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Abstract

Stochastic models describing how interacting individuals give rise to collective be-
haviour have become a widely used tool across disciplines—r anging from biology
to physics to social sciences. Continuum population-level models based on partial
differential equations for the population density can be a v ery useful tool (when, for
large systems, particle-based models become computationdly intractable), but the
challenge is to predict the correct macroscopic description of the key attributes at
the particle level (such as interactions between individua Is and evolution rules).

In this thesis we consider the simple class of models consisting of diffusive par-
ticles with short-range interactions. It is relevant to man y applications, such as
colloidal systems and granular gases, and also for more complex systems such as
diffusion through ion channels, biological cell populatio ns and animal swarms. To
derive the macroscopic model of such systems, previous studies have usedad hoc
closure approximations, often generating errors. Instead, we provide a new system-
atic method based on matched asymptotic expansions to estaldish the link between
the individual- and the population-level models.

We begin by deriving the population-level model of a system o f identical Brownian
hard spheres. The result is a nonlinear diffusion equation f or the one-particle density
function with excluded-volume effects enhancing the overa |l collective diffusion rate.
We then expand this core problem in several directions. First, for a system with two
types of particles (two species) we obtain a nonlinear cross-diffusion model. This
model captures both alternative notions of diffusion, the c¢ ollective diffusion and
the self-diffusion, and can be used to study diffusion throu gh obstacles. Second,
we study the diffusion of nite-size particles through conne d domains such as a
narrow channel or a Hele—Shaw cell. In this case the macroscic model depends on
a con nement parameter and interpolates between severe con n ement (e.g, a single-
le diffusion in the narrow channel case) and an uncon ned situ ation. Finally, the
analysis for diffusive soft spheres, particles with soft-c ore repulsive potentials, yields

an interaction-dependent non-linear term in the diffusion equation.
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Chapter 1

Introduction

1.1 Systems of interacting particles

Our lives are dominated by systems composed of many particle s, agents or individuals with a
collective behaviour. From small-scale systems, such as cdloidal particles, ions in ion channels,
the interior of biological cells or the cells themselves mov ing across our bodies, to larger scale
systems, such as animals swarms €.g, locusts, sh or birds), pedestrian or traf c motion, these
systems have in common that they are conformed by a group of in dividual entities with some
notion of collective.

Stochastic models describing how these interacting indivi duals give rise to collective be-
haviour have become a widely used tool across disciplines—r anging from biology to physics
to social sciences. For example, the motion of biological cdls under a chemical eld (a process
called chemotaxiscan be described as a system of Brownian particles interacing via chemotaxis
and non-overlapping constraints or interactions ( Stevens 2000. An intriguing question is to
explore how individual attributes such as the cells' motion and mutual interactions translate
into the behaviour of the cell population as a whole. This and other examples of systems of
interacting particles are shown in Figure 1.1

Broadly speaking, the theoretical approaches to systems of interacting particles can be split
into two categories, “individual-based” and “population- based”. Individual-based models de-
scribe the dynamics of each individual explicitly. In contr ast, in the population-level models
individual elements do not appear explicitly and, instead, one considers only the evolution of
system variables (averaged quantities such as the spatial population density). As an illustration,
the system of chemotactic cells described above can be modekd either with a coupled system of
stochastic differential equations (with a Brownian noise t erm to represent the diffusive/erratic
motion of cells), each describing the evolution of one cell' s position in space, or with a partial
differential equation (with a diffusion term) for the cell p opulation density ( i.e, the humber of
cells per unit volume). The former description is an individ ual-based model, while the latter
corresponds to its associated population-level model. Ind ividual-based models (IBMs) are often
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Figure 1.1 Examples of systems of interacting particles, individuals or agents. Clock-wise from
top left: lon channel across cell membrane, reproduced with modications by permission of Cen-
TRion Therapeutics (®2009 Centrion Therapeutics Ltd). Macromolecular crowding in an E. coli cell
(©1999 David S. Goodsell. Used with permission). Directed chemotaxis of breast cancer cells from
Wiggins & Rappoport (2010 (®2010 BioTechniques. Used by Permission). Locust swarm by Ru
van Boshoff (©2010 iStockphoto/Ruvan Boshoff. Reproduced with permissi on). Pedestrians crossing
the street by Jesus Arias €06/09/2012 123RF Limited 2006-2011). The image originally presented
here cannot be made freely available via ORA because of copyright. The image was sourced at
http://www.123rf.com/photo_2187997 urban-scenes-ped estrians-crossing-the-street.html.

referred to as microscopicor discretemodels, since they are conceived in terms of constituent
elements, whilst population-based models are also denoted as macroscopior continuummodels.

Discrete models are conceptually simple and provide a natur al framework for the increasing
amount of data available at the particle scale (Murray et al.2009, such as recent advances in ex-
perimental techniques to perceive cellular and subcellula r scales .g.,Lucic et al.2005 Verkman
2002 or particle-tracking techniques in large ocks ( e.g.,Lukeman et al.2010. However, discrete
models generally require many computationally intensive s imulations to gain understanding of
population-level behaviour, and can become computational ly intractable for large systems of
interacting particles, as is often the case in real applications. In such cases, continuum models
become attractive.

Continuum models were, and still are, preferred in many case s in which the observed be-
haviour occurs at the continuum rather that at the particle s cale. A goodcontinuum description
of the stochastic particle system is invaluable: it can prov ide the insight lacking in the discrete
model, and it is relatively easy to analyse and solve. These are some of the reasons why there
is a strong usage of continuum models (e.g., for cells, Keller & Segel 1971, biological aggre-
gations, Murray 2002; Topaz et al. 2006 or pedestrian ow, Helbing 1992). However, there are
also many problem areas in which continuum modelling fails t o describe the discrete dynamics.
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This is the case for the the logistic equation (or Verhulst equation) in ecology, which is a com-
mon model of population growth. As Nasell (2001 points out, the deterministic continuous
version of the Verhulst model predicts, under some conditio ns, a positive stationary population,
whilst its stochastic discrete counterpart predicts the ev entual extinction of the population (with
probability one).

The evolution in time and space of population-level variabl es (such as the cell population
density in the example of biological cells described above) is dictated by the dynamics at the par-
ticle level, which may incorporate the responses of the indi viduals to their local environments
(e.g, a chemotactic eld) and the local interactions among themse Ives (e.g, non-overlapping
interactions). One could then say that the continuum model s hould “emerge” or derive from
its discrete counterpart (Schweitzer 2003. Accordingly, it is essential to understand the con-
nection between these two levels of description in order to g ain insight into the particle system
phenomena. For instance, what should be the effect, at the macroscopic scale, of contact and
chemotactic interactions taking place at the microscopic scale? Such micro—macro link is of
interest in both directions, not only providing the collect ive behaviour generated by individual-
based mechanisms but also offering a strategy for determini ng the individual particle behaviour
that underlies any given empirically observed collective d isplay.

However, the micro—macro link is not obvious in general, esp ecially when interactions be-
tween individuals are included in the discrete model. This i s why continuum models are often
de ned phenomenologically (that is, written directly at the  continuum level rather than derived
from their discrete counterparts) or by making assumptions that cannot be related to individual
behaviour. For instance, closure approximations (which as sume independence between individ-
uals at some stage) are commonly used, yet often generate erors in the resulting continuum
model.

Real systems of interacting particles such as the ones shownin Figure 1.1 are very complex
and, consequently, their mathematical modelling typicall y involves many components. As a
rst step to characterise these systems, two important featu res are the motion of its individuals
in their environment and the interactions among themselves . First, how do they move in space?
Do they follow Newtonian dynamics? Or maybe a Brownian motio n? Are there external forces
acting upon them? And second, are interparticle interactio ns attractive or repulsive? Are they
dominated by individuals nearby or the whole population? Fo r example, the depicted case of
the locust swarm has been modelled in the literature as a system of self-propelled particles with
multiple interaction radii. In particular, in  Couzin et al. (2002 the motion of each individual
is in uenced by the average velocity in the near neighbourho od and local density of animals,
while a three-zone model is used to describe three types of “s ociological” interactions between
individuals (namely, a short-range repulsion or avoidance , an intermediate-range of alignment,
and a long-range attraction which keeps the swarm together) .
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The use of stochastic components in the mathematical description of real-life systems has
become widespread (Gardiner 2004), in particular as a tool to achieve complex behaviour in a
simple fashion. Stochasticity is usually introduced at the particle-level description to account
for details from a ner deterministic description which we ch oose not to keep in our model.
For example, these details could be interactions with the surrounding medium ( e.g, collisions
of ions with surrounding water molecules in the ion channel o f Figure 1.1) or originate from the
particles' intrinsic properties ( e.g, to account for the fact that animals are not expected to react
in a completely deterministic way due to sensory or movement errors). The simplest stochastic
model one can think of is the case where particles undergo Brownian motion (which, in the
population level, corresponds to diffusion).

In this thesis we are interested in the derivation of the afor ementioned link between discrete
and continuum models in a systematiovay. While the ultimate goal is to contribute to a better
understanding of real-world problems such as those of Figur e 1.1, here we adopt a more general
approach, to tackle the common rst steps in any of these such p roblems. To do this, we
consider the simpler system of Brownian particles with excl uded-volume effects (that is, the
particles sense the space occupied by each other). Despitets simplicity, this system already
shows a lot of interesting behaviour and is capable of explai ning some phenomena of collective
behaviour.

1.2 Brownian particles with excluded-volume interactions

If Brownian motion is the simplest model for stochastic moti on, it can be argued that excluded-
volume is the simplest possible interaction. In fact, this t ype of interaction can be found, to some
extent, in most applications, since in reality the “particl es' under consideration have a nite size.
For this reason, such an idealised model could then be embedded into more realistic models,
making it relevant to a wide range of situations.

Speci cally, in this thesis we focus on systems of interactin g Brownian particles under an
external deterministic force and short-range repulsiventerparticle forces (which can be used
to represent excluded-volume effects). In other words, each individual performs a Brownian
motion (or diffuses) under an external force and interacts w ith the others through a short-range
force. We consider pairwise additivity, which means that th e interaction potential felt by a
particle is the sum of isolated pair interactions with all th e other particles.

The simplest system of this class is the hard-sphere (HS) sydgem, which consists of impene-
trable spherical particles interacting through the hard-c ore potential,

( ¥ r s,

u(r) = (11)
0 r> s,



1.2. Brownian particles with excluded-volume interactions 5

where r is the interparticle distance and s is the particles' diameter. Extensions of the HS system
to softer repulsions are known as soft spheres (SS). For insance, we will consider the exponential
potential

u(r)y = e "o, (1.2)

where sg is the effective size of the particles (or support of the inte raction potential, which we
require to be short ranged). These type of potentials are more realistic in that they allow for
the nite compressibility or “softness” of particles ( Israelachvili 1991). The HS system (and
mixtures of HS) will be the subject of study of the rst three ch apters of this thesis, whereas in
Chapter 5 we shall generalise our model to SS.

1.2.1 Excluded-volume interactions

Short-range repulsive pair potentials such as (1.1) and (1.2) are appropriate to model excluded-
volume interactions. Size exclusion is important in many bi ological processes, including dif-
fusion through ion channels ( Gillespie et al. 2002 Hille 2001) and in chemotaxis (Lushnikov
et al.2008, and can have a signi cant impact on the thermodynamics and k inetics of biological
processes such as association reactions at membraneskim & Yethiraj 2010). Finite-size effects
are also important when considering the combustion of powde rs (Saxena 1999 collective be-
haviour such as animal ocks or traf c movement ( Camazine et al. 2003 Schadschneider 2002
and granular gases (Barrat et al.2005.

Excluded-volume interactions, also known as steric repuls ive interactions, arise from the
mutual impenetrability of nite-size particles ( e.g.in colloids) or the fact that living organisms
do not like to get too close to each other. Depending on the characteristics of the individuals
and their interactions, a hard- or a soft-core interaction ( analogous to elastic or inelastic colli-
sions) may be more suitable. Whilst hard-core interactions allow no penetration and usually are
de ned by the actual size of the particle, soft-core interact ions allow some penetration (i.e, as
if particles were compressible) and only prescribe a range w here the repulsion forces operate
rather an particular size.

In the case of hard-core interactions, a hard sphere of diameter s excludesa spherical vol-
ume of radius s around its centre (that is, eight times its volume in three di mensions), because
no other particle's centre can be located in this larger sphere (see Figure1.2); hence the name
excluded-volume interactions. This implies that the free v olume is decreased as the concen-
tration (or the volume fraction) of the crowding particles i ncreases. The concept of excluded-
volume extends to SS taking the support sq of the interaction potential u in (1.2) to characterise
an effective excluded volume, although in this case there is no volume excluded with probability
identically equal to one.

In this thesis we will only consider spherical particles wit h radially symmetric interactions,
that is, the interaction potential between two particles on ly depends on the distance between
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Figure 1.2 Excluded (red and black) and available (blue) area in a solution of black particles for the
placement of an additional test particle. (a) The area available with point particles is the whole domain.

(b) The area available (to the centerof the test particle) with nite-size particles is reduced. Reproduced
with modi cations from  Minton (2003).

their respective centres. The reason we give both the geometical (spherical particles) and inter-
action properties (radially symmetric potential) is that, when dealing with anisotropic particles,
there are generally two ways to model their interactions. Fo r example, for elongated cells
one option is to represent them as (impenetrable) hard ellip soids and consider collisions, or
alternatively we may introduce an soft elliptical potentia | as in Paramonov & Yaliraki (2005.
Anisotropic particles are of interest for many application s in biological and nanoscale systems
(for example, cells are often elongated or rod shaped, Baker & Simpson 2012, and rod-like par-
ticles or ellipsoids may be used as a rst-order approximatio n. However, this complicates the
analysis a lot and is out of the scope of this thesis. Recognisng the importance of anisotropy in
many real processes, we intend to consider this problem in th e future (see .2).

1.2.2 Brownian motion

In 1827, the prominent botanist Robert Brown was studying th e structure of pollen grains when,
suspending some pollen particles in water, he noticed that t hese were constantly in motion,
performing rapid oscillatory motion, without ever stoppin g. While Brown was not the rst to
observe such microscopic movement, he was the rst to study it meticulously and show that
it was not due to the moving particles being alive ( Brown 1828). Thereafter his name became
associated with this phenomenon, which came to be known as Brownian motion.

It took until the beginning of 20th century before Bachelier , Einstein, Smoluchowski and
Langevin developed the theoretical approaches to Brownian motion and Perrin performed the
experiments con rming their theoretical results. While Bac helier's work ( Bachelier 190Q con-
cerned the analysis of the stock and option markets (and was largely ignored despite being
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pioneer to Einstein's until rediscovered in the 1950s', Szpiro 2011), Einstein, Smoluchowski and
Langevin brought Brownian motion to the attention of the sci enti c community.

Smoluchowski worked on the molecular kinetic approach to Br ownian motion, using a de-
tailed kinetic model of the collision of hard spheres and thu s treating the solvent particles explic-
itly (von Smoluchowski 1906). In contrast, Einstein (19095 was based on statistical assumptions
(so it did not include explicit solvent molecules) and negle cted inertia of the Brownian parti-
cle, that is, he never introduced its velocity and worked onl y on its position space (known as
the con guration spack Einstein obtained a diffusion equation for the Brownian p article and a
relation between the diffusion coef cient and measurable ph ysical quantities [see Eq. (1.6)].

The link between the ner approach of Smoluchowski and the coa rser approach of Einstein
was provided by Langevin (1908. His work built on the observation that a particle suspende d
in a uid is under a force due to the solvent molecules. This fo rce can be written as a sum
of its mean value and a uctuation about this mean value. “Lan gevin's idea was to treat the
mean force dynamically and the residual uctuating part of t he force probabilistically” ( Mazo
2002 84.6). His description is on a ner scale than that of Einstei n, as it considers both the
position and velocity of the Brownian particle (the space of positions and velocities is known
as the phase spage An important consequence of the works described above was to provide
an indirect method to con rm the existence of atoms and molecu les. Perrin's experimental
veri cation of the Einstein—-Smoluchowski theory was nally s uccessful in persuading most of
the anti-atomists that atoms really did exist. An excellent historical account of the early stages
of the theory of Brownian motion can be found in Mazo (2002 Chap. 1).

Although developed to describe the speci ¢ phenomenon obser ved by Brown for particles
suspended in uid (with the exception of Bachelier's thesis on stock market uctuations, as
mentioned above), the mathematical theory of Brownian moti on now has numerous applica-
tions. In broader terms, Brownian motion is often used as a mo del for any random movements
or dynamics that may be described as random.

1.2.2.1 Mathematical description of Brownian motion

In order to introduce the mathematical description of Brown ian motion, we consider the three-
dimensional motion of a particle in a uctuating environmen t subject to some external determin-
istic force . The state of the particle is described by its (stochastic) position X(t) and velocity
V(t). Langevin's theory states that the particle evolves according to the Langevin stochastic differ-
ential equationSDE) (Mazo 2002 §8.1)

(1.3)
m% = 1ot gy(t)+  2gKTX(Y),
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where m is the patrticle's mass, g is the frictional drag coef cient, kis the Boltzmann's constant
and T is the absolute temperature. Due to Stokes, the friction of a small sphere of diameter
s suspended in a medium of viscosity h can be expressed asg = 3phs. Here x describes a
random uctuating force, which is assumed to be Gaussian whi te noise:

()i =0,  hqt)x%i=dt t9q;, i,j=1,...,3,

where x; and x; are Cartesian components of the vector x. In what follows we make the identi-
cation (see Gardiner 2004; 84.1)

xi(Ddt= Wi(t+ d)  Wi(t)  dWi(t), (1.4)

where W;(t) is a Wiener process. When the friction g is large and the motions are overdamped
(in the overdampedimit m/ g ! 0), the inertial term in ( 1.3) may be neglected. This approxima-
tion leads to the overdamped Langevin SDE

dX(t) = (&Y g) dt+ P 2D dW/(t), (1.5)

where D = KT/ g is the diffusion coef cient and W(t) is a standard three-dimensional Wiener
process. This relation between the diffusion coef cient and the frictional drag coef cient, proved
by Einstein, is known as the Einstein—Smoluchowski relatio n.

Equation (1.5 describes the motion of a Brownian particle only in terms of its position
X(t), assuming that the relaxation of its momentum occurs in a ver y short timescale. This was
exactly the approach to Brownian motion taken by Einstein (1905, who realised that the motion
of the solvent molecules is so complicated that its effect on the suspended patrticle can only be
described probabilistically. He introduced the probabili ty density p(x,t) that the particle is at
position x at time t and derived a partial differential equation (PDE) for p, namely, a diffusion
equation. To do so, he used many innovative mathematical con cepts at the time, such as those
later known as a Markov process or the Chapman—Kolmogorov equa tion for the transition
probability. Nowadays, the PDE associated to a SDE such as (.3) or (1.5), is known as a Fokker—
Planck equatiorand is readily obtained using the Itd formula. 1 For example, the overdamped
Langevin SDE (1.3) has an associated FP equation

%(XJF r« (f*Yg)p+r «Dp , (1.6)

which is de ned in the con guration space of the particle. If we did the same starting from
(2.3, we would obtain a corresponding FP equation for p(v, x,t), thatis, de ned in the particle's
phase space.

1Given n variables U = (U4, ..., Up) evolving according a system of SDEs dU = A(U,t) dt+ B(U,t) dw(t), the
associated Fokker—Planck (FP) PDE for the probability density p(d,t) is, by the 1td formula ( Gardiner 2004; §4.3.3):
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In the case of one single Brownian patrticle, the particle-le vel probabilistic description ( 1.6)
is trivially identical to the continuum description. In con trast, the continuum description of a
system composed of an arbitrary number of (interacting) Bro wnian particles N is not so easy
to obtain. The discrete model consists of N copies of the SDE (L.5), one for the coordinates of
each particle, and we can also write a FP equation like (1.6) for the joint probability density
P(xy,...,Xn,t), which gives the probability of the rst particle being at  x;, the second at x»,
etc., at time t. In this case, the FP equation is de ned in a high-dimensional space conformed
of N copies of the original space or physical container. For N large, solving the particle-level
FP equation is analytically impossible so that we either hav e to resort to computer simulations
of the system of Langevin SDEs (1.5), or to formulate some approximate (perhaps mean- eld)
equation for the particle density.

1.3 Related models

The appropriate level of description for the study of comple x systems is such that it includes
only as much detail as is necessary to capture the key features of the system and can explain a
certain macroscopic behaviour. One such model is the hard-sphere system, rst introduced by
van der Waals in 1873 to represent atoms and molecules for the modelling of uids. In spite
of its simplicity, this model has served as a foundation for r esearch in a number of elds. It
displays a remarkable rich behaviour that is not completely understood, which is the subject of
ongoing examination ( cf. Mulero 2008).

As mentioned earlier, systems of interacting particles app ear in many different application
areas, in which very diverse modelling approaches have been used hitherto. In recent years,
advances in technology (providing accurate particle-leve | experimental data) and a thriving
interest in biological and sociological systems have generated a great deal of new research in
this area, resulting in established macroscopic theoretical tools of physics are being re-used with
great success. Next we review some of these modelling approaches.

1.3.1 The long-established ones...

The rst example of a theoretical approach that provided the v aluable micro—-macro link dis-
cussed earlier can be found in statistical mechanics. The system of Brownian hard spheres has
been extensively studied in statistical mechanics as an elanental model to gain insight into more

complicated systems and phenomena. There have been many exensions to the classical theory
of Brownian motion to take into account interactions betwee n solute particles. For example,
Batchelor (1976 models Brownian diffusion of particles with hydrodynamic interactions using
generalised Einstein relations to nd a concentration depen dent correction to the collective dif-
fusion coef cient. Felderhof (1978 considers the same problem through an analysis of the FP
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equation, and includes both excluded volume and hydrodynam ic effects. His analysis is based
on the thermodynamic limit (in which the number of particles N and the system volume V tend
to in nity, with the concentration N/ V xed), and is valid only for a small perturbation from
the equilibrium concentration. Similarly, macroscopic di ffusion coef cients to rst-order in a
constant concentration are obtained from the generalised Smoluchowski equation in Ackerson
& Fleishman (1982; Hanna et al. (1982. These works focus on the problem of colloidal parti-
cles that also motivated Einstein and Langevin in the beginn ing of the 20th century, and obtain
solutions which are valid at or close to equilibrium. While t hey remain valid, new methods
to incorporate out-of-equilibrium dynamics and new featur es observed in modern applications
are required. For instance, a biologist who wants to model th e collective behaviour of bacteria
or insect societies would nd little or no use of the classical equilibrium statistical mechanics
theories. An example of a statistical-mechanics technique being successfully utilised to tackle a
more contemporary biological problem can be found in Newman & Grima (2004. They derive a
diagrammatic perturbation theory to study precisely the pr oblem of chemotactic cells described
previously, in particular the role of uctuations in chemot actic cell—cell interactions. Diagrams
are a useful tool to represent and manipulate the complex hie rarchy of probability distributions
resulting from the Langevin particle-level description of the cell system.

1.3.2 Jumping on a lattice

Usually, but not necessarily, space and time are treated as ontinua in the population-based
models and PDEs are written down for the time-dependent syst em variables such as the spatial
particle density. On the other hand, individual-based mode Is have been formulated following
both continuum or off-latticeand discrete or on-latticeapproaches. In the off-lattice formulation,
one has (stochastic) differential equations for the indivi dual trajectories of particles such as the
Langevin equation (1.3) or its overdamped version ( 1.5). In contrast, on-lattice individual-based
models assume the motion of particles is restricted to takin g place on a lattice and de ne a
random walk on the lattice, with jumping or  hoppingrules between grid points. Depending on
the problem dimension, they can be relatively easy to implem ent numerically and less compu-
tationally intensive than their off-lattice counterparts .2 Besides their use as approximations of
truly continuum off-lattice processes, on-lattice models may also be used to describe processes
that occur in fact at discrete points of space. For instance, molecular motors such as kinesin
move along the microtubule with xed-size steps determined b y the distance between binding
size (Munarriz et al.2008.

On-lattice models are very popular to model diffusion proce sses with excluded-volume in-
teractions as these are apparently easily incorporated into the model. The most common of

2This is generally true for one- and two-dimensional problem s. In higher dimensions, the storage costs associated
with the lattice structure make the on-lattice approach les s attractive.
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these is the simple exclusion model, in which a particle can o nly move to a site if it is presently
unoccupied. This model has now become of widespread use in bi ology and the social sciences
(Liggett 1999), but it can be traced back forty years when the eld of interac ting particle systems
began as a branch of probability theory. The exclusion process was introduced by Spitzer (1970
as a model for a lattice gas in one dimension with hard core rep ulsion. In order to obtain the
population-level limit of this model, the usual approximat ion is to assume independence of the
occupancy of adjacent sites Simpson et al. 2009, generating (in the simplest case of isotropic
motion) a continuum model with a constant diffusion coefcie nt. This result may not be the
anticipated one, since one would expect changes in the effedive diffusivity as the concentra-
tion of particles increases. This is where a surprisingly co mmon misconception may arise: it is
intuitive to think that, in a simple exclusion process, the e ffective diffusion coef cient should
decrease with the concentration of particles. This is because if a lattice site is occupied an ad-
jacent particle cannot jump there and therefore its diffusivity is reduced. A particular form of
the effective diffusion coef cient obtained from simulatio ns in Simpson et al. (2007 is given
by D(p) U Prop(1 p), where p is the normalised lattice density and ppop is the probability of
a jump. A natural extension/choice is to then insert D(p) into the diffusion equation for the
density p, to nd that its solution does not agree with stochastic simul ations of the theoretically
equivalent particle-level lattice model ( Simpson et al. 2009. What is the reason of this disagree-
ment? The reason is that the above form of the diffusion coef ¢ ient corresponds to the so-called
self-diffusionof a particle, and not to the collective diffusiorcoef cient, which increases with the
particle concentration and is appropriate when writing the  population-level diffusion equation
of the system. We shall explain these two alternative notion s of the diffusion coef cient and this
apparent contradiction in § 3.3

On-lattice models have been used to model the effect of crowding on diffusion-limited re-
actions (Schmit et al. 2009 and to study the diffusion of multiple species of nite-size particles
with simple exclusion rules in Burger et al.(2010; Simpson et al.(2009. More complicated rules
have also been considered; for example, particles that can bind to sites and interact not only with
each other but also with a con ned channel-like domain in Henle et al. (2008, or myopicagents
(in which the hopping probability depends on the number of un occupied nearest-neighbour
sites) in Landman & Fernando (2011). Similarly, Deroulers et al. (2009 consider a diffusion
process with contact interactions parametrised by the numb er of occupied neighbouring sites,
but they use a regular hexagonal lattice instead of a square one to minimise the anisotropy
of the random walk. Recently, a generalisation of all these p rocesses to incorporate general
interactions in an on-lattice model for multiple species ha s been provided in Penington et al.
(20113).
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1.3.3 Breaking the link

Because of the challenges in linking the particle-level and population-level models, a large num-
ber of studies have focus on solely one of the two levels. On the one hand, the particle-level
description of a stochastic system of interacting particle s is, in general, impossible to solve ana-
lytically and we have to resort to numerical methods, such as computer simulations. Due to the
stochasticity, many runs or repetitions of computationall y intensive simulations are required to
produce statistical results and develop insight into the po pulation-level dynamics. Literature
concerned with numerical simulations of Brownian hard sphe res and related systems is exten-
sive and we shall not attempt to cover it here. We will neverth eless give some details in 8.7 of
numerical schemes used for the stochastic simulations performed in this thesis.

On the other hand, some authors choose to write down populati on-level models phenome-
nologically, often making assumptions that are dif cult to r elate to the individuals behaviour
(Murray et al.2009. A common procedure is to start from the population-level m odel of the
interaction-free analogue of the system under considerati on (which is relatively easy to obtain
from the particle-level model), and introduce terms in it to account for observed behaviour
due to the particle interactions. For instance, it is well-k nown that solutions to the classical
Keller-Segel model for chemotaxis (Keller & Segel 1971 may blow up in nite time ( Calvez &
Carrillo 2006). This is because the model does not incorporate size-exclsion effects and hence
aggregation of cells is not cut off. A solution to this proble m, as pointed out by Calvez &
Carrillo, is to introduce nonlinear diffusion terms directly in the p opulation-level Keller-Segel
model. Another example of this approach, now in the context o f gregarious animals like sheep,
can be found in Degond et al. (2010. The authors model the steric constraints resulting from
the nite size of particles with a disjoining pressure term, r esulting in an equation of state in
which the compressibility is reduced as the concentration i ncreases.

1.3.4 One-dimensional transport, or quasi . ..

Finally, we should point out that for one-dimensional con gu rations (which may be valid ap-
proximations for narrow domains such as channels), the sing le- le diffusion of hard-core parti-
cles can be solved exactly by mapping it to the classical diff usion of point particles ( Rost 1984.
However, the situation in higher dimensions which we consid er here is more challenging. It is
clear that the one-dimensional diffusion is qualitatively a very different problem to the two- or
three-dimensional counterparts, since in the line nite-si ze particles cannot pass each other and
hence preserve their initial ordering. An interesting ques tion is to explore the transition of the
diffusion of nite-size particles from a one-dimensional do main to a two- or three-dimensional
domain. We shall consider this question in Chapter 4.
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1.4 Overview

In this thesis we study systems of hard- or soft-core interac ting Brownian patrticles, with the spe-
ci ¢ aim of obtaining the continuum population-level descri  ption of the system which accurately
captures the motions and interactions at the particle-leve I. We are interested in determining the
link between the discrete-level and the population-level d escriptions via a systematic method
which does not rely on closure assumptions. We consider the case of small volume fraction of
particles (the volume occupied by particles divided by the t otal volume), for which pairwise in-
teractions dominate. Under this hypothesis, we develop a sy stematic method based on matched
asymptotic expansions in the particle volume fraction to ob tain the population-level model (a
FP equation for the one-particle density) from the particle -level model.

We begin in Chapter 2 with a system of N identical hard-core diffusing spheres in a bounded
domain whose dimensions are large compared to the particles' size. This is the “core problem”
that allows us to introduce the method and techniques used in the subsequent chapters. We nd
that the continuum description of the system is a nonlinear d iffusion equation, with the nonlin-
ear coef cient proportional to the excluded-volume in the sy stem. With the derived continuum
model, we gain substantial insight into the problem. First, we are able to extract the effective
collective diffusion coef cient, which increases with size -exclusion and is consistent with that
obtained from classical methods in statistical mechanics. Second, we study the stationary solu-
tions of the diffusion equation and relate these with the min imisers of the free energy functional
under certain conditions. This provides again a tool to rela te microscopic properties of the sys-
tem (as the free energy has a microscopic basis) and a macrosapic feature. Finally, we show
that the resulting nonlinear diffusion equation is able to ¢ apture the population-level behaviour
of the system emerging from the particle-level dynamics. To this end, numerical solutions to
the PDE model are compared with stochastic simulations of th e system of coupled Langevin
SDEs and shown to agree well. To test the importance of excluded-volume interactions, simu-
lations of the interaction-free analogue—a system composed of Brownian point particles—are
also compared against the hard-spheres system.

In Chapter 3 we remove the limitation of identical particles to allow for multiple species
(or different types of particles). In particular, we assume that the previous system of N hard
spheres contains two types of particles, which we call the bluesand the reds Particles within one
group are all identical, but a blue and a red particle may be ve ry different. Our analysis at the
particle-level model now produces a nonlinear cross-diffu sion system at the population-level for
the two one-particle densities, which captures the enhancement (diminishment) of the effective
diffusion rate, due to excluded-volume interactions betwe en particles of the same species (of the
other species). This model is able to explain two alternativ e notions of the diffusion coef cient
that are often confused, namely, collective diffusion and s elf-diffusion. Moreover, we nd that
this model is useful to study the diffusion of nite-size part icles through obstacles by setting the
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diffusivity of one of the species to zero. Results in this case are compared to a standard multiple
scale analysis, to see how the way obstacles are distributed—either randomly or deterministi-
cally in a periodic array—affects the transport properties at the macroscopic level. As for the
single-species model, the steady states of the system are aalysed in the context of a free-energy
functional, and numerical validations of our population-I evel cross-diffusion model against the
particle-level models are obtained. Once more, we nd good ag reement between approaches,
con rming that the derived continuum model is able to capture the emerging behaviour of the
system.

Going back to a system of N identical hard spheres, in Chapter 4 the model is extended
to take into account the con nement of the domain particles oc cupy, assuming that there is a
dimension in the domain which is of size comparable to the par ticle. In this case, we nd that
the relevant dynamics occur only along the uncon ned dimensi ons of the domain, implying
that the population-level model is an effective equation in a reduced dimensional space. For
example, in the case of a narrow channel with cross-section of size similar to the particle's size,
our analysis yields an effective one-dimensional nonlinea r diffusion equation, which depends
on the channel width. An interesting consequence of this res ult is that it allows us to interpolate
between qualitatively very different types of diffusion: a n uncon ned two- or three-dimensional
diffusion and a one-dimensional diffusion, known as single - le diffusion.

In Chapter 5 we recover the problem set-up of Chapter 2 (identical particles in an uncon ned
domain) and relax the assumption of hard-core repulsive int eractions between particles. We
examine the analogous problem for soft spheres, that is, Brownian particles interacting via soft-
core short-range repulsive potentials. In this case, the analysis yields an interaction-dependent
nonlinear term in the diffusion equation. Importantly, our  results better those obtained from
common closure approaches, showing that the method of match ed asymptotics is preferable
for short-range interactions. The analysis shows promise in the incorporation of long-range
interactions—which represents a crucial step forward sinc e many real applications exhibit a
combination of short- and long-range interactions.



Chapter 2

Diffusion of identical hard spheres

This chapter is based up@runa & Chapman(2012

2.1 Introduction

In this chapter we begin by studying a system of identical har d-core interacting particles dif-
fusing under an external force in a two or three-dimensional domain. Speci cally, we consider
N hard spheres (or disks) occupying a small volume fraction of a bounded domain, so that
pairwise interactions dominate over interactions involvi ng three or more particles. In addition,
we suppose that the ratio e of the particles' diameter to the domain's typical diameter is small,
so that it can be exploited through a systematic asymptotic a nalysis. We examine how the nite-
size of particles, which gives rise to the so-called excluded-volume or steric effects, affects the
population dynamics.

We begin in §2.2 by writing down the particle-based description of the syste m, which con-
sists of dN coupled stochastic differential equations or, in the proba bility space, of a high-
dimensional Fokker—Planck (FP) partial differential equa tion for the joint probability density
function. We aim to reduce this high-dimensional particle- based description to a practical low-
dimensional description for the one-particle or the popula tion density. This process is exem-
pli ed for the interaction-free case of point particles in § 2.3.1 We then proceed in §2.3.2with
nite-size particles. The small volume fraction assumption allows to write down an integral
equation for the one-particle density in terms of the two-pa rticle density. An asymptotic anal-
ysis in the limit of small volume fraction using matched asym ptotic expansions is performed
in 82.4. The result, given in 82.5, is a nonlinear diffusion equation for the one-particle den sity
function with excluded-volume effects enhancing the overa Il collective diffusion rate. An ex-
pression for the effective (collective) diffusion coef cie nt, which agrees with that procured from
standard statistical mechanics methods, is obtained.

One important feature of the resulting nonlinear equation i s that, under some conditions
on the external force, it has an associated free energy funcion and possesses what is termed

15
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a gradient ow structure. We introduce these concepts and re view some important results
regarding the trend to stationary solutions in § 2.6.

We then progress to investigate the validity of the derived m odel by comparing its solutions
with stochastic simulations of the full particle system in § 2.7. In addition, we also compare
solutions corresponding to nite-size particles with those corresponding to point particles, in
order to assess the importance of nite-size effects. Most of the numerical techniques used in
this thesis to integrate both the stochastic and the partial differential equations associated to
the problem are presented in this section. We perform both ti me-dependent and stationary
simulations and nd good agreement between stochastic simul ations of the full particle system
with the solution of the population-level FP equation.

The diffusion of hard spheres is a classical problem and has been extensively studied. In
particular, Felderhof (1978 considers the diffusion of Brownian interacting particle s (with po-
tential and hydrodynamics interactions) by linearising th e FP equation in the low-density limit.
His analysis is based on the thermodynamic limit (in which th e number of particles N and the
system volume V tend to in nity, with the concentration N/ V xed), and is valid only for a
small perturbation from the equilibrium concentration. An other popular approach is to use
lattice-based models, in which a particle can only move to a site if it is presently unoccupied
(Fernando et al.2010. These are either phenomenological in nature, restricted to small perturba-
tions from a uniform concentration, or based on the thermody namic limit in which the number
of particles tends to in nity. Here we follow a more systemati ¢ approach based on asymptotic
analysis of the FP equation of the particle system, without u sing any ad hocclosure assumptions.
On the other hand, in order to focus on excluded-volume effec ts, we suppose that there are no
electrostatic or hydrodynamic interaction forces between particles.

2.2 Particle-based model

Our starting point is a system of N identical hard core diffusing and interacting particles in
d dimensions, where d is either 2 or 3. The particles are disks or spheres, each with constant
diffusion coef cient Dy, friction coef cient g and diameter s, in a bounded domain Win RY of
typical diameter L. They are under the same external force eld f. By non-dimensionalising
length with L, time with L2/ Dy and force with gDyl L, the size of the domain and the diffusion
coef cient may be normalised to unity, while the diameter of t he particles becomese = s/ L.
As stated in the Introduction, we assume that the particles o ccupy a small volume fraction, so
that Ned 1.

2.2.1 Overdamped Langevin equation

We denote the centres of the particles by X;(t) 2 Wat time t 0, where 1 i N. The
domain W is de ned as the space available to a particle centre, which is slightly smaller than
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the physical container due to the nite size of the particles. Namely, the physical container
has an additional “belt” of thickness €/2, since a patrticle that is in contact with the wall of the
container has its centre a distance ofe/2 into the interior. As mentioned in the Introduction, we
consider the dynamics of the particles to be governed by the overdamped Langevin stochastic
differential equation (SDE) ( 1.5), which in the rescaled units reads

dXi(t)=fi(X(t))dt+p§dWi(t), 1 i N, (2.1a)

where W; are N independent d-dimensional standard Brownian motions, X(t) = ( Xg,...,X\)
is the N-particle position vector and f; is the force acting on the ith particle. In general this
force may include both interparticle and external interact ions, such as electromagnetic, hydro-
dynamic, convection and potential forces, in which case f; depends on the positions of all the
particles X. However, throughout this thesis we limit our attention to e xternal forces of the form
f(x) : W! RY, that is, the external force acting on a particle only depend s on its own position.
Examples of this include a gravitational force or the gradie nt of a potential function which may
represent a food source in the case of biological cells. While soft-core steric effects can also be
built into f; (as we shall see in Chapter5), hard-core collisions can be more easily expressed as
re ective boundary conditions on the “collision surfaces” kX; Xk = e withl i< j N.
Therefore, the deterministic force in (2.19 is of the form f; = f(X;). We de ne the drift vector F
acting on a given con guration X of the system by

F(X) = (f(X1),...,fF(XN)).

The hard-sphere interaction means that particles collide w ith each other and the domain wall
in order to avoid overlaps. A common approach is to assume tha t particles undergo elastic
collisions, although care has to be taken when de ning the col lision laws since the velocity of a
Brownian patrticle is not de ned. We shall discuss this in more detail when explaining how the
stochastic simulations of (2.1g are performed in §2.7.1.1 For now, we write the collisions with
the domain walls and between particles simply as

dX; A=0 on W, (2.1b)
(dXi de) n=0 on kXi Xjk: e, j@ i, (2.1C)
for 1 i,j N. Here A denotes the unit normal on the collision surface. We note that

these interactions mean that (2.13 is a system of dN-coupledSDEs. It could be argued that the
Brownian motions W, associated to two particles should become correlated as the pair becomes
close! This effect is related to the hydrodynamic effects consider ed for example by Batchelor
(19762 and require studying the kinetic version of ( 2.1 [see equation (1.3]. However, as

IThis is particularly important if the Brownian motion is ind  uced by collisions with smaller particles, with the
smaller particles being displaced from the space between the two big particles as they come together.
2See alsoMazo 2002 Chapter 17.
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mentioned above, in this thesis we omit such effects and supp ose that the random walks (2.13
are only postcorrelated via the encounters (2.19 and not beforesuch events. Finally, we suppose
that the initial positions X;(0) are random and identically distributed.

2.2.2 Fokker—Planck equation

We now write down the corresponding probabilistic descript ion of the system. Let P(x,t) be
the joint probability density function of the N particles. It describes the probability of nding
the system at the con guration  (that is, that particle 1 is at position xi, particle 2 at position
Xz, etc.) at time t. Then, by the I1td formula (see §1.2.2.), P(x,t) evolves according to the linear
FP equation

1%_5(,(,0 =, FxP FXP in WY, (2.2a)

where T, and I, respectively represent the gradient and divergence operators with respect
to the N-particle position vector x = (Xg,...,XN) 2 WN . Note that because of steric effects,
(2.29 is not de ned in  WN but in its “hollow form” WY = WN n B, where B = fx 2 WN :
9i 6 jsuchthatkx; x;k egis the set of all illegal con gurations (with at least one over lap).
The domain WA' is known as the con guration spacgthe system is completely determined by the
microscopic con guration . The con guration space should not be confused with the physi cal
space that particles occupy, and it is important to note that it does notdepend on time. To give
some intuition, the reader might nd it useful to imagine the ¢ on guration space as a chunk
of high-dimensional Emmental cheese, whose holes correspond to illegal con gurations with
overlaps. On the collision surfaces WY we have the re ecting boundary condition

Fr«P FG)P A=0 on WY, (2.2b)
where A 2 SAN 1 denotes the unit outward normal. The initial condition is ta ken to be
P(%,0) = Py(x). (2.2¢)

Since the initial positions of the particles are identicall y distributed, this implies the initial
density function Py(x) is invariant to permutations of the particle labels. The for m of (2.2) then
means that P itself is invariant to permutations of the particle labels f or all time.

2.3 Population-based model

Although linear, the PDE model ( 2.2) is very high-dimensional, and it is impractical to solve it
directly. Since all the particles are identical, we are inte rested mainly in the marginal density
function of the rst particle, given by p(x1,t) = P(%,t) dxo  dxy. We aim to reduce the
high-dimensional PDE for P to a low-dimensional PDE for p through a systematic asymptotic
expansion ase! 0.
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Figure 2.1 (a) Example of con guration with only two particles close to each other and corresponding
volume wy, jw,j  edN. (b) Example of con guration with 3 particles close to each o ther and associated
volume wg, jwsj €XdNZ,

2.3.1 Point particles

In the particular case of point particles ( e = 0) the model reduction is straightforward. In this
case theN particles are independent and the domain is WY  WN (no holes), which implies
that the internal boundary conditions in ( 2.2b) vanish. Therefore, P(x,t) = (”)i'\il p(xi,t), and

fip

ﬂ(xlft): Fx [Fxp fx)pl  in W, (2.32)

0=1[r x,p f(x1)p] N1 on  TwW, (2.3b)

where fi; is the outward unit normal to W. Note that since the particles are indistinguishable
each satis es the same diffusion equation (2.38 and boundary condition ( 2.3b), so that P is
a product of N identical one-particle density functions p. If the particles were not identically

distributed initially then we would need a different distri  bution function for each one; although

these would all satisfy the same diffusion equation they wou Id have different initial conditions.

This point will be important when we go on to consider nite-si  ze particles.
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2.3.2 Finite-size particles

When e > 0, the internal boundary conditions in ( 2.2b) mean the particles are no longer inde-
pendent. When we integrate (2.23 over Xx», ..., XN to obtain an equation for p(xi,t) and apply
the divergence theorem this results in surface integrals over the collision surfaces, on which
P must be evaluated. However, when the particle volume fracti on is small, the volume in the
integration space occupied by con gurations in which three o r more particles are close is small
[0(e?UN?)] compared to those in which two particles alone are in proxim ity [O(e?N)]. As an
illustration, in Figure 2.1we sketch two possible con gurations with only two or three pa rticles
close to each other, respectively. If particles are said to be close to each other when their centres
are separated by a distance of O(e), the volume in the con guration space of the rst kind of
con guration is  O(e?), whereas the second kind of con guration takes O(e?®). Having chosen
the rst particle, there are N 1 possible pairs and (N 1)(N  2)/2 triplets. Therefore the
total volume occupied by con gurations involving particle 1 in which only two and three or
moreparticles close to each other is, respectively, O(Ne) and O(N2e*).

Therefore, the dominant contribution to these “collision i ntegrals” corresponds to two-par-
ticle collisions. We illustrate our approach for N = 2; since two-particle collisions dominate
the extension to arbitrary N is straightforward. A similar approach is used in Ackerson &
Fleishman (1982; Hanna et al.(1982. We note that this is analogous to the procedure to derive
the classical Boltzmann equation, after truncation of the B BGKY hierarchy, which consists of a
set of coupled equations for the k-particle density functions (see, for instance, Cercignani et al.
1994).

For two particles at positions x; and Xp, EQ. (2.29 reads

P
for (x1,%2) 2 W2, and the boundary condition ( 2.2b) reads
[r P f(x))P] Ar+[r x,P f(xx)P] fiz=0, (2.4b)

onx 2 fWand kx; xok = e. Here A; = nj/ knjk, where n; is the component of the normal
vector 7 corresponding to the ith particle, 7 = (ny,n,). We note that i; = 0 on x, 2 W, and
that iy = rAronkxy Xok= e

We denote by W(x;) the region available to particle 2 when particle 1 is at x;, namely,
W(X1) = WnBg(Xx1). In terms of the Emmental, this domain corresponds to the sli ce of cheese
at a given “height” or “location” X;. Note that when the distance between x; and W is less
than e the volume jW(x;)j increases. This creates a boundary layer of width e around W
where there exists a wall-particle—particle interaction ( three-body interaction). These effects are
known as entropic effectssince a particle on W “excludes” less volume than if it is away from the



2.3. Population-based model 21

boundary, 3 hence increasing the space available to other particles (which implies more possible

con gurations) and thus the entropy of the system. However, s ince here the dimensions of the
container are much larger than the particle diameter, these interactions are higher order and we

may safely ignore them. Therefore we take jW(x1)] ] Wj | Bej constant, where Be denotes a
d-ball of radius e. Note that this is not the case under con nement conditions; a s we shall see
in Chapter 4, for a con ned domain entropic effects (or the wall—particle —particle interactions)
become important.

2.3.2.1 Integrated equation

Starting from equation ( 2.4) for the two-particle density P(x1, X2,t), the objective is to derive the

population-level equation for the one-particle marginal d ensity,
Z
p(X1,t) = w P(X1,X2,t) dxa. (2.5)

X1)

Integrating Eq. (2.43@ over W(x3), the rst term is simply
z z

1 1 fip
— (X, X2, ) dXo = — Pdx, = —(Xg,1), 2.6
Wik ‘ﬂt( 1, X2, 1) dxo T woew 2 ‘ﬂt( 1, 1) (2.6)
as W(x;) is independent of t. The third term in equation ( 2.48 gives
A Z
rx, [r x,P f(x2)P]dx;= [r v, P f(x2) P] A2dS,,, (2.7)
W(x1) W 1Be(x1)

using the divergence theorem on the derivatives in x,. Here dS,, denotes the surface element
with respect to variables x». Finally, in the second term in ( 2.48 we must switch the order of
integration with respect to x, and differentiation with respect to x;. This requires use of the
Reynolds transport theorem, which we recall next.

Suppose W(t) is a region in Euclidean space with boundary TW(t). Let r(x,t) be a scalar
guantity in the region (a common example is a uid density). T he Reynolds' transport theorem
states that 7 7 7

qir

d
— rdx = —dx + r(v A)ds,, 2.8
dt  wu) w(t) it IW(t) ( )45 (2.8)

where v(x,t) is the velocity of a boundary element of W(t) and f is the outward unit normal
to the boundary at time t.

In our problem for the probability density p, the variable that does the role of “time” is the
position of particle 1, x; (so that we have d “time variables”), and the positions in the space ( x in
the equation above) correspond to the coordinates of particle 2, x,. The x;-dependent domain is
the volume available to particle 2, W(x1). This domain has an external xed boundary, W, and

3Speci cally, a hard sphere only excludes one half (one quart er) of the maximal excluded volume if in contact
with one wall (two walls, that is, a corner).
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a moving internal boundary, Be(x1).* Thus only the latter contributes to the boundary term in
the transport theorem (2.8). Since the radius of Be(X1) is xed ( i.e, it does not depend on the
“time” variables x,), the velocity of its boundaries is equal to that of its centr e Xx;. We denote its

outward normal vector by “n».

ﬂBe(Xl)

Figure 2.2 Sketch of dynamic boundary Be(X1).

For instance, choose the rst “time variable” x;. The velocity of the boundary 1Be(X;) with
respect to x; is (1,0) for d = 2 (see Figure2.2) and (1,0,0 for d = 3. Thus the velocity-normal
vector dot product in the x;-component of equation (2.8) is simply the rst component (the
x-component) of f,. This implies than, when combining the d components of equation (2.8
(one for each component of x;) to have the gradient with respect to x; on its left-hand side,
the d-components of (v f,) produce f,. It is then straightforward to write that, for a scalar
function g(x1,X2,1),

VA VA VA
rx g(X1, X2, t) dxz = rx,gdxz+ gh2dS,. (2.93)
W(x1) W(x1) fBe(x1
Similarly, the Reynolds transport theorem, ( 2.8), applied to a vectorial function g(x1,X2,t) states
A Z Z
rox, g(xq,X%2,t)dxo = rx, gdxo+ g N2dS,,. (2.9b)
W(x1) W(x1) fBe(x1)

We now use (2.9) to evaluate the integral of the second term in (2.48. Writing g 1 P

f(x1) P and using (2.9b), the second term in (2.49) is
Z Z
W(X1) 7 W(xq

r P f(x¢)P] h,dS,,,
ﬂBe(xl)[ “ ()F] A2dSs,
which reduces to
Z
r X1 [r le f(Xl) p]+ [f(xl) P 2r X]_P r X2P] ﬁZdez (210)

e( X1

4Since we are ignoring boundary effects, we can assume that x 2 W(t) and e are such that the ball Be(x;) is
entirelyinside W. In Appendix B we consider the Reynolds transport theorem in the case when Bg(x1) may intersect
with W. This case will be relevant in Chapter 4 on con ned domains.
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after using (2.5, (2.99 and the divergence theorem again. Combining (2.6), (2.7) and (2.10
provides the integrated version of ( 2.49 as

Z
Tz [P (DR [GDP 2 4P T Pl fads,
z B ) (2.11)
+ [r X2P f(Xz) P] ﬁZdSXZ'
W 1Be(x1)
Using (2.4b) and rearranging we nd
fp ¢
ﬂ(xj_!t): r X1 [r le f(Xl) p]+ (X f 2r X1P+ P[f(xl) f(XZ)]g ﬁZdez- (212)
e(Al

At this stage, the classical closure approximation is to assume some expression for P in terms
of p [for example, that particles are not correlated, that is, P(x1,X2,t) = p(X1,t) p(x2,t)] to give

a closed equation for p(xy,t) in (2.12. However, for hard-core interactions the collision surfa ce
1Be(X1) is exactly the region in which particles are more correlated, illustra ting why closure

methods fail with short-ranged interactions (as we will see in 85.6). Instead, we shall deter-
mine the integral in ( 2.12 systematically using the method of matched asymptotic exp ansions
(Holmes 1995).

2.4 Matched asymptotic expansions of the density P

We implement the simple idea that when two particles are far a part (kx; x2k  €), their Brow-
nian motions are independent, whereas when they are close to each other (kx; x2k  €) they
are correlated due to interactions. We designate these two regions of the con guration space
W2 the outer region and inner region, respectively.

2.4.1 Outer region

In the outer region we de ne Poui(X1,X2,t) = P(Xy,X2,t) and, by independence, we seek a
solution of the form

Pout(X1, X2, 1) a(xe, )a(x2, 1) + eP D (xg, x2 ) + (2.13)

for some function q(x,t). Note that the invariance of P with respect to a switch of particle
labels means that in the outer region both particles have, at leading order, the samedistribution
function g (as was also in the case of point particles).
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2.4.2 Inner region

In the inner region, we set x; = X; and x; = X; + eX and de ne I5(>~<1,>”<,t) = P(Xq,X2,t). The
rst order derivatives change accordingly, such that

r_ 1 11 T_iT
xe Xy efx’ xo, efx’
2.14
T_ 1 11 1_11 (@34
TIyi W1 e’ y2 ey’
With this rescaling ( 2.4) becomes
q ~ ~ N N e~
€— (X, %,t)= 2r 2P 2er 5 r sP+er g [f(%1) f(X+ eX)]P (2.15a)
+er g P €r g f(X)P
with
2% r sP=eX 1 P+ [f(Xy+eX) f(%X)]P , on  kik= 1. (2.15b)

As noted above, we can neglect the boundary layer and hence assume that X, is not close to W,
the region in which the particles are close to each other and the boundary is even smaller, and
will affect only the higher-order terms. In addition to ( 2.15b the inner solution must match
with the outer solution ( 2.13 as kXk ! ¥ . Expanding this outer solution in inner variables
gives

Pout(X1, X2, 1) = 0%, 1)Q(%e + €%) + ePg (5, % + eX,t) +

205 Do o N . i (2.15¢)
a(Xut)+ e Pout(xl’xlft)"' q(Xq) X r >?1Q(X1) +

Expanding P in powers of e, P PO + eP() + | the leading order of (2.15) gives
p0) = (%1, ). (2.16)

The O(e) of (2.15 is, using (2.16 and Taylor-expanding f,

% 1 PO = g%, t) % 1 5,q(%,1), on  kxk= 1, (2.18)
PO gxu )X 1 ga(%t)+ PR, % t),  as  kwkk ¥ (2.19)

This problem is trivially solved by
PO = (%, ) X T 5,q(%1,t) + PO (%, %4, 1), (2.20)

out

and hence we nd that the solution in the inner region is simply

P(%1,%,1)  P(Xu,t)+ eq(%a, ) X 1 5,q(%e,t) + ePSp(%a, %, ) + . (2.21)
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2.4.3 Collision integral

Now we can use (2.21) to evaluate the integral in (2.12 over the collision surface YBe(X1), which
we denote by | . Expressing this in terms of the inner variables gives
z

| = f2r P+ P[f(x1) f(x2)]g A2dS,

ZﬂBe(Xl)
~ 2 - o~
= 2r 3, P+ Zr P+ P[f(Xy) f(%1+eX)] ( %)et Wds (2.22)
= 2¢472 r P %dSy+ e ! 2r 3,P P[f(%) f(X1+ eX)] %dS,
1B1(0) 181(0)

where dS; denotes the surface element in the inner variables (with respect to X). We note that,
by using the no- ux boundary condition at contact ( 2.150, | may be expressed as
z

| =it r 4P %dS. (2.23)
1B1(0)
writing | = €4 2(1 @ + el MW+ 2] @D + ) and equating powers of e, this implies that the
order O(e 2) of | must vanish,
z
1 O= 2 r PO xdSy 0, (2.24)
1B1(0)

which is indeed satis ed using ( 2.16. Comparing the two expressions (2.22 and (2.23 for |,
we realise that, for a given expansion of P, the latter allows us to go one order higher in | than
the former. The next order is, using (2.23,
z z
| (D= r PO %dSy=r (%11 %dSg = 0, (2.25)
11B.(0) 1B.(0)
using (2.16 again. The leading-order contribution comes at the next or der,
z
| @ = r 5, PY xdS
1B1(0) 7 ) 7
rx [N 5% 0] RPdSi+ 1 5 PSR (%, K, t) xds;  (226)
11B.(0) 1B.(0)
= ar g [a%Ltr gaX )],

where a= p ford= 2anda= 4p/3 for d= 3. Therefore we nd that

| aelr g, [q(%e,t)r ,0(%,1)]+ O(e% D). (2.27)

Now we write this expression back in the original variables a nd, before substituting into ( 2.12),
we use the normalisation condition on P to nd that q(xi,t) = p(x1,t) + O(e?) (see Appendix
A for details). This allows us to write the following closed eq uation for p(xy,t), valid to O(e?),
fip _ n d |
ﬂ(xl,t) =ry 1l+ae'pr yp f(x1)p . (2.28)

Note that the rst order correction of the outer solution, pH)

outr ONly enters the inner region

as a constant eld at O(e), see Eq. R.21). This implies, as we have seen above, that it does not
contribute to the collision integral | and hence does not appear in (2.28. However, Péﬁ)t could

be determined by matching higher-order terms.
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2.5 A nonlinear diffusion equation

The extension from two particles to N particles is straightforward up to O(e%), since at this
order only pairwise interactions need to be considered. Particle 1 has (N 1) inner regions,
one with each of the remaining particles. A similar procedur e shows that the one-particle
density function satis es

1
it

nh i o]
(xp,) =1 x, 1+a(N Depr .p f(x)p , (2.29a)

with ( )
_2(d 1p
S R
for d = 2 or 3 (a = p in two dimensions, a = 4p/3 in three dimensions). This equation is

(2.29b)

supplemented with the no- ux boundary condition
nh [ 0
1+a(N 1epr ,p f(x))p A1=0, on W, (2.29¢)

and initial condition

P(X1,0) = po(X1), (2.29d)
where po(x) = Rwy Po(%)d(x; x) dx. Equation (2.299 describes the probability density func-
tion for nding the rst particle at position  x; at time t. Since the system is invariant to per-
mutations of the particle labels, the marginal distributio n function of any other particle is the
same. Thus the probability distribution function for nding  any patrticle at position x; at time t
is simply Np.

In (2.29 we have only included the leading-order nonlinear term due to steric effects. There
will be correction terms of O(e% N) due to higher-order terms in the two-particle inner solutio n
(2.21), as well as new inner regions where three particles [O(e?*N?)], or two particles and
the boundary [ O(e% N)], are close. The most important of these corrections is that due to
interactions between three (or more) particles. Because ou asymptotic expansion is systematic,
these correction terms could in principle be calculated.

2.5.1 Collective diffusion coef cient

We see from (2.29 that steric interactions lead to a concentration-dependent diffusion coef cient,
with the additional term proportional to the excluded volum e. Equation (2.299 is consistent
with that derived by Felderhof (1978, but extends it to situations in which p is not close to
uniform. Also, we emphasise that, for a xed volume fraction, (2.29 is valid forany N. However,
for large N suchthat N 1 N we can introduce the volume concentration ¢ = pNe9p/2d
and rewrite (2.299 as’

%(xl,t) =1y D%o)r xc f(xg)c, (2.30)

50f course, if we dene c¢= p(N 1)edp/2 d then (2.30 is valid for all N, but then cis not the volume concentra-
tion.
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where D¢(c) is the concentration-dependent collective diffusion coef cient, given by
D%c)= 1+ 4(d 1Ic. (2.31)

Note that the collective diffusion coefcient D¢(c) is increased relative to point particles.
This is in contrast to the self-diffusion coef cient (which m ay be related to the mean squared
displacement of a particular particle) which is reduced rel ative to point particles ( Hanna et al.
1982. This apparent contradiction may be understood as follows : the diffusion of any particular
particle is impeded by its collisions with other particles. However, these collisions bias the
random walk towards areas of low particle density, so that th e overall spread of all particles is
faster. To analyse the self-diffusion coef cient in the curr ent framework we would need to label
a particular particle, rather than treating all particles a s identical. This will be done in Chapter
3 by deriving a cross-diffusion system to describe two differ ent types/populations of particles.

Whilst the self-diffusion coef cient can be thought of a diff usion coef cient intrinsically
attached to each patrticle, the collective diffusion coefci ent relates the diffusive ux to the
concentration gradient of all particles ( Mazo 2002: the density function p is the probability of
nding any particle at a given position, rather than the probability of nding a particular particle
there. Thus the collective diffusion coef cient is not assoc iated with an individual (tagged)
particle or even a representative particle. This also means that it cannot easily be related to
the mean-squared displacement of particles. This distinction has important consequences when
upscaling from individual to collective behaviour.

2.6 Free energy and stationary states

In this section we examine the stationary solution of the non linear diffusion model ( 2.29, which
we denote ps(X1). For this purpose, the notion of free energy associated to the system provides
an ef cient tool not only for understanding the trend to equil ibrium of the particle system, but
also for studying the mathematical properties of the associ ated population-level PDE model
such as the convergence of equilibrium (Arnold et al.2004).

When the external force eld f is the gradient of a potential, f(x) = r xV(x), to equation
(2.29 is associatedfree energyCarrillo et al.2003:

y y
F(p) = plog p + %a(N Delp? dx+  V(x)pdx. (2.32)
w w

The rst integral corresponds to the negative of the entropy a nd the second integral is the
potential energy. Since the second term of the rst integral i s always nonnegative, we nd
that the entropy decreases with excluded-volume effects. |ntuitively, this can be understood
as follows: when particles have a nite size, the available sp ace to the particles' centres is
reduced and hence the number of legal con gurations (or disor der) is reduced too. We note
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that, in optimal transport theory, the rstintegralisin ( 2.32 is often (improperly) called internal
energy (Carrillo et al.2003.

2.6.1 Gradient- ow structure

So why is the free energy (2.32 associated to .29 so useful? Because the convergence of the
solution of (2.29 towards the stationary solution ps can be associated with the minimiser for
the free energy functional F and this, in its turn, may be linked with the microscopic entr opy
of the system and tendency of the system to evolve towards the state of maximalentropy (see
Carrillo et al. (2001 and the references therein). The connection between equaion (2.29 and
its associated free energy functional (2.32 is made with the realisation that such a nonlinear
diffusion equation has a (formal) gradient ow structure

A gradient ow in its simplest form (in the nite dimensional E  uclidean space R") is given
by the solutions of

d .\ _
0= 1 E(x(®), (2.33)

with E: R"! R. They correspond to the steepest descent on the energy landsape determined
by E. It is straightforward to see that

d _
FEC(®) = kr E(x()K,

so that E is a Lyapunov functional for ( 2.33. This concept can be generalised to general metric
spaces and, of particular interest here, many diffusion-ty pe of equations can be considered, at
least formally, to be gradient ows of some energy on the spac e of probability measures.

The nonlinear diffusion equation ( 2.29 may be written as

%(x,t): r . (pu), (2.34)

with u= r ,Jlogp+ a(N 1)eYp+ V(x)] as the “ow” down the gradient of F. Speci cally,
the gradient ow associated to ( 2.29 is

Tp _ dF
where dF / dp denotes the functional derivative,
dF d
a =logp+a(N 21)e“p+ V(x), (2.36)

so that the stationary states of (2.34) coincide with the minimisers of F. Analogously to the R"
case above, one can write
z 2

d ~ dF
aF(p(t)) = r “dp p(x,t) dx,
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but of course for this expression to make sense one must equip the space of probability measures
[denoted by P»(R9)] where p lives with a distance and de ne a metric space. The appropriat e
metric is known as the Wasserstein distance, induced by the optimal transport under quadratic
cost (for more details see Otto 2001).6 Equipped with this metric, one can de ne a tangent space,
and give some sense to the gradient of F to rigorously construct the gradient ow structure
(2.395 in metric spaces (Ambrosio et al.2008.

The gradient ow structure ( 2.35 is very useful since it brings more tools to study the trend
to equilibrium Villani (20032, with the entropy functional ( 2.32 “encoding” all the properties of
the ow. For a general discussion of the implications, see fo r instance Villani (2002 and Otto
(2002.

2.6.2 Asymptotic convergence

The entropy formulation is not just useful to link stationar y solutions of the FP equation with
minimisers of an entropy functional, but also to tell us how f ast this convergence to equilibrium
is. The way this is typically done is by proving asymptotic co nvergence results for a second
functional, the entropy dissipation, which can be then tran slated into a convergence result for
the entropy itself. Finally, the asymptotic convergence of the energy functional implies in turn
the convergence in L! to the stationary solution ps. Below we outline the procedure for the
well-known case of a linear FP equation, which gives exponen tial convergence to equilibrium
provided the potential V is uniformly convex. The same result can be found for the nonl inear
case (Carrillo et al.2007), as we shall detail later.

2.6.2.1 Linear case

In this section we show the steps involved to make the connection between stationary solutions
of the FP equation and the minimiser of the entropy functiona | F for the simpler case of linear
diffusion for point particles. Thus setting e = 0 in (2.34) we consider

%(x,t) =t prxllogp+ V(X | (2.37)

whose stationary states are logp+ V(x) = C, that is, the Gibbs' distribution. Imposing unitary
mass we obtain ps = e ¥/ e V. We would like to know whether this solution is stable, or

asymptotically stable, etc. Its associated free energy functional is, from (2.32),
z z
F(p) = plog pdx+  V(x)pdx. (2.38)
w w

6A very intuitive way to describe the Wasserstein distance W»(pg, p1) between two densities is as follows. Imagine
each density is a way to distribute a unit of dirt or earth in th e space and consider all the applications that turn or
transport the pile pg into the other pile p;. The distance between the two densities corresponds to the st of the
transportation with minimal “cost”.
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It is straightforward to see that the critical points of this functional, dF/ dp = 0, coincide with

the stationary states of (2.37). The time derivative of F (p) along the solutions of (2.37) is
VA VA
I (p) = EF (p) = [V(x)+ 1+ log p] prdx =  pkuk?dx, (2.39)
dt w w

using integration by parts, where now u = r [log p+ V(x)]. The functional | is known as
the entropy dissipation functionalCarrillo et al.2003. Becausel is non-negative, we see that the
entropy functional is non increasing in time when evaluated along a solution of (2.37) and the
free energy F “acts as aLyapunov functiondl for equation ( 2.37).

A fundamental result is that if V is uniformly convex, namely, that there exists | > 0 such
that Hess(V) | I where Hess denotes the Hessian matrix and |4 the identity matrix of size d,
then (Bakry & Emery 1985)

d
aI (p) 211 (p), (2.40)

which implies that | (p) decays exponentially in time, 1 (p) e 2!l (po), and

F(D) F (p) 51 (). (2.41)

This last inequality is a logarithmic Sovolev inequalityLSl). It relates the free energy with the
entropy dissipation. Combining ( 2.39 with ( 2.40 and (2.41) gives

SFM F =1 2 F® F (], (2.42)

so that no only the entropy dissipation decays exponentiall y to zero, but also the energy dif-
ference,F(p) F (ps) e 2'[F(po) F (ps)]. The last step is to show that exponential con-
vergence in the energy implies exponential convergence of solutions. This link is provided by
a Csiszar-Kullback-type inequality ( Carrillo et al.2007), which bounds the difference in density
kp pski by the difference in entropy F (p) F (ps) thus giving convergence in L (at aratel ).

In summary, in the linear case there exists exponential convergence to equilibrium provided
the external potential V is uniformly convex. The method is based on the comparison of the
entropy dissipation | with the dissipation of entropy dissipation, rather than on a direct analysis
of the FP equation.

2.6.2.2 Nonlinear case

The exponential convergence result (2.42 corresponding to the linear diffusion has been gener-
alised by Carrillo et al. (2001 for the free energy functional ( 2.32 associated with the nonlinear
diffusion ( 2.29. Consider the general nonlinear FP equation

%(x,th o I gD VOYPl, in W, (2.43)

with W RY convex with no- ux boundary conditions (or W RY), and assume thatV is
uniformly convex, in the sense that there exists | > 0 such that HesqV) | Ig. Then there
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exists exponential trend to the equilibrium solutions of ( 2.43 provided the following condition
is satis ed ( Carrillo et al.2001;, (HF4) and Thm. 11):

pgd(p) dTl a(p). (2.44)

In the linear case of the previous section, g(p) = p and condition ( 2.44) is trivially satis ed.
In the nonlinear case, comparison of (2.299 with ( 2.43 gives that

o(p) = p+ SN Dep”. (2.45)

It is straightforward to check that this function also satis es (2.44) and hence that the exponential
convergence result also holds for the nonlinear diffusion ( 2.29.

2.6.3 Equilibrium solutions

We consider the stationary solutions of (2.29, which we denote ps(x1). For a general external

force f, the stationary states ps satisfy

nh i o z
ry 1+a(N 1elprp f(X)p =0, pdx = 1. (2.46)
w

However, the determination of the stationary states is cons iderably simplied when f is the
gradient of a potential V, as we have seen in @.6.1). In this case, the stationary solutions ps

coincide with the minimisers of the energy functional F in (2.32 and hence satisfy, from (2.36),
z
logp+ a(N 1)eYp+ V(x) = C, pdx = 1. (2.47)
w

Here the constant C determined by the normalisation condition on p. Explicit solutions of ( 2.46
or (2.47 are not possible in general for the case of nite-size partic les and must be obtained
numerically. As we shall see in §2.7.2 having the free energy characterisation of the system
which leads to (2.47) greatly simpli es the nhumerical solution method, as no disc retisation of
the spatial derivatives is required and a simple Newton meth od suf ces.

The uniqueness of stationary solutions is not affected by th e nonlinear term in ( 2.46), but it
does depend on the external force f. If the external potential V is uniformly convex, not only
there is exponential convergence to equilibrium as seen in 82.6.2 but also the equilibrium is
unique. This is straightforward to show from the convexity o f the free energy F, which ensures
it has a unique minimiser ps.

2.7 Comparison with the particle-level model

In order to assess the validity of (2.29 we compare its solution p(xy,t) with Monte Carlo (MC)
simulations of the dN-coupled SDEs (2.18. Simulations are performed only for two dimensions
since solutions are easier to obtain and present, but the same solution techniques apply for
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the three-dimensional case. To test the importance of excluded-volume interactions, we also
compare with the corresponding solutions with e = 0. Throughout this section we will use a
two-dimensional unit square domain, W =| % %]2 and a particle's diameter e = 0.01 (or O for
the point-particles case).

2.7.1 Time-dependent solutions

In this section we consider time-dependent evolution of the system. The set of SDEs describing
the full particle system is solved using a Monte Carlo (MC) algo rithm, while the FP equation
is integrated using a straightforward nite differences sch eme. Below we give details of the
algorithms used, and in §2.7.1.3we present a numerical example.

2.7.1.1 Monte Carlo simulations

Consider rst the point-particles case which is collision-f ree. The set of overdamped Langevin
SDEs .19 is discretised using a nite time step Dt using the standard Euler-Maruyama
method (see Erban et al. 2007, which is a simple generalisation of the Euler method for OD Es
to SDEs. The position of the ith particle at time t+ Dt is computed from its position at time t
by

Xi(t+ Dt) = X;(t)+ f(X;(t))Dt + pZ—Dtxi, i=1,...N, (2.48a)

where x; is a 2-vector whose entries (X, Xyi) are independent normally distributed random
variables with zero mean and unit variance. Here X;(t) is a 2-vector with entries (X;(t),Y;(t)).
The initial positions X;(0) are drawn from the initial density Py(x). The re ective boundary
conditions on the domain boundary W (2.1b) are implemented as follows. Suppose that the
horizontal coordinate of the ith particle, X;(t+ Dt), computed by (2.489 is outside the allowed
interval [ 1/2,1/2 ]. Then (Erban et al.2007):

if  Xi(t+Dt)< 1/2 then  Xj(t+Dt)= 1 X(t) P 2Dt Xy,

p___ (2.48b)

if  Xi(t+ Dt) > 1/2 then  Xi(t+Dt)=1 X(t)  2Dtxy;.
We note that the same random number X, ; which “caused” the particle to go outside the domain
is used to correct its position, that is, we must not generate a new random number when
imposing the boundary condition. Analogous conditions are imposed for the vertical coordinate.
Intuitively, what this condition is saying is that if a Brown ian particle has performed part of its
random walk outside the domain without noticing the wall, wh  at it should have really done is
to detect the wall, ip its velocity and proceed in the opposi te direction.

For a given choice of the time step Dt, the scheme @.48 is iterated until we reach the
desired nal simulation time. The trajectories of individua | particles are of no special interest as
we want to compare the results with the solution of the popula tion level FP equation. Instead,
we are interested in the spatial histogram resulting after m any simulation runs. To compute the
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histogram, we divide the domain W into 30 bins along each side and calculate the number of
trajectories which end up at the nal time in each bin. This num ber is divided by the number
of particles N, the number of realisations and the bin area (1/30 ?).

Algorithms for collision treatment The time-dependent simulation of Brownian motion be-
comes more complicated when dealing with nite-size particl es. A key ingredient of the sim-
ulation scheme is the way it deals with possible overlaps. Th e set of SDEs 2.4839 becomes
coupled, and a careful choice of the time step Dt and the collision treatment is required. The
collision between two particles may be thought as a generali sation of a particle—wall collision
(2.48D) in which now the wall is also mobile. ’ Many algorithms to deal with collisions between
Brownian hard spheres have been proposed. Below we outline some of these algorithms and
indicate our choice amongst them.

One of the simplest algorithms, proposed by Cichocki & Hinsen (1990, consists of updating
a particle position using ( 2.489 and checking if the proposed move produces an overlap, in
which case the displacement is ignored. This is exactly the procedure of Monte Carlo simula-
tions for stationary densities, as see shall see in 8.7.2 However, in non-equilibrium simulations,
for which displacement due to external forces may occur, thi s algorithm may pose problems
(Strating 1999.

Heyes & Melrose (1993 propose an algorithm to correct the overlap in case it occur s instead
of rejecting the move. Whenever a random displacement results in an overlap, a line between
the two patrticles' centres is drawn, and the two particles ar e displaced along this line until the
collision is cleared. The problem with this approach is that it arti cially increases the possibility
to nd two particles at contact and reduces the probability to  nd pairs at different relative
distances. This would correspond, in the case of a collision between a particle and a xed wall,
to placing the particle exactly on the boundary after a rando m displacement has taken it outside
the domain. That is, in (2.48b we would set X;(t+ Dt) = 1/2. A natural choice to improve
this method is to implement the same idea used in (2.480 for a particle—wall collision to a
particle—particle collision. Namely, the difference e k X;(t+ Dt) X(t+ Dt)k corresponds to
the distance that particles have penetrated each other illegally. A simple choice for the update
is then to suppose that each particle has travelled the same illegal distance, and to separate the
particles away from each other along the same line, but now ta king into account the penetration
value.

An improved method known as the elastic-collision methoi given by Strating (1999. It is
based on the observation that, whereas the random displacement of a free particle is sampled
from a Gaussian distribution, the random displacement of a p article close to a wall should

7In fact, it is common to approximate the collision surface be tween to spheres as at (which is a good approxima-
tion for a time step Dt small enough), so that an analytical solution of the two-bod y problem can be obtained using
the method of images (Scalaet al.2007).
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be sampled from a distribution that satis es a no- ux boundar y condition. In practice this

translates to using elastic binary collisions to adjust the positions after an overlap detection. In

order to implement an elastic collision, though, the partic les must be prescribed a “velocity”.
The most natural choice is to imagine that the ith particle has moved in a straight line between

time t and t + Dt with constant velocity V;(t) = [ X;(t+ Dt) X(t)]/ Dt. It should be stressed
that this is a ctive velocity which is only used to deal with po ssible overlaps between two
Brownian steps. Then if an overlap is detected between a pair, say,kX;(t+ Dt)  X;(t+ Dt)k < e,
their ctive velocities Vi(t) and V|(t) are evaluated and, together with their original positions a t
time t (before overlap), the usual elastic collision laws are impo sed to compute their positions
at time t + Dt. As Strating points out, there are two ways to implement the elastic colli sion
method. One option is to displace all particles simultaneou sly, check for collisions and correct
them in the order of detection. Alternatively, a more rigoro us strategy is to take into account
the order of collisions and keep an ordered list of collision times and recompute it once the rst

collision in the list has been corrected.

The second method, which is the one eventually implemented i n Strating (1999, yields
more accurate results and is closely related with De Michele's algorithm (Scala et al. 2007,
which utilises a standard event-driven simulation method a s if particles underwent ballistic
ight (including eventual elastic collisions) with the cti  ve velocity in the time interval Dt. In
fact, instead of drawing a random displacement for all parti cles and then computing the ctive
velocity, in Scalaet al. (2007 the rst step is skipped and at each discrete time a new set of v e-
locities is drawn from the Maxwell-Boltzmann distribution,  f(v) = ( b/2 p)¥? exp( bkvk?/2),
or component-wise, f(vy) = (b/2 p)¥2 exp( bvZ/2), with k= 1,...,d. Here b corresponds to
the dimensionless version of m/ kT and is xed by the diffusion coef cient and time step (this
connection comes from the uctuation—dissipation theorem , Scalaet al.2007), namely, b = Dt/2
for a diffusion coef cient equal to one. Since this method com bines Brownian dynamics (BD)
with event-driven (ED) simulations, it is called a combined ED-BD scheme. The advantages of
this method is that overlaps are predicted rather than corre cted, and that one can use a stan-
dard event-driven simulation package to perform the ED part of the algorithm. Moreover, its
improved accuracy means that we can take larger time steps Dt. On the other hand, the method
is more computationally intensive than the simpler methods exposed above.

Throughout this thesis we have used two of the algorithms men tioned above. First, our
improved version of the Heyes and Melrose algorithm ( Heyes & Melrose 1993, modi ed to take
into account the distance that two particles have penetrated each other to correct the overlap
and, second, De Michele's algorithm (Scalaet al. 2007). The former requires a careful choice of
the time step Dt so that almost no collisions are missed, meaning that it is un likely for a particle
to perform a random displacement larger than its diameter e, namely, that = 4Dt e if the
external drift is zero. The extra factor of two inside the squ are root accounts for the fact that,
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relative to one patrticle, the other particle doubles its dif fusion coef cient. The latter has also
limitations on the allowed time step (see Scalaet al. 2007 for details) but works reliably with
signi cantly larger time steps. In general, we nd that for the  range of volume fractions we
are interested in the former method gives satisfactory resu Its and is used in most of the hard-
disk simulations presented in this thesis (used unless othe rwise stated). However, De Michele's
algorithm is used in Chapter 3 to obtain more accurate results for a quantitative comparis on of
the mean square displacement of a particle.

Implementation details  Except De Michele's algorithm, which has been adapted from an
existing implementation ( Scala 2008 in C++, the rest of the stochastic algorithms have been
written from scratch and are implemented in C. We use the rand om number generator of the
GNU Scienti ¢ Library (GSL) (see Galassiet al.2011). Most of the calculations are performed
on a 3711MHz AMD Phenom Il X4 945 Processor running Linux.

2.7.1.2 Numerical solution of the Fokker—Planck equation

We integrate the nonlinear FP equation (2.293 numerically using the method of lines, which
consists of discretising the spatial variables only and keeping time as a continuous variable,
resulting in a semi-discrete problem. The nonlinear diffus ion term poses no problem as it is sta-
bilising, so that a simple second order central nite-differ ence scheme for the spatial derivatives
is suf cient. This choice is made assuming that our system ( 2.29 is not convection-dominated;
otherwise, if convection plays a dominant role, the numeric al solution may become dif cult and
require more sophisticated numerical methods ( Egger & Schéberl 2010.

We choose an equidistant mesh of mesh sizeD = 1/ J to discretise in both directions. This
yields a system of (J+ 1)2 equations for p;(t)  p(xi,y,t), xi= 1/2 +iD,y;= 1/2 + D,
0 i,j J Theindices (i,]j) are turned into a linear index so that the (J+ 1)2-vector p contains
all the discretised points pj;, satisfying the matricial system

2 = F o, t>0,
p(t) = po(xi,y))()), t=0,

where (:) denotes the operation of converting from matrix to linear ve ctor (MATLAB notation).

Here F is a banded matrix with bandwidth ve which contains already t he no- ux boundary

conditions (modifying the entries corresponding to the bou ndary points as usual). To advance
the system of ODEs above in time, we use MATLAB's inbuilt odel5ssolver as the time-stepping
method, so that the discretisation in time is resolved by thi s routine.
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2.7.1.3 Numerical example

We illustrate the time-dependent behaviour of the system in the case of vanishing external force
f = 0and N = 400. We choose a Gaussian initial density of zero mean and standard deviation
0.09 (truncated and normalised so that its integral over W is one) and a nal simulation time
t = 0.05 large enough so that population has time to reach the boundary {W. For the PDE, we
choose a mesh size ofD = 1/64 (results with a higher number of grid points are essenti ally the
same). For the system of SDEs, 16 realisations are performed using a time step Dt = 10 ° to
produce the histograms. Effectively, this implies that we a re using 4 10° trajectories since all N
particles can be used to compute the one-particle distribut ion histogram.
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Figure 2.3 Marginal probability density function  p(xy,t) attime t = 0.05 with normally distributed initial
data and N = 400. (a) Solution p(xy,t) of (2.3) for point particles (e = 0). (b) Histogram for e = 0. (c)
Solution p(xq,t) of (2.29 for nite-size particles ( e = 0.01). (d) Histogram for e = 0.01. Histograms
computed from 10 realisations of (2.18 with Dt = 10 °. All four plots have the same colour bar.

Figure 2.3 shows the one-particle density function at time t = 0.05 for point particles (e = 0)
and nite-size particles ( e = 0.01) obtained from the Monte Carlo simulations of the partic le-
level and the numerical integration of the population level FP equation. The same information
of Figure 2.3is plotted together in Figure 2.4for the slice y; = 0 to allow for a better quantitative
comparison between models. We note that theoretical predictions for both point and nite-size
particles compare very well with their simulation counterp arts, while excluded-volume effects
are clearly appreciable even though the volume fraction of p articles is only 0.0314. However we
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Figure 2.4 Marginal densities p(xq,t) aty; = 0 corresponding to the four cases shown in Figure 2.3. Point

particles solution of ( 2.3) (in dash green line) and from simulations (green triangles ). Finite-size particles
solution of (2.29 (in solid blue) and from simulations (blue circles).

note that, while the average concentration is low, the local concentration is considerably higher
at the origin: ¢ = 0.617 attimet = 0 and c = 0.0479 at timet = 0.05. The no- ux boundary
condition on W s the reason why the pro les are not radially symmetric.

It is worth noting that the initial pro le, in which particles are concentrated in the centre,
spreads faster when excluded-volume effects are included [ Figure 2.3(c) and Figure 2.4in blue]
than when they are not [Figure 2.3(@) and Figure 2.4in green]. This is consistent with what has
been found in §2.5.1, namely, that the overall collective diffusion is enhanced with steric effects.

2.7.2 Stationary solutions

We now move to the numerical solution of the stationary state s of the system. In §2.6 we have
seen that in some cases the nonlinear FP equation has an assaated free-energy functional and

gradient- ow structure which facilitate the determinatio n of the stationary states of the system.
To show in practical terms the connection between the statio nary solution and the associated
free-energy functional, in this section we concentrate in t he case when the external force is the
gradient of a potential, f(x) = r «V(X), so that the analysis in §2.6 holds.

2.7.2.1 The Metropolis—Hastings algorithm
To obtain the stationary density Pg(x) to the full particle system, consider the high-dimensional

FP equation (2.29. Inserting f(x) = r xV(x) and rearranging gives

1P \ .
e =2ar x ProyllogP+ V(x)] in WY, (2.49)
i=1
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which can readily be written as a gradient ow

%(x,t) = . (P) in WY (2.50)
with 1= F, logP+ &,V(x) . Using the no- ux boundary conditions the stationary solu-
tion Psof (2.50 is h i

Ps(%) = Cexp &N,V (x) in W) (2.51)

with C a constant determined by the normalisation condition on Ps. At this point, one may be
tempted to say that we are done since we have found the station ary density Ps. However, the
normalisation constant C is still unknown and, because Psis de ned in a high-dimensional and
complicated domain WY, a direct calculation approach (that is, integrate (2.51) over WY and
impose its integral is equal to one) is not feasible. Instead, an indirect sampling method known
as the Metropolis—Hastings (MH) algorithm ( Chib & Greenberg 1995, Metropolis et al. 1953 is
most suited.

In (2.51) Psis not de ned for con gurations % 2 WN nWY, which correspond to illegal
con gurations with at least one overlap. However, it is conve nient to extend the de nition of Ps
to all WN and introduce the energy H (%) associated this the con guration x 2 WN,

éi'\L1V(xi), *2W’e\‘,

H (%) = ¥ otherwise, (2.52)
Then we can express the stationary density (2.51) as
Ps(x) = Cexp[H (¥)] in WN, (2.53)

where note that the solution is now extended to the whole spac e WN. The MH algorithm
samples con gurations according to the density ( 2.53 by constructing a Markov chain over the
con guration space as follows:

Select a particlei at random and generate a candidate xi0 for x; according to the Gaussian
distribution, x°= x; + dx, with x N (0, 1) and d a tuneable parameter.

Compute the energy difference DH between the current and modi ed con gurations: DH =
H(*9 H (x), where x%=(xq,...,x3...,xn).

Accept the move from x to % ®with probability pacc= min[1,exp( DH)].

The last step implies that a move is alwaysaccepted if it does not increase the energy of the
system, whereas the probability of accepting it decreases for increasing DH. The acceptance
criterion is implemented in the computer generating a rando m number r uniformly distributed

in (0,1) and accepting the move if r < min[1,exp( DH)].
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The tuneable parameter d can be used to x the acceptance rate, which is the fraction of
attempted moves which is accepted. The optimal acceptance rate depends on the target distribu-
tion, but it has been shown theoretically that for an N-dimensional Gaussian target distribution
it approaches 0.234 Roberts et al. 1997). Intuitively, if dis too small the acceptance rate is high
but the chain will move around the con guration space slowly, so it will take long to sample the
whole space. On the other extreme, if d is too high the proposed move is likely to have a higher
energy and hence the acceptance rate will be very low. In practice, we nd that an acceptance
rate in the 0.1 order of magnitude gives the desired results. Related to the acceptance rate, is
also the choice to decide the proposed move. Depending on the system, different procedures
other than a single particle local move used here may be more appropriate for a rapid conver-
gence to equilibrium ( Kannan et al.2003, for example, a single particle global move, or moving
multiple particles at once.

It should be clear that the MH algorithm generates a sequence of con gurations which cor-
rectly samples the equilibrium distribution, but this sequ ence is not related to the time evolution
of the corresponding dynamical system ( Erban & Chapman 2010), in contrast with the Monte
Carlo methods presented in §2.7.1.1

2.7.2.2 Numerical free-energy minimisation

As seen in §8.6.3 the stationary solution ps of the FP equation coincides with the minimiser

of the free energy functional F and satis es (2.47. This can be solved numerically with the

Newton—Raphson method, discretising W into J grid points along each direction [grid size is

D= 1/(J 1)] and approximating the normalisation condition with a quad rature. This yields
a system of ¥ + 1 unknowns, the discretised density values (Ps)ij  Ps(Xi,yj) with 1 i,j, J
and the constant C in (2.47). Writing the vector of unknowns as Z = ((ps)ij(:), C), the resulting
system of equations is

log Z+ a(N  1)e“Zy+ V(xi,y;)) Zps =0 for 1 k F

? (2.54)
a QZg 1=0,
k=1

where Q is aJ Jmatrix which contains the quadrature coef cients correspon ding to a com-
posite Simpson's rule. Along one dimension, the quadrature is given by a Jvector g de ned as
(using MATLAB notation)

q([1 end]) = h/3, g(2:2:end-1) = 4h/3, q(3:2:end-2) = 2h/3.

Then the two-dimensional quadrature is simply given by Q = g g. In the above system Qy
denotes the kth entry of the matrix using linear indexing. Alternatively , or for a general external
force f, the stationary density can be obtained running the time-de pendent simulation long
enough until the stationary state, if any, is reached.
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Figure 2.5 Stationary marginal density ps(x1) under the external potential V for point particles and nite-
size particles, with N = 1000. (a) Point particles, ps u e V. (b) Histogram for e = 0. (c) Finite-sized
particles ps from (2.47) (e = 0.01). (d) Histogram for e = 0.01. Histograms computed with 109 steps of
the MH algorithm. All four plots have the same colour bar.

2.7.2.3 Numerical example

For our second example we consider the volcano-shaped potential V(x) = 4.77e S0kxk? 4.
3.58e 25K* and we compare the stationary density ps predicted by (2.47) with simulations
using the MH algorithm. The histograms are produced dividing the domain W as before, that
is, into 30 bins along each dimension. However, now instead o f only using the con guration
at the nal time, in the MH all the Markov chain is used to compute t he histogram. That is,
at each step we check how many particles are in each bin: when a proposed move is rejected,
the old con guration is added to the count again, whereas if th e move is accepted, the new
con guration is added. But note that this only requires “binn  ing” one particle (the one we have
moved), since all the other particles stay in the same bin. To eliminate any initial con guration
dependency, we run the Markov chain for a few hundred steps bef ore we start to save the
con gurations. At the end of the process, we divide the result ing value in each bin by the
number of steps, the number of particles N, and the bin area (1/302).

Figure 2.5 shows the model and simulation results with - N = 1000 for both point and nite-
size particles (with volume fraction 0.079 and volume conce ntration ¢ = 0.189 at the origin).
The histograms are produced with 10 ° steps of the MH algorithm. Figure 2.6 corresponds to a
slice through y; = 0 of the four plots of Figure 2.5. In this case there is competition between the
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Figure 2.6 Stationary marginal densities p(xy,t) at y; = 0 corresponding to the four cases shown in
Figure 2.5. Point particles solution of ( 2.3 (in dash green line) and from simulations (green triangles ).
Finite-size particles solution of (2.29 (in solid blue) and from simulations (blue circles).

potential well and steric repulsion: the particle density i nside the well is reduced for nite-size
particles. This is because not all particles can be at the postion of minimal potential energy,
since they would overlap each other. Again, the agreement between the model (2.47) and the
stochastic simulations is good.

2.8 Discussion

In this chapter we have studied a system of N identical interacting hard spheres or disks of di-
ameter e diffusing in a bounded domain W under an external force f. The nite-size of particles
means that their Brownian motions are correlated; their int eractions give rise to the so-called
excluded-volume or steric effects. Starting from the high- dimensional FP equation, which de-
scribes the system at the particle-level (discrete description), the objective was to obtain the
population-level (or continuum) description whilst accur ately taking into account the interac-
tions at the particle level. Under the hypothesis that the (d imensionless) particle's diameter e
and the occupied volume fraction are small, e 1, Ned 1, we are able to: (1) reduce the
study of a system of N to two particles, since pairwise interactions dominate; (2 ) obtain the
desired low-dimensional description through a systematic asymptotic expansion in e, using the
method of matched asymptotic expansions. Unlike Beenakker & Mazur (1983; Felderhof (1978,
the method does not rely on a closure assumption.

The resulting low-dimensional FP is a nonlinear nondegener ate diffusion equation, with
the nonlinear term accounting for the excluded-volume in th e system. The equation we have
derived is for the one-particle probability density, which measures the probability of nding any
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particle at a given position; the particles we consider are i dentical and indistinguishable. This
means that we are examining collective diffusionand we nd that this is enhanced by the nite
size of the particles. We have not considered the self-diffu sion of a particular (tagged) particle,
which can be related to an individual particle's mean-squar e displacement. To analyse the
self-diffusion coef cient in the current framework we would  need to label a particular particle,
rather than treating all particles as identical; we do this i n Chapter 3 in which we consider
multiple particle populations.

An interesting feature of the resulting population-level F P equation is that it preserves the
gradient- ow structure and free energy featured by the high -dimensional FP equation. Namely,
if the external force is the gradient of a potential V, the N-particle FP equation can be written
as

P dF ‘ Z N
(1) = Py  Pr— with  Fy = PlogPdx+ & V(x)Pdx, (2.55)
It % *dP WA N2

whereas after the dimensionality reduction we have

dF Zh i z

E(x,t): r~ prx—— , F = plog p+ %a(N Delp? dx+  V(X)pdx. (2.56)
it dp W W

This property of the FP equation allows us to describe the stationary solutions of the PDE as the
minimisers of the free energy functional, and to study the tr end to equilibrium using existing
techniques from the elds of kinetic theory and differential equations. Moreover, writing the
discrete and continuum FP equations in their gradient-ow f orms (2.55 and (2.56 suggests
that we could have applied our method to the free energy funct ional Fy instead and derived
F directly. Equations (2.55 and (2.56 set up the ground to use also G-convergence Qal Maso
1993 to rigorously prove the micro-macro link between Fy and F.

Finally, the theoretical predictions of the derived model a re compared with stochastic simu-
lations of the full-particle system, as well as against the i nteraction-free case of point particles.
We have introduced most of the numerical techniques that wil | be used in this thesis. We have
performed time-dependent and stationary simulations of th e system. In both cases, the nonlin-
ear FP equation is shown to capture very well the features at t he particle level.

The advantages of this method is that the resulting equation correctly captures the excluded-
volume interactions at the particle-level, as seen with the agreement of the resulting collective
diffusion coef cient with that obtained from equilibrium st atistical mechanics methods (Acker-
son & Fleishman 1982 Hanna et al. 1982, as well as with the successful comparison with the
stochastic simulations. Moreover, the resulting PDE gives m ore insight into the problem that
these alternative approaches, and allows us to study situations far from equilibrium.

The quadratic diffusion term, which comes from a systematic analysis, justi es, for example,
the ansatz made in Calvez & Carrillo (2009 to account for the nite size of the cells in the
Keller-Segel model. In their work, they add a quadratic diffu sion to the equation for the cell
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population density to prevent aggregation and blow-up of th e solutionin nite time, as occurred
in the original Keller—Segel model ( Keller & Segel 1971). This is just an example of many works
in which nonlinear terms are added in an ad hocmanner into the continuum description to try
to mimic the observed behaviour at the particle-level. For i nstance, Degond et al. (2010 add a
disjoining pressure term (in the same spirit as in the modell ing of thin Ims), to account for a
maximal density in models for traf ¢ ow.

Because our method is systematic, it also allows extensionsin many directions. In this
chapter it has been developed in its simplest setting: hard- core identical spherical particles with
an external potential and in an “uncon ned” or bulk domain. By  uncon ned we mean that
the domain dimensions are large (equal to one in dimensionle ss units) in comparison with the

particles' size e. In the following chapters the following extensions will be considered:
Chapter 3: different types of particles.
Chapter 4: con ning domains.

Chapter 5: (short-ranged) soft-core interactions.
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Chapter 3

Diffusion of multiple species

3.1 Introduction

In this chapter, we extend the model of identical Brownian pa rticles in Chapter 2 to the case
when two types of particles are present, that is, the system contains two species Speci cally,
we allow for each population to have a different number of par ticles with different sizes and
diffusivities and to be under a different external force. We call these species the blues and reds,
after Burger et al. (2010. The aim is to derive a continuum model describing the evolu tion of
the population density of each of the species, similarly to w hat we did for one species in the
previous chapter. The difference is that, instead of one FP equation, the analysis will now yield
a coupled system of two equations, one for each species. The pocedure is similar, although
now three types of pairwise interactions are possible: a blu e and blue, a red and red, and a blue
and red. It is clear that for the rst two types of interactions we will be able to reuse the result
obtained in Chapter 2. However, the third type of interaction involving one blue p article and
one red particle must be computed.

It should be noted that the set-up here is for two types of Brownianparticles, and is not to be
confused with the case when one species is suspended in a uid of the other species (with much
smaller particles) which induces Brownian motion on the for mer. The background uid (if any,
since the noise may also represent the unpredictability of t he particle's motion or behaviour,
as it is the case in swarms) is a third component which we are re placing in our model by a
Brownian motion on the rst two components.

We begin in 83.2by deriving the nonlinear cross-diffusion model for the one -particle density
functions from the particle-based or microscopic model (th e high-dimensional FP equation).
This setting of keeping two distinct densities in the contin uum model enables us in 83.3 to
distinguish between two alternative notions of diffusion ¢ oefcient: the collective diffusion
coef cient, which describes the evolution of the total densi ty, and the self-diffusion coef cient,
which describes the evolution of a single tagged particle ( Hanna et al. 1982. This is in contrast
with the one-species model derived in Chapter 2, in which we could only “extract” the collective
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diffusion coef cient. As in the one-species case, we attempt to write the resulting nonlinear
system as a gradient ow for some free-energy functional, an d study the equilibria and stability
using this energy functional in § 3.4. However, the task of obtaining an associated gradient- ow
structure is much more challenging for systems (Burger et al. 2010, and we are only able to
write down an explicit free-energy functional under some co nditions. Even so, in that case, we
nd it a very useful tool to study the equilibria and other prop  erties of the system.

An interesting application of the resulting cross-diffusi on system for the two species is the
study of the diffusion of nite-size particles through immob ile obstacles, which may be achieved
by setting the diffusivity of one of the species (“the obstac les”) to zero; this is done in §3.5. For
example, this may be used to describe the motion inside cell cytoplasm with skeletal proteins
(Dix & Verkman 2008). With our setting, the obstacles, which we choose to be the red parti-
cles, are distributed according to some (stationary) distr ibution rg(x) (which may be spatially
uniform but need not be). This leads us to pose the question: how does a random distribution
of obstacles relate to a deterministic one? For example, does a uniform random distribution of
obstacles produce the same effective diffusion coef cient as a deterministic regular array of ob-
stacles? To explore these issues, we analyse a periodic arnaof obstacles via a standard multiple
scale analysis, which is subsequently compared and contrasted to our approach.

Much of the effort to describe multiple species with size-exc lusion processes has been di-
rected at on-lattice models, in which the motion of particle s is restricted to taking place on a
lattice and one de nes certain hopping rules to account for th e interactions. Itis common to take
a continuum limit of the discrete model and obtain a partial d ifferential equation describing the
average occupancy of the agent population. A simple exclusi on model is used in Burger et al.
(2010 and Simpson et al. (2009, which turns into a system of nonlinear advection—diffusi on
equations in the continuum limit.

In this chapter we consider the off-lattice version of the mo dels used in Burger et al. (2010);
Simpson et al. (2009, that is, two populations of diffusive particles with excl uded-volume in-
teractions. As we shall see, this simple model exhibits already a remarkably rich behaviour
which could be used to explain how inter-species competitio n emerges at the population-level
in more complicated real life problems. For example, multip le populations of interacting agents
appear in traf c ow with heterogeneous agents ( Helbing 2001), pedestrian or animal motion
(e.g. competition between ant colonies Adams & Tschinkel 1995; John et al. 2004 and cellular
tumor invasion (cancer and normal cells, Sander & Deisboeck 2002. They are also important in
ion transport through membrane channels, as in many applica tions ions can be heterogeneous
(Gillespie et al.2002. Another application is the extreme case in which one of the populations
is motionless and blocks the motion of the others; for exampl e, anomalous diffusion in cell
membranes due to obstruction from, e.g, the membrane skeleton mesh, xed proteins, or lipid
rafts (Nicolau et al. 2007 Saxton 1994.
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3.2 Two-species model

Our starting point is again a system of N hard spheres (or disks) diffusing and interacting in
a bounded domain W in RY of typical dimensionless volume of order one. We use the same
non-dimensionalisation as in Chapter 2. Suppose there areNy, blue particles of diameter e, and
constant diffusion coef cient Dy and N, red particles of diameter e and constant molecular dif-
fusion coef cient D, with Np+ N; = N. Note that we could have chosen to nondimensionalise
so that one of the two dimensionless diffusion coef cients Dy, or D, is set to one. However, we
choose deliberately not to do so so that the resulting model i s symmetric upon exchange of
the blue and red labels. Also note that we are not making expli cit any relationship between
the molecular diffusivity and the particle size (as it might exist if, say, the Stokes—Einstein re-
lation holds in the system). As before, the particles occupy a small volume fraction, so that
Nbeg + N,ed 1, and the sole interaction between them is the hard-core repulsion.

We denote the centres of the particles by Xj(t) 2 Wattimet O0,wherel i N. Each
centre evolves according to the overdamped Langevin SDE
p
dXi(t) = fp(Xi(t)) dt+ 2Dy dW,(t), 1 i Ny, (3.1a)
dX;(t) = f,(X;(t)) dt+ pZ—DrdWi(t), Np+1 i N, (3.1b)

where the W; are N independent d-dimensional standard Brownian motions and f, and f, are
the external forces on the blue and red particles, respectively. As in the one-species model, we
restrict ourselves to the case where the external force acting on the ith particle depends only on
its position X;, thatis, f,  f(X;) : W! RYfor k= b,r. We suppose that the initial positions
Xi(0) are random and, within the same species, identically distri buted.

The joint probability density function of the N particles P(%,t) evolves according to the
linear Fokker—Planck (FP) PDE

%’:rx Dr,P F(x)P, (3.2)

where ", and ™ . respectively stand for the gradient and divergence operato rs with respect to
the N-particle position vector x 2 WN. Here D = diag(Dy,...,Dp, Dy,...D;) is the diffusivity
matrix and F(x) = (fp(X1),... ,fo(Xn,), fr(Xny+ 1) - - -, fr(Xn)) is the dN-dimensional drift. Split-
ting the position vector x into the position vector for the blue particles, x, = (X1,...,Xy,), and
for the red particles, % = ( Xn,+1, - - -,Xn), €quation (3.2) can be rewritten as

1P .
0= % DolgP RGP + Ty Dl P F(x)P in WY, (3.3a)

where F,(%p) is the drift acting on the blue particles [rst dNp components of F(x)], and anal-
ogously for F(%;). The con guration space WY = WN n Be now contains “pairwise holes” of
(possibly) three different sizes. (In terms of the Emmental cheese, now it would have three
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types of holes of possibly different sizes.) The set of all il legal con gurations (with at least one

overlap) Be now is:

n 0
Be= x2W':9i6 ) st kx xk 3(e+eg),

where g = g, for i N, and e = e otherwise. On the collision surfaces WY we have the
re ecting boundary condition

Fr«P FG)P Aa=0 on WY, (3-3b)
where A 2 SAN 1 denotes the unit outward normal. The initial condition on P is
P(%,0) = Py(x%). (3.3c)

Since all the particles within the same species (blue or red) are identically distributed, the initial
distribution Py(x) is invariant to permutations of the particles labels within the same specie¥he
form of (3.3) then means that P itself is invariant to permutations of the blue or red partic le
labels for all time.

As in the previous chapter, our goal is to reduce the high-dim ensional PDE model (3.3) to a
low dimensional PDE model for the marginal density function of one particle. However, as men-
tioned in the introduction, instead of obtaining an equatio n for p(xi,t) =  P(%,t) dx,  dxy
comprising the collective effect of N identical particles, now we will have two marginal density
functions, one representative of the blue particles and one representative of the red particles.
Because all blue particles are identical and all red particl es are identical, we are interested in

the marginal density function of, say, the rst blue particle and the last red particle, given by
A A
b(x,t) = P(x,t) d(x xq) dx, r(x,t) = P(x,t) d(x xn) dx,
= Peydx x) = PeDdx xy)

e e

respectively. We aim to reduce the high-dimensional PDE for P (3.3) to a low-dimensional system
of PDEs for b and r through a systematic asymptotic expansion as ey, e ! 0.

3.2.1 Point particles

In the particular case of point particles ( e, = e = 0) the model reduction is straightforward. In
this case theN particles are independent and the domainis WY  WN (no holes), which implies
that the internal boundary conditions in ( 3.3b) vanish. Therefore

P(X1t) = Cl\l)b b(Xi!t) (’L\jl r(Xi1t)! (35)
i=1 i= Np+ 1

and the evolution equations for the one-particle densities b and r follow from integrating equa-
tion (3.39 multiplied by d(x x;) and d(x xn), respectively, over the con guration space WN
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using (3.5
%(XJF r x [Dpr xb  fp(x)b], (3.6a)
%(x,t)= rx [Der xr fe(X)r], (3.6b)

in W R*. The boundary conditions ( 3.3b) become simple no- ux boundary conditions on the
domain walls,

0= [Dpr x,b fo(x1)b] Ay, (3.6¢)
0= [Dir x,r fr(xa)r] fy, (3.6d)

on W R™*,where i is the outward unit normal to W. The system is supplemented by initial
values

b(x,0) = bp(x), r(x,0) = ro(x), (3.6e)

R
in W. Here bo(x) = n Po(%,t) d(x  x1) dx, and similarly for ro.

3.2.2 Finite-size particles

When e, and/or e are greater than zero, the internal boundary conditions in ( 3.3b) mean the
particles are no longer independent. As seen in Chapter 2, when the particle volume fraction
is small the collisions between two particles dominate and i f the case of N = 2 can be solved
it can easily be extended to arbitrary N. For two species three types of interaction with N = 2
are possible: either two blue particles, either two red part icles, or one blue particle and one red
particle interacting. We note that the rst two types involvi ng two identicalhard spheres have
already been computed in the previous chapter yielding the n onlinear diffusion equation ( 2.29.
Therefore, here we only need to consider the third case, that is, N, = N, = 1.

For one blue particle at position x; and one red particle at position X», equation (3.33 reads

P
ﬂ(xl,xz,t) =T X1 [Dbr X1 P fb(Xl) P] + r X2 [Drr X2 P fr(Xz) P], (3.7&)
for (x1,%2) 2 W2, and the boundary condition ( 3.3b) reads
[Dpr x, P fo(x1) Pl Ag+ [Dir «, P fr(x2) P] 2= 0, (3.7b)

onx 2 MWand kx; xok = %(eb+ e). Here A; = ni/ kn;k, where n; is the component of the
normal vector A corresponding to the ith particle, i = (ny,n2). We note that i; = 0 on xz 2 W,
and that A; = Ay on kx; xok = e. Itis convenient to introduce e, as the distance at contact
between one blue particle and one red particle, e, = (e, + €)/2.

We proceed to obtain an equation for b(x,t) from (3.7). We denote by W(x;) the region
available to particle 2 (the red particle) when particle 1 (t he blue particle) is at x;, namely,
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W(x1) = WnBg, (x1). Since the domain dimensions are much larger than the partic le diameters,
the volume jW(x,)j is constant to leading order. Integrating Eq. ( 3.78 over W(x;) yields

b
ﬁ(xlft): r s [Dor x, b fo(x1) b
+ . [fb(Xl)P 2Dbr le Dbr sz] ﬁzdSQ (38)
Z Chr

+ [Drr X2P fr(Xz) P] ﬁzdSz
WL TBe,, ()

The rstintegral in ( 3.8) comes from switching the order of integration with respect to x, and

differentiation with respectto X, using the transport theorem; the second comes from using the

divergence theorem on the derivatives in x; (see 8.3.2.). Using (3.7b) and rearranging we nd
z

b R
GO0 = D b foba)b] 2Dy 1P RodS,

Z Chr X1

+ f(Dr Dp)r x,P+ P[fp(x1) fr(x2)]lg H2dS, (3.9)
ﬂBebr(Xl) 7
=T X1 [Dbr le fb(Xl)b] Db B (r X1P+r XZP) ﬁZdSZ
e (X1
We denote the integral above by
A
Ibr(xl) = Db (I' X1P+ r X2P) ﬁzdSQ (310)

Cor X1

The next step is to use matched asymptotic expansions to evaluate this integral.

3.2.3 Matched asymptotic expansions of the density P

As before, we suppose that when two particles are far apart (kx; xok ey,r) they are inde-
pendent (outer region), whereas when they are close to each aher (kx; X2k  e,,) they are
correlated (inner region).

In the outer region we de ne Pqyi(X1, X2,t) = P(X1,X2,t). By independence, we have that

Pout(X1, X2, t) = Op(X1,1)Gr (X2, 1), (3.11)

for some functions qy(x,t) and g-(x,t). It is important to note that these functions will not be
the same in general sinceP is not invariant to a switch of blue and red particle labels. A Iso note
that we could introduce more terms in the asymptotic expansi on for Py, as we did in (2.13.
However, the subsequent analysis shows that, as happened for the one-species case, the value
of the integral |y, is invariant to the rst-order correction of Py, and thus we do not need to
consider this further.
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In the inner region, we set x; = X; and X = X; + e, X and de ne I5(>~<1,>”<,t) = P(Xg,X2,1).
Inserting this change of variables into ( 3.7) yields

e%rﬁT—T(f(l,)?,t) =(Dy+ DJ)r 2P
+ el x [fp(%1) fr(%+ enX)]P  2Dyr %P (3.12a)
+ e Dof 5P g fo()P
with

€or

5+ D X Do 2 P+ [fr (X + enX)  fo(%)]P , (3.12b)

)~(I’)~<|52

on kxk = 1. Note that now (3.12b contains the no- ux boundary condition on the contact
between the two particles, but not on W. As pointed out above, this is because we can assume
that X, is not close to W, the boundary only affects higher-order terms. In addition to (3.12b
the inner solution must match with the outer solution Pyt askXk ! ¥ . Expanding (3.11) in
inner variables gives

P(X, %, 1) ! (X1, ) G (X1 + €p)

} . o 3 (3.12¢)
Oo(X1, 1) O (X1, 1) + €prOp(X) X 1 &, 0 (K1) + :

as kxk | ¥. We now look for a solution to ( 3.12 of the form P(%Xq,%,t)  PO(%, %, 1) +

ep P (%1, %, 1) + . The leading-order inner problem is simply
r PO =0,
x r PO =0 on ksk = 1, (3.13)
PO gy (K1, 1) o (%1, 1) as kxk | ¥,

which is trivially solved by
PO (%1, %,1) = (X1, 1) G (X1, 1). (3.14)

At O(eyr) (3.12 reads, using (3.14 and Taylor-expanding fy, and f,,

r 2pW = o,
g r 3P =% A%y, 1), on kxk = 1, (3.15)
PO & B(Xy,t), as kxk ! ¥,
with
5 1 N 5
A%y, t) = Dol z,(0bar) + [fr(X1) fo(X)]abar ,

D, + Dy (3.16)
B(X1,t) = ol £,0.

The solution to (3.15 is

X

5D (% %.1) = X % %
PW (X, X, 1) = X A(Xg, 1))+ X+ @ DKk

[B(X1,t)  A(Xg,1)]. (3.17)
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Combining ( 3.14) and (3.17), the inner solution is
P(X1,%,1) GG + € QX I 5,0 + (Dy+ D )e(b(; D kxkd
% [fo(%2) fr(%2)]0b G + DGl 5,0 DpGr 5,0 + O(ef),

where g, = gp(X1,t) and g = ¢ (X1,t). Comparing the inner solution ( 3.18 in the case of
two distinguishable particles with that of two identical pa rticles (2.21), for which |5(>~<1,>”<,t)
?+ eqX r 0, we nd that two extra terms contribute to the inner solutionn  ow: one is due to
the difference in the drift force acting on each particle, [fp(X1) fr(X1)] gp0, and the other owing
to the different initial conditions and/or diffusivities, DyOpl %0 DpOrl %,0p. Note however
that, even in the case of (physically) identical particles, we could use the two-species distinction
to have the particles subdivided into two groups, each group with different initial conditions.
In that case, all the physical parameters g, D; and f; are identical, and the distinction between
the two groups in the model is contained in the outer function s g, and ¢..

Using the inner solution ( 3.18, we can now evaluate the integral | ,,(x1) in (3.10. Expressing
it in terms of the inner variables, we obtain

Dp, 2p n
5+D g % (4 DD+ dDr G %G Dual %0
b+ Dr o (3.19)

+ fp(X1) (X)) opar +

lpr(X1) e

Now we use the normalisation condition on P to determine the outer functions g, and g, (see
Appendix A for details). We now nd that gy(x) = b(x)+ O(el) and g (x) = r(x)+ O(ed),
which will allow us to express | ,(X1) in terms of the densities band r.

3.2.4 System of equations for band r

Inserting the expression for | ,,(x;) obtained in (3.19 into (3.9 we nd, to O(egr),

b
ﬁ(xlft): I v, Dpl x,b fp(xy)b (3.20)
+ el Dy bpbr x,r gt b + elgplfo(xe) fr(xy)]br ,
where
. . 20 [(d_1Dy+dD] _ 2 Dy
b~ g Dp+ D, ' ~ d Dp+ D,

Equation (3.20 gives the evolution of b for a system with one blue particle and one red particle.
The extension from one to N, red patrticles is straightforward up to O(egr), since at this order
only pairwise interactions need to be considered. For N; arbitrary, the blue particle has N,
blue—red inner regions, one with each of the N; red particles; hence there are N, copies of
the nonlinear term in ( 3.20. Similarly, for N, arbitrary the blue particle can have blue-blue
pairwise interactions with any of the N, 1 remaining blue particles; the contribution of a
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pairwise interaction between identical particles was foun d in (2.29. Thus the blue marginal
density function satis es

%(X,t): r« Dpr xb fp(X)b+( Ny 1)engabr xD

(3.21a)
+ Nyej, Dy(bpbr xr  gprr xb)+ gy[fu(x)  fr(x)]br
in W R™. A similar procedure shows that the red marginal density r satis es
1 d
—(X,t)=r1 x Dir xr f(X)r+(N;, 21)e'Drarr yr
fit (3.21b)

+ Nbegr Dr(br rr Xb grbr xr)+ Or [fr(X) fb(X)] br ’

in W R*. This system is complemented with no- ux boundary conditio ns'on W R* and
initial conditions

b(x,0) = by(x), r(x,0) = ro(x) (3.21¢)
in W. The coef cients in the equations (i = band j = r and vice versa) are as follows
_2(d Dp _2p [(d 1)D;+ dDj] _2p D
a= d ’ bl - d DI + DJ ’ gl - d DI + DJ! (321d)
ford= 2 or 3.

We have obtained a nonlinear cross-diffusion system for the blue and red marginal proba-
bility densities, which captures the enhancement (diminis hment) of the effective diffusion rate,
due to excluded-volume interactions between particles of t he same species (of the other species).
Namely, the diffusion of one blue particle is enhanced by col lisions with the other blues, and
reduced by collisions with red particles [terms with +abr b and gprr b, respectively, in
(3.219]. This will allows us to distinguish between two alternati ve notions of diffusion coef -
cient: the collective (or mutual) diffusion coef cient and t he self-diffusion coef cient (see § 3.3).
Note that the reduced model ( 3.21) has now a nonlinear drift term. This is effectively a “drag”
term due to the different drift velocities of the red and blue particles.

It is reassuring to nd that we can recover the system for a sing le species from the system
for two species (3.21). When the two species are identical, that is, D, = Dy, €, = €, and f, = f,
the governing equations (3.219 and (3.21b of the densities b and r are the same. Then, if the
initial densities (3.219 are equal, bp(x) = ro(x) := po(x), then b(x,t) = r(x,t) := p(x,t) for all
times. Consequently, we can replaceband r by pin (3.219 and recover the one-species equation

INote that we have used all the components of the no-ux bounda ry condition ( 3.3b) on P except the one
corresponding to the variable being kept xed. As we have bee n ignoring the boundary layer around W when
deriving ( 3.21), this would lead to mistakenly think that the accompanying boundary conditions for band r are the
same that for the point particles case, that is, Eq. 3.69 and (3.6d). These only correspond to the leading order
boundary conditions for our system. A proper analysis in the boundary layer would show that the correct boundary
conditions for b and r are also the obvious ones, no- ux boundary conditions.
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(2.299, by noting that, when Dy = D, by gpis equal to a [see @.21d)]. In this scenario, the
nonlinear terms in ( 3.219 rearrange to

(N,  1)e’Dpapr xp+ Nre9Dp(bp  gp)pr xp (Np+ N 1)e’Dpapr «p,

which coincides with the nonlinear term in the one-species e quation (2.299.

Finally, note that we have not speci ed any relation between t he diffusion coef cients of
a single particle (D and D;) and the particles' diameters (e, and €/), even though a relation
may exist between these parameters. For instance, if we are nodelling a system for which
the Stokes—Einstein relation holds, then the diffusivity s hould be inversely proportional to the
particle's diameter. Thus it may be that not all of the four pa rameters Dy, Dy, €,, and e can be
chosen independently.

3.2.5 System in matrix form

The system (3.21) may be rewritten in the form

T b _ b b
o or D=1 DN oo Fbn o (3.22a)
where D(b,r) = B‘:;B‘: is the diffusion matrix,
!
Dp 1+(Np 1)efab Nyed gpr DpN;ed byb
D(b,r) = b br br , 3.22b
(b,1) DrNped byr D, 1+(N; 1)efar Nuedgb ( )
and F(b,r) is the drift matrix
!
fp(X) Nred gulfr(x)  fo(X)]b
F(b,r) = br , 3.22¢
0= N0 f0alr f1(x) (8:229

with the coef cients given in ( 3.21d). In order to focus on the diffusion part of ( 3.223, we set
F O for the rest of this section.

An important consideration is that the reduced continuum mo del we have obtained for the
collective or population-level behaviour is differentto t he corresponding continuum limit of the
discrete on-lattice counterpart model: the coef cients of o ur advection—diffusion system ( 3.22
derived from the off-lattice model do not agree with those de rived from the on-lattice model
[cf. Eq. (3.1)—(3.2) inBurger et al. 201J. In particular, the lattice model does not include the
negative terms in the diagonal entries of D (which are important to explain self-diffusion as we
shall see below) and the advection term F is linear and does not include the difference f, f;.
It would be interesting to study whether hopping rules can be given on a discrete lattice which
produce the model (3.22 at a continuum level.
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3.2.6 Time-dependent solutions

In this section, we illustrate the time-dependent behaviou r of the particle-based (discrete) model
(3.1 and the population-based (continuum) system ( 3.21) with numerical simulations. The
solution of the discrete model is obtained using the Monte Car lo method described in §2.7.1.1
The only difference is that now we must distinguish betweent he blue and red particles in order
to construct two histograms, one for each population.

The solution of the cross-diffusion system ( 3.21) is obtained using the method of lines with
a second-order nite-difference discretisation for the spa tial derivatives as in §2.7.1.2 although
now the discretisation of the system is much more complicate d. Whereas the nonlinearity in the
one-species model .29 posed no complications (since it is a positive nonlinear di ffusion), now
the nonlinear diffusive terms in ( 3.21) require a careful treatment as they contain negative diffu -
sion. In the spirit of the positivity-preserving nite-diff  erence scheme proposed inZhornitskaya
& Bertozzi (2000, we nd that an appropriate discretisation of the system ist o introduce ux
variables on the half points (so that the no- ux boundary con ditions can be imposed keeping
the second-order accuracy).

For illustrative purposes, imagine the one-dimensional co unterpart of (3.219. Using an
equidistant mesh of mesh size D = 1/ J, x, = 1/2 + nD, with O n J, the unknowns are
bn(t)  b(xn,t) and ra(t)  r(xn,t). Then the discretisation employed is

%_'_ Qn+1/2 Qn 1/2
dt D

=0, (3.23)

where Qn+12  Q(Xn+1/2,1), Xn+ 12 = (Xn+1+ Xp)/2 and Q(x,t) is the ux of the blue's density
b (that is, the negative of the term inside the square brackets in the one-dimensional version of
(3.219). It remains to describe how Q.+ 1/> is de ned. The linear terms are discretised as usual,
and it is only worth mentioning the nonlinear terms. Those “o ftype” br yb are discretised as

bﬂ—b (X ) 2br|+lbn bn+1 bn

Ix e bns 1+ by D !
while the br term is

(B (Xpyaz) et el

b+ 1+ by M+1+ I'n

As in Chapter 2, we perform simulations of the discrete and continuum model s for nite-
size and point particles, in order to assess the validity of o ur method and the importance of
excluded-volume effects. We will use a two-dimensional squ are domain W = [ %,%]2 and
the following parameters: number of particles N, = 100 and N, = 300, particles' diameters
e, = 0.01 ande, = 0.02, diffusion coef cients D, = D, = 1, and external forces: fy = f, = 0.

Figure 3.1 shows the results of a time-dependent simulation with fy(x) = f;(x) 0, W=
[ 1/2,1/2 1>, N, = 100, N, = 300,e, = 0.01,e = 0.02, andD, = D, = 1. Initially, the blue
particles are uniformly distributed, by(x) = 1, and the red particles are normally distributed in
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Figure 3.1 Marginal probability densities b(x,t) ([I-1V]-b) and r(x,t) ([I-IV]-r) at time t = 0.03 with
initial data bp(x) = 1 uniform and rg(x) normally distributed ( s = 0.1) in the x-axis, f, = f, = 0,
Dp = Dy = 1, N, = 100 and N; = 300. (I) Solutions b(x,t) and r(x,t) of Eq. (3.6) for point particles

(ep = e = 0). (ll) Histograms for e, = e = 0. (Ill) Solutions b(x,t) and r(x,t) of Eq. (3.22) for nite-size

particles (e, = 0.01,e = 0.02). (IV) Histograms for e, = 0.01,e; = 0.02. Histograms computed from 10%
realisations of Eq. (3.1) with Dt = 10 °. All four plots on the left and right have respectively the sa me
colour bar.

the x;-axis with zero mean and standard deviation 0.1, ro(x) = f(x;0,0.2), where f(x;ms?)
is the one-dimensional Gaussian (truncated and normalised so that its integral over W is one).
The gures correspond to time t = 0.03 and the simulation time step is set to Dt = 10 5. The
same information of Figure 3.lis plotted in Figure 3.2for the slice y; = 0.
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Figure 3.2 Marginal densities b(xy,t) and r(xq,t) at y; = 0 corresponding to the eight cases shown in
Figure 3.1 (a) Point blue particles PDE solution (dash blue line) and f rom simulations (blue asterisks).
Finite-size blue particles solution (solid blue line) and f rom simulations (blue circles). (b) Point red
particles PDE solution (dash red line) and from simulations (red crosses). Finite-size red particles solution
(solid red line) and from simulations (red squares).
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The theoretical predictions for both point and nite-size pa rticles compare very well with
their simulation counterparts, while steric effects are cl early appreciable even though the vol-
ume fraction of particles is only 0.102. The initial uniform density of the blue particles does not
change in time when size-exclusion effects are ignored [Figure 3.1(l-b) and Figure 3.2a) in dash
line], while it does diffuse towards the domain edges x 1/2 when they are not [Figure 3.1(lll-
b) and Figure 3.2(a) in solid line] due to the non-uniform density of red parti cles. More details
on this effect will be given in § 3.3 On the other hand, the red particles' initial pro le, in whic h
particles are concentrated in the central band, spreads fager when excluded-volume effects are
included [Figure 3.1(lll-r) and Figure 3.2(b) in solid line] than when they are not [Figure 3.1(I-r)
and Figure 3.2(b) in dash line], indicating that the overall collective di ffusion of the red species
is enhanced.

3.3 Diffusion coef cients in a two-component system

There exist several characterisations of diffusion in a system of nite-size particles. In the case
of a single species, there is the collective diffusion coef c ient, which describes the evolution of
the total concentration of the species, and the self-diffusion coef cient, which describes the evo-
lution of a single tagged particle ( Hanna et al. 1982. For two or more species, a third coef cient,
the cross-diffusion, expresses the motion of one species urder a concentration gradient of the
other species Buzatu et al.2007).

3.3.1 Collective diffusion

The collective diffusion coef cients (also known as main or p rincipal diffusion coef cients,
Zielinski & Alsoy 2001 ) are the diagonal entries of the diffusion matrix D in (3.22b. For in-

stance, the collective diffusion of the blue species is
h i
Dos(b(x, 1), r(x,1)) = Dp 1+ ef(N, Dab(x,t) el Ngpr(xt) . (3.24)

The rst term is the diffusion of a free blue particle. The seco nd term, which is proportional to
the excluded-volume created by the blue particles, always e nhances the collective diffusion. This
enhancement is due to biasingthe random walk—in a gradient of b you are more likely to move
towards the low-density region. In contrast, the third term (related to the excluded-volume
created by the red particles) reduces the collective diffusion of a blue particle. As expected,
setting N, = 0 in (3.29) yields the collective diffusion coef cient for a single spe cies of nite-
size particles, see 2.31). Now, with the two species in play the collective diffusion coef cient
displays a compromise between the enhancement due to the nit e-size interactions within your
own species and the diminishment due to the presence of the ot her species.
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3.3.2 Cross-diffusion

The cross-diffusion coef cients are the off-diagonal entri es of the diffusion matrix D in (3.22h),
which are always non-negative. For instance, the cross-diffusion coef cient of a blue particle
across the red particles is

Dpr(b(x,1)) = Dped N;bpb(x,t). (3.25)

This term represents a drift on the blues density b due to gradients in the reds density r. We
note that the name “cross-diffusion” to refer to such a term m ight be confusing, since it is really
a drift, but this is a common terminology in the literature (s ee,e.qg, Buzatu et al. 2007 Hittmeir

& Jungel 2011).

3.3.3 Self-diffusion

The self-diffusion coef cient is different to the collectiv e and cross-diffusion coef cients in that
it is a diffusion coef cient intrinsically attached to an ind ividual taggedparticle, and which may
be related to its mean-square displacement. In contrast, the previous two coef cients relate a
diffusive ux to the concentration gradient of many particl es (Mazo 2002), that is, to the total
concentration of N, or N; particles. Because the self-diffusion is a macroscopic property of an
individual particle, its analysis in the current framework requires us to tag a single particle in
the population-level model. We can do this by colouring one p article (the tagged particle) in
red, N, = 1, leaving the remaining N 1 particles to be blue patrticles.
SettingNy = 1and Ny = N,D,=D;= 1, ep= 6 = g, = e andf; 0in (3.21), gives
h i

%(x,t)= r« ryb+(N 1)eYabr b+ ebbr ,r elgrr b, (3.26a)
%(x,t): I hr «F  Nedghbr 4r+ Nebrr Xbl : (3.26b)

where
AL DR, B R P (3.260)

for d = 2 or 3. Then the self-diffusion coef cient of the tagged red pa rticle is
DS(b(x,t)) = 1 Negb(x,t). (3.27)

Hence we nd that the self-diffusion coef cient decreases for increasing excluded volume or, in
other words, that it is reduced relative to point particles.

Let us compare this to the one-species collective diffusion coef cient. Since the red particle
is identical to all the blue patrticles, we untag it so that if t he initial densities are the same then
r b(= p, say) and both equations (3.269 and (3.26b give

%(XJF rx r xp+ Nedapr ;p | (3.28)
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sinceb g = a. The diffusion coef cient of pis then
DS(p(x,t)) = 1+ NeYap(x,t), (3.29)

which coincides with the effective collective diffusion co efcient in ( 2.31) found in the one-
species case (after replacing the density p by the concentration c). Thus collective diffusion
coef cient D€ is increased relative to point particles. This apparent con tradiction may be under-
stood as follows: the diffusion of any particular particle i s impeded by its collisions with other
particles. However, these collisions bias the random walk t owards areas of low particle density,
so that the overall spread of all particles is faster. When we look at the equation for the tagged
red (3.26b) the diffusion is reducedelative to point particles, but there is also the drift term due
to the gradient in the blues' density. The latter term is the d ominant one when the blues and
reds are the same species, since its coefcient is(2d 1) times larger than the self-diffusion
coef cient. The end result is that when the two are combined in to a single term, the collective
diffusion is enhancedelative to point particles, as seen in (3.29.

Written in terms of the volume concentration ¢ = f p, where f = pNe%2d is the volume
fraction, the self-diffusion coef cient ( 3.27) and collective diffusion coef cient ( 3.29 read

D3(c)=1 2 D¢c)= 1+ 4d 1c. (3.30)

These expressions are in agreement with the values found in the literature using different meth-
ods (seeAckerson & Fleishman 1982, Hanna et al.1982. Note that the self-diffusion coef cient is
independent of the problem dimension unlike the collective diffusion coef cient (but note also
that it is not de ned for one-dimensional systems, because th e hard-core interaction restricts
the allowed motions in one dimension, Ackerson & Fleishman 1982).

Self-diffusion and the mean squared displacement The self-diffusion coef cient of a tagged

particle can be described by using the particles’ mean-square displacement (MSD), de ned by

MSD(t) = hkX;(t) X;(0)k?i, where X;(t) is the position of the ith particle at time t and the
angular bracket denotes an ensemble average (using that all particles are physically identical). If

we keep the convention of colouring in red the tagged particl e, the following relation is obtained

from the second moment of its PDE (3.26b) (with zero drift):

(1/ Tt) MSD(t) = 2dD(f ),

where dis the problem dimension, D%is givenin (3.30,and ¢ f for the system in equilibrium.
This relation, known as the Einstein relation, is more commo nly expressed as

D(f) = Jim MSD(t)/ (2d). (3.31)
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It relates a macroscopic quantity, the self-diffusion coef cient, with a microscopic quantity, the
MSD. The latter can be measured in stochastic simulations of the particle system, which we
shall use to check the validity of ( 3.31).

We perform Monte Carlo (MC) simulations of the 2 N-coupled SDE (3.1) in a two-dimen-
sional periodic box of 400 disks (N = 400) under no external force (f, = f;  0) and uniform
initial density [ Py(%) = 1]. In order to achieve a better quantitative comparison, we employ the
event-driven Brownian-dynamics (ED—-BD) simulation schem e based on De Michele's algorithm
(Scalaet al. 2007, which was described in §2.7.1.1
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Figure 3.3 Results from stochastic simulation of a two-dimensional pe riodic system with N = 400 hard
disks and variable volume fraction f (achieved by changing the particles' diameter €). (a) Mean-square
displacement MSD(t) for a volume fraction f = 0.01. (b) Self-diffusion coef cient DS(f) for volume
fractions of up to 10%. Measured values from stochastic simulations using (3.31) (in red circles) and
theoretical prediction ( 3.30 (in dash line).

We consider different volume fractions f, ranging between 0 and 0.1, and the patrticles' size
e is chosen to achieve the desired volume fraction. Figure 3.3(a) shows an example plot of the
MSD of the disks as a function of time when f = 0.01. Note that MSD(t) varies linearly with
t for all times, indicating that the system is already in the st ationary at the initial simulation
time.? From its slope at long times the self-diffusion coef cient ma y be extracted using (3.31).
Varying the volume fraction in the simulation, we obtain poi nts (f ,D3(f )) which are plotted in
Figure 3.3(b) as red circles. The theoretical curve D3(f ), shown as a black dashed-line, compares

well with the measured values.

3.4 Basic Properties

In this section we discuss some basic properties of the crossdiffusion model ( 3.21), such as its
free-energy functional, equilibria and stability of solut ions. We restrict ourselves to the case

2This is because we have thrown away the thermalisation trans ition of our simulations.



3.4. Basic Properties 61

when the force elds are potential forces, thatis, fp(x) = r (Vp(x) and f,(x) = r (V(X);i.e,
we consider the system

h i
@(x,t): rr« Dp 1+(Np 1)efab r yb+r xVy(x)b
fit (3.32a)
+ Nrep, Dpl[bpbr xr gurr xb] + gor x[Vi(X)  Vp()]br
h i
ﬁ(x,t): ry Dy 1+(N, 1edar r 4r+r WV, (X)r
fit (3.32b)
+ Nped Dr[brrr xb  gebr wr]+ ger x[Vo(x)  Vi(x)]br
in W R™ with no- ux boundary conditionson W R™ and initial conditions
b(x,0) = bp(x), r(x,0) = ro(x) in W. (3.32¢)
The coef cients a, bj and g; (i = b,r) are all non-negative and given in ( 3.210d).
3.4.1 Gradient ow structure and free energy
In 82.6 we found for the one-species model that, when f(x) = r 4V (x), the FP equation can be

written as gradient ow (2.35 on the energy landscape determined by an associated free erergy
F (2.32. This was useful to study and compute the stationary soluti on of the FP equation for p.
Here we attempt to generalise these ideas in the case of two species.

The scalar gradient ow structure ( 2.35 becomes, in the case of two species Burger et al.
2010,

bk

(X,t): r X Mr X ﬂrF )

(3.33)

where F = F(b,r) is, again, a scalar free-energy functional and M = M(b,r) is a two-di-
mensional matrix denoted the mobility matrix (which must be positive semi-de nite from the
de nition of free energy). In this section we examine under wh ich conditions the two-species
system (3.32 admits an explicit gradient ow representation ( 3.33 valid to O(eg, ed), bearing in
mind that ey, e,€e,, 1. It should be pointed out that the transformation of ( 3.323—(3.32b) into
the structure (3.33 is not straightforward in general. In the following we pres ent two situations
in which our system admits a gradient ow structure: for a lar ge number of particles (83.4.1.9)
and when the drift terms become zero (§3.4.1.2.

3.4.1.1 Large number of particles approximation

Assume that the number of blue and red particles is large such that Ny, 1 Npand N, 1
Ny, and that the two species have the same diffusion coef cient ( which we can set to unity
without loss of generality). Then the system ( 3.32 for the densities b and r can be rewritten
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in terms of the number densities b = Npb and 7 = N;r in the gradient ow form ( 3.33, with

free-energy functional

Z
F(b.f)=  blogh+ Flogi+ BV + Vi + g el B2+ 2el BF + e972 dx, (3.34a)

and mobility matrix

b(1 geli)  gelbr

M{(b, ged bf F(1 gelb)

-

)= (3.34b)

where a = 2(d 1)p/dand g = p/dis the simplied version of g; (i = b,r) in (3.21d) when
the diffusivities of blues and reds are equal. [The coefcien t b; disappears in Eq. (3.34) using
that bj a+ g when Dy = D, = 1.] The mobility matrix M is positive de nite if and only if

ged (b+f) < 1, (3.35)

using that b,f 0. This upper bound on the total number density b+ f gives a limit of validity
of the model, and must be satis ed pointwise in W. Nevertheless, to get an approximate idea of
the upper bound on volume fraction f, assume that the concentrations are constant,b = Np and
f = N, and that e, = €. Then, using that the volume fraction is f = Jz%egr(Nb+ N;), Eq. 3.35
becomesf < 0.5. Therefore, we see that our model for two species in the case of large number
of particles and equal diffusivities would break down when t he volume fraction reaches one
half.

3.4.1.2 Zero potential

Now consider the system (3.32 with zero potential, V, = V, 0. In this case our problem has

also a gradient ow structure ( 3.33 with
Z h i
F(br) = blogb+ rlogr + g(Nb 1)ef ab? + g(Nr 1)elr?+ Qellbr dx, (3.36a)
W

and

!
Dpb(1  Nredgpr) Dped (Nrbp  Q)br

M(b,r) =

: (3.36b)

where Q is a free parameter. There are two relevant cases for the gradent ow structure ( 3.36
depending on the value given to Q. First, the free energy (3.369 can be chosen to be the sum
of the two one-species entropies like (2.32 by setting Q = 0. Second, the mobility tensor can be
adjusted to be symmetric3 setting Q = (NyD;b, N;Dyby)/ (D; D) provided Dy 6 D,.* The
determinant of the mobility matrix ( 3.36b) is

2p (DrNpb+ DbNrr)eg

detM(b,r) = DyD/br 1 q D+ D, ;

2d
+ O(&5p),

3The symmetry of the mobility tensor is an attractive propert y as we shall see in §.4.3
4In case D, = Dy, we can still obtain a symmetric mobility matrix while at the same time setting Q = 0 by
rewriting ( 3.36) in terms of the number densities b and f as in the previous subsection.
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where note that the free parameter Q only enters at O(eﬁ‘r’). The mobility matrix is positive
de nite if (neglecting the O(eﬁ‘r’) terms)

2p (D¢Npb+ DyN,r) d
= <1 3.37
d Db+ Dr ebr ’ ( )

using that b,r > 0. As before, if we assume thatb = r = 1 (we have reached the equilibrium),
Dy, = D, and e, = e, the upper bound (3.37) becomesf < 0.5 as in the previous subsection.
The point at which the mobility matrix becomes singular can b e related with the stability of the
equilibrium states of the system, see §83.4.2.3

3.4.2 Equilibria

We compute the stationary solutions of the nonlinear diffus ion model (3.32, which we denote
by bs and rs. Note that, in the case of point particles (e, = e = 0), the equilibria are trivial as
the system for bs and rs decouples and we nd

bs(x) = Cpexp[ Vp(X)/ Dp], rs(x) = Crexp[ Vi(x)/ Dr], (3.38)

where C, and C; are the normalisation constants, i.e, C; = RWexp[ Vi(x)/ Dij]dx. For nite-size

particles, we rst consider the cases for which we have found a gradient ow structure ( 3.33
in 83.4.1, and then we consider the general case in two ways: solving th e steady states of 3.32
with a nite difference numerical scheme, and similarly the s tationary density of the particle

description ( 3.1) with stochastic simulations using the Metropolis—Hasting s (MH) algorithm (see
§2.7.2.).

3.4.2.1 From the free-energy description

One big advantage of the system with a gradient ow structure is that the steady states can
be found in a straightforward manner by minimising the free e nergy F . If the mobility matrix
M (bs,rs) is positive de nite, then nding the steady states of ( 3.33 is equivalent to nding
constantscp and ¢, such that

MlF (s, 1s) = ¢y, N F (bs,rs) = cr, (3.39)

with Rbs = RrS = 1. Note that the no- ux boundary conditions on W are automatically
satis ed by imposing 1,F and {;F to be constant.

In the case of no external potentials (§83.4.1.3, we see that the obvious constant statesbg =
rs = 1 are the only stationary solutions of (3.36. In the case of a large number of particles
(83.4.1.1, the stationary solutions bs and fs (recall we used number densities for this case) are
found by imposing ( 3.39 on the associated free energy 8.349. Then the problem reduces to

log b+ V, + a(eflb+ el f) = cp,

) (3.40)
log f + V; + a(elf + elb) = ¢,
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R . R
such that |, bs = Ny and |, fs = N;. This problem can be solved with the Newton—Raphson
method, discretising W into J grid points, approximating the normalisation integrals wi th a

quadrature, and solving for 2 J+ 2 unknowns (cy, C;, by, and fy, fori = 1,... J).

3.4.2.2 From the particle system via the Metropolis—Hastin gs algorithm

As we did with the time-dependent case, we now compare the sta tionary solution of the reduced
macroscopic model (3.32 to the stationary density of the full microscopic model ( 3.38. Under
external potential forces, (3.2) becomes, on rearranging,

N
%(x,t): a Dir x fPr y[logP+ Vi(x)/ Dilg, (3.41)
1

where D; = Dy, V, = V, for i Ny and D; = Dy, Vi = V, otherwise. We use the Metropolis—
Hastings (MH) algorithm as in § 2.7.2.1 though as patrticles can have different diffusion co-
ef cients we must be careful when de ning the energy H (%) associated to the con guration
% 2 WN. Speci cally, denoting D the N-diagonal matrix with diagonal entries D;, we can write

1'}1_? +F2D (Py) =0, (3.42)

where 1 = [logP+ &Y, Vi(x))/ Di] is the *“ow velocity” vector eld. Using that D is
non-singular and that no- ux boundary conditions hold, the  stationary solution Ps of (3.42) is
Ps(%) = Cexp[ H (x)], where H(x) is given by:

éi'\ilvi(xi)/ Di, 'XZVVIe\l,

H(x) = ¥, otherwise.

(3.43)
Examples Two examples of stationary densities are shown in Figures 3.4and 3.6. The station-
ary solution of Eq.(3.33, computed using (3.40, is compared with stochastic simulations of the
stationary distribution of the full N-particle SDE (3.1) with the MH algorithm.

Figure 3.4 corresponds to the stationary solution under a “gravitatio nalQ' force in the direc-
tion ey, with W=[ 1/2, 1/2], e, = 0.01,e, = 0.015,D, = D, = 1, N, = 600, and N; = 200.
We suppose that the blue particles (four plots on the left) ar e heavier than the red particles (four
plots on the right), and that therefore they feel a stronger f orce, f, = 10ey versus f; =  5ey.
While both blue and red particles accumulate at the bottom wh en nite-size effects are ignored
[Figure 3.4(I-b) and Figure 3.4(I-r)], the blue particles accumulate at the bottom [Figure 3.4(lll-
b)] and force the red particles upwards [Figure 3.4(Ill-r)] when they are not (note there is zero
probability of nding ared particleat y = 0.5). The averages ofbs and rg acrossx are shown in
Figure 3.5 The agreement between the model 3.40 and the stochastic simulations is good in all
cases, except in the region neary = 0.5 for the red nite-size particles [compare Figure 3.4(lll-
r) and Figure 3.4(1V-r)]. A possible explanation for this disagreement is th at the variability of rg
near that boundary occurs in a region of size equal to the size of the histogram bins.
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Figure 3.4 Stationary marginal densities bs(x) ([I-IV]-b) and rg(x) ([I-1V]-r) for point and nite-size
particles, with V,, = 10y, V; = 5y, Dy = Dy = 1, N, = 600 and N; = 200. (I) Solutions bs(x) and rs(x)
of (3.40 for point particles (e, = e = 0). (ll) Histograms for e, = e = 0. (lll) Solutions bs(x) and
rs(x) of (3.40 for nite-size particles ( e, = 0.01,e = 0.015). (IV) Histograms for e, = 0.01,e = 0.015.
Histograms computed from 10 / steps of the MH algorithm. All four plots on the left and right  have
respectively the same colour bar (note inverted color scale for reds and blues).

10 T T
bs point
o (sim.)
gl rs point
o (sim.)
- — - bs nite size
ol ¢ sm)
< |%\ - — — Ig nite size
=3 + (sim.)
=

Figure 3.5 Averaged stationary densities across x, hbsi x and hrsi x, corresponding to the eight cases shown
in Figure 3.4. Comparison between stationary solutions of ( 3.40 (curves) and histograms obtained from
MH simulations (data points).

Figure 3.6 corresponds to the stationary solution under a symmetric bi variate Gaussian

potential of the form
G(x;ms®) = 1/ (2ps?)expf [(x m*+(y m?)2sg.

The parameters areV, =  0.1G(x;0,0.09, V, = 0.5G(x;0.2,0.09, e, = & = 0.02,D, = D, = 1,
Np = Ny = 400 andW=[ 1/2,1/2 ]. For point particles, the stationary solutions preserve th e
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radial shape and centres of their respective potentials V, and V;, i.e, bs p e Ve and rs p e Vr
[Figure 3.6(l-b) and Figure 3.6(I-r)]. However, we can appreciate the distorted/asymmetr ic
shape of the reds' density rs when size effects are included [Figure 3.§(11l-r)]. Also, in the blues'
density we can observe clearly how there is a competition bet ween the potential well and the
nite-size repulsion—the particle density b inside the well is reduced for nite-size particles.

Again, the agreement between the model (3.40 and the stochastic simulations is excellent.

Figure 3.6 Stationary marginal densities bs(x) ([I-IV]-b) and rg(x) ([I-IV]-r) for point and nite-size
particles, with V, = 0.1G(x;0,0.09, V, = 0.5G(x;0.2,0.09, D, = Dy = 1 and N, = N; = 400. ()
Solutions of (3.40 for point particles (e, = e = 0), bs p e Yo and rs p e Vr. (ll) Histograms for
e, = e = 0. (lll) Solutions of (3.40 bs(x) and rg(x) for nite-size particles ( e, = e = 0.02). (IV)
Histograms for e, = e = 0.02. Histograms computed from 107 steps of the MH algorithm. All four plots
on the left and right have respectively the same colour bar.

3.4.2.3 Linear stability

Itis of interest to compare the upper bounds obtained from th e gradient ow structurein § 3.4.1
(looking when the mobility matrix M becomes negative de nite) with a classical linear stability
analysis. We consider a simple case here but the analysis carbe easily extended to more general
cases.

Consider the system (3.32 with linear potential forces, that is, potential forces of the form
Vp(x) = vy xand V,(x) = v, X. In such cases the equilibrium states are simply bs = rs = 1.
We make the following linearisation around the equilibrium states,

b= 1+ dApexp(st+ ik Xx), r=1+ dA;exp(st+ ik x).

Inserting these into (3.32 and neglecting O(d?) terms yields a system B(s, k) f\f = 0. The
condition for a non-zero solution, det B = 0, is the dispersion relation. For the basic case
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=6 =¢eDp,=D,=1andv, = v, = 0, we nd that one solution of det B = 0 is always
negative and the other one is

d
s(k) = kkk? 1+ % 2d 1)+ Np+ Ny . (3.44)

This corresponds to a zero-wavelength in nite growth rate in  stability when f + e9p(d 1)/ d >
1/2, where f is the particle volume fraction.

The condition that s < 0 in (3.44) (for stability) is equivalent to the condition ( 3.35 in
83.4.1.1found from the mobility matrix under the assumption N, N, 1. Observe that in the
condition ( 3.35 the magnitude of the drift terms did not play a role. The nume rical exploration
of sgn(s) for several drifts con rms this: an arbitrarily large drift c annot change the sign of s.
We emphasise again that this instability represents a breakdown of the model reduction, not a
true instability in the original particle system.

3.4.3 Symmetrisability of the system and the Onsager relati ons

In 83.3we have seen how our multicomponent diffusion system involv es the study of a diffusion
matrix that describes how the ux of one component is in uenc ed by its own density gradient
and the density gradient of the other component in the system . These ideas can be related with
the thermodynamic Onsager reciprocal relations, which est ablish that in a system uctuating
around its equilibrium a relationship between certain uxe s and thermodynamic forces must
hold (Onsager 193). The Onsager relations are de ned assuming the uctuations around the
equilibrium are small (so that the relationship is linear). In particular, if in a system we have
the following relations between uxes J and forces X;,

J= & LiXk, (3.45)
k

the Onsager reciprocal relations requires symmetry in the c ross-terms, that is, Lix = L. The
Onsager relations are a macroscopic consequence of microsepic time reversibility (principle of
detailed balance) (De Groot & Mazur 1962; 8IV.3). Note also that coef cients Lj, can be nonlin-
ear functions of the variables (De Groot & Mazur 1962; 8VI.3). Gupta & Cooper (1971 study
the relationship between the matrix L and the diffusion matrix D in a linear multicomponent
diffusion, and nd that D must be positive de nite for the Onsager relations to hold. It should
be pointed out that while the Onsager relations have been nam ed the fourth law in thermo-
dynamics by some authors, their validity has yet to be indisp utably established. For instance,
many valid multicomponent diffusion models have been found to be inconsistent with these
relations (Zielinski & Alsoy 2001 ).

We proceed to investigate in which cases, if any, our cross-diffusion model ( 3.22 is consistent
with the Onsager relations. It is appropriate to consider th e free-energy gradient with respect to
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the densities to be the force X driving the system to its minimum free-energy equilibrium state
(De Groot & Mazur 1962; 81V.3). The gradient- ow structure ( 3.33 ts with the form required in
(3.49, and the question is for which cases the mobility matrix M (b,r), L in (3.45, is symmetric.
In 83.4.1we found two situations for which our system satis es this: th e mobility matrices for
the large number of particles' approximation ( 3.340 and for a zero potential ( 3.360 (with the
appropriate choice of the parameter Q) are indeed symmetric.

The fact that in a system with a positive de nite diffusion mat rix the Onsager relations hold
may be related to analytical work on parabolic systems. It is well known that, in hyperbolic
or parabolic systems, the existence of a free-energy functional is equivalent to the existence
of a change of unknowns which “symmetrises” the system ( Degond et al. 1997 Kawashima &
Shizuta 1988. For parabolic systems, “symmetrisation” means that the t ransformed diffusion
matrix is symmetric and positive de nite ( Hittmeir & Jingel 2011). Note that in §3.4.1the
change of unknowns consisted of going from (b,r) to the so-called entropy variableg ,E, ; E)
(Burger et al.2010. The equivalence between Onsager relations and symmetrisation comes from
the fact that the symmetry is a necessary condition for the entropy production rate to have a
sign, itself a condition for the system to be compatible with the second law of thermodynamics
(Pierre Degond, personal communication). Although these a nalytical results seem promising in
order to nd a free energy for the general form of our system wit h non-zero potentials (3.32), it
should be pointed out that nding the change of variables that make our system symmetric (in
the sense described inKawashima & Shizuta 1988) can be in general as challenging as nding
the free energy itself. A rst step would be to nd a change of unk nowns for which the system
can be put in a form with no drift terms.

To conclude this section, we check that the result in Gupta & Cooper (19717 that the original
diffusion matrix must be positive de nite holds in our case. T o O el), our diffusion matrix
(3.22b has eigenvalues

2p d: D;j d -
li=Dij+ —D; (d D(N; 1e’i(x Nie, j(x) , (3.46)
i i dl( )(I )|() Di+Dijr()
for i = b, j = r, and vice versa. A lower boundis |  Dj+ 2 D;[N;e| Njejdj], from which
we nd that ||, > O (since we must have small volume fraction, i.e, Npel + N€f 1).

Therefore, provided there is a small volume fraction, our di ffusion matrix is positive de nite
and hence, as we have already mentioned above, the Onsager réations hold for our system with
zero-potentials.

3.5 Diffusion through obstacles

An application of the two-species model is the study of the di ffusion of nite-size particles
through static obstacles, which may be achieved by setting the diffusivity of one of the species
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(the obstacles) to zero. This has many applications in porous media (such as in water ltration
and treatment or biological tissues) and in particle transp ort in con ned/crowded environ-
ments (e.g, cell cytoplasm with skeletal proteins, Dix & Verkman 2008). Starting with a porous
medium equation, volume-averaging methods have been used to obtain an effective medium
equation in Valdés-Parada & Alvarez-Ramirez (2011, and to study the dependence of the ef-
fective diffusion coef cient of a singleparticle on the porous medium distribution ( e.g, random
versus periodic porous media, Didierjean et al. 1997 Koch et al. 1989 Weissberg 1963 or on
time (short and long times, Fatkullin 1990; Valiullin & Skirda 2001 ). The motion of a single
point particle diffusing in the presence of a xed disordered array of spherical hard obstacles
is considered in Franoschet al. (2010. They obtain an analytic result of the velocity autocorre-
lation function (VACF) for a single scatterer using a rst-or der approximation in the obstacle
density. Recently, the diffusion of a point particle throug h cylindrical obstacles arranged in a
square lattice as been studied in Dagdug et al. (2012 with an ingenious approach: they use
a generalised Fick—Jacobs equation (derived in the contextof diffusion in channels of varying
width, see 84.3.1) to describe the motion of the particle through “obstacles ¢ hannels”. Finally,
Grima et al. (2010 study the anisotropy in the effective diffusion of a tracer particle due to the
local heterogeneities of the porous medium. Considering a u niform distribution of spherical
obstacles, they are able to quantify the deviations from iso tropy in the short or intermediate-
time diffusion coef cient using the gyration tensor of the pr obability distribution of the tracer
particle (sampled from simulations).

3.5.1 Obstacles in a random fashion

Starting from our model ( 3.21) for two diffusing and interacting species, the blues and th e reds,
we set the red particles to be static obstacles O, = 0 and f, = 0). Thus the obstacles' distribution

r(x,t) is given by ro(x), t > 0. We assume for simplicity that the blue particles are under no
external force, f,, = 0. Thus we concentrate on the diffusion of the blue species asthey interact

with the red obstacles and themselves via steric (or excluded-volume) interactions.

In what follows, we will simply set the reds’ diffusivity D, to zero in the evolution equation
(3.219 for the blues density b(x,t). In principle we should rederive the model using D, = 0
from the beginning, because the problem corresponding to ( 3.7) for one blue and one red when
the red does notiffuse and, in particular, the boundary condition at conta ct (3.7b), change con-
siderably and require some steps of the derivation to be modi ed. However, the end result is the
same as settingD, to zero in (3.219. Thus we now consider equation (3.2139 with diffusivities
Dy, 1landD; = 0and zero drifts, f, = f, = O:

n (0]
%(x,t): r« 1+(Np 1elayb Neelgyror yb+ Needbpbr xro | (3.47)
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inW R*,wherea,=2(d 1)p/d, b,=2(d 1)p/d, and g, = 2p/dfor d = 2, 3 dimen-
sions, together with the initial condition b(x1,0) = by(X1) and the zero- ux boundary condition

r <o A=00onTW R™. Inthe notation of §3.3 the termin front of r ybin (3.47) is the collec-
tive diffusion of blue particles, Dy, while the term in front of r rg is the cross diffusion, Dy,.
The former has three components: linear diffusion, enhanced diffusion due to collective motion
of blues, and reduced diffusion due to excluded-volume inte ractions with red particles. The
cross-diffusion term can be seen as an advection term which indicates that the blue particles
are convected towards regions with fewer obstacles (i.e, they move down the gradient of red
particle density).

Xor

Figure 3.7 Marginal density of mobile blue particles at time t = 0.05 with normally distributed in X
initial data and Np = 100,D, = 1. Red obstacles are uniformly distributed (ro = 1) with N; = 300 and
e = 0.02. (a) Solution b(x,t) of (3.48 for point particles (e, = 0). (b) Blues histogram for e, = 0. (c)
Solution b(x,t) of (3.47) for nite-size particles ( e, = 0.01). (d) Blues histogram for e, = 0.01. (e) Slice of
solutions in (a)-(d) for y = 0. Point particles solution (dash line) and histogram (aste risks) and nite-size
particles solution (solid line) and histogram (circles). H istograms computed from 10 realisations of (3.14)
with Dt = 10 °; at each realisation a different random uniform distributi on of red obstacles is generated.
All four plots in the left have the same colour bar.

The four plots on the left of Figure 3.7 show the result of a time-dependent simulation with

no ux boundary conditions in W = i1 2 N, = 300, = 0.02, N, = 100 ande, = O
and e, = 0.01. The red obstacles are uniformly distributed, r 1 and the initial density of
the blue patrticles is a one-dimensional Gaussian of zero mean and standard deviation 0.1. The
gures correspond to time t = 0.05. Figure 3.7(e) shows the slice through y = 0 of the four
solutions in (a)-(d). The solutions of (3.47) are compared with Monte Carlo simulations of the
N-dimensional system, and the agreement is good. The initial pro le, in which blue particles
are concentrated in a strip in the centre, spreads more slowly for nite-size particles [Figures
3.7(c—d) and solid line and circles in Figure 3.7(e)] than for point particles [Figures 3.7(a—b)
and dash line and asterisks in Figure 3.7(e)], indicating that the overall diffusion coef cient of
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blue particles is reduced. However, this reduction of the ef fective collective diffusion coef cient
Dy, for nite-size blue and red particles with respect to point bl ue particles and nite-size red
particles will depend on the relative sizes of the terms in Dy, and for some parameter values
we could also see the reverse effect of enhanced diffusion. To con rm that a reduction of Dy is
what is to be expected in this case, in Figure 3.8 we plot the expression for Dy in (3.24).

(e) —— D n.-size
+=+= hDiy n.-size
= = = D points

0.95f

0.8f

0 05
X

Figure 3.8 Collective diffusion coef cient ( 3.24) for the blue particles as a function of x corresponding to
the density pro les in Figure 3.7. Diffusion Dy(b,r) attime t = 0 and y = 0 for point particles (dash

green line, e, = 0) and nite-size particles (solid blue line, e, = 0.01). The average of the latter,hD i x,
is shown in a dot-dash blue line.

3.5.1.1 Blue point particles

In order to concentrate on the reduction of the blue collecti ve diffusion due to red obstacles,
from now on we look at the case of blue point particles and we se t e, = 0 in (3.47). This way

we can also compare our results to those obtained in Dagdug et al.(2012. Thus we consider
h i

(o]
where now e, = €/2. In this case the stationary density of the blue particles reads
(d 1)

b(x)= 1 %p Neg ro(x) . (3.49)

We note that this corresponds with the uniform measure in the available space, that is, the
probability of nding a blue particle at X, is constant if x; does not overlap with a red obstacle,
and zero otherwise.® In two dimensions this is straightforward as 1 p N, (&/2)? is the area
available to the blue particles. In three dimensions, the vo lume available to the blue particles
is1 (4p/3)N;(&/2)3, which coincides with the rst two terms of the expansion of ( 3.49 in
powers of e.

5The stationary probability density b(x) for points particles is constant in the availablearea, but it is not when
considering the wholedomain W.
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3.5.2 Obstacles in an ordered periodic array

So far we have used that the particle's initial positions wer e random and drawn from an initial
density P(x) which then reduces to initial conditions for the reduced PDE system by(x) and
ro(x). In the particular case of the red particles being obstacles, setting their distribution to be
ro(x) implies, in simulations of the full particle system, averag ing over many instances, each of
them with a different con guration of red obstacles drawn fro m rq. An alternative approach is
to take the obstacles to be in a given (deterministic) con gur ation, and only do the averaging in
the blues' positions. This is what we do now.

We use the method of multiple scales to derive an averaged (or homogenised) model for the
blue density for a given distribution of red obstacles, vali d over the scale of many red obstacles.
Since the blue particles are points? they are independent of each other (since they do not collide
amongst themselves, only with the red nite-size obstacles) and we can hence consider only one
blue particle, Ny = 1.

Consider a lattice in W which divides the domain into N, square (cubic) compartments of
area (volume) d9, where d = N, V9. We assume that each box on the lattice contains one red
obstacle in its centre, denoted by rj, j = 1,...,N; (see left-hand side of Figure 3.9. We call
this con guration the square (S) con guration. ’ Suppose the blue particle is at position x 2 Wy,
where Wy is the volume available, given by

H\lr
Wd= Wn Ber/2 (I’j).
=1

Assume periodic boundary conditions on fW. Since there is only one blue particle and the red
particles are xed at deterministic positions, the original FP equation (3.3) for P(x;t) in WN
reduces to

%(x,t) =rZb in Wy (3.50a)

where fiy is the outward unit normal to Wy, together with periodic boundary conditions on  W.

3.5.2.1 Method of multiple scales

We de ne x to be the macroscale variable in the real con guration, which measures distances
over many obstacles, andy to be the microscale variable in the periodic con guration, w hich

6The assumption of blue point particles is necessary for the standard multiscale method to work.
In two dimensions, this geometry is identical to the one cons idered by Dagdug et al.(2012).



3.5. Diffusion through obstacles 73

X2 W y2w

,,,,,,

.
- @

.
«~—a——>

Figure 3.9 lllustration of the problem geometry in two dimensions. Lef t: macroscale domain W, with the
red obstacles of diameter e, are distributed in a periodic array. Right: microscale doma in w, unit cell
with an obstacle of radius #= e/ (2d).

measures distances over the scale of a single compartment orobstacle. These variables are
related by y = x/ d. Spatial derivatives in (3.50 transform according to

1
roy! r o+ ar y- (3.51)

We introduce #= e:/2 d as the the obstacle radius in the microscale con guration. Th en the N,
compartments of volume d? of the real domain Wy (with collision surfaces at kx rik = &/2)
are mapped into a unit cell w, with collision surface at kyk = #and normal vector hy  fix (see
right-hand side of Figure 3.9). The area available to the point blue particle in this unit ¢ ell is
wx= W nB0).

Writing b b(x,y,t), with b a 1-periodic function in y and treating x and y as independent
as is usual in multiple scales gives

dz%(x,y,t): rob+2dr , r yb+dfr b for  y 2wy (3.52a)
ryb Ay= dr b Ay on  kyk=# (3.52b)

b periodic in y. (3.52¢)

Expanding b(x,y,t) = bO(x,y,t) + db®(x,y,t) + b (x,y,1) + gives b@  pO(x t) at
leading order, that is, it is independent of y. At rstorderin dwe nd

0 for y 2 Wy (3.53a)
r xb©@ Ay, on kyk = # (3.53b)

r §b(l)
ryb® A,

b periodic in y. (3.53c)
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The solution of (3.53 can be written as
bV (x,y,t)= 1 «bO(x,1) Qy), (3.54)

where ) is a d-vectorial function, whose components G satisfy the following cell problem

rsG=0 for y2 wg (3.55a)
ryG fiy = ny; on kyk = # (3.55b)
G periodic in Y, (3.55¢)

where ny; is the ith component of the unit vector "ny. We note that here Gis independent of the
macroscale variables x because the unit cell geometry does not change with x. This would not
be the case if we had a non-equidistant grid of obstacles for example.

The second order of (3.52) is

(0)
%(x,y,t) =r 20@+2r , r bD 41 DO for  y 2wy (3.56a)

r yb@ Ay = r P A on  kyk=# (3.56b)
b  periodic in y. (3.56¢)

Rearranging Eg. (3.563 and integrating over the unit cell wy gives

4 4

(0
L oD 1200 dvy = r oy 1 6@+ D dv,. (3.57)

Wy ﬂt Wy

Using the divergence theorem and the no- ux and periodic bou ndary conditions on b and

b(@, we nd that the right hand side vanishes. Therefore,
|
. !
(0)
o D 20 gy, = o, (3.58)
Wy ﬂt

Becauseb© is independent of y and wyis xed, we can switch the order of integration and dif-
ferentiation in the terms involving b(®. The term with b( can be simpli ed using the solution

(3.59:

b(0) '
rypo = T - r (b, 3.5
y T WG = QN « (359)
where Q(y) is the matrix Q;j = 2—?‘ i,j=1,...,d. Using (3.59, equation (3.58 can be expressed
in the form
b _? z
jWig——= 1 x rxb@+r b dvy= r, [Ig Qy)Ir xb? dv,, (3.60)

ﬂt Wy Wy
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where jwg denotes the volume of the unit cell, and |4 is the identity matrix of size d. The
domain w is independent of x by the independence of variables x and y. Thus we can write

(0)
%(x,t) =r  Dr @ | (3.61a)
where D is the diffusion matrix
Z Z
1 1 1
D= M W#[Id Q(y)]dVy = M e d'] ﬂ—j dVy (361b)

Here d; denotes the Kronecker delta and G is the solution to the cell problem ( 3.55. Because
the cell problem is equivalent for all coordinates and symme tricin yj, j € i, the diffusion matrix
is completely determined by

1716 116
jwg s jwg  Ty2

Thus it is only required to solve ( 3.55 for, say, the rst component G, to completely determine

Di=1 and Dij = if i 6 j

D; we do so in the next subsection. We have obtained a linear diffusion equation (3.619 for the
blue particles, with a diffusion tensor that depends of the ¢ oncentration of red obstacles [the
unit cell wg and the cell problem (3.55 change with #. Note that if the red obstacles were not
equidistantly distributed, the diffusion tensor D would depend on x.

3.5.2.2 Cell problem

The solution to the cell problem ( 3.55 and the computation of ( 3.61b) are carried out numerically
using the COMSOL Multiphysics package with quadratic nite ele ments. The simulations are
done for 0  #< 0.5 to ensure ergodicity.2 Figure 3.10shows the solution of (3.55 G, and the
streamlines of its gradient® for #= 0.4 andd = 2.

The off-diagonal components Di, are zero in both d = 2,3. The diagonal components
D, are shown as blue circles in Figure 3.11 for two and three dimensions, as a function of
the obstacle's volume fraction f, = jBy§ = 2(d 1)p#Y d. As expected, the diffusivity of a
blue point particle decreases as the red obstacles' volume fraction increases. We compare our
multiscale results in two-dimensions for obstacles arrang ed in square lattice with those obtained
by Dagdug et al. (2012 using different versions of the generalised Fick—Jacobs ejuation. In
particular, we use the version which gives the best approxim ation against stochastic simulations,
namely the Reguera—Rubi (RR) formula given as DR}/ Do in their equation (3.3).1° We note a
good agreement between the RR formula and our predicted valu es. In fact, the RR formula
underestimates the effective diffusion coef cient by appro ximately 4% for # 0.4 (see Figure 2

8The value #= 0.5 would con ne the blue particle in a small neighbourhood o f its initial position.

9Streamlines are paths that are everywhere tangent to the vecor eld and hence that show the local direction of
the vector eld at each point.

19Their parameter n corresponds to 2#in our notation. Therefore, to plot DR}/ Do against f ; in Figure 3.11(a) we

write fr = p(n/2)2.
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Figure 3.10 Left: Solution of (3.55 for the rst component G with #= 0.2 andd = 2. Right: Streamlines
of the solution gradient r yG;.

in Dagdug et al.2012, implying that our multiscale prediction would probably I ead to an even
better approximation for the diffusion coef cient obtained from simulations.

T 1 T T T T T
A H conf. (b) O Sconf.
O  Sconf. - = =Eq. (3.67)
- = = Eq. 3.67) |
Eq. RR
d OQOO
0.9r Yoo
~o
SO
~ \OO
A
A Dji ~Oo
Ralie}
\ A ~ O
© RPN
N O 0.8 SQ0
s ~| s \O
0.2r * < 4 ~Q
| ~ ~
~ (OXN
~ ~
s ~ s ~
0 i i i I 07 i i i i i
0 0.2 0.4 0.6 0.8 1 0 0.1 0.2 0.3 0.4 0.5 0.6

fr fr

Figure 3.11 Diagonal entries of the diffusion tensor as a function of # Comparison of the asymptotic

result using (3.67) (dash black line) with numerical results of ( 3.61b (data points). (a) Dj; in two dimen-

sions for two cell con gurations: square S (blue circles) ve rsus hexagonal H (red triangles) con gurations.

The solid green line (Eq. RR) corresponds to the Reguera—Rub formula for D;; in Dagdug et al.(2012 Eq.
3.3). (b) Dj; in three dimensions for the square con guration (blue circl es).

3.5.2.3 Hexagonal packing

The model (3.61) has been derived for the square (S) con guration, in which ea ch cell has an
obstacle in its centre. However, the same derivation would b e valid for different cell con gura-

tions provided that there are many unit cells (periodically reproduced) along each dimension
of the domain W. For example, we could think of having two or more obstacles i n each unit cell

W
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As an illustration, we pick the con guration in which for both two and three dimensions
close packing of spheres is attained, the hexagonal (H) packing con guration. While the highest
volume fraction attainable with an S con gurationis f, 0.785ford= 2and 0.524 ford = 3,
the H con guration produces close packing (the highest possi ble, Kepler conjecture) for #= 0.5:
fr = 2(p0.5)/ P 3 0907 ford = 2, and f, = 4(4p0.5%3)/ 8 0.740 ford = 3. In two
dimensions, the unit cell of the H con guration consists of a r ectangle with sides 1 and P 3 (in
the rescaled variables) with one unit disk in the centre and f our quarter disks at the corners (see
Figure 3.12.

#= 0.5

A
Y
A 4

h 4 Y

Figure 3.12 Unit cell of the H con guration in two dimensions for differe  nt values of the obstacle radius
#

We solve the cell problem (3.55 for the H con guration for different values of  #and compute
its associated diffusion tensor D using (3.618. As for the S con guration, we nd that the off-
diagonal components Dj; are zero, the diagonal components D;; (which in this case did not have
to be necessarily identical) are shown in Figure 3.11as red triangles. We nd that differences in
Dii between S or H con gurations appear only for obstacles' volum e fractions f , over 0.5.

3.5.3 Asymptoticsas #! 0

In 83.5.2we have found that a blue point particle diffuses through a deterministicperiodic array
of nite-size red obstacles according to the linear diffusio n equation (3.619. Having started
with a hollow domain Wjy for the density b, we have arrived to a homogenised equation for
the leading order in d (the separation between obstacles)b(® de ned in W. How does this
result compare with our previous result ( 3.48 for the diffusion of a blue point particle through
a randomset of red obstacles distributed according to ro? Do we expect a similar asymptotic
resultas#! 07?

To answer these questions, it is convenient to rst consider t he asymptotic solution of the
multiscale problem (3.52 for a periodic array of obstacles as #! 0 (small volume fraction of
obstacles). In this manner we will be able to compare the two a pproaches. In the derivation of
(3.61), the only thing that we need to consider for #! 0 is the cell problem (3.61b. Guided by
the numerical results in Figure 3.11, we do not expect the asymptotic result to change with the
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con guration; hence we choose to work with the S con guration.  We consider the cell problem
(3.55 for, say, the rst component G, and we look for an asymptotic solution as the obstacle's
radius #! 0. We suppose that the unit cell wx can be divided into two regions: an inner region

when kyk  # and an outer region when kyk  # In the inner region, we set y = eY and
de ne g(Y,t) = G(y,t) to give

r 2g =0, (3.62a)
rvyg Y=4#, on kYk = 1. (3.62b)

In addition to ( 3.62b), the inner solution must match with the outer solution as kYk ! ¥, that
is, it must be periodic. Expanding g(Y,t) = g@(Y,t)+ #V(Y,t)+ , gives that the leading
order inner solution g(@ is simply a constant. Bearing in mind that the rst-order mult i scale
solution b must integrate to zero, we nd g(@ 0 using (3.54.

The rst-order problem for g reads

r 2g = o, (3.63a)
rvg® Y=vY; on  kyk=1, (3.63b)
g1 g as  kYk! ¥, (3.63c)

where g is the O(#) inner expansion of a periodic outer function. For d = 2, we look for a radial
solution to (3.63 of the form g® = f(r) cosq, with Y = r (cosq, sinq); for d = 3, we look for
a solution of the form g™ = f(r) sinqcosj , with Y = r(singcosj , singsinj, cosg). We nd
that

A 1
f(r)y= Ar+ ————
(= At G a1
for a constant A. Sinceg(? should match with a periodic function of y asr! ¥, wesetA 0.
Therefore
Y.
Oy — L 3.64
and o
Y1 |
G(y) 7(d 1) kykd as kyk! 0. (3.65)

Setting the constant A to zero makes (3.65 “as close to periodic as possible”, but not exactly.
We should bear this in mind when computing the integrals in ( 3.61b to obtain the diffusion
tensor, which we denote by B in this case (regularly placed obstacles of size #! 0). We
subdivide the cell domain wy into regions jyij < #and jy;j > #(see Figure 3.13. The regions
jy1j > #contribute nothing to the total integral, as it can be seen in tegrating with respect to y;
and using periodicity. Integrating with respect to y; in the regions jy;j # we nd that the
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o

__________________________________

Figure 3.13 Cell problem domain in two dimensions (or cut along y3 = 0 in three dimensions), divided
into four regions to calculate the integral of G/ fy;. To obtain the integral of G/ Yy, the division
would be made across linesy, = #

contributions from the external at boundaries cancel out w ith each other by periodicity. On
the spherical inner boundaries, the integral reduces to

Z A
15 dvy = 2 G dS, (3.66)
wafj yaj #g Ty B4 O)\f y1<0g
q
where dS; is the line (or surface) differential on kyk = # Ford = 2, we Writepyl = # s
and the differential becomes dy, with # y, # Ford = 3,y; = # r2 and the

differential reads rdrdqgwithO0 q 2p and O r # As this surface integral is exactly in
the inner region for G, we can use the inner region expression (3.65 to evaluate it. We nd it is
2p#9/ d, so that the asymptotic value of the diagonal diffusion is

-4, 12 2p +1
b; =1 ngd#j 1 d#d+o(#d ), (3.67)

where we have used that jwg = 1+ O(#). Analogously, we nd that the integrals for the
off-diagonal terms vanish and hence that Ibij are O(#+1).

How well does the asymptotic approximation B compare with the numerical values of D for
an S con guration obtained in the previous section? The zero o ff-diagonal asymptotic value Ibij
is in agreement with what we have found for D;;. Figure 3.11shows the diagonal components
for the two approaches: the agreement between the numerical value of Dj; (blue circles) and D;
(dash black line) is good up to 20% volume fraction for d = 2, and up to 50% for d = 3 (the
maximum volume fraction allowed in three dimensions for an S con guration). The absolute
error jlbii Diij as a function of the volume fraction f, is shown in Figure 3.14 We nd that the

error is o(#) almost everywhere.!

11The error scales like # for small # which we believe is due to discretisation errors in COMSOL w hen #becomes
too small.
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Figure 3.14 Absolute error in the diagonal diffusion component between numerical value of Dj; (3.61b

and asymptotic value B (3.6 for (a) d = 2 and (b) d = 3. The dash black lines show curves O(#),
O(#9 1) and O(#9) for reference.

3.5.4 Comparison with random obstacles

Finally we can compare the asymptotic result of the diffusio n tensor for periodic obstacles (3.67)
against our previous model ( 3.48 for randomly distributed obstacles. We assume a uniform
distribution of red obstacles, ro(x) 1, as this seems a sensible choice of distribution to compare
a periodic array of obstacles against (note that the macroscale variables x do not see variations
in the order of the microscale d). Thus we consider

h i
b
%(X,t) = r X 1 Nregrgb r Xb y

where g, = 2p/ d. Using the relations N,d? = 1 and #= e,/ d the above equation becomes
h [
%(X,t) =ry 1 Zp# r,b. (3.68)
If we denote by B the diffusion tensor from the random distribution of obstac les approach, we
nd that, as #! O,

B; 1 gp#d and B; 0 if 6] (3.69)

Comparing this with ( 3.67), we nd that the asymptotic values of the diffusion tensoras #! 0
for the two approaches coincide. This result gives us another alternative to obtain the range of
validity of our blues and reds model ( 3.21): as the multiple scales method in this section is valid
for any volume fraction of red obstacles f, it offers an instance of the general case to compare
with our results valid for small volume fractions. In partic ular, in Figure 3.11we have seen that
our approximation gives satisfactory results up to a 20% vol ume fraction for two dimensions,
and a remarkable 50% volume fraction for three dimensions.
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3.6 Discussion

In this chapter we have considered the diffusion of two inter acting species of hard spheres,
extending the model derived in Chapter 2 to incorporate particles of different sizes, different
diffusivities and under different external forces. The res ult is a nonlinear cross-diffusion PDE
system for the two marginal probability densities associat ed to each species. This approach en-
ables us to describe a complicated system of interacting particles with a simple the continuum
PDE model whilst capturing the hard-core interactions at th e particle level. These interactions
emerge as nontrivial nonlinear terms in the continuum model , involving cross-coupling terms
which can be interpreted in terms of the inter-species compe tition at the population-level. In
addition to providing some insight on the system's behaviou r, the continuum model is rela-
tively easy to solve and analyse. We have assessed the validiy of our continuum approach
to predict the behaviour of the system by comparing its humer ical solutions with stochastic
simulations of the discrete particle-based model. We have found very good agreement between
the two, supporting the idea that by solving a simple system o f PDEs we can capture the same
population-level behaviour observed after many repetitio ns of expensive stochastic simulations.
of PDEs we can capture the same population-level behaviour o bserved after many repetitions
of expensive stochastic simulations.

Our two-component drift—diffusion model captures an enhan cement of the collective diffu-
sion rate due to excluded-volume interactions between part icles of the same species (as we had
already found in the previous chapter), as well as a reductio n of the collective diffusion due to
interactions with particles of the other species. This stru cture is useful not only to study the col-
lective diffusion in terms of the particles' volume fractio n, but also to analyse the self-diffusion
coef cient. The latter describes the evolution of a single ta gged particle, and it can be extracted
from the model by choosing one of the species to have only one taggedindividual. In contrast
to the collective diffusion, which increases with volume fr action (or relative to point particles),
the self-diffusion coef cient decreases with volume fracti on. Thus the two species model can be
used to characterise transport properties of a system of identical particles by distributing them
in two subpopulations of N 1 and one particles respectively. To our knowledge, such a con-
tinuum model capable of explaining both the collective and i ndividual diffusion coef cient has
not been reported in the literature/previous works.

We have investigated for which values of the parameters the c ross-diffusion system accepts
a gradient- ow structure in terms of a free-energy function al; this structure is useful to study
the equilibria of the system as well as its stability. Namely , the stationary solutions of the
system correspond to the minimisers of the free energy, and t he stability can be studied from
the convexity of the free energy functional near its equilib ria.
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Previous work on the diffusion of two species with size-excl usion interactions using a lattice-
based model (Burger et al.201Q Simpson et al.2009 led to a continuum population-level descrip-
tion which is different from our reduced model (which does no t restrict the motion of particles
to a lattice). In other words, the two approaches (on- and off -lattice models at the particle-level)
result in different reduced models, even though they are try ing to describe the same problem.
It would be interesting to study which rules one needs to pres cribe on the lattice model in order
to achieve a certain population-level description. We will address this issue in future work.

An interesting application of the two-species model is the s tudy of the diffusion of nite-
size particles through obstacles, which may be achieved by setting the diffusivity of one of
the species (the obstacles) to zero. An advantage of this appoach is that it makes it very
easy to study diffusion through spatially varying concentr ations of obstacles. As an alternative
approach to the same problem, we have developed a model for th e diffusion of point particles
through a regular array of nite-size obstacles using the met hod of multiple scales. As the latter
is valid for any volume fraction of obstacles, it is useful to predict the range of validity of our
general model.



Chapter 4

Diffusion in con ned domains

4.1 Introduction

In this chapter, we go back to the system of N identical hard spheres used in Chapter 2 and con-
sider their evolution in a con ned domain, in the limit thatth e con nement dimensions become
comparable to the particle dimensions. In this setting, the particle—particle—wall interactions that
were ignored in our previous analysis now become important, since the boundary layer where
these three-body interactions are present extends across he whole con nement dimensions of
the domain. In particular, we consider three con nement scen arios: a two-dimensional channel,
a three-dimensional channel, and two close parallel plates as in a Hele—Shaw cell setting.

The problem of nite-size particles diffusing through a conn ed domain is relevant to many
physical and biological applications. Examples where tran sport with con nement is present
include the membrane transport through ion channels ( Hille 2001); the diffusion of intracellular
cargo along microtubule laments ( Klumpp et al.2005; the diffusion of cells themselves through
con ned environments, such as red blood cells and leukocytes through small blood vessels
(Henle et al. 2008; and polymer transport in nanopores ( Keyser et al. 200§. The problem
of Brownian transport of nite-size particles through conne d geometries considered here is
expected to appear in the modelling of any of these applicati ons.

Mathematical and computational efforts to the diffusion of n ite-size particles in con ned
domains have focused on two extreme limits: the “single-le d iffusion case” and the omis-
sion of nite-size effects by using point particles ( Henle et al. 2008. The former corresponds
to the extreme con nement case in which particles cannot diff use past each other (imagine a
channel of width equal to the diameter of particles), which m athematically is modelled as a
one-dimensional domain with hard-core interacting partic les (hard rods) and has been widely
studied (see, for example, Bodnar & Veldzquez 2005; Lizana & Ambjoérnsson 2009). In the oppo-
site limit, interactions between particles are ignored by a ssuming they are simply point particles
and only the effects from the con ning domain are taken into ac count. For example, variations
in the cross-sectional area of a narrow channel lead to an effective one-dimensional diffusion

83



84 Chapter 4. Diffusion in con ned domains

equation known as the Fick—Jacobs equation Jacobs 1967Reguera & Rubi 200]). Also, particle
diffusion in a narrow channel with a periodic potential and t ilting force has been considered as a
Brownian ratchet model of molecular motors ( Mufioz-Gutiérrez et al.2012 Reimann 2002. The
intermediate regime in which the nite-size interactions ar e important but the con nement is
not so extreme that particles can still pass one another has received little attention; one notable
exception is Henle et al. (2008, which uses a lattice model with a simple symmetric exclusi on
process.

Of particular interest is the fact that the diffusion of nite -size particles in a one-dimensional
domain—the single- le diffusion—is qualitatively very dif  ferent to its two- or three-dimensional
counterparts exactly because particles can no longer pass ach other. One of the most apparent
differences of single- le diffusion is that a taggedparticle exhibits anomalous subdiffusion in
the long-time limit, namely, its mean-square displacement hX2(t)i t2. Hence we are par-
ticularly interested in exploring the transition from two-  or three-dimensional diffusion to the
one-dimensional single- le limit.

The key idea is that under con nement conditions, the evoluti on in the con ned directions
is much faster than that in the uncon ned directions. For inst ance, consider the case of a three-
dimensional narrow channel whose cross section is such that only a few particles can tin at
once. Then the motion of particles is slow in the axial direct ion along the channel, whereas
the relaxation in the transverse directions is fast and thus the distribution is in equilibrium in
these directions (the con nement directions). With this in m ind, the solution procedure consists
of two steps: rst, reducing the model from N interacting particles to the evolution of the
one-particle marginal density, as we did in Chapter 2, and second, reducing the model in a
d-dimensional con ned domain to an effective one-dimensiona | axial model in the case of a
narrow channel, or an effective two-dimensional planar mod el in the case of a Hele-Shaw cell
type of domain. We state the problem in § 4.2 and illustrate the (second step of the) model
reduction in the case of point particles in 8 4.3 The central part of this chapter focuses on
deriving the reduced model for hard spheres in a two-dimensi onal narrow channel, and in
84.10we extend it to the three-dimensional cases introduced above. Numerical solutions of the
resulting model are compared with the simpli ed models for th e extreme cases discussed above
and stochastic simulations of the full-particle systemin § 4.11and 84.12

4.2 Formulation of the problem

As in Chapter 2, we consider N identical hard spheres diffusing in a bounded domain W R¢
(d = 2,3), and interacting with each other and the domain walls wi th a repulsive hard-core
potential. The particles have a non-dimensional diameter e 1 and diffusivity equal to one
and are all under the same external force f(x) : W! R¢Y.
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Now we suppose that W is a con ned domain, with k < d con nementdimensions which
are comparable to e. We introduce de = d k as the effectivedimensionality of the problem. In
particular, we shall consider the following cases:

(NC2) Two-dimensional narrow channel (d= 2, k= 1 and de = 1):

— 11 H
W= 33 2

A (4.1a)

(NC3) Three-dimensional narrow channel (d = 3, k= 2 and de = 1):

— 11 H H H H
W= 33 212 212 (4.1b)
(PP) Two parallel plates (d = 3, k= 1 and de = 2):
- 11 11 H H
W= 3.3 33 202 (4.1c)

where H = O(e) is the con nement parameter. We note that H 0, with H = 0 allowed since
W is the volume available to the particles' centres For the narrow-channel cases, whenH < 1
particles cannot pass each other and remain ordered in the same manner as for the initial time.
As in the previous chapters, we assume that the volume fracti on is small; using that jWj = Hk,
this implies that Ne% 1.

The remainder of the problem set-up is identical to that of Ch apter 2. That is, the dynamics
of the particles is governed by a system of coupled Brownian m otions (overdamped stochastic
Langevin equations)

X () = FOG(0)dt+ - 2AWi(t),  i= 1....N, 4.2)

where W; are N independent d-dimensional standard Brownian motions and f(X;) is the exter-
nal force on the i th particle. We write

f(X)= fj(x)ej, j= l,...d,

where e; denotes the unit vector along the j-direction (1 X, 2 y,3 2. We begin by
considering the joint probability density function  P(x,t) of the N particles, % = ( X1,...,Xn) 2
WN| which evolves according to the linear Fokker—Planck (FP) equation associated with (4.2),

P h i
ﬂ(X,t) =1, 4P FE(P in wy, (4.3a)
0= r P FX)P = on Wi, (4.3b)
where F(X) = (f(%),...,f(%)) is the total drift vector and # 2 SIN 1 denotes the unit outward

normal. The domain of de nition of ( 4.3) (or con guration space) is WY = WN n Be, where
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Be = fx 2 WN : 9i 8 j such that kx; xjk  egis the set of all illegal con gurations (with at
least one overlap).

The high-dimensional diffusion problem ( 4.3) will be reduced to an effective de-dimensional
transport model in two steps. First, as we did in previous cha pters, the dimensions can be
reduced from dN to d (individual to population-level description) by looking a t the marginal
density function of one particle, say, the rst particle, giv en by p(x1,t) = P(x%,t)dx,  dxy
(the particle choice is unimportant since all the particles are identical). Second, we exploit the
geometry of the domain W to further reduce the dimensionality by k, the number of con ning
dimensions [or dimensions in W which are O(e)]. Effectively, we shall see that the motion of
particles in the con ned directions is negligible in compari son with that along the uncon ned
directions. To this end, we will introduce the narrow-domain variablesind obtain, from the d-
dimensional density p(x,t) a reduced effectivedensity pe(Xe,t), with xe 2 R%. For cases (NC2)
and (NC3), the effective density pe will be a one-dimensional density pe(Xe,t) along the channel
axis (see Figure4.1). For (PP), it will be an effective two-dimensional density on the plane,

Pe  Pe(Xe Yo t).

N particles, d dimensions T 1 particle, d dimensions
P(X1, ... XN, t) p(x1, t)
T,
T 2

1 particle, 1 dimension

ﬁe(il! t)

Figure 4.1 Schematic of the problem solution steps for de = 1 [narrow-channel cases (NC2) and (NC3)].
The goal is transformation T, to obtain an effective one-dimensional equation along the channel for the
marginal density of one particle. We achieve this with the co mbined steps T, followed by T>.

4.3 Point particles

We begin by considering the case of point particles, for whic h the rst reduction T, in Figure 4.1
from N to one particle is straightforward: the particles are indep endent, P(x,t) = AN, p(xi,t),
and

%(xl,tﬁ o [P P fO)Pl N W (4.42)
0=1[r x,p f(x1)pl N1 on  Tw, (4.4b)

where A is the outward unit normal to fW. However, note that now we set the diameter of
particles to zero but must keep e 6 0 as the characteristic size of the con nement parameter H.
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Thus we move to the second model reduction T, which is applied to ( 4.4). Using the de -
nition of Win (4.1), we want to exploit the smallness of H. We introduce a change of variables
to the narrow-domain variablesvhich consist of rescaling by e the variables corresponding to the

con ned dimensions:

A

(NC2) X1= X1,  Yy1= €Yy,
(NC3) X1= X1, Y11= &1, Z1= ez, (4.5)
(PP) X1= X1,  y1= VY1, z; = €Z;.
h i
Introducing h = O(1) such that H = eh, the domain W transforms into w = 3,1 hh
for (NC2), and similarly for the three-dimensional cases (s ee Figure 4.2).
(a)
1 e
H 1 . ] ——— %
yl’sz_,Xl*Xz ,,,,,,,,,,,,,,,,,,,,,,,,,,,, B
g
(b)
h —_— (X1, Y1) e 5

y1. Y2 R1, X2

\ (C)
‘1
h
2

y1. Y2 %1 e

Figure 4.2 Model geometry with the three sets of variables used in this ¢ hapter. (a) Original variables
(X1, x2) with a circular excluded-area of radius e. (b) Narrow-domain variables (X1, X») with an elliptical
excluded-area of radii (e, 1). (c) Inner region variables (X1,¥1,X,¥2) with a circular excluded-area of

radius 1.

In the rescaled domain, we de ne
(X1, t) = € p(xa,t). (4.6)

The € factor is introduced so that both p and p integrate to one in their respective domains
W and w. This distinction—unimportant for the point-particles ca se as the nal equation is
linear—will be useful later on for the case of nite-size part icles in 84.7. We illustrate the model
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reduction T, for the case (NC2); the derivation for the other two cases follow similarly. For
(NC2), k= 1 and (4.4) becomes

z‘ﬂp p 6 A T 99 Y ana :
Xq1,1) = — f1(Xq,€ + — —  efy(Xq,e in w, (4.7a
( ) = ‘ﬂX1 %1 1(X1,ey1) p W, Wi 2(X1,€y1) P ( )
with boundary conditions
D W An A . 1
P = fl(xl,eyl)p on X1 = =, (47b)
X1 2
FA)—ef(i ey1)p on o= I (4.7¢)
R 2(X1,€Yy1)P Y1 > :
Expanding p(%i,t) = pO(Xq,t) + ep®(Xy,t) + , Taylor-expanding f, and f, around

(%1,0), and using the boundary condition ( 4.79 gives, at leading order, that p(? is indepen-
dent of ¥;. We introduce the one-dimensional density counterpart f)éo) of the two-dimensional
density p(9, de ned as

0= ™ (0 40, = hO
pe” = P dys = hp”, (4.8)
such that they both integrate to one in their respective doma ins,
VA Z Zp
pOds; = h pO dg, = p? dx,.
w 1/2 1/2
At rst orderin e we have
!
A1
0= ﬂg 111? (%4, 0) O
! (4.9)
1p A(1) = 1(32,0) ~0) R h
= X1, on = -
s 2(X1,U)p Y1 5
which has solution
B (R0, Y1, 1) = f2(%0,0) B (R0, 1) Y1 + P (R0, 1)/ , (4.10)

where f)gl) is independent of y;. The choice of the 1/h factor will be clear later. For clarity
of notation, in the remaining of this section forces f; are evaluated at (X1, 0) unless otherwise

stated. At second order,
! !

ﬂp(o) T 1p© A(o). T 1p@ A1) o T2 10
1t = ~ f + — —  f — , 4.11a
(X1, t) = % TR, P . 2P V1 Ty p ( )
with boundary condition on the channel walls
/\( R h
ﬂ%l = f,pM + y; HTYZ pO, o yi= . (4.11b)

Integrating equation ( 4.119 over the channel's cross section and using @.8) and (4.11bH we nd

that I

~(0) ~(0)
ﬂpe _ T Tpe ~(0)
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The O(e®) analysis of (4.7) yields the same equation for p‘(3 ) Thus, writing Pe(X1,t) f)‘(go)(il, t)

A(1)

+ efe’(X1,t) gives the following effective quasi one-dimensional trans port model [valid to
O(e)],
MPe, ., T TPe . N
—_— ,0) = = — f1(X ,0 , 4.13
1t X1, 1) % 1% 1(X1,0) Pe ( )

for X1 2 [ 1/2,1/2 ] and no- ux boundary conditions. In fact, this is valid to all  orders by
simply integrating ( 4.79 over ;.

4.3.1 The Fick—Jacobs equation

A common extension to (4.13 is to suppose that the channel has a non-constant cross sedbn,
h = h(x). The simplest model is the Fick—Jacobs equation (acobs 196}, which in our notation
reads A

Pe
X1 eh(Xy)

Pe _
W 11t) il € ( 1)ﬂ

which is valid in the absence of external forces and for ehqx;) small. In the presence of a con-

(4.14)

stant force f; along the direction of the channel (4.14) can be recast into the following ( Reguera

& Rubi 2001),*

Pe, ., Be hAR) . -
W 11 t) ﬂ—)zl h(il) pe fl pe ’

where D 1 in our notation. The key step to derive (4.14) and (4.19 is to assume that the

(4.15)

full two- or three-dimensional probability density  p(X1,t) reaches equilibrium in the transverse
direction, that is, it is assumed to factorise as follows:

P(X1,t)  Pe(X1, )1 (X1),

where r (X1) is the local equilibrium distribution of y; (and Z;, for d = 3), conditional on a given
X1 (the normalised Boltzmann—Gibbs probability density), se e (Zwanzig 1992; Eq. (9)).
Introducing a variable channel width h(X;), it is straightforward to generalise our analysis

(4.13 to
Pe, .. _ 1Pe ho(xl) b
L 11 t) e

it Xy h(Xs )
which is valid up to O(e) and is in agreement with the modi ed Fick—Jacobs equation ( 4.15. In

fl()zl! 0) ﬁe 1 (416)

what follows, we keep h constant since the inclusion of a variable channel width in t he analysis
for nite-size particles is not at all straightforward.

1A position-dependent diffusion coefcient D(X;) = [1+ €2h%%;)2] ™, with m = 1/3, 1/2 for two and three
dimensions, respectively, is also sometimes included to account for the curvature effects. It extends the validity of
(4.19 to larger variations of h(xy).
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4.4 Finite-size particles

We now tackle the reduction of the high-dimensional FP equat ion (4.3) in the case of hard
spheres. For the sake of clarity we illustrate the derivatio n for the two-dimensional case (NC2);
the extension to the three-dimensional cases (NC3) and (PP)follows similarly and the respective
models are given in a summarised form in § 4.10

For nite-size patrticles, the internal boundary conditions in (4.3b) mean the particles are no
longer independent. Following the same argument as previou s chapters, in the dilute regime
of interest interactions involving three or more particles are negligible compared to those in
which two particles alone are in proximity, and hence we can ¢ oncentrate on two-particle inter-
actions. This means that we can setN = 2 in (4.3) and then extend the result to N arbitrary
in a straightforward manner. In the uncon ned case considere d in the previous chapters, to
which we shall refer as the bulk casewe could neglect the particle—particle—wall interaction s. In
contrast, in the present case these three-body interactiors must be taken into account due to the
con nement of the domain. Speci cally, the domain's volume in  the bulk case was O(1) and the
“probability” of interacting with another particle and the ~ wall was O(e% N). However, now
the domain has volume O(€X) and hence the probability of a particle—particle—wall enco unter
increases toO(e? XN). This means that the leading order interaction is a particle -particle-wall
interaction. In terms of the Emmental cheese representation of the con guration space, now we
would see some open holes (corresponding to illegal con gura tions) on the outside surface of
the cheese chunk (whereas the assumption in Chapter2 was that holes were imperceptible from
the outside).

For two particles at positions x; and Xp, Eq. (4.39 reads

%(Xl,XLt) =0 [r P f(X)Pl+ 71 &, [r ,P f(x2)P], (4.17a)

for (x1,%2) 2 W2, and the boundary condition ( 4.3b) reads
[r P f(x))P] Ar+[r x,P f(xx)P] 2= 0, (4.17D)

onx 2 fWand kx; xok = e. Here A; = nj/ knjk, where n; is the component of the normal
vector 1 corresponding to the ith particle, 7 = (ny,n,). We note that i; = 0 on x2 2 W, and
that iy = nAoonkxy xok= e

4.4.1 Integrated equation

We denote by W(x;) the region available to the centre of particle 2 when particl e 1 is atx;. Note
that when the distance between x; and W is less than e the volume jW(x;)]j increases. Whilst
we took jW(x1)]  constant in the bulk case, thus ignoring the boundary layer o f width e in
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all dimensions, now we must take its variability into account si nce this boundary layer spreads
across the whole channel cross section. Thus the domain ofxs is

W(x1) = Wn[Be(x1)\ W]. (4.18)

However, note that we can still ignore the boundary layer eff ects along the non-con ning di-
mensions [e.g, channel ends in (NC2)]. Then the areajW(x1)j satis es

H* j Bej | W(x1)j H* j Bej/2¥

where HX is the cross-sectional area (recallk is the number of con nement dimensions) and
iBej = 2(d  1)peY/ dis the maximal excluded volume created by a particle of diame ter e (equal
to the volume of a d-dimensional ball of radius €). We denote the excluded volume, Be(x1) \ W,
by U(x1) and its boundary by G, = TU(x1). In two dimensions,

G, = fx22 Ws.it.kxy X1k = eg. (4.19)

This moving boundary is depicted in Figure 4.3in a dash red line. It is the only contribution to
the Reynolds Theorem. Note how now the external boundary als o depends on X;.

Integrating Eq. (4.179 over W(x;) using the Reynolds transport theorem and the boundary
condition (4.17D) yields

z
1
Poa)=r 4 [Fwp 0P (f xP+1 ,P) n2dSe (4.20)
fit Gy
. - R
We denote the integral over the collision surface by | = (r x,P+r yx,P) n2dS,. The

derivation of (4.20 is similar to that of Chapter 2, see 8.3.2.1 The only difference is that
we need to be careful when applying the transport theorem sin ce now parts of the moving
boundary G, appear and disappear as x; moves away or towards the boundary {W. However,
as shown in Appendix B, provided that the integrands are non-singular near the joi n of red and
black boundaries in Figure 4.3 Eqg. @.20 still holds.

Reviewing the schematic of the model reduction steps requir ed, Figure 4.1, we note that
equation (4.20 is somewhere in between the beginning and end of transforma tion Ty, since the
rst half of the equation is already written in terms of the mar ginal density p and the other
half still depends on the two-particle density P near the collision surface C,. To complete the
transformation T and arrive at the one-dimensional one-particle equation fo r Pe is not trivial for
nite-size particles. First, we introduce the narrow-domai n scaling in 84.4.2and use matched
asymptotic expansions for P in §4.4.3to determine the integral | systematically in §4.7.1 This
nalises transformation T;. Subsequently, we integrate the resulting equation with re spect to
the transverse coordinate y; and obtain the effective one-dimensional equation for nite -size
particles in 8§4.7.2
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Figure 4.3 Sketch of the physical and con guration domains for d = 2 as particle 1 approaches and
contacts a channel wall. The physical boundary of particle 1 (a circle of diameter e) and the physical
wall are drawn as solid black lines. The moving con guration boundary G, and the static con guration
boundary TW(x;) are shown in dash red (these are boundaries for the center of the second particle x».

4.4.2 Narrow-domain scaling

We now consider the change to the narrow-domain variables ( 4.5 and de ne P(Xq,%2,t) =
e?P(x1,X2,t) so that both P and P integrate to one in their respective domains W2 and w3
(which corresponds to W2 in the narrow-domain variables), and in consonance with the scaling
for the one-particle density ( 4.6). Then (4.17) becomes

P P A P A
ez%(xl,xz,t) = ﬂgl 1}171 efao(Xq,ey1)P + .”—32 1?—92 efa(X2, ey2) P
A - (4.21a)
+ 2 T 1P £ (%0 00)P > 1 TP £ (% &0 P
e R I 1(X, ey1)P + % 1% 1(X2,ey2)P
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for (X1,X2) 2 wg. The boundary condition ( 4.17b) reads, at the domain walls,

T2 P o 1
% fi(Xi,ey;))P=10 on %= 5 (4.21b)
1P N R h
L fo(R: VP = = 4,21
'IWi efa(Xi, eyi) 0 on Y > (4.21c)
and on the collision surface between particles it becomes
m®m qP . s B e s
o oo T (X, ey2)P fi(Xy,ey1)P (X2 X1)
L (4.21d)
P 9P oD B (o o '
—— — + efy(Xo,ey2)P  efy(Xq,ey1)P =0,
W W 2(X2, €y2) 2(X1,6y1)P (Y2 Y1)

onG,=fR2w : (X2 R)%+ (Y2 y1)? = €°g. This collision surface changes depending
on the relative horizontal positions of the two particles, X; and X,. For X; = X, the contact is
G, = fy, y1 = 1g(two lines). Then as jX; Xpj increases, the distance between these two
lines decreases, until they merge for jX; X = e, G, = fy2 = ¥10. Finally, for jX; Xpj > ethe
internal boundary disappears, G, = /&

4.4.3 Matched asymptotic expansions of the density P

We suppose that when two particles are far apart (jX1  Xpj 1) they are independent (at
leading ordey, whereas when they are close to each other (X; X»j  €) they are correlated. We
denote these two regions of the con guration space w3 the outer region and the inner region,

respectively. Note that now the inner region covers the whol e channel's cross section since it
is of size O(e) and hence the distance which we make go to in nity to match the o uter is the

separation between the x-coordinates only.

4.4.3.1 Outer region

In the outer region, we de ne  Poui(X1, %2,t) = P(X1,%2,t) and look for a solution to ( 4.219-(4.219
of the form

Pout(X1, X2, 1) Pég)t(f(l,f(z,t) + ePéﬁ)t(f(l,)A(z,t) + ezpéﬁ)t(kl,f(z,t) + , (4.22)

Since the boundary condition (4.21d) is by construction in the inner region, it is “invisible” to
the outer expansion and hence the leading-order outer solut ion satis es [from ( 4.21)]

2p(0) 2p(0)
f FjOZUt o 1 Fjgut =0, (4.23a)
Ty1 %
(0)
%}‘;_‘“ =0 on g, = g i= 1,2, (4.23b)
|
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In the y,y»-plane, problem (4.23 has a constant solution, that is,
PR, %2,1) POy, %o, ). (4.24)

Now, by independence, we suppose that P,y is separable at leading order for some function
g(X,t), which must be independent of the transverse coordinate y using (4.24),

aix,t)  a(Xt). (4.25)

Analogous to (4.8), we de ne its one-dimensional counterpart by ge(X) = hqg(X).

The rst order of ( 4.213-(4.219 gives, using (4.25),
! !

= o “%ft fa(k, Oa(R) %) + oo Téﬁt (k. OdR)a(R) . (4.260)
with boundary conditions
ﬂ;’ol f2(Xi, 0)q(X1) g(X2) on yi = g i=1,2. (4.26b)
Therefore, Péu)t is of the form
Péﬁ)t(ﬁl,f(z,t) = y1fa(X1, 0) + yY22(X2,0) q(X1)q(X2) + U(Xy, X2), (4.27)

where Uy is a function independent of y; and y». At order O(e?) we have

T50 _ 1 T L0 1 1 0)
ﬁp(gu)t_ ﬂ)zl ﬂ)? (gu)t fl(XLO) out ﬂ—)zz ﬂX ou)t f(XZ’O)Péut

1 1 . . Nt
+ W W Péﬁ)t f2(X1,0) Péﬁ)t y1—2(x1,O)P(§3)t (4.28a)
AL 2—(x2,0)F>OE?t ,
with boundary conditions
1P W, o T © h
W = f2(Xi, 0) Pyt + y,—( Xi, 0) Pout on yi = > i=1,2. (4.28b)
I

Integration of (4.289 with respect to y; and y, gives

[a(X1, )a(X2, )] = a(X2) g, (X1) (X2, 0)a(X1) o + a(X1) oz,(X2) fi(X2, 0)a(X2) 4
using (4.295 and (4.28h. Rearranging we nd k(X;,t) = k(Xz,t) for a function k given by

k(x,t)z%f[qx fi(x,0)dly @&g.

q(x,t

Thus we nd that k(X,t) 0, and soq(X,t) satis es the one-dimensional diffusion—advection

equation
g
1t

~n_ T M9 .
X, t) = R R f1(X,0)q , (4.29a)
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with no- ux boundary conditions

% f1(X,00g= 0 at X = } (4.29b)

Inserting (4.299 into (4.283 gives the second-order solution

1 L1f o It . .
Péﬁ)t > yzﬂ_yZ X1,0) + yg—z(xz,O)Jf Y112(R1,0) + ¥21a(%2,0) ° 0(R1)0(R2) (4.30)
+ Y1fa(Xg,0) + )72f2(X2,0) U1(Xq, X2) + Ua(Xq, X2),

where U, is constant in y; and y,. Finally, combining ( 4.29, (4.27 and (4.30 we arrive at, to
o(e?),

Pout(X1,%2,t) = q(X1,t)q(X2,t) 1+ e y1f2(Xy,0) + Y2f2(X2,0)

ezh,\zﬂ 2 Azﬂ 2 ' (4 31)
+ = Y1.ﬂ— X1,0)+ ¥y —(X2,0)+ Y12(R1,0) + Y2fa(R2,0) 2 '
n

0
+ eUp(Ry, R, 1) 1+ e Yafa(Re, 0) + ¥ofa(R2,0)  + €?Uy(Ry, X2, 1),

where U;(Xy, X2,t) are arbitrary functions of integration, determined by solv ability conditions at
higher order.

4.4.3.2 Inner region

Going back to the original variables and problem ( 4.17), in the inner region we set

X1 = X, y1= €Yy,
X2 = X1+ €X, Y2 = €Y,
and de ne P(%Xq,%,t) = €2P(x1,X2,1). Again, the factor €? is introduced so that P is also a

probability density. Note that the transverse coordinate o f particle 2 is not transformed to have
the origin at y; as we did for the bulk case. The derivatives become

r_ v 11 r_1n
xi T% efg’ Tvi efy1’
1T r_1n
xa efx’ Tvo  eW

Equation (4.179 is then transformed to
w . ~ « . .
ezﬂ(xl,xz,t) = 2P+ Py, + Py,  26Pxx
1 - o e NG 1 e A \S
*tegs [fi(X1,ey1) fi(Xi+ eX,ey2)] P A fo(X1, €¥1) P (4.32a)

1 . RV 5= 5 1 M\
e—— f(X1+ eX,eyo)P + e“Pgrzx, e — fi1(Xq,eyq)P .
V2 2(X1 Y2) X151 %2 1(X1, €¥1)
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The no- ux boundary condition ( 4.17b “enters” the inner region at the collision surface G

between the two particles but now also at the channel walls y,y, = % From (4.19, the

collision surface in terms of the inner variables is
G,= (X¥2)2R [ h2 h2] st £2+(y2 y)?=1. (4.32b)
Applying the inner-variables transformation, the boundar vy condition ( 4.17b becomes

26858+ (Py, PBy)(Y2 V1) = eX Py + [f1(X1+ eX,ey2)  fi(%e, e91)]P

5 . . L A (4.32¢)
+e(V2 V1) fa(Xy+ eX,ef)  fa(Xy,e¥1) P
on G, and
5 NG s h
Py, = efa(Xq, ey1)P on V= 3, (4.32d)
Py, = ef2(X1 + eX,ef)P  on ¥, = g (4.32e)

Finally, the inner solution must match with the outer as the t wo particles separate, that is, as
X! ¥ . To this end, we expand the outer solution ( 4.31) in terms of the inner variables. For
the time being, we keep the rst and second terms of the outer ex pansion implicit to make the

manipulations clearer. Inserting the inner variables into the outer expansion,

Pout(R1, 1, K1+ €%,¥2) (1) q(Ry + eX) + eP{ (R, ¥, Ky + €X,¥2)
+ e P(ut(xl ¥1,X1 + eX,y2) + ,

and subsequently expanding in powers of e, results in the matching condition

~ fa | P (g, v & 2.2 T
I
P! q (Xl) + e Xqﬂ OUt(Xliyls ’ 2 | ﬂxl
! (4.32f)
+ € ﬂﬂOUt(XLYl’Xl’yZ) + éﬁ)t(fl,yl,ilﬂz) + as X! ¥,

where we have dropped the time variable for clarity of notati on and P(u)t and éﬁ)t are given
in (4.27 and (4.30, respectively. Note that we can replace g/ X1 by Yo/ X1 becauseq is
independent of X.

We look for a solution to ( 4.32 of the form

B(R %, 9. 52,1) PO+ eBD + 2P +
Leading-order analysis of (4.32) gives

280 + B9 + B = o,

Y1 Y1 y2y2
2P0% + Pé?) Péf) (Y1 ¥2)=10 on oy
5(0) _ o h
PY1 on V1= E,
5(0) _ o h
Py2 on Yo = E’
PO (%) as X! ¥



4.4. Finite-size particles 97

which is trivially solved by
PO = (). (4.33)

At rst order in e, Taylor-expanding the drift terms f; around (X, 0), (4.32 reads

1 1

5D 4 pl 5(1) —
2P + Pyg, + Py, = 0,
2PV 5%+ ( '5%) IS;gll))(yz y1) = 2Xqck, on G,
~ N - h
Péll) = f20f(%a) on yi= 2.
~ N - h
Pézl) = 20 (%1) on y2= 2.
PO 1 Ragg, + (Y1 + ¥2) 20P(%1) + Ur(%1, %) as K! ¥,
where f,  fp(X1,0). Again the condition at in nity solves the problem, that is,
) e o — ooy .- o o . o
PO (%, %) = xq(xl)Tg(xl) + (Yo + ¥2) f2(%2, P (X2) + Us(%a, %a). (4.34)

4.4.4 Collision integral — Part |

Having computed the rst two orders of the inner solution P, we proceed to compute the
integral | as we did for the bulk case in Chapter 2. Recall that in the bulk case we found that
the leading-order contribution to the collision integral i s at O(e?), although we were able to
determine its value without actually having to solve for sec ond order inner density.

We proceed by expressing the integral | in (4.20 in terms of the inner variables, namely,

Z Z
~ 1 - ~ ~
I = (r xP+T1 x,P) n2dS= e? Py, =(R,+PRy,) fied
1 Cyl e
=e? PP+ R, (X% ydi
1
where @1 is given in (4.32h and i = (X,y» Vi1). Here di is the line integral along @1

for y1 xed (involving variables X and y,). The curve, depicted in Figure 4.4, is parametrised
as (X,¥2) = (cosq,y; + sing). Depending on the channel width h relative to 1 (the radius
at contact), the integration is over the whole circle or a par t of it. Introducing the distances
l1 = max( h2 Vi, 1) andl, = min(h/2 ¥j,1), the angles at contact with the lower and
upper channel walls are g = arcsinl; and g = arcsinl,, respectively. These are equalto p/2
for no contact.

Rearranging | to
z ) 5 z
| =e? & (Py, + Py)(Y2 y)di+e?

1 V1

e Xdi, (4.35)
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NIT

NI

Figure 4.4 Domain of integration G, in two dimensions.

and expanding it as an expansion of the form | = e 2 1 (9 + el (D + ¢2] @ + 2we nd
that 7
1 0 = . (B + BN (52 yudl o, (4.36)
1
and
£ . s - L 0
(0= EP B gl A
: z vz z (437
= 26(%, 00 _ (V2 Vi) dl+2qq, . Xdi= 26(%,00F _ (2 Yu)dl,
G G, Gy

using (4.33 and (4.34. Hence we nd that the leading order of | is at O(1/e), which may seem
slightly odd. However, as we shall see in § 4.7.2 after rescaling the remaining part of equation

(4.20 consistently with the scaling used in ( 4.35, an extra factor e* appears multiplying 1,
implying that the actual leading order contribution of | is at O(e?). Note also that the integral

analogous to | (1) was zero in the bulk case. However, as we shall see in §.7.2 when we
make the dimensional reduction T,, the relevant quantity is hflz | dy,, which vanishes for | ().
Consequently, we must proceed to the second order of | anyway.

The second order of (4.35) is
Z Z
| @ = @l(ﬁyﬁf) + B)(y2 go)di+ . 55l (4.38)
The guestion now is whether we can determine this expression without knowing the expression
for P(@, as we did in the bulk case. Following the same procedure as in the bulk case, we write

2We choose this form to be able to identify and compare terms of | in the bulk and narrow cases. The factor e 2
is an artefact of the narrow-domain scaling.
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down the boundary condition for P(2 on the collision surface C‘yl, namely,

3(2) o = ~ ~ ~ s 5 LIf N [ ~
ZPéZ)X-" Péf) P)gf) (Y2 Y1) =X Péll)"' _l(XLO) +( V2 yl)ﬂ—yl(xl,o) P
N L P N [ P ~
+ x—x,0+ <2(%,0) PO,
(V2 Y1) X (X1, 0+ (Y2 Y1) Ty (X1,0)
which can be written as

675+ BY AP (7. g0z PP+ AT uA B on G, (439)

where recall that h = (X,¥2 Vi) is the unit normal to éh in the Xy,-plane, and r f is the

1(f1,f2)
i(x.y)

Jacobian matrix evaluated at (X, 0):

0 1
'ﬂfl Tf1
. oo Ty X
A7r xfA =(X Y2 Y1) ﬂfz ﬂ_fz Vo V1
> Ty
Substituting (4.39 in (4.38 gives
Z h i Z .
1@=2 B2y, g+ PBP% di  _ A7r (A POdi=21, 1 (4.40)
S, 2
where
Z h i z -
la= _ PP, g+ BA% di,  1,= _ @1 fd PO, (4.41)
&, o

Becausef,(X1,0) and P are independent of the integration variables X, V. (in fact, they only
depend on X3), | , may be readily computed. It is equal to

f 2
2 1111 ~2 2 ~ ~\2 4T
b i & 5 ﬂy ~_l(YZ yl) ( )

In contrast, | 5 cannot be expressed in terms of the variables already determined and thus it is
not possible to circumvent the calculation of P(2 as we did in the bulk case if we are to solve for
| (9, Before proceeding to solve the second order inner problem, we conclude by writing down

the asymptotic expansion for | we have obtained so far, namely,

I el @+ @, 1 p)+ Oe), (4.43)

with 1 O and I , given in (4.37 and (4.42), respectively, and | , in (4.41) which requires P to
be evaluated.
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4.5 Second order inner problem — bulk case

Since the second order of the inner problem (4.32 is rather complicated, we choose to tackle rst
the second order problem in the bulk case, that is, the solution P(2 which we did not need to
solve for in Chapter 2. The solution process will give us some insight into the more challenging
narrow problem.

For simplicity we consider the two-dimensional problem ( d = 2) with zero drift. The inte-

grated equation in the bulk case with f O reads [see 2.12)]

4

ip 2 A
—(x,t)=71 2 r P fxdly, 4.44
‘ﬂt( 1) x. P oy 0 fizdl (4.44)

from which we obtained a closed equation for p using the rst two orders of the inner solution,
namely,
P(x1, 1) (%1, t)+ eq(f1) X 1 5,0(%1) + O(e?). (4.45)

This expression solves up to O(€?) the bulk inner problem ( 2.15, which we rewrite here for
ease of reference,

P ~ - .
eZHT—t(il,i,t): 2r P 2er g, 1 P+ € P, (4.46a)
2% r sP=eX r 3P, on kxk =1, (4.46Db)
P(x1, X2, 1) | qP(%y,t) + eq(Xa) X 1 ,0(%1)
ez n h i o
+ Eq(il) X1 30 xd(%) X+ as kxk! ¥ (4.46¢)

We now consider the solution P to the second order of (4.46), which satis es [using ( 4.45)]

r $P? = qa,
~ 1. - 1. )
r P g = SXAG) % + XY(A%,)g, + 59°(Ag)y, on kik = 1, (4.47)
- 1 . N ) )
pA 50(X1) %2qz,5, + 2% Oz,9, + V2.9, as k! ¥

Writing u = P/ (qq) gives the following problem for u,

r 2u=1, (4.48a)
rsu x= A(X) + B(X) on kxk = 1, (4.48b)
u  A(X) as kxk ! ¥, (4.48c)
where
. 1 o -

A(X) - ﬁ quilil + 2%y Og,y, + yzqhyl )

1 h i (4.49)
B(i) i )?Zq%l + 2)?)7 le V1 y2 %1



4.5. Second order inner problem — bulk case 101

We look for a solution of the form u = A(X) + w, for some function w. Since to leading
order gt = r )%lq (see &.1), the rst component A(X) satis es the Poisson equation (4.489. It
also satis es trivially the condition at in nity ( 4.489. On the unit ball, however, it is

r sA(X) %= 2A(X) on  kxk= 1. (4.50)

This implies that w is a solution to the following problem:

r fw=0, (4.51a)
rsw X= B(X) A(X) on kxk = 1, (4.51b)
w O (%) as kxk ! ¥. (4.51c)

Compatibility condition Before tackling the solution to ( 4.51), we can learn about the required
behaviour of w at in nity by looking at the integral of (  4.51g over its domain of de nition, which

we denote by U = R?nBy(0). Using (4.51D),
Z Z . Z . Z .
0= r2wdx= r gw Adi= [B(X) A(X)]di+ raw fAdi.  (4.52)
U U kgk=1 kxk= ¥

XN

Inserting the expressions for A and B in (4.49, we arrive at the following compatibility condi-

tion: ~ X X I
3 2 + R
cow aai= P TS (4.53)
kxk= ¥ 2 o[e}

Xt

The expression in the right hand side is, in principle, a non- zero function of X1, which implies
that there will be logarithms in the expression for w.

4.5.1 Separation of variables

Because of the radial geometry of problem (4.51), we adopt polar coordinates (r,q), with X =
rcosqand y = rsing, and write w  w(r,q). Then (4.5]) transforms into

2 2
‘ﬂw+1‘ﬂw+ 19w _

W FW EW = for r> 1, (4.54a)
1111_\:/ = h(q) on r=1, (454b)
w O (r) as rt ¥, (4.54¢)

where h(g)  h(cosqg,sing) = h(X) = B(X) A(X). The solution w(r,q) must be 2p periodic
function of the angular coordinate, w(r,q+ 2p) = w(r,q).

We attempt to nd a solution to ( 4.51) of the form w(r,q) = R(r)Q(q), for some functions R
and Q. Substituting this ansatz into (4.54), we nd

r’R%r)Q(a) + rRYr)Q(a) + R(r)Q™g) = 0, (4.55a)
RY{1)Q(g) = h(a), (4.55b)
rl!inl R(r) O (r). (4.55¢)
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Rearranging (4.559 gives
r2R00+ rRO B QOO_
R ~ Q

where | is a constant. The standard separation of variables procedure gives eigenvalues! = n?

and the complete set of separable polar coordinate solutions to (4.559:
1, Inr, r "cog(ng), r"cog(ng), r "sin(ng), r"sin(nq), n=12,.... (4.56)

The solutions r" cosng and r" sin(ng) are not relevant for n > 1 since they do not satisfy condi-
tion (4.559. Thus, the candidate series solution for w is

1 . o .

w = E(ao+ boInr) + arcog(q) + byrsin(ng) + a [cncos(ng) + dnsin(ng)]r .
n 1

The coef cients a,, bn, ¢y, dn Will be prescribed by the boundary condition ( 4.558. Computing
1111_\? and substituting r = 1, we nd

bo

L= 2+ (a ccosqr(by djsing & nlcrcos(ng) + dysin(ng)] = h(a). (457)
n 2

Substituting for A and B as given in (4.49, the Fourier series of h in the basis f1, coqnq),
sin(ng)g,n 1,inq2 [0,2p] is given by

h i

1 . .
(@) = goq (%) oS a+ (Gndy,  A%ky) SIN(20)+ (G, agsg,) sin’

= 3(31+ Jg)+ 3(J1  J3) co(2q) + J;sin(2q),

(4.58)

where

1 1 1
Jﬁm(q%l q%k,%,) J2=ﬁ(%% A%K,5,) 3= 50g

Comparing (4.57 with (4.58, we nd that by = (J1+ J3), & = ¢, by = di, & = (J3  J1)/4,
d, = Jo/2,and ¢, = d, = 0for n> 2. Therefore the general solution of (4.54) is

(q)271 a%.y,)- (4.59)

1 1 1 .
W(I',Q) = E 30+(J1+ J3) Inr + Z(J3 Jl) C05(2q)r 2 EJZSm(Zq)r 2 (460)

+acos(q) r+r 1 +bgsin(q) r+r 1,

where aj, a; and b, are unknown constants (which could be determined by matchin g higher-
order terms).

45.2 Inner solution

We have found a solution u to problem (4.48 of the from u = A(X) + w, where A(X) is given in
(4.49 and w in (4.60. Rewriting A(X) in polar coordinates,

A, = Z(ba+ ba)r®+ (b bs) cos(2a)r? + bosin(2a)r? (@.61)
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with

- A0k, %, — a%k,y, — a%,y,
b1 200 " b 209’ b3 200’ (4.62)
and combining it with ( 4.60 gives
u(r,q) = o, 1 (b1 + ba)r2+(J1+ J3)Inr + aycos(q) r+r 1 + bysin(q) r+r !
2 2 (4.63)

+ %(bl b3)r2+%(J3 J)r 2 cos(2g)+ bor? J—22r 2 sin(2q),

where J; and b; given in (4.59 and (4.62, respectively, and ay, a; and b, are free parameters
which could be determined by matching. This means that the so lution u is unique up to a
constant ay and a constant eld (a;,b;) at innity. Finally, the solution to the O(€?) inner
problem (4.47) is found via P? = (qq)u.

4.5.3 Bulk collision integral via second order inner soluti  on

The solution found for B can now be used to compute the leading order of the integral in
(4.44, which is 7 7

| = 2 r P fadlp=2 r sP %dlg. (4.64)
TBe(x1) ksk=1

In Chapter 2 we found that the leading order of | is [see Eq. @.20)]

1@ =pr (o %0, (4.65)

using only the rst two orders P9 and P(). Now that we have determined P explicitly, we
should check that (i) the degrees of freedom ay, & and b; do not affect | (@ (that is, the integral
is unique even though P is not), and (ii) its integral coincides with ( 4.65).

To this end, we evaluate the radial derivative of P(? atr = 1 and integrate it over g. Using
Eq. 4.63, we nd

1 1 .
1111—1;(1,q)= (by+bg)+ S(Ji+ Jg) + (b1 bg)+ S(J1 Jg) cos(2q)+ 2by+ Jp sin(2q).

Note that the free constants have vanished. Then
Z Z 5,
1@ =2 r sP@ %dlgx = 2(qq) ﬂ—u(l,q)dq
kstk= 1 o Ir

2(qq)p (2by + 2bg+ J1+ J3) = pr x, (ar x,0),

(4.66)

which agrees as expected with the previous result (4.65.
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4.6 Second order inner problem — narrow case

Now we move back to the narrow-channel problem and consider t he second order inner prob-
lem. In 84.4.3.2we solved for the rst two orders of the inner problem ( 4.32. The second order

O(&?) of (4.32 is

PO _ 52, 50 4 5@ . 50 a0
qt - 2P PYlY PY2y2+ PX1X1 2PX1X
T 0, . o T 50 \l 51) 4« 12 50
gL LLER- M4 g, 12p
% Tx (V2 Y1) Ty v 2 Y1 Ty
Toppwy (Mo g T g T4 50
2 X Ty X1

where all the derivatives of fj are evaluated at (X1, 0). For clarity of notation, we use the iden-
ti cations f; fi(X1,0) and g q(Xq,t) in what follows unless otherwise stated. Using the
expressions for P(Q and P( in (4.33 and (4.34), respectively, the above equation simpli es to

f(e) , 1
it X1

. Nf1
f +
q X.”

= 2P2 + B

qf
P+2 2+ ﬂ—yz (2 + B . (4.67a)

The boundary condition on the contact surface G, has already been evaluated in §.4.4 It reads

2605+ B2 PP (g, y)=sBP+ A7rfd BO  on G, (4.67b)

where recall that 1W”r fA = (X,¥> V1) k;; %2 )72*)71 . The O(€?) of the boundary condi-

tion on the channel walls reads

52 — ¢ B(D) 4 ﬂ 2 5(0) . _h
Py, foP —P on = -, 4.67¢c
i %1 5 ( )
5(2) — ¢ 5(1) N o T2 . _ h
P = f,P\Y + —+y,—= P = —. 4.67
Y2 2 X ﬂX y2 ﬂy on y2 2 ( 6 d)
Finally, the matching condition reads
p(D)
5 2dTq TP g
P 2ne R g (%, 91, %, 92) + PO 1%, %2)  as X! ¥,
which, after substituting in P(u)t and éu)t from (4.27) and (4.30 respectively, becomes
B@ 52 dq. ¢ 4 (1 + Vo) Toaek, + KTo 2 + K0 (%4, %)
2 fix X2
1 it (4.67e)
* 5 (Vi+ Vz).n—y +( Y1+ ¥2)°f5 o+ (J1+ ¥2) f2Ur(Ke, K1) + Uz(Ry, K1),
asX! ¥, where recall that U; are unknown functions from P(gu)t U, is determined by match-

ing with the inner solution (or the inner solution imposes co nstraints on U;). For the sake of
clarity of exposition, here we give already the conditions o n U; imposed by the solution during
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the resolution of the inner problem, which can be checked a posteriori We take U; such that
Ui(X1,X2)  Usi(jX1  Xgj) with Uq(x) differentiable satisfying U;(0) = 0. It follows that

X) = li X) = lim ﬂ—;Jl(il,x) = dU;. (4.68)
T IXy

xt gt X2 xt g, TX1 xt %, X2 xt gt 1

Then the fourth term of the matching condition ( 4.678, i%(il,il), is dU;X for X > 0 and
dU;X for X < 0, or combining the two, dU;jXj. Moreover, we can set U;(X;,X;) 0 in (4.678.
Finally, we de ne

e o o~ 1,5, o 1f N I~
Faliufud) = 5 (14 B2+ (Ta+ 27 @+ Ualia, %), (4.69)

Putting all these expressions together, the problem for P(? is

12

50, 5@ L p@ = W) T o) Thp "
2Pe Y1Y1 PY2Y2 qt + %, fig" + ﬂX +2 f2 + Ty q-. (4.70a)
with boundary conditions
2605+ (PP By, y)= PP+ Ardfd & on G, (4.70b)
5 ff - h
Péf) Kf200k, + (Y1 + Y2) 507 + ¥ .”2 T on V1= 3 (4.70c)
5 S Tf . h
PP = Rfoq0k, + (V1 + ¥2) 2P + XW + yz,”—y2 q? on  §.= 3, (4.70d)
~ . qf,
pA qqxlxl + X(J1+ Y2) fa0ck, + xyzﬂ—q + dU4j %]
+ F2(X1,¥1,Y2) as X! ¥, (4.70e)
where the term )?|5)§11) in the right hand side of ( 4.70b) is
) - g2 1T 19 \l .
XP; 7 = X°— —  + X(y, + —f + X—— Uq(X1,Xq) .
X1 ﬂxl qﬂXl (yl y2) %1 2q ﬂX l( 1 l)

We point out that the last term in this expression is always eq ual to zero when U, satis es (4.68).
We note that, in contrast with the inner region in the bulk cas e (in which we had d inner

variables, X, and d outer variables or “parameters”, "X;), in the narrow case we have (2d 1) inner
variables, X, y1, and y,, and only one coordinate as a parameter, X;. The domain of problem
(4.70 is shown in Figure 4.5 It is an in nite square prism of edge length h with an oblique
circular cylinder with axis X = 0 and Yy, = y; removed.

The solution to (4.70 is found breaking the problem into several pieces and solvi ng the
resulting subproblems separately. The solution procedure , which is inspired by the solution of

the bulk case in 84.5, is given in detail in Appendix C.1; here we simply give the result. The
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Y1
y‘\L’

Figure 4.5 Domain of P in problem (4.70. It is a square prism with an oblique circular cylinder with
axis (X,y> Y1) removed.

solution P (K4, Y1, X, ¥>) of (4.70 is given by

- 1. 1, . qf o - .
PO = SRGux + 5 Vit B @ i+ 12+ Jafaffe + X G1fa00q + Fao( 0,
P o Mo o e 2 o~ oo o (4.71)
+ 2 qq(lxl q)?l ﬂ_xq Ql(x1y1!y2) + ﬂ_y ﬂ_X q Q2(X1y1!y2)
+ Uz(Xq, Xq),

where U, (a function from the outer) is left unknown and ~ Q; are obtained numerically. The latter
are de ned by Qi(i,yl,yz) = Vi(X/ P 2,V1,¥2), where ¥y and ¥, are, respectively, the solutions
to problems (C.9) and (C.10). In the expression above, g, f; and f, are functions of the “outer”
variable X; only, namely, g= q(Xi,t) and f; = fj(Xy,0).

We note that expression (4.71) contains two contributions from the outer expansion Pgt.
First, it contains the function U, from Péﬁ)t [see Eq. @.30] evaluated at x, = X;, which is still
unknown as mentioned above. Second, it depends implicitly o n U; from Péﬁ)t [see @.27)] through
the condition at in nity on Q. Speci cally, the parameter dU; of U; de ned in ( 4.68) is related
to Q; via

dU; = qokg O, %qz im J%.Ql(i,yl,vz),
where the right-hand side is completely determined by the se cond-order inner solution (see
Appendix C.1). On the other hand, the function U,(Xq,X2) is left unknown (it could be deter-
mined by matching higher order terms). Nevertheless, since it enters into the solution P? as a
constant in the inner variables, Uy(Xy, X1), it has a zero contribution to the collision integral |

as we will see in the next section. As a result, we will be able t o ignore it.
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4.7 Reduced Fokker—Planck equation for p

In this section we complete the transformations T; and T, depicted in Figure 4.1 First, using
the second-order inner solution P(d in (4.71), in §4.7.1we will evaluate the integral | in (4.43
and insert it into Eq. (4.20 to obtain a closed equation for the one-particle probabili ty density
p(x1,t). This step will complete the transformation T; from N to one particles. Second, the
transformation T, from a two-dimensional problem to an effective one-dimensi onal problem
(analogous to the point-particles case in 84.3) is carried out in §4.7.2

4.7.1 Collision integral — Part Il

We now go back to the asymptotic expansion for the collision i ntegral (4.43, which we write
again for ease of reference,

l=e M@+ @2,1 )+ O(e). (4.72)

The domain of integration (depicted in Figure 4.4 on page 98) is the contact or collision line
C‘yl. It corresponds to a slice at a given height y, of the internal cylindrical boundary of the
inner problem, see Figure 4.52 We note that, since it is symmetric with respect to X, any
odd component in X will vanish. The curve éyl is determined by angles ¢, and o, de ned as
g = arcsinl; with

li=max 8§ vy, 1, l,=min I y,1.

(These expressions determine whetherC‘yl is intersecting the channel walls or not.)

We begin evaluating the terms | (M and I, in (4.72 for which we had explicit expressions
(4.37 and (4.42), respectively. Using a polar parametrisation of C~I,71, (X,¥2) = (cosq,y1 + sinQ)
gives, respectively,

| O = 2f,7mp(h, §1), (4.73)
and
1y ~ > 12 .
b= Pe=m(h V1) + Pezmp(h, V1), 4.74
b=( ﬂxml( Y1)+ ¢ .ﬂynh( y1) (4.74)
where
z ) Zg q q
m(h,y1)= _ (Y2 Vi)dl =2 singdg= 2 1 12 1 12, (4.75a)
% h
2 L Zy, q q
m(hy1)= _ X?di=2 cosqdg=1, 1 13 Iy 1 I2+arcsinl, arcsinly, (4.75b)
% q
zCyl l~ Z q q
m(h,¥1)= _ (2 ¥1)?di=2 sin?qdg= 1, 1 13+1; 1 [2+ arcsinl, arcsinly.
(:)71 (o1
(4.75c¢)

SRecall the collision integral | contributes to the equation for the marginal density p(xi,t) associated to particle
1. Thus it makes sense that we only integrate out the two inner variables X and y, associated to particle 2, leaving
the third inner variable ¥, corresponding to the vertical position of particle 1 xed.
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We plot the graphs of these functions in Figure 4.6, and observe that my is an odd function of
Y1 while my and mp are even in ¥;. We note a qualitative change for h < 1: in all three casesm
cease to be pinned aty; = h/2 (at 0 for my and at p/2 for m and nmp). On the other hand, as
h > 1 increases, the plateaux (at O forny and at p for m and nmp) expand and the variation of m

becomes more localised near the boundary.

jm pben pen pien
O s wWN

§1/ h °0 §1/ h | ’ §1/ h
Figure 4.6 Functions nmy, my and mp for various values of h and y;. The horizontal axis shows Y,/ h and

the vertical axis is m/ p. The solid coloured lines correspond to cases h > 1, the dot-dash red line to
h = 1 and the dash green and blue lines to single- le cases (h = 0.5,0.75).

The reason of this qualitative change at h = 1 can be best understood considering the
situation graphically. In Figure 4.7 we sketch the narrow-channel domain for various heights
h. The physical domain (of width h+ 1 in the narrow-domain variables) is delimited by the
solid black lines, while the con guration domain (of width  h) corresponds to the yellow shaded
region delimited by dot-dash lines. When h > 1 (that is, particles can pass each other) and
jY1j < h/2 1 (particle 1 is not so close to the walls as shown in the plot on the bottom right of
Figure 4.7), the expression for m in (4.75 simplifyto my= 0Oandm = m = p. This is equivalent
to saying that, in Figure 4.4, the unit circle does not intersect with the channel walls. A t the
other extreme, for a purely single- le channel, h = 0, as shown in the top left plot in Figure 4.7
(the height of the physicalcontainer is then one, equal to the particles' diameter), m,i = 0,1, 2,
become zero (that is, the two pointﬁ corresponding to ei? and ¢ come together at zero).

The computation of 1= & |5é22)
tegrating the components of P(2 obtained numerically, Q;. Details are given in Appendix C.2;

(52 §1)+ P& diis rather involved as it requires in-

here we simply give the result:

~ qf . - . qf .
la=3 PO = P+ 2ff im(hy)+ agksm(n )+ o F e 2 mh )
(4.76)
P qf ~ qf qf ~
MICAEC R A LR ICAR N v N 0!
where J is the integral operator
z

J [QI(h,¥1) = q Qp(J2 V1) + QgX di. (4.77)

V1
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Nlw

Figure 4.7 Sketch of the channel domain (shaded in yellow) for differen t values of h with particles of

diameter one (note that here we are depicting the actual particles, not their excluded-area which has
radiusone). Single-le channel for 0  h < 1 (with h = 0 being the extreme case in which particles can
only move in the axial direction). When h = 1 particles can just pass each other, and forh > 1 (bottom
row) particles can more easily change order. In the plot on th e bottom right, the vertical coordinate of

particle 1 is such that jy;j < h/2 1, ensuring that its excluded area ts entirely in the domain (i.e, it
does not intersect with the channel walls).

The terms J [Q,] and J [Q-] are evaluated numerically with COMSOL; their values in terms of
h and ¥, are respectively displayed in Figure C.3 and Figure C.4 on page 198
Combining (4.73, (4.74), and (4.76 gives the nal result that

L(hy) el @+ (@241 p)

i f i i
= 2e 1P Hmy(h, 1) + 267 ’%—yﬂ 212 gam(h, §1)
qf . qf . (4.78)
+ 200K,z qz.ﬂ—xl m(h,y1) + ¢ .”—y2+ 212 mp(h, Y1)
P > Th 5 ~ ~ 1f2 Tf2 5. .« -
+2 2 qg O, Wq J [Qa](h,y1) + 2 v X q°J [Q2](h, Y1),

which depends on both the channel width h and the elevation of the rst particle Vy;. This
completes the transformation T, in Figure 4.1to reduce the problem from N to one patrticles.
As expected after integrating out the position of the second particle, the expression above only
depends on the location of the rst particle (X1,¥1) and the geometry of the problem. Aside
from the geometry dependencies on h, y;, and the numerical integrals J [Qi], the expression
above is a function of the horizontal coordinate X; of particle 1. Speci cally, the one-particle
outer density qand the drift term f = ( fy, f;) are all evaluated on the centreline of the channel
(X1,0).

Analogously to what we did in § 2.4.3for the bulk case, once the integral | is determined
in terms of the rst particle's position ™ x;, we can substitute it into the reduced FP equation
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(4.20 for the one-particle density function p(xy,t) (that is, a two-dimensional density). As in

the previous chapters, a normalisation condition on P will give us the connection between the
outer density g(X;,t) and p(xy,t) required to obtain a closed equation for the latter. In the ne xt
section we nalise the model reduction by performing the seco nd transformation T,, which
consists of eliminating the con ning dimensions [which corr espond to the vertical dimension
y1 in the (NC2) case]. We will obtain an effective one-dimensionatquation along the channel by
integrating (4.20 across the channel width.

4.7.2 Effective one-dimensional Fokker—Planck equation

Consider the reduced FP equation (4.20 for the one-particle density p:

%(XMF M [ xp f(x)pl+ 1, (4.79a)

wherel = e UMD +(20, 1 )+ is given in (4.78. In deriving ( 4.799 we have utilised the
boundary condition ( 4.17b on x, 2 W and kx; X2k = €, so that the remaining condition to
complement the equation above is

[r le f(Xl)P] =0 on X1 2 W.
Integrating this expression over x» 2 W(xz) for x; 2 W we arrive at
[r ,p f(x1)p] A1=0 on X1 2 W. (4.79b)

As we did for point particles in § 4.3 from this two-dimensional diffusion equation we shall
obtain an effective one-dimensional equation in the axial d irection. To this end, we write the
equation above in terms of the narrow-domain variables ( 4.5 and de ne p(X1,t) = ep(xy,t).
Under these variables, equation (4.799 becomes

P 1 9

- 1 [s) s ANa Y aNa 3
- (X,1) = é— ——  fi(Xq, € + — T efy(Xy, € + el 4.80a
ﬂt( 1,1) AT 1(X1,ey1)p W 2(X1,ey1)p ( )
with the boundary condition
16 Y N . h
—— = efy(Xy, e on = - 4.80b
R 2(X1,€y1)p Y1 5 ( )

We choose not to write the integral | explicitly in the narrow-domain variables as if we did so
we would end up with unnecessarily complicated elliptic int egrals. Instead, we leave it as it is
(as we have computed it in the previous section in the inner re gion variables). Note that the
scaling from narrow-domain to inner variables for the integ ral does not change [the perimeter
goes from being  2p P 1+ e)2 P 2p to 2p]. Also note that P and P are de ned with the
same scaling with respect to P (namely, with a factor of €?).

The derivation of the equation for p is identical as in the point-particles case from §4.3
with the exception of the integral term €l in (4.809 [compare with Eq. (4.78]. Expanding
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P(%1,t) = PpO(Xq1,t)+ epM(%,t)+  and noting that the leading order of €3l only appears at
O(e?), the rsttwo terms P(@ and pV) are the same we had found in (4.8) and (4.10), that is,

pO (%1, t) = B (Xe, 1)/ h, (4.81)
PO (R0, Y1,1) = F2(R, 0) PO (Re, 1) Y2 + B (R, 1)/ h. (4.82)

For clarity of notation, in the remaining of this section for ces f; are evaluated at (X1, 0) unless

otherwise stated. At second order,
! !

'np(°> 17 19 o 17 12 0 10,
,t - - f,p0  + — - f,p 25O 4+ (@, 4.83a
(Xg,1) = %, P W W 2P V1 Ty p ( )
with boundary condition on the channel walls
102 _ oy, o T2 , _ h
Wl = fL,p'Y + y1— Ty p on y1 = > (4.83b)

Integrating equation ( 4.839 over the channel's cross section and using the boundary conditions

(4.83b) and the expression for | (Y (4.73 we nd that
|

~(0) Zh,2
“pe Gty = - Tl 160 4 op T myh L) dys, (4.84)
Xy Xy hi2

with my given in (4.753. It can be easily seen that the integral of my with respect to y, vanishes

(0)

and hence we see that the leading order pg”’ satis es the one-dimensional advection—diffusion

equation |
A(0) '
ﬂpe 1 11Pe ~(0)
1) = — = f , 4.85
(Xq,1) = R R e (4.85)
which coincides with the point-particles case, cf. Eq. (4.12. The O(e®) of (4.80 is
|
'ITIO (D 70 A(1) f1 ~0)
1) = — —  f
(R, 1) = R TR, 1P Vi Ty p
oo ! (4.86a)
1 - . T2 yiTefa
+ L e O 222250 4o o,
R 2P Y1 Ty p 2 2 p al b
with boundary conditions
e 9 2 V2 1o R
= f5(%1,0 p(D + 2L 25O on = -, 4.86b
i 2(%1,0) p@ ﬂyp > .ﬂyzp %1 5 ( )

Repeating the same process of integrating Eq. @.8639 with respect to y; and using (4.86b to
eliminate p(® yields the following solvability condition

Z

~(1) ~(1) h
pe T TPe A1) _ 5

— £ f = 21, 1 ) dyy. 4.87
it R TR 1 Pe h/2( a |l p)dy: (4.87)
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Finally, writing Pe(X1,t)  Pe )(xl,t) + ep (xl,t) and combining (4.85 and (4.87) yields

e ., " .
I X1,t) = % fipe +e h/2(2|a| b) dY1. (4.88)

R
In order to nd a closed equation for Pe(X1,t) we must evaluate the integral (21 5 | ) dy;.

TPe

We introduce a new integral operator M [Q](h) as

Z n2
MIQIM = I [Ql(hy)dF, (4.89)
so that the integral in (4.88 becomes, using @.798),
Z h/2 ﬂ pP— ﬂf -
(2| a l b) d91 = 2qq?1)?1 q2_1 Ml(h)+ 2 2 qGk; %, qél _lq2 M [Ql]
2 x T (4.90)
ﬂfl ﬂfZ 2 X .
+2 — —= M :
v T [Q2]
where
Z hi2 4 2 [ —
Mi(h) = 2 mdy1=ph Z+Q(1 h) Z(2+ h>) 1 h2 2harccogh) ,  (4.91)
0
Rpyz

where Q(x) is the Heaviside step-function. In (4.90 we have used that 2 °° yimpdy; =

h/2
0

expression for M1(h) (4.92 (solid red line) alongside the numerical values obtained i n COMSOL

m dy; to eliminate the terms involving yimy and m in (4.78. In Figure 4.8 we plot the

(blue dots), and observe excellent agreement as expected. Note that M4(h) is linear in h for
h> 1, and it goes down to zero with a zero slope.

The integrals M [Q;] are computed in Appendix C.3. Although the functions Q1 and Q. were
only solved numerically in 8§ C.1.1.2 using information from their respective problems ( C.9) and
(C.10 we are able to deduce analytical expressions for their integrals M [Q;] in Appendix C.3,

namely that
MGl = My (@ 2), M (G2l = O. @.92)
Substituting these expressions into (4.90 and simplifying gives
Z hy2
o (21a I p)dys = (dok,)zMa(h). (4.93)

Becauseq is independent of the inner variables ( X,V1,¥2), we can write q(X3,t) = ge(X,t)/ h.
Moreover, the normalisation condition on P gives that qe(il,t) = Pe(X1,1)+ O(e) (see Appendix
A.3). Using this, the term (qo, )z, in (4.99 become “pe / h?. Substituting (4.93 into
equation (4.88 leads to

Ml(h) A ﬂﬁe

Pe
e P g

W l!t) =

4In fact, the reason why we also compute M1 (h) %M [%2](h) with COMSOL despite knowing its analytic value
is to check that the integration process of M is being correctly implemented in COMSOL, which will be requ ired to
evaluate numerically the integrals M [Q1](h) and M [Q>](h) in Appendix C.3.

1+ e

f1(X1,0) Pe - (4.94)
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M 1[h] v’. 0
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Eq. 4.9)
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Figure 4.8 Integral Mq(h) for different values of h. Analytical expression (4.91) (solid red line) and
numerical values (with COMSOL) (blue circles). Note that th e dependency is linear except for h small
(h< 1).

This equation is now a purely one-dimensional diffusion equ ation and hence we may write
f1(X1)  f1(Xq,0) for the horizontal force on the channel's centreline. It tel Is us that the proba-
bility density of particle 1 in a channel of height eh evolves according to a one-dimensional non-
linear diffusion equation, where nonlinear term eM(h)pe/ h? is the contribution of excluded-
volume interactions with particle 2.

4.8 The narrow-channel equation

The extension from two particles to N particles is straightforward up to O(e), since at this
order only pairwise interactions (together with the channe | boundaries) need to be considered.
Particle 1 has (N 1) inner regions, one with each of the remaining particles. Wri ting a, =
M1(h)/ h?, we arrive at

MWe,, . _ T ~ TPe oy A
ﬂt Xl1t) - ﬂil 1+( N 1)eah pe ﬂil fl(Xl) pe 1 (495)
with
1 4 2. ,P
ah = ph 3 +Q(1 h) §(2+ h“) 1 h?2 2harccosh) (4.96)

shown in Figure 4.9@). This is supplemented by no- ux boundary conditions at t he channel
ends x; = 1/2 (although we will also use periodic boundary conditions in some of the nu-
merical examples) and initial data Pe(X1,0) = Peo(X1). Equation (4.95 describes the probability
density for nding the rst particle at position X1 at time t. Since the system is invariant to
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permutations of the particle labels, the marginal distribu tion function of any other particle is
the same. Thus the probability distribution function for nd ing any particle at position X; at
time t is simply N Pe.

The nonlinear diffusion term in ( 4.95 is proportional to the excluded volume created by the
remaining (N 1) particles as well as the domain walls. The coef cient ay determines how this
excluded volume varies with the channel width h. We note that, because equation @.95 is an
effective one-dimensional diffusion equation, the exclud ed-volume term is also an effective one-
dimensional excluded interval, corresponding to the excluded area per unit length of the cr oss
section. For instance, the effective excluded interval of a particle of diameter 1 when h = 0 is
2 (see top left plot in Figure 4.7), since when the channel height becomes zero (pure single- | e),
the excluded area B¢(x1) created by a particle of diameter e becomes an interval of length 2e.
This explains why an-g = 2 [see Figure 4.9a)]. As the channel width increases, the value ay,
should approximately give the ratio of the area excluded by t he particle, p, to the cross section
length, h. This agrees with the decay p/ h of the coefcient a, ash! ¥, see @.96.

If, instead of the effective one-dimensional excluded segment, we want to consider how the
“real” excluded area varies with the channel's width h, we have to examine the quantity hay,
which is shown in Figure 4.9b). It is clear that the excluded area of a particle varies depending
on its position on the channel's cross-section: while a particle excludes an area ofp when it is
far from the channel walls ( e.g. particle 1 in the plot on the bottom right of Figure 4.7), it only
excludes half of this area when in contact with the channel wa lls (e.g. particle 2 in the same
plot). This effect, known as an entropic effe¢timplies that the average excluded area over possible
locations across the channel width decreases as the channeharrows (h'! 0). As the channel
width h grows, the boundary effects in which the excluded area is red uced contribute less and
less to the average value, implying that the average excluded area tends to the constant value
p ash! ¥, which corresponds to the “bulk” excluded area. This is conr med in Figure 4.9b).
The intuition for the average excluded area anh begin equal to zero at h = 0 is that in a single- le
channel the whole excluded area B¢(X;) is outsidethe channel (as illustrated in the top left plot
in Figure 4.7).

Now we move on to investigate the strength of excluded-volum e effects in terms of the
occupied volume fraction f and the channel width h. The occupied volume fraction in the
channel is

‘= Npe? _  Npe
~ 4h+ De  4h+ 1)’

by noting that the physical/actualkchannel width is (h+ 1)e (see Figure4.7). We then consider

(4.97)

the coef cient of the nonlinear term in ( 4.95, which we denote by g:

gh=(N Dea. (4.98)



4.8. The narrow-channel equation 115
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Figure 4.9 (a): Function ay in Eq. (4.96 (with an asymptote lim y, v a, = 0). (b) Function hay (with
an asymptote limy, y hay = p), which is the relevant excluded-volume quantity as the cha nnel width h
increases.

By assuming N large suchthat N 1 N, combining (4.97) and (4.98 we arrive at the approx-
imate expression
4
Oh af (h+ Day. (4.99)

We consider the approximate value (4.99 in Figure 4.10 The contour plot of g, in the (h,f)-
plane is displayed in Figure 4.1Q@a).
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Figure 4.10 Coef cient g in (4.99 for a two-dimensional channel (NC2). (a) Contour lines of g in the
h f plane. (b) Plot of g,/ f versus h. The relative maximum at h  1.47 is shown with a asterisk.

We nd that gy in (4.99 has a relative maximum at h  1.47 for all values of f, as ob-
served Figure 4.1Qb). Since g, represents the excluded-volume effects strength in the reduced
FP equation (4.995, this indicates that such effects are maximised, for a given volume fraction
f, when h = 1.47, that is, when the channel is approximately 2.5 times wider than the patrticles'
diameter. This situation is depicted in the plot on the botto m right in Figure 4.7. This is a new
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result with respect to the bulk case considered in Chapter 2: in the bulk case the nonlinear coef-
cient of the reduced FP equation ( 2.293 only depends on the particle volume fraction f [also
seen by the enhanced effective collective diffusion D(c) in (2.31) which increases linearly with
the concentration ¢]. In contrast, in the narrow-channel case the effective dif fusion coef cient
can be maximised, for a given particle volume fraction, by sp ecifying the channel width (or
equivalently, the particles' size).

This nding could have important consequences in practice. F or instance, consider the case
of ion transport through ions channels. One of the most fasci nating properties of ion channels
is their selectivity. For example, as Nimigean & Allen (2011 point out, it is intriguing that
potassium channels are able to select for potassium ions (with an ionic radius of 0.133 nm)
against smaller sodium ions (with ionic radium of 0.095 nm). Itis now well established that, for
the ion to ow through the channel, it must rstlose its hydrat  ion shell. This transition from the
ion hydrated state in solution to its dehydrated state is tri ggered by the selectivity Iter at the
entrance of the channel (Zhou et al.2001). Surprisingly, it turns out that potassium and sodium
ions have a very similar hydrated radius, namely 0.33 nm and 0 .36 nm respectively Israelachvili
1991 p. 55. Consequently, when hydrated, potassium and sodium i ons appear to be very similar,
and thus dif cult to select, on the basis of size. As a result, i t is plausible that, as well as the
channel activation at the selectivity Iter, the actual size of the ion in relation to the channel
width could have an effect on the effective ionic current thr ough the channel. This is where
our theoretical predictions could nd an application: our mo del predicts an optimal transport
when the channel width is 2.5 times the particles' size. Coul d this explain why potassium ions
are able to ow through potassium channels at very high rates while sodium ions are not?

Keeping in mind the caveat that our result is valid for simple d iffusion of hard spheres, it is
tempting to ask ourselves about situations away from Browni an motion in which this theoretical
maximum on the transport coef cient could be important. For e xample, imagine that we have
to design a lab-on-a-chip device in which the transport by di ffusion of a given species takes
place as fast a possible. Keeping the ow velocity xed, our ana lysis predicts that the optimal
design would correspond to having lanes of width approximat ely 2.5 times the particles' size.
Obviously in most lab-on-a-chip applications other physic s such as the ow dynamics and
hydrodynamic interactions must be taken into account, and f urther analysis to determine if a
local maximum is still present in such cases is required. Ano ther possible application is when
designing lanes for pedestrian ow, for example, in the entr ances of football stadiums. What is
the optimal lane width such that the transport of pedestrian s into the stadium will be fastest?
Again, while pedestrians may not be random walkers, the exis tence of a local maximum on
the con nement-enhanced transport coef cient could be an int rinsic geometric property (that
is, to do with con nement and the nite-size of particles) rath er than specic to Brownian
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transport. Whether these are applications of our particula r results or not, we believe that these
are questions worthwhile exploring.

4.9 Limiting cases: h! Oand h! ¥

The reduced equation (4.95 for the diffusion in a narrow channel of width  h can be interpreted
as an interpolation between two limiting cases: a single- le channel (h  0), and an uncon ned
domain (h! ¥), such as the one considered in Chapters2 and 3.

49.1 Limitto an uncon ned domain: h! ¥

As the channel width or the plates separation h increases, we expect the boundary effects con-
tained in ay, of (4.95 to vanish and to recover the “bulk” equation we had found for an O(1)
domain. In order to take the limit h! ¥, itis convenient to use the two-dimensional densities
rather than the axial ones. In other words, consider the version of equation (4.95 for p = pe/ h,

1 . 9p
— 1+(N 1) ha,e —
% ( ) ha,ep o

where ay, is given in (4.96. We note that the excluded-volume term has now an extra h, that

%m,t) = f1(R0) Pe (4.100)

is, the relevant quantity for the two-dimensional density p is hay, [shown in Figure 4.9b)]. For
h> 1, we have that ha, = p 4/ (3h) so that, in the limit h! ¥ [or H/ e! O (1)], Eq. (4.100

reduces to
1

X1

1p
X1

%(il’t): [1+(N  1)pep] fa(R)p (4.101)

4.9.1.1 Limit H! 0in the bulk equation

The limit h'! ¥ of the narrow-channel equation, Eq. (4.10J), should coincide with the limit
H ! 0 of the bulk equation derived in Chapter 2, which we rewrite here for ease of reference,

1 .
GO = T (N Dpe’plt up fOp W, @102)
0= [1+(N Dpe’plr x,p f(x)p fs on Tw.
Recall this model is valid for a “bulk domain” which has dimen sions of size O(1) in all direc-
tions. Now, imagine that W= 3,31 5.5 with H = O(1). We then investigate what

happens to (4.1029 as H goes from being O(1) to O(e). We proceed, as we did for the point-
particles case in 8.3 to perform the narrow-domain variables rescaling Xx; = X; and y; = ey,
and introduce P(X1,t) = ep(xy,t). Then H = eh and (4.102 transforms into

2 9P

e ﬂ(f(lft) = &f[1+(N  1peplps, (%, e¥1)pgy,

+ [1+(N  1peplpy, efa(Xs,ey1)p in w, (4.103a)

. . . . h
Py, = efa(X1,ey1)p  e(N  1)p ppy, on  y1= 3, (4.103b)
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recalling that w = i1 b8 . Expanding p(Xq,t) = pO(Xq,t)+ epPD (&1, 1)+  gives

PO (%,1)  PO(%q,1) at leading order, that is, independent of ;. In what follows we will need
the asymptotic expansion of the boundary condition at y; = h/2 (4.103h, which after using
yi-independence of the leading order solution reduces to

h i
epyl) + € p(2) + e p(3) = p(N 1) e2p© f)(}) +¢ po Iﬁ(AZ) + p0 f’éi) + ef,pO

4.104)

L Tf2 . RPN fif2 . (

+ e2 (0) + f (1) + e3 71 (0 (1) + f 5(2) +
ylﬂ P 2p > ﬂyl + V1 ‘ﬂyp 2p

where f,  fo(%X1,0). The O(e) of Eq. (4.1033 is 0 = f)§,1) f,p(0 g,» Which, combined with
the rst-order boundary ( 4.104, implies that p» = f,p(Qy;. At second order,

16

= 5o A(0) A(2) ) 2 o 2, T
it Py, fip 4 +opy, p(N 1Df, p y1 fs5+ Ty p yl’ (4.105a)
52 = 50 24 g 24 T2 50 , - h
By, = P(N Dfp p "+yp fi+ v P on  yi= 3. (4.105b)
Integration by parts gives
WO o - A0 ¢ a0
g = By fp© (4.106)

To get the nonlinear term of (4.103 in it is necessary to consider the third order. Following th e
same procedure as for the second order, this leads to the resut

R h i
79 R
I:n )= PP +(N Dpp@pY  fp@ . (4.107)
1

Finally, combining ( 4.106 and (4.10% and writing p = p(@ + ep® gives the nal result that, to
O(e),

lA 1+(N D ﬂ?
X1

This equation, which corresponds to the limit H ! 0 of the bulk equation (4.102, coincides as

f1(%1,0)p . (4.108)

%m,t) -

expected with Eq. (4.10), the limit as h'! ¥ of the narrow-channel equation (4.100Q for the
two-dimensional density p.

4.9.2 Limit to single- le diffusion: h! 0

Happy with the success of our equation in the narrow channel ( 4.95 to match with the bulk

equation as h ! ¥, now we move to the other extreme. Does equation (4.95 converge to
a single- le diffusion equation as h ! 0? To answer this question, we rst need the purely

one-dimensional version of our problem, namely the diffusi on of N hard rods of length e. This
problem has been studied extensively in the literature, alt hough the focus has generally been on
the dynamics of a tagged particle (Flomenbom 2010, Lizana & Ambjérnsson 2009) rather that
in the collective behaviour.
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We rst examine the behaviour of our ( 4.95 ash ! 0. In this limit, we have that ay
2 K26 + O(h*) from (4.96, and the narrow-channel equation (4.95 becomes, toO(e, h),
e, T 1P

m 1,t):.ﬂ—x1 1+ 2(N 1)'3|@e.”7‘13 f1(X1)Pe (4.109)

We see that the effective diffusion coefcient for N large (suchthat N 1  N) is D%c) =
(1+ 2c) with ¢ = Nepe being the particle concentration, which is consistent with that derived
in Ackerson & Fleishman (1982.> Next we will compare the limiting case ( 4.109 of our narrow-
channel model with the purely one-dimensional model for har d rods.

4.9.2.1 Single- le diffusion

It is well known that the one-dimensional diffusion of nite- size particles can be mapped onto
a point—particle problem ( cf. Lizana & Ambjornsson 2009). Using this trick, a fast diffusion
equation for the evolution for the marginal density of N rods of length e under no external
force (f1  0) and in the thermodynamic limit ( N ! ¥, L ! ¥ N/L! f nite)is found
in Rost (1989 [in French, seeBodnar & Velazquez (2009 for an explanation of Rost method in

English],
" 11
Tt e (1 er)2fixy
where r is the number density, related to our density by r = Npe. Expanding the equation

(xq,1) = (4.110)

above in e and inserting r = N pe we obtain, to O(e),

1Pe _ 1 JUN [
I X1,t) = ™ (1+ 2Nepe)‘”—Xl : (4.1112)

which agrees with our model in the appropriate limit h! 0. We show in Appendix D an alter-
native method to obtain the single- le diffusion equation (  4.109 using matched asymptotics on
the original problem (without elimination of the hard-core  parts). Our approach differs from

that in Rost (1984 in that it is valid for any N and allows an external force eld f, resulting in

exactly the same equation as equation @.109.

4.10 Three-dimensional cases

In this section we present the reduced continuum FP equation for the two three-dimensional

cases presented in the beginning of this chapter in 84.2 namely, a three-dimensional channel
of cross-section H? (NC3), and two parallel at plates separated by a small gap H (PP). The
derivation of these two cases follows similarly to the two-d imensional narrow-channel case,
the notation and manipulation are more cumbersome. For this reason, here we only show the

5Compare our effective diffusion coef cient with equation ( 2.32) of Ackerson & Fleishman (1982, which states
D¢ = D(1+ 2f). Inour notation, D = 1andf = Ne. We note that their formula is valid for a uniform concentrat ion
¢ Ne
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relevant quantities and nal result. First, we note below rel evant de nitions that change with
the problem dimension d:

Scaling of P in the narrow-domain variables [ cf. Eq. (4.6)]:
P(R1,%2, 1) = €*P(xq, X2, 1),
p(R1,t) = €p(xq,1),

where k < d is the number of con nement dimensions (that are O(e) and hence rescaled in
the narrow-domain variables according to ( 4.5).

Factor in transformation T, from a d- to a de-dimensional problem [ cf. Eq. (4.9)]:
P(R1,%2,t) = h ZPg(%y, %2, 1),
f)()’zl!t) = h kf)e()zl,t),
This factor is applied to functions which are constant in the cross-section.

Collision integral | [see @.35]: the circular curve of integration éyl (4.32b becomes the
spherical surface 6(371,21)’ where Z; is the Z-coordinate of particle 1. The parametrisation used
for this surface is

(X,V2,22) = (cosgsinf ,y; + singsinf,Z; + cosf).

Depending on whether k = 1 or 2, this surface may intersect (with signi cant probabili ty)
with 2 or 4 walls, respectively. For instance, in the (NC3) ca se, this means that only intersec-
tions with the four walls y;,z; = H/2 at the cross-section are considered, while the less
likely intersections with walls x; = 1/2 are ignored.

Functions m in (4.75 must be re-evaluated. In fact, only m and its integral over the cross-
section M1 [see @.91)] are required because all the other possible m's vanish when integrated
across the cross section (the same symmetry cancellations tat we have for d = 2 apply also
for d = 3).

4.10.1 Three-dimensional narrow channel (NC3)
The three-dimensional narrow channel (4.1b) is

W=

Nl
Nl
N|T
N|T
N|T
N|T

and has k = 2 con nement dimensions (recalling that H = eh) and d. = 1 effective dimensions
(that is, the effective equation is one-dimensional along t he channel).
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Following an analogous procedure to (NC2), the asymptotic e xpression for the integral is
now [ cf. Eq. 4.43] is
I e W+el@, 1 p)+ O(D), (4.112)

where 1 O | ; and |, are the obvious three-dimensional analogues of the two-dim ensional
integrals (4.37), (4.41) and (4.42), respectively.® The solution procedure of the inner problem in

three dimensions follows the same steps as in $.4.3and 84.6 for d = 2, and the nal result
is the expected generalisation of the two-dimensional asym ptotic expansion, whose terms are
(4.33, (4.34 and (C.233. We do not write the (NC3) solution here as it does not bring a ny new
ideas.

Once the inner solution P up to O(€?) is determined, the collision integral ( 4.112 is eval-
uated, which now involves integrals over the unit sphere 607121)- As shown in Figure 4.11),
this sphere may intersect with the four walls at y = h/2 and Z = h/2. On the sur-
face of integration lelzl), the variables of integration satisfy X 2 ( 1,1), y 2 (l1,l2) and
Z2 (I 1,12),with I3 = max( h/2 §;, 1),l, = min(h2 V;,1),1;=max( h2 Z;, 1)
and | = min(h/2  Z,1). Parametrising 6(37121) with ¥ and Z, the function m is [compare with
(4.75b1:

z o Ly q

D (h,y1,2) = - KdS= 2 R A ACIERALIEL 1 (Y y)? (Z 7Z)2dydz

e (4.113)
where 5 denotes the indicator function of the subset A. This expression contributes to the

integrals | 5 and | ,. We may skip the remaining terms in | (there are non-vanishing terms ny,
m and J [Vi] as in (NC2), as these disappear in the second integration step across the channel's
cross-section).

Figure 4.11 Surface of integration é(y"l,il) in (4.113. Itis a unit sphere which may intersect with up to
four walls depending on the lengths of [ and | j (shown in solid black and dash red lines, respectively).

6In the (NC3) integrals, the terms with ¥, and ¥, are “duplicated” with analogous terms with  #; and Z,.
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The following step is to insert the value of | into the quasi-one-dimensional equation for
p(x1,t) (4.799 and rescale the cross-section coordinatesy; and z;. The resulting equation is [ cf.
Eq. (4.809],

2'ﬂp 2 1 ﬂ—P f1(X1,ey1,€21)p + T ﬂ—P efy(Xy, ey1,€21)p
'ﬂXl X1 Wi Ty1 (4.114)
T 10 A 4 '
efs(Xy,ey1,€21)p + €',

122 721
where now p = €?p. Notice that the extra e in the de nition of P ends up in the integral
| . However, this cancels with the 1/ e in the de nition ( 4.112 of | ; therefore, the end result
is exactly the same equation 4.88 as for (NC2), except that the integral is now over a two-

dimensional cross-section:
ZZ vp

Pe, ., _ ﬂ_f)e " . i
W X1, ) ﬂﬁl fl Ppe t € o (2| a | b) dyle]_, (4115)

and Pe = h?p. Then we write [ cf. Eq. (4.93]
ZZ ppp

A 1P 1
(20 1 p) dy1d2; = (qa ) MEV(N) = Perce —MEV(h), (4.116)

hi2 ‘1%, h?
using again that ge = h?qand ge(X1)  Pe(X1) + O(e), and where Mfd) is the (NC3) counterpart
of (4.9)),
(4.99 Zhzln

MED(h) = ., n{l D dy,dz;. (4.117)

The evaluation of this integral is more complicated than its two-dimensional counterpart ( 4.91)
and its computation and nal expression are tedious. Details are given in Appendix C.4. We
nd it is of the form

MED(h) = 1—15Q(h 1) 8 15ph+ 20ph? + Q(1 hym(h), (4.118)

where the function m(h), given explicitly in § C.4, satis es that m(h) 2h*ash! 0. Combining
(4.114 with (4.116 and repeating the same reasoning as in &.7.2to go from N = 2 to N
arbitrary yields [ cf. Eq. (4.99]

TPe

e, ., _ (3d) " o\ A
— (X, t —A 1+(N  1lea, — f1(X , 4.119
T X1,t) = %1 ( ) ® 1%, 1(X1) Pe ( )
where a(3d) = Mf’d)(h)/ h* is equal to
) - 1 2
a L1 L5t 1) 8 15ph+ 2000 + Q1 hym(h) | (4.120)

h h4 15

for N large. This expression is shown in Figure 4.12a).
As in the (NC2) case, it is useful to consider how the nonlinea r coef cient in ( 4.119, which
we denote by g(3d) = (N 1ea] (39) , depends on h for a xed volume fraction f. Inthe (NC3)
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Figure 4.12 Excluded-volume coef cient in a three-dimensional channe | (NC3). (a) Coef cient afd) in

(4.120. (b) Coef cient hzafd) (appropriate for the reduced FP equation of the three-dimen sional density
p.

domain, the volume fraction is f = (4/3)p(e/2)3N/ [(h+ 1)e]?> and we nd that the nonlinear

coef cient gﬁgd) can be approximated by

g = pE(h+ 1)%fa B9, (4.121)

This expression is shown in Figure 4.13 Again, we nd that gfd) has a relative maximum for f
xed, which is now attained at h 1.28.

0 2 4 6 8 10
h

Figure 4.13 Coef cient gffd) given by (4.12]) for a three-dimensional channel (NC3). Plot of gf’d)/f

versus h. The relative maximum at h  1.28 is shown with a asterisk.

Limiting cases As in the two-dimensional case, it is interesting to examine the behaviour of
the (NC3) model (4.119 in the bulk limit ( h ! ¥ ) and the single-le limit ( h I 0). First,
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recall that for the bulk limit the one-dimensional density pe is not the appropriate and hence
we consider the equation for p instead. Inserting pe = h?p into (4.119 we nd that the relevant
quantity is [see Figure 4.12Db)]

. 4p
lim h2ald = & 4.122
g 3 ( )

which agrees with the value that one obtains from the analysi s of H ! 0 in the bulk equation,
analogously to the procedure in § 4.9.1.1for the (NC2) case.

Second, in the single- le limit we expect to recover the same e quation (4.109 as for (NC2),
since both two- and three-dimensional channels tend to a single-leas h! 0. Thisis con rmed
by checking that the limitas h! 0 of (4.120 is limy, Oaf’d) = 2 as required. This can also be
seen in Figure 4.12a).

4.10.2 Two close parallel plates (PP)

We now consider the three-dimensional domain ( 4.19 consisting of two parallel at plates sep-
arated by a small gap H = eh, like in a Hele-Shaw cell. It has one con nhement dimension z
(k= 1) and the dynamics are effectively two-dimensional on the xy-plane (de = 2).

Repeating the same procedure as in the previous section, theasymptotic expression for the
integral is now [ cf. Eq. (4.43 and (4.112] is

11 D+e@, 1 )+ O(e), (4.123)

where | O, 1, and |, are the expected (PP) versions of their (NC2) counterparts (4.37), (4.41)
and (4.42), respectively.®

Once more, an analogous procedure to (NC2) gives us the inner solution P up to O(€?), so
that (4.123 can be evaluated. The integrals contained in this expression are over the unit ball

6(371,21)’ which now may only intersect two walls, Z; = h/2. Such walls are located at distances
;= min(h/2 Z,1),1,=max( h/2 Z;, 1), oratcontact anglesf; = arccosl j,i = 1,2.
Then the (PP) counterpart of m in (4.75b) is
z Zy,Zy
nfi(h,y1,Z)= .  X°dS= 2(cosqsinf)?sinf dodf , (4.124)
f, 0

V1.21)
which is equal to
mi(h, 1) = %(I 3 3, 13+3y). (4.125)
The following step is to insert the value of | into the quasi-one-dimensional equation for
p(x1,t) (4.799 and rescale the transverse coordinatez;. The resulting equation is identical to

"The equation for the three-dimensional density p in the (NC3) is obtained starting from equation ( 2.29 with
d = 3 in Chapter 2 and substituting in pe = h?p. The resulting equation is the same than in the (NC2) limit ( 4.108
replacing the nonlinear coef cient by (N 1)‘—13‘3—e.

8In the (PP) integrals, the terms with ¥, and y; are replaced with 7; and Z,, and copies of the terms with X
replaced by y are introduced. Note that now in the inner variables, the two horizontal coordinates of the second
particle are written in relative terms of those of the rst pa rticle, namely, xo = Xy + eXand y, = ¥ + €.
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the (NC2) (4.809 (since in both cases there is one con nement dimension only) adding the extra
horizontal coordinate, namely,

)[e T 10 f A sya T 9P n o AN a
e p(X t 2 P f1(X1, Y1, €21) . f2(X1,¥1,€21) P
X1 iyr Ty1 (4.126)
1 p 5 B a5 \A 3 .
= — efz3(Xq,¥1, €2 + e°l .
5 3(Xq,¥1,€21) P
with p = ep. Integrating (4.126 over 2; yields
~ Z
[ 1Pe A , W2 5
——(Xq,t) = — f + e 2l 5 | dzy, 4.127
K t) = ‘ﬂx % 1 Pe /2( a | b)dZ; ( )

and pe = hp. Note that now p is a three-dimensional density taking variables x; = ( X1,Y1,21)
whilst pe is its effective two-dimensional counterpart, de ned in the  X1y:-plane. Then we write

[cf. Eq. (4.93)]

Z w2

h/2 (2| a I b) dil =T X1Y1 qr ilqu Mg(h) =T X1Y1 per lelpe 1(h) (4128)

using that ge = hgand ge(X1)  Pe(X1) + O(€?) (normalisation condition as in the bulk case in
8A.1). Herer gy, andr gy, account, respectively, for the divergence and the gradient operators
with respect to the planar variables X; and y;, and M{(h), the (PP) counterpart of (4.93), is equal
to
Z hi2

Mg(h):z0 nﬁdzlz% [M’(6 h?)]Q(1 h)+(8h 3)Q(h 1) . (4.129)

Combining (4.126 with (4.128 and repeating the same reasoning as in 8.7.2to go from N = 2
to N arbitrary yields [ cf. Eq. (4.99]

n (0]

ﬂID‘*(xl Vi) =1 gy 1+(N  1)e?alpe r gy, fe(R1,Y1)Pe | (4.130)

where fo = f1(X1,¥1,0), f2(X1,¥1,0) is the horizontal force and al = M{(h)/ h? is

aﬂz% [M’(6 h?)]Q(1 h)+(8h 3)Q(h 1) . (4.131)

This expression is shown in Figure 4.14a).

We now consider the expression of the nonlinear diffusion co efcient in ( 4.130, which
we denote by gf = (N 1)eal. Writing it in terms of the particle volume fraction f =
(4/3)p (e/2 )3N/ [(h+ 1)€], we obtain the approximate coef cient

= I09(h+ 1fa{, (4.132)

A plot of the ratio of g to f is displayed in Figure 4.15 Once more, we nd that gl reaches a
local maximum in the separation hforall f; nowitisat h= 1.2.
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Figure 4.14 Excluded-volume coef cient ( 4.131) in two close parallel plates (PP). (a) Coef cient aﬂ in equa-

tion for the effective two-dimensional density pe. (b) Coef cient haﬂ in equation for three-dimensional
density p.
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Figure 4.15 Coef cient gﬂ in (4.132 for two parallel plates (PP). Plot of gﬂ/f versus h. The relative
maximum at h = 1.2 is shown with a asterisk.

Limiting cases As in the (NC3), the expected limiting behaviour as h! ¥ is to match with
the three-dimensional bulk equation, whilst now the limit h ! 0 should converge to the two-
dimensional case studied in Chapter 2.

First, we consider the limit h! ¥ of (4.130. Inserting pe = hp into (4.130 we nd that the
relevant quantity is [see Figure 4.14b)]

. 4p
lim had = —. 4.133
im, Pl = 3 (.132)

This should agree with the limit H ! 0 analogous to that in 84.9.1.1but now for the (PP) scaling
(like the classical scaling in Hele—Shaw ow). The resultin g equation is [cf. Eq. (4.108],

m,. . a4 . . A o
ﬂ_ltj(xl’yl’t)z Mg 1+H(N 1)?pezp 2P Fe(RL YOI 29, (4.134)

which, as expected, is identical to (4.13Q with the h! ¥ coefcient (4.133.
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Second, the limit as h ! 0 of (4.13) is p [see Figure 4.14a)], thus giving an excluded-
volume coefcient of (N  1)pe?pe Which corresponds to the two-dimensional bulk case, see
(2.29 in Chapter 2.

4.11 Time-dependent solutions

In the present and following sections we assess the validity of the reduced model for the one-
particle effective density pe(X1,t) with Monte Carlo (MC) simulations of the full particle system.
In particular, we focus on the two-dimensional narrow-chan nel case (NC2) and compare the
population-level PDE ( 4.95 with the particle-level model consisting of 2 N-coupled SDEs @.2).
To test the importance of the excluded-volume interactions and the con nement, we also com-
pare with the corresponding solutions with point particles and the limiting casesash! 0,¥.
The numerical techniques for both the stochastic particle-level and the PDE population-level
models are similar to the ones used in the previous chapters. The effective one-dimensional
narrow-channel equation (4.95 is solved with a simple nite differences discretisation, t he one-
dimensional analogue to the two-dimensional scheme described in §2.7.1.2 Regarding Monte
Carlo (MC) stochastic simulations, two points are worth ment ioning. First, care must be taken
when implementing the re ective boundary conditions on the  cross-sectional walls. Recall the
way re ective boundary conditions were implemented in 8§ 2.7.1.%1 if a Brownian step sends a
particle outside the domain through a channel wall, jy;j > eh/2, equation ( 2.48b) gives the way
to re ect it back into the domain (replacing 1 by eh in that expression). However, (2.48b is
valid provided the particle has gone outside the domain by a d istance which is less than the
domain's dimension, eh in this case. Otherwise, the re ection would send the partic le across
the domain and out from the opposite wall. Now, for narrow cha nnels the situation described
is not so unlikely and must be contemplated. Therefore, in ou r narrow-channel simulation we
have modi ed the re ective boundary condition ( 2.48b) to consider such cases. Speci cally, for
a narrow channel with cross section [ eh/2, eh/2] and Y;(t + Dt) = Y;j(t) + 2—Dtxy,i we use
that

if jYj(t+ Dt)] > eh/2 then Yi(t+ Dt) Yj(t+ Dt) ehnint(Y;(t+ Dt)/ (eh)),

where nint() denotes the nearest integer function.

Secondly, to construct the histograms we divide the domain i nto 35 bins in the axial direction
and dhe bins in the cross-sectional direction. Subsequently, we average the histogram in the cross
section and multiply the result by h to be able to compare it to our effective one-dimensional
narrow-channel equation (in line with the two- to one-dimen sional densities transformation
Pe = hp). An example of this averaging process is shown later in the t ext. (The simulation data
in Figure 4.28 correspond to the cross-section averaged values of the hisibgrams displayed in
Figure 4.27)
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Figure 4.16 Effective one-dimensional density function pe(X1,t) for hard disks in a channel of width

eh with initial data uniformly distributed in ~ jX;j 0.1 and no- ux boundary conditions. Parameters

areh = 3,e= 0.01, andN = 30. (a) Initial (t = 0, cyan) and nal (t = 0.05, blue) densities from
MC simulations (data points) and the narrow-channel equati on (4.95 (solid lines). (b) Solution at time
t = 0.05 obtained from MC simulations (histogram), the narrow- channel equation (4.95 (solid blue line)
and the single- le equation ( 4.109 (dash red line). Histogram computed from 2  10* realisations of (4.2
with Dt = 10 °.

In Figure 4.16 we show the results of a time-dependent simulation with f 0, W =

2.3 el,ell ,e=0.01,h= 3,and N = 30. The initial density is uniform in the region
jX1j  0.1,jy1j  eh/2 and no- ux conditions are imposed at the channel ends X; = 1/2. The

nal simulation time is t = 0.05. The volume fraction is f 0.059 and the nonlinear coef -
cient g, is approximately 0.261. We also plot the solution of the sing le- le model ( 4.109, which
ignores the nite cross-sectional area of the channel (i.e, it assumesh 0). The agreement be-
tween simulations and the theoretical prediction of the nar row-channel equation (4.95 is very
good, whilst there are noticeable differences with the sing le- le prediction. In other words,
while the single- le model may be used to approximate diffusi on in quasi-one-dimensional do-
mains (such as the channel considered here), the fact that itignores the vertical movement of
particles produces errors in its predictions. The coefcien t a, in Eq. (4.96 can be used as a
measure of this error: we note that the corresponding value f or h = 3isa, 0.9, whereas the
single- le model predicts a value of 2. Therefore, using the s ingle- le model in a narrow chan-
nel of width h = 3 produces an error of roughly 120% in the nonlinear term a; of the diffusion
coef cient. In fact, doing the same calculation against the o pposite limit, thatis, h! ¥,k we
nd that for h = 3 we would be better off using the bulk equation limit than the single- le limit,
since the error committed in the nonlinear term ay, with the bulk limit is only of 16%.

The same numerical experiment of Figure 4.16 is used in Figure 4.17, but now we also
compare the results with the theoretical predictions for po int particles (4.13 and of the bulk
limit equation ( 4.107).° We note three things. First, that the excluded-volume effects due to the

9To compare the bulk limit solution  f, which is a two-dimensional density, with one-dimensional  densities of the
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Figure 4.17 Effective one-dimensional density function pe(X1,t) at time t = 0.05 of the same model as
in Figure 4.16 Comparison between MC simulations (histogram shown in cir cles), the narrow-channel
model (4.99 (solid blue line), and three limiting cases: (i) single-1 e equation (4.109 (dash red line),
(ii) bulk equation ( 4.10]) (dot-dash black line), and (iii) point particles equation (4.13 (cross-solid green
line).

nite-size of particles are important. Second, that our narr ow-channel model gives the closest
agreement with the stochastic simulations. And third, that the bulk limit prediction is closer to
the simulation results and to the narrow-channel model pred iction than it is the single- le limit
(as expected from our previous observation that for h = 3 the relative error of the bulk limit is
a lot smaller than the single- le limit one).

Next we consider a slightly different situation replacing t he no- ux boundary conditions
by periodic boundary conditions at the channel ends X; = 1/2 and with initial conditions
jX1 0. 0.1. Analogously to Figure 4.16 we examine the solution of the narrow-channel
model (4.95 against MC simulations of the full particle system and the si ngle- le equation
(4.109. As in the previous case, there is an excellent agreement béween the theoretical pre-
dictions of the narrow-channel model and its particle-leve | stochastic counterpart, whilst the
single- le model which ignores the cross-sectional area doe s not so well. In Figure 4.19 we
replicate Figure 4.18b) but incorporate to the comparison between the narrow-ch annel equa-
tion, MC simulations and the single- le equation, the point pa rticles case @.13 and the bulk
limit case (4.10]. Again, our model gives the best agreement with the MC simula tions results.

In the next gures we examine how the narrow-channel model com pares with three limiting
cases (single- le, bulk, and point particles) as some parameters of the problem vary. In the
previous examples we have seen that the bulk limit equation d id better than the single- le limit

other models, we plot the bulk limit density as  hp in Figure 4.17.
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Figure 4.18 Effective one-dimensional density function pe(X1,t) for hard disks in a channel of width eh
with initial data uniformly distributed in ~ jX; 0.2 0.1 and periodic boundary conditions at X; = 1/2.
Parameters areh = 3, e = 0.01, andN = 30. (a) Initial (t = 0, cyan) and nal (t = 0.05, blue) densities
from MC simulations (data points) and the narrow-channel eq uation (4.95 (solid lines). (b) Solution at
time t = 0.05 obtained from MC simulations (histogram), the narrow- channel equation (4.95 (solid blue
line) and the single- le equation ( 4.109 (dash red line). Histogram computed from 2 10" realisations of
(4.2 with Dt = 10 °.

13
1.2

11

0.9f

0.8

0.7 1

o}

-0.5 0.5

x>

1

Figure 4.19 Effective one-dimensional density function pg(X1,t) at time t = 0.05 of the same model as
in Figure 4.18 Comparison between narrow-channel model ( 4.99), the three limiting cases of (i) single-
le (4.109, h'! 0 (dash red line), (ii) bulk case (4.101), h ! ¥ (dot-dash black line), and (iii) point
particles (4.13, g, = O, (cross-solid green line) and stochastic simulation of the full-particle system
(circles). Parameters aree = 0.01,N = 30,h = 3, 10" MC rounds.

in the comparison with both stochastic simulations of the pa rticle-level model and the narrow-

channel model. However, this was only of a particular choice of parameters. In Figures 4.21
and 4.22 we compare the solutions to the narrow-channel model ( 4.95 (solid blue lines), the
single- le equation ( 4.109 (dash red lines), the bulk equation (4.10] (dot-dash black lines) and
the equation for point particles ( 4.13 (cross-solid green lines). While in Figure 4.21the channel
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Figure 4.20 Nonlinear coef cient g, of the four cases in Figure 4.21corresponding to the narrow-channel
model, g, 4(h+ 1l)a,f/ p (shown in solid blue line), the single- le model, g, 8(h+ 1)f/p (dashred
line), and the bulk case, g,  4(h+ 1)f (dot-dash black line). The black line with circles correspo nds to
on/ hinstead of gy, so that the bulk case can be compared with the one-dimensional coef cients.

width h is varied keeping the volume fraction f in (4.97) xed, °in Figure 4.22 we keep the
product (N 1)e xed while varying h.

Figure 4.20 shows how the nonlinear coef cient g, in the diffusion equation of the three
nonlinear models under consideration changes as h is varied. We note that the nonlinear co-
ef cient is zero for point particles [since the point-partic les equation (4.13 is linear], and that
the coef cient of the narrow-channel model is smaller than th ose corresponding to the single-
le and bulk limiting cases. As a result, we expect the later tw o models to overestimate the
excluded-volume effects for all heights h or, in other words, to predict a faster spreading than
the narrow-channel model. This was already the case in Figures4.17 and 4.19 We note that
both the single- le and bulk solutions change with h (even though their respective equations
(4.109 and (4.10] do not) since the particle's size e is being varied in order to keep the volume
fraction f xed.

In Figure 4.21 we show the effective one-dimensional density pPe at time t = 0.05 for a
xed volume fraction f while varying the channel width h. As expected, for h = 0.5 the
narrow-channel solution agrees very well with the single- | e solution, since in this case the cross-
sectional space is not enough to let particles pass each othe (see top right plot in Figure 4.7).
In contrast, the bulk case solution is far apart from the prev ious two, since the approximation
that boundary effects are negligible is poor for h = 0.5. As we increaseh, we can observe how
the single- le solution (in dash red) moves apart from the nar row-channel solution (in solid
blue), while the bulk case solution (in dot-dash black) beco mes closer to the latter. Whenh =5
we note that the narrow channel and bulk curves are nearly ove rlapping each other, indicating
that at this channel width the boundary effects are almostnegligible. This can also be predicted

10We keep the volume fraction f = Npe/4 (h+ 1) xed by varying e ash changes.
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Figure 4.21 Fixed f = Npe/4 (h+ 1) = 0.05 and various heights h. Effective one-dimensional marginal
density Pe(Xq,t) at time t = 0.05 with uniformly distributed in  jX4j 0.1 initial data and periodic
conditions, N = 100. Solution pe(X1,t) of the narrow-channel equation (4.95 (solid blue), of the single-
le equation ( 4.109 (dash red line) and for point particles ( 4.13 (cross-solid green line). Solution hp(Xq, t)
of the bulk equation ( 4.107 (dot-dash black line).
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from the graph of hay in Figure 4.9b), which shows how the excluded-volume coef cient of
the narrow-channel model approaches the bulk limit as h increases. In the plot we see that for
h = 5 the difference between the curve and the limit has been greatly reduced with respect to
the initial channel width of h = 0.5.

Figure 4.22 shows the effective one-dimensional density pe at time t = 0.05 for a variable
channel width hand (N 1)e xed. As before, we observe that the narrow-channel solution
(shown in solid blue lines) interpolates between the single - le solution (shown in dash red
lines) for h small and the bulk limit solution (dot-dash black lines) for h large. Note that since
(N 1)eis xed now, the single- le equation ( 4.109 does not change with h and, as a result,
all its solutions in Figure 4.22are identical.

4.12 Stationary solutions

In this section we study stationary solutions of the nonline ar narrow-channel equation (4.95),
that is, solutions Pe(X1) satisfying

(Hg@g% h(R)Pe= b, (4.135)
X1

where g, is given in (4.98 and % is an unknown constant of integration, equal to the ux
out through the right boundary. For no- ux boundary conditi onson X; 1/2, b 0 and
the degreeRof freedom from the rst-order derivative in ( 4.135 is xed by the normalisation
condition  PedX, = 1. For periodic boundary data, J is an extra degree of freedom in the
equation, which is determined by imposing periodicity. Asi n the previous chapter, we examine
the situation in which the drift f; is the gradient of a potential, fi(X1) = VYXy), where the
prime indicates differentiation. Then we may write Eq. ( 4.95 as

Pe, ., [
— + = .
It (Xq1,1) ﬂ)2l(peu) 0, (4.136)
where u = ﬂiil[log Pe+ gnPe+ V(X1)] is the ow down the gradient of the free energy
. Z . . 1 2 o ~
F (Pe) = o Pelog Pe + Eghpe"' V(X1)Pe dXi. (4.137)

The rst term in the integral corresponds to the diffusive int ernal energy, the second term
contains the excluded-volume effects (from the interactio ns between particles and also entropic
with the channel), and the third term is the potential energy . The stationary density of (4.139
is obtained by minimising the free energy F or by solving peu = k. For no- ux boundary
conditions, this simpli es to

log Pe+ OnPe+ V(X) = C,
with the constant C determined by the normalisation condition. In this next sub section we
consider a particular example of stationary solutions to ( 4.136 which represents an extension
of a well-studied system in its point-particles version.
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Figure 4.22 Fixed (N  1)e and various heights h. Effective one-dimensional marginal density pe(X1,1t)
at time t = 0.05 with uniformly distributed in  jX;j 0.1 initial data and periodic conditions, N = 30,
e = 0.01, andf = Npe/4 (h+ 1). Solution pe(Xq,t) of the narrow-channel equation (4.95 (solid blue),
of the single- le equation ( 4.109 (dash red line) and for point particles ( 4.13 (cross-solid green line).
Solution hp(Xy,t) of the bulk equation ( 4.10]) (dot-dash black line).
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4.12.1 Tilted Smoluchowski-Feynman ratchet

The one-dimensional advection—diffusion equation ( 4.13 for point particles under a periodic
asymmetric potential V(X1)*!is very commonly used as a model to describe directed transpo rt
by noise-assisted recti cation or ratchet effects. For example, it is used to describe intracellular
transport of molecular motors (such as kinesin) through mic rotubules (Munarriz et al. 2008.
Such systems are known asBrownian motorsor ratchet systemgReimann 2002.
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Figure 4.23 External potential V(x) = sin(2px) + 0.25sin(4px) Fx, for Ry
(right).

1 (leftyand iy = 3

In particular, we consider the problem of diffusion in a narr ow channel under a tilted peri-
odic potential V(X1) = Vp(X1) FoX1, which for point particles is described by the equation (see
Bressloff & Newby 2012; §l11.D.2)*?

" fpe
Xy

ﬂ_pe il,t) =

i
ﬂt V;())()zl) FO f’e +

\l
= (4.138)
where Vp(X1) is a one-periodic potential and Fy is a constant external force or tilt. It can be
shown that in the long-time limit the sign of the particle cur rent (or net motion) agrees with the
sign of the tilt R and that, in the absence of tilt (i = 0) there is no net motion (Reimann 2002.
An interesting feature of this model is that the relationshi p between the tilt /) and the ux %
is nonlinear. An example of this effect can be observed in Figure 4.24for the following ratchet
potential:

V(x) = sin(2px) + 0.25sin(4px) Fox. (4.139)

This potential, known as the tilted Smoluchowski—-Feynman p otential, has the property of bro-
ken re ective symmetry, which means that there is no Dx such that V( x) = V(x+ Dx) for all
x (Reimann 2002. Two plots of V(x) for different values of the tilt Fy are shown in Figure 4.23

WThatis, f1(%,0) = VA%y) in (4.13.
12\e have set the constants appearing in equation (3.47) ofBressloff & Newby (2012 to one.
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Figure 4.24 Steady state ux J versus tilt Ry from solving ( 4.140Q for increasing values of gy (from 0 to 1).
The coloured lines correspond to nite-size particles ( g, > 0). The thick black line corresponds to point
particles (g, = 0) as shown in Reimann (2002 Figure 2.3).

Our narrow-channel model ts well into the framework of ratch et systems, and we use it
to extend the idea of a Brownian ratchet for point particles ( 4.138 to nite-size particles in a
narrow channel which is not necessarily one dimensional. To this end, we consider the equation
for the stationary density ( 4.135 and substitute in the tilted Smoluchowski—Feynman potent ial
(4.139, giving i

(L+ Py +[Vo(%0)  RolPe= &,
Pe( 1/2) = pe(1/2), (4.140)
Z
U Pe(X1) dXy = 1.
For each tilt Fpy, we must nd the ux } and the stationary solution Pe(X1) such that the periodic
and normalisation conditions are ful lled. We solve this pro blem numerically using Chebfun
(Trefethen et al.2011) in MATLAB.

The diagram of the resulting steady ux J versus the tilt Ry is shown in Figure 4.24 for
increasing values of g,. We observe that the relationship is nonlinear for point par ticles (g, = 0O,
thick black line), but it appears to become linear as excluded-volume effects get larger (i.e, as
On increases). This is physically reasonable, since point paticles get trapped in the wells of
the potential (see Figure 4.23, even if relatively small, unless an unusually large Brown ian step
makes them overcome the potential barrier. In contrast, it i s easier for nite-size particles to
escape, as they may not all tin the potential well and the nonl inear diffusion makes the barrier
more easy to overcome.
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Figure 4.25 Stationary solution Pe(X1) under the tilted Smoluchowski—Feynman potential ( 4.139 for
various values of Fy. Solutions of (4.140 for point particles, g, = 0 (left) and for nite-size particles with
Oh = 0.6 (right).

Solutions of (4.14Q for an increasing value of the constant force R (varying from -6 to
+6) are shown in Figure 4.25 The left panel corresponds to point particles (g, = 0), while
the right panel corresponds to nite-size particles with g, = 0.6. As predicted by the iy b
diagram, the solutions for nite-size particles are attene d in comparison to the point particles
counterparts (note the change in scale of the ordinate axis between the two plots). In Figure 4.26
we compare the stationary solutions pe for point particles ( g, = 0) and nite-size particles (with

an excluded-volume coef cient of g, = 0.15) in two tilting scenarios: for iy, = 6 and for
Fh = 2.5. We observe that while the solutions are almost overlapping for a tilt of Ry = 6,
they are considerably different for Fy = 2.5. This is because forky = 6, the potential V is so

tilted that it ceases to have a local minimum within each peri od. As a result, the “advantage”
of nite-size particles that could more easily overcome the | ocal minima in the potential is lost,
and hence the similarities between point and nite-size part icles stationary solutions.
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Figure 4.26 Stationary solution pe(X1) under the potential ( 4.139. Solutions of (4.140 for g, = 0 and
Oh = 0.15,andRy = 6 and Ry = 2.5 (left). Difference in pe(X;) between g, = 0 and g, = 0.15 for Ry
varying from -6 to 6, diff : = pejg =0  Pelg,=0.15 (right). The thick black line corresponds to Fy = 2.5, for
which kdiff ky is maximised.
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To conclude this chapter, we examine how the narrow-channel model with the tilted Smo-
luchowski—Feynman potential ( 4.139 compares with stochastic simulations of the particle-lev el
model. To this end, we use the Metropolis—Hastings algorithm described in §2.7.2.1to sample
from the stationary density of the full-particle system, an d compare the resulting histogram
(averaged over the cross section) with the stationary solutions pe of (4.140. We consider the
(NC2) case for which the coefcient g, is maximised for a xed volume fraction f, thatis, a
channel of height h = 1.47 as illustrated in Figure 4.1Qb). The other parameters used in the
simulations are e = 10 3, N = 133 and iy = 2.5. We note that, by setting h = 1.47 and
Fo = 2.5, we are maximising the differences between the point-particles and nite-size particles
solutions in our model. We are interested to see whether these differences are also apparent in
the stochastic simulation results.
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Figure 4.27 Histogram of the stationary density p(X;) under the external potential V in (4.139 for point
particles (top plot) and nite-size particles (bottom plot ). Parameters arey = 2.5,h = 1.47,e = 10 3,
N = 133. Histograms computed by 10’ MH steps.

Figure 4.27 displays the histograms obtained from 10 ’ steps of the MH algorithm. We have
subdivided the narrow channel into 3 and 41 bins in the cross- sectional and axial directions,
respectively. The histogram for point particles (upper plo tin Figure 4.27) does not vary in the
cross-sectional direction as expected. In contrast, the histogram for nite-size particles does
display some variation in the y;-direction: more particles want to be near the boundaries th an
in the centre of the channel. This is because a hard-disk particle on the boundary excludes
only half of the area that would exclude in the centre of the do main (recall that the channel of
width h is the domain available to the particles centres not the physical domain), and this is
entropically favourable.
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Figure 4.28 Stationary effective one-dimensional density pe(X;) under the ratchet potential ( 4.139. Solu-
tions of (4.140 for point particles ( g, = 0, dash red line) and nite-size particles ( g, = 0.1, solid blue line),
with Ry = 2.5,N = 133,h = 1.47,e = 10 3. Cross-sectional averages of the histograms in Figure4.27for
point particles (red asterisks) and nite-size particles ( blue circles). Stationary solution of the single- le
equation (4.109 is shown in a dot-dash black line.

As we did in 8§ 4.7.2to derive an effective one-dimensional narrow-channel mod el, we pro-
ceed to cross-average the stochastic results in Figure4.27to obtain the effective one-dimensional
histograms and compare them to the theoretical predictions pe(X1). This is done in Figure 4.28
We plot the theoretical predictions by solving ( 4.140Q for both point and nite-size particles
alongside their respective simulation counterparts, and o bserve an excellent agreement in both
cases. We examine the importance of taking into account the actual width of the channel, which
in this example is only h = 1.47, by solving the analogous stationary problem for the si ngle- le
model (4.109. We plot the result (dot-dash black line in Figure 4.28 and observe that the single-
le model overestimates the excluded-volume effects, as dem onstrated by the atter density
pro le.

Finally, we show two more examples analogous to that in Figur e 4.28for two more tilts F.
If Figure 4.28 corresponded to a tilt /iy = 2.5, in Figure 4.29 we show the situation when the
tilt is zero (FRy = 0) and when the potential is tilted to the left ( iy = 2.5). Once more, we
observe good agreement between the stochastic simulationsand the theoretical predictions for
both point particles (red asterisks and dash red lines) and n ite-size particles (blue circles and
solid blue lines). Likewise, the effects of a nite channel wi dth and the nite-size of particles
are shown to be important, as manifested by the differences between the solution for nite-size
particles in a narrow channel and those corresponding to eit her ignoring the size of particles
(i.e, for point particles) or the channel's cross-section (i.e, single- le model).
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Figure 4.29 Stationary effective one-dimensional density pe(X1) under the ratchet potential ( 4.139 with:
(a) No tilt, Iy = 0. (b) Tilt to the left, iy = 2.5. Averaged histograms and solutions of (4.140 for point
particles (g, = O, red asterisks and dash red lines, respectively) and nite -size particles (g, = 0.1, blue
circles and solid blue lines, respectively). Stationary solution of the single- le equation ( 4.109 (dot-dash
black lines). Other parameters areh = 1.47,N = 133,e= 10 3.

4.13 Discussion

In this chapter we have considered the diffusion of nite-siz e particles in con nement condi-
tions such as narrow channels or Hele—Shaw-like domains. By con nement we mean that some
dimensions of the container are of size comparable to the particles' size, so that particle—wall
interactions become important and boundary effects cannot be neglected as we did in previ-
ous chapters. It is also in such cases that the nite-size of particles may not be ignored since
excluded-volume effects become important.

Once more, the goal was to derive the continuum Fokker—Planck equation from its discrete
counterpart. However, this time a further model reduction w as performed exploiting the fact
that, in the con ned dimensions, equilibration is relativel y fast and an effective FP equation in
the uncon ned directions only can be derived. In the case of a n arrow channel, for instance, the
analysis from Chapter 2 would have led to a three-dimensional FP equation (ignoring boundary
layers); in contrast, in this chapter we found that the dynam ics at the population scale are
well-approximated by an effective FP equation along the axi al direction.

The derivation of the population-level model in the conned ¢ ase was more challenging
than in the corresponding bulk case as it required solving up to the second order inner prob-
lem (instead of only up to rst order) to obtain the rst-order ¢  orrection in the FP equation.
Moreover, the inner problem is dimensionally higher that the ir bulk counterparts (since the
inner region “spreads across” the whole con ned direction), adding extra complications to the
solution procedure. We found that the result is once more a no nlinear diffusion equation, but
now the nonlinear coef cient depends on the con nement length  h (the narrow channel width
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or the separation between Hele—Shaw plates) in a non trivial way. Many interesting results and
valuable insight can extracted from such nonlinear diffusi on versus con nement dependency.

The coef cient of the nonlinear diffusion gy, which accounts for excluded-volume effects,
may be written in terms of the particles' volume fraction and the con nement parameter h. In
this form, it can be seen that the excluded-volume coef cient possesses a maximum at a nite
value of h, implying that there is an intermediate value of h (between total con nement when
particles cannot pass each other,h = 0, and no connement at all, h! ¥) in which steric
effects are maximised. This is an important result with many potential real world applications.
For example, it would be interesting to explore the connecti on of this result with ion channel
selectivity. Could this explain the relationship between t he size of a particular type of ion and
the width of its ion-speci ¢ channel, if any? Going one step fu rther (away from our Brownian
transport model), we wonder if this effect could explain oth er real-life situations and a similar
analysis could provide them with mathematical justi cation . For instance, in the movement of
crowds or traf c, it is common to see barriers to divide the spa ce into lanes with the aim to
facilitate motion ( e.gcones to prevent cars from changing lanes or pedestrian barriers in the
entrance of a football stadium). What is the optimal width of the lanes in order to maximise
size-exclusion effects and hence increase the transport etiency? If pedestrians or cars were
random particles and our model was valid, the optimal width w ould correspond to the width
for which the g, coefcient is maximised. It would be a interesting to explore if a similar
technique could be used in models of pedestrian or traf c ow, and investigate the existence of
local maxima in the transport coef cients.

We have considered the limiting cases when the width h is set to zero (extreme con nement)
or sent to in nity (no con nement) of our model. Interestingly , the resulting equations coincide
with the corresponding models, so that our model is able to in terpolate between the whole range
of con nement conditions. The limit h = 0 corresponds to single- le diffusion (for a narrow
channel) or to a purely two-dimensional diffusion (for a Hel e—Shaw cell), whereas the opposite
limit h! ¥ recovers the uncon ned bulk case we considered in Chapter 2. The collective
diffusion equation for a single- le, already known due to  Rost (1984, has been derived in
Appendix D using our method based on matched asymptotic expansions. This implies that
only one model is able to describe very different diffusion p rocesses (single- le versus two- or
three-dimensional diffusion) and explain how the transiti on occurs. Moreover, it is a useful
analytical tool to predict the error that is being committed by using the limiting models, that
is, either ignoring the fact that particles can (quite) pass each other and using the purely one-
dimensional single-le equation, or neglecting con nement ¢ onditions and boundary layers.
We performed numerical simulations for the two-dimensiona | narrow-channel case to con rm
that, (i) our model interpolates well between a single-le di ffusion and an uncon ned two-
dimensional diffusion as the channel width h increases and (ii) the theoretical predictions of the
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continuum model compare well with Monte Carlo simulations of  the corresponding full-particle
system.

We have used our model to explore what happens to a particular type of problem which
arises in many important applications, namely the case of a o ne-dimensional diffusion under
a tilted periodic potential, which is used in Brownian ratch et models of molecular motors
(Reimann 2002. An important question in such models is the relationship b etween the tilt
and the effective ux at steady state, which is typically non linear. Moreover, the net motion is
always in the direction of the applied force and no net motion can be obtained in a purely peri-
odic potential (i.e, with no tilt). We have investigated how this picture change s when nite-size
particles and intermediate con nement conditions are allow ed. In particular, we were interested
to see if the monotonous nonlinear tilt— ux relationship is  preserved, or whether a reversal in
the direction of ux with respect to the tilt is possible. Our analysis showed that not only is
the monotonic relationship preserved, but also that the non linear curve tends to a linear one as
the excluded-volume strength is increased. This result can intuitively be understood by noting
that as particles increase their size they are less affectedby the periodic wells of the potential
(as particles Il up the well and can “jump” out of it more easil y) and the effective external
potential is simply the tilt component Fox. (Note that if point particles were under a linear
potential their ux vs. tilt response curve would be linear. )

Two directions in which the analysis presented in this chapt er could be extended are to
incorporate two species in a con ned domain and to allow for a v ariable cross-section. The
rst extension would correspond to combining the analysis of the present chapter with that of
Chapter 3. However, the combination of the two models is not straightf orward since the model
of two species in a narrow channel must account for the fact th at as the channel becomes single
le, the order is xed and it matters since blues and reds are dis tinguishable. In other words,
we expect a qualitative difference in the model as h cross the value of one: for h > 1, even if all
the red particles were initially to the left of the blue parti cles, we expect the two populations to
mix together (that is, the jump in the initial density pro les  will spread); in contrast, for h< 1, if
the two populations are segregated initially, they will sta y like that for all times, and we expect
to see a sustained wave/shock in the population-level densi ties. In connection with this issue is
the fact that the self-diffusion of a particle is not de ned in  one-dimensional systems (Ackerson
& Fleishman 1982).

Second, it would be interesting to extend the model of diffus ion of point particles in a tube of
varying cross section, that is, the Fick—Jacobs model in &.3.], to the case of nite-size patrticles.
This would require modi cations in our inner problem since th e channel walls at y = h/2
would become x-dependent. While it might be possible to take such walls to b e approximately
at in the inner region [provided that  h(X) is a smooth function of X], the matching conditions
with the outer region should be reconsidered carefully. A re lated problem would be to match
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a narrow channel with two bulk domains in each end; such a geom etry would have important
applications in the area of ion channels.
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Chapter 5

Diffusion of soft spheres

5.1 Introduction

Up to now we have considered systems of hard-core interactin g particles, which cannot overlap
each other. The hard-core interaction potential is either i n nity for overlaps, or zero otherwise,

(¥ r e
ups(r) = 0 (5.1)

r> e,
where r = kx; Xk, i 8 |, is the distance between particle's centres and e is the hard-sphere
diameter. This means that there are internal boundaries in t he con guration space WY caused by
illegal con gurations (con gurations with associated energ vy in nity), on which the interparticle
forces can be implemented as no- ux boundary conditions. In the cases considered in the last
three chapters, we found that the excluded-volume effects i ntroduce a quadratic term in the
diffusive part of the reduced Fokker—Planck (FP) equation. The coef cient of this term is related
to the excluded volume created by the particle's nite size.

In this chapter we generalise the interaction between parti cles to short-range soft-core po-
tentials. We consider the system is isotropic, so that the pair potential is a function only of the
separation distance. We begin in 85.2 by giving some examples of popular soft-core potentials
commonly adopted in physical and biological applications, to then introduce the particle-based
model of the system in §5.3. We then proceed in 85.4 to reduce such patrticle-level model to
the population-level model using the method of matched asym ptotic expansions. We nd that
the resulting FP equation has the same structure than its hard-spheres counterpart, except that
now the nonlinear diffusion coef cient a, depends on the pair interaction potential u through
an integral expression.

We compare our result for soft spheres with two previous appr oaches based on closure
approximations in 8 5.5. First, we consider the most common closure approximation, which
assumes independence between particles to evaluate the intraction integral resulting from the
dimensionality-reduction procedure. A fundamental probl em with this approximation for short-
range potentials is that it assumes that particles are not correlated precisely in the region where
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their correlation is most important, namely, when they are ¢ lose to each other. The result of this
rst closure method is again a nonlinear diffusion equation w ith a potential-dependent non-
linear coef cient @, although this coef cient is different from the one we obtain via matched
asymptotic expansions. In particular, the closure coefcie nt @, is not de ned (since the inte-
gral diverges) for several common soft interaction potenti als. Second, we review the method
by Felderhof (1978, which employs a closure approximation on the pair correla tion function
instead of the two-particle density. The result in this case is a linear diffusion equation for
the perturbation from equilibrium of the one-particle dens ity; his result corresponds to the
linearised version of our nonlinear diffusion equation. In  particular, he obtains a concentration-
dependent diffusion coef cient that can be related with our ¢ oef cient a,. In 85.6 we examine
and compare the values of a, and @, for several soft potentials u.

The validity of the derived model is tested in § 5.7 by comparing its solutions with simu-
lations of the full particle system as well as with those prov ided by the rst closure method.
The Monte Carlo methods for the particle-level model need to b e modi ed in order to simulate
soft-interacting particles. We perform both time-depende nt and stationary simulations for two
different systems for which both a, and a, are well-de ned, and we nd that our model agrees
well with stochastic simulations and outperforms the closu re approach predictions.

To conclude the chapter, we explore two consequences of our analysis. First, we obtain
an effective hard-sphere diameter characterising each sot pair potential. This allows us to
study the properties of a system of soft spheres by mapping it to an equivalent system of
hard spheres. Second, we introduce the concept of H-stability, which also characterises the
interaction potential and determines whether the thermody namic limit of the particle system
exists. A convenient test of whether a interaction potentia | is H-stable or not is given by the sign
of the coef cient a,. Because this coef cient is not de ned for many common pair pot entials,
we ask ourselves whether our modi ed coefcient a,—which doesexist for such potentials—
could provide a useful tool for the study of H-stability for a more general class of interaction
potentials.

5.2 Soft interaction potentials

The hard-sphere (HS) potential (5.1) supposes patrticles are impenetrable spheres of diameter
e. In many cases, this potential is a highly idealised version of the real situation, and it is only
used as a rst correction to the interaction-free cases because it is simple and convenient to
use in computer simulations. Repulsive soft pair potential s are appropriate to account for the
softness of real ions or molecules, or the fact that animals or people may repel each other over
a region (personal space) rather than at a particular distance (excluded-volume space).
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The simplest soft pair potentials consist only of a short-ra nge repulsive part, but pair po-
tentials with both repulsive and attractive parts—such ast he Lennard—Jones potential—are also
very common. In the following we present some examples of the se.

A generalisation of the HS potential is the soft-sphere (SS) potential, which assumes the
form

usdr)=(e ", (5.2a)

where e is a measure of the range of the interaction (related to the effective particle's size) and
n is the softnessparameter which characterises the particles. Note the the SS model contains
the HS model as a limiting case (n! ¥ ), as well as the Coulomb interaction (n = 1) (Mulero
2008 Chap. 9). Other common purely repulsive potentials are the exponential (EX) potential
(Israelachvili 1991)

ugx(r) = e "€ (5.2b)

and the repulsive Yukawa (YU) potential ( Hamaguchi et al. 1997
_ € r/e
uyy(r) = P (5.2¢)

This potential, also known as screened Coulomb,! may be used to describe elementary particles,
small charged “dust” grains observed in plasma environment s, and suspensions of charge-
stabilised colloids (Hynninen & Dijkstra 2003 ). This is not to be confused with the hard-core
Yukawa potentigl which combines a hard-core potentials with an attractive t ail (Hansen & Mc-
Donald 2006; §81.2).

To model various physical systems it is convenient to incorp orate an attractive part to the
repulsive pair potential. The most common situation is that particles repel each other in the
short range and attract each other in a longer range. For example, the SS potential in (5.28 may
be generalised to a power-law repulsive—attractive potent ial of the form u(r) = (e/ )2 (el r)®,
with2 d b a(Balaguéetal.201]). The most famous example of this class of potentials is
the Lennard-Jones or 12-6 potential, for which a= 12 and b = 6,

e 12 e 6
uLJ(r) = - — (52d)
r r
Another common repulsive—attractive potential is the Morse (MO) potential
1
umo(r)= e e Zelle (5.2€)

C

1Small particles immersed in a plasma typically acquire nega tive charges, due to the high mobility of plasma
electrons. The Coulomb interactions between such particles are modi ed by their Debye sheaths, and the interparticle
potential may be approximated by the potential ( Hamaguchi et al. 1997

_ Q% i,
u(r) = 4p#0re '

where Q is the particles' charge, # the vacuum permittivity and | p the Debye length. This is why the YU potential
in Eq. (5.29 is known as a Yukawa-type (screened Coulomb) pair potentia I.
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where C and | are, respectively, the relative strength and typical lengt h of the repulsion to
attraction. The most relevant situations for biological ap plications are given for C> land| < 1,
which correspond to short-range repulsion and weaker long- range attraction (Carrillo et al.2010.
Both the power-law and the exponential repulsive—attracti ve potentials are commonly used to
model interactions between atoms or molecules, but also in biology (see Balagué et al.2011, and
references therein). In Figure 5.1 we plot examples of all these interaction potentials.

2

\ ‘
| ups, Eq. 4.
' uss EQ. (5.29
‘ —e— Ugx, EQ. (6.2b)
ll — — Uvu, Eq (52() |
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|
|
|
|
|

15}F !

-0.5

Figure 5.1 Interaction potentials. Potential SS corresponding to n = 4 and Morse potential for C = 4 and
| = 0.6.

From now onwards we will consider a generic short-range soft -core radial pair potential
u(r). Mathematically, we require u(r) to decay to zero suf ciently quickly at in nity (this will
be made concrete later in the text) and to be a function of r/ e, for e 1, so that its action is
of order O(e). While the potential may contain an attractive part, such as potentials (5.2d) or
(5.26, it must be weak enough so that we can assume that, as in the had-sphere case, pairwise
interactions are dominant (i.e, the attractive part must decay fast enough at in nity). Even
though the SS potential (5.29 itself is known as the soft-sphere potential, we shall use t he term
soft spheresnore generically to refer to all particles whose interactio ns are soft core, that is,
described by any soft-core potential such as the ones in (5.2).

5.3 Soft-sphere model

In this chapter we consider N particles that interact via a short-range soft-core potential u(r)
diffusing in a bounded domain W RY d = 2,3. We use the same non-dimensionalisation
as in Chapter 2 so that the size of the domain and the diffusion coef cient are normalised to
unity. The interaction potential u(r) has range O(e), with e 1, which means that its action is
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negligible for distances much larger than e. We suppose that the particle—wall interactions are

hard-core.? We denote the centres of the particles by X;(t) 2 Wat time t 0. The function u(r)

gives the interaction potential between two particles at a d istancer. The interaction potential of

a system of N particles is, assuming pairwise additivity, the sum of isol ated pair interactions
UE)= a ukx xk), (5.3)

1i<j N
where % = ( X, ...,XN) is the N-particle position vector. Then the interaction force acti ng on the
ith particle due to the other (N 1) particles is given by

') = 1 U= &r xulkx xkK). (5.4)
i6i
Recall that forces are non-dimensionalised with the mobili ty (the inverse of the drag coef cient)
so that we can talk about a force acting on a Brownian particle (see 8.2). This force f(x) is
added to the external force f®!(x;) (identical for all particles) to give the total determinist ic force
acting on the ith particle, fi(x) = f!'(x) + f¥(x;). The centre of each particle evolves according
to the SDE
dXi(t) = fi(X(t))dt+ pédwi(t), (5.5)

where X(t) = ( X1,...,Xn) and W; are N independent d-dimensional standard Brownian mo-
tions. Note that interparticle interactions are now built i nto the drift f; instead of as boundary
conditions on the collision surfaces as in the hard-sphere case. Finally, we suppose that the
initial positions X;(0) are random and identically distributed.

The counterpart of (5.5) in the probability space is the FP equation

1P " "
OO0 = Fa FxP F(P in W, (5.62)

where P(%,t) is the joint probability density function of the N particles being at positions x =
(X1, ...,xn) 2 WN attime t and F(X) = (f1(%),...,fn(%)). Equation (5.68 is now de ned in the

wholeWN, since with a soft-core potential there are no illegal con gu rations, only con gurations

much less likely than others. On the domain boundaries JWN (if W is bounded) we have the
re ecting boundary condition

r«P FG)P A=0 on WV, (5.6b)
where 1 2 S9N 1 denotes the unit outward normal. The initial condition is
P(x,0) = Po(*), (5.6¢)

with Py invariant to permutations of the particle labels.

2An alternative is to assume the particle—wall interactions is also determined by the pair potential u(r).
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We proceed to reduce the dimensionality of the problem ( 5.6) by looking at the marginal

density function of one particle, say, the rst particle, giv en by
A
p(xq,t) = " 1P(x,t)dxz XN - (5.7)

The particle choice is unimportant since all the particles a re identical. Note that pis now de ned
as the integral of P over the entire WN ! (non-perforated) domain. Integrating Eq. ( 5.68 over
Xo2,...,Xn and applying the divergence theorem

Tan= g TP P B() (5.9)
where B(x;) is the d-vectorial function
z
B(x1) = fl()P(x,t)dx2  dxy
wWN 1
YA N (5.9)

= P(X1,X2, .- XN, ) & T xu(kxg  xjK)dxp  dx.

This expression can be written in the form

VA
B(x1) = (N 1) Pa(xy,x2,t)r yxu(kxy xok) dxa, (5.10)
w
by introducing the two-particle density function
Z
Po(X1, X2, t) := » 2P(x,t)dx3 dxy. (5.11)

This gives the probability of particle 1 being at position x; and particle 2 being at x,. An equation
for P, can be written from Eq. (5.6, but this then depends on P3, the three-particle density
function. This dependency of one average on a higher-order correlation is the classical “closure
problem” inherent in such averaging procedures. Throughou t this thesis we have considered the
limit in which three-particle (and higher) interactions ar e negligible compared to two-patrticle

interactions, which implies that when two patrticles are clo se to each other, the probability of a
third particle being nearby is so small that can be ignored. Ma thematically, this means that the
two-particle probability density  P»(x;, xj, t) is governed by the dynamics of particles i and j only,
independently of the remaining N 2 particles. Therefore, it can be determined by examining
the case of two patrticles only. While for hard spheres the assumption that pairwise interactions

dominate was imposed as an upper bound on the particle volume fraction f, it is not clear in
principle how to test it for soft spheres. However, as we will see in .8.1 one can de ne an
effective diameter for the soft potential so that the concep t of volume fraction can be extended
to soft spheres.
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5.4 Matched asymptotic expansions of the density P

Because the pair potential u is localised near x;, we can determine the integral B(x;) in (5.10
using matched asymptotic expansions. For two particles at p ositions x; and Xx», equation (5.69
reads (writing P, P)

%(XLXZ’O: Ny [F P fi(Xe,x)Pl+ 1 «, [r P fa(x1,%x2)P], (5.12q)
for (x1,%2) 2 W2. Here the deterministic force fi(x1,x>) is given by
fi(x1,x2) = £90) 1 xu(kxa xok).
The boundary condition ( 5.6b) reads
[r P fi(xe,x2)P] Ar+[r x,P  fa(Xy,x2)P] f2= 0, (5.12b)

on xj 2 IW. Here fi; = ni/ kn;k, where n; is the component of the normal vector n1 corresponding
to the ith particle, 1 = (ny,n2). We note that i; = 0 on x2 2 TW.

The con guration space W? contains three types of con gurations: no interactions ( i.e, con-
gurations in which both particles are well separated from ea ch other and W), two-body inter-
actions (a particle—particle interaction, when the partic les are close to each other but far from W,
or a particle—wall interaction, when one patrticle is close t o W but far from the other particle),
and three-body interactions (a particle—particle—wall in teraction). The latter creates a boundary
layer of width O(e); since the dimensions of the domain W are much larger than the particle
diameter e, these interactions are higher-order and we may safely igno re them. As mentioned
above, the important region in the con guration space for the evaluation of (5.10 corresponds
to when two particles are close.

5.4.1 Inner and outer regions

By assumption, the pair interaction potential u(r) is negligible everywhere except when the
interparticle distance r is of order e. Itis therefore reasonable to suppose that when two particl es
are far apart (kx; xok e) they are independent (outer region), whereas when they are
close to each other kx; x2k  €) they are correlated (inner region). In the outer region, by
independence,

Pout(X1, X2, t) = q(x1,t)d(X2, 1), (5.13)

for some function g(x,t). In the inner region, we set x; = X; and xo = X; + eX and de ne
P(%q,%,t) = P(x1,%2,t) and G(X) = u(kxy x2)k). Rewriting (5.12 in terms of the inner region
transformation gives

P . - = NG o o SN
ezﬁ(xl,x,t) =2r ¢ rgP+r gGXP +er g %) (X + eX) P (5.142)

er 5, 2r P+ RGP +€r L P € g U(X)P .
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The re ective boundary condition ( 5.120) does not “appear” in the inner region since we are
ignoring the boundary layer near {W. The inner solution P must match with the outer solution
Pout askXk ! ¥ . Expanding Py in terms of the inner variables gives

Pout(X1, X2,t) = q(X1,t)q(X1 + €X)

(5.14b)
(X, t) + eq(X) & T 5,0(%1) + as  kxk! ¥.
We look for a solution of the form
P(%,%,t)  PO(%q,%, 1)+ ePD (%1, %, t) + PO (%, %, 1)+ (5.15)

and solve (5.149 with the matching condition ( 5.14b) for the functions P(). The leading-order

inner problem is
h [
0=2r 5 r PO+ r 5ix)PO | (5.16a)

PO (xq,1) as kXk ¥ . (5.16b)

Imposing a no- ux condition (both at the origin and at in nity ), we nd that the solution to
(5.19 is

PO (%, %,1) = (%, 1) e 9. (5.17)
The O(e) problem reads
h R h . o
0=2r ¢« r ;(P(l) +r y(l]()?) P(l) r s 2r ;(P(o) +r y(l]()~() P(o) , (5.18a)
PO (%) % 1 5,0(%1) askxk ¥. (5.18h)

Using that r 3P = G(%)PO from (5.17, we can rearrange (5.189 to give
. . 1 -
rg rxP®+r q6x)P® Sr PO =o0. (5.19)

Solving (5.19 together with ( 5.180 and zero- ux boundary condition (at the origin and in nity)
gives
PO (%1,%,1) = q(%e,t) [X T z,0(%)]e 9. (5.20)

Thus we nd that the inner region solution is, to  O(e),
P(31,%,1) (X, )+ eq(%, )% 1 xq(%a)+ e . (5.21)

5.4.2 Interaction integral

Now we go back to equation ( 5.8), for which the interaction integral B(x1) in (5.10 must be
evaluated. Because of the short-range nature of the potential u, the main contribution to this
integral is from the inner region. Therefore, we will use the inner solution ( 5.21) to evaluate it.
First we split the integration volume W for X, into the inner and the outer regions de ned in
the previous section. Although there is no sharp boundary be tween the inner and outer regions,
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it is convenient to introduce an imaginary radius d, with e d 1, which divides the two
regions.® Then the inner region is Winn(X1) = fx2 2 W : kxo  x;k < dg and the outer region is
the complimentary set Woui(X1) = WnW,n(X1). Using that the interaction is zero in the outer
region, B(x1) in (5.10 may be written as
z
(N 1) P(X1, X2, t)r xu(kxs  x2K) dxs
Wign () (5.22)

(N 1)ed? P(%q, %, t)r x0(X) dX.
kkk< d/ e

B(x1)

Using the inner solution ( 5.21) to evaluate this integral we nd, to O(e?),
z n 0
B(%)= (N 1)e? g(%y,t) ) q%,t) + e[% 1 x,q(%,t)] r x e "0 dx. (523

The rst term of the integral vanishes using the divergence th eorem and the fact that 0 is a
function of kXk only. Integration by parts on the second component gives (us ing Einstein's

notation)
Z ~ g~
[% r 5% t)]r x e P dx
kxk< d e 7
- % 1 gq(X,t)]e 02 gy rg[X r g.0(X,t)]e 9® dx
k)?kzd/e[xz 700, V)] de Zk)"(k<d/e x[X 1 500G )] X
e To(%q, 1) . fla(Xq,t) X a®) A
- - X'X'd % s ee— —€e dX
d % kik=de = MR kek<d e TXj
. . Z
_2d Dp d ‘ot oG, o 19 gx
= - j = j ,
d e X1 X1 ksk< d/ e

where we have used that e ® 1 atksk = d/ e and d; is the Kronecker delta. Rearranging,

(5.23 becomes
z

B(%)= (N 1)edg%t)r q(%,t) 1 e i® gx,
kxk< d/ e

using that the volume of a d-dimensional sphere of radius d/ e is equal to 2p(d 1)/ d(d/ €)C.
Sinced/ e 1, we can extend the domain of integration to the entire RY. Therefore we write

B(%) = au(N 1)edg(%s, t)r z,0(X,t), (5.24)

with 7 Zy

au= 1 e M® dx=2(d 1)p 1 e U0 yd 1qgy, (5.25)
R 0

Similarly to the hard-spheres case in Chapter 2, the normalisation condition on P(Xy, X2, t) gives

that q(x1,t) = p(xy,t) + O(e%) (see Appendix A.4). Then going back to the original variables
we nd,to O(eY),

B(x1) = au(N  1)e’p(xa,t)r » p(xa,t). (5.26)

3The parameter dis equivalent to the cut-off radiusused in the numerical simulations with soft potentials to de cide

when the interaction energy between two particles is neglig ible and its computation may be safely omitted to reduce
the computational cost. We shall discuss this further in § 5.7.
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5.4.3 Reduced Fokker—Planck equation for soft spheres

Combining (5.26) with (5.8) we nd that, to O(e),

‘ﬂp n (0]
O = T IraN Defprogp f0a)p (5.27a)
where 7 7

ay = 1 e dx= 1 e uekxk) gy (5.27b)
Rd Rd

together with a no- ux boundary condition

n 0
1+ay(N Depr p fxg)p H1=0 on W, (5.27c)

and initial condition 7
p(xq,0) = " lPo(x)dxz dXxy. (5.27d)

Therefore, we nd that the evolution of the marginal probabil ity density of a soft sphere is given
by the nonlinear FP equation (5.279, whose nonlinear coef cient a, depends on the soft-core
interaction potential u.

The coef cient a, can be related to basic concepts from statistical mechanics Namely, the
integrand in ( 5.27b) is the negative of the total correlation function fr) = g(r) 1, where g(r) =
exp[ u(r)] is the low-density limit of the radial distribution function the so-called Boltzmann
factor of the pair potential ( Hansen & McDonald 2006; §82.6). We note also that this equation
is identical to the hard-sphere counterpart ( 2.29 derived in Chapter 2 except that, now, the
coef cient a depends on the interaction u. In 85.6.1we examine how the HS potential (5.1) ts
into the framework of this this chapter.

5.5 Closure approximations

In this section we compare our approach (using matched asymp totic expansions) with two
typical closure approximations. We move back to § 5.3and consider again the integral B(x;), Eq.

(5.10, in terms of the two-particle density P,, which we rewrite here for ease of reference:
Z
B(x1) = (N 1) Pa(xy,x2,t)r yxu(kxy xok) dxa. (5.28)
W

Recall that this integral has to be expressed in terms of the one-particle density p(xi,t) to have
a closed equation in (5.8).
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5.5.1 Closure at the pair density function

The simplest closure approximation is to assume that partic les are not correlated at all (Rubin-
stein & Keller 1989), that is,

Pa(X1, X2, 1) = p(x1,t) p(X2,t). (5.29)

Substituting (5.29 into (5.28, we can now determine B(X1), to which we add the subscript cto

indicate it is computed by closure:
A
Bo(x1) = (N 1) p(xg,t) Wp(xz,t)r x U(Kxy  x2K) dxo. (5.30)

Note that when u(r) is a short-range interaction potential, the dominant contr ibution to the
integral (5.28 is when x; is close to x», and this is exactly the region in which particles (or
their positions) are correlated. This is an obvious yet impo rtant remark. In fact, this closure is
sometimes even used implicitly: it is common to see (5.30 to describe the force on patrticle 1 if
it is at x;. The natural reasoning is: if p(x2,t) is the probability of nding another particle at
Xz, and the force between them if the particle was there is the gr adient of the pair potential u,
then integrating over all possible positions of the second p article gives the force on particle 1.
However, when writing this we should be aware that we are usin g the closure approximation
(5.29. This explains why (5.29 is incorrect for short-range interactions and this method fails in
many cases as we will see later in &.6and 85.7.

We proceed to evaluate the integral in (5.30. Using that the integrand is short ranged
(e 1), we expand p(xz,t) about x; and we introduce again the change of variables x; = X;
and xp, = X, + eX. Then (5.30 becomes

Z
Bc(Xx1) = ed(N 1) p(Xq,t) ) p(Xy+ eX,t) r g, ér % u(ekXk) dx, (5.31)
R

where we can safely extend the integral with respect to varia bles X over the whole space using
that the potential u is localised near the origin and decay to in nity. Writing  G(X) = u(ekXk)

and Taylor-expanding p we nd that
z
Be(xa) = € (N 1) p(%,1) n [P(Xq, 1) + €% 1 5, p(Xe, 1)+ ]r g G(K) d%. (5.32)

R H
The O(e 1) term vanishes since r zG(X)dx = @(X)AzdSy 0, with hiz the unit outward
normal, because ( is a function of the radial coordinate only. At O(e?), integration by parts
gives (using Einstein's summation)

LY sy % s ds; ()1 2% d%
s, z R (5.33)
= (N 1) pEatr 5p(%et) 0(%)dx,

R

Be(x1) = €(N 1) p(1,t)
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using that U decays suf ciently quickly at in nity so that the boundary ter  m from the integration
by parts is zero [speci cally, u(r) must decay faster than linearly at in nity]. Therefore, we nd
that

Bo(x)) = @u(N e p(xs, )r x,p(x1,1), (5.34)
where 7 Zy
a = G0(®)dx=2d 1)p a(ryrd tdr, (5.35)
R 0
valid for d = 2 or 3. Finally, inserting (5.34) into (5.8), we nd that the marginal density function
satis es
o n o
ﬂ(xl,t): My, 1+a(N Depr p f(x)p , (5.36a)
with 7
a, = du(ekxk)dx. (5.36b)
R

Model (5.36 obtained with the closure ( 5.29 only differs from ( 5.27) obtained with matched
asymptotics in the nonlinear coefcient: compare 3, in Eq. (5.36bH with a, in Eq. (5.27b.
However, expanding the exponential in the latter we have

4 z

ay = 1 e uEkk) gy u(ekxk)
Rd Rd

u?(ekxk) .

5 dx,

that is, the closure approach nds the leading contribution o f the potential, provided of course
that u(ekxk) dx is small. This is not always the case.

5.5.2 Closure at the pair correlation function

A more elaborated closure approximation is used in Felderhof (1978, which we review here
(adapting his derivation to our notation, and setting hydro dynamic interactions to zero). His
analysis is valid for zero external force, f®! 0 and is based on the thermodynamic limit (in
which the number of particles N and the system volume V tend to in nity, with the number
density N/V = pp xed). Because of this, instead of working with probability d ensities, it
is convenient to switch to number densities: p(x,t) = Pop(x,t), P(X1,Xo,t) := PAP(X1, X2, 1),
etc. (We remove the subscript 2 from the two-particle densit ies and probability for clarity of
notation.) Keeping terms to linear order in  Pg, the equation for the one-particle number density
p(x,t) is i -

%(xl,t)= My I ox P+ P(x,x2, 0 xu(r)dxy (5.37)
where r = kx; Xk is the interparticle distance and P(x1,X2,t) (the pair number density)
satis es, to lower order in  fo,

m® A AR
W(Xl,xz,t): r X1 r X1P+ Pr XlU(r) +r X2 r X2 P+ Pr qu(r) . (5.38)
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Equations (5.37) and (5.38 have the following time-independent equilibrium solutio ns
Ps(x1) = o, Ps(x1,%2) = Pido(kxy  x2k), (5.39)
where pp = N is constant (the number concentration) and gg is the pair correlation
Go(r) = e ', (5.40)

Felderhof then looks for a linearised solution around the equilibrium  values (5.39, by making
the ansatz that the two-particle density function is of the f orm

P(x1,X2,t) = P(X1,t) P(X2, 1) g(X1, X2, 1), (5.41)

and considering the deviations p; and gy,

P(x1,t) = Po+ Pr(X1,t), g(x1,X2,t) = go(r) + g1(X1,%2,1). (5.42)

Then, to terms linear in p; and g;, Eq. (6.41) becomes

P(x1,%2,t)  P3go(r) + Pa(x1,t)Pogo(r) + PopPr(x2,t)go(r) + P3 g1 (X1, X2,1). (5.43)

Substituting in Eqg. (5.37) and linearising, gives (Felderhof 1978

. h yd
i . . .
%(xl,o: F e T o)+ Po Go(r)Pulxe )r xu(r) dxe
Z i (5.44)

+ P8 gu(x1, X, )1 xu(r)dxs .

At this stage, Felderhof supposes that perturbations from equilibrium ( 5.39 are small so that
r x,Pi(x1,t) r x,Pi(Xe,t) and the pair correlation function is at its equilibrium valu e, that is,
01(X1,%2,t) 0 and g(xg,%2,t)  do(r). Then Eq. (6.44) simplies to
R z
1P

W(let):rxl Iy, Pi(X1,t)+ Po  Go(kxy XxoK)Pa(xo,t)r xu(kxy x2k)dxz . (5.45)

Now, using (5.40 and expanding pi(x2,t) about x; as in 85.5.1and keeping only the rst non-
vanishing term we arrive at ( Felderhof 1978
h i

1P . .
Plact)y= 1y (1+ aue®Po)r x, Pu(xa.t) (5.46)

it
where a, is exactly the same coef cient that we found in ( 5.278 with matched asymptotic ex-
pansions [using that u(r) = G(r/ €)]. Note that this is the evolution equation for the perturbation
p1 from the uniform equilibrium  Po (valid for &' = 0). Comparing the reduced FP equation
(5.46 with its matched-asymptotics counterpart, Eq. ( 5.279, we note two differences: while the
former is valid for N ! ¥ and small perturbations from the uniform equilibrium, the |  atter is
valid for any number of particles N and extends to situations not close to uniform.
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In this section we have compared our approach with two common methods which involve
a closure approximation. However, it should be noted that th ere are many other alternative
closure relations, some of which are more successful than the ones presented here depending
on the nature of the pair potential. For example, important ¢ losure relations are the hypernetted
chain (HNC) and Percus—Yevick (PY) closures (Mulero 2008; §1.3.3), and also themean spherical
approximation(MSA) (Hansen & McDonald 2006; §4.5).

5.6 Comparison between methods

In this section we examine the value of the nonlinear coefcie nt a, for common interaction
potentials u such as those presented in .2 We are also interested in examining the differences
between approaches, namely, betweena, obtained in §5.4 for matched asymptotic expansions
and 3, found in §5.5.1via the rst closure.

5.6.1 Hard-sphere potential

First of all, we can study how the HS potential ups in Eg. (5.1 ts into the soft-sphere frame-
work. The rescaled potential is
¥ kxk 1,

Ops(X) = (5.47)
"e 0 kik> 1,

and the nonlinear diffusion coef cient a, is, from (5.270),

Z
ans = ax= 24 DP 4o a3 (5.48)
kxk< 1 d

This is in agreement with what we found in Chapter 2, namely a= p for d= 2 and a = 4p/3
for d = 3. In contrast, the value of the closure coef cient ays in Eq. (5.360 for hard spheres is
not de ned, since (5.47) is not integrable in RY.

5.6.2 Soft potentials

In this section we consider the soft potentials in § 5.2 and evaluate their respective coef cients
ay in (5.27H and a, in (5.36b, corresponding to the matched asymptotics or the rst closu re
method, respectively. The values are shown in Table 5.1 While a, is de ned for all the potentials
shown on the table, its closure counterpart a, is not, implying that the closure approachin § 5.5.1
fails in those cases. Moreover, there are considerable discepancies betweena, and a, for the
cases for which the latter is de ned. Interestingly, potenti als ugx in (5.2b) and uyy in (5.20 have
identical a, values in two dimensions, despite of their a, being different.

The ranges of validity of the matched asymptotic expansions method and the closure meth-
od differ. (Here by range of validity we mean for which potent ials u the respective coef cients
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Interaction potential

uex=e " uw = e e uss= (e r)4 Uns = (ef r)¥ ug= 7 . 7 °
d= 2
ay 1.7% 1.2% 1.7% p 0.55%
a 2p 2p @ @ @
d=3
ay 7.59¢ 3.4 4.8% 1.3 0.154
ay 8p 4p @ @ @

Table 5.1 Values of the nonlinear diffusion coef cient obtained via m atched asymptotics [a, in (5.27D)]
or via closure [a, in (5.36b)] for various types of interaction potential in 2 or 3 dimens ions.

a, and 3, are well-de ned.) More specically, a, is unde ned for all inverse-power potentials
such as SS and LJ, since the integral in %.36b) is either singular at the origin or at in nity for
all possible powers. On the other hand, a, exists for potential SS in (5.28 for n > d (with
strict inequality). An important consequence of this fact i s that our method is not valid for the
Coulombic interaction [ n = 1 in (5.28]. The interpretation is that the Coulombic interaction
does not decay suf ciently quickly at in nity and hence the out er contribution to the integral
B(x1) in (5.10 is not negligible but, instead, dominant.

Focusing on the SS potential in (5.28), we examine the variation of assagainst the softness
parameter nin Figure 5.2 As expected, we observe that lim y ass= aps since the HS potential
is the limiting case of the SS potential for n! ¥ . Also note that the strength of the nonlinear
diffusion term, parametrised by ass decreases as the softness of the potential 1h decreases.
An interesting application of this graph is to study for whic h value of n the effective diffusion
coef cient of the soft spheres is almost identical to that of h ard spheres. Heyes & Brahka (2005
predict it to be about n = 72. In our case, the relative error between agsand apys for n = 72 in
three dimensions is 2.6%.

The Morse potential uyo in Eq. (5.26 has well-de ned coef cients ayo and ayo for C and |
positive. However, they differ substantially depending on the relative strength C and lengthscale
| of the repulsive part to the attractive part, see Figure 5.3. We note that both coef cients ayo
and aypo may turn negative for certain parameter values, which impli es, looking at Eq. (5.279,
that the nonlinear component of the diffusion coef cient bec omes negative. When this occurs,
the system enters a so-calledcatastrophicregime (D'Orsogna et al. 2006. We will discuss this
further in § 5.8.2
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Figure 5.2 Coef cient agsgiven by (5.27b) for the SS potential (5.23), versus the softness parametern. (a)
Two dimensions. (b) Three dimensions. The dash lines show the corresponding ays, equal to p for d = 2
and 4p/3 for d= 3.
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Figure 5.3 Coef cients ayp (solid lines) and ayo (dash lines) versus C for 4 values of |, | = 0.6,0.8,1,1.2
(arrow indicating the direction of increasing |). (a) Two dimensions. (b) Three dimensions.

5.7 Comparison with the particle-level model

In this section we compare the solution p(x;,t) of the reduced FP model (5.27) with Monte

Carlo (MC) simulations of the full-particle system, describ ed by the set of dN-coupled SDEs
(5.5. To test the importance of the method employed to compute th e integral B(xz) in (5.10,
we also compare these with the FP PDE (.36 corresponding to the closure approach in §5.5.1
Accordingly, for the numerical simulations we consider pai r potentials u for which both a,
and 3, are de ned, namely, the exponential potential ugx in (5.2b) and the repulsive Yukawa
potential uyy in (5.20.

5.7.1 Time-dependent solutions
5.7.1.1 Monte Carlo simulations of soft spheres

The soft-sphere system is conceptually simpler that the hard-sphere one in the sense that there
are no illegal con gurations and, when simulating the partic le-level model (5.5, no collision-
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treatment is required. This also means that the interaction force f{'(x) in Eq. (5.4) never becomes
singular/in nite (except in a set of con gurations with measu re zero). Nevertheless, in practice
SS systems may be equally or more challenging to simulate than their HS counterpart: whereas
in the HS system two particles either interact or not ( i.e, either a collision is detected and
subsequently corrected, or nothing has to be done), in a SS sytem the pair interaction may be
weaker or stronger but it always involves evaluating the int eraction force.*

Even though the interaction forces never become in nite, the y may become larger than
M > 0, for M as large as you want. Consider rst the discretisation of ( 5.5 with the simple
Euler—Maruyama scheme (2.489 used for hard spheres (see 8.7.1.). Now at each time step we
have to compute the interaction force (5.4) on each particle, add it to the external force f&(x;)
and update the position of each particle according to

Xi(t+ Dt) = X;(t)+ fi(X(t))Dt+ pﬁxi, i=1,...N, (5.49)

where X; is a 2-vector whose entries are independent normally distri buted random variables
with zero mean and unit variance. The problem with this discr etisation is that the drift term
can produce extremely large values (since the interaction of is, in general, not bounded at the
origin), resulting in the scheme ( 5.49 failing to converge to the SDE (5.5).

Recall that, to simulate hard spheres, we chose a time stepDt such that the mean displace-
ment is small relative to the particle's diameter e, so that almost no collisions were “missed”.
If a collision or overlap occurred (corresponding to an in ni  te interaction force), it was treated
or corrected to take the system back to a legal con guration. | n contrast, if a similar bound
on Dt is used in the SS model, the numerical integration diverges for the following reasons.
Consider the Yukawa potential ( 5.29 and imagine that the time step is chosen such that the
mean displacement between two particles is always less that the range of the potential, which
is approximately 3 e looking at Figure 5.1 This will in principle ensure that the pair inter-
action is “not missed”. However, this bound does not prevent the pair becoming very close,
kxi x;k=d e Ifthis happened, their interaction force would become ver y large and, in the
next time step, the two particles would be displaced a distan ce much larger than the speci ed
3e. In fact, the displacement might even be as large as many domain's diameters!

The obvious way to get around this problem is to reduce the tim e step Dt hoping that the
force on a particle will not exceed a given upper bound M > 0. Depending on the potential
u, one can estimate what is the maximum distance Dr so that if two particles are at a distance
r = kx;  xjk such that u(r) is O(1), then kr u(r Dr)k will still be bounded by M. Then
this maximal distance provides an upper bound for the time st ep. However, because of the
stochasticity in the system and the large number of particle s, there is a nite probability that

4This is true unless a cut-off radius r¢y; is used. In this case, if two particles are at a distance larger than rey, their
interaction energy is assumed to be negligible and the compu tation of their interaction force is omitted.
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a Brownian step will bring two particles close enough so that kfik > M for some i. Reducing
the time step even further may help, but it results in the nume rical integration being very slow
and inef cient, since for most of the time steps there is no pai r of particles so close to each
other to require such a small time step. To this end, one optio n is to introduce a variable
time step Dt depending on the maximum pair interaction force of the syste m at a given time,
fmax(t) := max; kf;(X(t))k. Then the time step Dt at time t is set to be the minimum between the
diffusion time step (step such that the mean displacement is small enough so that no interactions
are missed) and the interaction time step [step imposed by fnax(t) such that the displacement
fmax(t)Dt is bounded by a specied value]. This scheme improves the perf ormance of the
explicit Euler scheme (5.49 with a xed time step, but it is still slow. This is because, if two
particles become very close to each other (and hence their interaction force becomes very steep),
the scheme discretises the force in very small steps and, as aresult, not only the pair involved
but the wholesystem evolves very slowly.

The fundamental problem of the explicit Euler scheme ( 5.49 is that it approximates the pair
interaction force as a constant for the whole time step Dt. While this approximation is valid
when all forces are smooth and vary slowly ( Allen & Tildesley 1999), it generates substantial
errors when the interaction force varies rapidly (that is, f or small interparticle distances). In
short, the explicit Euler scheme (5.49 does not converge asDt ! 0 for short-range repulsive
potentials such as uyy, calling for an alternative scheme. Two possibilities are t he implicit Euler
scheme,

Xi(t+ Dt) = X;(t) + f;i(X(t+ Dt))Dt + pZ—Dtxi, i=1,...N, (5.50)

or the so-called Heun algorithm, which is a second-order Run ge—Kutta scheme Paul & Yoon
1995,
pt N I p__ _
Xi(t+ Dt) = X(t)+ > fi(X(t)) + fi(Z(t+ Dt)) + 2Dtx;, i=1,...N, (5.51a)
involving one Euler step to determine the intermediate valu esZ(t+ Dt) =( Z1,...,ZN),

Zi(t+ Dt) = X;(t) + fi(X(t))Dt + pZ—Dtxi, i=1,...N. (5.51b)

The implicit Euler scheme (5.50 and the Heun scheme (5.51) are more stable than the explicit
Euler (5.49, but their implementation requires additional computati onal effort which does not
always compensate for the improved convergence. For example, in explicit tests for our particle
system we found that the increase in the allowed time step Dt with the Heun algorithm (relative
to that with the explicit Euler algorithm) did not justify th e additional computational expense
(the overall computational time was similar).

An “intermediate” method combining the ease of implementat ion of the explicit Euler
scheme 6.49 and the strong convergence properties of the implicit Eule r scheme (.50, the
tamed Euler scheméas recently been proposed by Hutzenthaler et al. (2012. It consists of a
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version of the explicit Euler ( 5.49 in which the drift term is modi ed such that it is uniformly
bounded by one:

f(X@)bt , Posr
1+ kfj(X(t))kDt v

Xi(t+ Dt) = X;(t) + i=1,....N. (5.52)

We note that, Taylor-expanding the drift term in the equatio n above, we recover the explicit
Euler scheme (.49 plus terms of O(Dt?). Being almost identical to (5.49, the tamed Euler
scheme 6.52 is explicit and easy to implement but, in addition, it conve rges strongly to the
exact solution in case of SDEs with superlinearly growing co ef cients ( Hutzenthaler et al.2012.
In particular, it is stable for the system of SDEs (5.5 with soft repulsive potentials.

We have implemented the tamed Euler scheme (5.52 for our system of dN-coupled SDEs
(5.5 in two dimensions ( d = 2) for two types of pair potentials, namely, the exponential potential
(5.2b) and the repulsive-Yukawa potential ( 5.29. We use a cut-off radius to reduce the number
of evaluations of the pair interaction potential. Namely, w e de ne r¢y such that the magnitude
of the force between two particles at a distance rey is less than 10 7. In the simulations, if two
particles are at a distancer > r¢, we skip the evaluation of their interaction force. Since th e drift
term of (5.52 is always bounded by one regardless of the problem non-dime nsionalisation, we
choose to perform the stochastic simulations with a system r escaled by 1/(2e). In this scaling,
the range of the interaction potential is of order one, and he nce the bound of one works ne
both for the drift and the diffusive terms in ( 5.52.%

5.7.1.2 Time-dependent examples

We illustrate the time-dependent behaviour of the soft-sph ere system in a square domain W =
[ 3,112 for a vanishing external force f& 0 and N = 400. We choose a two-dimensional
Gaussian initial density with zero mean (centred at the orig in) and standard deviation 0.05
(truncated and normalised so that its integral over W is one) and a nal simulation time t =
0.05. These parameters are used for all examples in this sedon. To allow for a quantitative
comparison, we plot a slice of the solution through y; = 0.

In Figures 5.4(a) and 5.4(b) we consider a system of particles whose interactions are de-
scribed by the exponential pair potential ugx (5.2b) at timest = 5 10 “and t = 10 3, respec-
tively. We compare the one-particle density function p(x;,t) obtained from stochastic simula-
tions of the particle-level model ( 5.5 and the numerical integration of the reduced FP equation
(5.27) and its closure approximation counterpart ( 5.36. To construct the histogram we use 31
bins in each direction and, using the symmetries of the probl em, the data points in Figure 5.4
are obtained as the average of the central row (corresponding to y; = 0) and the central column

51f we did not rescale length in the computational problem, we would l§ti|l require the relative mean displacement
of a particle to be much less that the interaction range of O(e), thatis, 4Dt e. However, since the drift term is
only bounded by one, the resulting displacement would be lik ely to greater than e if, as it is the case here,e 1.
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Figure 5.4 Marginal density function p(xy,t) aty; = 0 with normally distributed initial data ( s = 0.05),
interaction potential ugx given in (5.2b), e = 0.01, and N = 400, at times (a)t = 5 10 4 (b)t = 10 3.
Solution p(xy,t) of (5.27) (solid red line) and histogram (red circles) computed from 10* realisations of
(5.5 with adaptive Dt. Solution p(xq,t) via closure approximation ( 5.36 shown in dash black line.

(corresponding to x; = 0) to reduce statistical errors. We note that the theoretical predictions
using matched asymptotic expansions (shown in solid red lin es) agree much better with the
Monte Carlo simulation results (red circles) than those corr esponding to closure (dash black

lines).
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Figure 5.5 Marginal density function p(xq,t) aty; = 0 with normally distributed initial data ( s = 0.05),
interaction potential uyy given in (5.29, e = 0.01, andN = 400, at times (a)t = 5 10 * (b) t = 10 3.

Solution p(x1,t) of (5.27) (solid blue line) and histogram (blue circles) computed fr om 10* realisations of
(5.5 with adaptive Dt. Solution p(xy,t) via closure approximation ( 5.36) shown in a dash black line.

Figure 5.5is analogous to Figure 5.4 with the repulsive-Yukawa potential uvyy (5.29. Again,
we nd that the theoretical predictions of our model ( 5.27) (solid blue lines) compare well with
the stochastic simulations (blue circles) and outperform t he closure approximation predictions
(dash black lines). We note that the differences between the two approaches are more important
in this case of a Yukawa potential than for the previous case of the exponential potential, as
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expected since the error between a, and a, is more signi cant for the Yukawa potential, see
Table 5.1
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Figure 5.6 Marginal density function p(xy,t) aty; = 0 with normally distributed initial data ( s = 0.05),
interaction potential uyy given in (5.29, e = 0.01, and N = 400, at times (a)t = 0.025 (b)t = 0.05.
Solution p(x)1,t) of (5.27) (solid blue line) and histogram (blue circles) computed fr om 10* realisations
of (5.5) with adaptive Dt. Closure approximation ( 5.36) (in dash black line) and interaction-free solution
[setting ay  0in (5.273, dot-dash green line].

In Figure 5.6, the evolution of the same system of Yukawa patrticles of Figu re 5.5is considered
at later times, namely, at t = 0.025 [Figure 5.6(a)] and t = 0.05 [Figure 5.6(b)]. This time we
also consider the solution to the reduced FP equation (5.27) for the interaction-free case a, 0,
equivalent to the point-particles case considered in the pr evious chapters. As expected, the
spreading of the pro le in the interaction-free case is slowe r than for the Yukawa interacting
particles. Again, we nd that the theoretical predictions of (5.27 (shown in solid blue lines)
outperform the closure or interaction-free predictions.

5.7.2 Stationary solutions

In this section we compute the stationary solutions of ( 5.27 and compare them with the
equilibrium histogram obtained with the Metropolis—Hastin gs (MH) algorithm described in
8§2.7.2.1 As before, we also compute the solution of the reduced FP equation via closure and
for interaction-free particles.

5.7.2.1 The Metropolis—Hastings algorithm for soft sphere s

The stationary simulations of the SS system are relatively straightforward compared to their
time-dependent counterparts, and only minor modi cations t o the MH algorithm for hard
spheres (HS) suf ce.
Suppose as in the HS case that particles are under an externalpotential V(x), f{(x) =
r xV(x). Then the total system energy is given by the sum of the intera ction energy U (%) Eq.
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(5.9 and the external potential energy, that is,

N N N
Hx) = a auks xk)+ a V(x), %2 WN, (5.53)
i=1j> i i=1

where u is the pair interaction potential and V is the external potential. Comparing it with
its HS counterpart (2.52, we see that the SS Hamiltonian H (%) is nite for all con gurations
(except possibly in a set of measure zero).

We use again the MH algorithm to compute the stationary densit y of the full particle system.
Recall that the algorithm consisted of picking one particle at random, attempt to move it (by a
uniformly distributed displacement), and accept it with a ¢ ertain probability depending on the
energy increaseDH H (%9 H (%), where x is the current con guration of the system and x°
is the candidate con guration (which differs from % in one entry only). Recall also that, for HS,
if the proposed move generated an illegal con guration %92 WA (i.e, an overlap between two
or more particles), it was alwaysrejected with even no need to compute DH (since DH ¥).
In contrast, for soft spheres there is always a nite probabil ity of accepting a move, so that the
energy difference DH has to be computed at every step of the Markov chain.

5.7.2.2 Stationary numerical examples

For our rst stationary example in Figure 5.7 we consider the volcano-shaped potential V (x) =
4.77e 50K 4 3 586 25Kk? and compare the stationary density ps predicted by setting the time-
derivative to zero in ( 5.27) with the MH simulation results. We use a system of N = 1000 soft
spheres with e = 0.01 in the unit square domain, interacting with the repulsi ve Yukawa potential
(5.29. The agreement between the theoretical stationary density ps(x;) and the simulation

counterpart is good.

Figure 5.7 Stationary marginal density function ps(x;) for interaction potential uyy under a double-well
external potential V, with N = 1000 ande = 0.01. (a) Solution ps(x1) of (5.27) with ayy. (b) Histogram
for pair potential uyy, obtained with 10 ® steps of the MH algorithm. Plots have the same colour bar.



5.7. Comparison with the particle-level model 167

2.5 ‘
(a) ° MC uvy
° MC ugx
ayy 2.5 (@
2r — ax | 5
— — — ayu,aex !
1.5
p p
1
0.5
0 n n n
-1 -0.5 0 0.5 1
X

4.5 7(b) ° MC Uvu
4 ° MC Uex ||
ayy
3.5F — Qagex
— — — ayu,aex
3t - — — aus
a=0
P 2s
2 L
1.5¢
1 L
0.5
-0.5 0 0.5

Figure 5.8 Stationary density function ps(Xx;) for interaction potentials uyy or ugx under a two-
dimensional double-well external potential plus conneme nt with N = 1000,e = 0.01. (a) Solutions
of (5.27) and stochastic simulations using potentials uyy and ugx. Smaller plot (a') corresponds to the

same graph on the whole range 1 x 1, where the effects of the con ning potential are apparent.

(b) Same plot than (a) adding two more solutions for comparis on: solution of (5.27) for point particles

(au  0) and hard spheres (ans).

In our next example we use a larger domain W = [ 1,1]? and the same volcano-shaped
external potential as in Figure 5.7 but with an extra con ning term,

V(X)=  4.77e 5% 4 3580 25K 4 (00)2 4 (22 (5.54)

so that the density is con ned in the domain owing to the extern al potential V rather than the no-
ux boundary conditions ( 5.279. Figure 5.8 shows the stationary densities for the exponential
potential ugx and the Yukawa potential uyy for the slice y; = 0. We also plot the solution
obtained by closure (i.e, with a,) and for interaction-free particles (i.e, with a, 0). We
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observe how the theoretical predictions of our model ( 5.27) agree better with the simulation
data than the other approaches. The full two-dimensional so lutions are shown in Figures 5.9
and 5.10for ugx and uyy respectively.

Figure 5.9 Stationary density function ps(x4) for interaction potential ugx under the external potential
(5.54 with N = 1000,e = 0.01. (a) Solution ps(x1) of (5.27) with agx. (b) Histogram for ugyx from
10° steps of the MH algorithm. (c) Solution ps(x1) of (5.36 with @gx. (d) Solution ps(x1) of (5.27) for
interaction-free particles, a, 0. All four plots have the same colour bar.

5.8 Some properties
5.8.1 Effective hard-sphere diameter

A nice property of the reduced FP model ( 5.27) for soft spheres is that it has exactly the same
structure as model (2.29 for hard spheres derived in Chapter 2, with the nonlinear coef cient
a, characterising the pair potential u. This implies that, for every potential u, we can nd
an effectivehard-sphere diameter ey such that the continuum models of both systems—the SS
system with pair potential u(r) and the HS system with diameter e.s—are equivalent. In other
words, the problem consists of nding e such that

a,e’ = aps el (5.55)

where a, is given in (5.27b and ays = 2(d  1)p/ d, see 6.48. Rearranging, we nd that
Zy

eie“ =d 1 eue) (digy (5.56)
0
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Figure 5.10 Stationary density function ps(x;) for interaction potential uyy under the external potential
(5.549 with N = 1000,e = 0.01. (a) Solution ps(x1) of (5.27) with ayy. (b) Histogram for uyy from
10° steps of the MH algorithm. (c) Solution ps(x;) of (5.36 with @yy. (d) Solution ps(x1) of (5.27) for
interaction-free particles, a, 0. All four plots have the same colour bar.

The effective relative diameters (eq/ €) of various soft potentials are shown in Table 5.2 The
values in parenthesis in the rst two columns correspond to th e effective hard-sphere diameter
predicted by the closure method, obtained replacing ay by a, in equation (5.55. We note that,
whereas the closure approach predicts that particles interacting with potentials ugx and uyy
have identical effective HS diameters, our approach gives signi cantly different values. This
difference is backed-up by the stochastic simulation perfo rmed in the previous section, where
we could observe quantitative differences between the two p article systems.

Effective hard-sphere diameter (eq/ €)

Ugx= € rle Uyy = (€ rle Ugss= (e/ r)n U= % 12 % 6 Umo = € rle %e Ir/ e
d= 2 1.34(1.41) 1.12 (1.41) 1.33 0.745 0.633
d=3 1.78(1.82) 1.37 (1.44) 1.54 0.487 0.463

Table 5.2 Values of the relative effective hard-sphere diameter eq/ e for various soft potentials. The
softness parameter used in the SS potential isn = 4, whereas the parameters in the Morse potential are
c=2and!l = 0.8.

This idea of nding the effective HS diameter associated to a S S system is known as the
effective hard sphere diameteethod (EHSD) and it has been widely used to calculate both eq ui-
librium and transport properties ( Mulero 2008; §9.3.3). The reason why this method is appealing
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is that it allows us to “translate” a general system of intera cting soft spheres (whose properties
may have not been studied before) to the widely studied hard- sphere system, on which most
theories are based. Moreover, the derived model (5.27) implies that, as far as the population-
level dynamics are concerned, soft interactions u may be incorporated into the effective hard
particle model by adjusting the hard-sphere diameter with ( 5.56). This is of course provided
ay in (5.270 is well-de ned and positive In contrast, if a, does not exist (or is negative), our
method breaks down (or may become unstable) for the given pai r potential u. Yet, this is con-
structive: it means that the potential is not decaying at in n ity fast enough to be incorporated
into a population-level FP equation of the form ( 5.279.

Another application of the EHSD is to provide an effective vo lume fraction for the system
of soft spheres: using e, we can de ne the effective volume fraction of soft spheres as

d
— pNeeff

We may then use this expression to check whether the low “volu me fraction” condition holds.

5.8.2 H-stability

A system of N interacting particles is said to be H-stableif the potential energy per particle is
bounded below by a constant which is independent of N, that is, if there exists B 0 such that
(Ruelle 1969 §3.2.1)

U (%) NB, (5.58)

for all N and % = (Xq,...,Xn), Where U is the system's total interaction potential ( 5.3). This
ensures that the particles will not collapse as N ! ¥ (D'Orsogna et al. 2006; systems that are
not H-stable are also called catastrophic It can be shown that if a pair potential u is H-stable,

then the following condition holds ( Ruelle 1969 Prop. 3.2.4)
z
a, = ; u(x)dx 0, (5.59)
R

where recall that @, is the coef cient from the closure approach. This is equivale ntto saying that
if a, < 0, then u is catastrophic. Intuitively, the catastrophic behaviour arises from the fact that,
when 3, < 0, “a large weight is attributed to con gurations where many p articles are crowded
into a bounded region of RY" (Ruelle 1969 §3.2.3). Condition (5.59 is very useful since it can
easily be tested, whereas the de nition of H-stability (5.58 itself (or the other two equivalent
conditions given in Ruelle 1969 §3.2.2) may be dif cult to test for some pair potentials.
Nevertheless, as we have seen in $.6.2 there are many commonly used potentials such as
the inverse-power potentials ussor u.j for which 3, is not de ned. A natural question to ask
is whether for these cases our alternative coef cient a, (5.27H9—which exists for the potentials
mentioned above and has been shown in simulations to capture more precisely the behaviour
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of the particle-system—could also be used as a condition for H-stability. In other words, could
we use the sign of a, to say something about the H-stability of the system? If this were the case,
would our coef cient ay give a sharper bound than a, or not? Such proof is beyond the scope
of this work and we leave it for future work. Instead, here we s imply consider the particular
case of the Morse potential uyo (5.26), for which both a, and a, are well-de ned, and compare
the regions where each of these coef cients are positive.

In D'Orsogna et al. (2006, the H-stability of a system of self-propelled particles interac ting
via the Morse potential is considered. They study how the H-stability of the system changes
with the two parameters of the potential, C and | (corresponding respectively to the strength
and range of the repulsive part relative to the attractive pa rt), and identify several regimes. The
most physically relevant cases are found for | < 1 < C, in which the potential is characterised by
short-range repulsion and a long-range attraction. In this region, an H-stable and a catastrophic
regimes are found; the stability condition ( 5.59 can be expressed as

cld 1. (5.60)

In the H-stable regime, particles nd an optimal spacingandas N ! ¥ maintain a xed relative
distance from each other. For the Morse potential, the converse is also true, namely, when
Cl9 < 1 the system is catastrophic and, asN ! ¥, the “swarm” size shrinks and ultimately
collapses (Carrillo et al. 2010. The equivalence between conditions (5.59 and (5.60 for the
Morse potential (5.2 is examined in Figure 5.11(b), in which the contours of ayo are computed
from (5.36b); the contour line correspondingto ayo = O coincides with the curve CI%2 = 1, shown

in a dash red line.
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Figure 5.11 Contour plot of the nonlinear diffusion coef cient for the M
dimensions. (a) Coef cient ayo in Eq. (5.27h. (b) Coefcient ayo in Eq. (5.360). The dash red line
corresponds to CI? = 1.
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10 15 20 25 30
Figure 5.12 Values of aypo for d = 2 (solid blue line) and d = 3 (dash green line) and ayo (dot-dash red
line) along the line (C,C /).

Now, what happens if we consider the sign of ayo rather than aye? To this end, we examine
how does the contour ayo = O relate with the H-stability boundary CI9. This is done for d = 2
in Figure 5.11(a), in which we plot the contours of ayo together with the curve CI?. We observe
how the agreement between the two lines is quite good, and it i s only for C < 1 (which is
already outside of the region of interest) that the differen ces become apparent. For a better
comparison for the differences between ayo and ayo at the H-stability separatrix, we show in
Figure 5.12the values of both coef cients along the line |1 = 1/ C. As predicted by D'Orsogna
et al. (2000, ayo is identically zero along such line. However, we nd that the ¢ oef cient aygo is
always below zero except for C = 1. An interesting numerical experiment to do, which we leave
for future work, would be to study systems for which the closu re coef cient a, is positive but
our coef cient a, is not. Finally, in Figure 5.13we consider the difference ayo auo to examine
whether the error near the stability separatrix CI9 = 1 shown in Figure 5.12is representative
of the whole region of interest | < 1 < C (that is, the difference is always of the order of 0.01),
or whether the error changes as we move away from the separatrix. We nd that the difference
between ayo and ayp is minimised near critical line, while it grows as we move awa y from the

critical value ayo amo = 0.

5.9 Discussion

In this chapter we have considered the diffusion of soft sphe res interacting via a short-range
soft-core repulsive pair potential u. The result is a nonlinear diffusion equation similar to the
hard-sphere model derived in Chapter 2, but with a potential-dependent nonlinear diffusion
coef cient. In contrast with the hard-sphere model, now in th e particle-level model there are no
collisions or illegal con gurations since two soft spheres m ay become very close to each other
with a probability that depends on u. As a result, in the process of deriving the population-
level model for the system of soft spheres, the interactions between particles do not appear as
boundary conditions on collision surfaces as in the hard-sp here case but, instead, as localised
interaction integralsover the range of the short-range potential. Nevertheless, the procedure to
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Figure 5.13 Contour plot of ayo awo for the parameters of the Morse potential C and |. Left: Two
dimensions. Right: Three dimensions. The dash line corresponds to CI9 = 1.

derive the reduced FP model is analogous to the hard-sphere case, and the method of matched
asymptotic expansions provides a natural framework to comp ute the interaction integral in a
systematic and accurate way.

The resulting population-level model is compared with prev ious approaches based on clo-
sure approximations, in which some relationship between th e one- and the two-particle density
functions is assumed in order to close the problem. In partic ular, we review two closure mod-
els: the rst produces a nonlinear nondegenerate diffusion e quation (which involves an integral
that diverges for several of the most common pair potentials ), and the second results in a linear
diffusion equation with an (effective) concentration-dep endent diffusion coef cient (and valid
for small perturbations from a uniform density only). In ord er to assess the validity of our
model and compare it with the closure approach, we have perfo rmed both time-dependent and
stationary numerical simulations. We have found that our mo del agrees well with stochastic
simulations and outperforms the closure approach predicti ons.

Finally, we have examined two properties of soft interactio n potentials. First, since the
population-level model for soft spheres only differs from i ts hard-sphere counterpart by the
coef cient of the nonlinear diffusion term, we can de ne an eff ective hard-sphere diameter as-
sociated to a given soft-core potential such that a HS system with such diameter has the same
macroscopic properties that the original SS system. This can be useful in order to readily obtain
a lot of information about a system of soft particles interac ting with any repulsive pair potential
that one may choose, by using the existing knowledge of the HS system. Moreover, it is also
very useful for practical reasons. For example, imagine that we are interested in the transport
or population-level properties of a soft-sphere system and (not satis ed with the population-
level PDE description) we want to perform stochastic simula tions of the particle-level system.
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Then we could compute the effective hard-sphere diameter and perform the Monte Carlo sim-
ulations of the equivalent hard-sphere system instead of si mulating the original soft-sphere
system. From our own perspective, this is highly advantageo us since the stochastic simulations
of soft spheres can be quite challenging for highly singular soft-core short-range potentials, even
for the low-(effective)-volume fractions considered in th is thesis. The second property we have
considered is the H-stability, which ensures that a system of interacting part icles will not col-
lapse as the number of particles increases. It turns out that the reduced FP equation provides
a very simple test for H-stability, namely, the sign of the nonlinear diffusion ter m. While the
closure coef cient a, (5.36b) gives a necessary condition for H-stability, we have asked ourselves
whether the matched asymptotics coef cient a, (5.27b, which is well-de ned for a broader class
of pair potentials than a,, may be also a valid measure.

The method described in this chapter provides a useful tool t 0 extend our previous analysis
for hard spheres to general soft-core interacting particle s, and it also offers an alternative way to
derive the hard-sphere model of Chapter 2. In this chapter we have considered soft interaction
potentials u for which there are no illegal con gurations [that is, u(r) 6 ¥ for r > 0], but in
the literature we can nd many examples of soft potentials com bining a hard-core and soft-
core regions. For example, all the potentials introduced in 85.2 could be evaluated at r + e
and combined with a hard-core potential of diameter e. All these situations can be treated
easily with the method derived in this chapter, whereas intr oducing a soft-core repulsion at
r = e to the hard-sphere model in Chapter 2 would involve more thought. Another example
of potential that, despite seemingly tting more into a hard- core potential model, could have
been considered here is the square-well potentia{(Mulero 2008; Chap. 9), which is the simplest
potential incorporating attractive and repulsive parts. | t represents rigid spheres of diameter e
surrounded by an attractive shell of strength Cgy extending to separations Ke:

8
5 ¥, r e
f sw(r) = 5 Csw, e<r<Ke (5.61)
0, r Ke

To conclude, we point out that the potential-dependent coef cient a, in (5.270 can provide a
lot of information not only about the characteristics of the soft pair potential (such as its effective
hard-sphere diameter or stability) but also about the strat egy to incorporate such interaction
into the population-level model. When the interaction pote ntial u is such that a, is not de ned
(because the integral diverges) and our method breaks down, it is an indication that the range
of the potential is too long that pairwise interactions are n ot dominant and that an alternative
method—such as a mean- eld approach—is required. This is in ¢ ontrast with the coef cient a,
being well-de ned but negative, which, as seen in § 5.8.2 implies the that the thermodynamic
limit does not exist and catastrophic behaviour as N ! ¥ is to be expected.
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Final remarks

6.1 Summary and discussion

In this thesis we have studied systems of Brownian particles interacting with short-range re-
pulsive potentials, and derived a mathematical model that d escribes their population-level be-
haviour. This is an important area of research as stochastic models describing how interacting
individuals give rise to collective behaviour are ubiquito us across disciplines ranging from biol-
ogy and physics to social sciences. We have focused on the clas of particle systems consisting
of diffusive particles with hard-core or soft-core interac tions. We have developed a systematic
method based on matched asymptotic expansions in the particle volume fraction.

The resulting population-level model, which is a Fokker—Pl anck (FP) partial differential
equation for the marginal one-particle probability densit y function, is practical (as it is easy
to solve an analyse unlike its particle-level counterpart) , and it compares well with averaged
stochastic simulations of the particle-level model. Moreov er, the systematic nature of the method
means it is exible, and we have been able to extend the core problem of identical hard spheres
in several directions. A brief summary of the situations con sidered is given below:

Chapter 2 focussed on a system of N identical hard spheres. The resulting macroscopic
model is a nonlinear diffusion equation for the one-particl e density function with excluded-
volume effects enhancing the overall collective diffusion rate.

Chapter 3 studied a system with two types of particles or species, the b lues and the reds. The
resulting macroscopic model is a nonlinear cross-diffusio n system for the two population
densities. This model captures both alternative notions of diffusion, the so-called collective
diffusion and self-diffusion, and can be used to study diffu sion through obstacles.

Chapter 4 addressed the diffusion of hard spheres through con ned doma ins such as a
narrow channel or a Hele—-Shaw cell. In this case the macroscqic model depends on a
con nement parameter and interpolates between severe con ne ment and the uncon ned

situation.

175
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Chapter 5 considered a system of N identical soft spheres (particles with soft-core repul-
sive potentials). The macroscopic model is a generalisation of the model for hard spheres
of Chapter 2, with the nonlinear term in the diffusion equation being dep endent on the
interaction potential.

Here we emphasise some of the assumptions that entered the deivation of the models
we have presented. We have focused on a speci c random walk (Br ownian motion under an
external drift) with short-range repulsive interactions.  Moreover, the volume fraction of the
system was taken to be low enough so that pairwise interactio ns are the dominant ones. This
excludes situations close to the jamming limit. The upper bo und on the volume fraction for this
assumption to be valid is not a strict one: it can depend on oth er system parameters such as the
external drift or the time scale of interest ( e.g, dynamical or stationary properties).

Our analysis of the system in the presence of an external drift is valid when the drift is, at
most, of the same order in magnitude as the diffusion. In othe r words, we have considered
the diffusion-dominated regime (or when diffusion and drif t balance), rather than the drift-
dominated regime. We have assumed that the external force on a particle at position x was of
the form f(x); yet, we could have also considered a time-dependent drift f(x,t) without any
changes in the analysis.

Sometimes the reduced FP equation for the one-particle probability density is misinterpreted
as a deterministic equation for the concentration of the system, valid only as the number of
particles N is large. While it can be used in this situation if required, w e emphasise that in our
work the reduced FP equation is valid for any N (one could set N = 1). Consequently, the FP
equation is not a deterministic model, but rather a PDE for the probability of nding the particle
at a given position and given time.

Our method using matched asymptotic expansions in the parti cle volume fraction results in
a continuum model which is a perturbation of the interaction -free case. The nonlinearities in
the resulting models are all quadratic in the marginal densi ty. This can be explained from the
fact that they represent pairwise interactions, and comes from the matching conditions with the
outer. If we had considered three-particles interactions a s well, we would expect to obtain cubic
terms in the continuum model.

The link between the individual-level mechanisms and the po pulation-level behaviour has
been provided not only at the FP equation level (by means of th e joint and marginal probability
densities), but also via the free energy of the system. By writing the the reduced FP equation in
a gradient- ow structure, we could interpret the resulting  energy functional as the population-
level free energy, and relate the latter with the particle-l evel free energy. This supplies an
alternative way to interpret the connection between micros copic and macroscopic properties of
the particle system.
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Because of the perturbative nature of the method, care should be taken when using it for
medium to high volume fractions. We have not made exhaustive numerical tests to assess
the validity of our continuum model against the stochastic s imulation of the discrete model,
but instead considered a number of speci ¢ examples. We expect the agreement between the
two to be situation-dependent, that is, it may depend on many of the problem parameters, of
whether we are interested in equilibrium properties or dyna mical ones, etc. In the two-species
case of Chapter 3, we were able to obtain some analytical and quantitative res ults regarding
the validity of our model. In particular, writing the model a s a gradient- ow for the free-energy
functional, we could use the singularity of the mobility mat rix as a measure/indicator of the
model breaking down (that occurred roughly for a 50% volume f raction). In another instance,
for the diffusion through obstacles, we compared our model i n a simpli ed situation (that of
point particles diffusing in a periodic array of obstacles) with a standard multiscale method
(which is not constrained by having a low volume fraction of o bstacles). Despite the limitation
of a low-volume fraction, our method can provide a lot of insi ght into the mechanisms by
which particle-level characteristics emerge at the popula tion-level. Therefore, while we may not
expect to obtain quantitative agreement with the simulatio n data of the particle-level model, the
nonlinear terms in the population-level model can provide u seful qualitative information and
can explain some phenomena of collective behaviour.

We have accompanied the macroscopic PDE model of each chapte with comparisons be-
tween its numerical solution and simulations of the corresp onding microscopic stochastic model.
We have considered the latter as the benchmark solution to wh ich to compare the solutions of
our approximate PDE to, although it could be argued that the s tochastic simulations also contain
approximations and might not be the “true representation” o f the real stochastic particle system
under consideration. However, in favour of such a compariso n we can claim that the solutions
to two very different models, one an asymptotic PDE model and the other a discretisation of
correlated Brownian motions, agree reasonably well. Besides, we emphasise one of the key
conclusions of the comparison between our PDE models and their simulations counterparts:
ef ciency. In the comparisons between the simulation data an d the solutions of the PDE models
of this thesis, as an indication the solution of our model too k about 1-10 seconds to produce in
MATLAB, whereas the simulation results took up to two days (no tto mention the programming
costs of one to the other!).

This work bridges between the elds of PDEs and statistical me chanics by introducing a
novel technique in the area, namely matched asymptotic expansions. Many of the conclusions
obtained in this thesis were already known in statistical me chanics in the context of real uids.
Nevertheless, classical statistical mechanics deals withequilibrium situations and, if we are to
apply these techniques to the more modern and exciting areas of biology and social sciences, it is
crucial to be able to describe dynamical situations too. Thi s is where we believe our work could
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have important contributions. Furthermore, the nature of o ur models, all based in simple two-
or three-dimensional PDEs, means that they are accessible ad ready-to-use tools for researchers
from other disciplines.

6.2 Further work

During this thesis, ideas for further work have been generat ed at a faster pace than they could
be tackled. We consider some of these below.

6.2.1 Anisotropy

In this thesis we have considered spherically symmetric par ticles only. However, anisotropy is
an important consideration in real-world systems, which of ten involve individuals (molecules,
cells, organisms, ...) that are highly anisotropic in shape Baker & Simpson (2012; Paramonov
& Yaliraki (2005. A natural extension of our work suitable for the modelling of anisotropic
particles would be to consider ellipsoidal particles [thus complementing the d-dimensional po-
sition vector witha (d 1)-dimensional orientation vector], and examine the effects of rotational
Brownian motion combined with translational Brownian moti  on.

Starting with a system of diffusing hard ellipsoids, we woul d expect to obtain a model with
a similar structure to that for hard spheres, but with additi onal terms corresponding to the
angular coordinates and angular diffusion. The derivation would of course involve more com-
plicated collision surfaces. The resulting model could be s tudied either in the complete domain
of positions and orientations or, by integrating over the or ientations space, in the position space
only. In the rst model, one could study how excluded-volume e ffects modify angular diffusion
(similarly to how we did for translational diffusion). The s econd model could be useful to ob-
tain a measure of the effective size of particles, that is, the characteristic dimension with which
the anisotropic particles interact. A nice extension would be to incorporate anisotropy into our
con ned-domain analysis. This problem has important applic ations in biology and industry
(for example, polar molecules in narrow domains, or ne grain s migrating through the pores of
nanoporous media) but only few theoretical studies exist ( Han et al. 2009 Holcman & Schuss
2012.

6.2.2 Reaction—diffusion and coagulation models

An important extension of our work on excluded-volume effec ts in diffusion would be to com-
bine it with reactions. Excluded-volume effects can inuen ce biochemical reaction (Minton
2007, and can be especially crucial in diffusion-limited react ions (Sun & Weinstein 2007). At
the moment, the standard technique to introduce (chemical) reactions in a spatial model for
diffusion is based either on a compartment-based model ( Hattne et al. 2005, in which particles
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can only interact if they are in the same compartment, or on th e idea of a reaction radius(An-
drews & Bray 2004), which assumes that two particles react with a given probab ility whenever
their distance is less than a prescribed reaction radius. As pointed out by Andrews & Bray , the
problem with this method is that, when considering reversib le reactions, the products of the
backward reaction are almost certain to collide again; they refer to this as the recollision problem
The question is where to place the products of a reaction to capture the process in the most
physical way so that the resulting association rates are accurate.

In our framework of nite-size particles, these questions wo uld have an obvious solution,
since the collision displaces the particles away from each other. The starting point could be a
system of diffusing and reactant hard spheres which, upon co llision, react with a given proba-
bility. The simplest model of coagulation and fragmentatio n of a single type of particle could
be a good starting point. In order to preserve the volume frac tion of the system, a sensible as-
sumption would be that the coagulation process conserves vo lume and shape (the aggregate of
two spherical particles is also a sphere). The resulting pop ulation-level model would have now
an extra discrete variable, the current number of particles N (added to the continuous variables
time and position), and we would expect it to be a piecewise “s ystem of equations” in N, each
equation representing the evolution of the marginal probab ility density of having N particles in
the system. It would be interesting to relate the resulting m odel to existing (Smoluchowski's)
coagulation models and make a connection with known results on diffusion-limited reactions
and concentration-dependent reaction rates.

6.2.3 Long-range interactions

It is often the case that real life systems have a combination of short-, long-, and intermediate-
range interactions. For example, in an ion channel there are short-range repulsive interactions
due to excluded-volume effects and long-range electrostatic forces. Another example can be
found in animal swarms, in which one can distinguish three fu ndamental regions of in uence,
namely a short-range repulsion, an intermediate-range ali gnment, and a long-range attraction
(Carrillo et al. 2010. Consequently, the mathematical models to describe such systems should
also be able to combine interactions at different ranges. However, it is common to nd that when

a technique works well for long-range interactions, it perf orms poorly with short-range ones,
and vice versa. The technique of matched asymptotic expansions could nonetheless provide a
nice framework for this problem, since one could incorporat e the contribution from the long-
range interactions (dealt with via a mean- eld approach for e xample) as a matching condition
to the inner region representing the short-range interacti on.
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6.2.4 Lattice-based models

As mentioned in §1.3.2 on-lattice models with exclusion are often used in the part icle-level
description of the system. Each lattice site can be occupiedby, at most, one single particle, and
the motion of particles is generally represented by a nearest neighbour random walk ( Baker &
Simpson 2019. These provide a natural framework for excluded-volume in teraction.

A common procedure is to devise a set of evolution and interac tion rules on the lattice and
subsequently derive the population-level model for the ave rage density by considering appro-
priate limits as the time step and lattice spacing tend to zer 0. Maybe because of the conceptual
simplicity of on-lattice models, a huge variety of idealisa tions of the the same patrticle-level
mechanism (which is in general well/closely represented by an off-lattice model) have been
proposed. The surprising fact is that, in many cases, the resulting associated population-level
models can differ substantially ( Baker & Simpson 2012.

It would be of interest to study of the differences between on - and off-lattice models and
explore the link between these alternative particle-level models as well as with their population-
level counterparts. In particular, one could try to extend t he matched asymptotics approach to
on-lattice models, or maybe incorporate population-level characteristics (such as the collective
diffusion) into the random walks of agents on the lattice. Th e idea would be to develop im-
proved on-lattice models which will, on the one hand, preser ve its conceptual simplicity and,
on the other hand, be able to accurately capture the key system attributes.

6.2.5 Langevin dynamics

In this thesis we have considered overdamped Brownian dynam ics, in which the velocities of
particles are eliminated from the system (assuming that the equilibration of velocities occurs at a
much faster time scale that the evolution of positions). An o bvious extension of this work would
be to go back to the full Langevin description of Brownian mot ion, equation (1.3), and apply the
method of matched asymptotic expansion to the phase space of positions and velocities instead
of to the con guration space of positions only. A good startin g point would be to assume that
the velocities live on the unit sphere only [so that only (d-1 ) coordinates are added into the sys-
tem], and to relate that with the slightly related (easier or more dif cult?) problem of anisotropic
particles. This extension would have important applicatio ns for self-propelled particles (from
bacteria to animal swarms), and could open the door to studyi ng many collective-behaviour
phenomena that cannot be explained with overdamped Langevi n dynamics. Examples include
the lane formation in ant trail ( John et al. 2004 or pedestrian motion ( Helbing 1992), or the
Brazil-nut effect (Breu et al. 2003.
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Normalisation conditions

In this appendix we derive the relationship between the marg inal one-particle probability den-
sity p(xz1,t) and the outer function g(xq,t).

A.1 One species

In this appendix we prove the relationship

a(xa,t) = p(xs,t) + O(e), (A.1)

used in §2.4.3to obtain a closed equation for the one-particle density p(xi,t). Recall that the
function q(xy,t) is used in the leading-order outer solution Pyyt.

Although there is no sharp boundary between the inner region (kxz x3k e) and the
inner region (kxa  x;k O (1)), here it is convenient to introduce an imaginary radius d, with
e< d 1, which divides the two regions. Then the inner region corre sponds to the annulus
Winn(x1) = fx2 2 W(x;1) : e < kxo X1k < dg, and the outer region is the complementary set
Wout(X1) = W(X1) N Winn (X1).

By de nition, both the two-particle and the one-particle den sities P(xy, X2,t) and p(x,t)
must integrate to one in their respective domains W2 and W. Using the ctitious separation

between inner and outer regions, we may write
z Z Z

p(xy,t) = P(X1, X2,t) dXxz = Pout(X1, X2, 1) dXxo + P(X1, X2,t) dXa.

X1) Wout(X1) Winn(X1)
Now we substitute in the expressions for the outer solution ( 2.13 and transform the second
integral to inner variables. This gives

A ZZ
p(Xl,t) = Q(Xl,t) Q(Xz,t) dx, + ed ﬁ()(l, X, t) dx, (A.2)
Wout(X1) 1< kXK< e
where ds = d/ e. The rstintegral may be rewritten as
VA VA VA
q(x2,t)dx2 = q(xz,t) dxz o a(xz, ) dxz
Wout(X1) ZW X2 xik<d (A3)

= et dxe | Bajd” [a(x1,t) + O(d)],
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where By denotes the unit d-dimensional ball, jBpj = p and jBsj = 4p/3. The second integral
in (A.2) reads, using the leading order inner solution ( 2.16),

el(d DjBaic’(xe,t) + O(e™ ) = (d!  e)jBujcP(xa,t) + O(e™"?). (A.4)
Substituting (A.3) and (A.4) into (A.2) we arrive at
P(xs,t) = a(xq,t) qu(xZ,t)de e’iBgj P (x1, t) + O(d™" %, ™). (A.5)
Imposing the normalisation condition of p(xy,t) above gives
1= ZWQ(XL'[) XmzWQ(Xz,t)dxz €% Byj quz(Xl,t)dxl*' O(d™?1,e™1
Z 2 VA (A.6)

= aix,)dx  e%Bgj  qP(xy,t) dxg + O(do 1 et ).
W W

Expanding in powers of e we obtain
z z

Wq(x,t)dx =1+ %eijdj qu(x,t)dx+ O(d?,€’). (A.7)
Finally, plugging ( A.7) into (A.5) we nd that
z
o1
p(x1,t) = q(x1,t) + e%Byj 5 Wqz(x,t)dx (X, 1) + O(dM? ey, (A.8)
that is,
q(x1,t) = p(xa,t) + O(e?, ™), (A.9)

for any dsuch thate< d< 1. In particular, it is true for d= e¥ (41 and therefore
a(xa,t) = p(xa,t) + O(e?), (A.10)

as required.

A.2 Two species

A similar result is required in Chapter 3 to relate the outer functions g, and g- back to the
marginal densities b and r. The same procedure as outlined above yields

z zZ
B(X)dx  g(x)dx = 1+ O(e}), (A.11)
w w
and
z z
b(x1) = p(x1) G (x2) dxz + O(ep),  r(x2) = aG(x2) , Jo(xa) dxg + O(ef))- (A.12)
R
Relation (A.11) determines the leading orders of ,q(x) dx for i = b,r up to a constant (they

can be g and 1/ g). Without loss of generality, we set q = 1. Therefore, we nd the required
result

b(x) = au(X) + OC(ef)), r(x) = a(x)+ O(ep,). (A.13)
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A.3 Con ned domains
In Chapter 4 we used that, for the two or three-dimensional narrow channe s,
Ge(X1, 1) = Pe(X1,t) + O(e), (A.14)

to get to equation (4.94). This can be seen intuitively from the fact that the domain i n which
they differ, the inner region, is of length O(e). Following a similar procedure to that of § A.1,
extra care must now be taken to choose the right variables (original variables in which the
domain W has area of order e? 1, or narrow channel variables in which the rescaled domain w
has size order one). Since we have already included the right scaling factors in the de nitions
of the rescaled densities, we can impose the standard normalisation condition on the rescaled
problem. We sketch the derivation of ( A.14) for the (NC2) case; the three-dimensional cases

(NC3) and (PP) follow similarly. Writing

Z Z Z
P(Xq,t) = ~ P(R1,%p,1) d%p = ~ P(R1,%,1) dXo + €  P(%,%,t) d%,,  (A.15)

w(Xy Wout( X1 Winn(X1)

and recalling that
Z 2

Pe(Xy, 1) = P(X1,Y1,1) dy,
h/2
we arrive at the following relation:
Zap
Pe(X1,t) = h?q(%y, 1) (%2, t) d%2 + O(d, ). (A.16)
1/2
Repeating the manipulation of ( A.7) and (A.8) and recalling that g. = hg we arrive at the
desired result (A.14).

A.4  Soft spheres

In Chapter 5 we used (A.1) to obtain equation the reduced Fokker—Planck equation (5.26). To
obtain this relation for soft spheres, we take the parameter din 8A.1 to be the support of the
interaction potential u(r). Then in (A.2) we substitute in the inner solution P for soft spheres,
namely Eq. (5.21). Using that the leading order inner solutions for soft or ha rd spheres are
identical, the required result follows.
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Appendix B

Reynolds transport theorem for a
boundary of variable size

Suppose W(t) is a region in Euclidean space with boundary fW(t). Let r(x,t) be a scalar
guantity in the region. The Reynolds' transport theorem sta tes that

Z Z Z

d qr
— rdv —dV + r(v n)dA, B.1
dt  w) wty Tt (v =) (B.1)

wW(t)

where ¥(%,1t) is the velocity of the boundary W(t) and f is the outward unit normal to the
boundary at time t. We have used this theorem to integrate over the volume avail able to a
second particle W(x1) when the rst particle at x; excludes the volume Bg(X;). This is valid, in
principle, provided the excluded volume does not intersect the domain walls W (as we assume
in Chapters 2 and 3).

When W is a con ned domain as considered in Chapter 4, the moving boundary 9Be(X1) is
very likely to intersect with the external boundaries W. Therefore, as well as changing position,
now can also change its size with x;. Does equation (B.1) still hold in this situation? The answer
is yes, as long as the value ofr is non-singular in the vicinity of the intersection {Be(x1) \ W
where “new boundary” is being created. To see that, we consid er the corresponding situation
in the traditional setting of the transport theorem used in ( B.1).

Consider the two situations shown in Figure B.1 The rst corresponds to a domain W(t) =
[0,¥) [t,¥) which has a constant-sized moving boundary [0,¥ ), see Figure2.2(a). The second
example corresponds to a domain W(t) = [t,¥ ) [t,¥ ) with a variable-sized moving boundary
[t,¥), see Figure2.2b).

Givena eld r(x,y,t), we want to compute the time derivative of its integral overt he domain.
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() (b)

W(t)
W(t)

X

Figure B.1 Sketch of two time-dependent domains W(t) in RZ.

For the rst case we have

g2 g Zy Zy Zy 4 Z¥
— r(x,y,t)dxdy = — dx r(x,y,t)dy = dx— r(x,y,t) dy
dt w) dt o t 0 dt ¢
.
= dx or(xtt)+ (X yt)dy
0 t ﬂt 2
qr
= r(x,t,t)dx + —(x,y,t) dxdy
20 0ot Tt
= r(x,t,t)dx+ r(x,t,t) dx,
Wm(t) W(t)
where W (t) = [ 0,¥ ) is the moving boundary of W(t). In the second case we have
d * dxd d “¥ d o d
— r(x,y,t)ydxdy = — X r(xy,t
dtW(t)(y) Y= & Tyt dy
z x=t Z ¥ d z X
= r(t,y,t)dy + dx— r(x,y,t)dy
t t dt t
Zy Zx qr
= dx  r(xtt)+ ﬁ(x,y,t) dy (B.3)
t t
z ¥ z ¥Z X qr
= r(x,t,t)dx + —(x,y,t) dxdy
2t t ot At
= r(x,t,t)dx+ r(x,t,t) dx.
TWin(t) W(t)

x=t

In the second line we have assumed that t r(x,y,t) dy 0, that is, that r at the point of
creation of new boundary (t,t) is non-singular. If this is true, we obtain the same resultin both
situations, which in turn agrees with the expression given b y the transport theorem (B.1) as

expected.



Appendix C

Solution to the inner problem and
collision integral

C.1 Inner solution

In this section we solve the second order inner problem ( 4.70, which we rewrite below for ease
of reference. The domain of the inner problem (shown in Figur e 4.5 is an in nite square prism
of side h with a cylindrical hole along the square diagonal. The axial variable is X and the
variables on the cross-section arey; and ¥,. We want to solve the following PDE for P(?),

>
262 4 p2 4 p@ = @) T ff + ﬂ—flq2+ 2 2+ fIf2 P

XX V%1 V2¥2 qt %, x Ty (C.1a)
where the right-hand side is a constant in the inner variable s (X, ¥1,Y¥>) (it only depends on the

outer variable X1). The boundary condition on the cylindrical wall éyl is

2 1 flq

%1 "X

2605+ B2 PP (g2 Y= Ar ff ¢+ X

; g (C.1b)
+ i Y + Y o~ f 2 + i—.., U )’Z !)z 1
(V1 + ¥2) %2 2q % 1(Xq, Xp)
where A”r 4fi = (X2 V1) E; Rg Vziyl and U; is an unknown from the outer. The
boundary conditions on the prismwalls y; = h/2 and openends X= ¥ are
502 _ o ~ ne22. o T2 5 ~ _ h
Py, = Xfoack, + (V1 + Vo) 207 + iy @ on V1= 3, (C.1¢c)
5(2) = 9f e ) $202 0 17 R | R - _ h
By, = Xtaatk, + (1% F) B0+ K-+ Yo @ on Y= 3, (C.1d)
502 29 Sl Lo - T2 5 C o
P XE S0 * X(Y1+ ¥2) f200k, + o + dUgjX]
+ F2(X1,¥1,Y2) as X! ¥, (C.1le)
where
o - 1 5 o Tf L . o
Fa(Ru¥1,92) = 5 (Fi+ 93 g+ (Fu+ 92)°FF @+ Up(a, ). (C.17)
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with U, another unknown function from the outer expansion. Note tha t both U; and U, are
constantsin the inner problem.
It is convenient to introduce the change of variable X = P 23 so that equation (C.1a) becomes
a Laplacian. The channel boundaries stay the same,y1, Y, = g but the internal boundary (~3,71
goes from being an oblique circular cylinder [see (4.32D], X2+ (¥> V¥1)? = 1, to an oblique
elliptic cylinder
n

(0]
By, = (BY¥u¥2)2R [ 551 [ 5,51 st 2Z+(§. y)?=1. (C2)

NIz

p_
The three-dimensional outward unit normal on this surface i s A = 72(25, vi  V2.¥2  Vi1).
We write P (%1,¥1,%,Y2) = U(8 V1,V2), treating X; as a parameter. Under these changes of
dependent and independent variables, equation (C.1a) becomes

(fi9) + 2 f22+1l1—;2 o, (C.3a)

2 19 1
€U=29 —+ —
. 'ﬂt+'ﬂX1

where 1€ stands for the gradient operator with respect to the positio n vector (§,V1,¥2). The
boundary condition on By, is, from (C.1b),

€U f= o 02 A%z, +  25(Y1+ ¥2) foof - 2§2‘ﬂ_xlq2

p—~ ~ ~ ﬂfl 'ﬂfz 2 ~ ~ zﬂfz 2
+ 25 —+ —= + —=
(V2 Y1) W i a+(¥2 Y1) y q
and rearranging
. P qf e
BU A= 22 (qok)y*t g @ it Vo) Ry,
1, Tf 2 qf (C.3b)
Yo V1) ——+ -2 & —(§» V) 2 on By,
892 V) v w2 (Y2 V1) iy ¢ i1
The other boundary conditions ( C.19—(C.1e) become
P . . 0f - h
Uy, = 28hqeg, +( 1+ ¥o) 27 + yl‘”—yzq2 on  §i= 5, (C30)
_ P 5 ~ ~\ g2 2 p_~ﬂf2 ~ ff2 2 G — h
Uy, = 2504, +(Yo+ Vo) foq+ 257+ Voqu @ on  y= 5, (C3d)
~ P—. 2 f pP—
U Fags+ 28 (Jo+ ¥2) f00, + W%qz + 2dUqj§
+ F2(Xy, Y1, Y2) as 8! ¥, (C.3e)

We proceed by looking for a solution to ( C.3) of the form U = V + W, where V would be
the complete solution if the transversal force was zero, f, 0.
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C.1.1 Zero transverse force

Setting fo = 0in (C.3), the problem for the rst component V reads

2

€V =29 g+ (fi0)g . (C.4a)
N P if PPN fi
BV A= 28 ()t o o KT ygﬂ—quz on By, (C.4b)
eV =0 on yi = g (C.4¢)
V. gz, * pidU1j§j + Up(Xq, X1) as 3! ¥, (C.4d)
We introduce

K(X1) = 29[q + ( f10)x,], (C.5)

and setV = K(X1)v. Thenv satis es

eiv=1, (C.6a)
v ii= p§(A+ B)§2 C8(y2 Vi) on By,, (C.6b)
v A=0 on yi = g (C.6¢)
v A¥+Dj§+E as 3! ¥, (C.6d)
where
p—
_ 1 _1 5 T, _ 19f _  2du, _ U
A= QW% B Gt pd . C=ppa, D= —— E= o8 (Coe)

Guided by the solution procedure for the bulk-case analogue in 84.5on page 100, we look
for a solution to ( C.6) of the form v = A%+ ¥+ E. Using Eq. (4.299 we have that K(%Xy) =
2q[a: + ( f10)x,] 200k, %,, SO that A 1/2. This implies that the rst solution component
A# satis es the Poisson equation (C.6a) as well as the dominant contribution to the condition
at in nity ( C.6d) and the zero- ux boundary condition ( C.6¢). On the cylindrical surface, it

satis es
©(AP) fi= 2p§A§2 on By, (C.7)

Therefore the second componentV v A%  E must satisfy the following problem:

€V =0, (C.8a)
v fi= IOE(A B)¥ C¥y. y1) on Dy, (C.8b)
VA=0 on yi = g (C.8¢c)
V  Dj§ as &l ¥, (C.8d)
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Since (C.8) is linear, we look for V of the form vV = P 2(A  B)V; + CV,, each satisfying one
component of the boundary condition ( C.8h). Speci cally, we de ne V; such that

€V, = 0, (C.9a)
v, A= & on Dy, (C.9b)
v, i=0 on Vi g (C.9¢)
Vi  D4j§ as §! ¥, (C.9d)
and vV, such that
€%, = 0, (C.10a)
€V, =3y V2, on Dy, (C.10b)
v, i=0, on Ji = 2 (C.10c)
U, Dyj§, as &l ¥, (C.10d)

where D; and D, are arbitrary functions such that P E(A B)D;+ CD, = D, recalling that D
is an unknown function originating from the outer function  U; [see @.68 and (C.6€)]. Never-
theless, integrating the Laplace's equation for ¥V, and V, produces compatibility conditions on
D; and Dy, respectively. (This means that the inner solution is impos ing conditions on some
unknowns from the outer.)

C.1.1.1 Compatibility condition for Dj and D>

Integrating the Laplacian of V; in their domain (the inner-region cylinder depicted in Figu re 4.5),
which we denote by A R3, we obtain a condition for the values of D; and D,. For instance,

for i = 1, we have
z z 3 Z z 3
0= € V,d&d y,dy, = v, AdS=[D; ( Dl)]h2+ dy, &dl
A A h/2 Dy,
= 2D1h2+ Cl(h).

The rst term on the right-hand side comes from the prism open e nds §= ¥, whereas the
second term ci(h) =  8dS is the contribution from the internal cylindrical wall Dy, with
h/2 Y1 h/2. Therefore, we nd that

ci(h)
2h? °

D, = (C.11)

with Dy < 0 sincecy(h) > 0 by construction. R
Repeating the same argument for V,, we nd that c(h) = 31 V¥2)dS O, since the
positive and negative contributions of Son Dy, cancel. Consequently, we nd that

D, = 0. (C.12)
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C.1.1.2 Numerical solution of V; and Vv,

The non-trivial boundary conditions of the problems ( C.9) and (C.10 and the complicated do-
main (see Figure 4.5) force us to proceed by solving the two problems numerically . The nu-
merical solution is carried out using the COMSOL Multiphysics package with quadratic nite
elements. By symmetry, the computational domain approxima ting the in nite cylinder consists
of half the cylinder (for §> 0), and truncated at 3 = §yax, Where §nax is chosen large enough
such that the compatibility conditions found above are full led. The boundary conditions at
in nity ( C.9d) and (C.10d) are imposed as

% V—§' =0 on §=  Snax
so that the constants D; are left free for the numerical solver to satisfy the compati bility condi-
tions. In the case of Vo, we could simply impose v,/ 8 = 0 but it is not needed: COMSOL nds
the solution with D, = 0 by itself. Figure C.1 shows the solutions V; (left plot) and V, (right
plot) for h = 4 near 3= 0. The error committed in the compatibility condition ( C.11) for V; by
the numerical solution is shown in Figure C.2 for various values of h. We have taken a value
below 10 19 as satisfactory (if the value was higher than that, we increa sed the computational
domain parameter Syax).

Figure C.1 Solutions V; of (C.9) (left) and V, of (C.10) (right) for h = 4.

C.1.1.3 Final solution V with zero-transverse force

Therefore, the solution to (C.4) is
. e o P= o o Y
V(5 VY1,Y2;%X1) = K AZ+ 2(A  B)Vi(5¥1,¥2) + CV(5,Y1,¥2) + E , (C.13)

where V; and vV, are the (numerical) solutions of (C.9) and (C.10), respectively, with D; =
D/ [p 2(A B)land D, 0. HereK is given in (C.5) and A, B, C, D, and E are given in (C.6e).
Note these are all constants for the inner problem (only depe nd on the “outer parameter” Xj).
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Figure C.2 Error j2h?D4 + c;(h)j in compatibility condition ( C.11) for harmonic function V.

If the transverse force f, was zero, the expression in (C.13) would be, up to some manipula-

tions, the second order inner solution P2,

C.1.2 Non-zero transverse force

For a non-zero transverse force, f, & 0, we seek a solution U of (C.3) composed by two terms,
U = V+ W, where V is the solution to (C.4) given in (C.13. Then W is a solution of the

following problem:

ew=2 2+ 12 @ (C.14a)
Ty
with boundary condition on By,
P3 Tt
PW = &if(f)x, §22q(f20)5 — (V2 )71)211—)/2(12 on By,.  (C.14b)
The remaining boundary conditions read
P—. L o qf . h
Wy, = 286,q0, + (V1 + ¥2) 507 + yl%qz on 1= 5, (Cldo)
P L P__qf, _ 9f . h
Wy, = 2860, + (Y1 + ¥2) 207 + 55z, g T2 0 on Y= =, (C.1l4d)
fix Ty 2
p__ - - . Nf2 2 1 ~2 w2 1f2 2
W 25 (Y1 + Vo) f2qok, + yz‘ﬂ—xq + E(Yf" y2)‘ﬂ—yq
+ %(371+ ¥2)?(f20)° as 8! ¥, (C.14e)

First, we note that the last term of the matching condition ( C.148), %(371 + ¥,)?(fo0)?, satis es
W = 2(foq)2 and Wy, = (Y1 + V2)f2¢? on §i = h/2. Moreover, W fi = 0 on By, and
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W O (1) as8! ¥.Wedene W suchthatW = (¥, + ¥,)?f2¢? + W. Then W is given by

€ g = 21%_;2(12, (C.15a)
p_
W fi= & f(df Y f 209, g2 V22
A= Shf(d)n 20z, — (2 Y1) Ty on By, (C.15b)
P_. . If - h
Wy, = 28hao, + 3/11111—)/2(12 on yi= 5 (C.15c)
— P 5 p_~ﬂf2 - 2 2 ~ h
Wy, = 28fq0k, + ZSW + yzﬂ—y on y2= 3. (C.15d)
P—. . . f 1,5 o 1f .
W 28 (Y1t Vo) foock, + yz%q2 + St T.Iﬂ—;qz as 3! ¥. (C.i5e)

We solve problem (C.15) for W in two steps: rst assuming that the transverse force is such t hat
12/ y = 0, and then for any force f5.

C.1.2.1 Solution for f/ fy =0

As a rst step to solving ( C.15, assume that {fo/ fy = 0. Thus we consider the following
problem for \&:

W = 0, (C.16a)
W A= &)y, 25.0(f20)z on By, (C.16b)
Wy, = P 25f,qc, on V1= g (C.16c)
Wy, = P 25¢( f20) %, on Y= g (C.16d)

R U AT AL O T2 (C.16¢)

De ne W such that W = P 25 y1foqck, + ¥20(f20)z, + W. Then it can easily be seen that the
rst component of W, call it Wp, satis es all the equations in (C.16) except for the boundary
condition on By, (C.16b). The normal derivative of W on By, is, instead,
Atz
ix
29t
9x

condition ( C.16b). This implies that the second component of W, W, must satisfy

BWo fi= &Fifa(F)z, 2520(f20)x, + &F1  ¥2)q (C.17)

That is, the rst component of W produces an “excess” of §y1 V2)q in the boundary

2

© W= 0, (C.18a)
W fi= &Y 372)q2"1”—;2 on By, (C.18b)
Wy, = 0 on y1= g (C.18¢)
Wy, = 0 on Y= g (C.18d)

W 0 as 5! ¥, (C.18e)
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We note that the problem above for W is related with the previous problem ( C.10) for V, (Specif-

ically, they only differ by a constant in the boundary condit ion on By,.) Recall the compatibility

condition (C.12) on the value of ¥, atinnity, V, D,j§ 0. This is consistent with the match-

ing condition ( C.186),! and justi es having “allocated” the constant ow P 2dUj§j of (C.3e) to the

rst solution component V in 8C.1.1 Comparing (C.18) with ( C.10), we nd that the solution of
21t ~

(C.18isw= q o V2, where Vs, is the solution of ( C.10).

Therefore, the complete solution to (C.16) is
~~~_~_p—~~ ~ 2ﬂf2~~..~
W(5 V1, V2:%1) = 28 §1foqck, + Vod(f2d)z, @ sz(S, ¥1,Y2). (C.19)

C.1.2.2 Final solution W for any f;

We now proceed to solve problem (C.15 for any transverse force f,. We look for a solution
of the form & = & + \®;, where \&, corresponds to the solution (C.19) which ignored all the
terms with f,/ fly. Subtracting (C.16) from (C.15), we nd that W; satis es

e, = 202 (C.20a)
¥
©W; f= —2(~ y )Zﬂ—f2 2 on D[y (C.20b)
f nN= 2 Y2 N1 ﬂyq 7K .
Tw, =gl ;- N
ﬂ_Vin =i Ty q on Yi = > (C.20c)
W 3(92+ ¥3 ﬂ—fzqz as &l ¥ (C.20d)
A SR & 1y : . -
This problem has solution
_ 1l o 2 12 5
Wt = > Yityz 'ﬂ—yq : (C.21)
Therefore, we have found a solution W to (C.14) in three steps:
_ Lo o \262.2
W= E(yl+ y2)<fzq°+ W
_ 1l o222y Po g ~ > Tf2
= é(yl"' V2)ofia + 28 yafoqog, + Vod(f2@)z, g ‘ﬂ—xV2+ W (C.22)

_ 1 o0 Polo - i e, 1 o o T2 5
= 2(Y1+ V2)“f30°+ 28 yifoqok, + Yoa(f2Q)z, X V2t 5 Vit V2 .ﬂyq,

where V, is the solution of (C.10 (with D,  0), which was obtained numerically. In the next
section we will combine the component W in (C.22 with the previous component V (corre-
spondingto f, Q) to yield the complete solution of the second-order inner p roblem (C.1).

Un order words, if we had a nonzero constant ow at in nity for W, the same compatibility condition ( C.12)
would tell us to set it to zero.
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C.1.3 Final inner solution P

In summary, we have obtained a solution of the second order in ner problem (C.1) for P(? as
follows. First we have used the change of variables X = P 25 and P (Kq, V1, %, V2) = U(8 V1, ¥o).
Second we have split the solution of (C.3) for U into two problems for V and W, U = V+ W,
where the former is the solution when the transverse force is f, = 0 and the latter contains all
the terms due to f, 6 0. The solutions of V and W are given in (C.13) and (C.22), respectively.
Putting everything together and rearranging gives

h i
o 1 . N qf o p__"" ~
U= AKS+ 2 fi+ 3 @ i+ 1+ a3+ 28 Jafaq, + ool 20,
D 0t (C.23a)
+ 2(A B)KU;+ CK qz'”—x2 U, + EK,
where V; and V, are solutions of the following problems,
€ 2\71 = 0,
v, fi= & on Dy,,
h (C.23b)
v, i=0 on ¥i = >
\Z1 D1]§J as 5! ¥,
and
€ 2\72 = O,
Vo iz &1 Vo) on Dy,
! " (C.23c)
Vo, A=0 on yi = >
v, O as S ¥,
and the X;-dependent parameters are given by
1 1 qf
K= Zq[CIt +( flq))zl]! A= qu@?v B= R qél + ﬂ_):-qZ '
(C.23d)
C= lﬂ_flqz D4 = 7dU1 E= %
Ky 17 K(A B’ K’

P : . . .
Inserting §= X/ 2 into (C.233 and rearranging yields the second-order inner solution

~ 1. 1., qf . . .
P = S%atg, + 5 Vit V5 o ﬂ—yz + 12+ Yo faq? + X §1faqck, + Y20(F20)s,
P~ qf N . 9qf X C.24
+ 2 Oz, O .”—quz Q1(X,¥1,¥2) + .ﬂ—yl .”—XZ P Q2(X, ¥1,2) (C.24)
+ U (X1, X1),

where Qi(i,yl,yz) = Vi(X/ P 2,V1,¥2) and g, f; and f, are functions of the “outer” variable
X1 only, namely, q = q(Xy,t) and fj = fj(X1,0). Expression (C.24) contains two contributions
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from the outer expansion P,y one explicit, U, evaluated at X, = X;, and the other implicit,
Uy through the condition at innity on ~ Qy. Specically, qorz, B, %qz Q1/j%j duU; as
X! ¥ , where dU, is related to U, via (4.68.

Therefore, in the process of solving for P(2 we have gained some knowledge about the outer

solutions P(l) and P(Z)

out out 1IN (4.27) and (4.30. Recall these functions had unknowns U4 (X1, X2) and

Uz(X1, X2). While the resolution of P(2 has not set any restriction on U,, we have gained some
knowledge on U;. We have found that the function U;(X1,X2) is of the form U.(jX1 X)),
satisfying U1(0) = 0 and

i ﬂUl 2. Ws) = — 2 ﬂfl 2
ilzl!milﬂ—iz(xl’XZ)_ dUi= A%z G, Wq D1,

where the constant D, is obtained numerically from ( C.23hb). [The values of the other three
derivatives in Eqg. (4.68 follow from the fact that U; = Ui(jX1 X2j).]

C.2 Component | , of the collision integral

In this section we derive the result ( 4.76 for the integral | 5 in (4.41), which reads
o= ’ hﬁ(z) jo Y1)+ |5(2)~i df. C.25
a= 5, 5, (Y2 V1) g X al, (C.25)
where P@ s the second-order inner solution (C.24). It is a line integral along the curve éyl,
which corresponds to a slice of the internal cylindrical bou ndary of the inner problem [ cf. Eq.
(C.1b)] at a given height y;. It is convenient to introduce the integral operator J such that

la J PO (hy1) by
Z
JIQURY) = Qnlfo ¥1)+ Qe di, (C.26)
1

so that the computation consists of applying the operator J to each of the terms of P in (C.24).
We note that the terms which are independent of X and ¥, are invariant to J . We begin with
the analytical components in the rst line of P . We nd that

Z
30 = %dl=m(hy), (C.27)
chl . Z
1) ¥5 = @ Vo(J2 Yi)di= (J1+ sing)sinqdg= §imy(h,y1) + mp(h,¥1),  (C.28)
pa
J[Vav2l = Y1 . (V2 Y1) dl = Yimy(h,¥1). (C.29)

V1
with my, m, and mp given in (4.75. The two analytical components involving odd functions in X
Xy1 and Xy, integrate to zero, J [Xy1] = J [XY2] 0. Similarly, the constant term U,(Xq,X;) and
the term with ¥2 in (C.24) also integrate to zero.
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We next consider the integrals J [Q,] and J [Q-]. Recall that Q;(X, V1,V2) = Vi(X/ P 2,51, V2),
with the latter determined numerically in COMSOL. To be able t o use the solutions V; we already
have, it is necessary to transform J into the domain of V;, namely the deformed prism with an
elliptical hole Dy, instead of the circular one G;,. We have that

z Z Y 3di

HAMT = Qe 90+ Ak dT= | (e J)+ 8 P, (C30)

for Q(X,V1,V2) = V(X/ P 2,V1,¥2). The line differential d ls on the right-hand side is elliptical

in the variables § and ¥,.2 For a given channel width h, we obtain the numerical solutions ¥,
and V, and then evaluate J [Q;](h, V1) using (C.30) for various positions 0 Y1 h/2. The
numerical values of J [Q1] and J [Q,] as functions of Y1/ h are plotted, respectively, in Figures
C.3and C4.

J[Q1] 07

0 025 0.5
Y1/ h

Figure C.3 Line integral J [Q1](h,¥,) as a function of ¥,/ h for h = 0.5, 0.75, 1, 15,2, 3, 4,5. The arrow
shows the direction of increasing h. Only positive values of y; are shown since J [Q4](h, ¥1) is symmetric

in 91-

2The change of variables in (C.30) from a circular to an elliptical integral is done by noting t he follow-
ing. The parametrisation of the circular curve G, (4.32b is (X,¥,) = (cosq,y; + sing) and the line integral is
di = [( sing)2+ (cosq)?]¥2dq = dg. On the other hand, the parametrisation of the elliptic curv e |5>71 (C2is

(3,V2) = (cosg/  2,y; + sinqg) and the line integral is
s

. . 2 p [
dlg= ﬁglé—q +(cosq)2dq:g% 20032q+sin2q:g% 42+ (¥, ¥1)2

Combining this with the line integral on  G;,, di = dq, it leads to

wm

di= b péd
T2+ (V2 )2
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Figure C.4 Line integral J [Q](h,¥;) as a function of y;/ hfor h= 0.5, 0.75, 1, 1.5, 2, 3, 4, 5.

Combining these results gives the nal result that

ﬂfZ ﬂfz

la=J PO =¢ ﬂ—y+2f22 yimy(h, Y1) + qog,z,m(h, 1) + o w f# mp(h,y1)
(C.31)
P Tf ~ 1 Tf ~
t2 an g0 JQIrd b GF IQa

where m are given in (4.75 and J [Q1] and J [Q,] are shown in Figures C.3and C.4, respectively.
We emphasise that the unknown term U, from the outer in the second-order inner solution ( C.24)
has vanished in the integration process.

C.3 Cross-section integral of the collision integral

In this section we prove the result ( 4.92), which states that

~ p_
M [Qi = My(h)/ (2 2), (C.32)
M [Q2] = O, (C.33)
where M is the integral operator
. Z o . Zypyp Z .
M [Q](h) = J [Q](h,y1) d¥y . Qu(¥2 Y1)+ QgX dldyy, (C.34)
h/2 h2 G,

and the expression for M1(h) is given in (4.91). The integration involved in M is composed of
two steps: rst the line integral of Q along the circle éyl at a given height y;, and second, the
integral across the channel's cross-section h/2  y;  h/2. However, it is important to realise
that the double integral in ( C.34) is not equivalent to computing a surface integral on the inner
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oblique cylinder depicted in Figure 4.5 precisely because it is oblique and the two sequential
integration steps are not with respect to orthogonal variab les.

Firstly consider M [Q,](h). We note that its integrand J [Q2](h, V1) is odd in ¥, by looking
at Figure C.4. This is to be expected from the condition satis ed by its asso ciated function Vv, on
the inner cylinder, see (C.239. This implies that M [QZ] 0 as required in (C.33), in agreement
with the numerical evaluation shown in Figure C.5.

0 2 4 6 8 10 12

Figure C.5 Integral M [Q,](h)/ h? for different values of h.

Second, we consider M [Q;](h). No cancellation arguments can be used in this case, sug-
gesting that we might need to compute in numerically for ever y required h. However, we can
do something smarter by exploiting the properties of its ass ociated function Vv, solution of (C.9).
Recall that Q;(X, Y1,¥2)  Vi(X/ P 2,91, Y2).

By construction, we know the value of the normal derivative o f V; on the internal boundary
By,. In particular, combining ( C.7) and (C.9b), we have the following relation

2p§re\71 A= © & A  on DBy, (C.35)

p_
where recall that € = ( 1/ 15,1/ V1, 1/ ¥2) and fi = 72(25, y1  V2,¥2 V1) is the outward
unit normal to the elliptical cylinder By, (see &.1).

v 2,91,92) the

Imagine that for any pair of functions Q and v satisfying Q(X, ¥1,V2)
following equivalence was true:

Zpp Z Zpp Z

M [Q](h) = 5 Vg, (Y2 Y1) + vsS dsdyy 5 €v A dsdys, (C.36)
V1 y1

S5

where ds = P 21482+ (V> v1)4dlsis the elliptic line differential transformation [see ( C.30)].
In other words, that the double integral of Qy,(¥2 V1) + QgX, which can be written in terms
of the associated function v in the modi ed domain using ( C.30), is equivalent to the double
integral of the normal derivative on the cylindrical bounda ry of v. Then the combination of
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(C.35 and (C.36) would lead to ( C.32) by noting the following. Using ( C.36), the double integral
of the left-hand side of (C.35) is equal to 2 2M [Ql](h), whereas the integral of its right-hand
side is

Zyp L Z w2

© () A dsdy, = %M [%2](h) = . m(h,¥1)dys = Ma(h),

h2 Dy,

using v # in (C.36. The second equality follows from ( C.27) and the third from ( 4.97).
Therefore, given (C.36) we have seen that the result (C.32) holds.

To prove (C.36), we note that the integrand of the rst integral in ( C.36) is proportional to
the projection of € v fi onto the (§,V2)-plane. For the function § it is clear that the full normal
derivative and its projection onto (§,¥,) coincide as the former already lives in this plane. For

this to be true for any function v, vy, (Y1 ¥2) = vy,(¥2 1) must hold. This relation is almost

® z Y1

7/

e
e

mmmm ==
s

Figure C.6 Sketch of the domain of de nition of problem ( C.23b) for V;. Cross-section atS= 0 for h = 4,
showing Dy, 5 for 3 = 0,h/2 (dash red horizontal lines) and Dy, for ¥, = 0,h/2 (dash blue vertical
lines).

satis ed by Vi. We note that the problem for V; (C.9) is invariant to an exchange between Y,
and y,. Introducing 592 as the curve on the cylindrical surface for ¥, xed (see Figure C.6 and
compare it with the horizontal curve By, for y; xed), V; satis es

A% Wy,

——=(y 7 = — \/ o, C.37
.ﬂyl()ﬁ ¥2) on B, ﬂyz(yz Y1) on 55, ( )

exchanging 1 $ V. That is, %(Vl y2) on any vertical line as the ones shown in dash blue
in Figure C.6is equal to %(92 y1) on the corresponding horizontal dash red line. Since all
these lines are contained in the double integral in ( C.36), we can conclude that the equivalence
in (C.36) holds.
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Figure C.7 shows the theoretical expression for M [Q;](h) from equation ( C.32) (solid red
line) together with the numerical values obtained from the n umerical evaluation (blue circles).
The agreement between the two is, as expected from the above @lculation, excellent.

O N T T
‘E'."'-..‘ > * Numeric
2P —— Eq. (C.32
\
\
\
o
\.
~ \
M [Ql] 6r 0
\
\
gl 05
.\
-1
10 \
15
0 0.5 1 15
12 ! ! ! !
2 4 6 8 10
h

Figure C.7 Integral M [Q](h) for different values of h. Analytical expression (C.32) (solid red line) and
numerical values obtained with COMSOL using the de nition (  C.34) (blue circles).

C.4 Cross-section integral M &9 for the three-dimensional narrow chan-
nel

In this section we compute the integral M(13d)(h) in (4.117. Using (4.113, M(13d)(h) reads
zz zz q
,dy1dz; fy g2z 2)2 19 L (Y ¥V1)? (2 Z)%dydz, (C.38)

@3d)
M =

NI
NIz

[ 2.2] [ 3.3

where h> 0and , is the indicator function (de nedas A(x) = 1if x 2 A and zero otherwise).

NI
NIz

We introduce the following change of variables:

y=y Vi Y =9+,
z2=7 27y, Z=727I+ 7
Under these new variables, (C.38) becomes
z z Zhig  Zhnivi q___
1-h h hj zj hjyj
MED = 5 dz dy - dz CdY ez g 1Y2 22
h h ht+jzj htjyj

Note that now the integrand is independent of Y and Z, so that the integral readily reduces to

Z h Z h q —
MP¥=2  peeag 1y? 20 ] Z)(h ] vi)dydz (C:39)
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0.8f

0.6

0.4

0.2f

igure C.8 Sketch showing how the integration limits in ( C.40) change for h < 1. The curves h and

1 h2 are shown in blue and red respectively; they intersect at h = = 2/2. The shaded area is where
z can take values using the fact that z 2 (0,h).

It can easily be seen that this integral is the same in each of te four quarters of the region

[ h,h]?, sothat we can sety,z 0 with y P 1 22 and write
ad Z min(h) Z min(h" 1T 299 ——
ME(h) = 8 1 y2 z2(h Z)(h y)dydz (C.40)
0 0
To evaluate this integral, we consider different cases given by the values of h for which the limits
of integration in ( C.40change.

Caseh 1. First, when h 1 (C.40) becomes
Z,Z2P12q

_ 4 8
MfP=8 T T 1y 2 Ah y)dydz= TR pht o (CAD

CaseIO 2/2  h< 1. When h< 1 the outer integral with respect to z always goes from 0 to h,

ad ZhZ pinn’1 29—
ME(h) = 8 1 y2 z2(h Z)(h y)dydz (C.42)
0 O

but the limits of in'begration for y changed—epending on the value of h. A%shoi1 in Figure C.8,
when h < h = 2/2 we have that 1 h2 > h, which implies that = 1 z2 > hfor all h
[noting that z 2 (0,h)]. In contrast, when h  h < 1 we have that PT T  hand the shaded
area (which represents the domain for z) is divided into two regions. Therefore, the integral
with respect to z may be expressed as the sum of two pieces, namely,
ZPi ZpQ ———
Mfd) =8 . (h 2 . 1 y2 Z(h vy)dydz

Z zZPipq
+8p_ (h 2 1 y2 Z(h vy)dydz
1 1 0

(C.43)



C.4. Cross-section integral §#f” for the three-dimensional narrow channel 203

We compute these integrals with Wolfram Mathematica ® and obtain that for h 2 (p 212, 1),
MEV(h) = s(h), (C.44)

where

P
s()_1—5+135 1 h(2h* on? 8 %h h* eh2+4h 3 2harcsin(h).  (C.45)

We verify that the limit of this expressionas h! 1 matches with the value of (C.41) ath = 1:

. 1
hl!qu s(h) = 1—5(8+ 5p).

Case0< h< P 2/2: Finally, when 0 < h< P 2/2, the integral ( C.42) becomes

3d V4 hZ hg ———
MED(h) = 8 1 y2 22(h Z)(h y)dydz (C.46)
0 0

We obtain an explicit expression for this integral with Mathe matica, which further divides the
interval for h into two pieces: one from 0 to (IO 5 1)/2 and another from (p 5 1)/2to P 2/2
(this is because there appear logarithms of complex numbers, and there are crossings of the
branches of the complex logarithm). For (p 5 1)/2 < h< P 2/2,

p
MED(h) = s(h) + 135 L 2M(ht+ o+ 4)+ Dp 2n 12+ 8 3
p_____!
2 2 1
+ }h3(h2 6)arccot 2h 1207 Ao arctan —|92hih
3 1 3nh? 3 h2" 1 2h?
0 ! (C.47)
+ Lharccot 4h 1 2n2(3h? 1)
2 1 10h2+ 17h?
= s(h) + sa(h),
while for h smaller than (pE 172,
p
MED(h) = s(h) + 35 1 2n2(h*+ 9n2+ Y+ 7 h 3n* 18h%+ 16h 9
pi.
2h 1 2h? 2h?  h*
+ Th3(h2 402
6h (h=  6)arccot 1 am 3h arccot —ZW
2h(1 2h?)%2 + 2up1 h2(3n? 1) (C.48)

1
—harccot P
2 5h2+ 6h*+ 4h2" (1 2h?)(1 h?)

+ harcsin(h) %h(h4 6h?*  3) arcsin pﬁ
= s(h) + sp(h).

In the two expressions above, the function s(h) is given in (C.45).
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Again, the three expressions (C.44), (C.47) and (C.48 match well with each other, as they
satisfy:

W sy = s(h) + so(h) = 0.454609,

gim s(h) + s,(h) = pim s(h) + sp(h) = 0.272035.
ht ("5 12+ ht ("5 172

But most importantly, the behaviour of Mfd)(h) as h tends to zero is

(3d)

4
hl 0 h4 hl 0 h (C.49)

Final expression as a piecewise function: Combining (C.41), (C.44), (C.47) and (C.48), we
have found that the integral ( C.38) is equal to

8
a5 8
% S ph+ p1<h,
2
ME ) = SN 2 (C.50)
g sh)+sah)  5i<h 2,
: P51
s(h) + sp(h) 0 h ——=.
To make this expression more manageable, back in Chapter4 we will write
(3d) () = 4p - 8
M7 (h)= Q(h 1) ?h ph+ 1 + Q(1 h)ym(h), (C.51)

with m(h) = s(h) + sa(h) 15 n2<n P2rgt su(h) o 1 P55 nrg Figure C.9 shows the piece-
wise function Mf’d)(h) with its four subdomains marked in different colours. As exp ected, the
four pieces match nicely and Mfd)(h) is a smooth function throughout its domain of de nition
R™.

0 1 il
0 0.5 1 15

h

Figure C.9 Function M(fd)(h) given by (C.50) with its four subfunctions shown in different colours.



Appendix D

Single- le diffusion via matched
asymptotic expansions

In this appendix we consider the diffusion of N nite-size particles in a purely one-dimensional
domain via matched asymptotic expansions. We expect to recover the solution of Rost (1989
presented in 84.9.2.1in the case of large N and vanishing external force f 0. Since Rost's
approach is to map the problem of N hard rods into N point particles by “eating up” their
lengths, it is not appropriate or so convenient in the presen ce of an external drift f(x), as in the
mapped problem the drift would become discontinuous. In con trast, the matched asymptotics
approach used for hard disks or spheres in Chapter 2 works just as well in the presence of an
external drift.

The starting point is a system of N identical hard rods diffusing in the one-dimensional
domain W=[ 1/2,1/2 ] and interacting with each other via hard-core interactions . The rods
have length e 1, diffusivity equal to one, and are under the same external f orce f(x) : W! R.
We suppose that the particles occupy a small fraction of the d omain so that Ne 1.

The particles' centres have coordinates x;(t), where 1 i N, and, due to the hard-core
interaction, they cannot pass each other and retain whichever order they had initially at all
times. Nevertheless, since they are identical—thus indistinguishable— and their initial positions
drawn from a given initial density, their order is not “acces sible” to us (we do not know it at
t = O or atany othertime t > 0). This is in contrast with the approach by Lizana & Ambjérnsson
(2009, in which the order is known since they consider the problem of a tagged(distinguishable)
particle. This implies that, while they impose x;+ e xj+1fori = 1,...,N 1, we can only
make sure that there are no overlaps, that is, jX; xjj efor i & j. Here we use W to denote
the space available to a patrticle centre, which is slightly smaller than the container (which has
length 1 + €) due to the nite size of the particles.

Let P(x,t) be the joint probability density function of the N particles, where % = ( X1, ...,XN)
is the position vector. This function evolves according to t he N-dimensional Fokker-Planck (FP)
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equation

h i

P, _ 1P , .
ﬁ(x,t)-r-X FeP EXP = o f(xi)P in WY, (D.1a)

I Qo=

hl
i1 TX

where F(x) = (f(xq),...,f(xn)) is the N-particles drift vector and WY is obtained from the
N dimensional WN after removing the set of illegal con gurations (with at leas t one overlap),
e, WY = WN nfx2 WN :9i 6 jsuchthatjx; xj eg. Here. On the collision points in WA
we have the re ective boundary condition

thP ﬁ(x)Pl A=0 on WY, (D.1b)
where A denotes the unit normal. At the collision between particles i and j, the kth entry
ofAisng= 0for k 6 i,j and n, = 1/2 for k = i,j. At the external boundaries TWN
corresponding to xj = 1/2, the outward normal is A = & (standard basis). We suppose that
all particles are identically distributed, so that the init ial density Py(x) is invariant to particle
labels permutations. Then the form of ( D.1) means that P itself is invariant to permutations of
the particle labels for all time. Since all particles are ide ntical, we are interested in the marginal

density function of, say, the rst particle, given by
z
p(x1,t) = P(x,t)dx;  dxn.
we

When e = 0, the particles are independent and can pass each other. Tha WY ~ WN and
P(x,t) = ON, p(x,t), and (D.1) becomes a simple one-dimensional diffusion

fip _ 1 Tp .
Tt X1,t) = vl f(x1)p in W, (D.2a)
_9p _ 1
0= ™ f(x1)p on X1 = > (D.2b)

For nite-size rods ( e > 0), we proceed as before by assuming that pairwise interactions
dominate. This means that we can setN = 2 in (D.1) and then extend the result to N arbitrary.
For two particles at positions x; and X5, (D.1) reads

P .
‘El—t(xl,xz,t) = [P, f(x)Pl + [P, f(x2)Pl, in W2, (D.3a)
Py f(x1))P=P, f(x)P on X1 X2 = € (D.3b)
P, f(xi))P=20 on Xj = :_2L (D.3c)

We denote by W(x;) the space available to particle 2 when particle 1 is at x;, namely W(x;) =

%, X1 e[ X+ e,% (see FigureD.1). We note that, in general, this domain consists of two
disconnect intervals on each side of x;. We must consider both intervals or possibilities (that
is, particle 2 is either to the left or to the right of particle 1) because the ordering att = 0 is
unknown. Integrating equation ( D.3a) over W(x;) yields
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X2

2e

X1

Figure D.1 Sketch of the con guration space W2 for two hard rods. Excluded area jx; x,j < e (shown
shaded), and integration domain W(x;) for a given x; (shown in a dot-dash blue line).

% X1, t) = ﬂixl ﬂ“—xpl )P + 2[Pu(xuxat 6t) Pulwxa et

+ [f(x1) f(x2 €JIP(xy,x1 et) [f(x1) f(xz+ €)]P(xy,x1+ et).

(D.4)

We see that the term involving the joint density P is localised at the collision between the two
particles. We will use the method of matched asymptotic expa nsions to evaluate it.

Matched asymptotic expansions We suppose that when two particles are far apart (jx;
X2) 1) they are independent (outer region), whereas when they ar e close to each other (x;
X2]  €) they are correlated (inner region).

In the inner region, we set x; = %; and x, = %; + eX and de ne P(Xy,%,t) = P(xq, X2, t).
Since we are ignoring three-body interactions, we can assume that the inner region is far from
the box ends. Then (D.3) becomes

P, . . ~ ~ . . A1 ~ "\
ezﬁ(xl,x,t) = 2Py« Zep)z)zl'i' [f(Xl) f(X1+ ex)]P >?+ e? %151 e? f(Xl)P ., (D.5a)

X1

2P = e Py + [f(X+eX) f(X)]P on £= 1. (D.5b)
In the outer region, by independence,
Pout(X1, X2, t)  d(xa)a(x2) +

for some function q(x,t). Note that the invariance of P with respect to a switch of particle
labels means that in the outer region both particles have the same distribution function g. The
normalisation condition on P gives g(x1,t) = p(x1,t) + O(e).! Expanding this outer solution in

1The normalisation condition in the single- le is similar to  the narrow-channel normalisation condition in Ap-
pendix A.3.



208 Appendix D. Single- le diffusion via matched asymptotic erp@ns

the inner variables gives

POUt()Zli)zit) = q(ilit)q(il-l- eiit)

- o (D.5¢)
q (X]_,t) + eq(xl!t)xqo(xl!t) + ’

where the prime denotes differentiation with respect to X;. From now on we write q  q(Xy,t)
unless otherwise indicated. The inner solution must match w ith the outer solution as jXj! ¥ .

Expanding P(X1,%,t) PO(%, % 1)+ ePD (X, %,t)+ , the leading order of (D.5) gives
PO = ?(%1,1). At rstorderin e we have

Py = (D.6a)
Pt = xqcP on K= 1, (D.6b)
P(l) gqf as X! ¥, (D.6C)

which is trivially solved by P (%y, %,t) = %qd’. Hence the solution to the inner problem ( D.5)
is, to O(e),
P(%1,%,1) = P(X1,1) + eXq(K1, t)qA Ky, t). (D.7)

Reduced Fokker-Planck equation for p Finally, we can use (D.7) to compute the terms involv-
ing the joint density P in (D.4). To this end, we write the boundary terms in ( D.4) in terms of
the inner variables %; and % and asymptotic expansion of P [noting that Py, = Py, (1/e)Fx]:

n 0 x=1
2P (X1, X1+ ex,t)  [f(x1) f(x1+ ex)]P(x1, X1+ ex,t) B
h o o) ) i (D.8)
= (PP + 2850 280+ 2e8)  2eF? + exfqzy) PO -+ O(e).
X=

Thus we nd that the second order inner solution P(? appears in the expansion to O(e) of the
boundary terms in ( D.4). However, as in Chapter 2, we can use the boundary condition ( D.5b)
to express P(?) in terms of variables already determined. From ( D.5b) we have that

26@ = B + 2f%%,)P®  on %= 1.

Substitution of this expression and ( D.7) into (D.8) gives the result 2e(qf) %+ O(e). Substituting
this into equation ( D.4) and using that p = g+ O(e) we arrive at the following closed equation

ﬂp Tp
—(x3,1) = .”X 'ﬂ—Xl pﬂ— f(x)p , (D.9)

which is valid to O(e). Finally, extending this result from 2 to N particles, a term (N 1)
appears in the nonlinear term to account for the (N 1) inner regions particle 1 can have. We
then nd that this result agrees with the single- le equation ( 4.109 obtained taking the limit
h! 0 in our narrow-channel model.
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