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Dark matter haloes are typically characterized by
radial density profiles with fixed forms motivated
by simulations (e.g. Navarro-Frenk—-White [NFW]).
However, simulation predictions depend on uncertain
dark matter physics and baryonic modelling. Here, we
present a method to constrain halo density profiles
directly from observations using Exhaustive Symbolic
Regression (ESR), a technique that searches the space
of analytic expressions for the function that best
balances accuracy and simplicity for a given dataset.
We test the approach on mock weak lensing excess
surface density (ESD) data of synthetic clusters with
NFW profiles. Motivated by real data, we assign
each ESD data point a constant fractional uncertainty
and vary this uncertainty and the number of clusters
to probe how data precision and sample size affect
model selection. For fractional errors around 5%, ESR
recovers the NFW profile even from samples as small
as approximately 20 clusters. At higher uncertainties
representative of current surveys, simpler functions
are favoured over NFW, though it remains competi-
tive. This preference arises because weak lensing errors
are smallest in the outskirts, causing the fits to be
dominated by the outer profile. ESR therefore provides
a robust, simulation-independent framework both for
testing mass models and determining which features
of a halo’s density profile are genuinely constrained by
the data.
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1. Introduction

In the ACDM cosmological model, structure forms hierarchically: small initial overdensities grow
over time through gravitational instability, merging to form larger systems until they reach virial
equilibrium. This process primarily affects dark matter, which interacts only through gravity. Asa
result, dark matter is the first component to form gravitationally bound structures known as dark
matter haloes, creating a scaffolding into which baryons, subject also to dissipative processes,
later settle. Understanding the properties and dynamics of haloes is important for studying the
formation of galaxies and testing the predictions of cosmological models [1,2].

Gravity-only N-body simulations trace the formation and evolution of dark matter haloes,
while hydrodynamical simulations also attempt to include baryonic processes. From these sim-
ulations, a key result is that haloes seem to follow increasingly steep central density profiles or
cusps. This behaviour is commonly captured by the Navarro-Frenk-White (NFW) density profile
[3]:

Po

r/rs(1 +1/15)? (11)

PNEw () =

where r is the radial distance from the centre of the halo, p is a characteristic density and r, a
scale radius.

Despite this profile being widely used, relying only on numerical simulations has limitations.
These profiles are traditionally derived as empirical fits to simulations rather than predictions
from first principles, and therefore lack a fundamental theory explaining their origin. Recently,
progress has been made in deriving halo profiles based on the physics of collisionless relaxation,
offering an insight on why these profiles appear in cold dark matter simulations [4]. However,
the lack of a fully settled theory limits the reliability of these models. More significantly, observa-
tional data continue to challenge the universality of cuspy profiles. For instance, galaxy rotation
curves often suggest flatter inner density slopes, so-called cores, with an approximately constant
density near the centre (o « 1) [5].

Several mechanisms have been proposed to explain the discrepancy between simulations and
observations. Most involve baryonic processes, such as supernova-driven feedback expelling gas
from the centre, or clumps transferring energy outwards through dynamical friction [6,7]. How-
ever, these processes are very complex and remain difficult to model accurately in simulations.
Moreover, some of these relevant processes occur below the resolution limit of such simulations,
necessitating uncertain, semi-analytic ‘subgrid models’. Beyond baryons, alternative dark matter
models, such as fuzzy or self-interacting dark matter [8], can also generate halo profiles that differ
from those seen in cold dark matter simulations. The space of theoretical predictions across both
varying dark matter and baryonic physics is thus vast and difficult to constrain.

Upcoming surveys will provide higher-precision measurements of dark matter distributions
in galaxies and galaxy clusters. For example, data from surveys like Euclid [9], DESI [10] and
Rubin [11] will make it possible to combine weak lensing and dynamical data to reconstruct
full three-dimensional density profiles of galaxies and clusters. To make full use of these data,
and to interpret them without imposing prior assumptions from simulations, we require a
model-independent method that can uncover the structure of haloes directly from observations.

To do this, we propose using a machine learning algorithm called Symbolic Regression (SR)
[12]. SR searches the space of analytic functions to find a mathematical expression that can de-
scribe a dataset well. This makes it particularly suitable for situations like ours where we do not
want to assume any specific functional form from the outset. In this way, it can infer dark matter
halo density profiles from observations without relying on assumptions from simulations.

One of the main advantages of SR over other machine learning methods is that it produces in-
terpretable mathematical expressions instead of black-box models. While it may be too optimistic
to expect that these expressions will directly reveal new physical laws, they can still serve as mod-
els for testing correlations between profile parameters or for identifying systematic deviations
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from the standard halo profiles. Moreover, because these profiles are more accurate empirically,
they can also be dropped into existing analyses (for example, when making predictions using the
halo model) as a replacement for the NFW profile, providing an observationally better-motivated
alternative.

In this work, we focus on a specific SR algorithm called Exhaustive Symbolic Regression (ESR)
[13]. Given a set of mathematical operators, ESR generates all possible combinations to produce
functions up to a given level of complexity (defined to be equal to the number of nodes in the
tree representation of a function). For each candidate function, it assesses how well it fits the data
and how simple it is. This trade-off is formalized using the Minimum Description Length (MDL)
principle: essentially, the best model is the one that gives a good fit to the data using the simplest
possible formula.

The paper is structured as follows: we begin by introducing the ESR algorithm and describing
how it can be used to combine data from multiple datasets (§2). Then we describe how it can be
used to constrain halo profiles from weak lensing data. In §3, we apply ESR to mock weak lens-
ing data to illustrate its effectiveness and discuss how data quality affects the resulting functions.
Finally, we conclude and outline how the method can be extended to other probes such as galac-
tic rotation curves in §4. Throughout this paper we adopt a concordance ACDM cosmology with
0, =027, 02, =0.73 and Hy = 70km s~! Mpc~! and use log to denote the natural logarithm.

2. Methods

(a) Symbolic regression framework

SR is a machine learning framework designed to recover mathematical expressions directly from
data. Given a dataset and likelihood model, SR aims to find the equations that best describe the
underlying relationships [13-15]. The goal is to balance accuracy, ensuring the final expression
reproduces the data reliably, and simplicity, to find equations that are easy to interpret and more
likely to generalize well. In doing so, SR can produce insight into the physical processes that
generated the data.

In recent years, many SR algorithms have been developed. Most begin by specifying a set
of mathematical operators (e.g. +, —, X, exp, etc.) and proceed by combining these to generate
candidate expressions. The complexity of an expression is defined as the number of operators,
parameters and variables needed to construct the function. The most common approaches to gen-
erating functions at different complexities rely on genetic programming, which evolves the initial
population of functions through operations such as mutation and crossover [16-18]. These meth-
ods aim to be computationally efficient by only studying a subset of the function space. The hope
is that this is the optimal subset for the data in question, however this exploration often misses
important expressions even at relatively low complexities [13,19].

This limitation motivated the development of ESR, an algorithm that, given a set of oper-
ators, generates all possible functions up to a specified complexity [13,14,20]. This brute-force
approach constructs and tests every valid expression within the allowed function space, ensuring
no potentially good functions are missed. This makes ESR the best algorithm to find expressions
at low complexities and a valuable benchmark for guiding stochastic methods such as genetic
programming at higher complexity.

Although ESR is described in detail in [13], in this section we briefly describe its two main
stages. First, it systematically generates all possible expressions at a given complexity and op-
timizes their free parameters. Second, it ranks the resulting expressions using an information
theory-motivated metric that accounts for both goodness-of-fit and model complexity.

(i) Generating and optimizing functions

To generate mathematical expressions, ESR begins by the user specifying a set of operators.
These can be classified into three types: binary (e.g. +, X), unary (e.g. exp, log) and nullary
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(parameters and variables). Mathematical expressions can be represented as trees, where each
node corresponds to an operator and the structure of the tree encodes the mathematical com-
position of the function [21]. The complexity of a function can also be defined as the number of
connected nodes in the tree representation. For example, the standard NFW profile can be writ-
ten as 8y /(r(161| + r)?), which is a complexity 9 function (the modulus sign is not counted as an
operator).

Given a fixed complexity, ESR systematically generates all possible tree structures with that
number of nodes and then populates each node with every possible combination of operators
with the correct arity. In this framework, the choice of operators and the maximum complexity
are the only degrees of freedom.

Once the complete set of candidate expressions has been generated, ESR simplifies expressions
and eliminates duplicates. Since multiple tree structures can generate equivalent mathematical
expressions (e.g. e"t* =¢? - ¢¥), it is important to identify these cases, as retaining only unique
expressions avoids redundant computations in the next step.

Finally, ESR optimizes the free parameters in each of the candidate models. We consider the
best-fit parameters to be those that maximize the likelihood function. Here we use Gaussian likeli-
hood with uncorrelated errors. We consider two optimization algorithms to be particularly useful
for parameter optimization. The faster option is to use a gradient-based method such as BFGS
[22-25], which uses gradient information to effectively navigate the likelihood surface and locate
maxima. However, we find that this algorithm sometimes gets trapped in local maxima, partic-
ularly when the likelihood landscape is complex. To mitigate this, we also use a derivative-free
method like Nelder-Mead [26], which can be more robust in avoiding local maxima, although it
typically takes longer to converge.

To ensure that the parameter estimation has converged to a reliable solution, the optimiza-
tion procedure is repeated up to Nj;e, times. After each iteration we check whether the same best
solution (within some likelihood tolerance) has been recovered N,y times, in which case we ter-
minate the optimization as successful. If the highest maximum has not been reached N, times
after Nj, iterations, the algorithm returns the maximume-likelihood solution achieved. The values
of N¢ony and Njge, used here are the same as those specified in [13].

This process is repeated for all complexities considered. However, there is a practical upper
limit to how high one can go. As the number of nodes is increased, the number of possible ex-
pressions grows exponentially, making the computation infeasible beyond a certain complexity.
Since the standard NFW profile is a complexity 9 function, we set our maximum search complex-
ity to 9, ensuring NFW is included in our analysis while remaining within these computational
constraints.

(i) Model selection via minimum description length

The result of the previous procedure is a list of all functions up to a given complexity, along with
their best-fit parameters. The next step is to rank these functions. A natural choice would be to
use the maximum likelihood as a criterion. Plotting each function on the complexity-likelihood
plane, the functions that achieve the highest likelihood at each complexity form what is known as
the Pareto front. Along this front, no function can be made more accurate without also becoming
more complex and vice versa.

However, the Pareto front itself only defines a set of optimal trade-offs; it does not provide
a principled way of choosing one function over another within that set. In other words, Pareto
optimization gives a frontier of good functions in terms of accuracy but not a ranking. To obtain a
one-dimensional ordering of the models, an additional criterion is needed that weights complex-
ity against accuracy. To do this, ESR uses an information-theory approach known as the MDL
principle [27-29]. MDL states that the best mathematical description of the data is the one that
compresses information the most, or in other words that needs the fewest units of information
to transmit the data. Here we will perform all calculations with natural logarithms rather than
base-2, and thus our unit of information is nats rather than bits.
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This idea is represented by the Description Length, L(D), which is defined as L(D) = L(D|H) +
L(H). Here, L(D|H) quantifies how well the hypothesis H fits the data D. Under the Shannon-Fano
coding scheme, the optimal encoding for the residual has L(D|H) = —log £(D|8) [30], where L is
the likelihood and 8 are the maximum-likelihood parameters. The second term, L(H), measures
the complexity of the hypothesis itself. It penalizes models with more operators, more parameters
and parameters that need to be specified to higher precision to achieve a high likelihood.

The full expression for L(D) is derived in [13] and is given by

P
L(D) = —1log(£L) + klog(n) + plog(2) + D 1og(16;1/4)) + D log(c)), 2.1)
i=1 j

where k is the number of nodes to represent the function, n is the number of unique operators, p is
the number of free parameters, 1/4; is the precision to which the parameters can be specified and
¢j are constant natural numbers. The hat notation indicates evaluation at the maximum likelihood
point.

In some cases, it might happen that |6;|/A; < 1, meaning that the maximum likelihood estimate
of a parameter is indistinguishable from 0 within the uncertainty tolerance. In these situations,
we set these parameters to 0, recalculate the likelihood, and reduce the parameter count p by one.
Since this occurs only when a parameter is already poorly constrained, the overall effect on L(D)
is minimal.

Equation (2.1) can be interpreted as an approximation to the Bayesian evidence under a certain
choice of parameter prior and function prior, where the latter is given by L(H). More sophisticated
choices for the prior can be expressed in terms of language models [31]; however, for simplicity,
in this work we use the formulation of the MDL as given by [13].

This expression balances model simplicity and goodness of fit. Simple functions are penalized
if they fail to fit the data well (high L(D|H)), while highly complex functions that overfit are pe-
nalized for their complexity (high L(H)). This is naturally influenced by the quality of the data.
When the data are not particularly constraining (few data points or large uncertainties), the like-
lihood term has less influence, and simpler functions with higher prior probabilities (and hence
low L(H)) are favoured.

(iii) Global versus local parameters

We aim to find dark matter density profiles that perform well across different galaxies or galaxy
clusters. This requires combining results from individual systems to evaluate overall model per-
formance. There are different ways to do this depending on how the model parameters are
treated.

One option is to consider that the parameters are independent for each dataset, such that they
are optimized separately for each galaxy or cluster. This means applying ESR independently
on each system and afterwards combining the resulting fits. To compute the overall description
length in this case, we sum the likelihood and parameter precision terms across galaxies, but count
complexity terms (i.e. those depending on the number of nodes k and operators 1) only once. This
results in a total description length given by

N N p
L(D) =~ Y, log L@ + klog(m) + N - plog(2) + Y. >, log(161/4™) + 3" log(c)). 22)
a=1 a=1i=1 j

for N independent galaxies/galaxy clusters labelled by the index a.

Alternatively, we can consider the possibility that a subset of parameters is shared across all
galaxies; we refer to these as global parameters. This allows for the possibility that some of the
parameters are universal constants that appear in the mathematical description of dark matter
haloes, for example the square in the denominator of the NFW profile. In this case, a single set
of shared parameters is optimized using combined data from all systems. This results in a lower
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total likelihood, since the model has fewer degrees of freedom to fit each galaxy. However, it also
reduces the model complexity by significantly decreasing the number of free parameters. This
trade-off can lead the data to prefer global over local parameters.

Ideally, one would like to combine both approaches, allowing some parameters to be global
while others remain galaxy-specific in the attempt to find the overall lowest description length
models. This allows the data itself to determine which model structure is appropriate. To imple-
ment this in ESR, we use a two-step procedure. First, we perform fully local fits, where all pa-
rameters are independently fitted to each galaxy. This gives the best possible likelihood that each
function can have. Then, we evaluate whether L(D) can be improved by ‘globalizing’ some of the
parameters. The aim is to determine whether making some parameters global could potentially
improve the L(D) enough to improve the function’s ranking beyond that of the best-performing
function with all local parameters. To estimate this, we consider the maximum theoretical pos-
sible gain in L(D), which occurs when the likelihood remains unchanged on globalization. This
yields (setting the precision cost of new global parameters to zero)

N Pglobal
max(AL) = max(Liocal — Lglobal) = Z Z log (Ie,('u)l/AEu)) + pglobal(N - 1Dlog2, (2.3)

a=1 i=1

where Pglobal denotes the number of parameters being considered for globalization. It is necessary
to consider all possible combinations of local and global parameters for each function.

Using this, we identify good candidates for globalization as those for which max(AL) is large
enough to put the function in the top 10 ranked models. For any such function, we proceed to glob-
alize the corresponding parameter and re-evaluate the description length. This involves re-fitting
the function setting the desired parameters to global.

One straightforward way to do this is to perform a single optimization over all Nparams =
Pglobal + N - Plocal parameters, where N is the number of galaxies or clusters. However, this re-
quires searching in a very high-dimensional space, and we find that the optimizer often struggles
to explore the likelihood surface effectively.

We therefore use instead a nested optimization. In this scheme, an outer optimizer searches in
the space of global parameters. For each set of global parameters it tries, an inner optimizer fits the
best corresponding local parameters for each cluster. This process is repeated until the global op-
timizer converges. We define convergence as Ny iterations showing an absolute improvement
in the likelihood function of less than 0.1.

While computationally more expensive, this method has the advantage that each optimization,
both for the local and global parameters, occurs in a low-dimensional space. This improves the
convergence and stability of the fitting procedure. The rest of the terms for the description length
are calculated as in equation (2.2), where the sum is performed over local parameters and global
parameters are only considered once.

(b) Application to weak lensing
(i) Weak lensing basics

Weak gravitational lensing refers to the magnification and distortion of background galaxy shapes
caused by the deflection of light by intervening mass along the line of sight. It offers a powerful
and direct way of mapping the matter distribution in galaxies and clusters without relying on
assumptions about their dynamical state. Galaxy clusters, being among the most massive gravita-
tionally bound systems, produce strong gravitational wells that make them particularly effective
lenses. As such, they provide unique environments for studying the distribution of matter, which
is dominated by dark matter.

The effects of weak gravitational lensing are described by the convergence x, which describes
the isotropic magnification, and the complex shear y that describes the anisotropic distortion of
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galaxy shapes. In practice, the observable quantity is not the shear y but the reduced shear g,
which accounts for the magnification effect from the convergence

_ 14
=1 =%

2.4)

The shear y can be decomposed into two components: the tangential component y and the 45°-
rotated component yx. At the radii we consider, g, ~y, . The tangential shear y . is directly related
to the azimuthally averaged surface mass density X(R) through [32]

_(E(<R)—Z(R) _ AZ(R)
T Zer(z1,25) B 2er(z1,25) ’

where R is the projected radius from the lens centre, AX(R) is the Excess Surface Density (ESD)
and (Z(< R)) is the average surface density within R, given by

2.5)

R
(S(<R)) = % / S(RR'AR. 2.6)
0
The critical surface density X, is
c? Da(z,)
4G (1 +2)2Da(2)D a1, 25)’

Zar(21,25) = 2.7)
where ¢ is the speed of light, G is the gravitational constant, z; is the lens redshift, z; is the
source redshift and D4 is the angular diameter distance. The factor (1 + z;)* converts to co-moving
surface mass density.

The projected surface density, X(R), can also be related to the three-dimensional mass density
p(r) by

Z(R)= / Pp(VR2 + z2)dz, (2.8)

where z is the line-of-sight coordinate and r is the three-dimensional distance, such that =
R2 + 22,

By combining these equations, we can derive the predicted AX(R) profile for any candidate
three-dimensional density function p(r). ESR can use this transformation to fit ESD data and
rank the performance of each function. To simplify the numerical calculation of AX(R), we use
an alternative expression that avoids double integrals [33]

p(RsecH)
45sin6 + 3 — cos(26)

4 R /2
AZ(R)= — f drr’p(r) — 4R / do (2.9)
R> Jy 0
In principle, the total excess surface density AX(R) has contributions from several components:
the one-halo dark matter term, baryonic components and the two-halo term.

The baryonic contribution itself has two main parts: the stellar mass of the brightest cluster
galaxy (BCG), which is important only at very small scales (R $0.14~1 Mpc), and the hot, ex-
tended Intracluster Medium (ICM) or gas component. The two-halo term arises from correlated
matter in surrounding large-scale structure and becomes important at scales approaching and
beyond the virial radius [34].

We analyse data in the intermediate radial range (0.3 — 31~ !Mpc), where the one-halo term
dominates in ACDM for the cluster masses under consideration. We therefore neglect the two-
halo term in our analysis, providing a detailed quantitative justification in §2b(ii). We do not
model the baryonic components separately from the dark matter, with the hot ICM gas expected
to contribute around one-sixth of the total mass. Therefore, by neglecting the gas component, this
inference procedure applied to real data effectively constrains the total mass profile rather than
the purely dark-matter contribution. We discuss how the method could be developed to explicitly
model both the two-halo term and the subdominant baryon component in §4.

H
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An important consideration is the quality of the data itself. Since more precise data tend to
prefer more complex models, the quality of the data is important to understand if profiles like
NFW can actually be recovered from observations. In the next section, we present a worked ex-
ample using mock weak lensing data. We focus on the one-halo term only and investigate how
data quality affects the performance of ESR, and the extent to which the function generating the
data can be expected to be recovered by ESR.

(i) Mock data generation

To illustrate the method and test the ability of ESR to recover known physical profiles, we gen-
erate a synthetic sample of 150 galaxy clusters with an NFW profile, that is designed to closely
resemble the dark matter halo properties inferred for the XXL X-ray selected cluster sample in
the analysis of [34]. The halo masses were drawn from a Gaussian probability density function
inZ= 1og(M200/h_1Mo) with a mean uz =14 and a dispersion oz = 0.51og 10. The range of true
Moo masses for the simulated sample is 4.0 X 1013 < Mygo/ (h_lMG) <$5.0x 1014, Corresponding
concentrations were drawn from the scattered cpg9-Mpqgg relation of [35], assuming a log-normal
intrinsic dispersion of o(log cyg9) = 0.151og 10 and a fixed redshift of z = 0.3, the median redshift
of the XXL sample.

The true ESD, AX(R), profile for each cluster was calculated in 10 logarithmically spaced bins of
co-moving radius from Ry = 0.3h~1 Mpc to Rppax = 3h71, again following [34], avoiding the in-
ner regions (R < 0.3h~! Mpc). The lower limit is to ensure our measurements are not significantly
affected by masking, imperfect deblending, or photometric biases caused by the BCGs. Further-
more, this Ry, is much larger than the typical offsets between the BCG and the X-ray peak for
these clusters, meaning smoothing of the lensing signal due to miscentring is also not expected
to be a significant effect. The upper limit is to avoid the region where the two-halo term becomes
significant.

To model observational uncertainties, we add realistic noise to the simulated measurements.
For current surveys, the uncertainty in measured ESD profiles is dominated by the intrinsic dis-
persion of unlensed galaxy shapes. This shape noise scales with the number of source galaxies in a
radial bin (n;) as g; x 1/ \/E . Because we use logarithmic radial bins, the annular area—and hence
n;—grows approximately as R?, implying o; « 1/R. In real cluster data the ESD declines as ap-
proximately 1/R in the radial range we consider, yielding an approximately constant fractional
uncertainty. Therefore, we adopt the following error model for our synthetic data:

AZ(Rj) = AZpyye(R)) + €4, (2.10)

€i NN(O’ O-l') ’ ai ZfAZtruE(Ri)’ (211)

withi=1,...,10 radial bins and A a normal distribution with mean zero and dispersion o; . To test
our method’s performance under different data quality scenarios, we generated six mock datasets
with

fe€{0.01, 0.05, 0.20, 0.40, 0.60, 0.80}.

We can compare these f values with typical fractional uncertainties of current lensing surveys.
For instance, the HSC-XXL cluster sample in [34] has a median fractional uncertainty of approx-
imately f~ 0.60, while a higher signal-to-noise survey like CLASH has an uncertainty closer to
f=~0.38 [36].

Our chosen range, f€{0.01,...,0.80}, therefore spans the full spectrum of data quality. The
low-noise values (f=0.01, f = 0.05) represent highly idealized precision, while the upper end of
our range (f=0.40, 0.60, 0.80) is representative of, or even more challenging than, the data from
current-generation surveys. This allows us to test our method’s performance in both idealized
and realistic observational scenarios.
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Our analysis is restricted to modelling the one-halo term of the cluster mass profile. One might
wonder whether the two-halo term contribution is significant, particularly at the outermost data-
points. In the ACDM framework, this question was addressed in detail by [37] for the HSC cluster
sample. Since our dataset is designed to be comparable with the XXL-HSC sample, their findings
are directly relevant. For their cluster sample, which has a lensing-weighted mean mass (the ef-
fective average mass of a cluster sample, obtained by weighting each cluster by the strength or
precision of its lensing signal) of My =8.3 x 1013 =M, they found the two-halo term’s con-
tribution to the stacked ESD profile to be negligible across their entire radial range (see fig. 1,
[37]). Even at their outermost datapoint (R ~3h~'Mpc), the two-halo term was still an order of
magnitude smaller than the fitted one-halo term.

We have confirmed this for our own sample by calculating the two-halo term (following the
method in [37]) for our lowest-mass clusters, where this term is expected to be relatively most
significant. For the lowest-mass cluster in our sample —where the two-halo contribution is most
significant—it remains about 4.5 times smaller than the one-halo term at the outermost radial bin,
and roughly 10 times smaller for the second-lowest-mass system.

Given that the two-halo term is so small, one route would be to simply include the standard
ACDM 2-halo term as an additional source of uncertainty in the covariance. However, the above
implies this would not noticeably alter our conclusions on the quality of data required to recover
NFW. For a future application to real data, there is a deeper methodological issue: given the aim
of the study is to recover the halo profile, assuming NFW to calculate the two-halo term is un-
satisfactory. In principle, one could use each halo profile under consideration to calculate its own
two-halo term, but this would be costly. In the near-term, the most practical option when apply-
ing this method to real data is to test the stability of the preferred profiles against the radial range
of the data (e.g. by re-fitting with the outermost bins removed).

3. Results

We applied our ESR pipeline to the mock cluster datasets, optimizing all candidate functions up
to complexity 9 for each fractional uncertainty level. To illustrate the fitting procedure and its
results, we will first focus on the low-noise regime (f=0.05) as a representative example.

Figure 1 shows the ESR-derived fits for a single mock cluster from this f = 0.05 dataset. The left
panel compares the mock ESD data (black points) with the best-fit NFW profile and the next two
top-ranked functions discovered by ESR for this cluster, which are |60||91|r /r and (|60|/r)|61|7y.
The right panel shows the corresponding three-dimensional density profiles (o) for these same
models.

We then ranked the functions based on their combined performance across all clusters. As
explained in §2a(iii), our procedure first optimizes all functions assuming purely local parame-
ters, and then identifies which models benefit from ‘globalizing’ one or more parameters. For this
f=0.05 uncertainty level, this method identified 734 functions as candidates for the globalizing
step out of the 36217 total unique functions evaluated up to complexity 9 (2% of the functions).
This results in a total of 2432 unique function and parameter-type (local/global) combinations that
were then optimized.

Table 1 summarizes the top-ranked expressions across all global and local combinations. The
total description length for each function is broken down into three components: the residuals
between the predicted and observed data, the structural complexity of the functional form, and
the penalty due to the number of free parameters, as detailed in the table footnote.

The best-ranked function is the NFW profile. This is a validation of our mock-data simulation:
in the low-noise regime, ESR successfully recovers the true, underlying model that was used to
generate the data. The generalized NFW (gNFW) profile, which introduces an extra parameter
6, per halo by allowing the inner slope of the profile to vary, achieves a better likelihood but is
penalized for its extra complexity, falling to rank 40 in total L(D). We find a median and standard
deviation for the slope 8, of 2.01 + 0.31 across all clusters, close to the expected NFW value of 2.
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Figure 1. An example result of the ESR fitting procedure for one mock galaxy cluster, generated with a fractional uncertainty
of f=0.05. Left panel: the mock weak lensing ESD data (black points) are compared with the best-fit NFW profile (red) and

the next two best-fitting functions discovered by ESR, |6, |11!" /r (purple) and (|6, | / r)|e1 I (blue). Right panel: the corre-
sponding three-dimensional density profiles (o) for the three models as a function of the intrinsic three-dimensional radius.
The vertical dotted lines mark the radial range of the ESD data from the left panel.

The second-ranked function is the gNFW profile with its outer slope 6, treated as a global pa-
rameter shared across all clusters. Its best-fit value of 6, = 2.024 + 0.008 is extremely close to the
canonical NFW value of 2. This model achieves a slightly better likelihood (Residual =617.79)
than the standard NFW (618.40) but is penalized for having one extra parameter just enough by
the MDL to fall to second place.

We also note that despite the global search, the final ranking is dominated by models with
purely local parameters. The gNFW is the only function in this top list that successfully incor-
porates a global parameter. This makes sense, local parameters are necessary to capture cluster-
to-cluster variations in mass and concentration, while global parameters are only appropriate for
universal properties like an outer slope.

Interestingly, most of the highest-ranked functions have two free parameters, same as the stan-
dard NFW profile. The MDL metric heavily penalizes additional parameters, and our results
show that models with three or more parameters do not provide a sufficient improvement in
fit to overcome this penalty.

The trade-off between model fit (residuals) and complexity is shown in figure 2. The red
axis (left, AL(D)) shows the total Description Length. The blue axis (right, |Alog £|) shows the
goodness-of-fit. Both metrics are shown relative to the best-performing model in that metric, so a
value of 0 represents the minimum (best) score. Therefore, a higher point on the plot indicates a
worse-performing model.

The NFW profile is marked with a star. It has the best description length, even when it does
not have the best likelihood. The function that achieves the best likelihood (£ = 481.98 nats) is
6 |”
92 — 16

s

but it is penalized for its higher functional complexity, finally ending at rank 545 in overall L(D).

Figure 2 also shows that the total L(D) is still decreasing at complexity 9. This suggests that
we have not necessarily found the absolute best model, as better-fitting functions may still exist
at higher complexities. In fact, all of the top-ranked functions in table 1 are already at this com-
plexity 9 limit. While extending the search to complexities beyond 9 is a natural next step, it is
computationally expensive. We, therefore, present our results as the best-performing functions
discovered within the search space up to complexity 9.
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Table 1. Highest ranked density models ordered by their total description length L(D) = Residual + Parameter length +
Function length . The ‘global params’ column specifies which parameters are set to global for each function.

rank  p(r)/10M,Mpc>  complexity global  description length
params

residual parameter function total

1 NFW:6,/(r(16,] +1?) 9 — 61840 104306 2404 168551

2 gNFW: 9 6, 617.79 105398 2508 169685
60/ (r(161] +N%)

T

— 65062 111501 1288 177851
— 889520 94500 1448  1849.90
— 90278 100283 1448  1920.00

9
(|'e¢|v/'rjl'9il;’” s
:
9
18] 11" /r 8 — 83467  1076.40 12.88 1923.94
9
9
9

T
16, 1"/ @=1/n1"

16, —r| &V /r — 83469  1076.15 14.48 192532
16 +r| 111" /r — 83469  1076.18 14.48 192535
10 60/ (6, —1'~%) — 57025 1383.21 14.48 1967.94

o
60/ (r(16:] + )

N
— Z log £©@
a=1
N a
2= Y log L@

1
bp log(2) + Za=1 Zf:] log (|ei(a)
“klogn + 37 log ¢

/A%)

We repeat this analysis for all fractional uncertainties. Figure 3 shows how the different com-
ponents of the description length change with different fractional uncertainties (f) for the NFW
profile. The residual component (red line), which represents the goodness-of-fit (—log £), is re-
markably flat for all uncertainty levels. This indicates that the model is achieving an optimal fit at
each noise level. As the noise o increases, the absolute difference between the data and model also
increases, but the normalized residual remains constant. By contrast, the parameter length (blue
line) drops significantly as the fractional uncertainty fincreases. At low noise, the data are highly
constraining, and the parameters are determined with high precision (i.e. narrow posteriors). This
high precision represents a large amount of information, which has a high ‘cost’ to encode.

As noise increases, the data’s constraining power drops, leading to less precise, low-
information (and thus low-cost) parameters. In this high-noise regime, it becomes more common
for parameters to be ‘snapped’ to zero (i.e. |§;]/4; <1), which reduces the effective parameter
count p for that cluster. For any parameters that are not snapped but are still poorly constrained,
the information-dependent part of the parameter cost, Zi\jzl f=1 Iog(|61@| / Al@), tends to zero.
Therefore, in the high-noise limit, the parameter length converges to its minimum ‘structural’
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Figure 2. Optimal values of the objectives at each complexity for a fractional uncertainty of f = 0.05. The red curve (left axis)
shows the per-complexity minimum description length relative to the global best description-length (NFW in this case). The
blue curve (right axis) shows the per-complexity best likelihood relative to the global best likelihood across all models. Stars
mark NFW in both metrics. For both axes, lower values on the plot indicate better-performing models.
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Figure 3. Breakdown of the total Description Length (L(D)) for NFW as a function of the fractional uncertainty () in the mock
data. The Total L(D) (black) is the sum of the Residual component (— log £) (red), the Parameter length (blue) and the func-
tion complexity. The plot shows that the parameter cost (blue line) dominates the total cost at low noise and drops significantly
as the data become less constraining. The residual term, representing the goodness-of-fit, remains relatively flat at all noise
levels.

cost, which is given by the plog 2 term in equation (2.1). For a two-parameter model (pjyster = 2)
like NFW and our sample of 150 clusters, this floor is:

L(®)min = 150 x 21log 2 ~ 207.94 nats,

which is presumably the value that the blue line is approaching in figure 3.
We also studied how the NFW profile’s performance compares with the ESR-discovered func-
tions across all data quality levels. Figure 4 summarizes this analysis. The bottom panel shows
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Figure 4. The performance of the NFW profile relative to the other ESR-discovered functions, shown as a function of the frac-
tional uncertainty (f) in the mock data. Top panel: the difference in total Description Length, AL(D) = L(D)p; — L(D)yew,
where L(D), is the description length of the best function other than NFW (black). The equivalent difference for likelihood
(red) and parameter length (blue) also shown. Positive values indicate that NFW is the best-fitting model function. Bottom
panel: the absolute rank of the NFW profile in the full list of functions, where a rank of 1is the best. The plot shows that NFW is
the L(D)-preferred model at low uncertainty, but it is overtaken by other functions at intermediate £. In the high-noise regime
(f= 0.6), it once again becomes one of the top-ranked models.

NFW's absolute rank (where 1 is best) among all ESR functions up to complexity 9. The top panel
shows the L(D) gap, which we define as AL(D) = L(D),;; — L(D)Ngw, Where L(D),y; is the L(D) of
the best model found by ESR at each fractional uncertainty (which may differ with f). Since a lower
L(D) is better, positive values on the black line mean NFW is preferred. The red line shows the
difference in fit quality and the blue line shows the difference in parameter cost.

Three regimes appear. At very low noise (f < 0.05), NFW is clearly preferred (rank 1). Both the
red and blue curves are positive, showing that NFW achieves a better likelihood and a lower pa-
rameter cost than its competitors. As figure 3 highlights, the parameter-length term dominates
the L(D) difference here: some functions can approach NFW’s likelihood, but only at the price of
substantially finer parameter tuning.

However, in the intermediate-noise regime (f~ 0.2 —0.4), NFW’s performance gets worse.
Here, the red line is still positive (NFW fits better), but the blue line is strongly negative. This
indicates that an alternative function has a lower parameter cost. Actually, the preferred model
for f=0.2,0.4,0.6 is 8y/ (r2(r + 1)). The MDL framework concludes that NFW’s slightly better fit
is not worth its much higher parameter ‘fine-tuning’ cost, so it prefers the alternative.

At very large f, both likelihood differences and parameter costs compress, so NFW may no
longer be best but typically remains competitive. This behaviour is likely driven by the fractional-
uncertainty model used in our mock. We set o(r) = f X p(r), which mirrors weak lensing-like errors
that scale with the signal amplitude. This choice makes the absolute uncertainties at small radii
bigger than those in the outskirts, so the outer data points carry more weight in the likelihood.
At large r, NFW asymptotes to 7~>. Many alternative profiles, like 6y/(r?(r + 1)), can reproduce
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Figure 5. Change in description length (AL(D)) between NFW and the best alternative dark matter halo model. The curves
show results for two different levels of Gaussian noise in the ESD data: f € {0.01, 0.05} as a function of the number of clusters.
Any point higher than 0 shows a preference for NFW.

this outer slope while differing in the centre. As a result, the fractional model effectively down-
weights the inner cusp (r~!) that distinguishes NFW, making alternative functions competitive
in likelihood. Therefore, more simple functions that can reproduce the outer behaviour but have
less parameters are preferred, which is exactly what we are seeing in figure 4.

This is just a property of weak lensing weighting. In practice, one could combine weak lensing
with probes that better constrain the inner regions (e.g. strong lensing or stellar kinematics). This
also means model recoverability depends as much on the data as on the fitting criterion.

It is interesting to note, however, that even when NFW is not the L(D)-winner, it always re-
mains one of the top models. As the bottom panel of figure 4 shows, NFW remains within the top
10 models across all uncertainty levels. This suggests that if NFW is the best description of the
data, ESR should be able to recover it as one of the best-fitting models.

In addition to noise, another important factor that influences model selection is the amount of
available data. To study this effect, we assess how the description length changes under varia-
tions in the number of clusters N. After running the analysis for N = 150 clusters, we extrapolate
our results to arbitrary sample sizes. The only terms that depend on N in equation (2.2) are the
total likelihood ZN log £ and the parameter information term ZN Zp (% log(L;;) + log(|6;]). Both
of these terms scale linearly with N, allowing for a trivial transformation.

We can now use this framework to quantify how the statistical preference for the NFW profile
scales with data quantity (i.e. the number of clusters, N). Since the extrapolation to a different
number of clusters is linear, we can only study regimes for which NFW is identified already as
the best model. So we focus on the two low-noise regimes, f=0.01 and f = 0.05, which are the cases
where figure 4 showed NFW is the best-performing model for the full sample.

For these two noise levels, we compute the description length difference, defined as AL(D) =
L(D)atternative — LID)NEW, Where L(D),jternative 18 the L(D) of the next-best function. This difference
is plotted as a function of N in figure 5. With this definition, positive values of AL(D) indicate a
preference for NFW.

The results show that for the very low-noise case (f=0.01), the preference for NFW is strong
even with a very small number of clusters. As the uncertainty increases to f=0.05, a larger
dataset is required. While NFW is still preferred, a sample of at least N ~ 20 clusters is needed
to accumulate significant statistical evidence.
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At the next noise level we studied, f=0.20, NFW was no longer the top-ranked model (falling
to rank 5) for our N =150 sample. It is possible that NFW could still be recovered with N =150
clusters at an intermediate noise level (e.g. f~ 0.10), or that recovering NFW at f = 0.20 would just
require a larger sample size (N > 150). We leave a detailed exploration of this for future work.

4. Conclusions and future work

(a) Overview

We have demonstrated how ESR can be applied to constrain dark matter density profiles,
specifically focusing on recovering halo structures from weak lensing ESD measurements.

To illustrate the method, we applied ESR to a mock sample of galaxy clusters with ESD pro-
files generated from the standard NFW model. We modelled the observational uncertainty as
a constant fractional error, 0; = fAX},,.(R;), and tested the pipeline across six distinct noise lev-
els: f€{0.01, 0.05, 0.2, 0.4, 0.6, 0.8}. By running ESR on this set of mocks, we studied the rank-
ing of best-fitting functions to determine the conditions under which the input NFW profile is
successfully recovered.

In the low-noise cases (f=0.01 and f=0.05), ESR identifies NFW as the optimal model. In this
regime, the data are precise enough to penalize deviations from the true profile shape, and very
few alternative profiles can reproduce the signal without requiring finely tuned parameters.

In the intermediate and high-noise regimes (f > 0.2), NFW is typically not recovered as the rank-
1 model, though it consistently remains within the top 10. This result is probably a consequence of
the fractional uncertainty modelling. Because the error scales with the signal (o; x AZ(R;)), the ab-
solute uncertainty is smallest at large radii. Consequently, the likelihood calculation is dominated
by the cluster outskirts, where the profile asymptotes to 7. Simpler functions that can mimic this
outer slope can achieve a likelihood comparable with NFW but with a lower parameter cost, thus
outranking NFW in L(D).

Nevertheless, the fact that NFW remains a leading candidate (top 10) even at higher noise levels
is encouraging. It indicates that for current surveys with precisions similar to HSC (f~ 0.6), ESR
should successfully recover NFW as one of the top models if the underlying physics is indeed
NFW-like.

We also investigated the impact of sample size by extrapolating our results from N =150
clusters. For the low-noise cases (f < 0.05), we found that the preference for NFW is statistically
preferred even with a very small number of clusters. At higher noise levels, larger samples would
be required to overcome the preference for simpler functions driven by the outer-slope weighting.

Future work could extend this analysis in several directions. One could probe higher model
complexities (beyond complexity 9) to assess the stability of these rankings. Additionally, more
realistic physical modelling could be incorporated.

For instance, by not explicitly modelling the ICM gas, our inference effectively constrains the
total mass profile rather than the purely dark-matter contribution. A more complete treatment
would require marginalizing over the gas distribution (using observed or empirical ICM profiles)
toisolate the dark matter profile, or using mock data to quantify any bias introduced by its neglect.

Similarly, we have assumed the dark matter halos are spherically symmetric. However, sim-
ulations show that haloes are typically triaxial, with moderate triaxiality also observed in data
[38]. Studies have found for a sufficiently large sample of randomly oriented samples the bias in
parameters when fitting an NFW halo is small. Hence it seems to first order it should be possi-
ble to model this triaxiality as an additional noise term. This could be studied in detail in mocks
using a suite of functions with triaxial scale parameters. With future developments to ESR algo-
rithm, and larger datasets, in the future it may be possible to constrain three-dimensional halo
parameterizations.

As data quality improves in future surveys, reaching the 5% level we find it necessary to re-
cover NFW with less than 150 clusters, properly treating systematic effects will certainly be vital
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to infer the correct halo profile in data, and a detailed study of potential model misspecification
in mocks in this regime should be conducted in the future.

More broadly, the framework we have developed is applicable to any dataset that constrains
the radial distribution of dark matter in galaxies or galaxy clusters. The core idea is straight-
forward: use symbolic regression to generate candidate expressions for the density profile p(r),
compute the corresponding observables and rank the models using the MDL principle. This
methodology could be applied, for instance, to galactic rotation curves.

(b) Application to rotation curves

The gold standard for recovering the dark matter distribution around individual galaxies is ro-
tation curves, the rotational velocity of an observable tracer (stars or gas) as a function of radius.
Spiral galaxies are particularly good systems to study this as they are approximately axisymmetric
and their stars and gas clouds follow nearly circular orbits hence directly tracing the gravitational
potential. Due to the linearity of Poisson’s equation, the total circular velocity can be expressed as
the quadrature sum of the circular velocity contributed by each mass component

2

2 —
ve(n = vbaryonic

(1) + 05, (), 4.1)

where vpy(7) is the contribution of dark matter, and Ubaryonic(”) the baryonic component, given
by

2

baryonic(r) = Ydiscviisc(r) + Yhulge? "+ Ygasvéas(r)’ (4.2)

2
bulge

which includes contributions from the disk, bulge and gas, each weighted by their respective
mass-to-light ratios 1.

We can use the functions generated by ESR as candidate dark matter density profiles ppps(r).
These can be integrated to give a mass and a velocity profile

GMpm(r) 43)
— )

.
Mppm(r) = 47Tf 7 oom()dr, hw ()=
0

To fit to observational data, one needs to combine the dark matter model with the baryonic con-
tribution to match the total circular velocity equation (4.1). One can infer the baryonic matter
distribution (and thus its contribution to the circular velocity) from measurements of the stellar
and gas velocities, typically based on photometry and HI observations [39]. The remaining, un-
accounted for contribution to the observed v, is due to the dark matter, allowing one to infer
its density profile. These measurements in turn depend on galaxy-specific parameters such as
mass-to-light ratios 1, the galaxy distance D and the disk inclination i. This introduces additional
complexity, as fitting the combined model requires simultaneous optimization of both the func-
tion parameters describing the dark matter profile and galaxy-specific quantities associated with
the baryonic component. As a result, the optimization becomes a significantly more challenging
task, involving exploration of a higher-dimensional parameter space.

Still, rotation curves provide a complementary probe to lensing, especially at smaller galactic
radii where lensing is less sensitive. It would be interesting to test how closely dark matter den-
sity profiles obtained from weak lensing match those obtained from rotation curves. It should also
be straightforward to analyse both datasets combined. ESR naturally accounts for differences in
the number of data points and measurement precision, one simply needs to combine description
lengths carefully: model complexity should only be penalized once, while the likelihood contribu-
tions from each dataset are summed, in a similar way to what was done here for multiple galaxy
clusters. Together, these two methods can provide a data-driven approach to constraining dark
matter profiles. This might help reveal the underlying physical properties of dark matter and
guide the development of alternative dark matter models as the quantity and quality of available
data continue to grow.
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