)

τ̃k|t =
[
max{HRαk+1|t−1+Rvk+1|t−1}− t̄∞(λt)

]
≥0

(34)

for all k ∈ N[0,N−1], and

[α̃N |t]i = max
j∈{1,...,m}

θ
(j)
t

>
ĤiαN |t−1 + w̄i, (35)

for all i ∈ N[1,nα], and

˜̄σN |t =
[

1
1−λt

(
max{HQ1}max{α̃N |t}−s̄∞(λt)

)]
≥0

(36)

˜̄τN |t =
[

1
1−λt

(
max{HR1}max{α̃N |t}− t̄∞(λt)

)]
≥0
.

(37)

Proposition 17 (Recursive feasibility): Optimization (31)
is feasible at all times t ≥ 1 if it is feasible at t = 0.

Lemma 18: If (31) is feasible at t− 1, then at time t:

σ̃N−1|t + ˜̄σN |t ≤ σ̄N |t−1

+ max{HQ1}
(

1
(1−λt−1)2 −

1
(1−λt)2

)
max{w̄} (38)

τ̃N−1|t + ˜̄τN |t ≤ τ̄N |t−1

+ max{HR1}
(

1
(1−λt−1)2 −

1
(1−λt)2

)
max{w̄} (39)

where (1− λt−1)−2 ≥ (1− λt)−2 ≥ 1.

Proposition 19 (Asymptotic bounds on state and control):
If the MPC optimization (31) is feasible at t = 0, then the
closed loop system satisfies the constraint Fxt + Gut ≤ 1
for all t ∈ N≥0 and the state and control input, xt and ut,
satisfy the asymptotic bounds:

lim
t→∞

max{Qxt} ≤ s̄∞(λ∞) (40)

lim
t→∞

max{Rut} ≤ t̄∞(λ∞) (41)

where λ∞ = limt→∞ λt.

IV. NUMERICAL EXAMPLE

This section presents an example to illustrate the oper-
ation of the proposed adaptive robust MPC scheme. We
first demonstrate the online parameter set estimation and
constraint satisfaction.

Consider the second-order discrete-time uncertain linear
system from [11], with model parameters

A0 =

[
0.5 0.2
−0.1 0.6

]
, A1 =

[
0.042 0
0.072 0.03

]
A2 =

[
0.015 0.019
0.009 0.035

]
, A3 =

[
0 0
0 0

]
B0 =

[
0

0.5

]
, B1 =

[
0
0

]
, B2 =

[
0
0

]
, B3 =

[
0.0397
0.059

]
and with true system parameter θ∗ =

[
0.8 0.2 −0.5

]>
.

The initial parameter set estimate is Θ0 = {θ : ‖θ‖∞ ≤ 1}.
The elements of the disturbance sequence {w0, w1, . . .} are
independent and identically (uniformly) distributed on W =
{w ∈ R2 : ‖w‖∞ ≤ 0.1}. The state and input constraints
are [xt]2 ≥ 0.3 and ut ≤ 1.

Simulations were performed in Matlab on a 2.7 GHz Intel
Core i5 processor. Algorithm 1 was solved using Yalmip
and Gurobi. For V with 9 rows and MPC prediction horizon
N = 10, the average solver time is 0.0127 s, with a
minimum 0.0098 s and maximum 0.0194 s over 5000 time
steps. Figure 1 shows the cross-sections of the robust state
tube predicted at t = 0, with initial condition x0 = (3, 6).
The state constraint [x]2 ≤ −0.3 is robustly satisfied by the
state tube predicted at t = 0 and it can be seen that this
constraint is satisfied by the closed loop state trajectory.

The change in the estimated parameter set over time is
shown in Figure 2. Table I gives the parameter set volume,
vol(Θt) as a percentage of the initial volume vol(Θ0). The
parameter set shrinks by 74% at the first time step and 87%
by the 10th time step. After 5000 time steps, the parameter
set is 0.0089% of its original size, implying that by this time
it has been reduced almost to a point.

The reduction in the parameter set Θt causes a decrease
in the optimal value of the MPC cost, Jo(xt), for the same



Fig. 1. Closed loop state trajectory (pink line) for initial condition x0 =
(3, 6), and predicted state tube cross-sections {X0, . . . ,XN} at time t = 0,
with XN shown in red.

Fig. 2. Parameter set Θt at time steps t = 0, 1, 2 (1st row) t = 10, 25, 50
(2nd row) t = 100, 500, 5000 (3rd row)

TABLE I. Volume of parameter set Θt as a percentage of Θ0

Time step t 0 1 2 10 25 50 100 500
Volume (%) 100 26.1 18.3 12.7 8.3 6.3 3.4 0.7

value of the state xt and the same set of constraints. The
initial parameter set Θ0 gives an optimal predicted cost of
Jo(x) = 62.2 for x = x0 = (3, 6), whereas with Θ500 the
optimal cost is Jo(x) = 57.9 (6.9% reduction), and with
Θ5000 the optimal cost is Jo(x) = 53.9 (13.3% reduction),
and with no parameter uncertainty (Θ = θ∗) the optimal cost
is Jo(x) = 52.70 (15.3% reduction).

V. CONCLUSIONS

An adaptive robust MPC algorithm that combines robust
tube MPC and set membership identification has been pro-
posed. A min-max cost function and tube MPC formulation
guarantee robust constraint satisfaction for the closed loop

system. The algorithm is proven to be recursive feasible and
the state is shown to converge asymptotically to a set that
depends explicitly on the uncertainty in model parameters.
The uncertain parameter set Θ is zonotopic, which reduces
the computational load while allowing sufficient flexibility.
The offline and online optimizations are linear programming
problems. Conditions for persistent excitation are linearized
and included whenever possible in the MPC optimization
to enforce parameter set convergence. A numerical example
illustrates that the algorithm is able to reduce the parameter
set size while satisfying the constraints robustly and steering
the closed loop state to a neighbourhood of the origin.

Future work will consider more general zonotopic forms
for the uncertain parameter set Θ that retain fixed complexity
and tractable conversion from H- to V-form. In addition,
convex PE conditions that apply to future predicted trajec-
tories will be investigated in order to ensure persistency of
excitation whenever this is feasible.
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APPENDIX A: PROOFS OF MAIN RESULTS

Proof of Lemma 7:
The constraint (2) applied to xk ∈ Xk and uk = Kxk + vk
is equivalent to

(F +GK)x+Gvk ≤ 1 for all x ∈ Xk, (42)

and since Xk = {x : V x ≤ αk}, this can be expressed

{x : V x ≤ αk} ⊆ {x : (F +GK)x ≤ 1−Gvk}.

From [17], condition (42) is therefore equivalent to the
existence of Hc satisfying:

Hc ≥ 0 (43a)
HcV = F +GK (43b)
Hcαk +Gvk ≤ 1 (43c)

In the robust MPC implementation, the predicted control
sequence v0, . . . , vN−1 and state tube variables α1, . . . , αN
are optimized online. To ensure that the online MPC opti-
mization is convex, matrices Hc satisfying (43a) and (43b)
are computed offline. This is done by solving (9) for each
row of Hc, so that (8) (which is linear in the online decision
variables) is sufficient to ensure (42). �

Proof of Lemma 11:
If V xk ≤ αk, then V xk+1 ≤ αk+1 where, from (4), the
maximum element of αk+1 satisfies, for all k ≥ N ,

max{αk+1} = max
θ∈Θ, xk∈Xk

max
{
V Φ(θ)xk + w̄

}
≤ max
θ∈Θ, xk∈Xk

max{V Φ(θ)xk}+ max{w̄}

≤ λmax{αk}+ max{w̄},

and hence, for all k ≥ N ,

max{αk} ≤ λk−N max{αN}+
1− λk−N

1− λ
max{w̄}.

Defining sk = max{HQαk} and tk = max{HRαk} for
all k ≥ N , the bounds (20) and (21) then follow from
max{HQαk} ≤ max{HQ1}max{αk}, max{HRαk} ≤
max{HR1}max{αk} and Lemma 10. �

Proof of Lemma 12:
From the definition of s̄k(λ) in (20) we have
∞∑
k=N

[
max
x∈Xk

max{Qx}−s̄∞(λ)
]
≥0
≤
∞∑
k=N

[s̄k(λ)−s̄∞(λ)]≥0

=
[
max{HQ1} 1

1−λ

(
max{αN}− 1

1−λ max{w̄}
)]
≥0

= σ̄N .

A similar argument demonstrates the bound τ̄N . �

Proof of Proposition 17:
If the optimization (31) is feasible at time t − 1, then
(ṽt, α̃t, σ̃t, τ̃t) is:
• feasible at time t for (8), (10) for k ∈ N0,N−2] due to

feasibility of (8), (10) at t− 1 and Θt ⊆ Θt−1;
• feasible at time t for (8), (10) for k = N − 1 due to

feasibility of (13), (14) at t− 1 and Θt ⊆ Θt−1;

• feasible at time t for (25), (26) for k ∈ N[0,N−1] because
of the definitions (33), (34) of σ̃k|t, τ̃k|t;

• feasible at time t for (12) because V xt ≤ α1|t−1;
• feasible at time t for (13), since feasibility of (13) at
t−1 and the definition (35) of α̃N |t together imply that
αN |t−1 ≥ α̃N |t due to Θt ⊆ Θt−1;

• feasible at time t for (14) since the constraint is by
assumption feasible at t− 1 and α̃N |t ≤ αN |t−1;

• feasible at time t for (27), (28) because of the definitions
(36), (37) of ˜̄σN |t, ˜̄τN |t.

It follows that (ṽt, α̃t, σ̃t, τ̃t) is a feasible (possibly subop-
timal) solution of (31) at time t. �

Proof of Lemma 18:
The definitions of α̃N |t in (35) and λt in Algorithm 1 imply

max{α̃N |t} ≤ λt max{αN |t−1}+ max{w̄}.

From (36) and (33) we therefore obtain

˜̄σN |t≤
[
max{HQ1} λt

1−λt

(
max{αN |t−1}− 1

1−λt max{w̄}
)]
≥0

σ̃N−1|t≤
[
max{HQ1}

(
max{αN |t−1}− 1

1−λt max{w̄}
)]
≥0
.

But λt ≤ λt−1 since Θt ⊆ Θt−1 and it follows that

σ̃N−1|t + ˜̄σN |t

≤
[
max{HQ1}

(
1

1−λt−1
max{αN |t−1}− 1

(1−λt)2 max{w̄}
)]
≥0

= σ̄N |t−1 + max{HQ1}
(

1
(1−λt−1)2 −

1
(1−λt)2

)
max{w̄},

which demonstrates (38). The bound in (39) can be demon-
strated using a similar argument, whereas (1 − λt−1)−2 ≥
(1− λt)−2 ≥ 1 follows from λt−1 ≥ λt ≥ 0. �

Proof of Proposition 19:
First note that λt necessarily converges to a limit λ∞ ≤ λ0,
since by assumption Θ0 is compact and Θt ⊆ Θt−1 for all t.
To simplify notation, we use Jot to denote the optimal value,
Jo(xt) = J(xt,vt,αt,σt, τt), of the MPC cost (31). Then
from Proposition 17 and Lemma 18 we have

Jot ≤ J(xt, ṽt, α̃t, σ̃t, τ̃t)

≤ Jot−1 −
[
max{Qxt−1} − s̄∞(λt−1)

]
≥0

−
[
max{Rut−1} − t̄∞(λt−1)

]
≥0

+ (max{HQ1}+ max{HR1})(
1

(1−λt−1)2 −
1

(1−λt)2

)
max{w̄}.

For any positive integer T we therefore obtain
T−1∑
t=0

[
max{Qxt} − s̄∞(λt)

]
≥0

+
[
max{Rut} − t̄∞(λt)

]
≥0

≤ Jo0 − JoT + (max{HQ1}+ max{HR1})(
1

(1−λ0)2 − 1
)

max{w̄}.

The RHS of this inequality is finite since JoT ≥ 0 for all T .
It follows that the sum on the LHS converges as T → ∞,
which implies the asymptotic bounds in (40) and (41). �


