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Abstract

Stochastic models describing how interacting individuals give rise to collective be-
haviour have become a widely used tool across disciplines—ranging from biology
to physics to social sciences. Continuum population-level models based on partial
differential equations for the population density can be a very useful tool (when, for
large systems, particle-based models become computationally intractable), but the
challenge is to predict the correct macroscopic description of the key attributes at

the particle level (such as interactions between individuals and evolution rules).

In this thesis we consider the simple class of models consisting of diffusive par-
ticles with short-range interactions. It is relevant to many applications, such as
colloidal systems and granular gases, and also for more complex systems such as
diffusion through ion channels, biological cell populations and animal swarms. To
derive the macroscopic model of such systems, previous studies have used ad hoc
closure approximations, often generating errors. Instead, we provide a new system-
atic method based on matched asymptotic expansions to establish the link between

the individual- and the population-level models.

We begin by deriving the population-level model of a system of identical Brownian
hard spheres. The result is a nonlinear diffusion equation for the one-particle density
function with excluded-volume effects enhancing the overall collective diffusion rate.
We then expand this core problem in several directions. First, for a system with two
types of particles (two species) we obtain a nonlinear cross-diffusion model. This
model captures both alternative notions of diffusion, the collective diffusion and
the self-diffusion, and can be used to study diffusion through obstacles. Second,
we study the diffusion of finite-size particles through confined domains such as a
narrow channel or a Hele-Shaw cell. In this case the macroscopic model depends on
a confinement parameter and interpolates between severe confinement (e.g., a single-
tile diffusion in the narrow channel case) and an unconfined situation. Finally, the
analysis for diffusive soft spheres, particles with soft-core repulsive potentials, yields

an interaction-dependent non-linear term in the diffusion equation.
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Chapter 1

Introduction

1.1 Systems of interacting particles

Our lives are dominated by systems composed of many particles, agents or individuals with a
collective behaviour. From small-scale systems, such as colloidal particles, ions in ion channels,
the interior of biological cells or the cells themselves moving across our bodies, to larger scale
systems, such as animals swarms (e.g., locusts, fish or birds), pedestrian or traffic motion, these
systems have in common that they are conformed by a group of individual entities with some
notion of collective.

Stochastic models describing how these interacting individuals give rise to collective be-
haviour have become a widely used tool across disciplines—ranging from biology to physics
to social sciences. For example, the motion of biological cells under a chemical field (a process
called chemotaxis) can be described as a system of Brownian particles interacting via chemotaxis
and non-overlapping constraints or interactions (Stevens 2000). An intriguing question is to
explore how individual attributes such as the cells’” motion and mutual interactions translate
into the behaviour of the cell population as a whole. This and other examples of systems of
interacting particles are shown in Figure 1.1.

Broadly speaking, the theoretical approaches to systems of interacting particles can be split
into two categories, “individual-based” and “population-based”. Individual-based models de-
scribe the dynamics of each individual explicitly. In contrast, in the population-level models
individual elements do not appear explicitly and, instead, one considers only the evolution of
system variables (averaged quantities such as the spatial population density). As an illustration,
the system of chemotactic cells described above can be modelled either with a coupled system of
stochastic differential equations (with a Brownian noise term to represent the diffusive/erratic
motion of cells), each describing the evolution of one cell’s position in space, or with a partial
differential equation (with a diffusion term) for the cell population density (i.e., the number of
cells per unit volume). The former description is an individual-based model, while the latter

corresponds to its associated population-level model. Individual-based models (IBMs) are often
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Figure 1.1 Examples of systems of interacting particles, individuals or agents. Clock-wise from
top left: Ion channel across cell membrane, reproduced with modifications by permission of Cen-
TRion Therapeutics (©2009 Centrion Therapeutics Ltd). Macromolecular crowding in an E. coli cell
(©1999 David S. Goodsell. Used with permission). Directed chemotaxis of breast cancer cells from
Wiggins & Rappoport (2010) (°2010 BioTechniques. Used by Permission). Locust swarm by Ru-
van Boshoff (©2010 iStockphoto/Ruvan Boshoff. Reproduced with permission). Pedestrians crossing
the street by Jests Arias (®06/09/2012 123RF Limited 2006-2011). The image originally presented
here cannot be made freely available via ORA because of copyright. The image was sourced at
http:/ /www.123rf.com /photo_2187997_urban-scenes-pedestrians-crossing-the-street.html.

referred to as microscopic or discrete models, since they are conceived in terms of constituent
elements, whilst population-based models are also denoted as macroscopic or continuum models.

Discrete models are conceptually simple and provide a natural framework for the increasing
amount of data available at the particle scale (Murray et al. 2009), such as recent advances in ex-
perimental techniques to perceive cellular and subcellular scales (e.g., Lucic et al. 2005; Verkman
2002) or particle-tracking techniques in large flocks (e.g., Lukeman et al. 2010). However, discrete
models generally require many computationally intensive simulations to gain understanding of
population-level behaviour, and can become computationally intractable for large systems of
interacting particles, as is often the case in real applications. In such cases, continuum models
become attractive.

Continuum models were, and still are, preferred in many cases in which the observed be-
haviour occurs at the continuum rather that at the particle scale. A good continuum description
of the stochastic particle system is invaluable: it can provide the insight lacking in the discrete
model, and it is relatively easy to analyse and solve. These are some of the reasons why there
is a strong usage of continuum models (e.g., for cells, Keller & Segel 1971, biological aggre-
gations, Murray 2002; Topaz et al. 2006 or pedestrian flow, Helbing 1992). However, there are

also many problem areas in which continuum modelling fails to describe the discrete dynamics.
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This is the case for the the logistic equation (or Verhulst equation) in ecology, which is a com-
mon model of population growth. As Nasell (2001) points out, the deterministic continuous
version of the Verhulst model predicts, under some conditions, a positive stationary population,
whilst its stochastic discrete counterpart predicts the eventual extinction of the population (with
probability one).

The evolution in time and space of population-level variables (such as the cell population
density in the example of biological cells described above) is dictated by the dynamics at the par-
ticle level, which may incorporate the responses of the individuals to their local environments
(e.g., a chemotactic field) and the local interactions among themselves (e.g., non-overlapping
interactions). One could then say that the continuum model should “emerge” or derive from
its discrete counterpart (Schweitzer 2003). Accordingly, it is essential to understand the con-
nection between these two levels of description in order to gain insight into the particle system
phenomena. For instance, what should be the effect, at the macroscopic scale, of contact and
chemotactic interactions taking place at the microscopic scale? Such micro-macro link is of
interest in both directions, not only providing the collective behaviour generated by individual-
based mechanisms but also offering a strategy for determining the individual particle behaviour
that underlies any given empirically observed collective display.

However, the micro-macro link is not obvious in general, especially when interactions be-
tween individuals are included in the discrete model. This is why continuum models are often
defined phenomenologically (that is, written directly at the continuum level rather than derived
from their discrete counterparts) or by making assumptions that cannot be related to individual
behaviour. For instance, closure approximations (which assume independence between individ-
uals at some stage) are commonly used, yet often generate errors in the resulting continuum
model.

Real systems of interacting particles such as the ones shown in Figure 1.1 are very complex
and, consequently, their mathematical modelling typically involves many components. As a
first step to characterise these systems, two important features are the motion of its individuals
in their environment and the interactions among themselves. First, how do they move in space?
Do they follow Newtonian dynamics? Or maybe a Brownian motion? Are there external forces
acting upon them? And second, are interparticle interactions attractive or repulsive? Are they
dominated by individuals nearby or the whole population? For example, the depicted case of
the locust swarm has been modelled in the literature as a system of self-propelled particles with
multiple interaction radii. In particular, in Couzin et al. (2002) the motion of each individual
is influenced by the average velocity in the near neighbourhood and local density of animals,
while a three-zone model is used to describe three types of “sociological” interactions between
individuals (namely, a short-range repulsion or avoidance, an intermediate-range of alignment,

and a long-range attraction which keeps the swarm together).
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The use of stochastic components in the mathematical description of real-life systems has
become widespread (Gardiner 2004), in particular as a tool to achieve complex behaviour in a
simple fashion. Stochasticity is usually introduced at the particle-level description to account
for details from a finer deterministic description which we choose not to keep in our model.
For example, these details could be interactions with the surrounding medium (e.g., collisions
of ions with surrounding water molecules in the ion channel of Figure 1.1) or originate from the
particles’ intrinsic properties (e.g., to account for the fact that animals are not expected to react
in a completely deterministic way due to sensory or movement errors). The simplest stochastic
model one can think of is the case where particles undergo Brownian motion (which, in the
population level, corresponds to diffusion).

In this thesis we are interested in the derivation of the aforementioned link between discrete
and continuum models in a systematic way. While the ultimate goal is to contribute to a better
understanding of real-world problems such as those of Figure 1.1, here we adopt a more general
approach, to tackle the common first steps in any of these such problems. To do this, we
consider the simpler system of Brownian particles with excluded-volume effects (that is, the
particles sense the space occupied by each other). Despite its simplicity, this system already
shows a lot of interesting behaviour and is capable of explaining some phenomena of collective

behaviour.

1.2 Brownian particles with excluded-volume interactions

If Brownian motion is the simplest model for stochastic motion, it can be argued that excluded-
volume is the simplest possible interaction. In fact, this type of interaction can be found, to some
extent, in most applications, since in reality the “particles” under consideration have a finite size.
For this reason, such an idealised model could then be embedded into more realistic models,
making it relevant to a wide range of situations.

Specifically, in this thesis we focus on systems of interacting Brownian particles under an
external deterministic force and short-range repulsive interparticle forces (which can be used
to represent excluded-volume effects). In other words, each individual performs a Brownian
motion (or diffuses) under an external force and interacts with the others through a short-range
force. We consider pairwise additivity, which means that the interaction potential felt by a
particle is the sum of isolated pair interactions with all the other particles.

The simplest system of this class is the hard-sphere (HS) system, which consists of impene-

trable spherical particles interacting through the hard-core potential,

1) r<o,
u(r) = { (1.1)

0 r> 0,
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where r is the interparticle distance and ¢ is the particles” diameter. Extensions of the HS system
to softer repulsions are known as soft spheres (SS). For instance, we will consider the exponential
potential

u(r)y =e "/, (1.2)

where 07 is the effective size of the particles (or support of the interaction potential, which we
require to be short ranged). These type of potentials are more realistic in that they allow for
the finite compressibility or “softness” of particles (Israelachvili 1991). The HS system (and
mixtures of HS) will be the subject of study of the first three chapters of this thesis, whereas in

Chapter 5 we shall generalise our model to SS.

1.2.1 Excluded-volume interactions

Short-range repulsive pair potentials such as (1.1) and (1.2) are appropriate to model excluded-
volume interactions. Size exclusion is important in many biological processes, including dif-
fusion through ion channels (Gillespie et al. 2002; Hille 2001) and in chemotaxis (Lushnikov
et al. 2008), and can have a significant impact on the thermodynamics and kinetics of biological
processes such as association reactions at membranes (Kim & Yethiraj 2010). Finite-size effects
are also important when considering the combustion of powders (Saxena 1990), collective be-
haviour such as animal flocks or traffic movement (Camazine et al. 2003; Schadschneider 2002)
and granular gases (Barrat et al. 2005).

Excluded-volume interactions, also known as steric repulsive interactions, arise from the
mutual impenetrability of finite-size particles (e.g. in colloids) or the fact that living organisms
do not like to get too close to each other. Depending on the characteristics of the individuals
and their interactions, a hard- or a soft-core interaction (analogous to elastic or inelastic colli-
sions) may be more suitable. Whilst hard-core interactions allow no penetration and usually are
defined by the actual size of the particle, soft-core interactions allow some penetration (i.e., as
if particles were compressible) and only prescribe a range where the repulsion forces operate
rather an particular size.

In the case of hard-core interactions, a hard sphere of diameter ¢ excludes a spherical vol-
ume of radius ¢ around its centre (that is, eight times its volume in three dimensions), because
no other particle’s centre can be located in this larger sphere (see Figure 1.2); hence the name
excluded-volume interactions. This implies that the free volume is decreased as the concen-
tration (or the volume fraction) of the crowding particles increases. The concept of excluded-
volume extends to SS taking the support oy of the interaction potential u in (1.2) to characterise
an effective excluded volume, although in this case there is no volume excluded with probability
identically equal to one.

In this thesis we will only consider spherical particles with radially symmetric interactions,

that is, the interaction potential between two particles only depends on the distance between
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@ . _ (b) 0 ®

Figure 1.2 Excluded (red and black) and available (blue) area in a solution of black particles for the
placement of an additional test particle. (a) The area available with point particles is the whole domain.

(b) The area available (to the center of the test particle) with finite-size particles is reduced. Reproduced
with modifications from Minton (2001).

their respective centres. The reason we give both the geometrical (spherical particles) and inter-
action properties (radially symmetric potential) is that, when dealing with anisotropic particles,
there are generally two ways to model their interactions. For example, for elongated cells
one option is to represent them as (impenetrable) hard ellipsoids and consider collisions, or
alternatively we may introduce an soft elliptical potential as in Paramonov & Yaliraki (2005).
Anisotropic particles are of interest for many applications in biological and nanoscale systems
(for example, cells are often elongated or rod shaped, Baker & Simpson 2012), and rod-like par-
ticles or ellipsoids may be used as a first-order approximation. However, this complicates the
analysis a lot and is out of the scope of this thesis. Recognising the importance of anisotropy in

many real processes, we intend to consider this problem in the future (see §6.2).

1.2.2 Brownian motion

In 1827, the prominent botanist Robert Brown was studying the structure of pollen grains when,
suspending some pollen particles in water, he noticed that these were constantly in motion,
performing rapid oscillatory motion, without ever stopping. While Brown was not the first to
observe such microscopic movement, he was the first to study it meticulously and show that
it was not due to the moving particles being alive (Brown 1828). Thereafter his name became
associated with this phenomenon, which came to be known as Brownian motion.

It took until the beginning of 20th century before Bachelier, Einstein, Smoluchowski and
Langevin developed the theoretical approaches to Brownian motion and Perrin performed the
experiments confirming their theoretical results. While Bachelier’s work (Bachelier 1900) con-

cerned the analysis of the stock and option markets (and was largely ignored despite being
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pioneer to Einstein’s until rediscovered in the 1950s’, Szpiro 2011), Einstein, Smoluchowski and
Langevin brought Brownian motion to the attention of the scientific community.

Smoluchowski worked on the molecular kinetic approach to Brownian motion, using a de-
tailed kinetic model of the collision of hard spheres and thus treating the solvent particles explic-
itly (von Smoluchowski 1906). In contrast, Einstein (1905) was based on statistical assumptions
(so it did not include explicit solvent molecules) and neglected inertia of the Brownian parti-
cle, that is, he never introduced its velocity and worked only on its position space (known as
the configuration space). Einstein obtained a diffusion equation for the Brownian particle and a
relation between the diffusion coefficient and measurable physical quantities [see Eq. (1.6)].

The link between the finer approach of Smoluchowski and the coarser approach of Einstein
was provided by Langevin (1908). His work built on the observation that a particle suspended
in a fluid is under a force due to the solvent molecules. This force can be written as a sum
of its mean value and a fluctuation about this mean value. “Langevin’s idea was to treat the
mean force dynamically and the residual fluctuating part of the force probabilistically” (Mazo
2002; §4.6). His description is on a finer scale than that of Einstein, as it considers both the
position and velocity of the Brownian particle (the space of positions and velocities is known
as the phase space). An important consequence of the works described above was to provide
an indirect method to confirm the existence of atoms and molecules. Perrin’s experimental
verification of the Einstein-Smoluchowski theory was finally successful in persuading most of
the anti-atomists that atoms really did exist. An excellent historical account of the early stages
of the theory of Brownian motion can be found in Mazo (2002; Chap. 1).

Although developed to describe the specific phenomenon observed by Brown for particles
suspended in fluid (with the exception of Bachelier’s thesis on stock market fluctuations, as
mentioned above), the mathematical theory of Brownian motion now has numerous applica-
tions. In broader terms, Brownian motion is often used as a model for any random movements

or dynamics that may be described as random.

1.2.2.1 Mathematical description of Brownian motion

In order to introduce the mathematical description of Brownian motion, we consider the three-
dimensional motion of a particle in a fluctuating environment subject to some external determin-
istic force f*'. The state of the particle is described by its (stochastic) position X(t) and velocity
V(t). Langevin’s theory states that the particle evolves according to the Langevin stochastic differ-
ential equation (SDE) (Mazo 2002; §8.1)

X _ g,

dv(t) ‘
mT = feXt — ’)’V(t) —+ \ 2’)/kT€(t),
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where m is the particle’s mass, -y is the frictional drag coefficient, k is the Boltzmann’s constant
and T is the absolute temperature. Due to Stokes, the friction of a small sphere of diameter
o suspended in a medium of viscosity 7 can be expressed as v = 37yo. Here ¢ describes a

random fluctuating force, which is assumed to be Gaussian white noise:

(Ci(t)) =0, <Ci(t)6j(tl)> =o(t— t,)(si]', i,j=1,...,3,

where ¢; and ¢; are Cartesian components of the vector ¢. In what follows we make the identi-
fication (see Gardiner 2004; §4.1)

Cl‘(t)dt = Wl‘<t + dt) - Wl'(t) = de(f), (1.4)

where W;(t) is a Wiener process. When the friction v is large and the motions are overdamped
(in the overdamped limit m/~ — 0), the inertial term in (1.3) may be neglected. This approxima-

tion leads to the overdamped Langevin SDE:
dX(t) = (/) dt + V2D dW(t), (1.5)

where D = kT /v is the diffusion coefficient and W(t) is a standard three-dimensional Wiener
process. This relation between the diffusion coefficient and the frictional drag coefficient, proved
by Einstein, is known as the Einstein-Smoluchowski relation.

Equation (1.5) describes the motion of a Brownian particle only in terms of its position
X(t), assuming that the relaxation of its momentum occurs in a very short timescale. This was
exactly the approach to Brownian motion taken by Einstein (1905), who realised that the motion
of the solvent molecules is so complicated that its effect on the suspended particle can only be
described probabilistically. He introduced the probability density p(x,t) that the particle is at
position x at time ¢ and derived a partial differential equation (PDE) for p, namely, a diffusion
equation. To do so, he used many innovative mathematical concepts at the time, such as those
later known as a Markov process or the Chapman-Kolmogorov equation for the transition
probability. Nowadays, the PDE associated to a SDE such as (1.3) or (1.5), is known as a Fokker—

1

Planck equation and is readily obtained using the It6 formula.” For example, the overdamped

Langevin SDE (1.3) has an associated FP equation

0

b = V- [=(E/7)p+ Vi(Dp)], (1.6)
which is defined in the configuration space of the particle. If we did the same starting from
(1.3), we would obtain a corresponding FP equation for p(v, x, t), that is, defined in the particle’s

phase space.

1Given n variables U = (Uj, ..., Uy,) evolving according a system of SDEs dU = A(U,t) dt + B(U,t) dW(t), the
associated Fokker-Planck (FP) PDE for the probability density p(i, t) is, by the It6 formula (Gardiner 2004; §4.3.3):

PN R 1o &
g(%f)——;aﬁm[flz(“rﬁp]‘f‘i;
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In the case of one single Brownian particle, the particle-level probabilistic description (1.6)
is trivially identical to the continuum description. In contrast, the continuum description of a
system composed of an arbitrary number of (interacting) Brownian particles N is not so easy
to obtain. The discrete model consists of N copies of the SDE (1.5), one for the coordinates of
each particle, and we can also write a FP equation like (1.6) for the joint probability density
P(xq,...,xn,t), which gives the probability of the first particle being at x;, the second at xy,
etc., at time ¢. In this case, the FP equation is defined in a high-dimensional space conformed
of N copies of the original space or physical container. For N large, solving the particle-level
FP equation is analytically impossible so that we either have to resort to computer simulations
of the system of Langevin SDEs (1.5), or to formulate some approximate (perhaps mean-field)

equation for the particle density.

1.3 Related models

The appropriate level of description for the study of complex systems is such that it includes
only as much detail as is necessary to capture the key features of the system and can explain a
certain macroscopic behaviour. One such model is the hard-sphere system, first introduced by
van der Waals in 1873 to represent atoms and molecules for the modelling of fluids. In spite
of its simplicity, this model has served as a foundation for research in a number of fields. It
displays a remarkable rich behaviour that is not completely understood, which is the subject of
ongoing examination (cf. Mulero 2008).

As mentioned earlier, systems of interacting particles appear in many different application
areas, in which very diverse modelling approaches have been used hitherto. In recent years,
advances in technology (providing accurate particle-level experimental data) and a thriving
interest in biological and sociological systems have generated a great deal of new research in
this area, resulting in established macroscopic theoretical tools of physics are being re-used with

great success. Next we review some of these modelling approaches.

1.3.1 The long-established ones...

The first example of a theoretical approach that provided the valuable micro-macro link dis-
cussed earlier can be found in statistical mechanics. The system of Brownian hard spheres has
been extensively studied in statistical mechanics as an elemental model to gain insight into more
complicated systems and phenomena. There have been many extensions to the classical theory
of Brownian motion to take into account interactions between solute particles. For example,
Batchelor (1976) models Brownian diffusion of particles with hydrodynamic interactions using
generalised Einstein relations to find a concentration dependent correction to the collective dif-

fusion coefficient. Felderhof (1978) considers the same problem through an analysis of the FP
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equation, and includes both excluded volume and hydrodynamic effects. His analysis is based
on the thermodynamic limit (in which the number of particles N and the system volume V' tend
to infinity, with the concentration N/V fixed), and is valid only for a small perturbation from
the equilibrium concentration. Similarly, macroscopic diffusion coefficients to first-order in a
constant concentration are obtained from the generalised Smoluchowski equation in Ackerson
& Fleishman (1982); Hanna et al. (1982). These works focus on the problem of colloidal parti-
cles that also motivated Einstein and Langevin in the beginning of the 20th century, and obtain
solutions which are valid at or close to equilibrium. While they remain valid, new methods
to incorporate out-of-equilibrium dynamics and new features observed in modern applications
are required. For instance, a biologist who wants to model the collective behaviour of bacteria
or insect societies would find little or no use of the classical equilibrium statistical mechanics
theories. An example of a statistical-mechanics technique being successfully utilised to tackle a
more contemporary biological problem can be found in Newman & Grima (2004). They derive a
diagrammatic perturbation theory to study precisely the problem of chemotactic cells described
previously, in particular the role of fluctuations in chemotactic cell-cell interactions. Diagrams
are a useful tool to represent and manipulate the complex hierarchy of probability distributions

resulting from the Langevin particle-level description of the cell system.

1.3.2 Jumping on a lattice

Usually, but not necessarily, space and time are treated as continua in the population-based
models and PDEs are written down for the time-dependent system variables such as the spatial
particle density. On the other hand, individual-based models have been formulated following
both continuum or off-lattice and discrete or on-lattice approaches. In the off-lattice formulation,
one has (stochastic) differential equations for the individual trajectories of particles such as the
Langevin equation (1.3) or its overdamped version (1.5). In contrast, on-lattice individual-based
models assume the motion of particles is restricted to taking place on a lattice and define a
random walk on the lattice, with jumping or hopping rules between grid points. Depending on
the problem dimension, they can be relatively easy to implement numerically and less compu-
tationally intensive than their off-lattice counterparts.> Besides their use as approximations of
truly continuum off-lattice processes, on-lattice models may also be used to describe processes
that occur in fact at discrete points of space. For instance, molecular motors such as kinesin
move along the microtubule with fixed-size steps determined by the distance between binding
size (Munarriz et al. 2008).

On-lattice models are very popular to model diffusion processes with excluded-volume in-

teractions as these are apparently easily incorporated into the model. The most common of

2This is generally true for one- and two-dimensional problems. In higher dimensions, the storage costs associated
with the lattice structure make the on-lattice approach less attractive.
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these is the simple exclusion model, in which a particle can only move to a site if it is presently
unoccupied. This model has now become of widespread use in biology and the social sciences
(Liggett 1999), but it can be traced back forty years when the field of interacting particle systems
began as a branch of probability theory. The exclusion process was introduced by Spitzer (1970)
as a model for a lattice gas in one dimension with hard core repulsion. In order to obtain the
population-level limit of this model, the usual approximation is to assume independence of the
occupancy of adjacent sites (Simpson et al. 2009), generating (in the simplest case of isotropic
motion) a continuum model with a constant diffusion coefficient. This result may not be the
anticipated one, since one would expect changes in the effective diffusivity as the concentra-
tion of particles increases. This is where a surprisingly common misconception may arise: it is
intuitive to think that, in a simple exclusion process, the effective diffusion coefficient should
decrease with the concentration of particles. This is because if a lattice site is occupied an ad-
jacent particle cannot jump there and therefore its diffusivity is reduced. A particular form of
the effective diffusion coefficient obtained from simulations in Simpson et al. (2007) is given
by D(p) & phop(1 — p), where p is the normalised lattice density and py,, is the probability of
a jump. A natural extension/choice is to then insert D(p) into the diffusion equation for the
density p, to find that its solution does not agree with stochastic simulations of the theoretically
equivalent particle-level lattice model (Simpson et al. 2009). What is the reason of this disagree-
ment? The reason is that the above form of the diffusion coefficient corresponds to the so-called
self-diffusion of a particle, and not to the collective diffusion coefficient, which increases with the
particle concentration and is appropriate when writing the population-level diffusion equation
of the system. We shall explain these two alternative notions of the diffusion coefficient and this
apparent contradiction in §3.3.

On-lattice models have been used to model the effect of crowding on diffusion-limited re-
actions (Schmit et al. 2009) and to study the diffusion of multiple species of finite-size particles
with simple exclusion rules in Burger et al. (2010); Simpson et al. (2009). More complicated rules
have also been considered; for example, particles that can bind to sites and interact not only with
each other but also with a confined channel-like domain in Henle et al. (2008), or myopic agents
(in which the hopping probability depends on the number of unoccupied nearest-neighbour
sites) in Landman & Fernando (2011). Similarly, Deroulers et al. (2009) consider a diffusion
process with contact interactions parametrised by the number of occupied neighbouring sites,
but they use a regular hexagonal lattice instead of a square one to minimise the anisotropy
of the random walk. Recently, a generalisation of all these processes to incorporate general
interactions in an on-lattice model for multiple species has been provided in Penington et al.
(2011).
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1.3.3 Breaking the link

Because of the challenges in linking the particle-level and population-level models, a large num-
ber of studies have focus on solely one of the two levels. On the one hand, the particle-level
description of a stochastic system of interacting particles is, in general, impossible to solve ana-
lytically and we have to resort to numerical methods, such as computer simulations. Due to the
stochasticity, many runs or repetitions of computationally intensive simulations are required to
produce statistical results and develop insight into the population-level dynamics. Literature
concerned with numerical simulations of Brownian hard spheres and related systems is exten-
sive and we shall not attempt to cover it here. We will nevertheless give some details in §2.7 of
numerical schemes used for the stochastic simulations performed in this thesis.

On the other hand, some authors choose to write down population-level models phenome-
nologically, often making assumptions that are difficult to relate to the individuals behaviour
(Murray et al. 2009). A common procedure is to start from the population-level model of the
interaction-free analogue of the system under consideration (which is relatively easy to obtain
from the particle-level model), and introduce terms in it to account for observed behaviour
due to the particle interactions. For instance, it is well-known that solutions to the classical
Keller-Segel model for chemotaxis (Keller & Segel 1971) may blow up in finite time (Calvez &
Carrillo 2006). This is because the model does not incorporate size-exclusion effects and hence
aggregation of cells is not cut off. A solution to this problem, as pointed out by Calvez &
Carrillo, is to introduce nonlinear diffusion terms directly in the population-level Keller-Segel
model. Another example of this approach, now in the context of gregarious animals like sheep,
can be found in Degond et al. (2010). The authors model the steric constraints resulting from
the finite size of particles with a disjoining pressure term, resulting in an equation of state in

which the compressibility is reduced as the concentration increases.

1.3.4 One-dimensional transport, or quasi ...

Finally, we should point out that for one-dimensional configurations (which may be valid ap-
proximations for narrow domains such as channels), the single-file diffusion of hard-core parti-
cles can be solved exactly by mapping it to the classical diffusion of point particles (Rost 1984).
However, the situation in higher dimensions which we consider here is more challenging. It is
clear that the one-dimensional diffusion is qualitatively a very different problem to the two- or
three-dimensional counterparts, since in the line finite-size particles cannot pass each other and
hence preserve their initial ordering. An interesting question is to explore the transition of the
diffusion of finite-size particles from a one-dimensional domain to a two- or three-dimensional

domain. We shall consider this question in Chapter 4.
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1.4 Overview

In this thesis we study systems of hard- or soft-core interacting Brownian particles, with the spe-
cific aim of obtaining the continuum population-level description of the system which accurately
captures the motions and interactions at the particle-level. We are interested in determining the
link between the discrete-level and the population-level descriptions via a systematic method
which does not rely on closure assumptions. We consider the case of small volume fraction of
particles (the volume occupied by particles divided by the total volume), for which pairwise in-
teractions dominate. Under this hypothesis, we develop a systematic method based on matched
asymptotic expansions in the particle volume fraction to obtain the population-level model (a
FP equation for the one-particle density) from the particle-level model.

We begin in Chapter 2 with a system of N identical hard-core diffusing spheres in a bounded
domain whose dimensions are large compared to the particles” size. This is the “core problem”
that allows us to introduce the method and techniques used in the subsequent chapters. We find
that the continuum description of the system is a nonlinear diffusion equation, with the nonlin-
ear coefficient proportional to the excluded-volume in the system. With the derived continuum
model, we gain substantial insight into the problem. First, we are able to extract the effective
collective diffusion coefficient, which increases with size-exclusion and is consistent with that
obtained from classical methods in statistical mechanics. Second, we study the stationary solu-
tions of the diffusion equation and relate these with the minimisers of the free energy functional
under certain conditions. This provides again a tool to relate microscopic properties of the sys-
tem (as the free energy has a microscopic basis) and a macroscopic feature. Finally, we show
that the resulting nonlinear diffusion equation is able to capture the population-level behaviour
of the system emerging from the particle-level dynamics. To this end, numerical solutions to
the PDE model are compared with stochastic simulations of the system of coupled Langevin
SDEs and shown to agree well. To test the importance of excluded-volume interactions, simu-
lations of the interaction-free analogue—a system composed of Brownian point particles—are
also compared against the hard-spheres system.

In Chapter 3 we remove the limitation of identical particles to allow for multiple species
(or different types of particles). In particular, we assume that the previous system of N hard
spheres contains two types of particles, which we call the blues and the reds. Particles within one
group are all identical, but a blue and a red particle may be very different. Our analysis at the
particle-level model now produces a nonlinear cross-diffusion system at the population-level for
the two one-particle densities, which captures the enhancement (diminishment) of the effective
diffusion rate, due to excluded-volume interactions between particles of the same species (of the
other species). This model is able to explain two alternative notions of the diffusion coefficient
that are often confused, namely, collective diffusion and self-diffusion. Moreover, we find that

this model is useful to study the diffusion of finite-size particles through obstacles by setting the
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diffusivity of one of the species to zero. Results in this case are compared to a standard multiple
scale analysis, to see how the way obstacles are distributed—either randomly or deterministi-
cally in a periodic array—affects the transport properties at the macroscopic level. As for the
single-species model, the steady states of the system are analysed in the context of a free-energy
functional, and numerical validations of our population-level cross-diffusion model against the
particle-level models are obtained. Once more, we find good agreement between approaches,
confirming that the derived continuum model is able to capture the emerging behaviour of the
system.

Going back to a system of N identical hard spheres, in Chapter 4 the model is extended
to take into account the confinement of the domain particles occupy, assuming that there is a
dimension in the domain which is of size comparable to the particle. In this case, we find that
the relevant dynamics occur only along the unconfined dimensions of the domain, implying
that the population-level model is an effective equation in a reduced dimensional space. For
example, in the case of a narrow channel with cross-section of size similar to the particle’s size,
our analysis yields an effective one-dimensional nonlinear diffusion equation, which depends
on the channel width. An interesting consequence of this result is that it allows us to interpolate
between qualitatively very different types of diffusion: an unconfined two- or three-dimensional
diffusion and a one-dimensional diffusion, known as single-file diffusion.

In Chapter 5 we recover the problem set-up of Chapter 2 (identical particles in an unconfined
domain) and relax the assumption of hard-core repulsive interactions between particles. We
examine the analogous problem for soft spheres, that is, Brownian particles interacting via soft-
core short-range repulsive potentials. In this case, the analysis yields an interaction-dependent
nonlinear term in the diffusion equation. Importantly, our results better those obtained from
common closure approaches, showing that the method of matched asymptotics is preferable
for short-range interactions. The analysis shows promise in the incorporation of long-range
interactions—which represents a crucial step forward since many real applications exhibit a

combination of short- and long-range interactions.



Chapter 2

Diffusion of identical hard spheres

This chapter is based upon Bruna & Chapman (2012)

2.1 Introduction

In this chapter we begin by studying a system of identical hard-core interacting particles dif-
fusing under an external force in a two or three-dimensional domain. Specifically, we consider
N hard spheres (or disks) occupying a small volume fraction of a bounded domain, so that
pairwise interactions dominate over interactions involving three or more particles. In addition,
we suppose that the ratio € of the particles” diameter to the domain’s typical diameter is small,
so that it can be exploited through a systematic asymptotic analysis. We examine how the finite-
size of particles, which gives rise to the so-called excluded-volume or steric effects, affects the
population dynamics.

We begin in §2.2 by writing down the particle-based description of the system, which con-
sists of dN coupled stochastic differential equations or, in the probability space, of a high-
dimensional Fokker-Planck (FP) partial differential equation for the joint probability density
function. We aim to reduce this high-dimensional particle-based description to a practical low-
dimensional description for the one-particle or the population density. This process is exem-
plified for the interaction-free case of point particles in §2.3.1. We then proceed in §2.3.2 with
finite-size particles. The small volume fraction assumption allows to write down an integral
equation for the one-particle density in terms of the two-particle density. An asymptotic anal-
ysis in the limit of small volume fraction using matched asymptotic expansions is performed
in §2.4. The result, given in §2.5, is a nonlinear diffusion equation for the one-particle density
function with excluded-volume effects enhancing the overall collective diffusion rate. An ex-
pression for the effective (collective) diffusion coefficient, which agrees with that procured from
standard statistical mechanics methods, is obtained.

One important feature of the resulting nonlinear equation is that, under some conditions

on the external force, it has an associated free energy function and possesses what is termed

15
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a gradient flow structure. We introduce these concepts and review some important results
regarding the trend to stationary solutions in §2.6.

We then progress to investigate the validity of the derived model by comparing its solutions
with stochastic simulations of the full particle system in §2.7. In addition, we also compare
solutions corresponding to finite-size particles with those corresponding to point particles, in
order to assess the importance of finite-size effects. Most of the numerical techniques used in
this thesis to integrate both the stochastic and the partial differential equations associated to
the problem are presented in this section. We perform both time-dependent and stationary
simulations and find good agreement between stochastic simulations of the full particle system
with the solution of the population-level FP equation.

The diffusion of hard spheres is a classical problem and has been extensively studied. In
particular, Felderhof (1978) considers the diffusion of Brownian interacting particles (with po-
tential and hydrodynamics interactions) by linearising the FP equation in the low-density limit.
His analysis is based on the thermodynamic limit (in which the number of particles N and the
system volume V tend to infinity, with the concentration N/V fixed), and is valid only for a
small perturbation from the equilibrium concentration. Another popular approach is to use
lattice-based models, in which a particle can only move to a site if it is presently unoccupied
(Fernando et al. 2010). These are either phenomenological in nature, restricted to small perturba-
tions from a uniform concentration, or based on the thermodynamic limit in which the number
of particles tends to infinity. Here we follow a more systematic approach based on asymptotic
analysis of the FP equation of the particle system, without using any ad hoc closure assumptions.
On the other hand, in order to focus on excluded-volume effects, we suppose that there are no

electrostatic or hydrodynamic interaction forces between particles.

2.2 Particle-based model

Our starting point is a system of N identical hard core diffusing and interacting particles in
d dimensions, where d is either 2 or 3. The particles are disks or spheres, each with constant
diffusion coefficient Dy, friction coefficient v and diameter ¢, in a bounded domain Q) in R of
typical diameter L. They are under the same external force field f. By non-dimensionalising
length with L, time with L?/Dg and force with yDg/L, the size of the domain and the diffusion
coefficient may be normalised to unity, while the diameter of the particles becomes € = ¢/L.
As stated in the Introduction, we assume that the particles occupy a small volume fraction, so
that Ne? < 1.

2.21 Overdamped Langevin equation

We denote the centres of the particles by X;(t) € Q at time t > 0, where 1 < i < N. The

domain () is defined as the space available to a particle centre, which is slightly smaller than
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the physical container due to the finite size of the particles. Namely, the physical container
has an additional “belt” of thickness €/2, since a particle that is in contact with the wall of the
container has its centre a distance of €/2 into the interior. As mentioned in the Introduction, we
consider the dynamics of the particles to be governed by the overdamped Langevin stochastic

differential equation (SDE) (1.5), which in the rescaled units reads
dX;(t) = £;(X(t))dt + V2dW;(t), 1<i<N, (2.1a)

where W; are N independent d-dimensional standard Brownian motions, X(t) = (Xy,...,Xy)
is the N-particle position vector and f; is the force acting on the ith particle. In general this
force may include both interparticle and external interactions, such as electromagnetic, hydro-
dynamic, convection and potential forces, in which case f; depends on the positions of all the
particles X. However, throughout this thesis we limit our attention to external forces of the form
f(x) : Q — RY, that is, the external force acting on a particle only depends on its own position.
Examples of this include a gravitational force or the gradient of a potential function which may
represent a food source in the case of biological cells. While soft-core steric effects can also be
built into f; (as we shall see in Chapter 5), hard-core collisions can be more easily expressed as
X; — Xj|| = ¢ with1 <i<j<N.
Therefore, the deterministic force in (2.1a) is of the form f; = £(X;). We define the drift vector F

acting on a given configuration X of the system by

reflective boundary conditions on the “collision surfaces”

E(X) = (£(X1), ..., f(Xn)).

The hard-sphere interaction means that particles collide with each other and the domain wall
in order to avoid overlaps. A common approach is to assume that particles undergo elastic
collisions, although care has to be taken when defining the collision laws since the velocity of a
Brownian particle is not defined. We shall discuss this in more detail when explaining how the
stochastic simulations of (2.1a) are performed in §2.7.1.1. For now, we write the collisions with

the domain walls and between particles simply as

on 0Q), (2.1b)
on Xi-Xl=¢ j#i (2.1¢)

for 1 < i,j < N. Here fi denotes the unit normal on the collision surface. We note that
these interactions mean that (2.1a) is a system of dN-coupled SDEs. It could be argued that the
Brownian motions W; associated to two particles should become correlated as the pair becomes
close.! This effect is related to the hydrodynamic effects considered for example by Batchelor

(1976)? and require studying the kinetic version of (2.1a) [see equation (1.3)]. However, as

IThis is particularly important if the Brownian motion is induced by collisions with smaller particles, with the
smaller particles being displaced from the space between the two big particles as they come together.
2Gee also Mazo 2002; Chapter 17.
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mentioned above, in this thesis we omit such effects and suppose that the random walks (2.1a)
are only post correlated via the encounters (2.1c) and not before such events. Finally, we suppose

that the initial positions X;(0) are random and identically distributed.

2.2.2 Fokker-Planck equation

We now write down the corresponding probabilistic description of the system. Let P(X,t) be
the joint probability density function of the N particles. It describes the probability of finding
the system at the configuration ¥ (that is, that particle 1 is at position x;, particle 2 at position
Xy, etc.) at time t. Then, by the It6 formula (see §1.2.2.1), P(X, t) evolves according to the linear

FP equation

aa—lt)(a?,t) =V [VzP—FxP] in QF (2.2a)
where Vy and V5 - respectively represent the gradient and divergence operators with respect
to the N-particle position vector X = (x1,...,Xn) € QN. Note that because of steric effects,
(2.2a) is not defined in QN but in its “hollow form” QN = QN \ B,, where B, = {¥ € QN :
3i # j such that ||x; — x;|| < €} is the set of all illegal configurations (with at least one overlap).
The domain QY is known as the configuration space; the system is completely determined by the
microscopic configuration X. The configuration space should not be confused with the physical
space that particles occupy, and it is important to note that it does not depend on time. To give
some intuition, the reader might find it useful to imagine the configuration space as a chunk

of high-dimensional Emmental cheese, whose holes correspond to illegal configurations with

overlaps. On the collision surfaces dQY we have the reflecting boundary condition
[ViP-F(X)P]-i=0 on 0QY, (2.2b)
where 7i € S?™N~1 denotes the unit outward normal. The initial condition is taken to be
P(X,0) = Py(%). (2.2¢)

Since the initial positions of the particles are identically distributed, this implies the initial
density function Py(X) is invariant to permutations of the particle labels. The form of (2.2) then

means that P itself is invariant to permutations of the particle labels for all time.

2.3 Population-based model

Although linear, the PDE model (2.2) is very high-dimensional, and it is impractical to solve it
directly. Since all the particles are identical, we are interested mainly in the marginal density
function of the first particle, given by p(x;,t) = [ P(¥,t) dx;---dxy. We aim to reduce the
high-dimensional PDE for P to a low-dimensional PDE for p through a systematic asymptotic

expansion as € — 0.
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(a)

(b)

Figure 2.1 (a) Example of configuration with only two particles close to each other and corresponding
volume wy, |wy| ~ €?N. (b) Example of configuration with 3 particles close to each other and associated
volume ws, |w3| ~ €29N2.

2.3.1 Point particles

In the particular case of point particles (¢ = 0) the model reduction is straightforward. In this
case the N particles are independent and the domain is QY = QN (no holes), which implies

that the internal boundary conditions in (2.2b) vanish. Therefore, P(¥,t) = [T~ p(x;, t), and

) .
a—f(xl, t) = Vi - [Vx p—£(x1) pl in Q, (2.3a)
0=[Vyxp—£f(x1)p] 1 on  d0), (2.3b)

where fi; is the outward unit normal to 0Q). Note that since the particles are indistinguishable
each satisfies the same diffusion equation (2.3a) and boundary condition (2.3b), so that P is
a product of N identical one-particle density functions p. If the particles were not identically
distributed initially then we would need a different distribution function for each one; although
these would all satisfy the same diffusion equation they would have different initial conditions.

This point will be important when we go on to consider finite-size particles.
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2.3.2 Finite-size particles

When € > 0, the internal boundary conditions in (2.2b) mean the particles are no longer inde-
pendent. When we integrate (2.2a) over Xy, ..., Xy to obtain an equation for p(xi,t) and apply
the divergence theorem this results in surface integrals over the collision surfaces, on which
P must be evaluated. However, when the particle volume fraction is small, the volume in the
integration space occupied by configurations in which three or more particles are close is small
[O(e?"N?)] compared to those in which two particles alone are in proximity [O(e’N)]. As an
illustration, in Figure 2.1 we sketch two possible configurations with only two or three particles
close to each other, respectively. If particles are said to be close to each other when their centres
are separated by a distance of O(e), the volume in the configuration space of the first kind of
configuration is O(e?), whereas the second kind of configuration takes O(€2?). Having chosen
the first particle, there are N — 1 possible pairs and (N — 1)(N — 2)/2 triplets. Therefore the
total volume occupied by configurations involving particle 1 in which only two and three or
more particles close to each other is, respectively, O(Ne?) and O(N?e?).

Therefore, the dominant contribution to these “collision integrals” corresponds to two-par-
ticle collisions. We illustrate our approach for N = 2; since two-particle collisions dominate
the extension to arbitrary N is straightforward. A similar approach is used in Ackerson &
Fleishman (1982); Hanna et al. (1982). We note that this is analogous to the procedure to derive
the classical Boltzmann equation, after truncation of the BBGKY hierarchy, which consists of a
set of coupled equations for the k-particle density functions (see, for instance, Cercignani et al.
1994).

For two particles at positions x; and xo, Eq. (2.2a) reads

oP
E(xl,xz, t) = Vi - [V P —£(x1)P] + Vy, - [Vx,P — £(x2)P], (2.4a)

for (x1,xz) € Qg, and the boundary condition (2.2b) reads
[V, P—£(x1)P] - A1 + [Vy,P — f(x2)P] - fi =0, (2.4b)

on x; € 0Q) and ||x; — x2|| = €. Here i; = n;/||n;||, where n; is the component of the normal
vector # corresponding to the ith particle, # = (nj,ny). We note that iy = 0 on x» € 9Q), and
that iy = —fi; on ||x; — x| = €.

We denote by ()(x;) the region available to particle 2 when particle 1 is at x;, namely,
Q(x1) = Q\ Be(x1). In terms of the Emmental, this domain corresponds to the slice of cheese
at a given “height” or “location” x;. Note that when the distance between x; and d() is less
than e the volume |Q(x;)| increases. This creates a boundary layer of width e around 0Q)
where there exists a wall-particle-particle interaction (three-body interaction). These effects are

known as entropic effects, since a particle on Q) “excludes” less volume than if it is away from the
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boundary,® hence increasing the space available to other particles (which implies more possible
configurations) and thus the entropy of the system. However, since here the dimensions of the
container are much larger than the particle diameter, these interactions are higher order and we
may safely ignore them. Therefore we take |Q)(x1)| ~ |Q)| — |B¢| constant, where B, denotes a
d-ball of radius €. Note that this is not the case under confinement conditions; as we shall see
in Chapter 4, for a confined domain entropic effects (or the wall-particle-particle interactions)

become important.

2.3.2.1 Integrated equation

Starting from equation (2.4) for the two-particle density P(x1, xy, t), the objective is to derive the

population-level equation for the one-particle marginal density,
p(xq,t) = / P(x1,x2,t) dxz. (2.5)
Q(x1)

Integrating Eq. (2.4a) over Q)(x1), the first term is simply

/Q(Xl) g(xl/ X2, t) dx, = oF /Q()q) Pdx, = ﬁ(xl, t), (2.6)
as Q)(xq) is independent of ¢. The third term in equation (2.4a) gives

sz ’ [szp - f(XZ)P] dx; = / [sz pP— f(Xz) P] - fip dSXzI (27)

Q(Xl) aQUaBe(Xl)

using the divergence theorem on the derivatives in x,. Here dSy, denotes the surface element
with respect to variables x,. Finally, in the second term in (2.4a) we must switch the order of
integration with respect to x, and differentiation with respect to x;. This requires use of the
Reynolds transport theorem, which we recall next.

Suppose Q(t) is a region in Euclidean space with boundary 0Q)(t). Let p(x,t) be a scalar

quantity in the region (a common example is a fluid density). The Reynolds’ transport theorem

states that ; 5
0 .
4 dx ) = / % 4 / ‘) dS,, 2.8
dt </0(t>p X> () ot X anmp(V A) 28)

where v(x, t) is the velocity of a boundary element of 0Q)(¢) and f is the outward unit normal
to the boundary at time f.

In our problem for the probability density p, the variable that does the role of “time” is the
position of particle 1, x; (so that we have d “time variables”), and the positions in the space (x in
the equation above) correspond to the coordinates of particle 2, xo. The x;-dependent domain is

the volume available to particle 2, (}(x). This domain has an external fixed boundary, 0Q), and

3Specifically, a hard sphere only excludes one half (one quarter) of the maximal excluded volume if in contact
with one wall (two walls, that is, a corner).
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a moving internal boundary, dB.(x;).* Thus only the latter contributes to the boundary term in
the transport theorem (2.8). Since the radius of B¢(x;) is fixed (i.e., it does not depend on the
“time” variables x1), the velocity of its boundaries is equal to that of its centre x;. We denote its

outward normal vector by f,.

BBe(xl)

Figure 2.2 Sketch of dynamic boundary 0Be(xq).

For instance, choose the first “time variable” x;. The velocity of the boundary dB.(x;) with
respect to x7 is (1,0) for d = 2 (see Figure 2.2) and (1,0,0) for d = 3. Thus the velocity-normal
vector dot product in the x;-component of equation (2.8) is simply the first component (the
x-component) of fi;. This implies than, when combining the d components of equation (2.8)
(one for each component of x;) to have the gradient with respect to x; on its left-hand side,
the d-components of (v - fip) produce fip. It is then straightforward to write that, for a scalar
function g(x1,x2, 1),

v, / o ) dxy ) = V. od Ay dS,.. 2.9
1<n(xl>g<xl X2 1) X2> Q(x) Che aBe(xl)gn2 ? (2.92)

Similarly, the Reynolds transport theorem, (2.8), applied to a vectorial function g(x;, x2, t) states

Vx-/ o) d :/ V. od / Ay dS,. 2.9b
. <Q(xl)g(xl X2, 1) X2> e U gdxp + aBE(Xl)g fip dSy, (2.9b)

We now use (2.9) to evaluate the integral of the second term in (2.4a). Writing g = VP —
f(x1)P and using (2.9b), the second term in (2.4a) is

/Q(xl) Vxl ‘ [Vxlp o f(xl)P] dx; = Vx1 ) a(x) [Vxlp — f(Xl)P] dx;
N VX P o f P -1 dSX 7
/336(X1) [ ! (Xl) ] 2 2

which reduces to

Vi [V p—£(x1) pl + /a o [F1) P =2V P = WP 2.10)
e(X1

4Since we are ignoring boundary effects, we can assume that x € Q(t) and € are such that the ball Be(x;) is
entirely inside Q). In Appendix B we consider the Reynolds transport theorem in the case when Be(x1) may intersect
with 9Q). This case will be relevant in Chapter 4 on confined domains.
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after using (2.5), (2.9a) and the divergence theorem again. Combining (2.6), (2.7) and (2.10)

provides the integrated version of (2.4a) as

a -
a—f(xl, D=V [Vap—fa)pl+ [ [f(x) P=2VyP = VP 2 dS,,
el X1

Vy, P—f P -1fi; dS,,.
+ BQUBBE(xl)[ X2 (XZ) ] ns dox,

(2.11)

Using (2.4b) and rearranging we find

2—f(x1,t) =V [Vxp—£(x1)p] + /BBe(xl) {2V P+ Pf(x1) —f(x2)]} - 2 dSy,. (2.12)

At this stage, the classical closure approximation is to assume some expression for P in terms
of p [for example, that particles are not correlated, that is, P(x1, X2, t) = p(x1,t)p(x2,t)] to give
a closed equation for p(xi, t) in (2.12). However, for hard-core interactions the collision surface
0Bc(xq) is exactly the region in which particles are more correlated, illustrating why closure
methods fail with short-ranged interactions (as we will see in §5.6). Instead, we shall deter-
mine the integral in (2.12) systematically using the method of matched asymptotic expansions
(Holmes 1995).

2.4 Matched asymptotic expansions of the density P

We implement the simple idea that when two particles are far apart (||[x; — x2|| > €), their Brow-
nian motions are independent, whereas when they are close to each other (||x; — xz|| ~ €) they
are correlated due to interactions. We designate these two regions of the configuration space

02 the outer region and inner region, respectively.

2.4.1 Outer region

In the outer region we define P,,t(x1,%2,t) = P(xy,X2,t) and, by independence, we seek a

solution of the form
Pout(x1,%2,£) ~ q(x1, £)q(x2, t) + €Po) (x1, %0, ) + - - -, (2.13)

for some function g(x,t). Note that the invariance of P with respect to a switch of particle
labels means that in the outer region both particles have, at leading order, the same distribution

function g (as was also in the case of point particles).
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2.4.2 Inner region

In the inner region, we set x; = X; and x, = X; + €X and define 13()?1,)”(, t) = P(xy,xz,t). The

first order derivatives change accordingly, such that

92 12 9 _12
dx; 0% e€ox’ d9x; €ox’
9 _ 9 12 o 12 21
ayl agl € ag ! 8y2 € ag !
With this rescaling (2.4) becomes
eza—p(fq X,1) = 2V32P —2eV5,- VP + eV {[f(X1) — f(X1 +ex)] P}
at Y X X1 X S (2153)
+e*Vi P—e*Vy, - [f(%1)P]
with
2%- ViP =ex- {Vg P+ [f(%1 +€x) — £(%1)] P}, on [x]|=1 (2.15b)

As noted above, we can neglect the boundary layer and hence assume that X; is not close to 0Q2;
the region in which the particles are close to each other and the boundary is even smaller, and
will affect only the higher-order terms. In addition to (2.15b) the inner solution must match
with the outer solution (2.13) as ||X| — oo. Expanding this outer solution in inner variables

gives

Pout(x1, %2, t) = (%1, )q(%1 + €X) + eP) (%1, %, + €%, 8) + - - -

1

- ), - o . (2.15¢)
~ (%) + € [P (%, %) +q(%1) % Vxig(za)] 4+

Expanding P in powers of €, P ~ PO 4+ epM ... the leading order of (2.15) gives

PO = (%, 1). (2.16)

vZph =, (2.17)
x- VP = g(xq,t) % - Vg, q(X1, 1), on |x||=1, (2.18)
PO~ gz, )% V(5,8 + PO (=, %,8),  as  ||%]| ~ co. (2.19)

This problem is trivially solved by
P = g(x, ) % - Vi q(x1, 1) + P (%1, %1, 8), (2.20)

and hence we find that the solution in the inner region is simply

P(%1,%,t) ~ q*(%1,t) + €q(%1, 1) X - V(%1 ) + eP (%1, %1, 8) + -+ - . (2.21)
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2.4.3 Collision integral

Now we can use (2.21) to evaluate the integral in (2.12) over the collision surface 9B, (x1), which

we denote by Z. Expressing this in terms of the inner variables gives

1= 9B (x,) {—2VX1P+ P [f(X]) — f(Xz)]} . ﬁz dSXZ
e(X1

= {—2V,z115+ ngP+l5 [f(%1) — £(X +ei)]} - (—%) e 1dS, (2.22)
9B1(0) €

— g2 Vip.gdsijued—l/ {2V, P — P f(%1) — f(X; +€x)]} - xdSx,
0B1(0) 9B1(0)
where dSx denotes the surface element in the inner variables (with respect to X). We note that,

by using the no-flux boundary condition at contact (2.15b), Z may be expressed as

T = i1 / ( )Vilp-idsi. (2.23)
dB1(0

Writing Z = €9 2(Z() 4 €I 4 €2Z(?) + ... ) and equating powers of ¢, this implies that the

order O(e~?) of Z must vanish,

70 = 2 VPO . xdsz =0, (2.24)
9B1(0)
which is indeed satisfied using (2.16). Comparing the two expressions (2.22) and (2.23) for Z,
we realise that, for a given expansion of D, the latter allows us to go one order higher in Z than
the former. The next order is, using (2.23),
T = / Vi, PO . %dS; = Vi g2 (%1, 1) - / %dSy =0, (2.25)
9B1(0) 9B1(0)

using (2.16) again. The leading-order contribution comes at the next order,

7@ — / v, PV . xdSq
9B1(0)

= Vx - [9(X1, 1)V, q(X1, t
Vs laGa ) VsaGan) [
= aVy, - [q(%1,1) Vs, q(%1,1)],

where o« = 7t ford = 2 and « = 47t/3 for d = 3. Therefore we find that

#2dSs + Vs, PY (%1, %, 1) - / xdsy ~ (226)
9B1(0)

T ~ ae'Vy, - [q(%1, 1) Vi, q(%1, £)] + O(e™). (2.27)

Now we write this expression back in the original variables and, before substituting into (2.12),
we use the normalisation condition on P to find that g(x;,t) = p(xq,t) + O(e?) (see Appendix
A for details). This allows us to write the following closed equation for p(x,t), valid to O(e?),

d

B_It?(xl' t) =V - [(1 + ocedp) Vi p —f(x1) p} . (2.28)

Note that the first order correction of the outer solution, P(l)

ut, only enters the inner region

as a constant field at O(e), see Eq. (2.21). This implies, as we have seen above, that it does not

contribute to the collision integral Z and hence does not appear in (2.28). However, P

out could

be determined by matching higher-order terms.
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2.5 A nonlinear diffusion equation

The extension from two particles to N particles is straightforward up to O(e?), since at this
order only pairwise interactions need to be considered. Particle 1 has (N — 1) inner regions,
one with each of the remaining particles. A similar procedure shows that the one-particle
density function satisfies

aa—’;<x1, t) = Vi, - { [1 +a(N — 1)6,14 Vi p —f(x1) p} , (2.29a)

with
g 2d-m . Dr (2.29b)

ford = 2 or 3 (« = 7 in two dimensions, & = 477/3 in three dimensions). This equation is

supplemented with the no-flux boundary condition
{ {1 +a(N— 1)edp} Vi p —£(x1) p} -fi; =0, on  0Q), (2.29¢)

and initial condition

p(x1,0) = po(x1), (2.294)
where po(x) = ny Py(X)d(x1 — x) dX. Equation (2.29a) describes the probability density func-
tion for finding the first particle at position x; at time f. Since the system is invariant to per-
mutations of the particle labels, the marginal distribution function of any other particle is the
same. Thus the probability distribution function for finding any particle at position x; at time ¢
is simply Np.

In (2.29) we have only included the leading-order nonlinear term due to steric effects. There
will be correction terms of O(e?*!N) due to higher-order terms in the two-particle inner solution
(2.21), as well as new inner regions where three particles [O(GZdNZ)], or two particles and
the boundary [O(e“"!N)], are close. The most important of these corrections is that due to
interactions between three (or more) particles. Because our asymptotic expansion is systematic,

these correction terms could in principle be calculated.

2.5.1 Collective diffusion coefficient

We see from (2.29) that steric interactions lead to a concentration-dependent diffusion coefficient,
with the additional term proportional to the excluded volume. Equation (2.29a) is consistent
with that derived by Felderhof (1978), but extends it to situations in which p is not close to
uniform. Also, we emphasise that, for a fixed volume fraction, (2.29) is valid for any N. However,
for large N such that N —1 ~ N we can introduce the volume concentration ¢ = TNe? p/2d
and rewrite (2.29a) as®

%(xl, t) = Vy - [D(c) Vi, ¢ — f(x1)c], (2.30)

50f course, if we define ¢ = (N — 1)e?p/2d then (2.30) is valid for all N, but then c is not the volume concentra-
tion.
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where D(c) is the concentration-dependent collective diffusion coefficient, given by
D(c) =1+4(d—1)c. (2.31)

Note that the collective diffusion coefficient D°(c) is increased relative to point particles.
This is in contrast to the self-diffusion coefficient (which may be related to the mean squared
displacement of a particular particle) which is reduced relative to point particles (Hanna et al.
1982). This apparent contradiction may be understood as follows: the diffusion of any particular
particle is impeded by its collisions with other particles. However, these collisions bias the
random walk towards areas of low particle density, so that the overall spread of all particles is
faster. To analyse the self-diffusion coefficient in the current framework we would need to label
a particular particle, rather than treating all particles as identical. This will be done in Chapter
3 by deriving a cross-diffusion system to describe two different types/populations of particles.

Whilst the self-diffusion coefficient can be thought of a diffusion coefficient intrinsically
attached to each particle, the collective diffusion coefficient relates the diffusive flux to the
concentration gradient of all particles (Mazo 2002): the density function p is the probability of
finding any particle at a given position, rather than the probability of finding a particular particle
there. Thus the collective diffusion coefficient is not associated with an individual (tagged)
particle or even a representative particle. This also means that it cannot easily be related to
the mean-squared displacement of particles. This distinction has important consequences when

upscaling from individual to collective behaviour.

2.6 Free energy and stationary states

In this section we examine the stationary solution of the nonlinear diffusion model (2.29), which
we denote p;(x7). For this purpose, the notion of free energy associated to the system provides
an efficient tool not only for understanding the trend to equilibrium of the particle system, but
also for studying the mathematical properties of the associated population-level PDE model
such as the convergence of equilibrium (Arnold et al. 2004).

When the external force field f is the gradient of a potential, f(x) = —VV(x), to equation
(2.29) is associated free energy (Carrillo et al. 2003):

F(p) = / [plogp—i— 104( ] dx—l—/ x)p dx. (2.32)

The first integral corresponds to the negative of the entropy and the second integral is the
potential energy. Since the second term of the first integral is always nonnegative, we find
that the entropy decreases with excluded-volume effects. Intuitively, this can be understood
as follows: when particles have a finite size, the available space to the particles’ centres is

reduced and hence the number of legal configurations (or disorder) is reduced too. We note
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that, in optimal transport theory, the first integral is in (2.32) is often (improperly) called internal

energy (Carrillo et al. 2003).

2.6.1 Gradient-flow structure

So why is the free energy (2.32) associated to (2.29) so useful? Because the convergence of the
solution of (2.29) towards the stationary solution ps can be associated with the minimiser for
the free energy functional F and this, in its turn, may be linked with the microscopic entropy
of the system and tendency of the system to evolve towards the state of maximal entropy (see
Carrillo et al. (2001) and the references therein). The connection between equation (2.29) and
its associated free energy functional (2.32) is made with the realisation that such a nonlinear
diffusion equation has a (formal) gradient flow structure.

A gradient flow in its simplest form (in the finite dimensional Euclidean space R") is given
by the solutions of

Tx(t) = ~VEG(), (2:33)

with E : R" — R. They correspond to the steepest descent on the energy landscape determined
by E. It is straightforward to see that

%E(x(t)) = —|VE((®) |

so that E is a Lyapunov functional for (2.33). This concept can be generalised to general metric
spaces and, of particular interest here, many diffusion-type of equations can be considered, at
least formally, to be gradient flows of some energy on the space of probability measures.

The nonlinear diffusion equation (2.29) may be written as
op
——(x,t) = =V (pu), (2.34)

with u = —V,[logp + a(N — 1)e’p + V(x)] as the “flow” down the gradient of F. Specifically,
the gradient flow associated to (2.29) is

op B OF
g(x,t) = Vi (pVx§> , (2.35)
where 0 F/ép denotes the functional derivative,
0F _ logp +a(N —1)elp+ V(x), (2.36)

op

so that the stationary states of (2.34) coincide with the minimisers of /. Analogously to the R"

case above, one can write

2
p(x, t) dx,

GF e =- [ V.5
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but of course for this expression to make sense one must equip the space of probability measures
[denoted by P,(R?)] where p lives with a distance and define a metric space. The appropriate
metric is known as the Wasserstein distance, induced by the optimal transport under quadratic
cost (for more details see Otto 2001).® Equipped with this metric, one can define a tangent space,
and give some sense to the gradient of F to rigorously construct the gradient flow structure
(2.35) in metric spaces (Ambrosio et al. 2008).

The gradient flow structure (2.35) is very useful since it brings more tools to study the trend
to equilibrium Villani (2002), with the entropy functional (2.32) “encoding” all the properties of
the flow. For a general discussion of the implications, see for instance Villani (2002) and Otto
(2001).

2.6.2 Asymptotic convergence

The entropy formulation is not just useful to link stationary solutions of the FP equation with
minimisers of an entropy functional, but also to tell us how fast this convergence to equilibrium
is. The way this is typically done is by proving asymptotic convergence results for a second
functional, the entropy dissipation, which can be then translated into a convergence result for
the entropy itself. Finally, the asymptotic convergence of the energy functional implies in turn
the convergence in L! to the stationary solution p;. Below we outline the procedure for the
well-known case of a linear FP equation, which gives exponential convergence to equilibrium
provided the potential V is uniformly convex. The same result can be found for the nonlinear
case (Carrillo et al. 2001), as we shall detail later.

2.6.2.1 Linear case

In this section we show the steps involved to make the connection between stationary solutions
of the FP equation and the minimiser of the entropy functional F for the simpler case of linear
diffusion for point particles. Thus setting € = 0 in (2.34) we consider

P (1) = V- {pVillogp+ V(x)] }, (237)

whose stationary states are log p + V(x) = C, that is, the Gibbs’ distribution. Imposing unitary
mass we obtain ps = ¢7"/[e~V. We would like to know whether this solution is stable, or

asymptotically stable, etc. Its associated free energy functional is, from (2.32),

F(p) :/Qplogpdx—i—/QV(x)pdx. (2.38)

®A very intuitive way to describe the Wasserstein distance W5 (pg, p1) between two densities is as follows. Imagine
each density is a way to distribute a unit of dirt or earth in the space and consider all the applications that turn or
transport the pile py into the other pile p;. The distance between the two densities corresponds to the cost of the
transportation with minimal “cost”.
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It is straightforward to see that the critical points of this functional, § 7 /dp = 0, coincide with
the stationary states of (2.37). The time derivative of F(p) along the solutions of (2.37) is

d
Z(p) =~ 5 F(p) == [ VG0 +1+logpl prx= [ pllul?dx 2:39)
using integration by parts, where now u = —V,[log p + V(x)]. The functional Z is known as

the entropy dissipation functional (Carrillo et al. 2003). Because Z is non-negative, we see that the
entropy functional is non increasing in time when evaluated along a solution of (2.37) and the
free energy F “acts as a Lyapunov functional” for equation (2.37).

A fundamental result is that if V is uniformly convex, namely, that there exists A > 0 such
that Hess(V') > AI; where Hess denotes the Hessian matrix and I; the identity matrix of size d,
then (Bakry & Emery 1985)

%I (p) < —2AZ(p), (2.40)
which implies that Z(p) decays exponentially in time, Z(p) < e 2MZ(py), and
1
F(p) = F(ps) < 57Z(p)- 241)

This last inequality is a logarithmic Sovolev inequality (LSI). It relates the free energy with the
entropy dissipation. Combining (2.39) with (2.40) and (2.41) gives

T F(p) ~ F(p)] = ~Z(p) < ~2A[F(p) ~ F(ps)], 42)
so that no only the entropy dissipation decays exponentially to zero, but also the energy dif-
ference, F(p) — F(ps) < e M [F(po) — F(ps)]- The last step is to show that exponential con-
vergence in the energy implies exponential convergence of solutions. This link is provided by
a Csiszar-Kullback-type inequality (Carrillo et al. 2001), which bounds the difference in density
|p — psll1 by the difference in entropy F(p) — F(ps) thus giving convergence in L! (at a rate A).

In summary, in the linear case there exists exponential convergence to equilibrium provided
the external potential V' is uniformly convex. The method is based on the comparison of the
entropy dissipation Z with the dissipation of entropy dissipation, rather than on a direct analysis

of the FP equation.

2.6.2.2 Nonlinear case

The exponential convergence result (2.42) corresponding to the linear diffusion has been gener-
alised by Carrillo et al. (2001) for the free energy functional (2.32) associated with the nonlinear
diffusion (2.29). Consider the general nonlinear FP equation

?)—;Z(x,t) = Vi [Vxg(p) + ViV (x)p], in O, (2.43)

with QO C R? convex with no-flux boundary conditions (or () = R%), and assume that V is

uniformly convex, in the sense that there exists A > 0 such that Hess(V) > Al;. Then there
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exists exponential trend to the equilibrium solutions of (2.43) provided the following condition
is satisfied (Carrillo et al. 2001; (HF4) and Thm. 11):

d—1
ps'(p) = ——s(p). (2.44)
In the linear case of the previous section, g(p) = p and condition (2.44) is trivially satisfied.

In the nonlinear case, comparison of (2.29a) with (2.43) gives that

gp)=p+ %(N —1)e'p. (2.45)

It is straightforward to check that this function also satisfies (2.44) and hence that the exponential

convergence result also holds for the nonlinear diffusion (2.29).

2.6.3 Equilibrium solutions

We consider the stationary solutions of (2.29), which we denote ps(x;). For a general external

force f, the stationary states ps satisfy

Ve {1+ a(N=1)ep| Vip—£x) p} =0, /(')pdx: 1. (2.46)

However, the determination of the stationary states is considerably simplified when f is the
gradient of a potential V, as we have seen in (2.6.1). In this case, the stationary solutions p;

coincide with the minimisers of the energy functional F in (2.32) and hence satisty, from (2.36),
log p+ a(N — D)elp+ V(x) = C, / pdx = 1. (2.47)
QO

Here the constant C determined by the normalisation condition on p. Explicit solutions of (2.46)
or (2.47) are not possible in general for the case of finite-size particles and must be obtained
numerically. As we shall see in §2.7.2, having the free energy characterisation of the system
which leads to (2.47) greatly simplifies the numerical solution method, as no discretisation of
the spatial derivatives is required and a simple Newton method suffices.

The uniqueness of stationary solutions is not affected by the nonlinear term in (2.46), but it
does depend on the external force f. If the external potential V' is uniformly convex, not only
there is exponential convergence to equilibrium as seen in §2.6.2, but also the equilibrium is
unique. This is straightforward to show from the convexity of the free energy F, which ensures

it has a unique minimiser p;.

2.7 Comparison with the particle-level model

In order to assess the validity of (2.29) we compare its solution p(x;, ) with Monte Carlo (MC)
simulations of the dN-coupled SDEs (2.1a). Simulations are performed only for two dimensions

since solutions are easier to obtain and present, but the same solution techniques apply for
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the three-dimensional case. To test the importance of excluded-volume interactions, we also
compare with the corresponding solutions with € = 0. Throughout this section we will use a
11

two-dimensional unit square domain, () = [_i' E]Z and a particle’s diameter € = 0.01 (or O for

the point-particles case).

271 Time-dependent solutions

In this section we consider time-dependent evolution of the system. The set of SDEs describing
the full particle system is solved using a Monte Carlo (MC) algorithm, while the FP equation
is integrated using a straightforward finite differences scheme. Below we give details of the

algorithms used, and in §2.7.1.3 we present a numerical example.

2.7.1.1 Monte Carlo simulations

Consider first the point-particles case which is collision-free. The set of overdamped Langevin
SDEs (2.1a) is discretised using a finite time step At using the standard Euler-Maruyama
method (see Erban et al. 2007), which is a simple generalisation of the Euler method for ODEs
to SDEs. The position of the ith particle at time t + At is computed from its position at time ¢
by

X;(t+ At) = X;(t) + £(X; (1)) At + V2ALE,  i=1,...,N, (2.48a)
where ¢; is a 2-vector whose entries (C,,,¢,,) are independent normally distributed random
variables with zero mean and unit variance. Here X;(t) is a 2-vector with entries (X;(t),Y;(t)).
The initial positions X;(0) are drawn from the initial density Py(X). The reflective boundary
conditions on the domain boundary dQ) (2.1b) are implemented as follows. Suppose that the
horizontal coordinate of the ith particle, X;(t + At), computed by (2.48a) is outside the allowed
interval [—1/2,1/2]. Then (Erban et al. 2007):

o if  Xi(t+At) < —1/2 then  Xi(t+At) = —1— X;(t) — V2At &y, (2.48b)
oif  Xi(t+AH) >1/2 then  Xj(t+At) =1 - X(t) — V2At gy |

We note that the same random number ¢, ; which “caused” the particle to go outside the domain
is used to correct its position, that is, we must not generate a new random number when
imposing the boundary condition. Analogous conditions are imposed for the vertical coordinate.
Intuitively, what this condition is saying is that if a Brownian particle has performed part of its
random walk outside the domain without noticing the wall, what it should have really done is
to detect the wall, flip its velocity and proceed in the opposite direction.

For a given choice of the time step At, the scheme (2.48) is iterated until we reach the
desired final simulation time. The trajectories of individual particles are of no special interest as
we want to compare the results with the solution of the population level FP equation. Instead,

we are interested in the spatial histogram resulting after many simulation runs. To compute the
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histogram, we divide the domain () into 30 bins along each side and calculate the number of
trajectories which end up at the final time in each bin. This number is divided by the number

of particles N, the number of realisations and the bin area (1/302).

Algorithms for collision treatment The time-dependent simulation of Brownian motion be-
comes more complicated when dealing with finite-size particles. A key ingredient of the sim-
ulation scheme is the way it deals with possible overlaps. The set of SDEs (2.48a) becomes
coupled, and a careful choice of the time step At and the collision treatment is required. The
collision between two particles may be thought as a generalisation of a particle-wall collision
(2.48b) in which now the wall is also mobile.” Many algorithms to deal with collisions between
Brownian hard spheres have been proposed. Below we outline some of these algorithms and
indicate our choice amongst them.

One of the simplest algorithms, proposed by Cichocki & Hinsen (1990), consists of updating
a particle position using (2.48a) and checking if the proposed move produces an overlap, in
which case the displacement is ignored. This is exactly the procedure of Monte Carlo simula-
tions for stationary densities, as see shall see in §2.7.2. However, in non-equilibrium simulations,
for which displacement due to external forces may occur, this algorithm may pose problems
(Strating 1999).

Heyes & Melrose (1993) propose an algorithm to correct the overlap in case it occurs instead
of rejecting the move. Whenever a random displacement results in an overlap, a line between
the two particles” centres is drawn, and the two particles are displaced along this line until the
collision is cleared. The problem with this approach is that it artificially increases the possibility
to find two particles at contact and reduces the probability to find pairs at different relative
distances. This would correspond, in the case of a collision between a particle and a fixed wall,
to placing the particle exactly on the boundary after a random displacement has taken it outside
the domain. That is, in (2.48b) we would set X;(f + At) = £1/2. A natural choice to improve
this method is to implement the same idea used in (2.48b) for a particle-wall collision to a
particle-particle collision. Namely, the difference € — ||X;(t + At) — X;(t + At)|| corresponds to
the distance that particles have penetrated each other illegally. A simple choice for the update
is then to suppose that each particle has travelled the same illegal distance, and to separate the
particles away from each other along the same line, but now taking into account the penetration
value.

An improved method known as the elastic-collision method is given by Strating (1999). It is
based on the observation that, whereas the random displacement of a free particle is sampled

from a Gaussian distribution, the random displacement of a particle close to a wall should

7In fact, it is common to approximate the collision surface between to spheres as flat (which is a good approxima-
tion for a time step At small enough), so that an analytical solution of the two-body problem can be obtained using
the method of images (Scala et al. 2007).
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be sampled from a distribution that satisfies a no-flux boundary condition. In practice this
translates to using elastic binary collisions to adjust the positions after an overlap detection. In
order to implement an elastic collision, though, the particles must be prescribed a “velocity”.
The most natural choice is to imagine that the ith particle has moved in a straight line between
time t and t + At with constant velocity V;(t) = [X;(t + At) — X;(t)]/At. It should be stressed
that this is a fictive velocity which is only used to deal with possible overlaps between two
Brownian steps. Then if an overlap is detected between a pair, say, ||X;(t + At) — X;(t + At)[| <e,
their fictive velocities V;(t) and V;(t) are evaluated and, together with their original positions at
time t (before overlap), the usual elastic collision laws are imposed to compute their positions
at time t + At. As Strating points out, there are two ways to implement the elastic collision
method. One option is to displace all particles simultaneously, check for collisions and correct
them in the order of detection. Alternatively, a more rigorous strategy is to take into account
the order of collisions and keep an ordered list of collision times and recompute it once the first
collision in the list has been corrected.

The second method, which is the one eventually implemented in Strating (1999), yields
more accurate results and is closely related with De Michele’s algorithm (Scala et al. 2007),
which utilises a standard event-driven simulation method as if particles underwent ballistic
flight (including eventual elastic collisions) with the fictive velocity in the time interval At. In
fact, instead of drawing a random displacement for all particles and then computing the fictive
velocity, in Scala et al. (2007) the first step is skipped and at each discrete time a new set of ve-
locities is drawn from the Maxwell-Boltzmann distribution, f(v) = (8/27)%2 exp(—B|v|*/2),
or component-wise, f(vx) = (B/2m)/2exp(—pv?/2), with k = 1,...,d. Here B corresponds to
the dimensionless version of m/kT and is fixed by the diffusion coefficient and time step (this
connection comes from the fluctuation—dissipation theorem, Scala et al. 2007), namely, § = At/2
for a diffusion coefficient equal to one. Since this method combines Brownian dynamics (BD)
with event-driven (ED) simulations, it is called a combined ED-BD scheme. The advantages of
this method is that overlaps are predicted rather than corrected, and that one can use a stan-
dard event-driven simulation package to perform the ED part of the algorithm. Moreover, its
improved accuracy means that we can take larger time steps At. On the other hand, the method
is more computationally intensive than the simpler methods exposed above.

Throughout this thesis we have used two of the algorithms mentioned above. First, our
improved version of the Heyes and Melrose algorithm (Heyes & Melrose 1993), modified to take
into account the distance that two particles have penetrated each other to correct the overlap
and, second, De Michele’s algorithm (Scala et al. 2007). The former requires a careful choice of
the time step At so that almost no collisions are missed, meaning that it is unlikely for a particle
to perform a random displacement larger than its diameter €, namely, that v4At < e if the

external drift is zero. The extra factor of two inside the square root accounts for the fact that,
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relative to one particle, the other particle doubles its diffusion coefficient. The latter has also
limitations on the allowed time step (see Scala et al. 2007 for details) but works reliably with
significantly larger time steps. In general, we find that for the range of volume fractions we
are interested in the former method gives satisfactory results and is used in most of the hard-
disk simulations presented in this thesis (used unless otherwise stated). However, De Michele’s
algorithm is used in Chapter 3 to obtain more accurate results for a quantitative comparison of

the mean square displacement of a particle.

Implementation details Except De Michele’s algorithm, which has been adapted from an
existing implementation (Scala 2008) in C++, the rest of the stochastic algorithms have been
written from scratch and are implemented in C. We use the random number generator of the
GNU Scientific Library (GSL) (see Galassi et al. 2011). Most of the calculations are performed
on a 3711MHz AMD Phenom II X4 945 Processor running Linux.

2.7.1.2 Numerical solution of the Fokker-Planck equation

We integrate the nonlinear FP equation (2.29a) numerically using the method of lines, which
consists of discretising the spatial variables only and keeping time as a continuous variable,
resulting in a semi-discrete problem. The nonlinear diffusion term poses no problem as it is sta-
bilising, so that a simple second order central finite-difference scheme for the spatial derivatives
is sufficient. This choice is made assuming that our system (2.29) is not convection-dominated;
otherwise, if convection plays a dominant role, the numerical solution may become difficult and
require more sophisticated numerical methods (Egger & Schoberl 2010).

We choose an equidistant mesh of mesh size A = 1/] to discretise in both directions. This
yields a system of (] 4 1)? equations for p;i(t) ~ p(x;,yj,t), x; = =1/2+iA, yj = —1/2 + jA,
0 <i,j < J. The indices (i, ) are turned into a linear index so that the (] + 1)2-vector p contains

all the discretised points p;j, satisfying the matricial system

%p(t) = ®p(t), t>0,
p(t) = po(xi,yj)(:), t=0,

where (:) denotes the operation of converting from matrix to linear vector (MATLAB notation).
Here @ is a banded matrix with bandwidth five which contains already the no-flux boundary
conditions (modifying the entries corresponding to the boundary points as usual). To advance
the system of ODEs above in time, we use MATLAB’s inbuilt ode15s solver as the time-stepping

method, so that the discretisation in time is resolved by this routine.
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2.7.1.3 Numerical example

We illustrate the time-dependent behaviour of the system in the case of vanishing external force
f = 0and N = 400. We choose a Gaussian initial density of zero mean and standard deviation
0.09 (truncated and normalised so that its integral over () is one) and a final simulation time
t = 0.05 large enough so that population has time to reach the boundary d(). For the PDE, we
choose a mesh size of A = 1/64 (results with a higher number of grid points are essentially the
same). For the system of SDEs, 10* realisations are performed using a time step At = 107° to
produce the histograms. Effectively, this implies that we are using 4 - 10° trajectories since all N

particles can be used to compute the one-particle distribution histogram.
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Figure 2.3 Marginal probability density function p(x, t) at time t = 0.05 with normally distributed initial
data and N = 400. (a) Solution p(x1,t) of (2.3) for point particles (¢ = 0). (b) Histogram for € = 0. (c)
Solution p(xy,t) of (2.29) for finite-size particles (¢ = 0.01). (d) Histogram for ¢ = 0.01. Histograms
computed from 10* realisations of (2.1a) with At = 10~>. All four plots have the same colour bar.

Figure 2.3 shows the one-particle density function at time ¢ = 0.05 for point particles (¢ = 0)
and finite-size particles (¢ = 0.01) obtained from the Monte Carlo simulations of the particle-
level and the numerical integration of the population level FP equation. The same information
of Figure 2.3 is plotted together in Figure 2.4 for the slice y; = 0 to allow for a better quantitative
comparison between models. We note that theoretical predictions for both point and finite-size
particles compare very well with their simulation counterparts, while excluded-volume effects

are clearly appreciable even though the volume fraction of particles is only 0.0314. However we
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Figure 2.4 Marginal densities p(x, ) at y; = 0 corresponding to the four cases shown in Figure 2.3. Point

particles solution of (2.3) (in dash green line) and from simulations (green triangles). Finite-size particles
solution of (2.29) (in solid blue) and from simulations (blue circles).

note that, while the average concentration is low, the local concentration is considerably higher
at the origin: ¢ = 0.617 at time t = 0 and ¢ = 0.0479 at time ¢t = 0.05. The no-flux boundary
condition on d() is the reason why the profiles are not radially symmetric.

It is worth noting that the initial profile, in which particles are concentrated in the centre,
spreads faster when excluded-volume effects are included [Figure 2.3(c) and Figure 2.4 in blue]
than when they are not [Figure 2.3(a) and Figure 2.4 in green]. This is consistent with what has

been found in §2.5.1, namely, that the overall collective diffusion is enhanced with steric effects.

2.7.2 Stationary solutions

We now move to the numerical solution of the stationary states of the system. In §2.6 we have
seen that in some cases the nonlinear FP equation has an associated free-energy functional and
gradient-flow structure which facilitate the determination of the stationary states of the system.
To show in practical terms the connection between the stationary solution and the associated
free-energy functional, in this section we concentrate in the case when the external force is the

gradient of a potential, f(x) = —VV(x), so that the analysis in §2.6 holds.

2.7.2.1 The Metropolis-Hastings algorithm

To obtain the stationary density Ps(X) to the full particle system, consider the high-dimensional

FP equation (2.2a). Inserting f(x) = —V«V(x) and rearranging gives

N
aa—lt)(fc’, t) =) Vi {PVy[logP+V(x)] } in QF, (2.49)
i=1
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which can readily be written as a gradient flow

oP =
(81 =—Vz(Pil) in N (2.50)
with if = —V [log P+ YN, V(x;)]. Using the no-flux boundary conditions the stationary solu-
tion Ps of (2.50) is

Ps(f):cexp[zﬁlwxi)} in QN (2.51)

with C a constant determined by the normalisation condition on P;. At this point, one may be
tempted to say that we are done since we have found the stationary density P;. However, the
normalisation constant C is still unknown and, because P; is defined in a high-dimensional and
complicated domain QF, a direct calculation approach (that is, integrate (2.51) over QY and
impose its integral is equal to one) is not feasible. Instead, an indirect sampling method known
as the Metropolis—-Hastings (MH) algorithm (Chib & Greenberg 1995; Metropolis et al. 1953) is
most suited.

In (2.51) Ps is not defined for configurations ¥ € QN \ QF, which correspond to illegal
configurations with at least one overlap. However, it is convenient to extend the definition of Ps

to all QN and introduce the energy H (%) associated this the configuration ¥ € QV,

00, otherwise,

H(f) _ { ):{il V(Xi)/ X € Qé\]/ (2.52)

Then we can express the stationary density (2.51) as
Py(X) = Cexp[—H(3)] in QV, (2.53)

where note that the solution is now extended to the whole space QN. The MH algorithm
samples configurations according to the density (2.53) by constructing a Markov chain over the

configuration space as follows:

o Select a particle i at random and generate a candidate x! for x; according to the Gaussian

distribution, x; = x; + 6¢, with £ ~ N (0,1) and ¢ a tuneable parameter.

¢ Compute the energy difference AH between the current and modified configurations: AH =

H(X') — H(X), where ¥/ = (xq,...,X},...,XN).
o Accept the move from X to X’ with probability pa. = min[1, exp(—AH)].

The last step implies that a move is always accepted if it does not increase the energy of the
system, whereas the probability of accepting it decreases for increasing AH. The acceptance
criterion is implemented in the computer generating a random number r uniformly distributed

in (0,1) and accepting the move if r < min[1, exp(—AH)].
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The tuneable parameter § can be used to fix the acceptance rate, which is the fraction of
attempted moves which is accepted. The optimal acceptance rate depends on the target distribu-
tion, but it has been shown theoretically that for an N-dimensional Gaussian target distribution
it approaches 0.234 (Roberts et al. 1997). Intuitively, if J is too small the acceptance rate is high
but the chain will move around the configuration space slowly, so it will take long to sample the
whole space. On the other extreme, if § is too high the proposed move is likely to have a higher
energy and hence the acceptance rate will be very low. In practice, we find that an acceptance
rate in the 0.1 order of magnitude gives the desired results. Related to the acceptance rate, is
also the choice to decide the proposed move. Depending on the system, different procedures
other than a single particle local move used here may be more appropriate for a rapid conver-
gence to equilibrium (Kannan et al. 2003), for example, a single particle global move, or moving
multiple particles at once.

It should be clear that the MH algorithm generates a sequence of configurations which cor-
rectly samples the equilibrium distribution, but this sequence is not related to the time evolution
of the corresponding dynamical system (Erban & Chapman 2010), in contrast with the Monte
Carlo methods presented in §2.7.1.1.

2.7.2.2 Numerical free-energy minimisation

As seen in §2.6.3, the stationary solution ps of the FP equation coincides with the minimiser
of the free energy functional F and satisfies (2.47). This can be solved numerically with the
Newton-Raphson method, discretising () into | grid points along each direction [grid size is
A=1/ ( J—1)] and approximating the normalisation condition with a quadrature. This yields
a system of J? + 1 unknowns, the discretised density values (p;)ij ~ ps(x;,yj) with 1 < 1,7, <]
and the constant C in (2.47). Writing the vector of unknowns as Z = ((ps);j(:), C), the resulting

system of equations is

log Z + a(N — 1) Z + V(x;, y;) — Zp =0 for 1<k<J?
I (2.54)
Y QZr—1=0,
k=1
where Q is a | X | matrix which contains the quadrature coefficients corresponding to a com-
posite Simpson’s rule. Along one dimension, the quadrature is given by a J-vector g defined as

(using MATLAB notation)
q([1 end]) = h/3, q(2:2:end-1) = 4nh/3, q(3:2:end-2) = 2h/3.

Then the two-dimensional quadrature is simply given by Q = g'g. In the above system Qy
denotes the kth entry of the matrix using linear indexing. Alternatively, or for a general external
force f, the stationary density can be obtained running the time-dependent simulation long

enough until the stationary state, if any, is reached.
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Figure 2.5 Stationary marginal density ps(x;) under the external potential V for point particles and finite-
size particles, with N = 1000. (a) Point particles, ps « e~". (b) Histogram for ¢ = 0. (c) Finite-sized
particles ps from (2.47) (e = 0.01). (d) Histogram for € = 0.01. Histograms computed with 10° steps of
the MH algorithm. All four plots have the same colour bar.

2.7.2.3 Numerical example

For our second example we consider the volcano-shaped potential V(x) = —4.77 eI 4
3.58¢ 2IxI* and we compare the stationary density p; predicted by (2.47) with simulations
using the MH algorithm. The histograms are produced dividing the domain () as before, that
is, into 30 bins along each dimension. However, now instead of only using the configuration
at the final time, in the MH all the Markov chain is used to compute the histogram. That is,
at each step we check how many particles are in each bin: when a proposed move is rejected,
the old configuration is added to the count again, whereas if the move is accepted, the new
configuration is added. But note that this only requires “binning” one particle (the one we have
moved), since all the other particles stay in the same bin. To eliminate any initial configuration
dependency, we run the Markov chain for a few hundred steps before we start to save the
configurations. At the end of the process, we divide the resulting value in each bin by the
number of steps, the number of particles N, and the bin area (1/ 302).

Figure 2.5 shows the model and simulation results with N = 1000 for both point and finite-
size particles (with volume fraction 0.079 and volume concentration ¢ = 0.189 at the origin).
The histograms are produced with 10° steps of the MH algorithm. Figure 2.6 corresponds to a

slice through y; = 0 of the four plots of Figure 2.5. In this case there is competition between the
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Figure 2.6 Stationary marginal densities p(xj,t) at y; = 0 corresponding to the four cases shown in
Figure 2.5. Point particles solution of (2.3) (in dash green line) and from simulations (green triangles).
Finite-size particles solution of (2.29) (in solid blue) and from simulations (blue circles).

potential well and steric repulsion: the particle density inside the well is reduced for finite-size
particles. This is because not all particles can be at the position of minimal potential energy,
since they would overlap each other. Again, the agreement between the model (2.47) and the

stochastic simulations is good.

2.8 Discussion

In this chapter we have studied a system of N identical interacting hard spheres or disks of di-
ameter € diffusing in a bounded domain () under an external force f. The finite-size of particles
means that their Brownian motions are correlated; their interactions give rise to the so-called
excluded-volume or steric effects. Starting from the high-dimensional FP equation, which de-
scribes the system at the particle-level (discrete description), the objective was to obtain the
population-level (or continuum) description whilst accurately taking into account the interac-
tions at the particle level. Under the hypothesis that the (dimensionless) particle’s diameter €
and the occupied volume fraction are small, ¢ < 1, Ne? <« 1, we are able to: (1) reduce the
study of a system of N to two particles, since pairwise interactions dominate; (2) obtain the
desired low-dimensional description through a systematic asymptotic expansion in €, using the
method of matched asymptotic expansions. Unlike Beenakker & Mazur (1983); Felderhof (1978),
the method does not rely on a closure assumption.

The resulting low-dimensional FP is a nonlinear nondegenerate diffusion equation, with
the nonlinear term accounting for the excluded-volume in the system. The equation we have

derived is for the one-particle probability density, which measures the probability of finding any
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particle at a given position; the particles we consider are identical and indistinguishable. This
means that we are examining collective diffusion, and we find that this is enhanced by the finite
size of the particles. We have not considered the self-diffusion of a particular (tagged) particle,
which can be related to an individual particle’s mean-square displacement. To analyse the
self-diffusion coefficient in the current framework we would need to label a particular particle,
rather than treating all particles as identical; we do this in Chapter 3 in which we consider
multiple particle populations.

An interesting feature of the resulting population-level FP equation is that it preserves the
gradient-flow structure and free energy featured by the high-dimensional FP equation. Namely,
if the external force is the gradient of a potential V, the N-particle FP equation can be written

as

oP - - 6FN , . N .
g(x,t) =Vz | PV with FN = /Qyplogde—l—/Qy;V(xi)de, (2.55)

whereas after the dimensionality reduction we have

aa—f:(x,t) =Vy- (pvx%> , F = /Q [plogp + (N — 1)edp2] dx + /Q V(x)pdx. (2.56)
This property of the FP equation allows us to describe the stationary solutions of the PDE as the
minimisers of the free energy functional, and to study the trend to equilibrium using existing
techniques from the fields of kinetic theory and differential equations. Moreover, writing the
discrete and continuum FP equations in their gradient-flow forms (2.55) and (2.56) suggests
that we could have applied our method to the free energy functional Fy instead and derived
F directly. Equations (2.55) and (2.56) set up the ground to use also I'-convergence (Dal Maso
1993) to rigorously prove the micro-macro link between Fy and F.

Finally, the theoretical predictions of the derived model are compared with stochastic simu-
lations of the full-particle system, as well as against the interaction-free case of point particles.
We have introduced most of the numerical techniques that will be used in this thesis. We have
performed time-dependent and stationary simulations of the system. In both cases, the nonlin-
ear FP equation is shown to capture very well the features at the particle level.

The advantages of this method is that the resulting equation correctly captures the excluded-
volume interactions at the particle-level, as seen with the agreement of the resulting collective
diffusion coefficient with that obtained from equilibrium statistical mechanics methods (Acker-
son & Fleishman 1982; Hanna et al. 1982), as well as with the successful comparison with the
stochastic simulations. Moreover, the resulting PDE gives more insight into the problem that
these alternative approaches, and allows us to study situations far from equilibrium.

The quadratic diffusion term, which comes from a systematic analysis, justifies, for example,
the ansatz made in Calvez & Carrillo (2006) to account for the finite size of the cells in the

Keller-Segel model. In their work, they add a quadratic diffusion to the equation for the cell
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population density to prevent aggregation and blow-up of the solution in finite time, as occurred
in the original Keller-Segel model (Keller & Segel 1971). This is just an example of many works
in which nonlinear terms are added in an ad hoc manner into the continuum description to try
to mimic the observed behaviour at the particle-level. For instance, Degond et al. (2010) add a
disjoining pressure term (in the same spirit as in the modelling of thin films), to account for a
maximal density in models for traffic flow.

Because our method is systematic, it also allows extensions in many directions. In this
chapter it has been developed in its simplest setting: hard-core identical spherical particles with
an external potential and in an “unconfined” or bulk domain. By unconfined we mean that
the domain dimensions are large (equal to one in dimensionless units) in comparison with the

particles’ size €. In the following chapters the following extensions will be considered:
¢ Chapter 3: different types of particles.
¢ Chapter 4: confining domains.

¢ Chapter 5: (short-ranged) soft-core interactions.
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Chapter 3

Diffusion of multiple species

3.1 Introduction

In this chapter, we extend the model of identical Brownian particles in Chapter 2 to the case
when two types of particles are present, that is, the system contains two species. Specifically,
we allow for each population to have a different number of particles with different sizes and
diffusivities and to be under a different external force. We call these species the blues and reds,
after Burger ef al. (2010). The aim is to derive a continuum model describing the evolution of
the population density of each of the species, similarly to what we did for one species in the
previous chapter. The difference is that, instead of one FP equation, the analysis will now yield
a coupled system of two equations, one for each species. The procedure is similar, although
now three types of pairwise interactions are possible: a blue and blue, a red and red, and a blue
and red. It is clear that for the first two types of interactions we will be able to reuse the result
obtained in Chapter 2. However, the third type of interaction involving one blue particle and
one red particle must be computed.

It should be noted that the set-up here is for two types of Brownian particles, and is not to be
confused with the case when one species is suspended in a fluid of the other species (with much
smaller particles) which induces Brownian motion on the former. The background fluid (if any,
since the noise may also represent the unpredictability of the particle’s motion or behaviour,
as it is the case in swarms) is a third component which we are replacing in our model by a
Brownian motion on the first two components.

We begin in §3.2 by deriving the nonlinear cross-diffusion model for the one-particle density
functions from the particle-based or microscopic model (the high-dimensional FP equation).
This setting of keeping two distinct densities in the continuum model enables us in §3.3 to
distinguish between two alternative notions of diffusion coefficient: the collective diffusion
coefficient, which describes the evolution of the total density, and the self-diffusion coefficient,
which describes the evolution of a single tagged particle (Hanna et al. 1982). This is in contrast

with the one-species model derived in Chapter 2, in which we could only “extract” the collective
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diffusion coefficient. As in the one-species case, we attempt to write the resulting nonlinear
system as a gradient flow for some free-energy functional, and study the equilibria and stability
using this energy functional in §3.4. However, the task of obtaining an associated gradient-flow
structure is much more challenging for systems (Burger et al. 2010), and we are only able to
write down an explicit free-energy functional under some conditions. Even so, in that case, we
tind it a very useful tool to study the equilibria and other properties of the system.

An interesting application of the resulting cross-diffusion system for the two species is the
study of the diffusion of finite-size particles through immobile obstacles, which may be achieved
by setting the diffusivity of one of the species (“the obstacles”) to zero; this is done in §3.5. For
example, this may be used to describe the motion inside cell cytoplasm with skeletal proteins
(Dix & Verkman 2008). With our setting, the obstacles, which we choose to be the red parti-
cles, are distributed according to some (stationary) distribution r;(x) (which may be spatially
uniform but need not be). This leads us to pose the question: how does a random distribution
of obstacles relate to a deterministic one? For example, does a uniform random distribution of
obstacles produce the same effective diffusion coefficient as a deterministic regular array of ob-
stacles? To explore these issues, we analyse a periodic array of obstacles via a standard multiple
scale analysis, which is subsequently compared and contrasted to our approach.

Much of the effort to describe multiple species with size-exclusion processes has been di-
rected at on-lattice models, in which the motion of particles is restricted to taking place on a
lattice and one defines certain hopping rules to account for the interactions. It is common to take
a continuum limit of the discrete model and obtain a partial differential equation describing the
average occupancy of the agent population. A simple exclusion model is used in Burger et al.
(2010) and Simpson et al. (2009), which turns into a system of nonlinear advection—diffusion
equations in the continuum limit.

In this chapter we consider the off-lattice version of the models used in Burger et al. (2010);
Simpson et al. (2009), that is, two populations of diffusive particles with excluded-volume in-
teractions. As we shall see, this simple model exhibits already a remarkably rich behaviour
which could be used to explain how inter-species competition emerges at the population-level
in more complicated real life problems. For example, multiple populations of interacting agents
appear in traffic flow with heterogeneous agents (Helbing 2001), pedestrian or animal motion
(e.g. competition between ant colonies Adams & Tschinkel 1995; John et al. 2004) and cellular
tumor invasion (cancer and normal cells, Sander & Deisboeck 2002). They are also important in
ion transport through membrane channels, as in many applications ions can be heterogeneous
(Gillespie et al. 2002). Another application is the extreme case in which one of the populations
is motionless and blocks the motion of the others; for example, anomalous diffusion in cell
membranes due to obstruction from, e.g., the membrane skeleton mesh, fixed proteins, or lipid
rafts (Nicolau et al. 2007; Saxton 1994).
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3.2 Two-species model

Our starting point is again a system of N hard spheres (or disks) diffusing and interacting in
a bounded domain Q) in R? of typical dimensionless volume of order one. We use the same
non-dimensionalisation as in Chapter 2. Suppose there are N, blue particles of diameter €, and
constant diffusion coefficient D, and N, red particles of diameter €, and constant molecular dif-
fusion coefficient D,, with N, + N, = N. Note that we could have chosen to nondimensionalise
so that one of the two dimensionless diffusion coefficients D, or D, is set to one. However, we
choose deliberately not to do so so that the resulting model is symmetric upon exchange of
the blue and red labels. Also note that we are not making explicit any relationship between
the molecular diffusivity and the particle size (as it might exist if, say, the Stokes—Einstein re-
lation holds in the system). As before, the particles occupy a small volume fraction, so that
Nbeg + Nreil < 1, and the sole interaction between them is the hard-core repulsion.

We denote the centres of the particles by X;(t) € () at time t > 0, where 1 < i < N. Each

centre evolves according to the overdamped Langevin SDE

Xm'(t) = fb(Xi(t)) dt 4+ /2Dy, dWi(t), 1 <i <N, (3.1a)
AXi(1) = £(X (1)) dt + V2D, dW,(H), N, +1<i<N, (3.1b)

where the W; are N independent d-dimensional standard Brownian motions and f;, and £, are
the external forces on the blue and red particles, respectively. As in the one-species model, we
restrict ourselves to the case where the external force acting on the ith particle depends only on
its position X;, that is, f; = f;(X;) : Q — R for k = b,r. We suppose that the initial positions
X;i(0) are random and, within the same species, identically distributed.

The joint probability density function of the N particles P(X,t) evolves according to the
linear Fokker-Planck (FP) PDE

P = = -

where Vy and V; - respectively stand for the gradient and divergence operators with respect to
the N-particle position vector ¥ € QON. Here D = diag(Dy, ..., Dy, D,,...D,) is the diffusivity
matrix and F(¥) = (f,(x1), ..., fp(xn,), fr(xn,41), - - -, £-(xn)) is the dN-dimensional drift. Split-
ting the position vector X into the position vector for the blue particles, ¥, = (xy, ..., be), and

for the red particles, X, = (Xn,+1,--.,Xn), equation (3.2) can be rewritten as

= = 6* . [Db@fb P— ﬁb(ﬁ;) P] + ﬁfr . [Drﬁfr P— ﬁr(fr) P] in Qé\l, (33a)
where Fy(%,) is the drift acting on the blue particles [first dN;, components of F(X)], and anal-
ogously for F,(X,). The configuration space QN = QN \ B, now contains “pairwise holes” of

(possibly) three different sizes. (In terms of the Emmental cheese, now it would have three
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types of holes of possibly different sizes.) The set of all illegal configurations (with at least one

overlap) Be now is:
B. = {fe ON:3i£] st [x—x < %(ei+ej)},

where ¢; = ¢, for i < N, and €; = €, otherwise. On the collision surfaces 9QY we have the

reflecting boundary condition
[ViP—F(®P]-ii=0 on aQY, (3.3b)
where it € S™N~1 denotes the unit outward normal. The initial condition on P is
P(X,0) = Py(X). (3.30)

Since all the particles within the same species (blue or red) are identically distributed, the initial
distribution Py(X) is invariant to permutations of the particles labels within the same species. The
form of (3.3) then means that P itself is invariant to permutations of the blue or red particle
labels for all time.

As in the previous chapter, our goal is to reduce the high-dimensional PDE model (3.3) to a
low dimensional PDE model for the marginal density function of one particle. However, as men-
tioned in the introduction, instead of obtaining an equation for p(x,t) = [ P(X,t) dx,---dxy
comprising the collective effect of N identical particles, now we will have two marginal density
functions, one representative of the blue particles and one representative of the red particles.
Because all blue particles are identical and all red particles are identical, we are interested in

the marginal density function of, say, the first blue particle and the last red particle, given by
b(x, 1) :/ P(%, 1) 5(x — x1) dF, r(x,f) :/ P(%, 1) 5(x — x) dF,
oy oy

respectively. We aim to reduce the high-dimensional PDE for P (3.3) to a low-dimensional system

of PDEs for b and r through a systematic asymptotic expansion as €, €, — 0.

3.2.1 Point particles

In the particular case of point particles (e, = €, = 0) the model reduction is straightforward. In
this case the N particles are independent and the domain is QY = QN (no holes), which implies

that the internal boundary conditions in (3.3b) vanish. Therefore

Ny N
P(x,t) = [b(xit) J] r(xit), (3.5)
i=1 i=Np+1

and the evolution equations for the one-particle densities b and r follow from integrating equa-

tion (3.3a) multiplied by 6(x — x1) and §(x — xy ), respectively, over the configuration space QN
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using (3.5)
ob
§<X’ t) = V- [DpVxb—£,(x)b], (3.6a)
%(X, t) = Vi [Drvx r— fr<x) 7’] ’ (3.6b)

in O x R*. The boundary conditions (3.3b) become simple no-flux boundary conditions on the

domain walls,

0= [DbVXl b— fb(Xl) b] . ﬁl, (36C)
0= [D,Vy r—1£(x1)r] A, (3.6d)

on 0Q) x R™, where fi; is the outward unit normal to 0Q). The system is supplemented by initial
values

b(x,0) = bo(x), r(x,0) = ro(x), (3.6e)

in ). Here by(x) = fQN Py(X,t) 6(x — x1) dX, and similarly for ry.

3.2.2 Finite-size particles

When €, and/or €, are greater than zero, the internal boundary conditions in (3.3b) mean the
particles are no longer independent. As seen in Chapter 2, when the particle volume fraction
is small the collisions between two particles dominate and if the case of N = 2 can be solved
it can easily be extended to arbitrary N. For two species three types of interaction with N = 2
are possible: either two blue particles, either two red particles, or one blue particle and one red
particle interacting. We note that the first two types involving two identical hard spheres have
already been computed in the previous chapter yielding the nonlinear diffusion equation (2.29).
Therefore, here we only need to consider the third case, thatis, N, = N, = 1.
For one blue particle at position x; and one red particle at position x,, equation (3.3a) reads

JoP
g(X],XZ, t) = VX1 . [DbVXl P — fb(Xl) P] + VX2 . [Drvxz P — fr(Xz) P] , (37&1)

for (x1,x2) € 2, and the boundary condition (3.3b) reads
[DbVXl P - fb<X1) P] - + [Drvxz P — fr(Xz) P] -fip =0, (37b)

on x; € 90 and ||x; — x| = 1(ey + €,). Here fi; = n;/||n;||, where n; is the component of the
normal vector 7i corresponding to the ith particle, # = (n1, ny). We note that fi; = 0 on x; € 9(),
and that fiy = —fy on ||x; — xz|| = €. It is convenient to introduce €, as the distance at contact
between one blue particle and one red particle, €,, = (€, + €,) /2.

We proceed to obtain an equation for b(x,t) from (3.7). We denote by Q(x;) the region

available to particle 2 (the red particle) when particle 1 (the blue particle) is at x;, namely,
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Q(x1) = Q\ Bg,,(x1). Since the domain dimensions are much larger than the particle diameters,

the volume |Q)(x;)| is constant to leading order. Integrating Eq. (3.7a) over Q(x;) yields

ob
§(x1, t) = VX1 . [DbVXl b— fb(Xl) b]
+ 0B ( )[fb (X]) P — 2DbVX1P — DbVXZP] -fip dSy (3.8)
€br X1
+ / [DyVXZ P — fr(Xz) P] . ﬁz dSz.
BQUBBehr(xl)

The first integral in (3.8) comes from switching the order of integration with respect to x, and
differentiation with respect to x; using the transport theorem; the second comes from using the

divergence theorem on the derivatives in x, (see §2.3.2.1). Using (3.7b) and rearranging we find

ab )
g(xl, t) = Vxl . [DbVXl b— fb(Xl) b] - 2Db/BBehr(x1)VX1P ‘No dSz
+ B, ( ){(Dr —Dy)Vx, P+ Pfy(x1) — f,(x2)]} - Aia dS> (3.9)
€br X1
=V [vaxlb - fb(xl)b] - Db/&B ( )(VX1P+ VXZP) -2 dSs.
€br X1

We denote the integral above by

Ibr<xl) = _Db (Vxlp + VX2P) -, dS,. (310)
aBebr(xl)

The next step is to use matched asymptotic expansions to evaluate this integral.

3.2.3 Matched asymptotic expansions of the density P

As before, we suppose that when two particles are far apart (||x; — x2|| > €,) they are inde-
pendent (outer region), whereas when they are close to each other (||x; — x2|| ~ €,) they are
correlated (inner region).

In the outer region we define P,,t(x1, X2, f) = P(X1,X2, t). By independence, we have that

Pout<x1/X2/ t) = %(Xlrt)%<xzf t)/ (311)

for some functions g,(x,t) and g,(x, t). It is important to note that these functions will not be
the same in general since P is not invariant to a switch of blue and red particle labels. Also note
that we could introduce more terms in the asymptotic expansion for P,,;, as we did in (2.13).
However, the subsequent analysis shows that, as happened for the one-species case, the value
of the integral Z;, is invariant to the first-order correction of P,,; and thus we do not need to

consider this further.
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In the inner region, we set x; = X; and x, = X; + €;,,X and define p()”q,)"(,i) = P(x1,xp,1).

Inserting this change of variables into (3.7) yields

eb,aalt)(x1,f<,t) = (Dy+D )V?P
+ e, Vi { [fy(%1) — £,(X1 + €pX)] P — 2D, V5, P} (3.12a)
+ €4, {DyV3 P — V,~(1 - [£(%1)P] },
with
xvﬁ:[;imx{mVMFHMﬁ+%M—QWMP} (3.12b)
on ||x|| = 1. Note that now (3.12b) contains the no-flux boundary condition on the contact

between the two particles, but not on dQ). As pointed out above, this is because we can assume
that X; is not close to d(); the boundary only affects higher-order terms. In addition to (3.12b)
the inner solution must match with the outer solution P, as ||X| — co. Expanding (3.11) in
inner variables gives

P(x1,% 1) = qv (%1, £)q, (%1 + €n%)

(3.12¢)
~ qp(X1, t)qr (X1, t) + €prgp (X1) X - Vg (X1) + -+,

as ||| — co. We now look for a solution to (3.12) of the form P(xi,%,t) ~ PO (xy,%,t) +

ey P (%1, %,t) + - - . The leading-order inner problem is simply
v2p =,
x- VP =0 on %] =1, (3.13)
PO ~ gy (%, )y (30, 1) as X[} = oo,

which is trivially solved by
PO (%1,%, 1) = qy(%1, ), (%1, ). (3.14)

At O(epy) (3.12) reads, using (3.14) and Taylor-expanding f;, and £,,

vZp =y,
x- VPV =% A(xy, 1), on %] = 1, (3.15)
PY ~ x-B(%1,1), as I1%]| — oo,

with

1
A%y, t) = Db 1, (Do Vi (90a0) + [£r(%0) = £ (%1)] 0 90}, (3.16)

PW(xq,%,t) =% A%y, t) + ()”( - W) [B(%1,t) — A%y, 1)] . (3.17)
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Combining (3.14) and (3.17), the inner solution is

€br
(Dp + Dy)(d — 1) [|x]|?

< x- { [ (51) = £ (%)) 4 + Dy V0 — Do, Vot + O(€3,),

D(%1,%,t) ~ qugr + €pr G X - Viar+
(3.18)

where q, = qp(Xy,t) and g, = g,(X1,t). Comparing the inner solution (3.18) in the case of
two distinguishable particles with that of two identical particles (2.21), for which p (Xq,X,t) ~
7* + eq % - V,q, we find that two extra terms contribute to the inner solution now: one is due to
the difference in the drift force acting on each particle, [f,(X1) — £,(X1)] §s9r, and the other owing
to the different initial conditions and/or diffusivities, D,q; V- — Dpq, Vx,qp. Note however
that, even in the case of (physically) identical particles, we could use the two-species distinction
to have the particles subdivided into two groups, each group with different initial conditions.
In that case, all the physical parameters €;, D; and f; are identical, and the distinction between
the two groups in the model is contained in the outer functions g, and g;.

Using the inner solution (3.18), we can now evaluate the integral Z;,(xq ) in (3.10). Expressing
it in terms of the inner variables, we obtain

- Db 27
Ibr(xl) ;

~ €brm7qu : { [(d=1)Dy +dDr |35 V5, 9r — Dpr Vi 9t

(3.19)
+ [f(%1) — £:(%1)] 90 q,} 4.

Now we use the normalisation condition on P to determine the outer functions g, and g, (see

Appendix A for details). We now find that g;,(x) = b(x) + O(et,) and g,(x) = r(x) + O(et),

which will allow us to express Z,,(x;) in terms of the densities b and r.

3.2.4 System of equations for b and r

Inserting the expression for Z,,(x;) obtained in (3.19) into (3.9) we find, to O(egr),

ab
—(Xl, t) = Vxl . <vax1b — fb(Xl)b

ot (3.20)
+ €5, Dy { By bV xi7 — 157 Vix b} +€f, 7 [fo(x1) — £ (x1))] bT),

where
B 2_7t[(d—1)Db+dDy] _2m Dy

Pr="4 D,+D, ~ "TaiD,+D,

Equation (3.20) gives the evolution of b for a system with one blue particle and one red particle.

The extension from one to N, red particles is straightforward up to O(egr), since at this order
only pairwise interactions need to be considered. For N, arbitrary, the blue particle has N;
blue-red inner regions, one with each of the N, red particles; hence there are N, copies of
the nonlinear term in (3.20). Similarly, for N, arbitrary the blue particle can have blue-blue

pairwise interactions with any of the N, — 1 remaining blue particles; the contribution of a
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pairwise interaction between identical particles was found in (2.29). Thus the blue marginal

density function satisfies

%(X, t) = VX : <DbVXb — fb(X)b + (Nb — 1)€ng(XbVXb
ot (3.21a)
+ Nyel A Dy(Bp bV s — 1,7V xb) + 7 [ (x) — £(x)] br}),
in QO x RT. A similar procedure shows that the red marginal density r satisfies
or d
—(x,t) = V- <D,er —£,(x)r + (N, — 1)el DyarV«r
ot (3.21b)

+ Noel { Dy (Br Vb — 7,6V 1) + 7y [£r(x) — £ (x)] br}),

in Q) x RT. This system is complemented with no-flux boundary conditions! on 9Q) x R* and
initial conditions
b(X, O) = bO (X), r(X, 0) = I"o(X) (321C)

in ). The coefficients in the equations (i = b and j = r and vice versa) are as follows

2(d - 1)1 27t [(d —1)D; +dDj] _2m D

‘= d ! pi= d Di—|—D]' ! ! 7DZ‘+D]"

(3.21d)

ford =2 or 3.

We have obtained a nonlinear cross-diffusion system for the blue and red marginal proba-
bility densities, which captures the enhancement (diminishment) of the effective diffusion rate,
due to excluded-volume interactions between particles of the same species (of the other species).
Namely, the diffusion of one blue particle is enhanced by collisions with the other blues, and
reduced by collisions with red particles [terms with +abV b and —7,rV b, respectively, in
(3.21a)]. This will allows us to distinguish between two alternative notions of diffusion coeffi-
cient: the collective (or mutual) diffusion coefficient and the self-diffusion coefficient (see §3.3).
Note that the reduced model (3.21) has now a nonlinear drift term. This is effectively a “drag”
term due to the different drift velocities of the red and blue particles.

It is reassuring to find that we can recover the system for a single species from the system
for two species (3.21). When the two species are identical, that is, D, = D,, €, = €,, and f, = {,,
the governing equations (3.21a) and (3.21b) of the densities b and r are the same. Then, if the
initial densities (3.21c) are equal, by(x) = ro(x) := po(x), then b(x,t) = r(x,t) := p(x,t) for all

times. Consequently, we can replace b and r by p in (3.21a) and recover the one-species equation

INote that we have used all the components of the no-flux boundary condition (3.3b) on P except the one
corresponding to the variable being kept fixed. As we have been ignoring the boundary layer around 0Q) when
deriving (3.21), this would lead to mistakenly think that the accompanying boundary conditions for b and r are the
same that for the point particles case, that is, Eq. (3.6c) and (3.6d). These only correspond to the leading order
boundary conditions for our system. A proper analysis in the boundary layer would show that the correct boundary
conditions for b and r are also the obvious ones, no-flux boundary conditions.
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(2.29a), by noting that, when D, = D,, B, — 7} is equal to « [see (3.21d)]. In this scenario, the

nonlinear terms in (3.21a) rearrange to
(Np — 1)e?DpapVxp + Nue’Dy(By — 15) pVxp = (Ny + N, — 1)e? Dypap V xp,

which coincides with the nonlinear term in the one-species equation (2.29a).

Finally, note that we have not specified any relation between the diffusion coefficients of
a single particle (D, and D,) and the particles” diameters (e, and €,), even though a relation
may exist between these parameters. For instance, if we are modelling a system for which
the Stokes—Einstein relation holds, then the diffusivity should be inversely proportional to the
particle’s diameter. Thus it may be that not all of the four parameters Dy, D, €}, and €, can be

chosen independently.

3.2.5 System in matrix form

The system (3.21) may be rewritten in the form

2 (f) (xb) = Vi - [D(b, NV, (f) _F(b,7) (f)} , (3.22a)

where D(b,7) = (gfz gf:) is the diffusion matrix,

Dy [14 (Ny—1)etab — Nyed ypr] DN, €t B,b
D(b,r) = b br br , 3.22b
(b,7) ( D;Nyef B,r D, [1+ (N,—1)e?ar — Nye? ,b] ( )
and F(b, r) is the drift matrix
£y (x) Nyref volfr (%) — £ (x)]b
F(b,r) = br , (3.22¢)
(b,1) <Nbe§r'yr [y (x) — £,(x)]r £, (x)

with the coefficients given in (3.21d). In order to focus on the diffusion part of (3.22a), we set
F = 0 for the rest of this section.

An important consideration is that the reduced continuum model we have obtained for the
collective or population-level behaviour is different to the corresponding continuum limit of the
discrete on-lattice counterpart model: the coefficients of our advection—diffusion system (3.22)
derived from the off-lattice model do not agree with those derived from the on-lattice model
[¢f. Eq. (3.1)=(3.2) in Burger et al. 2010]. In particular, the lattice model does not include the
negative terms in the diagonal entries of D (which are important to explain self-diffusion as we
shall see below) and the advection term F is linear and does not include the difference f, — f,.
It would be interesting to study whether hopping rules can be given on a discrete lattice which

produce the model (3.22) at a continuum level.
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3.2.6 Time-dependent solutions

In this section, we illustrate the time-dependent behaviour of the particle-based (discrete) model
(3.1) and the population-based (continuum) system (3.21) with numerical simulations. The
solution of the discrete model is obtained using the Monte Carlo method described in §2.7.1.1.
The only difference is that now we must distinguish between the blue and red particles in order
to construct two histograms, one for each population.

The solution of the cross-diffusion system (3.21) is obtained using the method of lines with
a second-order finite-difference discretisation for the spatial derivatives as in §2.7.1.2, although
now the discretisation of the system is much more complicated. Whereas the nonlinearity in the
one-species model (2.29) posed no complications (since it is a positive nonlinear diffusion), now
the nonlinear diffusive terms in (3.21) require a careful treatment as they contain negative diffu-
sion. In the spirit of the positivity-preserving finite-difference scheme proposed in Zhornitskaya
& Bertozzi (2000), we find that an appropriate discretisation of the system is to introduce flux
variables on the half points (so that the no-flux boundary conditions can be imposed keeping
the second-order accuracy).

For illustrative purposes, imagine the one-dimensional counterpart of (3.21a). Using an
equidistant mesh of mesh size A = 1/], x, = —1/2 4+ nA, with 0 < n < J, the unknowns are
by(t) =~ b(x,,t) and r,(t) = r(xy,,t). Then the discretisation employed is

@ + Qn+1/2 - Qn—1/2 —0

= A ) (3.23)

where Q112 ~ Q(X41/2, ), X112 = (Xp41 + x4) /2 and Q(x, t) is the flux of the blue’s density
b (that is, the negative of the term inside the square brackets in the one-dimensional version of
(3.21a)). It remains to describe how Q,,. 1/, is defined. The linear terms are discretised as usual,

and it is only worth mentioning the nonlinear terms. Those “of type” bV b are discretised as
ob 2by41b bpy1—b
[ ~ n+1Y%n n+1 n
(132) o = (525 ) (5).

(6) (ta112) ~ ( 2b1bn ) ( 217 )

bu1+ by Tpe1 + 7y

As in Chapter 2, we perform simulations of the discrete and continuum models for finite-

while the br term is

size and point particles, in order to assess the validity of our method and the importance of
excluded-volume effects. We will use a two-dimensional square domain ) = [—1, %]2 and
the following parameters: number of particles N, = 100 and N, = 300, particles” diameters
€, = 0.01 and €, = 0.02, diffusion coefficients D, = D, = 1, and external forces: f, = f, = 0.
Figure 3.1 shows the results of a time-dependent simulation with f,(x) = f,(x) =0, Q =
[-1/2,1/2]%, N, = 100, N, = 300, €, = 0.01, €, = 0.02, and D, = D, = 1. Initially, the blue

particles are uniformly distributed, by(x) = 1, and the red particles are normally distributed in
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Figure 3.1 Marginal probability densities b(x,t) ([I-IV]-b) and r(x,t) ([I-IV]-r) at time ¢ = 0.03 with
initial data bp(x) = 1 uniform and ry(x) normally distributed (¢ = 0.1) in the x-axis, f, = f, = 0,
Dy, = D, =1, N, = 100 and N, = 300. (I) Solutions b(x,t) and r(x,t) of Eq. (3.6) for point particles
(ep = €, = 0). (II) Histograms for €, = e, = 0. (III) Solutions b(x, t) and r(x,t) of Eq. (3.21) for finite-size
particles (e, = 0.01, e, = 0.02). (IV) Histograms for €, = 0.01, ¢, = 0.02. Histograms computed from 10*
realisations of Eq. (3.1) with At = 107>, All four plots on the left and right have respectively the same
colour bar.

the xj-axis with zero mean and standard deviation 0.1, ro(x) = f(x;0,0.1%), where f(x;u,c?)
is the one-dimensional Gaussian (truncated and normalised so that its integral over () is one).
The figures correspond to time ¢ = 0.03 and the simulation time step is set to At = 107°. The

same information of Figure 3.1 is plotted in Figure 3.2 for the slice y; = 0.
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Figure 3.2 Marginal densities b(xy,t) and r(xy,t) at y; = 0 corresponding to the eight cases shown in
Figure 3.1. (a) Point blue particles PDE solution (dash blue line) and from simulations (blue asterisks).
Finite-size blue particles solution (solid blue line) and from simulations (blue circles). (b) Point red
particles PDE solution (dash red line) and from simulations (red crosses). Finite-size red particles solution
(solid red line) and from simulations (red squares).
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The theoretical predictions for both point and finite-size particles compare very well with
their simulation counterparts, while steric effects are clearly appreciable even though the vol-
ume fraction of particles is only 0.102. The initial uniform density of the blue particles does not
change in time when size-exclusion effects are ignored [Figure 3.1 (I-b) and Figure 3.2(a) in dash
line], while it does diffuse towards the domain edges x +1/2 when they are not [Figure 3.1 (III-
b) and Figure 3.2(a) in solid line] due to the non-uniform density of red particles. More details
on this effect will be given in §3.3. On the other hand, the red particles’ initial profile, in which
particles are concentrated in the central band, spreads faster when excluded-volume effects are
included [Figure 3.1 (Ill-r) and Figure 3.2(b) in solid line] than when they are not [Figure 3.1 (I-r)
and Figure 3.2(b) in dash line], indicating that the overall collective diffusion of the red species

is enhanced.

3.3 Diffusion coefficients in a two-component system

There exist several characterisations of diffusion in a system of finite-size particles. In the case
of a single species, there is the collective diffusion coefficient, which describes the evolution of
the total concentration of the species, and the self-diffusion coefficient, which describes the evo-
lution of a single tagged particle (Hanna et al. 1982). For two or more species, a third coefficient,
the cross-diffusion, expresses the motion of one species under a concentration gradient of the

other species (Buzatu et al. 2007).

3.3.1 Collective diffusion

The collective diffusion coefficients (also known as main or principal diffusion coefficients,
Zielinski & Alsoy 2001) are the diagonal entries of the diffusion matrix D in (3.22b). For in-

stance, the collective diffusion of the blue species is
Dy (b(x,t),7(x, 1)) = Dy, {1 + el (Ny — 1)ab(x,t) — €. Nyyyr(x, t)] . (3.24)

The first term is the diffusion of a free blue particle. The second term, which is proportional to
the excluded-volume created by the blue particles, always enhances the collective diffusion. This
enhancement is due to biasing the random walk—in a gradient of b you are more likely to move
towards the low-density region. In contrast, the third term (related to the excluded-volume
created by the red particles) reduces the collective diffusion of a blue particle. As expected,
setting N, = 0 in (3.24) yields the collective diffusion coefficient for a single species of finite-
size particles, see (2.31). Now, with the two species in play the collective diffusion coefficient
displays a compromise between the enhancement due to the finite-size interactions within your

own species and the diminishment due to the presence of the other species.
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3.3.2 Cross-diffusion

The cross-diffusion coefficients are the off-diagonal entries of the diffusion matrix D in (3.22b),
which are always non-negative. For instance, the cross-diffusion coefficient of a blue particle
across the red particles is

Dy, (b(x, 1)) = Dypefl N,Byb(x,t). (3.25)

This term represents a drift on the blues density b due to gradients in the reds density r. We
note that the name “cross-diffusion” to refer to such a term might be confusing, since it is really
a drift, but this is a common terminology in the literature (see, e.g., Buzatu et al. 2007; Hittmeir
& Jiingel 2011).

3.3.3 Self-diffusion

The self-diffusion coefficient is different to the collective and cross-diffusion coefficients in that
it is a diffusion coefficient intrinsically attached to an individual tagged particle, and which may
be related to its mean-square displacement. In contrast, the previous two coefficients relate a
diffusive flux to the concentration gradient of many particles (Mazo 2002), that is, to the total
concentration of N, or N, particles. Because the self-diffusion is a macroscopic property of an
individual particle, its analysis in the current framework requires us to tag a single particle in
the population-level model. We can do this by colouring one particle (the tagged particle) in
red, N, = 1, leaving the remaining N — 1 particles to be blue particles.
Setting N, =1land N, = N, Dy, =D, =1, ¢, = ¢, = €, = €, and f; = 0 in (3.21), gives

%(x, t) = V- [be + (N —=1)eabVyb + e'pbV o — ey rVXb] , (3.26a)
%(x, ) = Vs |Var = Nely bV, + NeBrv b, (3.26b)

where
o« = @, B= @, y = g, (3.260)

for d = 2 or 3. Then the self-diffusion coefficient of the tagged red particle is
D3(b(x,t)) =1 — Neyb(x,t). (3.27)

Hence we find that the self-diffusion coefficient decreases for increasing excluded volume or, in
other words, that it is reduced relative to point particles.

Let us compare this to the one-species collective diffusion coefficient. Since the red particle
is identical to all the blue particles, we untag it so that if the initial densities are the same then
r = b (= p, say) and both equations (3.26a) and (3.26b) give

g—lz(x, t) = V- (pr + Ne'a ppr> , (3.28)
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since  — v = a. The diffusion coefficient of p is then
D(p(x,t)) =1+ Nelap(x,t), (3.29)

which coincides with the effective collective diffusion coefficient in (2.31) found in the one-
species case (after replacing the density p by the concentration c). Thus collective diffusion
coefficient D¢ is increased relative to point particles. This apparent contradiction may be under-
stood as follows: the diffusion of any particular particle is impeded by its collisions with other
particles. However, these collisions bias the random walk towards areas of low particle density,
so that the overall spread of all particles is faster. When we look at the equation for the tagged
red (3.26b) the diffusion is reduced relative to point particles, but there is also the drift term due
to the gradient in the blues” density. The latter term is the dominant one when the blues and
reds are the same species, since its coefficient is (24 — 1) times larger than the self-diffusion
coefficient. The end result is that when the two are combined into a single term, the collective
diffusion is enhanced relative to point particles, as seen in (3.29).

Written in terms of the volume concentration ¢ = ¢p, where ¢ = tNe?/2d is the volume

fraction, the self-diffusion coefficient (3.27) and collective diffusion coefficient (3.29) read
D*(c) =1—2c, D(c) =1+44(d —1)c. (3.30)

These expressions are in agreement with the values found in the literature using different meth-
ods (see Ackerson & Fleishman 1982; Hanna et al. 1982). Note that the self-diffusion coefficient is
independent of the problem dimension unlike the collective diffusion coefficient (but note also
that it is not defined for one-dimensional systems, because the hard-core interaction restricts

the allowed motions in one dimension, Ackerson & Fleishman 1982).

Self-diffusion and the mean squared displacement The self-diffusion coefficient of a tagged
particle can be described by using the particles” mean-square displacement (MSD), defined by
MSD(t) = (||X;(t) — X;(0)]|?), where X;(t) is the position of the ith particle at time ¢ and the
angular bracket denotes an ensemble average (using that all particles are physically identical). If
we keep the convention of colouring in red the tagged particle, the following relation is obtained

from the second moment of its PDE (3.26b) (with zero drift):
(0/0t) MSD(t) = 2dD*(¢),

where d is the problem dimension, D® is given in (3.30), and ¢ = ¢ for the system in equilibrium.

This relation, known as the Einstein relation, is more commonly expressed as

D*(¢) = lim MSD(t)/(2dt). (3.31)
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It relates a macroscopic quantity, the self-diffusion coefficient, with a microscopic quantity, the
MSD. The latter can be measured in stochastic simulations of the particle system, which we
shall use to check the validity of (3.31).

We perform Monte Carlo (MC) simulations of the 2N-coupled SDE (3.1) in a two-dimen-
sional periodic box of 400 disks (N = 400) under no external force (f, = f, = 0) and uniform
initial density [Py(X) = 1]. In order to achieve a better quantitative comparison, we employ the
event-driven Brownian-dynamics (ED-BD) simulation scheme based on De Michele’s algorithm
(Scala et al. 2007), which was described in §2.7.1.1.
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Figure 3.3 Results from stochastic simulation of a two-dimensional periodic system with N = 400 hard
disks and variable volume fraction ¢ (achieved by changing the particles’ diameter €). (2) Mean-square
displacement MSD(t) for a volume fraction ¢ = 0.01. (b) Self-diffusion coefficient D*(¢) for volume
fractions of up to 10%. Measured values from stochastic simulations using (3.31) (in red circles) and
theoretical prediction (3.30) (in dash line).

We consider different volume fractions ¢, ranging between 0 and 0.1, and the particles’ size
€ is chosen to achieve the desired volume fraction. Figure 3.3(a) shows an example plot of the
MSD of the disks as a function of time when ¢ = 0.01. Note that MSD(#) varies linearly with
t for all times, indicating that the system is already in the stationary at the initial simulation
time.2 From its slope at long times the self-diffusion coefficient may be extracted using (3.31).
Varying the volume fraction in the simulation, we obtain points (¢, D*(¢)) which are plotted in
Figure 3.3(b) as red circles. The theoretical curve D*(¢), shown as a black dashed-line, compares

well with the measured values.

3.4 Basic Properties

In this section we discuss some basic properties of the cross-diffusion model (3.21), such as its

free-energy functional, equilibria and stability of solutions. We restrict ourselves to the case

2This is because we have thrown away the thermalisation transition of our simulations.
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when the force fields are potential forces, that is, f,(x) = —V,V,(x) and f,(x) = —VV,(x); i.e.,

we consider the system

B t) =V, (Db [1 + (N — 1)egocb} Vb + YV, Vy(x)b
ot (3.32a)
+ Neeh { Dy [By bV 7 = 17 V0] + 1V [V, (x) = Vi ()] br} ),
i(x,t) = Vi (Dy [1 + (N, — 1)ef¢xr} Viyr + ViV (x)r
ot (3.32b)
+ Nbeg,{Dr 1Br ¥V xb — 1, bV 1] + 7 Vx [V (x) — V,(x)] br}),
in O x RT with no-flux boundary conditions on dQ) x R™ and initial conditions
b(x,0) = bo(x), r(x,0) = ro(x) in Q. (3.32¢)

The coefficients «, B; and «; (i = b, r) are all non-negative and given in (3.21d).

3.4.1 Gradient flow structure and free energy

In §2.6 we found for the one-species model that, when f(x) = —VV(x), the FP equation can be
written as gradient flow (2.35) on the energy landscape determined by an associated free energy
F (2.32). This was useful to study and compute the stationary solution of the FP equation for p.
Here we attempt to generalise these ideas in the case of two species.

The scalar gradient flow structure (2.35) becomes, in the case of two species (Burger et al.

2010),
Jd (b _ o F
3% <r> (1) = V- [MVX (ar f)] , (3.33)

where F = F(b,r) is, again, a scalar free-energy functional and M = M(b,r) is a two-di-
mensional matrix denoted the mobility matrix (which must be positive semi-definite from the
definition of free energy). In this section we examine under which conditions the two-species
system (3.32) admits an explicit gradient flow representation (3.33) valid to O(e?, e), bearing in
mind that €y, €, €, < 1. It should be pointed out that the transformation of (3.32a)—(3.32b) into
the structure (3.33) is not straightforward in general. In the following we present two situations
in which our system admits a gradient flow structure: for a large number of particles (§3.4.1.1)

and when the drift terms become zero (§3.4.1.2).

3.4.1.1 Large number of particles approximation

Assume that the number of blue and red particles is large such that N, —1 ~ N, and N, — 1 =~
N;, and that the two species have the same diffusion coefficient (which we can set to unity

without loss of generality). Then the system (3.32) for the densities b and r can be rewritten
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in terms of the number densities b = N,b and 7 = N, in the gradient flow form (3.33), with

free-energy functional
Fb,#) = / blogh +log# + by + 7V, + 5 (el 17 + 2¢f, bt + e #7) dx, (3.34a)
0
and mobility matrix

M (b,

~

b(1— 'yegr?) 'yegrfn’ >
— €ul) ), (3.34b)
) ( vepbr (1 —ef,b)

where &« = 2(d — 1)7t/d and v = 71/d is the simplified version of y; (i = b,r) in (3.21d) when
the diffusivities of blues and reds are equal. [The coefficient B; disappears in Eq. (3.34) using
that B; = « + v when D}, = D, = 1.] The mobility matrix M is positive definite if and only if

yel (b+7) <1, (3.35)

using that b,# > 0. This upper bound on the total number density b + 7 gives a limit of validity
of the model, and must be satisfied pointwise in (). Nevertheless, to get an approximate idea of
the upper bound on volume fraction ¢, assume that the concentrations are constant, b = Nj, and
? = N, and that €, = ¢,. Then, using that the volume fraction is ¢ = e/ (N, + N,), Eq. (3.35)
becomes ¢ < 0.5. Therefore, we see that our model for two species in the case of large number

of particles and equal diffusivities would break down when the volume fraction reaches one
half.

3.4.1.2 Zero potential

Now consider the system (3.32) with zero potential, V;, = V, = 0. In this case our problem has

also a gradient flow structure (3.33) with
F(b,r) = / [b logb+ rlogr + %(Nb —1)ef ab® + %(Ny —1)ed 2 + @egrbr] dx, (3.36a)
Q
and

— d d —
M(b,r)—<Dbb<1 Pectymer) - Ducip(Nofy @)”>, (3.36b)

~ \Dyel (NyB, —@)br  Dyr(1— Nyel v,b)
where © is a free parameter. There are two relevant cases for the gradient flow structure (3.36)
depending on the value given to ©. First, the free energy (3.36a) can be chosen to be the sum
of the two one-species entropies like (2.32) by setting ® = 0. Second, the mobility tensor can be
adjusted to be symmetric® setting ® = (N, D, 8, — N, D,B)/ (D, — Dy) provided D, # D,.* The

determinant of the mobility matrix (3.36b) is

27 (D Npb + DyN, 7’)
detM(b,r) = DyD,br (1 -7 - D, + D, “ep, | +O0(epd),

3The symmetry of the mobility tensor is an attractive property as we shall see in §3.4.3.
4In case Dy, = D;, we can still obtain a symmetric mobility matrix while at the same time setting ® = 0 by
rewriting (3.36) in terms of the number densities b and 7 as in the previous subsection.
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where note that the free parameter © only enters at O(e??). The mobility matrix is positive
definite if (neglecting the O(e29) terms)

271 (D;Nyb + DyNy7) 4
— 1 .37
7 Dy 1 D, e <1, (3.37)

using that b, > 0. As before, if we assume that b = r = 1 (we have reached the equilibrium),
D, = D, and €, = ¢,, the upper bound (3.37) becomes ¢ < 0.5 as in the previous subsection.
The point at which the mobility matrix becomes singular can be related with the stability of the

equilibrium states of the system, see §3.4.2.3.

3.4.2 Equilibria

We compute the stationary solutions of the nonlinear diffusion model (3.32), which we denote
by bs and ;. Note that, in the case of point particles (¢, = €, = 0), the equilibria are trivial as

the system for b; and r; decouples and we find
bs(x) = Cpexp[—V4y(x)/Dy), rs(x) = Crexp[—Vi(x)/Dy], (3.38)

where Cp, and C, are the normalisation constants, i.e., C; = f a exp|—V;(x)/D;] dx. For finite-size
particles, we first consider the cases for which we have found a gradient flow structure (3.33)
in §3.4.1, and then we consider the general case in two ways: solving the steady states of (3.32)
with a finite difference numerical scheme, and similarly the stationary density of the particle
description (3.1) with stochastic simulations using the Metropolis—-Hastings (MH) algorithm (see
§2.7.2.1).

3.4.2.1 From the free-energy description

One big advantage of the system with a gradient flow structure is that the steady states can
be found in a straightforward manner by minimising the free energy F. If the mobility matrix
M(bs, 15) is positive definite, then finding the steady states of (3.33) is equivalent to finding
constants x; and yx, such that

I F (bs, 7s) = X 0y F(bs, 15) = Xr, (3.39)

with [bs = [r; = 1. Note that the no-flux boundary conditions on 9} are automatically
satisfied by imposing d,F and 0, F to be constant.

In the case of no external potentials (§3.4.1.2), we see that the obvious constant states b; =
rs = 1 are the only stationary solutions of (3.36). In the case of a large number of particles
(83.4.1.1), the stationary solutions bs and 7, (recall we used number densities for this case) are
found by imposing (3.39) on the associated free energy (3.34a). Then the problem reduces to

logh + V, + a(efb + €} 7) = x4,

P (3.40)
log?+ V, +a(ef? +e€p,b) = xr,



64 Chapter 3. Diffusion of multiple species

such that f Q I;S = N, and f ofs = N;. This problem can be solved with the Newton—-Raphson
method, discretising () into | grid points, approximating the normalisation integrals with a

quadrature, and solving for 2] 4 2 unknowns (x4, Xr, @k, and 7, fori=1,...,]).

3.4.2.2 From the particle system via the Metropolis—Hastings algorithm

As we did with the time-dependent case, we now compare the stationary solution of the reduced
macroscopic model (3.32) to the stationary density of the full microscopic model (3.3a). Under

external potential forces, (3.2) becomes, on rearranging,

opP

N
= (1) = l; DiVy - {P Vy[log P+ Vi(x;)/Di]}, (3.41)

where D; = Dy, V; = V}, fori < N, and D; = D,, V; = V, otherwise. We use the Metropolis-
Hastings (MH) algorithm as in §2.7.2.1, though as particles can have different diffusion co-
efficients we must be careful when defining the energy H(X) associated to the configuration

X € ON. Specifically, denoting D the N-diagonal matrix with diagonal entries D;, we can write

2 191D (Pi) =0, (3.42)
where it = —Vy[logP + YN, Vi(x;)/D;] is the “flow velocity” vector field. Using that ID is
non-singular and that no-flux boundary conditions hold, the stationary solution Ps of (3.42) is
Py (X) = Cexp[—H(X)], where H(X) is given by:

- _ [ X Vi) /D;, eql,
HD = { 00, otherwise. (3.43)

Examples Two examples of stationary densities are shown in Figures 3.4 and 3.6. The station-
ary solution of Eq.(3.32), computed using (3.40), is compared with stochastic simulations of the
stationary distribution of the full N-particle SDE (3.1) with the MH algorithm.

Figure 3.4 corresponds to the stationary solution under a “gravitationalO’ force in the direc-
tion —e,, with Q = [-1/2,-1/2], ¢, = 0.01, ¢, = 0.015, D, = D, = 1, N, = 600, and N, = 200.
We suppose that the blue particles (four plots on the left) are heavier than the red particles (four
plots on the right), and that therefore they feel a stronger force, f, = —10e, versus f, = —5ey.
While both blue and red particles accumulate at the bottom when finite-size effects are ignored
[Figure 3.4(I-b) and Figure 3.4(I-r)], the blue particles accumulate at the bottom [Figure 3.4(III-
b)] and force the red particles upwards [Figure 3.4(Ill-r)] when they are not (note there is zero
probability of finding a red particle at y = —0.5). The averages of b; and r; across x are shown in
Figure 3.5. The agreement between the model (3.40) and the stochastic simulations is good in all
cases, except in the region near y = —0.5 for the red finite-size particles [compare Figure 3.4(III-
r) and Figure 3.4(IV-r)]. A possible explanation for this disagreement is that the variability of

near that boundary occurs in a region of size equal to the size of the histogram bins.
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Figure 3.4 Stationary marginal densities bs(x) ([I-IV]-b) and rs(x) ([I-IV]-r) for point and finite-size
particles, with V, = 10y, V, = 5y, D, = D, = 1, N, = 600 and N, = 200. (I) Solutions bs(x) and rs(x)
of (3.40) for point particles (¢, = €, = 0). (II) Histograms for €, = e, = 0. (III) Solutions bs(x) and
rs(x) of (3.40) for finite-size particles (e, = 0.01, ¢, = 0.015). (IV) Histograms for €, = 0.01, e, = 0.015.
Histograms computed from 107 steps of the MH algorithm. All four plots on the left and right have
respectively the same colour bar (note inverted color scale for reds and blues).
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Figure 3.5 Averaged stationary densities across x, (bs)x and (rs), corresponding to the eight cases shown
in Figure 3.4. Comparison between stationary solutions of (3.40) (curves) and histograms obtained from
MH simulations (data points).

Figure 3.6 corresponds to the stationary solution under a symmetric bivariate Gaussian

potential of the form
G(xip,0%) =1/(2no*) exp{—[(x — p)* + (y — p)?] /207 }.

The parameters are V, = —0.1G(x;0,0.05), V, = 0.5G(x;0.2,0.05), €, = ¢, = 0.02, D, = D, =1,
N, = N, =400 and Q) = [—1/2,1/2]. For point particles, the stationary solutions preserve the
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radial shape and centres of their respective potentials V;, and V,, i.e., bs o eV and ry x eV

[Figure 3.6(I-b) and Figure 3.6(I-r)]. However, we can appreciate the distorted/asymmetric
shape of the reds’ density r; when size effects are included [Figure 3.6(Ill-r)]. Also, in the blues’
density we can observe clearly how there is a competition between the potential well and the
finite-size repulsion—the particle density bs inside the well is reduced for finite-size particles.

Again, the agreement between the model (3.40) and the stochastic simulations is excellent.
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Figure 3.6 Stationary marginal densities bs(x) ([I-IV]-b) and rs(x) ([I-IV]-r) for point and finite-size
particles, with V,, = —0.1G(x;0,0.05), V, = 0.5G(x;0.2,0.05), D, = D, = 1 and N, = N, = 400. (I)
Solutions of (3.40) for point particles (e, = €, = 0), bs e Vo and rs o« e=Vr. (1) Histograms for
€y, = € = 0. (II) Solutions of (3.40) bs(x) and rs(x) for finite-size particles (¢, = €, = 0.02). (IV)
Histograms for €, = €, = 0.02. Histograms computed from 107 steps of the MH algorithm. All four plots
on the left and right have respectively the same colour bar.

3.4.2.3 Linear stability

It is of interest to compare the upper bounds obtained from the gradient flow structure in §3.4.1
(looking when the mobility matrix M becomes negative definite) with a classical linear stability
analysis. We consider a simple case here but the analysis can be easily extended to more general
cases.

Consider the system (3.32) with linear potential forces, that is, potential forces of the form
Vp(x) = v, - x and V;(x) = v, - x. In such cases the equilibrium states are simply by = r; = 1.

We make the following linearisation around the equilibrium states,
b=1+05A,exp (ct+ik-x), r=1+4+06A,exp (ot +ik-x).

Inserting these into (3.32) and neglecting O(6?) terms yields a system B(c, k) (‘2?) = 0. The

condition for a non-zero solution, detB = 0, is the dispersion relation. For the basic case
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€y =€ =€, Dy, =D, =1and v, = v, = 0, we find that one solution of detB = 0 is always
negative and the other one is

d
o(k) = HkH2{—1+%[2(d—1)+Nb+Nr]}. (3.44)

This corresponds to a zero-wavelength infinite growth rate instability when ¢ + e/7t(d —1)/d >
1/2, where ¢ is the particle volume fraction.

The condition that ¢ < 0 in (3.44) (for stability) is equivalent to the condition (3.35) in
§3.4.1.1 found from the mobility matrix under the assumption Nj, N; > 1. Observe that in the
condition (3.35) the magnitude of the drift terms did not play a role. The numerical exploration
of sgn(c) for several drifts confirms this: an arbitrarily large drift cannot change the sign of ¢.
We emphasise again that this instability represents a breakdown of the model reduction, not a

true instability in the original particle system.

3.4.3 Symmetrisability of the system and the Onsager relations

In §3.3 we have seen how our multicomponent diffusion system involves the study of a diffusion
matrix that describes how the flux of one component is influenced by its own density gradient
and the density gradient of the other component in the system. These ideas can be related with
the thermodynamic Onsager reciprocal relations, which establish that in a system fluctuating
around its equilibrium a relationship between certain fluxes and thermodynamic forces must
hold (Onsager 1931). The Onsager relations are defined assuming the fluctuations around the
equilibrium are small (so that the relationship is linear). In particular, if in a system we have

the following relations between fluxes J; and forces X;,
Ji =) LaXg, (3.45)
k

the Onsager reciprocal relations requires symmetry in the cross-terms, that is, Ljx = L;. The
Onsager relations are a macroscopic consequence of microscopic time reversibility (principle of
detailed balance) (De Groot & Mazur 1962; §IV.3). Note also that coefficients L;; can be nonlin-
ear functions of the variables (De Groot & Mazur 1962; §VI.3). Gupta & Cooper (1971) study
the relationship between the matrix L and the diffusion matrix D in a linear multicomponent
diffusion, and find that D must be positive definite for the Onsager relations to hold. It should
be pointed out that while the Onsager relations have been named the fourth law in thermo-
dynamics by some authors, their validity has yet to be indisputably established. For instance,
many valid multicomponent diffusion models have been found to be inconsistent with these
relations (Zielinski & Alsoy 2001).

We proceed to investigate in which cases, if any, our cross-diffusion model (3.22) is consistent

with the Onsager relations. It is appropriate to consider the free-energy gradient with respect to
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the densities to be the force X driving the system to its minimum free-energy equilibrium state
(De Groot & Mazur 1962; §IV.3). The gradient-flow structure (3.33) fits with the form required in
(3.45), and the question is for which cases the mobility matrix M(b,r), L in (3.45), is symmetric.
In §3.4.1 we found two situations for which our system satisfies this: the mobility matrices for
the large number of particles” approximation (3.34b) and for a zero potential (3.36b) (with the
appropriate choice of the parameter ©) are indeed symmetric.

The fact that in a system with a positive definite diffusion matrix the Onsager relations hold
may be related to analytical work on parabolic systems. It is well known that, in hyperbolic
or parabolic systems, the existence of a free-energy functional is equivalent to the existence
of a change of unknowns which “symmetrises” the system (Degond et al. 1997; Kawashima &
Shizuta 1988). For parabolic systems, “symmetrisation” means that the transformed diffusion
matrix is symmetric and positive definite (Hittmeir & Jiingel 2011). Note that in §3.4.1 the
change of unknowns consisted of going from (b,r) to the so-called entropy variables (d,E, 0,E)
(Burger et al. 2010). The equivalence between Onsager relations and symmetrisation comes from
the fact that the symmetry is a necessary condition for the entropy production rate to have a
sign, itself a condition for the system to be compatible with the second law of thermodynamics
(Pierre Degond, personal communication). Although these analytical results seem promising in
order to find a free energy for the general form of our system with non-zero potentials (3.32), it
should be pointed out that finding the change of variables that make our system symmetric (in
the sense described in Kawashima & Shizuta 1988) can be in general as challenging as finding
the free energy itself. A first step would be to find a change of unknowns for which the system
can be put in a form with no drift terms.

To conclude this section, we check that the result in Gupta & Cooper (1971) that the original
diffusion matrix must be positive definite holds in our case. To O(E‘gr), our diffusion matrix

(3.22b) has eigenvalues

27

Ai=Dit 7Di<<d SN - Deli(x) — =2

et S Ny SO S
D+ D, N; ebr](x)> , (3.46)

fori = b, j = r, and vice versa. A lower bound is A; > D; + ZFD;[N;e?i — Nje;-ij], from which
we find that Ay, A, > 0 (since we must have small volume fraction, i.e., Nbeg + Nyef < 1).
Therefore, provided there is a small volume fraction, our diffusion matrix is positive definite
and hence, as we have already mentioned above, the Onsager relations hold for our system with

zero-potentials.

3.5 Diffusion through obstacles

An application of the two-species model is the study of the diffusion of finite-size particles

through static obstacles, which may be achieved by setting the diffusivity of one of the species
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(the obstacles) to zero. This has many applications in porous media (such as in water filtration
and treatment or biological tissues) and in particle transport in confined/crowded environ-
ments (e.g., cell cytoplasm with skeletal proteins, Dix & Verkman 2008). Starting with a porous
medium equation, volume-averaging methods have been used to obtain an effective medium
equation in Valdés-Parada & Alvarez-Ramirez (2011), and to study the dependence of the ef-
fective diffusion coefficient of a single particle on the porous medium distribution (e.g., random
versus periodic porous media, Didierjean et al. 1997; Koch et al. 1989; Weissberg 1963) or on
time (short and long times, Fatkullin 1990; Valiullin & Skirda 2001). The motion of a single
point particle diffusing in the presence of a fixed disordered array of spherical hard obstacles
is considered in Franosch et al. (2010). They obtain an analytic result of the velocity autocorre-
lation function (VACF) for a single scatterer using a first-order approximation in the obstacle
density. Recently, the diffusion of a point particle through cylindrical obstacles arranged in a
square lattice as been studied in Dagdug et al. (2012) with an ingenious approach: they use
a generalised Fick-Jacobs equation (derived in the context of diffusion in channels of varying
width, see §4.3.1) to describe the motion of the particle through “obstacles channels”. Finally,
Grima et al. (2010) study the anisotropy in the effective diffusion of a tracer particle due to the
local heterogeneities of the porous medium. Considering a uniform distribution of spherical
obstacles, they are able to quantify the deviations from isotropy in the short or intermediate-
time diffusion coefficient using the gyration tensor of the probability distribution of the tracer

particle (sampled from simulations).

3.5.1 Obstacles in a random fashion

Starting from our model (3.21) for two diffusing and interacting species, the blues and the reds,
we set the red particles to be static obstacles (D, = 0 and £, = 0). Thus the obstacles” distribution
r(x,t) is given by ro(x), t > 0. We assume for simplicity that the blue particles are under no
external force, f, = 0. Thus we concentrate on the diffusion of the blue species as they interact
with the red obstacles and themselves via steric (or excluded-volume) interactions.

In what follows, we will simply set the reds’ diffusivity D, to zero in the evolution equation
(3.21a) for the blues density b(x, ). In principle we should rederive the model using D, = 0
from the beginning, because the problem corresponding to (3.7) for one blue and one red when
the red does not diffuse and, in particular, the boundary condition at contact (3.7b), change con-
siderably and require some steps of the derivation to be modified. However, the end result is the
same as setting D, to zero in (3.21a). Thus we now consider equation (3.21a) with diffusivities
D, =1 and D, = 0 and zero drifts, f, = f, = 0:

b
5 (1) = Vi {11+ (Ny = 1), b — Ny 70] Vb + (Nye Bub) Vro | (3.47)
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in QO x R", where a, = 2(d — 1)7t/d, B, = 2(d —1)7t/d, and 7y, = 27t/d for d = 2, 3 dimen-
sions, together with the initial condition b(x;,0) = by(x1) and the zero-flux boundary condition
Vb -fi =0 o0n 00 x R". In the notation of §3.3, the term in front of Vb in (3.47) is the collec-
tive diffusion of blue particles, Dy;, while the term in front of V7 is the cross diffusion, Dy,.
The former has three components: linear diffusion, enhanced diffusion due to collective motion
of blues, and reduced diffusion due to excluded-volume interactions with red particles. The
cross-diffusion term can be seen as an advection term which indicates that the blue particles
are convected towards regions with fewer obstacles (i.e., they move down the gradient of red

particle density).

E)) | b
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Figure 3.7 Marginal density of mobile blue particles at time ¢t = 0.05 with normally distributed in x
initial data and N, = 100, D, = 1. Red obstacles are uniformly distributed (rp = 1) with N, = 300 and
€, = 0.02. (a) Solution b(x, t) of (3.48) for point particles (¢, = 0). (b) Blues histogram for ¢, = 0. (c)
Solution b(x, t) of (3.47) for finite-size particles (e, = 0.01). (d) Blues histogram for €, = 0.01. (e) Slice of
solutions in (a)-(d) for y = 0. Point particles solution (dash line) and histogram (asterisks) and finite-size
particles solution (solid line) and histogram (circles). Histograms computed from 10* realisations of (3.1a)
with At = 10>; at each realisation a different random uniform distribution of red obstacles is generated.
All four plots in the left have the same colour bar.

The four plots on the left of Figure 3.7 show the result of a time-dependent simulation with
no flux boundary conditions in () = [—%,%]2, N, = 300, ¢, = 0.02, N, = 100 and ¢, = 0
and €, = 0.01. The red obstacles are uniformly distributed, » = 1 and the initial density of
the blue particles is a one-dimensional Gaussian of zero mean and standard deviation 0.1. The
figures correspond to time t = 0.05. Figure 3.7(e) shows the slice through y = 0 of the four
solutions in (a)-(d). The solutions of (3.47) are compared with Monte Carlo simulations of the
N-dimensional system, and the agreement is good. The initial profile, in which blue particles
are concentrated in a strip in the centre, spreads more slowly for finite-size particles [Figures
3.7(c—d) and solid line and circles in Figure 3.7(e)] than for point particles [Figures 3.7(a-b)

and dash line and asterisks in Figure 3.7(e)], indicating that the overall diffusion coefficient of
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blue particles is reduced. However, this reduction of the effective collective diffusion coefficient
Dy, for finite-size blue and red particles with respect to point blue particles and finite-size red
particles will depend on the relative sizes of the terms in Dy, and for some parameter values
we could also see the reverse effect of enhanced diffusion. To confirm that a reduction of Dy, is

what is to be expected in this case, in Figure 3.8 we plot the expression for Dy, in (3.24).

(e) — D fin.-size
'=+= (D), fin.-size
= = = D points
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Figure 3.8 Collective diffusion coefficient (3.24) for the blue particles as a function of x corresponding to
the density profiles in Figure 3.7. Diffusion Dy, (b,r) at time t = 0 and y = 0 for point particles (dash
green line, €, = 0) and finite-size particles (solid blue line, €, = 0.01). The average of the latter, (Dy;)»,
is shown in a dot-dash blue line.

3.5.1.1 Blue point particles

In order to concentrate on the reduction of the blue collective diffusion due to red obstacles,
from now on we look at the case of blue point particles and we set €, = 0 in (3.47). This way

we can also compare our results to those obtained in Dagdug et al. (2012). Thus we consider

ob
5 () = V- [(1 — Nvel 1y 70) Vb + Nyel B, bV 10|, (3.48)
where now €, = €,/2. In this case the stationary density of the blue particles reads
27T (d-1)
b(x) = <1 — 7N,e§, ro(x)> : (3.49)

We note that this corresponds with the uniform measure in the available space, that is, the
probability of finding a blue particle at x; is constant if x; does not overlap with a red obstacle,
and zero otherwise.” In two dimensions this is straightforward as 1 — 7N, (e, /2)? is the area
available to the blue particles. In three dimensions, the volume available to the blue particles
is 1 — (47t/3)N,(e,/2)%, which coincides with the first two terms of the expansion of (3.49) in

powers of €.

5The stationary probability density b(x) for points particles is constant in the available area, but it is not when
considering the whole domain .
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3.5.2 Obstacles in an ordered periodic array

So far we have used that the particle’s initial positions were random and drawn from an initial
density P(X) which then reduces to initial conditions for the reduced PDE system by(x) and
ro(x). In the particular case of the red particles being obstacles, setting their distribution to be
ro(x) implies, in simulations of the full particle system, averaging over many instances, each of
them with a different configuration of red obstacles drawn from rg. An alternative approach is
to take the obstacles to be in a given (deterministic) configuration, and only do the averaging in
the blues’ positions. This is what we do now.

We use the method of multiple scales to derive an averaged (or homogenised) model for the
blue density for a given distribution of red obstacles, valid over the scale of many red obstacles.
Since the blue particles are points,® they are independent of each other (since they do not collide
amongst themselves, only with the red finite-size obstacles) and we can hence consider only one
blue particle, N, = 1.

Consider a lattice in (3 which divides the domain into N, square (cubic) compartments of
area (volume) 6%, where § = N, /4, We assume that each box on the lattice contains one red
obstacle in its centre, denoted by rj, j = 1,...,N; (see left-hand side of Figure 3.9). We call
this configuration the square (S) configuration.” Suppose the blue particle is at position x € Q,
where () is the volume available, given by

N,

Qs = O\ {J Be,/a(xy).
j=1

Assume periodic boundary conditions on d(). Since there is only one blue particle and the red

particles are fixed at deterministic positions, the original FP equation (3.3) for P(¥;t) in QN

reduces to
ob
= 0ot) = Vib  in (3.50a)
Vb fiy =0 on [x—rx = % 1<j<N, (3.50b)

where fiy is the outward unit normal to ), together with periodic boundary conditions on 9().

3.5.2.1 Method of multiple scales

We define x to be the macroscale variable in the real configuration, which measures distances

over many obstacles, and y to be the microscale variable in the periodic configuration, which

The assumption of blue point particles is necessary for the standard multiscale method to work.
7In two dimensions, this geometry is identical to the one considered by Dagdug et al. (2012).
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Figure 3.9 Illustration of the problem geometry in two dimensions. Left: macroscale domain (3, with the
red obstacles of diameter €, are distributed in a periodic array. Right: microscale domain w, unit cell
with an obstacle of radius ¢ = €,/(25).

measures distances over the scale of a single compartment or obstacle. These variables are
related by y = x/4. Spatial derivatives in (3.50) transform according to
1

V,(—>V,(+(3

v, (3.51)

We introduce € = €,/26 as the the obstacle radius in the microscale configuration. Then the N,
compartments of volume 6/ of the real domain Qs (with collision surfaces at ||x —rj|| = €,/2)
are mapped into a unit cell w, with collision surface at |y|| = ¢ and normal vector fiy, = fi, (see
right-hand side of Figure 3.9). The area available to the point blue particle in this unit cell is
we = w \ B:(0).

Writing b = b(x,y, t), with b a 1-periodic function in y and treating x and y as independent

as is usual in multiple scales gives

ab
52§(x, y,t) = Vib+25Vy-Vyb+6Vib  for yew, (3.52a)
Vyb-fiy = —0V,b-fy on lyll =e, (3.52b)

b periodic in y. (3.52¢)

Expanding b(x,y,t) = b (x,y,t) + 6bM(x,y,t) + 6?6 (x,y,t) + - - - gives b)) = bO)(x,t) at

leading order, that is, it is independent of y. At first order in § we find

V?,b(l) =0 for y € Wy, (3.53a)
Vb hy = -Vp@.a,  on |y =¢ (3.53b)
bW periodic in y. (3.53¢)
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The solution of (3.53) can be written as
bV (x,y,t) = =V, b0 (x,1) - T(y), (3.54)

where I'(y) is a d-vectorial function, whose components I'; satisfy the following cell problem:

ViIi=0 for y€ w,, (3.55a)
VI hy =n,, on lyll = ¢, (3.55Db)
I'; periodic in y, (3.55¢)

where 1, ; is the ith component of the unit vector fiy. We note that here T is independent of the
macroscale variables x because the unit cell geometry does not change with x. This would not
be the case if we had a non-equidistant grid of obstacles for example.
The second order of (3.52) is
ob(©)

ot
Vyb(z) Sy = _be(l) fy on llyll =e, (3.56b)

b?)  periodic in y. (3.56¢)

x,y,t) = Vb 12v, . v b + v for € w,, (3.56a)
y y y y

Rearranging Eq. (3.56a) and integrating over the unit cell w, gives

ob0)
/w (7 — V- Vbl — vib@)) dvy = /w Vy- (vyb<2> - be(1)> dvy. (3.57)
Using the divergence theorem and the no-flux and periodic boundary conditions on b and
b, we find that the right hand side vanishes. Therefore,

9b(© 1) _ 250
/ = -V, V) - V2O ) dv, =o0. (3.58)

ot
Because b0 is independent of y and w is fixed, we can switch the order of integration and dif-
ferentiation in the terms involving b, The term with b(1) can be simplified using the solution
(3.54):

(0)
vy = - (abo, () ri<y>> - —Q(y) V., .59

a; ..

where Q(y) is the matrix Q;; = =1 ,d. Using (3.59), equation (3.58) can be expressed

in the form

ob(0) g
T = L Ve (VO v av = [ V(-0 Vi) dv, - 360)
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where |w,| denotes the volume of the unit cell, and 1; is the identity matrix of size d. The

domain w is independent of x by the independence of variables x and y. Thus we can write

(0)
agt (x,t) = Vy- (DVXb(O)> , (3.61a)
where D is the diffusion matrix
1 1 ar;
D=0/ - Qmavyy = o /w (517 - a_yi> dv,. (3.61b)

Here §;; denotes the Kronecker delta and T is the solution to the cell problem (3.55). Because
the cell problem is equivalent for all coordinates and symmetric in y;, j # i, the diffusion matrix

is completely determined by

1 [on 1 ogqery ..
Tled) o ™ P Ted) e T

D;; =

Thus it is only required to solve (3.55) for, say, the first component I';, to completely determine
D; we do so in the next subsection. We have obtained a linear diffusion equation (3.61a) for the
blue particles, with a diffusion tensor that depends of the concentration of red obstacles [the
unit cell w, and the cell problem (3.55) change with ¢]. Note that if the red obstacles were not
equidistantly distributed, the diffusion tensor D would depend on x.

3.5.2.2 Cell problem

The solution to the cell problem (3.55) and the computation of (3.61b) are carried out numerically
using the COMSOL Multiphysics package with quadratic finite elements. The simulations are
done for 0 < ¢ < 0.5 to ensure ergodicity.® Figure 3.10 shows the solution of (3.55) I'; and the
streamlines of its gradient” for ¢ = 0.4 and d = 2.

The off-diagonal components D, are zero in both d = 2,3. The diagonal components
Di; are shown as blue circles in Figure 3.11 for two and three dimensions, as a function of
the obstacle’s volume fraction ¢, = |B:| = 2(d — 1)7e?/d. As expected, the diffusivity of a
blue point particle decreases as the red obstacles” volume fraction increases. We compare our
multiscale results in two-dimensions for obstacles arranged in square lattice with those obtained
by Dagdug et al. (2012) using different versions of the generalised Fick-Jacobs equation. In
particular, we use the version which gives the best approximation against stochastic simulations,
namely the Reguera—Rubi (RR) formula given as fo]; /Dy in their equation (3.3).1 We note a
good agreement between the RR formula and our predicted values. In fact, the RR formula

underestimates the effective diffusion coefficient by approximately 4% for ¢ < 0.4 (see Figure 2

8The value ¢ = 0.5 would confine the blue particle in a small neighbourhood of its initial position.
9Streamlines are paths that are everywhere tangent to the vector field and hence that show the local direction of
the vector field at each point.
19T heir parameter v corresponds to 2e in our notation. Therefore, to plot Dg}? /Dy against ¢, in Figure 3.11(a) we

write ¢, = 7t(v/2)?.
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Figure 3.10 Left: Solution of (3.55) for the first component I'1 with ¢ = 0.2 and d = 2. Right: Streamlines
of the solution gradient VyI'y.

in Dagdug et al. 2012), implying that our multiscale prediction would probably lead to an even

better approximation for the diffusion coefficient obtained from simulations.
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Figure 3.11 Diagonal entries of the diffusion tensor as a function of e. Comparison of the asymptotic
result using (3.67) (dash black line) with numerical results of (3.61b) (data points). (a) Dj; in two dimen-
sions for two cell configurations: square S (blue circles) versus hexagonal H (red triangles) configurations.
The solid green line (Eq. RR) corresponds to the Reguera—Rubi formula for D;; in Dagdug et al. (2012; Eq.
3.3). (b) D;; in three dimensions for the square configuration (blue circles).

3.5.2.3 Hexagonal packing

The model (3.61) has been derived for the square (S) configuration, in which each cell has an
obstacle in its centre. However, the same derivation would be valid for different cell configura-
tions provided that there are many unit cells (periodically reproduced) along each dimension
of the domain (). For example, we could think of having two or more obstacles in each unit cell

We.
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As an illustration, we pick the configuration in which for both two and three dimensions
close packing of spheres is attained, the hexagonal (H) packing configuration. While the highest
volume fraction attainable with an S configuration is ¢, ~ 0.785 for d = 2 and ~ 0.524 for d = 3,
the H configuration produces close packing (the highest possible, Kepler conjecture) for ¢ = 0.5:
¢, = 2(710.52)/1/3 =~ 0.907 for d = 2, and ¢, = 4(470.5°/3)/\/8 ~ 0.740 for d = 3. In two
dimensions, the unit cell of the H configuration consists of a rectangle with sides 1 and V3 (in
the rescaled variables) with one unit disk in the centre and four quarter disks at the corners (see
Figure 3.12).

A
\ 4

h 4 Y

Figure 3.12 Unit cell of the H configuration in two dimensions for different values of the obstacle radius
€.

We solve the cell problem (3.55) for the H configuration for different values of ¢ and compute
its associated diffusion tensor D using (3.61b). As for the S configuration, we find that the off-
diagonal components D;; are zero; the diagonal components D;; (which in this case did not have
to be necessarily identical) are shown in Figure 3.11 as red triangles. We find that differences in

D;; between S or H configurations appear only for obstacles” volume fractions ¢, over 0.5.

3.5.3 Asymptotics as ¢ — 0

In §3.5.2 we have found that a blue point particle diffuses through a deterministic periodic array
of finite-size red obstacles according to the linear diffusion equation (3.61a). Having started
with a hollow domain )5 for the density b, we have arrived to a homogenised equation for
the leading order in ¢ (the separation between obstacles) b(®) defined in Q). How does this
result compare with our previous result (3.48) for the diffusion of a blue point particle through
a random set of red obstacles distributed according to r9p? Do we expect a similar asymptotic
result as e — 0?

To answer these questions, it is convenient to first consider the asymptotic solution of the
multiscale problem (3.52) for a periodic array of obstacles as ¢ — 0 (small volume fraction of
obstacles). In this manner we will be able to compare the two approaches. In the derivation of
(3.61), the only thing that we need to consider for ¢ — 0 is the cell problem (3.61b). Guided by

the numerical results in Figure 3.11, we do not expect the asymptotic result to change with the
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configuration; hence we choose to work with the S configuration. We consider the cell problem
(3.55) for, say, the first component I'y and we look for an asymptotic solution as the obstacle’s
radius ¢ — 0. We suppose that the unit cell w, can be divided into two regions: an inner region
when |[|y|| ~ ¢ and an outer region when ||y|| > e. In the inner region, we set y = €Y and

define y(Y, t) = T(y, t) to give

V3iy=0, (3.62a)
Vyy-Y=¢¥;1 on |Y|=1 (3.62b)

In addition to (3.62b), the inner solution must match with the outer solution as || Y| — oo, that
is, it must be periodic. Expanding (Y, t) = 7O (Y, t) +ey(V(Y,t) + - - -, gives that the leading
order inner solution (%) is simply a constant. Bearing in mind that the first-order multi scale
solution b)) must integrate to zero, we find 70 =0 using (3.54).

The first-order problem for 7 reads

V%{,y(l) —0, (3.63a)
VYr)/(l) Y=Y, on Y| =1, (3.63b)
r),(l) — g as HYH — 0, (3.63C)

where g is the O(e) inner expansion of a periodic outer function. For d = 2, we look for a radial
solution to (3.63) of the form ’y(l) = f(r)cos B, with Y = r (cos 0, sinb); for d = 3, we look for
a solution of the form y(1) = f(r) sin 6 cos @, with Y = r (sin f cos ¢, sinfsin ¢, cosf). We find
that

A-1
=A -_—
o) = Art gy
for a constant A. Since 7! should match with a periodic function of y as r — oo, we set A = 0.
Therefore
=Y
Oyy=——-1
YY) = , (3.64)
(d = DY[
and ;
s n

Ii(y) ~ NCEST as |yl —o0. (3.65)

Setting the constant A to zero makes (3.65) “as close to periodic as possible”, but not exactly.
We should bear this in mind when computing the integrals in (3.61b) to obtain the diffusion
tensor, which we denote by D in this case (regularly placed obstacles of size ¢ — 0). We
subdivide the cell domain w, into regions |y1| < € and |y1| > ¢ (see Figure 3.13). The regions
ly1| > € contribute nothing to the total integral, as it can be seen integrating with respect to y;

and using periodicity. Integrating with respect to y; in the regions |y;]| < ¢, we find that the
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Figure 3.13 Cell problem domain in two dimensions (or cut along y3 = 0 in three dimensions), divided
into four regions to calculate the integral of dI'; /dy;. To obtain the integral of dI'y /dy,, the division
would be made across lines y, = =*e.

contributions from the external flat boundaries cancel out with each other by periodicity. On

the spherical inner boundaries, the integral reduces to

/ Mgy, =2 [ r; ds,, (3.66)
we{[y|<e} O 9B:(0)N{y1<0}

where dSy is the line (or surface) differential on ||y|| = ¢. For d = 2, we write y1 = —y/&2 — 3
and the differential becomes dy, with —e < y, < e. Ford = 3, 11 = —Ve2 — 12 and the
differential reads rdrd® with 0 < 6 < 27 and 0 < r < e. As this surface integral is exactly in
the inner region for I';, we can use the inner region expression (3.65) to evaluate it. We find it is

2me? /d, so that the asymptotic value of the diagonal diffusion is

1 2 2
v 7@ ~1— gsd + O, (3.67)

D;; =

where we have used that |w:| = 1+ O(e?). Analogously, we find that the integrals for the
off-diagonal terms vanish and hence that f)z-]- are O(e?*1).

How well does the asymptotic approximation D compare with the numerical values of D for
an S configuration obtained in the previous section? The zero off-diagonal asymptotic value [A)ij
is in agreement with what we have found for D;;. Figure 3.11 shows the diagonal components
for the two approaches: the agreement between the numerical value of D;; (blue circles) and f)l-l-
(dash black line) is good up to 20% volume fraction for d = 2, and up to 50% for d = 3 (the
maximum volume fraction allowed in three dimensions for an S configuration). The absolute
error ]f)l-l- — Dji| as a function of the volume fraction ¢, is shown in Figure 3.14. We find that the

error is o(e?) almost everywhere.!!

11The error scales like ¢ for small ¢, which we believe is due to discretisation errors in COMSOL when ¢ becomes
too small.
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Figure 3.14 Absolute error in the diagonal diffusion component between numerical value of D;; (3.61b)

and asymptotic value 131-1- (3.67) for (a) d = 2 and (b) d = 3. The dash black lines show curves O(ed),
O(e2"~1) and O(e2?) for reference.

3.54 Comparison with random obstacles

Finally we can compare the asymptotic result of the diffusion tensor for periodic obstacles (3.67)
against our previous model (3.48) for randomly distributed obstacles. We assume a uniform
distribution of red obstacles, ro(x) = 1, as this seems a sensible choice of distribution to compare
a periodic array of obstacles against (note that the macroscale variables x do not see variations

in the order of the microscale §). Thus we consider

%(x,t) =V,- [(1 — Nyeg/y;,> be} ,

where 7, = 271/d. Using the relations N6 =1 and ¢ = €,/6 the above equation becomes

%(x,t) Vv, [(1 _ §n8d> be} .

= (3.68)

If we denote by D the diffusion tensor from the random distribution of obstacles approach, we

find that, as e — 0,

Dj~1— gnsd and D;~0 if i#] (3.69)
Comparing this with (3.67), we find that the asymptotic values of the diffusion tensor as ¢ — 0
for the two approaches coincide. This result gives us another alternative to obtain the range of
validity of our blues and reds model (3.21): as the multiple scales method in this section is valid
for any volume fraction of red obstacles ¢,, it offers an instance of the general case to compare
with our results valid for small volume fractions. In particular, in Figure 3.11 we have seen that
our approximation gives satisfactory results up to a 20% volume fraction for two dimensions,

and a remarkable 50% volume fraction for three dimensions.
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3.6 Discussion

In this chapter we have considered the diffusion of two interacting species of hard spheres,
extending the model derived in Chapter 2 to incorporate particles of different sizes, different
diffusivities and under different external forces. The result is a nonlinear cross-diffusion PDE
system for the two marginal probability densities associated to each species. This approach en-
ables us to describe a complicated system of interacting particles with a simple the continuum
PDE model whilst capturing the hard-core interactions at the particle level. These interactions
emerge as nontrivial nonlinear terms in the continuum model, involving cross-coupling terms
which can be interpreted in terms of the inter-species competition at the population-level. In
addition to providing some insight on the system’s behaviour, the continuum model is rela-
tively easy to solve and analyse. We have assessed the validity of our continuum approach
to predict the behaviour of the system by comparing its numerical solutions with stochastic
simulations of the discrete particle-based model. We have found very good agreement between
the two, supporting the idea that by solving a simple system of PDEs we can capture the same
population-level behaviour observed after many repetitions of expensive stochastic simulations.
of PDEs we can capture the same population-level behaviour observed after many repetitions
of expensive stochastic simulations.

Our two-component drift-diffusion model captures an enhancement of the collective diffu-
sion rate due to excluded-volume interactions between particles of the same species (as we had
already found in the previous chapter), as well as a reduction of the collective diffusion due to
interactions with particles of the other species. This structure is useful not only to study the col-
lective diffusion in terms of the particles” volume fraction, but also to analyse the self-diffusion
coefficient. The latter describes the evolution of a single tagged particle, and it can be extracted
from the model by choosing one of the species to have only one tagged individual. In contrast
to the collective diffusion, which increases with volume fraction (or relative to point particles),
the self-diffusion coefficient decreases with volume fraction. Thus the two species model can be
used to characterise transport properties of a system of identical particles by distributing them
in two subpopulations of N — 1 and one particles respectively. To our knowledge, such a con-
tinuum model capable of explaining both the collective and individual diffusion coefficient has
not been reported in the literature/previous works.

We have investigated for which values of the parameters the cross-diffusion system accepts
a gradient-flow structure in terms of a free-energy functional; this structure is useful to study
the equilibria of the system as well as its stability. Namely, the stationary solutions of the
system correspond to the minimisers of the free energy, and the stability can be studied from

the convexity of the free energy functional near its equilibria.
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Previous work on the diffusion of two species with size-exclusion interactions using a lattice-
based model (Burger et al. 2010; Simpson et al. 2009) led to a continuum population-level descrip-
tion which is different from our reduced model (which does not restrict the motion of particles
to a lattice). In other words, the two approaches (on- and off-lattice models at the particle-level)
result in different reduced models, even though they are trying to describe the same problem.
It would be interesting to study which rules one needs to prescribe on the lattice model in order
to achieve a certain population-level description. We will address this issue in future work.

An interesting application of the two-species model is the study of the diffusion of finite-
size particles through obstacles, which may be achieved by setting the diffusivity of one of
the species (the obstacles) to zero. An advantage of this approach is that it makes it very
easy to study diffusion through spatially varying concentrations of obstacles. As an alternative
approach to the same problem, we have developed a model for the diffusion of point particles
through a regular array of finite-size obstacles using the method of multiple scales. As the latter
is valid for any volume fraction of obstacles, it is useful to predict the range of validity of our

general model.



Chapter 4

Diffusion in confined domains

4.1 Introduction

In this chapter, we go back to the system of N identical hard spheres used in Chapter 2 and con-
sider their evolution in a confined domain, in the limit that the confinement dimensions become
comparable to the particle dimensions. In this setting, the particle-particle-wall interactions that
were ignored in our previous analysis now become important, since the boundary layer where
these three-body interactions are present extends across the whole confinement dimensions of
the domain. In particular, we consider three confinement scenarios: a two-dimensional channel,
a three-dimensional channel, and two close parallel plates as in a Hele-Shaw cell setting.

The problem of finite-size particles diffusing through a confined domain is relevant to many
physical and biological applications. Examples where transport with confinement is present
include the membrane transport through ion channels (Hille 2001); the diffusion of intracellular
cargo along microtubule filaments (Klumpp et al. 2005); the diffusion of cells themselves through
confined environments, such as red blood cells and leukocytes through small blood vessels
(Henle et al. 2008); and polymer transport in nanopores (Keyser et al. 2006). The problem
of Brownian transport of finite-size particles through confined geometries considered here is
expected to appear in the modelling of any of these applications.

Mathematical and computational efforts to the diffusion of finite-size particles in confined
domains have focused on two extreme limits: the “single-file diffusion case” and the omis-
sion of finite-size effects by using point particles (Henle et al. 2008). The former corresponds
to the extreme confinement case in which particles cannot diffuse past each other (imagine a
channel of width equal to the diameter of particles), which mathematically is modelled as a
one-dimensional domain with hard-core interacting particles (hard rods) and has been widely
studied (see, for example, Bodnar & Veldzquez 2005; Lizana & Ambjornsson 2009). In the oppo-
site limit, interactions between particles are ignored by assuming they are simply point particles
and only the effects from the confining domain are taken into account. For example, variations

in the cross-sectional area of a narrow channel lead to an effective one-dimensional diffusion
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equation known as the Fick—Jacobs equation (Jacobs 1967; Reguera & Rubi 2001). Also, particle
diffusion in a narrow channel with a periodic potential and tilting force has been considered as a
Brownian ratchet model of molecular motors (Munoz-Gutiérrez et al. 2012; Reimann 2002). The
intermediate regime in which the finite-size interactions are important but the confinement is
not so extreme that particles can still pass one another has received little attention; one notable
exception is Henle et al. (2008), which uses a lattice model with a simple symmetric exclusion
process.

Of particular interest is the fact that the diffusion of finite-size particles in a one-dimensional
domain—the single-file diffusion—is qualitatively very different to its two- or three-dimensional
counterparts exactly because particles can no longer pass each other. One of the most apparent
differences of single-file diffusion is that a tagged particle exhibits anomalous subdiffusion in
the long-time limit, namely, its mean-square displacement (X?(t)) ~ t!/2. Hence we are par-
ticularly interested in exploring the transition from two- or three-dimensional diffusion to the
one-dimensional single-file limit.

The key idea is that under confinement conditions, the evolution in the confined directions
is much faster than that in the unconfined directions. For instance, consider the case of a three-
dimensional narrow channel whose cross section is such that only a few particles can fit in at
once. Then the motion of particles is slow in the axial direction along the channel, whereas
the relaxation in the transverse directions is fast and thus the distribution is in equilibrium in
these directions (the confinement directions). With this in mind, the solution procedure consists
of two steps: first, reducing the model from N interacting particles to the evolution of the
one-particle marginal density, as we did in Chapter 2, and second, reducing the model in a
d-dimensional confined domain to an effective one-dimensional axial model in the case of a
narrow channel, or an effective two-dimensional planar model in the case of a Hele-Shaw cell
type of domain. We state the problem in §4.2 and illustrate the (second step of the) model
reduction in the case of point particles in §4.3. The central part of this chapter focuses on
deriving the reduced model for hard spheres in a two-dimensional narrow channel, and in
§4.10 we extend it to the three-dimensional cases introduced above. Numerical solutions of the
resulting model are compared with the simplified models for the extreme cases discussed above

and stochastic simulations of the full-particle system in §4.11 and §4.12.

4.2 Formulation of the problem

As in Chapter 2, we consider N identical hard spheres diffusing in a bounded domain ) C R4
(d = 2,3), and interacting with each other and the domain walls with a repulsive hard-core
potential. The particles have a non-dimensional diameter ¢ < 1 and diffusivity equal to one

and are all under the same external force f(x) : QO — R,
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Now we suppose that () is a confined domain, with k < d confinement dimensions which
are comparable to . We introduce d, = d — k as the effective dimensionality of the problem. In

particular, we shall consider the following cases:

¢ (NC2) Two-dimensional narrow channel (d =2, k=1and d, = 1):

= [-33) x[-4.4]. 412)

¢ (NC3) Three-dimensional narrow channel (d = 3, k =2 and d, = 1):

0= b3 x -4 x [-4.4]. (1b
¢ (PP) Two parallel plates (d =3,k =1 and d, = 2):
0= 4 4) x4 < 44, 419

where H = O(e) is the confinement parameter. We note that H > 0, with H = 0 allowed since
() is the volume available to the particles’ centres. For the narrow-channel cases, when H < 1
particles cannot pass each other and remain ordered in the same manner as for the initial time.
As in the previous chapters, we assume that the volume fraction is small; using that |Q)] = HF,
this implies that Ne® < 1.

The remainder of the problem set-up is identical to that of Chapter 2. That is, the dynamics
of the particles is governed by a system of coupled Brownian motions (overdamped stochastic

Langevin equations)
dX;(t) = £(X;(t))dt + V2dW;(t), i=1,...N, (4.2)

where W; are N independent d-dimensional standard Brownian motions and f(X;) is the exter-

nal force on the i th particle. We write

f(x) = fi(x) e}, j=1,...4,

where e; denotes the unit vector along the j-direction (1 = x, 2 = y, 3 = z). We begin by
considering the joint probability density function P(X,t) of the N particles, ¥ = (x1,...,xn) €

QON, which evolves according to the linear Fokker-Planck (FP) equation associated with (4.2),

(55)13] in  Qy (4.3a)
0= [VzP—F(X)P] i on  00Y, (4.3b)

where F(X) = (£(X),...,£(X)) is the total drift vector and 7i € S?N~1 denotes the unit outward

normal. The domain of definition of (4.3) (or configuration space) is QY = QN\ B, where
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Be = {% € QN : 3i # j such that ||x; — x;|| < €} is the set of all illegal configurations (with at
least one overlap).

The high-dimensional diffusion problem (4.3) will be reduced to an effective d,-dimensional
transport model in two steps. First, as we did in previous chapters, the dimensions can be
reduced from dN to d (individual to population-level description) by looking at the marginal
density function of one particle, say, the first particle, given by p(xy,t) = f P(X,t)dxp - --dxn
(the particle choice is unimportant since all the particles are identical). Second, we exploit the
geometry of the domain () to further reduce the dimensionality by k, the number of confining
dimensions [or dimensions in Q) which are O(e)]. Effectively, we shall see that the motion of
particles in the confined directions is negligible in comparison with that along the unconfined
directions. To this end, we will introduce the narrow-domain variables and obtain, from the d-
dimensional density p(x,t) a reduced effective density p.(x,,t), with x, € R%. For cases (NC2)
and (NC3), the effective density p, will be a one-dimensional density p.(x,, t) along the channel

axis (see Figure 4.1). For (PP), it will be an effective two-dimensional density on the plane,

Pe = pe(xer Ye, t)'

N particles, d dimensions T 1 particle, d dimensions
P(xq,..., XN, t) p(xq, t)
Tz
T 2

1 particle, 1 dimension

Pe(%1,1)

Figure 4.1 Schematic of the problem solution steps for d. = 1 [narrow-channel cases (NC2) and (NC3)].
The goal is transformation 7, to obtain an effective one-dimensional equation along the channel for the
marginal density of one particle. We achieve this with the combined steps 7; followed by 75.

4.3 Point particles

We begin by considering the case of point particles, for which the first reduction 7; in Figure 4.1
from N to one particle is straightforward: the particles are independent, P(X,t) = [T~ p(x;,t),

and

Pixit) = Vi [V p—fx))p] in  Q (4.4a)
0=[Vyxp—£f(x1)p] A on  0Q), (4.4b)

where fi; is the outward unit normal to d(). However, note that now we set the diameter of

particles to zero but must keep € # 0 as the characteristic size of the confinement parameter H.
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Thus we move to the second model reduction 7, which is applied to (4.4). Using the defi-
nition of () in (4.1), we want to exploit the smallness of H. We introduce a change of variables
to the narrow-domain variables, which consist of rescaling by e the variables corresponding to the

confined dimensions:

(NC2) x1 = %1, 1 = €71,
(NC3) xp==%1, yi=¢€h, z1=¢€Z, (4.5)
(PP) x1 =%, vi=1, z1 = €Z1.

Introducing i = O(1) such that H = €h, the domain () transforms into w = [—%, %] X [— %, %]

for (NC2), and similarly for the three-dimensional cases (see Figure 4.2).

(a)
l €
H . ] ————» %
yl'yZT_,Wz ,,,,,,,,,,,,,,,,,,,,,,,,,,,,, )
+
(b)
h — (%1,91) +e %
hy ZT_fl"?z ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, _
(c)
1
h
2

Figure 4.2 Model geometry with the three sets of variables used in this chapter. (a) Original variables
(x1,x2) with a circular excluded-area of radius €. (b) Narrow-domain variables (X1, Xz) with an elliptical
excluded-area of radii (€,1). (c) Inner region variables (X1,#1, %, >) with a circular excluded-area of
radius 1.

In the rescaled domain, we define

p(%1,t) = ep(xq, t). (4.6)

The €F factor is introduced so that both p and p integrate to one in their respective domains
() and w. This distinction—unimportant for the point-particles case as the final equation is

linear—will be useful later on for the case of finite-size particles in §4.7. We illustrate the model
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reduction 7, for the case (NC2); the derivation for the other two cases follow similarly. For
(NC2), k =1 and (4.4) becomes

0P 0 0P 0P
2P _ 29 P e a\a P o A\ .
5 (%1,t) =€ 3%, (8321 f1(x1,ey1)p> + 3 <391 efz(xl,ey1)p> in w, (4.7a)
with boundary conditions
op A R 1
851 = f1(%1,€01)p on % = ii’ (4.7b)
517 h
a;l —ch(f,ef)p  on 1=+, (4.7¢)

Expanding p(xi,t) = pO(%,t) + epV(%4,t) + - -+, Taylor-expanding f; and f, around
(%1,0), and using the boundary condition (4.7c) gives, at leading order, that p(*) is indepen-
(0)

dent of #;. We introduce the one-dimensional density counterpart p, ' of the two-dimensional

density p(*), defined as

h/2
o = [0 dgy = hp© 48
pe P A =hp (4.8)
such that they both integrate to one in their respective domains,
1/2 1/2
Vasi=h [ pOdt = [ pl0ds.
/ prA=] P Ll N

At first order in € we have

p) By,
" L\ N (4.9)
ap o R h
2 o S
which has solution
PV (21,91, t) = fa(£1,0)p0 (31, 1) 91+ p (21,8) /1, (4.10)

(1)

where p,’ is independent of §;. The choice of the 1/h factor will be clear later. For clarity
of notation, in the remaining of this section forces f; are evaluated at (£1,0) unless otherwise

stated. At second order,

LA PPN () SO B A UL
T, (Xl/ t) = E 9%, _flp ay ayA —fzp y , (4.11a)
with boundary condition on the channel walls
op? df2 Lh
p = fopV + 1 aj; plO  on =z 4.11b)

Integrating equation (4.11a) over the channel’s cross section and using (4.8) and (4.11b) we find

that

ap” o a ([l o
o (xl,t)—ﬁ 9%, — fipe |- (4.12)
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The O(€®) analysis of (4.7) yields the same equation for pﬁ”. Thus, writing p,(%£1,t) ~ f)éo) (%1,1)

+ eﬁél)(fl,t) gives the following effective quasi one-dimensional transport model [valid to

O(e)],
dpe , d (dp. AR
l(ﬁq, t) = E <£ — 1(3('1,0) p€> P (413)

for 1 € [-1/2,1/2] and no-flux boundary conditions. In fact, this is valid to all orders by
simply integrating (4.7a) over 7.

4.3.1 The Fick-Jacobs equation

A common extension to (4.13) is to suppose that the channel has a non-constant cross section,

h = h(x). The simplest model is the Fick-Jacobs equation (Jacobs 1967), which in our notation

e, . . 9 N be
ﬁ(xl/ t) — afl |:€h(x])a£l <€h(3€1)>:| 7 (4:.14:)

which is valid in the absence of external forces and for eh’(x;) small. In the presence of a con-

reads

stant force fi along the direction of the channel (4.14) can be recast into the following (Reguera
& Rubi 2001),!

e o o _ O e H(%) A
w(xl/t) = 9%, {D <8—J?1 - h(fl) Pe —fl Pe ’ (4.15)
where D = 1 in our notation. The key step to derive (4.14) and (4.15) is to assume that the

full two- or three-dimensional probability density p(Xy,t) reaches equilibrium in the transverse

direction, that is, it is assumed to factorise as follows:

A A

(X1, t) = pe(%1,t)0(X1),

>

where p(%X7) is the local equilibrium distribution of ; (and 23, for d = 3), conditional on a given
%1 (the normalised Boltzmann-Gibbs probability density), see (Zwanzig 1992; Eq. (9)).

Introducing a variable channel width h(%;), it is straightforward to generalise our analysis
(4.13) to

e, ,»_ 0 (0P H(%), . .
Pt = 5g (S5~ e pe— il 0)pe) @.16)
which is valid up to O(€) and is in agreement with the modified Fick-Jacobs equation (4.15). In

what follows, we keep h constant since the inclusion of a variable channel width in the analysis

for finite-size particles is not at all straightforward.

1A position-dependent diffusion coefficient D(#;) = [1 + €2’ (%)%, with m = 1/3, 1/2 for two and three
dimensions, respectively, is also sometimes included to account for the curvature effects. It extends the validity of
(4.14) to larger variations of h(xy).
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4.4 Finite-size particles

We now tackle the reduction of the high-dimensional FP equation (4.3) in the case of hard
spheres. For the sake of clarity we illustrate the derivation for the two-dimensional case (NC2);
the extension to the three-dimensional cases (NC3) and (PP) follows similarly and the respective
models are given in a summarised form in §4.10.

For finite-size particles, the internal boundary conditions in (4.3b) mean the particles are no
longer independent. Following the same argument as previous chapters, in the dilute regime
of interest interactions involving three or more particles are negligible compared to those in
which two particles alone are in proximity, and hence we can concentrate on two-particle inter-
actions. This means that we can set N = 2 in (4.3) and then extend the result to N arbitrary
in a straightforward manner. In the unconfined case considered in the previous chapters, to
which we shall refer as the bulk case, we could neglect the particle—particle-wall interactions. In
contrast, in the present case these three-body interactions must be taken into account due to the
confinement of the domain. Specifically, the domain’s volume in the bulk case was O(1) and the
“probability” of interacting with another particle and the wall was O(e?*!N). However, now
the domain has volume O(e¥) and hence the probability of a particle-particle-wall encounter
increases to O(e?"*N). This means that the leading order interaction is a particle-particle-wall
interaction. In terms of the Emmental cheese representation of the configuration space, now we
would see some open holes (corresponding to illegal configurations) on the outside surface of
the cheese chunk (whereas the assumption in Chapter 2 was that holes were imperceptible from
the outside).

For two particles at positions x; and xo, Eq. (4.3a) reads

JP
E(xl,xz, t) = Vi - [V P —£(x1)P] + Vy, - [Vx,P — £(x2)P], (4.17a)

for (x1,xz) € Qg, and the boundary condition (4.3b) reads
[V, P —£(x1)P] - A1 + [Vy,P — f(x2)P] - fi, =0, (4.17b)

on x; € 00 and ||x; — x2|| = €. Here fi; = n;/||n;||, where n; is the component of the normal
vector # corresponding to the ith particle, # = (nj,ny). We note that iy = 0 on x, € 9Q), and

that iy = —fi; on ||x; — x| = €.

4.4.1 Integrated equation

We denote by Q)(x;) the region available to the centre of particle 2 when particle 1 is at x;. Note
that when the distance between x; and d() is less than € the volume |Q)(x1)| increases. Whilst

we took |Q)(x;)| &~ constant in the bulk case, thus ignoring the boundary layer of width € in
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all dimensions, now we must take its variability into account since this boundary layer spreads

across the whole channel cross section. Thus the domain of x; is
Qx1) = Q\ [Be(x1) N QY. (4.18)

However, note that we can still ignore the boundary layer effects along the non-confining di-

mensions [e.g., channel ends in (NC2)]. Then the area |Q)(x; )| satisfies
H* — [Be| < [Q(x1)| < H* — [Be| /2",

where HF is the cross-sectional area (recall k is the number of confinement dimensions) and
|Be| = 2(d — 1)7te? /d is the maximal excluded volume created by a particle of diameter € (equal
to the volume of a d-dimensional ball of radius €). We denote the excluded volume, B.(x1) N Q,

by U(x1) and its boundary by Cx, = o/ (x1). In two dimensions,
Cx, = {2 € Qs [[x2 — x| =€}. (4.19)

This moving boundary is depicted in Figure 4.3 in a dash red line. It is the only contribution to
the Reynolds Theorem. Note how now the external boundary also depends on x.

Integrating Eq. (4.17a) over Q)(x;) using the Reynolds transport theorem and the boundary
condition (4.17b) yields

0
Lxi,t) = Vi [V p— £x1) pl - / (Vx P+ Vi, P) - nydS,. (4.20)
X1
We denote the integral over the collision surface by 7 = — f (VP + V4, P)-nydS;. The

derivation of (4.20) is similar to that of Chapter 2, see §2.3.2.1. The only difference is that
we need to be careful when applying the transport theorem since now parts of the moving
boundary Cy, appear and disappear as x; moves away or towards the boundary dQ2. However,
as shown in Appendix B, provided that the integrands are non-singular near the join of red and
black boundaries in Figure 4.3, Eq. (4.20) still holds.

Reviewing the schematic of the model reduction steps required, Figure 4.1, we note that
equation (4.20) is somewhere in between the beginning and end of transformation 7, since the
first half of the equation is already written in terms of the marginal density p and the other
half still depends on the two-particle density P near the collision surface Cy,. To complete the
transformation 7 and arrive at the one-dimensional one-particle equation for p, is not trivial for
finite-size particles. First, we introduce the narrow-domain scaling in §4.4.2 and use matched
asymptotic expansions for P in §4.4.3 to determine the integral 7 systematically in §4.7.1. This
finalises transformation 7;. Subsequently, we integrate the resulting equation with respect to
the transverse coordinate y; and obtain the effective one-dimensional equation for finite-size

particles in §4.7.2.
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Figure 4.3 Sketch of the physical and configuration domains for d = 2 as particle 1 approaches and
contacts a channel wall. The physical boundary of particle 1 (a circle of diameter €) and the physical
wall are drawn as solid black lines. The moving configuration boundary Cx, and the static configuration
boundary dQ)(x;) are shown in dash red (these are boundaries for the center of the second particle x,.

4.4.2 Narrow-domain scaling

We now consider the change to the narrow-domain variables (4.5) and define P(fq,f(z,t) =
€2P(x1,%2,t) so that both P and P integrate to one in their respective domains Q2 and w?
(which corresponds to 02 in the narrow-domain variables), and in consonance with the scaling

for the one-particle density (4.6). Then (4.17) becomes

oP 0 oP N d oP L
ez—ﬁ,ﬁ,t :—< —€fa(Xq, €7 P)—l——( — €fa(Xn, €1 P>
o (X %2, t) 30, \an f2(%1,€f1) 37, \ a5 f2(%2,€02)

d oP A d oP o a
+€283?1 <a£1 —fl(xl,eyl)P> +€232?2 (aﬁz —fl(xz,eyz)P> ,

(4.21a)
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for (X1,%2) € w?. The boundary condition (4.17b) reads, at the domain walls,

s AND R 1
3%, — fi(%,e9:)P=0 on %= ii' (4.21b)
oP A . h
a0 €fr(X;,e9)P=0 on @ = if' (4.21¢)
and on the collision surface between particles it becomes
oP 9P TR N
<—A — o5+ fi(%2, €2)P —f1(x1,ey1)P> (%2 — 21)
a1  d% (4.21d)
ap 9P s T '
— — o+ efa(Ro,€02)P — efa(R1,€01)P ) (2 — 1) =0,
o 9P

onCs, = {2 €w : (£2—21)? +€2(§2 — §1)* = €*}. This collision surface changes depending
on the relative horizontal positions of the two particles, £; and £,. For £; = %, the contact is
Cxz, = {92 — 71 = £1} (two lines). Then as |£; — £2| increases, the distance between these two
lines decreases, until they merge for |£; — 22| =€, Cs, = {2 = #1}. Finally, for |%; — £2| > € the

internal boundary disappears, Cz, = @.

4.4.3 Matched asymptotic expansions of the density P

We suppose that when two particles are far apart (|£; — £2| > 1) they are independent (at
leading order), whereas when they are close to each other (|£; — £2| ~ €) they are correlated. We
denote these two regions of the configuration space w? the outer region and the inner region,
respectively. Note that now the inner region covers the whole channel’s cross section since it
is of size O(e) and hence the distance which we make go to infinity to match the outer is the

separation between the x-coordinates only.

4.4.3.1 Outer region

In the outer region, we define P,,;(X1, %2, 1) = P(&1,%,,t) and look for a solution to (4.21a)-(4.21c)

of the form
Pout(%1,%2,t) ~ P (%1, %0, t) + €P\) (%1, %0, ) + €2P2) (%1, %0, £) + -+ -, (4.22)

Since the boundary condition (4.21d) is by construction in the inner region, it is “invisible” to

the outer expansion and hence the leading-order outer solution satisfies [from (4.21)]

aZP(O) aZP(O)

out out
out 4 Z “out _ (4.23a)
o of5
apo(gg h
—out — j; = +— =1,2 4.2
30 0 on 7i X i ,2, (4.23b)
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In the #,7,-plane, problem (4.23) has a constant solution, that is,

P} (%1, %2, 1) = PLS) (21, %2, 1). (4.24)

out

Now, by independence, we suppose that P, is separable at leading order for some function

q(%,t), which must be independent of the transverse coordinate i using (4.24),
q(xt) = q(%,1). (4.25)

Analogous to (4.8), we define its one-dimensional counterpart by g.(£) = hq(%).
The first order of (4.21a)-(4.21c) gives, using (4.25),

o (or) ) o o (or) . N
= < 5 —fz(xllo)q(xl)q@z)) o ( 29, ~ P22 0a(R)a(%2) |, (4.262)

with boundary conditions

9P, N8 \a (4 L h
a0 f2(%:,0)q(%1)q(%2)  on i = 5, i=12 (4.26b)
Therefore, Po(uz is of the form
P (1, %, t) = [91£2(31,0) + D2 f2(%2,0)] g(£1)q(%2) + Y1 (21, %2), (4.27)
where Y is a function independent of fj; and 7. At order O(e?) we have
s =gt (5P — i, 0P8)) + 5 (S5P0 ~ Ale 0P
a5 (55780 — A, 0P~ 0 2 (5,00 ) (4.250)
rar: (H 0~ Al 0P~ P (2, 0R)),
with boundary conditions
agéuz = f(2,00P N 4 g, %f:;(ae,-, 0P%  on y= ig, i=1,2. (4.28b)

Integration of (4.28a) with respect to §; and 7, gives

[7(%1, )9 (%2, £)]; = q(%2) [92,(21) — f1(£1,0)9(£1)] ¢, +7(£1) [q5,(£2) — f(52,0)9(22) ],

using (4.25) and (4.28b). Rearranging we find k(%1,t) = —k(%,,t) for a function k given by
1
q(x, 1)

Thus we find that k(£,t) = 0, and so g(&%, t) satisfies the one-dimensional diffusion-advection

k(x,t) = {lax — fi(x,0)q], — q:} .

equation

) 9 (9
a—Z@t) 5% <£_fl(£,0)q>; (4.29a)
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with no-flux boundary conditions

g—z - f1(%,0)g=0 at x= j:%. (4.29b)
Inserting (4.29a) into (4.28a) gives the second-order solution
P = 5 {00 + B2 (22.0) + [11(01,0) + 92£a(2, 0] fa(0)a(22)
out = 2 171 oy oy (4.30)

+ [91/2(21,0) + 92 f2(%£2,0) | Y1(£1, £2) + Ya(%1, £2),

where Y, is constant in #; and #,. Finally, combining (4.25), (4.27) and (4.30) we arrive at, to
O(e?),

Pour(%, %, 1) = (%1, 1)q (%2, t){l +e[1£2(21,0) + P2f2(%2,0)]
t5 [ﬁ%};‘( ,0) +?%%f( 0) + (J1f2(£1,0) + yﬁzfz(a%z,O))z] } (4.31)

+ €Y1 (%, %2, t){l + €[91/2(21,0) + D2 f2(%2,0)] } + 7Y (21, %2, 1),

where Y;(%1, £, t) are arbitrary functions of integration, determined by solvability conditions at

higher order.

4.4.3.2 Inner region

Going back to the original variables and problem (4.17), in the inner region we set
X1 = fl/ yl = €y~1/
X2 = X1 + €%, Y2 = €12,

and define D(X;,%;,t) = €>P(x1,%y,t). Again, the factor €? is introduced so that P is also a
probability density. Note that the transverse coordinate of particle 2 is not transformed to have

the origin at y; as we did for the bulk case. The derivatives become

3 9 12 3 19
ox; % eodx’ W e’
3 12 3 19
dx, edx’ 2 €’

Equation (4.17a) is then transformed to
x + p~1]71 + Pyzyz 2€lex
=

[f1(x1,€th) — f1(X1 + €%, ep)] P} — 6% [f2(%1,€01)P]  (4.32a)

[fz(xl + €%, €72)P| + € Pz, —

21 [f1 (Jﬁ, €y~1 )p] .
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The no-flux boundary condition (4.17b) “enters” the inner region at the collision surface Cy,
between the two particles but now also at the channel walls 1,1y, = :I:%. From (4.19), the

collision surface in terms of the inner variables is
Cy = {(%,92) ERx [~h/2,h/2] st #+ (o—1i1)>=1}. (4.32b)

Applying the inner-variables transformation, the boundary condition (4.17b) becomes

215;255 + (Pyz — Pyl)(yz yl = GX{le fl(X1 + ex Gyz) f] (f],egl)] P}

_ (4.32¢)
+e(f — 1) [f(Z1 + €%, €2) — fo(%1, €01) | P,
on Cy, and
_ _ h
7= €f2<5f1,€]71)P on ]71 = :|:§, (432d)
Dy, =efo(%1+ex,ef)P  on = iﬁ (4.32e)

5
Finally, the inner solution must match with the outer as the two particles separate, that is, as
X — Foo. To this end, we expand the outer solution (4.31) in terms of the inner variables. For
the time being, we keep the first and second terms of the outer expansion implicit to make the

manipulations clearer. Inserting the inner variables into the outer expansion,

Pout (%1, 1, %1 + €%, 52) ~ q(%1)q(1 + €%) + ePL) (%1, 71, %1 + €%, o)
+ P2 (1,51, %+ €%, 0) + -

and subsequently expanding in powers of ¢, results in the matching condition

0%g

0x?

- 0 1
P—q* (%) +e (fﬂl% + P&,Z(Xn%ﬁy?z)) + 5629?261
(4.326)

L xapo()(x % )—i—P()(x %1, 12) = as ¥ — foo
0%, 1,71, %1, 92 out (X1, 71, X1, 2 ’

(1)

ut

(2)

where we have dropped the time variable for clarity of notation and P, ; and P,,; are given
in (4.27) and (4.30), respectively. Note that we can replace dg/0%; by 0q/0d%; because g is
independent of ¥.

We look for a solution to (4.32) of the form

P(%1, %71, 92,t) ~ PO 4PN 4 2P ...

Leading-order analysis of (4.32) gives

ylyl yzyz
~(0) ~(0 ~(0 g
2p"5 ¢ (Pyﬁl) —Py%)) (1 —72) =0 on  Cy,
50) iy h
P?l =0 on y1= ii’
50) ol
72 =0 on Y2 2

PO — 2(x) as % — +oo,
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which is trivially solved by
PO = g(x). (4.33)

At first order in €, Taylor-expanding the drift terms f; around (%1,0), (4.32) reads

X Y2 n xqqfl on gl’
P = fag?(3) on 7= 2
2! 2/
- . . h
Py = fot(#) on §2==£5,

15(1) N X‘qqﬁ -+ <]71 -+ gz)f2q2<5fl) + Yl <f1,5f1) as X — :|:OO,

where f, = f,(%1,0). Again the condition at infinity solves the problem, that is,

PO (3, %) = xq(11) aajl (1) + (71 +72) 2 (51,007 (1) + Y1 (T, 51). (4.34)

444 Collision integral — Part I

Having computed the first two orders of the inner solution P, we proceed to compute the
integral 7 as we did for the bulk case in Chapter 2. Recall that in the bulk case we found that
the leading-order contribution to the collision integral is at O(€?), although we were able to
determine its value without actually having to solve for second order inner density.

We proceed by expressing the integral 7 in (4.20) in terms of the inner variables, namely,

. . ~ 1 5 5 »
T=-— /c (VP + Vi P) - 1pdS; = —e—?—/é <Pf1, ~(Py, + sz)> fedl
X: 71

1

= (—?_Z/C~ (prl,pgl -+ Pyz) . (f,gz — ?1) di,
71

where Cy, is given in (4.32b) and fi = — (% 7, — #1). Here dI is the line integral along Cy,
for f; fixed (involving variables & and 7). The curve, depicted in Figure 4.4, is parametrised
as (%,72) = (cos@,ij; +sinf). Depending on the channel width & relative to 1 (the radius
at contact), the integration is over the whole circle or a part of it. Introducing the distances
ly = max(—h/2 —i;,—1) and I = min(h/2 — 7;,1), the angles at contact with the lower and
upper channel walls are 0; = arcsin/y and 6, = arcsin [, respectively. These are equal to £7/2
for no contact.

Rearranging 7 to

T=e? / (Py, + Dy,) (52 — 1) dT + €1 / b, % dl, (4.35)



98 Chapter 4. Diffusion in confined domains

NI
N

Figure 4.4 Domain of integration 5371 in two dimensions.

and expanding it as an expansion of the form 7 = €2 (I 0 4 e7(M) 4+ 272 4 ... ),2 we find
that
70— [ (P + P52 - ) di =0, (4.36

tn tn (4.37)

= 26(®,0¢ [, (72— 7)dl+ 2905 [, Tl =26(2,04" [, (72— 71)dl,

71 7 71

using (4.33) and (4.34). Hence we find that the leading order of Z is at O(1/¢€), which may seem
slightly odd. However, as we shall see in §4.7.2, after rescaling the remaining part of equation
(4.20) consistently with the scaling used in (4.35), an extra factor € appears multiplying Z,
implying that the actual leading order contribution of Z is at O(e?). Note also that the integral
analogous to ZW was zero in the bulk case. However, as we shall see in §4.7.2 when we
make the dimensional reduction 75, the relevant quantity is f ﬁﬁz 7 dij1, which vanishes for 7 @,
Consequently, we must proceed to the second order of Z anyway.
The second order of (4.35) is

7@ = /C y (PP + P2) (2 — 1) dT + /C : PVl (4.38)

The question now is whether we can determine this expression without knowing the expression

for 15(2), as we did in the bulk case. Following the same procedure as in the bulk case, we write

2We choose this form to be able to identify and compare terms of Z in the bulk and narrow cases. The factor e 2

is an artefact of the narrow-domain scaling.
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down the boundary condition for P®@ on the collision surface C~y~1, namely,

5(2) - @ 5@ (o o) — e |0 L (91 _ _\9f 5
2P X% + <Pg2 —Py~1 ) (fo—1h) =% [ s <xg(x1,0) + (72 —y1)@(x1,0) po)
+(]72—]/1)< ai<x1/ 0) + (72 — 1) a— (%1,0 )

which can be written as

2005+ (P =P (12— 7n) = %P + (ATVuta) PO on Gy, (439)

Y2
where recall that i = —(&, 7, — #1) is the unit normal to éy“l in the %j,-plane, and V,f is the
Jacobian matrix aa({;—’fyfz)) evaluated at (%1,0):
oh 9h
T I ox 9y X
(n fon) = (X, 72 — i) of b <]72_]71>.
ox dy
Substituting (4.39) in (4.38) gives
2) _ 52) (5 _ o 5(2) 5 ~_/ ST £5) pOIT — o7
2/@1 [Pm (2 —¥1) + P; x} d/ . <n fon) pPYdl =27, - 1y, (4.40)
where
7, = / PP (g — i) + PPz dl, T, = / ATV, £4) POdI (4.41)
Cn |: } Cny ( >

Because f1(%1,0) and PO are independent of the integration variables %, 7, (in fact, they only

depend on ¥;), Z, may be readily computed. It is equal to
f1 5 a7 of2 [ . . -
T, = 2—/ ¥ dl + 2—/ —1)*dl. 4.42
b= ¢ Ty ¢ (72 — 1) (4.42)

In contrast, Z, cannot be expressed in terms of the variables already determined and thus it is
not possible to circumvent the calculation of P(?) as we did in the bulk case if we are to solve for
T2, Before proceeding to solve the second order inner problem, we conclude by writing down

the asymptotic expansion for Z we have obtained so far, namely,
T ~e 70 4+ (27, - T,) + O(e), (4.43)

with ZM and 7, given in (4.37) and (4.42), respectively, and Z, in (4.41) which requires P@ to

be evaluated.
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4.5 Second order inner problem — bulk case

Since the second order of the inner problem (4.32) is rather complicated, we choose to tackle first
the second order problem in the bulk case, that is, the solution P@ which we did not need to
solve for in Chapter 2. The solution process will give us some insight into the more challenging
narrow problem.

For simplicity we consider the two-dimensional problem (d = 2) with zero drift. The inte-
grated equation in the bulk case with f = 0 reads [see (2.12)]

ap 2 A
ot (Xl, ) v 1p 2 9B.(x1) VX1P 1) dlz, (444)

from which we obtained a closed equation for p using the first two orders of the inner solution,
namely,

P(x1,x,t) ~ q*(%1,t) + €q(%1) X - V,q(X1) + O(€?). (4.45)

This expression solves up to O(e?) the bulk inner problem (2.15), which we rewrite here for

ease of reference,

62%—1;(%1,2, t) = 2V§ P —2eVy,-ViP +€*V3 P, (4.46a)
P(x1,%, 1) = qz(i )+ eq(x1) X - Vg q(x1)
& ST T -] % <
+ Eq(xl) {x : {Vil-vglq(xl)] x} +--- as ||X]] = oo (4.46¢)

1 w .
VP x = R0 )n + W0gs )0+ 3P ) on Il =1, (4.47)
PP ~ 54(%1) (9,5, + 257 Gz, + 75, as X[ = oo.

Viu=1, (4.48a)
Viu-x=AX)+B(x) on [x]|=1, (4.48b)
u~ A(X) as |X]] — oo, (4.48¢)

where

. 1
A(X) 2% [x 13 + ny 5]x1y1 + y leyl]

1
" 2qqs

(4.49)
|:x Qxl + 2fy~ qflqgl + g2q§1i| ‘
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We look for a solution of the form u = A(X) 4+ w, for some function w. Since to leading
order q; = V)%lq (see §A.1), the first component A(X) satisfies the Poisson equation (4.48a). It

also satisfies trivially the condition at infinity (4.48c). On the unit ball, however, it is
ViA(X) - x = 2A(X) on |Ix]| = 1. (4.50)

This implies that w is a solution to the following problem:

Viw =0, (4.51a)
Vsiw-x=B(X)—A(X) on |[X||=1, (4.51b)
w ~ O(X) as ||x]| — oo. (4.51c)

Compatibility condition Before tackling the solution to (4.51), we can learn about the required
behaviour of w at infinity by looking at the integral of (4.51a) over its domain of definition, which
we denote by U = IR?\ B1(0). Using (4.51b),

Oz/V,%wdi: V,zw-ﬁdf:—/
u

B(X) — A(x)] dT + / Vi idl.  (452)
Ixl=1 =0

ou

Inserting the expressions for A and B in (4.49), we arrive at the following compatibility condi-

: . 2 442
/|~| V,ﬂU-ﬁdlz%(M—l . (4.53)

tion:

qq:
The expression in the right hand side is, in principle, a non-zero function of X;, which implies

that there will be logarithms in the expression for w.

4.5.1 Separation of variables

Because of the radial geometry of problem (4.51), we adopt polar coordinates (r,6), with ¥ =

rcosf and § = rsin 6, and write w = w(r,6). Then (4.51) transforms into

Zw 1ow 1 %w

R e v =0 for r>1, (4.54a)
%_Zr" —h6) on r=1, (4.54b)
w ~ O(r) as r— oo, (4.54¢)

where h(0) = h(cos6,sinf) = h(X) = B(X) — A(X). The solution w(r, ) must be 27t periodic
function of the angular coordinate, w(r,0 + 27t) = w(r,0).

We attempt to find a solution to (4.51) of the form w(r,0) = R(r)©(6), for some functions R
and ©. Substituting this ansatz into (4.54), we find

?R"(r)®(0) + R’ (r)©(8) + R(r)@®"(8) = 0, (4.55a)
R'(1)©(8) = h(8), (4.55b)
lim R(r) ~ O(r). (4.55¢)

r—0o0
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Rearranging (4.55a) gives
r2R" + R’ ®"
R 6

where A is a constant. The standard separation of variables procedure gives eigenvalues A = n

=A,
2

and the complete set of separable polar coordinate solutions to (4.55a):
1, Inr, r"cos(nB), r"cos(nf), r"sin(nh), r"sin(nd), n=12,.... (4.56)

The solutions r”* cos n6 and 1" sin(n6) are not relevant for n > 1 since they do not satisfy condi-

tion (4.55¢). Thus, the candidate series solution for w is

w = %(ao +boInr) + arrcos(0) + byrsin(nd) + Y _ [, cos(nf) + d, sin(n6)] r"
n>1
The coefficients ay, by, c,, d, will be prescribed by the boundary condition (4.55b). Computing

ar © and substituting » = 1, we find

ow bo

e —(1,0) = - T (a1 — 1) cos 0 4 (by —dq) sin® — ) _ n[c, cos(nb) + d, sin(nd)] = h(0). (4.57)

n>2

Substituting for A and B as given in (4.49), the Fourier series of & in the basis {1, cos(n6),
sin(nf)}, n >1,in 6 € [0,271] is given by

1 . .
mO) = 5oor [(qxl 995,%,) 08> 0 + (42,5, — q9x7,) sin(20) + (47, — 347,5,) sin® 9} 458)
= 1(%1 +93) + 3(01 — 93) cos(20) + 9, sin(26),
where
1 1 1
= %0 5 (0% —90ns), = 200, Aadn W), O =g 5 (@5, — 955)- (459

Comparing (4.57) with (4.58), we find that by = (01 +03), a1 = c1, bh = d1, c2 = (03— 1)/4,
dy = —102/2,and ¢, = d,, = 0 for n > 2. Therefore the general solution of (4.54) is

w(r,0) = % [ag + (81 + 03) In7] + 2(193 — 91) cos(20)r 2 — %192 sin(26)r 2
+ a1 cos(0) (r+r71) + by sin(0) (r+r71),

(4.60)

where a9, a; and b; are unknown constants (which could be determined by matching higher-

order terms).

4.5.2 Inner solution

We have found a solution u to problem (4.48) of the from u = A(X) + w, where A(X) is given in
(4.49) and w in (4.60). Rewriting A(X) in polar coordinates,

A(r,0) = (/31+/33)r + = (/31 B3) cos(260)r* + By sin(20)1?, (4.61)
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with

99z % q9z101 99951
=S =, =, 4.62
P P e BT (462
and combining it with (4.60) gives

u(r,0) = 612—0 + % [(B1+ B3)r* + (01 + 03) Int] +ay cos(0) (r +771) + by sin(0) (r + 77 1)

(4.63)
+ <%<,51 — B3)r* + i(t% — 191)r2> cos(26) + <[32r2 - %r2> sin(20),

where ¢; and f; given in (4.59) and (4.62), respectively, and ag, a; and b; are free parameters
which could be determined by matching. This means that the solution u is unique up to a
constant ap and a constant field (a;,b;) at infinity. Finally, the solution to the O(e?) inner
problem (4.47) is found via P = (qq;)u.

4.5.3 Bulk collision integral via second order inner solution

The solution found for P(?) can now be used to compute the leading order of the integral in
(4.44), which is

T—-2 VP fpdl =2 / VD - xdls. (4.64)
9B (1) %=1

In Chapter 2 we found that the leading order of 7 is [see Eq. (2.26)]
7(2) — V- (GVx4), (4.65)

using only the first two orders P© and P, Now that we have determined P2 explicitly, we
should check that (i) the degrees of freedom ay, a; and b; do not affect Z (2) (that is, the integral
is unique even though P is not), and (ii) its integral coincides with (4.65).

To this end, we evaluate the radial derivative of P@ atr =1and integrate it over 0. Using
Eq. (4.63), we find

Ju

51,6 = (B + o) + (03 +80)| + | B — o) + (63 — 0| cos(26) + 262 + 8] sin(26).

Note that the free constants have vanished. Then

5 27T au
72 —» ViP? . xdl; =2 / —(1,0)do
Ixl=1 . ) Jy ort? (4.66)

=2(qq:) 7 (2B1 +2B3 + 01 +03) = TV, - (dVx9),

which agrees as expected with the previous result (4.65).
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4.6 Second order inner problem — narrow case

Now we move back to the narrow-channel problem and consider the second order inner prob-
lem. In §4.4.3.2 we solved for the first two orders of the inner problem (4.32). The second order
O(€?) of (4.32) is

PO _ 50

_ 52 52 L (50) _ o50)
5 = 2Pe Tt ?2?2+< hE _2Pf1f>
_ 9 [(9h o091 50| 9 5(1) . o 92 5(0)
9% K’“ax+(y2 5 )P oy, \2P F g P
_ po)

o , . of _ 9 (£ 50
I |:sz + (x + 7 a]/ 9% (f]P > .
where all the derivatives of f; are evaluated at (£;,0). For clarity of notation, we use the iden-

tifications f; = fi(%,0) and g = q(£1,t) in what follows unless otherwise stated. Using the

expressions for P© and P in (4.33) and (4.34), respectively, the above equation simplifies to

a<q2) (le) 7 f1612+2<f2 f2>q _2~3%}2?)+15£2) _}_ISEZ) )

4.67
5 (4.67a)

The boundary condition on the contact surface éy“l has already been evaluated in §4.4.4. It reads

2005+ (P =) (12— 1) = #P) + (AT Vuta) PO on Gy, (4.67b)

where recall that ' Vff = (%, 9, — 71) (g;ﬁ giﬁ) (7224, )- The O(€?) of the boundary condi-

tion on the channel walls reads

afZ 5(0) | h
= f,P) ay p on i =*5, (4.67¢)

52 _ £ p) 4 (92 5 902 po) 7 —
S =hLPY+ < ox + 12 3y p on i i2. (4.67d)

1
15(2>Nx2582”7+3zap0(“2(32 j, %1, 72) + P2, 01, %1, 2)  as & — oo
283?% 0%, 1, Y1, X1, Y2 out \ X1, Y1, X1, Y2 ,

p)

out

p@

and P,

which, after substituting in P, from (4.27) and (4.30) respectively, becomes

f22

PO~ 2 dg5s, + 201+ 72) o995, + ¥ 5

1 d
w3 (DL + o +372)2f22> P+ (14 T2 Y (8, 5) + Yol ),

(x1, x1)
a 2 (4.67¢)

as ¥ — Foo, where recall that Y; are unknown functions from Po(u)t Y is determined by match-

ing with the inner solution (or the inner solution imposes constraints on Y;). For the sake of

clarity of exposition, here we give already the conditions on Y; imposed by the solution during
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the resolution of the inner problem, which can be checked a posteriori. We take Y; such that

Y1(%1,%2) = Y1(|%1 — £2|) with Yq(x) differentiable satisfying Y1 (0) = 0. It follows that

. E)Yl aYl . 8Y1 o aY1 ~ o
lgf?1+ 7% (%1,x) = xgx 7% (%1,x) = —xgxl 7% (%1,x) = 1 AT (%1,x) :=0Y1. (4.68)

Then the fourth term of the matching condition (4.67e), X%(}Zl,ﬁ), is 6Y 1% for ¥ > 0 and
—0Y1X for ¥ < 0, or combining the two, §Y1|%|. Moreover, we can set Y1(%1, %) = 0 in (4.67¢).

Finally, we define

@t 1,52) = 5 (R +B)E + 1+ 2P ) o+ Yalin 0) (4.69

Putting all these expressions together, the problem for P(?) is

213}%;2?) L p@ 4 p@ _ a(qz) (flq ) + f1 7+ <f2 f2> (4.70a)

265+ (P — B (72 — ) = xPY) + <ﬁT \ i ﬁ) # on Gy, (4.70b)
o ) o h
( = Xfoqqz, + (1 + 2) 397 + yla—{;qz on  §i =+, (4.70¢)
o d h
P2 = 2foqs, + (1 + ) B9+ < %Py, a{; ) q on =%y, (470d)
5 fs
PO~ 2 Lgsn + 201 + 72) faas, + 502 af 7 + oY1 ||
+ @2 (%1, 71, 92) as ¥ — too, (4.70e)

where the term ¥ é ) in the right hand side of (4.70b) is

=1 - g s _ . d _d o
xPj%l) -2 2 <q8f1> + x(n +y2)a£1 (f4%) + xafl (Y1 (%1, %1)].

We point out that the last term in this expression is always equal to zero when Y; satisfies (4.68).

We note that, in contrast with the inner region in the bulk case (in which we had 4 inner
variables, X, and d outer variables or “parameters”, X1), in the narrow case we have (2d — 1) inner
variables, %, 1, and 7, and only one coordinate as a parameter, ¥;. The domain of problem
(4.70) is shown in Figure 4.5. It is an infinite square prism of edge length h with an oblique
circular cylinder with axis ¥ = 0 and #, = #; removed.

The solution to (4.70) is found breaking the problem into several pieces and solving the
resulting subproblems separately. The solution procedure, which is inspired by the solution of

the bulk case in §4.5, is given in detail in Appendix C.1; here we simply give the result. The
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Figure 4.5 Domain of P(?) in problem (4.70). It is a square prism with an oblique circular cylinder with
axis (X, 7, — 71) removed.

solution 15(2)(551,%, %,72) of (4.70) is given by
1 1., o N )
PR = S5, + 5 (F + 73)7° ( ];2 + f2> + 127 + 2 [112095 + 720(f20)5]

~ 0
(qu1xl qél fl 2) Q (x/]71/]72) + <a_f; fz) q Q2(x1yl/y2) (471)
-‘rYz X1, J?

where Y (a function from the outer) is left unknown and Q; are obtained numerically. The latter
are defined by Q;(%,¥1,72) = 0:(%/ V2, 71,72), where 9, and 7, are, respectively, the solutions
to problems (C.9) and (C.10). In the expression above, g, fi and f, are functions of the “outer”
variable ¥; only, namely, g = q(&1,t) and f; = f;(%1,0).

We note that expression (4.71) contains two contributions from the outer expansion P,;.
First, it contains the function Y, from p(fug

unknown as mentioned above. Second, it depends implicitly on Y; from Pout [see (4.27)] through

[see Eq. (4.30)] evaluated at xz = x1, which is still

the condition at infinity on Q;. Specifically, the parameter §Y; of Y; defined in (4.68) is related
to Q] via
d , 1
(5Yl = (‘ﬂh?m - qu?l - a_];lqz) lim (x/]/l/ yZ)

I—+too |x|
where the right-hand side is completely determined by the second-order inner solution (see
Appendix C.1). On the other hand, the function Y,(%1, £2) is left unknown (it could be deter-
mined by matching higher order terms). Nevertheless, since it enters into the solution P(?) as a
constant in the inner variables, Y, (%1, 1), it has a zero contribution to the collision integral 7

as we will see in the next section. As a result, we will be able to ignore it.
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4.7 Reduced Fokker-Planck equation for p

In this section we complete the transformations 7; and 7, depicted in Figure 4.1. First, using
the second-order inner solution P2 in (4.71), in §4.7.1 we will evaluate the integral 7 in (4.43)
and insert it into Eq. (4.20) to obtain a closed equation for the one-particle probability density
p(xq,t). This step will complete the transformation 7; from N to one particles. Second, the
transformation 7, from a two-dimensional problem to an effective one-dimensional problem

(analogous to the point-particles case in §4.3) is carried out in §4.7.2.

4.7.1 Collision integral — Part II

We now go back to the asymptotic expansion for the collision integral (4.43), which we write

again for ease of reference,
T=¢e'70 + (27, - T,) + O(e). (4.72)

The domain of integration (depicted in Figure 4.4 on page 98) is the contact or collision line
Cy,. It corresponds to a slice at a given height 7; of the internal cylindrical boundary of the
inner problem, see Figure 4.5> We note that, since it is symmetric with respect to ¥, any
odd component in ¥ will vanish. The curve éy“l is determined by angles 6; and 6,, defined as

0; = arcsin[; with
[; = max (—%—}71,—1>, [, = min (%—}h,l).
(These expressions determine whether Cy, is intersecting the channel walls or not.)
We begin evaluating the terms Z (1) and 7, in (4.72) for which we had explicit expressions

(4.37) and (4.42), respectively. Using a polar parametrisation of Cy,, (¥,72) = (cos6, 7, + sin6)

gives, respectively,

W = 2010 (h, 1), (4.73)
and
0 . 0 B
Iy = qza_j;llﬂ(h/]/l) + qzai;yxh, V1), (4.74)
where
- 02
1) = i — 1 — ; _ 2 2
uo(h, 1) = /Cgl (o —ir)dl =2 A sinfdf =2 <\/1 -5 - \/1 - lz> , (4.75a)

» [
m(h ) = / Rdi=2( cos?0df = Ipy/1 — 13 —111/1— 12 +arcsinl, — arcsinly,  (4.75b)

C?l b1

» [
;42(}1,]]1):/~ (]72—]]1)2d122/zsin29d9:—lz 1—153+14/1— 12+ arcsinl, — arcsin ;.
N o

(4.75¢)

3Recall the collision integral Z contributes to the equation for the marginal density p(x;, t) associated to particle
1. Thus it makes sense that we only integrate out the two inner variables £ and #, associated to particle 2, leaving
the third inner variable j; corresponding to the vertical position of particle 1 fixed.
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We plot the graphs of these functions in Figure 4.6, and observe that j is an odd function of
71 while yq and yu; are even in ;. We note a qualitative change for & < 1: in all three cases y;
cease to be pinned at §j; = h/2 (at 0 for yop and at 7r/2 for y; and pp). On the other hand, as
h > 1 increases, the plateaux (at 0 for yp and at 7r for 1 and p») expand and the variation of y;

becomes more localised near the boundary.

---h=05
---h=075
- = h=1
—— h=15
— h=2

h=3
— h=4
— h=5

0.5 o0 0.5 0 0.5

/h /h /h

Figure 4.6 Functions p, ¢1 and y; for various values of & and ;. The horizontal axis shows #; /h and
the vertical axis is y;/7t. The solid coloured lines correspond to cases i > 1, the dot-dash red line to
h =1 and the dash green and blue lines to single-file cases (h = 0.5,0.75).

The reason of this qualitative change at # = 1 can be best understood considering the
situation graphically. In Figure 4.7 we sketch the narrow-channel domain for various heights
h. The physical domain (of width / 41 in the narrow-domain variables) is delimited by the
solid black lines, while the configuration domain (of width /) corresponds to the yellow shaded
region delimited by dot-dash lines. When h > 1 (that is, particles can pass each other) and
|71] < h/2 —1 (particle 1 is not so close to the walls as shown in the plot on the bottom right of
Figure 4.7), the expression for y; in (4.75) simplify to p9p = 0 and y; = po = 7. This is equivalent
to saying that, in Figure 4.4, the unit circle does not intersect with the channel walls. At the
other extreme, for a purely single-file channel, 1 = 0, as shown in the top left plot in Figure 4.7
(the height of the physical container is then one, equal to the particles” diameter), y;, i = 0,1, 2,
become zero (that is, the two points corresponding to 61 and 6, come together at zero).

The computation of 7, = fc { )(yz 1)+ 15)%2)32] dl is rather involved as it requires in-
tegrating the components of P(? ) obtained numerically, Q;. Details are given in Appendix C.2;

here we simply give the result:

I, =J[P?] =q < ];2+2f2> Fupo(h, 1) + 95,0 11 (h, 1) + 02 (afz f3 ) 1a(h, 1)

(4.76)

where J is the integral operator

T 7) = [, [Qun(72 = 51) +Qs] . @77)
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Figure 4.7 Sketch of the channel domain (shaded in yellow) for different values of h with particles of
diameter one (note that here we are depicting the actual particles, not their excluded-area which has
radius one). Single-file channel for 0 < h < 1 (with & = 0 being the extreme case in which particles can
only move in the axial direction). When h = 1 particles can just pass each other, and for & > 1 (bottom
row) particles can more easily change order. In the plot on the bottom right, the vertical coordinate of
particle 1 is such that |7;| < h/2 — 1, ensuring that its excluded area fits entirely in the domain (i.e., it
does not intersect with the channel walls).

The terms 7 [Q1] and J[Q,] are evaluated numerically with COMSOL; their values in terms of
h and f; are respectively displayed in Figure C.3 and Figure C.4 on page 198.
Combining (4.73), (4.74), and (4.76) gives the final result that

Z(h, ) ~ e W + (27, — T)
=%4fﬁmWJﬂ+M%%§+%®?WMh%)
+ (207%21 - qz%) i) + 7 ( o” +2f2) pa(h, i)
+2V2 (qas — = a2 ) 100 0) + 2 (5~ 2 ) 2710l ),

which depends on both the channel width / and the elevation of the first particle 7;. This

(4.78)

completes the transformation 77 in Figure 4.1 to reduce the problem from N to one particles.
As expected after integrating out the position of the second particle, the expression above only
depends on the location of the first particle (%1, ;) and the geometry of the problem. Aside
from the geometry dependencies on /, 7;, and the numerical integrals J [Qi], the expression
above is a function of the horizontal coordinate %; of particle 1. Specifically, the one-particle
outer density g and the drift term f = (fj, f2) are all evaluated on the centreline of the channel
(%1,0).

Analogously to what we did in §2.4.3 for the bulk case, once the integral 7 is determined

in terms of the first particle’s position X;, we can substitute it into the reduced FP equation
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(4.20) for the one-particle density function p(xy, t) (that is, a two-dimensional density). As in
the previous chapters, a normalisation condition on P will give us the connection between the
outer density q(%1,t) and p(x,t) required to obtain a closed equation for the latter. In the next
section we finalise the model reduction by performing the second transformation 7, which
consists of eliminating the confining dimensions [which correspond to the vertical dimension
71 in the (NC2) case]. We will obtain an effective one-dimensional equation along the channel by

integrating (4.20) across the channel width.

4.7.2 Effective one-dimensional Fokker-Planck equation

Consider the reduced FP equation (4.20) for the one-particle density p:

9
a—f(xl, )=V [Vap—fa)p +I, (4.79a)

where T = ¢ 17 + (27, — 7)) + - - - is given in (4.78). In deriving (4.79a) we have utilised the
boundary condition (4.17b) on x; € dQ) and ||x; — x2|| = €, so that the remaining condition to

complement the equation above is
[V, P—£(x1)P]-fiy =0 on  x3 €9Q.
Integrating this expression over x, € Q)(x;) for x; € dQ2 we arrive at
[Vip—f(x1)p] - A1 =0 on  x3 €90 (4.79b)

As we did for point particles in §4.3, from this two-dimensional diffusion equation we shall
obtain an effective one-dimensional equation in the axial direction. To this end, we write the
equation above in terms of the narrow-domain variables (4.5) and define p(Xy,t) = ep(xy,t).

Under these variables, equation (4.79a) becomes

op 0 o 0 9
20D o _ 2 P e _s\a P 6\ 3
€ 5 (%9,t) =€ 7% <83?1 fl(xl,ey1)p> + 3 (al?l efz(xl,eyl)p> +e’Z, (4.80a)
with the boundary condition
op A R h
a;l =€fo(R1,€01)p on nh= ii' (4.80b)

We choose not to write the integral Z explicitly in the narrow-domain variables as if we did so
we would end up with unnecessarily complicated elliptic integrals. Instead, we leave it as it is
(as we have computed it in the previous section in the inner region variables). Note that the
scaling from narrow-domain to inner variables for the integral does not change [the perimeter
goes from being ~ 2711/ (1 + €2)/2 ~ /27 to 27t]. Also note that P and P are defined with the
same scaling with respect to P (namely, with a factor of €?).

The derivation of the equation for p is identical as in the point-particles case from §4.3

with the exception of the integral term €3Z in (4.80a) [compare with Eq. (4.7a)]. Expanding



4.7. Reduced Fokker—Planck equation for p 111

p(x1,t) = plO (%, t) + epM (&1, t) + - - - and noting that the leading order of 37 only appears at
(e ) and

O(€?), the first two terms ﬁ( ﬁ( ) are the same we had found in (4.8) and (4.10), that is,
pO (21,1) = pi¥ (21,1) /1, (4.81)
PO (21, 91,t) = fo(£1,0)p0 (31, 8) 91 + p (1, 8) /. (4.82)

For clarity of notation, in the remaining of this section forces f; are evaluated at (£1,0) unless

otherwise stated. At second order,

I () AP W ) AP RNE:) CONC B eY
(xllt)_a—fl 8321 —flp +E aﬁl —fzp —]/1@]? + 7\, (4.83a)

with boundary condition on the channel walls

ap® afz N
— = —|— on
a2 P oy P h

I\JIS‘

(4.83b)

Integrating equation (4.83a) over the channel’s cross section and using the boundary conditions
(4.83b) and the expression for ZW (4.73) we find that

aﬁ(go) . B ) apg) h/2 R R
5 (%1,t) = 9% - fi pe +2fog? /h/zyo(h,yl)dyl, (4.84)

with p given in (4.75a). It can be easily seen that the integral of yp with respect to ; vanishes
(0)

and hence we see that the leading order p, ' satisfies the one-dimensional advection—diffusion

equation
o oy @ (o
ot (xl/ t) — 83?1 83?1 _flpe s (485)
which coincides with the point-particles case, cf. Eq. (4.12). The O(€3) of (4.80) is
opV 0 ap( af1
o Fut) =50 oy i
) 5 (4.86a)
Jd (97 722500 _ 9120 50 _
e ( 2 ay o 2 ay? P )+ 2= T
with boundary conditions
p® R afz 7P 0 . h
o 2(%1,0)p?) 4 9,22 ay U4 Ea—yzp on )= ii' (4.86b)

Repeating the same process of integrating Eq. (4.86a) with respect to §; and using (4.86b) to

eliminate p(®) yields the following solvability condition

aﬁgl) 0 apg ) (1)) h/2 A
ot 9% \ 9%y —hpe ) = /_ , /2(2Ia_zb)d]/1- (4.87)
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Finally, writing p.(%1,t) ~ ﬁgo)(ﬁl, t) + eﬁgl) (%1,t) and combining (4.85) and (4.87) yields

aﬁe R B ] aﬁe R /-h/z R
ar ) = 5%, (8321 h pe) e L He T (459

In order to find a closed equation for p. (%1, t) we must evaluate the integral [(2Z, —Z;) di.
(

) as

h/2

MiQl) = [ T1Q)h 1) dg, (4.89

—h/2

We introduce a new integral operator M [Q]

so that the integral in (4.88) becomes, using (4.78),
h/2 0 ~
/. (2= Ty)di = <2qqf1x1 7 af 1) M(h) +2v2 (qqflfl — 45 - a—fq"*) M[Qi]
ofi  df ~
w2(L-L) Ml

where
h/2 4
M (h) = 2/ uy diy = th — 3 +0O(1—- [ (2 + h*)\/1 — h2 — 2harccos h)] (4.91)
0

where ©(x) is the Heaviside step-function. In (4.90) we have used that 2 foh/ 2o diy =
— foh/ 2 H2 dij; to eliminate the terms involving #1 and y» in (4.78). In Figure 4.8 we plot the
expression for M (h) (4.91) (solid red line) alongside the numerical values obtained in COMSOL
(blue dots), and observe excellent agreement as expected.* Note that M (h) is linear in & for
h > 1, and it goes down to zero with a zero slope.

The integrals M[Q;] are computed in Appendix C.3. Although the functions Q; and Q, were
only solved numerically in §C.1.1.2, using information from their respective problems (C.9) and
(C.10) we are able to deduce analytical expressions for their integrals M[Q;] in Appendix C.3,
namely that

M([01] = =My (h)/(2V2), M[Q2] = 0. (4.92)
Substituting these expressions into (4.90) and simplifying gives
h/2
/_ ] /2(2Iu — 1) djr = (99z, )z, M1 (h). (4.93)

Because ¢ is independent of the inner variables (%, 71,72), we can write q(%1,t) = g.(&,t)/h.
Moreover, the normalisation condition on P gives that g.(%1, t)

= Pe(%1,t) + O(€) (see Appendix
A.3). Using this, the term (gqs, )z in (4.93) becomes %( al)

/h?. Substituting (4.93) into
equation (4.88) leads to

0Pe , . d Mq(h) _\ 9P, N .
L(x1,t): _ [<1—|—e 1 )pe> P — f1(£1,0)Pe | - (4.94)

ot a)(,‘1 h? 8921

#In fact, the reason why we also compute M (1) = %M [%2](h) with COMSOL despite knowing its analytic value
is to check that the integration process of M is being correctly implemented in COMSOL, which will be required to
evaluate numerically the integrals M[Q1] (k) and M[Q,](h) in Appendix C.3.
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Figure 4.8 Integral M;(h) for different values of h. Analytical expression (4.91) (solid red line) and
numerical values (with COMSOL) (blue circles). Note that the dependency is linear except for i small
(h<1).

This equation is now a purely one-dimensional diffusion equation and hence we may write
f1(%1) = f1(%1,0) for the horizontal force on the channel’s centreline. It tells us that the proba-
bility density of particle 1 in a channel of height eh evolves according to a one-dimensional non-
linear diffusion equation, where nonlinear term eM; (h)p,./h?* is the contribution of excluded-

volume interactions with particle 2.

4.8 The narrow-channel equation

The extension from two particles to N particles is straightforward up to O(e), since at this
order only pairwise interactions (together with the channel boundaries) need to be considered.
Particle 1 has (N — 1) inner regions, one with each of the remaining particles. Writing a), =
M;i(h)/h?, we arrive at
9Pe

o (1) =

5 1 9Pe o\
P [[1 + (N = 1)eaype] FY _fl(xl)Pe:| / (4.95)

with

ay =

hl_z [nh - % +0O(1—h) <§(2 + 1)1 —h? — 2harccos(h)>} , (4.96)

shown in Figure 4.9(a). This is supplemented by no-flux boundary conditions at the channel
ends x; = +1/2 (although we will also use periodic boundary conditions in some of the nu-
merical examples) and initial data p.(%1,0) = P.0(%1). Equation (4.95) describes the probability

density for finding the first particle at position %; at time t. Since the system is invariant to
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permutations of the particle labels, the marginal distribution function of any other particle is
the same. Thus the probability distribution function for finding any particle at position £; at
time t is simply Np,.

The nonlinear diffusion term in (4.95) is proportional to the excluded volume created by the
remaining (N — 1) particles as well as the domain walls. The coefficient a;, determines how this
excluded volume varies with the channel width h. We note that, because equation (4.95) is an
effective one-dimensional diffusion equation, the excluded-volume term is also an effective one-
dimensional excluded interval, corresponding to the excluded area per unit length of the cross
section. For instance, the effective excluded interval of a particle of diameter 1 when h = 0 is
2 (see top left plot in Figure 4.7), since when the channel height becomes zero (pure single-file),
the excluded area Be(x7) created by a particle of diameter € becomes an interval of length 2e.
This explains why a;_¢ = 2 [see Figure 4.9(a)]. As the channel width increases, the value aj,
should approximately give the ratio of the area excluded by the particle, 77, to the cross section
length, h. This agrees with the decay 7t/h of the coefficient aj, as h — oo, see (4.96).

If, instead of the effective one-dimensional excluded segment, we want to consider how the
“real” excluded area varies with the channel’s width &, we have to examine the quantity hay,
which is shown in Figure 4.9(b). It is clear that the excluded area of a particle varies depending
on its position on the channel’s cross-section: while a particle excludes an area of 7t when it is
far from the channel walls (e.g. particle 1 in the plot on the bottom right of Figure 4.7), it only
excludes half of this area when in contact with the channel walls (e.g. particle 2 in the same
plot). This effect, known as an entropic effect, implies that the average excluded area over possible
locations across the channel width decreases as the channel narrows (i — 0). As the channel
width /1 grows, the boundary effects in which the excluded area is reduced contribute less and
less to the average value, implying that the average excluded area tends to the constant value
7t as h — oo, which corresponds to the “bulk” excluded area. This is confirmed in Figure 4.9(b).
The intuition for the average excluded area w,/ begin equal to zero at i1 = 0 is that in a single-file
channel the whole excluded area B¢ (%) is outside the channel (as illustrated in the top left plot
in Figure 4.7).

Now we move on to investigate the strength of excluded-volume effects in terms of the
occupied volume fraction ¢ and the channel width h. The occupied volume fraction in the

channel is
Nrte? Nrte

=i+ Ah+1)
by noting that the physical/actual channel width is (h + 1)e (see Figure 4.7). We then consider

(4.97)

the coefficient of the nonlinear term in (4.95), which we denote by g

& = (N — 1)6(Xh. (498)
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(@)

8 10

Figure 4.9 (a): Function oy, in Eq. (4.96) (with an asymptote lim;_,, a5 = 0). (b) Function haj, (with
an asymptote limy,_,, hay, = 71), which is the relevant excluded-volume quantity as the channel width h
increases.

By assuming N large such that N — 1 ~ N, combining (4.97) and (4.98) we arrive at the approx-
imate expression

4

8n = — ¢+ 1)ay,. (4.99)

We consider the approximate value (4.99) in Figure 4.10. The contour plot of g, in the (h, ¢)-
plane is displayed in Figure 4.10(a).
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Figure 4.10 Coefficient g;, in (4.99) for a two-dimensional channel (NC2). (a) Contour lines of g in the
h — ¢ plane. (b) Plot of gj,/¢ versus h. The relative maximum at /1 ~ 1.47 is shown with a asterisk.

We find that g, in (4.99) has a relative maximum at i ~ 1.47 for all values of ¢, as ob-
served Figure 4.10(b). Since g, represents the excluded-volume effects strength in the reduced
FP equation (4.95), this indicates that such effects are maximised, for a given volume fraction
¢, when h = 1.47, that is, when the channel is approximately 2.5 times wider than the particles’

diameter. This situation is depicted in the plot on the bottom right in Figure 4.7. This is a new
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result with respect to the bulk case considered in Chapter 2: in the bulk case the nonlinear coef-
ticient of the reduced FP equation (2.29a) only depends on the particle volume fraction ¢ [also
seen by the enhanced effective collective diffusion D(c) in (2.31) which increases linearly with
the concentration c]. In contrast, in the narrow-channel case the effective diffusion coefficient
can be maximised, for a given particle volume fraction, by specifying the channel width (or
equivalently, the particles’ size).

This finding could have important consequences in practice. For instance, consider the case
of ion transport through ions channels. One of the most fascinating properties of ion channels
is their selectivity. For example, as Nimigean & Allen (2011) point out, it is intriguing that
potassium channels are able to select for potassium ions (with an ionic radius of 0.133 nm)
against smaller sodium ions (with ionic radium of 0.095 nm). It is now well established that, for
the ion to flow through the channel, it must first lose its hydration shell. This transition from the
ion hydrated state in solution to its dehydrated state is triggered by the selectivity filter at the
entrance of the channel (Zhou et al. 2001). Surprisingly, it turns out that potassium and sodium
ions have a very similar hydrated radius, namely 0.33 nm and 0.36 nm respectively Israelachvili
1991; p. 55. Consequently, when hydrated, potassium and sodium ions appear to be very similar,
and thus difficult to select, on the basis of size. As a result, it is plausible that, as well as the
channel activation at the selectivity filter, the actual size of the ion in relation to the channel
width could have an effect on the effective ionic current through the channel. This is where
our theoretical predictions could find an application: our model predicts an optimal transport
when the channel width is 2.5 times the particles’ size. Could this explain why potassium ions
are able to flow through potassium channels at very high rates while sodium ions are not?

Keeping in mind the caveat that our result is valid for simple diffusion of hard spheres, it is
tempting to ask ourselves about situations away from Brownian motion in which this theoretical
maximum on the transport coefficient could be important. For example, imagine that we have
to design a lab-on-a-chip device in which the transport by diffusion of a given species takes
place as fast a possible. Keeping the flow velocity fixed, our analysis predicts that the optimal
design would correspond to having lanes of width approximately 2.5 times the particles’ size.
Obviously in most lab-on-a-chip applications other physics such as the flow dynamics and
hydrodynamic interactions must be taken into account, and further analysis to determine if a
local maximum is still present in such cases is required. Another possible application is when
designing lanes for pedestrian flow, for example, in the entrances of football stadiums. What is
the optimal lane width such that the transport of pedestrians into the stadium will be fastest?
Again, while pedestrians may not be random walkers, the existence of a local maximum on
the confinement-enhanced transport coefficient could be an intrinsic geometric property (that

is, to do with confinement and the finite-size of particles) rather than specific to Brownian
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transport. Whether these are applications of our particular results or not, we believe that these

are questions worthwhile exploring.

4.9 Limiting cases: h — 0and i — o

The reduced equation (4.95) for the diffusion in a narrow channel of width  can be interpreted
as an interpolation between two limiting cases: a single-file channel (h = 0), and an unconfined

domain (h — o0), such as the one considered in Chapters 2 and 3.

49.1 Limit to an unconfined domain: 7 — o

As the channel width or the plates separation & increases, we expect the boundary effects con-
tained in &, of (4.95) to vanish and to recover the “bulk” equation we had found for an O(1)
domain. In order to take the limit i1 — oo, it is convenient to use the two-dimensional densities
rather than the axial ones. In other words, consider the version of equation (4.95) for p = p./h,

%(flzt) = 8?21

A

[[1 + (N —1) hay, e p| apl _fl(ﬁl)f’e:| , (4.100)

ox

where «j, is given in (4.96). We note that the excluded-volume term has now an extra h, that
is, the relevant quantity for the two-dimensional density p is haj; [shown in Figure 4.9(b)]. For
h > 1, we have that haj, = m —4/(3h) so that, in the limit # — oo [or H/e — O(1)], Eq. (4.100)

reduces to
ap .
0%

op
%1

1+ (V= 1)me ) 55— ul2u)p (@.101)

49.1.1 Limit H — 0 in the bulk equation

The limit # — oo of the narrow-channel equation, Eq. (4.101), should coincide with the limit

H — 0 of the bulk equation derived in Chapter 2, which we rewrite here for ease of reference,

d

00,0 = Vi {1+ (N=Drep]Vup —f(a)p}  in Q, @102)
0={[1+ (N-1)nre’p|Vyp —f(x1)p} - fx on Q).

Recall this model is valid for a “bulk domain” which has dimensions of size O(1) in all direc-
tions. Now, imagine that Q) = [—%, 3] [—%, %] with H = O(1). We then investigate what
happens to (4.102) as H goes from being O(1) to O(e). We proceed, as we did for the point-
particles case in §4.3, to perform the narrow-domain variables rescaling x; = £; and y; = €7,

and introduce p(Xy,t) = € p(x1,t). Then H = eh and (4.102) transforms into

=L () = e {[1+ (N = D)meplps, — fi(f1,€0)pls,
+ {1+ (N —1)7ep]py, — efz(fl,e]}l)ﬁ}ﬁl in w, (4.103a)

) o ) A h
Py = €f2(%1,€01)p — (N — 1) mtppy, on =45,  (4103b)
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recalling that w = [ — 1, 1] x [ — 1, 2], Expanding p(%1,t) = p\0 (%, t) + ep) (%1,¢) + - - - gives

PO (%1, t) = pl9(2y,t) at leading order, that is, independent of §;. In what follows we will need
the asymptotic expansion of the boundary condition at #; = £h/2 (4.103b), which after using

71-independence of the leading order solution reduces to

eﬁg) + ezﬁg) + e3ﬁ§) = —n(N-1) [ezﬁ(o)f,}(ﬁ) 1l (f’“’)ﬁéf) + ﬁ(l)pg)) ] +efp®

4.104)
_df2 . 82f2 afz (
2 )2 5(0) 1) 3 .
+e€ <ylayp + fap >+€ <28y2p + 1 ay +fzp ,

where f, = f2(%1,0). The O(e) of Eq. (4. 103a) is 0= (ﬁ — fop© ) which, combined with
0y

the first-order boundary (4.104), implies that p(1) = £,p(0g;. At second order,

3 A " ) 35N
_’;t - (pfeﬂ _f1p<0)>}21 + {p;g + (N =1)f(p")* = <f2 f) L ,  (4.105a)
1

h
Py = —n(N—-1)f(p)" + <f2 f2> p on 1=+ (4.105b)
Integration by parts gives
op0) . .
’;t (%1,1) = (pfe?) —ﬁp“”))el. (4.106)

To get the nonlinear term of (4.103) in it is necessary to consider the third order. Following the

same procedure as for the second order, this leads to the result

ap) . o .
gt (%1, 1) = [pg) + (N — 1)71;7(0);752?) — flp(l)]fl . (4.107)

Finally, combining (4.106) and (4.107) and writing p = ﬁ(o) + eﬁ(l) gives the final result that, to
O(e),

P, . 0 1 0P R R

Pt =g |1+ V- 1mep] 3L - a2, 0] (4.108)

This equation, which corresponds to the limit H — 0 of the bulk equation (4.102), coincides as
expected with Eq. (4.101), the limit as i — co of the narrow-channel equation (4.100) for the

two-dimensional density p.

4.9.2 Limit to single-file diffusion: 1 — 0

Happy with the success of our equation in the narrow channel (4.95) to match with the bulk
equation as h — oo, now we move to the other extreme. Does equation (4.95) converge to
a single-file diffusion equation as h — 0? To answer this question, we first need the purely
one-dimensional version of our problem, namely the diffusion of N hard rods of length €. This
problem has been studied extensively in the literature, although the focus has generally been on
the dynamics of a tagged particle (Flomenbom 2010; Lizana & Ambjornsson 2009) rather that

in the collective behaviour.
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We first examine the behaviour of our (4.95) as i — 0. In this limit, we have that a);, ~
2 —h*/6+ O(h*) from (4.96), and the narrow-channel equation (4.95) becomes, to O(e, h),

0 . 10P .
- (x1,t) = o [1+2(N —1)ep] ﬁ — fi(x1)Pe | - (4.109)

We see that the effective diffusion coefficient for N large (such that N —1 ~ N) is D(c) =
(1+2c) with ¢ = Nep, being the particle concentration, which is consistent with that derived
in Ackerson & Fleishman (1982).> Next we will compare the limiting case (4.109) of our narrow-

channel model with the purely one-dimensional model for hard rods.

4.9.2.1 Single-file diffusion

It is well known that the one-dimensional diffusion of finite-size particles can be mapped onto
a point—particle problem (¢f. Lizana & Ambjornsson 2009). Using this trick, a fast diffusion
equation for the evolution for the marginal density of N rods of length € under no external
force (fi = 0) and in the thermodynamic limit (N — oo, L — oo, N/L — ¢ finite) is found
in Rost (1984) [in French, see Bodnar & Veldzquez (2005) for an explanation of Rost method in

English],
3 d 1 2
% (xy,t) = . <7(1 —7 _afl> ) (4.110)

where p is the number density, related to our density by p = Np.. Expanding the equation
above in € and inserting p = Np, we obtain, to O(e),

9P.

_ 9 5) 2L
o (x1,t) = <(1 —|—2N€p@)ax ) , (4.111)

ox1 1

which agrees with our model in the appropriate limit # — 0. We show in Appendix D an alter-
native method to obtain the single-file diffusion equation (4.109) using matched asymptotics on
the original problem (without elimination of the hard-core parts). Our approach differs from
that in Rost (1984) in that it is valid for any N and allows an external force field f, resulting in

exactly the same equation as equation (4.109).

410 Three-dimensional cases

In this section we present the reduced continuum FP equation for the two three-dimensional
cases presented in the beginning of this chapter in §4.2, namely, a three-dimensional channel
of cross-section H? (NC3), and two parallel flat plates separated by a small gap H (PP). The
derivation of these two cases follows similarly to the two-dimensional narrow-channel case,

the notation and manipulation are more cumbersome. For this reason, here we only show the

5Compare our effective diffusion coefficient with equation (2.32) of Ackerson & Fleishman (1982), which states
D = D(1+2¢). In our notation, D = 1 and ¢ = Ne. We note that their formula is valid for a uniform concentration
¢ = Ne.
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relevant quantities and final result. First, we note below relevant definitions that change with

the problem dimension d:
¢ Scaling of P in the narrow-domain variables [cf. Eq. (4.6)]:
P(%1,%2,t) = €*P(x1,%2, 1),
p(x1,t) = €p(xy, 1),

where k < d is the number of confinement dimensions (that are O(e) and hence rescaled in

the narrow-domain variables according to (4.5).

¢ Factor in transformation 7; from a d- to a d,-dimensional problem [cf. Eq. (4.8)]:

p(fq, 5\(2, t) = h_ZkP\e(xAl/ 552/ t),

p(xit) = I pe(,1),
This factor is applied to functions which are constant in the cross-section.

o Collision integral Z [see (4.35)]: the circular curve of integration Cy, (4.32b) becomes the

spherical surface C , Where 2 is the Z-coordinate of particle 1. The parametrisation used

(121)
for this surface is

(%,12,22) = (cosBsing, i1 + sinfsin¢,Z; + cos ).

Depending on whether k = 1 or 2, this surface may intersect (with significant probability)
with 2 or 4 walls, respectively. For instance, in the (NC3) case, this means that only intersec-
tions with the four walls y1,z1 = £H/2 at the cross-section are considered, while the less

likely intersections with walls x; = £1/2 are ignored.

¢ Functions y; in (4.75) must be re-evaluated. In fact, only y; and its integral over the cross-
section M [see (4.91)] are required because all the other possible ;’s vanish when integrated
across the cross section (the same symmetry cancellations that we have for d = 2 apply also
for d = 3).

4.10.1 Three-dimensional narrow channel (NC3)

The three-dimensional narrow channel (4.1b) is

Q= (23] x[-53] x[-5

[Nl

1,

and has k = 2 confinement dimensions (recalling that H = €h) and d, = 1 effective dimensions

(that is, the effective equation is one-dimensional along the channel).
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Following an analogous procedure to (NC2), the asymptotic expression for the integral is
now [cf. Eq. (4.43)] is
T ~e 270 471 (27, - T,) + O(1), (4.112)

where Z, 7, and 7, are the obvious three-dimensional analogues of the two-dimensional
integrals (4.37), (4.41) and (4.42), respectively.® The solution procedure of the inner problem in
three dimensions follows the same steps as in §4.4.3 and §4.6 for d = 2, and the final result
is the expected generalisation of the two-dimensional asymptotic expansion, whose terms are
(4.33), (4.34) and (C.23a). We do not write the (NC3) solution here as it does not bring any new
ideas.

Once the inner solution P up to O(e?) is determined, the collision integral (4.112) is eval-

uated, which now involves integrals over the unit sphere é(gﬂl

). As shown in Figure 4.11),
this sphere may intersect with the four walls at # = £h/2 and Z = £h/2. On the sur-
face of integration é(yl,il)/ the variables of integration satisfy ¥ € (—1,1), ¥ € (I3,l2) and
z € (A, Ap), with 1 = max(—h/2 —ij,—1), b = min(h/2 — §;,1), Ay = max(—h/2 —Z;,—1)
and Ay = min(h/2 — Z1,1). Parametrising 6(91,21) with 7 and Z, the function y is [compare with
(4.75b)]:

Gd)/y ~ ~\ 21&
U (h,yl,zl)—/~ ¥°dS =2 /
! C(y'lrfl) —h/2

h/2
]l{(ugl)u(zle)zs}\/l — (7 —)* — (£ —21)*dydz,
(4.113)
where 1, denotes the indicator function of the subset A. This expression contributes to the
integrals Z, and 7,. We may skip the remaining terms in 7 (there are non-vanishing terms iy,
2 and J[0;] as in (NC2), as these disappear in the second integration step across the channel’s

cross-section).

Figure 4.11 Surface of integration C in (4.113). It is a unit sphere which may intersect with up to

(7,21
four walls depending on the lengths of ;i and A; (shown in solid black and dash red lines, respectively).

6In the (NC3) integrals, the terms with #; and #; are “duplicated” with analogous terms with Z; and 2.
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The following step is to insert the value of 7 into the quasi-one-dimensional equation for
p(x1,t) (4.79a) and rescale the cross-section coordinates y; and z;. The resulting equation is [cf.
Eq. (4.80a)],

op 0 op 0 op
2_P _ 2 P e n aa P s o a\a
€ at( 1t)=¢€ 2%, <a£1 fl(xl,eyl,ezl)p> 0 (8]21 €f2(xlr€y1/621)17>
0

9%,

(4.114)

op e o ana
(851 (xl,ey1,€z1)p> +€*7,

where now p = €?p. Notice that the extra € in the definition of p ends up in the integral
Z. However, this cancels with the 1/€ in the definition (4.112) of Z; therefore, the end result
is exactly the same equation (4.88) as for (NC2), except that the integral is now over a two-

dimensional cross-section:

e . o [0p X 1/2 o
S =5 (az; ~f pe> +e//_h/2(2za —7,) dfrd, (4.115)

and p, = hzﬁ. Then we write [cf. Eq. (4.93)]

h/2 dpe\ 1

/ / (2T, — Tp) df1dz; = (4q5, )5, M () = <;§382i> M (), (4.116)
using again that g, = h?q and gq.(£1) ~ p.(%1) + O(€), and where Mfd) is the (NC3) counterpart
of (4.91),

h/2
M () = / Z/ o 1% dgydz,. (4.117)

The evaluation of this integral is more complicated than its two-dimensional counterpart (4.91)
and its computation and final expression are tedious. Details are given in Appendix C.4. We

find it is of the form

O — 1) (8 — 157k + 20712) + ©(1 ~ hym(h), (4.118)

3d
M () =
where the function m(h), given explicitly in §C.4, satisfies that m(h) ~ 2h* as h — 0. Combining
(4.114) with (4.116) and repeating the same reasoning as in §4.7.2 to go from N = 2 to N

arbitrary yields [cf. Eq. (4.95)]

ape 0 3d) A ape A\ A
= (1) = 7 [[1+ (N —1)eal )pe]aA f1(x1)p@], (4.119)
where oc(3d) M(3d)( h)/h* is equal to
ey _ 111 g [ 1) +©(1 — h)m(h
af? = o5 | 5O —1) (8~ 157h +2070*) +©(1 — hm(h) |, (4.120)

for N large. This expression is shown in Figure 4.12(a).
As in the (NC2) case, it is useful to consider how the nonlinear coefficient in (4.119), which
we denote by g(3d) (N — 1)60&,(13(1) depends on h for a fixed volume fraction ¢. In the (NC3)
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2 4 6 8 10

Figure 4.12 Excluded-volume coefficient in a three-dimensional channel (NC3). (a) Coefficient ocf’d) in

(4.120). (b) Coefficient hzocfd) (appropriate for the reduced FP equation of the three-dimensional density
p.

domain, the volume fraction is ¢ = (4/3)7t(e/2)*N/[(h + 1)€]? and we find that the nonlinear
coefficient g;l?’d) can be approximated by

@3d) _ 6
6D

q —(h+1)% a9, (4.121)

This expression is shown in Figure 4.13. Again, we find that gfd) has a relative maximum for ¢

fixed, which is now attained at h =~ 1.28.

0 2 4 6 8 10
h

Figure 4.13 Coefficient gfd) given by (4.121) for a three-dimensional channel (NC3). Plot of g,(fd) /P
versus h. The relative maximum at /1 =~ 1.28 is shown with a asterisk.

Limiting cases As in the two-dimensional case, it is interesting to examine the behaviour of
the (NC3) model (4.119) in the bulk limit (# — o0) and the single-file limit (# — 0). First,
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recall that for the bulk limit the one-dimensional density p. is not the appropriate and hence
we consider the equation for p instead. Inserting p, = h?p into (4.119) we find that the relevant
quantity is [see Figure 4.12(b)]

47
lim 7229 = 22 4122
Py 3 ( )

which agrees with the value that one obtains from the analysis of H — 0 in the bulk equation,
analogously to the procedure in §4.9.1.1 for the (NC2) case.”

Second, in the single-file limit we expect to recover the same equation (4.109) as for (NC2),
since both two- and three-dimensional channels tend to a single-file as & — 0. This is confirmed
by checking that the limit as & — 0 of (4.120) is limy,_,o rxfd) = 2 as required. This can also be

seen in Figure 4.12(a).

4.10.2 Two close parallel plates (PP)

We now consider the three-dimensional domain (4.1c) consisting of two parallel flat plates sep-
arated by a small gap H = €h, like in a Hele-Shaw cell. It has one confinement dimension z
(k = 1) and the dynamics are effectively two-dimensional on the xy-plane (d, = 2).

Repeating the same procedure as in the previous section, the asymptotic expression for the
integral is now [cf. Eq. (4.43) and (4.112)] is

T ~1IW 4+ €2, — T) + O(e), (4.123)

where ZU, 7, and 7, are the expected (PP) versions of their (NC2) counterparts (4.37), (4.41)
and (4.42), respectively.8

Once more, an analogous procedure to (NC2) gives us the inner solution P up to O(€?), so
that (4.123) can be evaluated. The integrals contained in this expression are over the unit ball
Cy
A1 = min(h/2 —Z;,1), A, = max(—h/2 —Z;,—1), or at contact angles ¢; = arccosA;, i = 1,2.
Then the (PP) counterpart of y; in (4.75b) is

Vi) which now may only intersect two walls, Z; = £ /2. Such walls are located at distances

» _ ¢ 21
wi(h i, z) = /~ ¥2dS = / : / 2(cos @sin ¢)* sin ¢ dOd¢, (4.124)
(71.41) 1 /0
which is equal to
T
wi(h,z) = g(/\g —3A; — A3 +3A9). (4.125)

The following step is to insert the value of 7 into the quasi-one-dimensional equation for

p(xq,t) (4.79a) and rescale the transverse coordinate z;. The resulting equation is identical to

"The equation for the three-dimensional density p in the (NC3) is obtained starting from equation (2.29) with
d = 3 in Chapter 2 and substituting in p, = h?p. The resulting equation is the same than in the (NC2) limit (4.108)
replacing the nonlinear coefficient by (N — 1) %ﬂe.

8In the (PP) integrals, the terms with #; and #; are replaced with Z; and %, and copies of the terms with %
replaced by § are introduced. Note that now in the inner variables, the two horizontal coordinates of the second

particle are written in relative terms of those of the first particle, namely, x, = £; + €% and y, = §; + €7.
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the (NC2) (4.80a) (since in both cases there is one confinement dimension only) adding the extra

horizontal coordinate, namely,

9P d [ 9P d [ 0p
62—p(f<1,t) =t — ? — fi(%1,91,€21)p | + € = ? — fa(R1,01,€21)p
ot axl axl 3y1 ayl
5 [ op (4.126)
9 . PPN 3
+ 5% (aﬁl efa(x1,y1,ezl)p> +e’T.
with p = ep. Integrating (4.126) over Z; yields

e , 0 [ dpe R ’ /‘h/z .
g(xl, t) = 8321 <83€1 — f] pe> + € 7h/2(21a — Ib) le, (4127)

and p, = hp. Note that now p is a three-dimensional density taking variables X; = (%1, 71,21)

whilst p, is its effective two-dimensional counterpart, defined in the £;1;-plane. Then we write
[¢f. Eq. (4.93)]

.h/z oY I 7Y 7Y 1 I
/h/Z (2Ill - Ib) dz; = Vje1?1 ’ (qvflﬁlq) Ml <h) = Vje1?1 ’ (Pevflﬁlpe) ﬁMl (l’l), (4'128)

using that g, = hg and g.(£1) ~ p.(£1) + O(€?) (normalisation condition as in the bulk case in
§A.1). Here V5, - and Vg, account, respectively, for the divergence and the gradient operators
with respect to the planar variables £; and 71, and Mj (1), the (PP) counterpart of (4.91), is equal
o n/2 -

My (h) = 2/0 pidz = Z{[2 (6~ 1)]0(1 — k) + (8h —3)@(k — 1)}. (4.129)

Combining (4.126) with (4.128) and repeating the same reasoning as in §4.7.2 to go from N = 2
to N arbitrary yields [cf. Eq. (4.95)]

a ‘(% 1 (1Y N A A A
a_r;(xlrylrt) = Vi - { [1 + (N — 1)620chpe] Vi Pe — fe(xl,yl)pe}, (4.130)

where f, = [f1(£1,91,0), f2(%1,91,0)] is the horizontal force and a}, = M (h)/h?* is
o) = 6—:2{[}12(6 —1)]O(1 — h) + (8h —3)@(h —1)}. (4.131)

This expression is shown in Figure 4.14(a).
We now consider the expression of the nonlinear diffusion coefficient in (4.130), which
we denote by g} := (N — 1)e’a). Writing it in terms of the particle volume fraction ¢ =

(4/3)7t(e/2)3>N/[(h + 1)€], we obtain the approximate coefficient
6
g = ~(h+1)pas, (4.132)

A plot of the ratio of g, to ¢ is displayed in Figure 4.15. Once more, we find that g, reaches a

local maximum in the separation / for all ¢; now itis at h = 1.2.
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(@ | | | (b)

hoc';‘l

0 2 4 6 8 10 0 2 4 6 8 10

Figure 4.14 Excluded-volume coefficient (4.131) in two close parallel plates (PP). (a) Coefficient ) in equa-

tion for the effective two-dimensional density p.. (b) Coefficient haj in equation for three-dimensional
density p.

Figure 4.15 Coefficient g, in (4.132) for two parallel plates (PP). Plot of g, /¢ versus h. The relative
maximum at i = 1.2 is shown with a asterisk.

Limiting cases As in the (NC3), the expected limiting behaviour as i — oo is to match with
the three-dimensional bulk equation, whilst now the limit # — 0 should converge to the two-
dimensional case studied in Chapter 2.

First, we consider the limit # — oo of (4.130). Inserting p. = hp into (4.130) we find that the
relevant quantity is [see Figure 4.14(b)]

: I 4t
lim haj, = =~ (4.133)

This should agree with the limit H — 0 analogous to that in §4.9.1.1 but now for the (PP) scaling
(like the classical scaling in Hele-Shaw flow). The resulting equation is [cf. Eq. (4.108)],

ap, . a5 . o A
a—f(xhylzt) = Vi, - [(1 + (N - 1)762 P) Vg p—fe(21,91) Vg, | (4.134)

which, as expected, is identical to (4.130) with the i — co coefficient (4.133).
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Second, the limit as h — 0 of (4.131) is 7t [see Figure 4.14(a)], thus giving an excluded-
volume coefficient of (N — 1)7te?p, which corresponds to the two-dimensional bulk case, see
(2.29) in Chapter 2.

4.11 Time-dependent solutions

In the present and following sections we assess the validity of the reduced model for the one-
particle effective density p.(x1,t) with Monte Carlo (MC) simulations of the full particle system.
In particular, we focus on the two-dimensional narrow-channel case (NC2) and compare the
population-level PDE (4.95) with the particle-level model consisting of 2N-coupled SDEs (4.2).
To test the importance of the excluded-volume interactions and the confinement, we also com-
pare with the corresponding solutions with point particles and the limiting cases as h — 0, co.

The numerical techniques for both the stochastic particle-level and the PDE population-level
models are similar to the ones used in the previous chapters. The effective one-dimensional
narrow-channel equation (4.95) is solved with a simple finite differences discretisation, the one-
dimensional analogue to the two-dimensional scheme described in §2.7.1.2. Regarding Monte
Carlo (MC) stochastic simulations, two points are worth mentioning. First, care must be taken
when implementing the reflective boundary conditions on the cross-sectional walls. Recall the
way reflective boundary conditions were implemented in §2.7.1.1: if a Brownian step sends a
particle outside the domain through a channel wall, |;| > €h/2, equation (2.48b) gives the way
to reflect it back into the domain (replacing 1 by eh in that expression). However, (2.48b) is
valid provided the particle has gone outside the domain by a distance which is less than the
domain’s dimension, € in this case. Otherwise, the reflection would send the particle across
the domain and out from the opposite wall. Now, for narrow channels the situation described
is not so unlikely and must be contemplated. Therefore, in our narrow-channel simulation we
have modified the reflective boundary condition (2.48b) to consider such cases. Specifically, for
a narrow channel with cross section [—eh/2,eh/2] and Yi(t + At) = Y;(t) + V2At Gy, we use
that

o if ‘Yl‘<t + At)‘ >eh/2 then Yi<t + At) — Yl‘(t—f— At) — ehnint(Yi(t + At)/(eh)),

where nint() denotes the nearest integer function.

Secondly, to construct the histograms we divide the domain into 35 bins in the axial direction
and [/ bins in the cross-sectional direction. Subsequently, we average the histogram in the cross
section and multiply the result by / to be able to compare it to our effective one-dimensional
narrow-channel equation (in line with the two- to one-dimensional densities transformation
pe = hp). An example of this averaging process is shown later in the text. (The simulation data
in Figure 4.28 correspond to the cross-section averaged values of the histograms displayed in
Figure 4.27.)
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Figure 4.16 Effective one-dimensional density function p.(%#1,¢) for hard disks in a channel of width
eh with initial data uniformly distributed in |#;] < 0.1 and no-flux boundary conditions. Parameters
are h = 3, € = 0.01, and N = 30. (a) Initial (! = 0, cyan) and final (t+ = 0.05, blue) densities from
MC simulations (data points) and the narrow-channel equation (4.95) (solid lines). (b) Solution at time
t = 0.05 obtained from MC simulations (histogram), the narrow-channel equation (4.95) (solid blue line)
and the single-file equation (4.109) (dash red line). Histogram computed from 2 - 10* realisations of (4.2)
with At = 107>

In Figure 4.16 we show the results of a time-dependent simulation with f = 0, OO =
[ — %, %] X [ — e%,e%], € =0.01, h = 3, and N = 30. The initial density is uniform in the region
|£1] < 0.1, |#1] < eh/2 and no-flux conditions are imposed at the channel ends £; = +1/2. The
final simulation time is t = 0.05. The volume fraction is ¢ ~ 0.059 and the nonlinear coeffi-
cient g, is approximately 0.261. We also plot the solution of the single-file model (4.109), which
ignores the finite cross-sectional area of the channel (i.e., it assumes /1 = 0). The agreement be-
tween simulations and the theoretical prediction of the narrow-channel equation (4.95) is very
good, whilst there are noticeable differences with the single-file prediction. In other words,
while the single-file model may be used to approximate diffusion in quasi-one-dimensional do-
mains (such as the channel considered here), the fact that it ignores the vertical movement of
particles produces errors in its predictions. The coefficient a; in Eq. (4.96) can be used as a
measure of this error: we note that the corresponding value for 1 = 3 is a;, =~ 0.9, whereas the
single-file model predicts a value of 2. Therefore, using the single-file model in a narrow chan-
nel of width i = 3 produces an error of roughly 120% in the nonlinear term «;, of the diffusion
coefficient. In fact, doing the same calculation against the opposite limit, that is, 1 — oo, we
find that for 1 = 3 we would be better off using the bulk equation limit than the single-file limit,
since the error committed in the nonlinear term &, with the bulk limit is only of ~ 16%.

The same numerical experiment of Figure 4.16 is used in Figure 4.17, but now we also
compare the results with the theoretical predictions for point particles (4.13) and of the bulk
limit equation (4.101).° We note three things. First, that the excluded-volume effects due to the

9To compare the bulk limit solution p, which is a two-dimensional density, with one-dimensional densities of the
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Figure 4.17 Effective one-dimensional density function p.(%1,t) at time t = 0.05 of the same model as
in Figure 4.16. Comparison between MC simulations (histogram shown in circles), the narrow-channel
model (4.95) (solid blue line), and three limiting cases: (i) single-file equation (4.109) (dash red line),
(ii) bulk equation (4.101) (dot-dash black line), and (iii) point particles equation (4.13) (cross-solid green
line).

finite-size of particles are important. Second, that our narrow-channel model gives the closest
agreement with the stochastic simulations. And third, that the bulk limit prediction is closer to
the simulation results and to the narrow-channel model prediction than it is the single-file limit
(as expected from our previous observation that for 1 = 3 the relative error of the bulk limit is
a lot smaller than the single-file limit one).

Next we consider a slightly different situation replacing the no-flux boundary conditions
by periodic boundary conditions at the channel ends £; = £1/2 and with initial conditions
|£1 —0.2] < 0.1. Analogously to Figure 4.16, we examine the solution of the narrow-channel
model (4.95) against MC simulations of the full particle system and the single-file equation
(4.109). As in the previous case, there is an excellent agreement between the theoretical pre-
dictions of the narrow-channel model and its particle-level stochastic counterpart, whilst the
single-file model which ignores the cross-sectional area does not so well. In Figure 4.19 we
replicate Figure 4.18(b) but incorporate to the comparison between the narrow-channel equa-
tion, MC simulations and the single-file equation, the point particles case (4.13) and the bulk
limit case (4.101). Again, our model gives the best agreement with the MC simulations results.

In the next figures we examine how the narrow-channel model compares with three limiting
cases (single-file, bulk, and point particles) as some parameters of the problem vary. In the

previous examples we have seen that the bulk limit equation did better than the single-file limit

other models, we plot the bulk limit density as hp in Figure 4.17.
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Figure 4.18 Effective one-dimensional density function p.(%1,t) for hard disks in a channel of width eh
with initial data uniformly distributed in |£; —0.2] < 0.1 and periodic boundary conditions at £; = +1/2.
Parameters are i = 3, € = 0.01, and N = 30. (a) Initial (f = 0, cyan) and final (t = 0.05, blue) densities
from MC simulations (data points) and the narrow-channel equation (4.95) (solid lines). (b) Solution at
time t = 0.05 obtained from MC simulations (histogram), the narrow-channel equation (4.95) (solid blue
line) and the single-file equation (4.109) (dash red line). Histogram computed from 2 - 10* realisations of
(4.2) with At =107°.

13
1.2

11

0.9f

0.8

0.7 1

0.5

o}

-0.5

=

1

Figure 4.19 Effective one-dimensional density function p.(%1,t) at time t = 0.05 of the same model as
in Figure 4.18. Comparison between narrow-channel model (4.95), the three limiting cases of (i) single-
file (4.109), h — 0 (dash red line), (ii) bulk case (4.101), I — oo (dot-dash black line), and (iii) point
particles (4.13), g, = 0, (cross-solid green line) and stochastic simulation of the full-particle system
(circles). Parameters are € = 0.01, N = 30, i = 3, 10* MC rounds.

in the comparison with both stochastic simulations of the particle-level model and the narrow-
channel model. However, this was only of a particular choice of parameters. In Figures 4.21
and 4.22 we compare the solutions to the narrow-channel model (4.95) (solid blue lines), the
single-file equation (4.109) (dash red lines), the bulk equation (4.101) (dot-dash black lines) and
the equation for point particles (4.13) (cross-solid green lines). While in Figure 4.21 the channel
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Figure 4.20 Nonlinear coefficient g;, of the four cases in Figure 4.21 corresponding to the narrow-channel
model, g, ~ 4(h+ 1)ay,¢/ 7 (shown in solid blue line), the single-file model, g, ~ 8(h + 1)¢/ 7 (dash red
line), and the bulk case, g, ~ 4(h + 1)¢ (dot-dash black line). The black line with circles corresponds to
gn/h instead of g, so that the bulk case can be compared with the one-dimensional coefficients.

width & is varied keeping the volume fraction ¢ in (4.97) fixed,!” in Figure 4.22 we keep the
product (N — 1)e fixed while varying h.

Figure 4.20 shows how the nonlinear coefficient g, in the diffusion equation of the three
nonlinear models under consideration changes as / is varied. We note that the nonlinear co-
efficient is zero for point particles [since the point-particles equation (4.13) is linear], and that
the coefficient of the narrow-channel model is smaller than those corresponding to the single-
file and bulk limiting cases. As a result, we expect the later two models to overestimate the
excluded-volume effects for all heights & or, in other words, to predict a faster spreading than
the narrow-channel model. This was already the case in Figures 4.17 and 4.19. We note that
both the single-file and bulk solutions change with & (even though their respective equations
(4.109) and (4.101) do not) since the particle’s size € is being varied in order to keep the volume
fraction ¢ fixed.

In Figure 4.21 we show the effective one-dimensional density p, at time t = 0.05 for a
fixed volume fraction ¢ while varying the channel width h. As expected, for i = 0.5 the
narrow-channel solution agrees very well with the single-file solution, since in this case the cross-
sectional space is not enough to let particles pass each other (see top right plot in Figure 4.7).
In contrast, the bulk case solution is far apart from the previous two, since the approximation
that boundary effects are negligible is poor for 1 = 0.5. As we increase h, we can observe how
the single-file solution (in dash red) moves apart from the narrow-channel solution (in solid
blue), while the bulk case solution (in dot-dash black) becomes closer to the latter. When h = 5
we note that the narrow channel and bulk curves are nearly overlapping each other, indicating

that at this channel width the boundary effects are almost negligible. This can also be predicted

19We keep the volume fraction ¢ = N7te/4(h + 1) fixed by varying € as h changes.
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Figure 4.21 Fixed ¢ = Nme/4(h+ 1) = 0.05 and various heights h. Effective one-dimensional marginal
density p.(%1,t) at time t = 0.05 with uniformly distributed in |£1| < 0.1 initial data and periodic
conditions, N = 100. Solution p.(%1,t) of the narrow-channel equation (4.95) (solid blue), of the single-
file equation (4.109) (dash red line) and for point particles (4.13) (cross-solid green line). Solution hp(%1,t)
of the bulk equation (4.101) (dot-dash black line).



4.12. Stationary solutions 133

from the graph of haj, in Figure 4.9(b), which shows how the excluded-volume coefficient of
the narrow-channel model approaches the bulk limit as /1 increases. In the plot we see that for
h =5 the difference between the curve and the limit has been greatly reduced with respect to
the initial channel width of i = 0.5.

Figure 4.22 shows the effective one-dimensional density p, at time ¢t = 0.05 for a variable
channel width h and (N — 1)e fixed. As before, we observe that the narrow-channel solution
(shown in solid blue lines) interpolates between the single-file solution (shown in dash red
lines) for h small and the bulk limit solution (dot-dash black lines) for h large. Note that since
(N —1)e is fixed now, the single-file equation (4.109) does not change with & and, as a result,

all its solutions in Figure 4.22 are identical.

4.12 Stationary solutions

In this section we study stationary solutions of the nonlinear narrow-channel equation (4.95),

that is, solutions p. (%) satisfying

(1 +ghﬁe)g% — fitd1)pe = —Jo, (4.135)
where g;, is given in (4.98) and Jy is an unknown constant of integration, equal to the flux
out through the right boundary. For no-flux boundary conditions on £; £1/2, Jo = 0 and
the degree of freedom from the first-order derivative in (4.135) is fixed by the normalisation
condition f ped%; = 1. For periodic boundary data, Jy is an extra degree of freedom in the
equation, which is determined by imposing periodicity. As in the previous chapter, we examine
the situation in which the drift f; is the gradient of a potential, f;(%;) = —V’(%1), where the
prime indicates differentiation. Then we may write Eq. (4.95) as

Pe , . )
S +

83?1 <pe”) = O, (4136)

where u = — 3671 [log pe + gnpe + V(%£1)] is the flow down the gradient of the free energy

1/2 1

F(pe) = /_1/2 [ﬁe log pe + Eghﬁg + V(%1)pe | di1. (4.137)

The first term in the integral corresponds to the diffusive internal energy, the second term
contains the excluded-volume effects (from the interactions between particles and also entropic
with the channel), and the third term is the potential energy. The stationary density of (4.136)
is obtained by minimising the free energy F or by solving p.u = Jp. For no-flux boundary
conditions, this simplifies to

log pe + gupe +V(%1) =C,
with the constant C determined by the normalisation condition. In this next subsection we
consider a particular example of stationary solutions to (4.136) which represents an extension

of a well-studied system in its point-particles version.
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Figure 4.22 Fixed (N — 1)e and various heights h. Effective one-dimensional marginal density p.(%1,t)
at time t = 0.05 with uniformly distributed in |£;| < 0.1 initial data and periodic conditions, N = 30,
€ = 0.01, and ¢ = Nme/4(h+1). Solution p.(%£1,t) of the narrow-channel equation (4.95) (solid blue),
of the single-file equation (4.109) (dash red line) and for point particles (4.13) (cross-solid green line).
Solution hp(%1,t) of the bulk equation (4.101) (dot-dash black line).
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4.12.1 Tilted Smoluchowski-Feynman ratchet

The one-dimensional advection—-diffusion equation (4.13) for point particles under a periodic
asymmetric potential V(£;)!! is very commonly used as a model to describe directed transport
by noise-assisted rectification or ratchet effects. For example, it is used to describe intracellular
transport of molecular motors (such as kinesin) through microtubules (Munarriz et al. 2008).

Such systems are known as Brownian motors or ratchet systems (Reimann 2002).

15 T T : 3
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Figure 4.23 External potential V(x) = sin(27x) + 0.25sin(47x) — Fyx, for Fy = —1 (left) and Fy = —3
(right).

In particular, we consider the problem of diffusion in a narrow channel under a tilted peri-
odic potential V(£;) = V(%) — Fo&, which for point particles is described by the equation (see
Bressloff & Newby 2012; §I11.D.2)!?

e, . ,, O L . 9P
Pt = 5 { Vot — B oo+ 21, @.138)

where V,(%1) is a one-periodic potential and Fy is a constant external force or tilt. It can be
shown that in the long-time limit the sign of the particle current (or net motion) agrees with the
sign of the tilt Fy and that, in the absence of tilt (Fp = 0) there is no net motion (Reimann 2002).
An interesting feature of this model is that the relationship between the tilt Fy and the flux Jy
is nonlinear. An example of this effect can be observed in Figure 4.24 for the following ratchet
potential:

V(x) = sin(27tx) 4 0.25sin(471x) — Fox. (4.139)

This potential, known as the tilted Smoluchowski-Feynman potential, has the property of bro-
ken reflective symmetry, which means that there is no Ax such that V(—x) = V(x + Ax) for all

x (Reimann 2002). Two plots of V(x) for different values of the tilt Fy are shown in Figure 4.23.

HThat is, fi(%1,0) = —V’(%1) in (4.13).
12We have set the constants appearing in equation (3.47) of Bressloff & Newby (2012) to one.
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Figure 4.24 Steady state flux Jy versus tilt Fy from solving (4.140) for increasing values of g, (from 0 to 1).
The coloured lines correspond to finite-size particles (g, > 0). The thick black line corresponds to point
particles (g, = 0) as shown in Reimann (2002; Figure 2.3).

Our narrow-channel model fits well into the framework of ratchet systems, and we use it
to extend the idea of a Brownian ratchet for point particles (4.138) to finite-size particles in a
narrow channel which is not necessarily one dimensional. To this end, we consider the equation
for the stationary density (4.135) and substitute in the tilted Smoluchowski-Feynman potential
(4.139), giving

A

(1+ gupe) 325+ Vp(80) = Rlp. = o
Pe(—1/2) = pe(1/2), (4.140)
1/2 o .
/_1/2 Pe(%1)d% = 1.
For each tilt Fy, we must find the flux Jp and the stationary solution p.(%1) such that the periodic
and normalisation conditions are fulfilled. We solve this problem numerically using Chebfun
(Trefethen et al. 2011) in MATLAB.

The diagram of the resulting steady flux Jo versus the tilt Fy is shown in Figure 4.24 for
increasing values of g;,. We observe that the relationship is nonlinear for point particles (g, = 0,
thick black line), but it appears to become linear as excluded-volume effects get larger (i.e., as
gn increases). This is physically reasonable, since point particles get trapped in the wells of
the potential (see Figure 4.23), even if relatively small, unless an unusually large Brownian step
makes them overcome the potential barrier. In contrast, it is easier for finite-size particles to
escape, as they may not all fit in the potential well and the nonlinear diffusion makes the barrier

more easy to overcome.
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Figure 4.25 Stationary solution p.(%;) under the tilted Smoluchowski-Feynman potential (4.139) for
various values of Fy. Solutions of (4.140) for point particles, g, = 0 (left) and for finite-size particles with
gn = 0.6 (right).

Solutions of (4.140) for an increasing value of the constant force Fy (varying from -6 to
+6) are shown in Figure 4.25. The left panel corresponds to point particles (g, = 0), while
the right panel corresponds to finite-size particles with g, = 0.6. As predicted by the Fy — Jp
diagram, the solutions for finite-size particles are flattened in comparison to the point particles
counterparts (note the change in scale of the ordinate axis between the two plots). In Figure 4.26
we compare the stationary solutions p, for point particles (g, = 0) and finite-size particles (with
an excluded-volume coefficient of g, = 0.15) in two tilting scenarios: for fy = —6 and for
Fo = 2.5. We observe that while the solutions are almost overlapping for a tilt of Fy = —6,
they are considerably different for Fy = 2.5. This is because for Fy = —6, the potential V is so
tilted that it ceases to have a local minimum within each period. As a result, the “advantage”
of finite-size particles that could more easily overcome the local minima in the potential is lost,

and hence the similarities between point and finite-size particles stationary solutions.
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Figure 4.26 Stationary solution p.(#;) under the potential (4.139). Solutions of (4.140) for g, = 0 and
gn = 0.15, and Fy = —6 and Fy = 2.5 (left). Difference in p.(%1) between g, = 0 and g, = 0.15 for F
varying from -6 to 6, diff := p,| 9,=0 — Pel ¢,=0.15 (right). The thick black line corresponds to Fy = 2.5, for
which ||diff||e is maximised.
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To conclude this chapter, we examine how the narrow-channel model with the tilted Smo-
luchowski-Feynman potential (4.139) compares with stochastic simulations of the particle-level
model. To this end, we use the Metropolis—-Hastings algorithm described in §2.7.2.1 to sample
from the stationary density of the full-particle system, and compare the resulting histogram
(averaged over the cross section) with the stationary solutions p. of (4.140). We consider the
(NC2) case for which the coefficient g;, is maximised for a fixed volume fraction ¢, that is, a
channel of height i = 1.47 as illustrated in Figure 4.10(b). The other parameters used in the
simulations are € = 1073, N = 133 and F, = 2.5. We note that, by setting = 1.47 and
Fo = 2.5, we are maximising the differences between the point-particles and finite-size particles
solutions in our model. We are interested to see whether these differences are also apparent in

the stochastic simulation results.
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Figure 4.27 Histogram of the stationary density p(%1) under the external potential V in (4.139) for point
particles (top plot) and finite-size particles (bottom plot). Parameters are Fy = 2.5, h = 1.47, ¢ = 1073,
N = 133. Histograms computed by 107 MH steps.

Figure 4.27 displays the histograms obtained from 107 steps of the MH algorithm. We have
subdivided the narrow channel into 3 and 41 bins in the cross-sectional and axial directions,
respectively. The histogram for point particles (upper plot in Figure 4.27) does not vary in the
cross-sectional direction as expected. In contrast, the histogram for finite-size particles does
display some variation in the §j;-direction: more particles want to be near the boundaries than
in the centre of the channel. This is because a hard-disk particle on the boundary excludes
only half of the area that would exclude in the centre of the domain (recall that the channel of
width #/ is the domain available to the particles centres, not the physical domain), and this is

entropically favourable.
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Figure 4.28 Stationary effective one-dimensional density p.(%1) under the ratchet potential (4.139). Solu-
tions of (4.140) for point particles (g;, = 0, dash red line) and finite-size particles (g;, = 0.1, solid blue line),
with Fy = 2.5, N = 133, h = 1.47, ¢ = 10~3. Cross-sectional averages of the histograms in Figure 4.27 for
point particles (red asterisks) and finite-size particles (blue circles). Stationary solution of the single-file
equation (4.109) is shown in a dot-dash black line.

As we did in §4.7.2 to derive an effective one-dimensional narrow-channel model, we pro-
ceed to cross-average the stochastic results in Figure 4.27 to obtain the effective one-dimensional
histograms and compare them to the theoretical predictions p,(%£1). This is done in Figure 4.28.
We plot the theoretical predictions by solving (4.140) for both point and finite-size particles
alongside their respective simulation counterparts, and observe an excellent agreement in both
cases. We examine the importance of taking into account the actual width of the channel, which
in this example is only & = 1.47, by solving the analogous stationary problem for the single-file
model (4.109). We plot the result (dot-dash black line in Figure 4.28) and observe that the single-
file model overestimates the excluded-volume effects, as demonstrated by the flatter density
profile.

Finally, we show two more examples analogous to that in Figure 4.28 for two more tilts Fy.
If Figure 4.28 corresponded to a tilt Fy = 2.5, in Figure 4.29 we show the situation when the
tilt is zero (Fp = 0) and when the potential is tilted to the left (Fp = —2.5). Once more, we
observe good agreement between the stochastic simulations and the theoretical predictions for
both point particles (red asterisks and dash red lines) and finite-size particles (blue circles and
solid blue lines). Likewise, the effects of a finite channel width and the finite-size of particles
are shown to be important, as manifested by the differences between the solution for finite-size
particles in a narrow channel and those corresponding to either ignoring the size of particles

(i.e., for point particles) or the channel’s cross-section (i.e., single-file model).
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Figure 4.29 Stationary effective one-dimensional density p.(%1) under the ratchet potential (4.139) with:
(a) No tilt, Fy = 0. (b) Tilt to the left, fy = —2.5. Averaged histograms and solutions of (4.140) for point
particles (g, = 0, red asterisks and dash red lines, respectively) and finite-size particles (g, = 0.1, blue
circles and solid blue lines, respectively). Stationary solution of the single-file equation (4.109) (dot-dash
black lines). Other parameters are i = 1.47, N = 133, € = 1073.

4.13 Discussion

In this chapter we have considered the diffusion of finite-size particles in confinement condi-
tions such as narrow channels or Hele-Shaw-like domains. By confinement we mean that some
dimensions of the container are of size comparable to the particles’ size, so that particle-wall
interactions become important and boundary effects cannot be neglected as we did in previ-
ous chapters. It is also in such cases that the finite-size of particles may not be ignored since
excluded-volume effects become important.

Once more, the goal was to derive the continuum Fokker-Planck equation from its discrete
counterpart. However, this time a further model reduction was performed exploiting the fact
that, in the confined dimensions, equilibration is relatively fast and an effective FP equation in
the unconfined directions only can be derived. In the case of a narrow channel, for instance, the
analysis from Chapter 2 would have led to a three-dimensional FP equation (ignoring boundary
layers); in contrast, in this chapter we found that the dynamics at the population scale are
well-approximated by an effective FP equation along the axial direction.

The derivation of the population-level model in the confined case was more challenging
than in the corresponding bulk case as it required solving up to the second order inner prob-
lem (instead of only up to first order) to obtain the first-order correction in the FP equation.
Moreover, the inner problem is dimensionally higher that their bulk counterparts (since the
inner region “spreads across” the whole confined direction), adding extra complications to the
solution procedure. We found that the result is once more a nonlinear diffusion equation, but

now the nonlinear coefficient depends on the confinement length /1 (the narrow channel width
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or the separation between Hele-Shaw plates) in a non trivial way. Many interesting results and
valuable insight can extracted from such nonlinear diffusion versus confinement dependency.

The coefficient of the nonlinear diffusion gj, which accounts for excluded-volume effects,
may be written in terms of the particles” volume fraction and the confinement parameter / . In
this form, it can be seen that the excluded-volume coefficient possesses a maximum at a finite
value of h, implying that there is an intermediate value of i (between total confinement when
particles cannot pass each other, # = 0, and no confinement at all, 1 — o0) in which steric
effects are maximised. This is an important result with many potential real world applications.
For example, it would be interesting to explore the connection of this result with ion channel
selectivity. Could this explain the relationship between the size of a particular type of ion and
the width of its ion-specific channel, if any? Going one step further (away from our Brownian
transport model), we wonder if this effect could explain other real-life situations and a similar
analysis could provide them with mathematical justification. For instance, in the movement of
crowds or traffic, it is common to see barriers to divide the space into lanes with the aim to
facilitate motion (e.g cones to prevent cars from changing lanes or pedestrian barriers in the
entrance of a football stadium). What is the optimal width of the lanes in order to maximise
size-exclusion effects and hence increase the transport efficiency? If pedestrians or cars were
random particles and our model was valid, the optimal width would correspond to the width
for which the g coefficient is maximised. It would be a interesting to explore if a similar
technique could be used in models of pedestrian or traffic flow, and investigate the existence of
local maxima in the transport coefficients.

We have considered the limiting cases when the width # is set to zero (extreme confinement)
or sent to infinity (no confinement) of our model. Interestingly, the resulting equations coincide
with the corresponding models, so that our model is able to interpolate between the whole range
of confinement conditions. The limit # = 0 corresponds to single-file diffusion (for a narrow
channel) or to a purely two-dimensional diffusion (for a Hele-Shaw cell), whereas the opposite
limit i — oo recovers the unconfined bulk case we considered in Chapter 2. The collective
diffusion equation for a single-file, already known due to Rost (1984), has been derived in
Appendix D using our method based on matched asymptotic expansions. This implies that
only one model is able to describe very different diffusion processes (single-file versus two- or
three-dimensional diffusion) and explain how the transition occurs. Moreover, it is a useful
analytical tool to predict the error that is being committed by using the limiting models, that
is, either ignoring the fact that particles can (quite) pass each other and using the purely one-
dimensional single-file equation, or neglecting confinement conditions and boundary layers.
We performed numerical simulations for the two-dimensional narrow-channel case to confirm
that, (i) our model interpolates well between a single-file diffusion and an unconfined two-

dimensional diffusion as the channel width / increases and (ii) the theoretical predictions of the
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continuum model compare well with Monte Carlo simulations of the corresponding full-particle
system.

We have used our model to explore what happens to a particular type of problem which
arises in many important applications, namely the case of a one-dimensional diffusion under
a tilted periodic potential, which is used in Brownian ratchet models of molecular motors
(Reimann 2002). An important question in such models is the relationship between the tilt
and the effective flux at steady state, which is typically nonlinear. Moreover, the net motion is
always in the direction of the applied force and no net motion can be obtained in a purely peri-
odic potential (i.e., with no tilt). We have investigated how this picture changes when finite-size
particles and intermediate confinement conditions are allowed. In particular, we were interested
to see if the monotonous nonlinear tilt—flux relationship is preserved, or whether a reversal in
the direction of flux with respect to the tilt is possible. Our analysis showed that not only is
the monotonic relationship preserved, but also that the nonlinear curve tends to a linear one as
the excluded-volume strength is increased. This result can intuitively be understood by noting
that as particles increase their size they are less affected by the periodic wells of the potential
(as particles fill up the well and can “jump” out of it more easily) and the effective external
potential is simply the tilt component —Fyx. (Note that if point particles were under a linear
potential their flux vs. tilt response curve would be linear.)

Two directions in which the analysis presented in this chapter could be extended are to
incorporate two species in a confined domain and to allow for a variable cross-section. The
first extension would correspond to combining the analysis of the present chapter with that of
Chapter 3. However, the combination of the two models is not straightforward since the model
of two species in a narrow channel must account for the fact that as the channel becomes single
tile, the order is fixed and it matters since blues and reds are distinguishable. In other words,
we expect a qualitative difference in the model as & cross the value of one: for & > 1, even if all
the red particles were initially to the left of the blue particles, we expect the two populations to
mix together (that is, the jump in the initial density profiles will spread); in contrast, for h < 1, if
the two populations are segregated initially, they will stay like that for all times, and we expect
to see a sustained wave/shock in the population-level densities. In connection with this issue is
the fact that the self-diffusion of a particle is not defined in one-dimensional systems (Ackerson
& Fleishman 1982).

Second, it would be interesting to extend the model of diffusion of point particles in a tube of
varying cross section, that is, the Fick—Jacobs model in §4.3.1, to the case of finite-size particles.
This would require modifications in our inner problem since the channel walls at § = +h/2
would become £-dependent. While it might be possible to take such walls to be approximately
flat in the inner region [provided that i(£) is a smooth function of £], the matching conditions

with the outer region should be reconsidered carefully. A related problem would be to match
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a narrow channel with two bulk domains in each end; such a geometry would have important

applications in the area of ion channels.
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Chapter 5

Diffusion of soft spheres

5.1 Introduction

Up to now we have considered systems of hard-core interacting particles, which cannot overlap

each other. The hard-core interaction potential is either infinity for overlaps, or zero otherwise,

() r <e,
MH5<1’) = (51)
0 r>e,
where r = ||x; — x;[|, i # j, is the distance between particle’s centres and € is the hard-sphere

diameter. This means that there are internal boundaries in the configuration space QY caused by
illegal configurations (configurations with associated energy infinity), on which the interparticle
forces can be implemented as no-flux boundary conditions. In the cases considered in the last
three chapters, we found that the excluded-volume effects introduce a quadratic term in the
diffusive part of the reduced Fokker—Planck (FP) equation. The coefficient of this term is related
to the excluded volume created by the particle’s finite size.

In this chapter we generalise the interaction between particles to short-range soft-core po-
tentials. We consider the system is isotropic, so that the pair potential is a function only of the
separation distance. We begin in §5.2 by giving some examples of popular soft-core potentials
commonly adopted in physical and biological applications, to then introduce the particle-based
model of the system in §5.3. We then proceed in §5.4 to reduce such particle-level model to
the population-level model using the method of matched asymptotic expansions. We find that
the resulting FP equation has the same structure than its hard-spheres counterpart, except that
now the nonlinear diffusion coefficient a, depends on the pair interaction potential u through
an integral expression.

We compare our result for soft spheres with two previous approaches based on closure
approximations in §5.5. First, we consider the most common closure approximation, which
assumes independence between particles to evaluate the interaction integral resulting from the
dimensionality-reduction procedure. A fundamental problem with this approximation for short-

range potentials is that it assumes that particles are not correlated precisely in the region where
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their correlation is most important, namely, when they are close to each other. The result of this
tirst closure method is again a nonlinear diffusion equation with a potential-dependent non-
linear coefficient w,, although this coefficient is different from the one we obtain via matched
asymptotic expansions. In particular, the closure coefficient &, is not defined (since the inte-
gral diverges) for several common soft interaction potentials. Second, we review the method
by Felderhof (1978), which employs a closure approximation on the pair correlation function
instead of the two-particle density. The result in this case is a linear diffusion equation for
the perturbation from equilibrium of the one-particle density; his result corresponds to the
linearised version of our nonlinear diffusion equation. In particular, he obtains a concentration-
dependent diffusion coefficient that can be related with our coefficient «,. In §5.6 we examine
and compare the values of «,, and &, for several soft potentials u.

The validity of the derived model is tested in §5.7 by comparing its solutions with simu-
lations of the full particle system as well as with those provided by the first closure method.
The Monte Carlo methods for the particle-level model need to be modified in order to simulate
soft-interacting particles. We perform both time-dependent and stationary simulations for two
different systems for which both &, and &, are well-defined, and we find that our model agrees
well with stochastic simulations and outperforms the closure approach predictions.

To conclude the chapter, we explore two consequences of our analysis. First, we obtain
an effective hard-sphere diameter characterising each soft pair potential. This allows us to
study the properties of a system of soft spheres by mapping it to an equivalent system of
hard spheres. Second, we introduce the concept of H-stability, which also characterises the
interaction potential and determines whether the thermodynamic limit of the particle system
exists. A convenient test of whether a interaction potential is H-stable or not is given by the sign
of the coefficient x,,. Because this coefficient is not defined for many common pair potentials,
we ask ourselves whether our modified coefficient a,—which does exist for such potentials—
could provide a useful tool for the study of H-stability for a more general class of interaction

potentials.

5.2 Soft interaction potentials

The hard-sphere (HS) potential (5.1) supposes particles are impenetrable spheres of diameter
€. In many cases, this potential is a highly idealised version of the real situation, and it is only
used as a first correction to the interaction-free cases because it is simple and convenient to
use in computer simulations. Repulsive soft pair potentials are appropriate to account for the
softness of real ions or molecules, or the fact that animals or people may repel each other over

a region (personal space) rather than at a particular distance (excluded-volume space).
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The simplest soft pair potentials consist only of a short-range repulsive part, but pair po-
tentials with both repulsive and attractive parts—such as the Lennard—Jones potential—are also
very common. In the following we present some examples of these.

A generalisation of the HS potential is the soft-sphere (SS) potential, which assumes the

form
uss(r) = (e/r)", (5.2a)

where € is a measure of the range of the interaction (related to the effective particle’s size) and
v is the softness parameter which characterises the particles. Note the the SS model contains
the HS model as a limiting case (v — ), as well as the Coulomb interaction (v = 1) (Mulero
2008; Chap. 9). Other common purely repulsive potentials are the exponential (EX) potential
(Israelachvili 1991)

upx(r) = e7"/¢, (5.2b)

and the repulsive Yukawa (YU) potential (Hamaguchi et al. 1997)

uyy(r) = ge”k. (5.2¢)

This potential, also known as screened Coulomb,! may be used to describe elementary particles,
small charged “dust” grains observed in plasma environments, and suspensions of charge-
stabilised colloids (Hynninen & Dijkstra 2003). This is not to be confused with the hard-core
Yukawa potential, which combines a hard-core potentials with an attractive tail (Hansen & Mc-
Donald 2006; §1.2).

To model various physical systems it is convenient to incorporate an attractive part to the
repulsive pair potential. The most common situation is that particles repel each other in the
short range and attract each other in a longer range. For example, the SS potential in (5.2a) may
be generalised to a power-law repulsive-attractive potential of the form u(r) = (e/r)* — (e/r)?,
with 2 —d < b < a (Balagué et al. 2011). The most famous example of this class of potentials is
the Lennard-Jones or 12-6 potential, for which 2 = 12 and b = 6,

uy(r) = (E)lz - (5>6. (5.2d)

r r

Another common repulsive-attractive potential is the Morse (MO) potential

uno(r) = e/ — ée_l’/e, (5.2¢)

ISmall particles immersed in a plasma typically acquire negative charges, due to the high mobility of plasma
electrons. The Coulomb interactions between such particles are modified by their Debye sheaths, and the interparticle
potential may be approximated by the potential (Hamaguchi et al. 1997)

2
u(r) = Qo e~ "/,
47tegr

where —Q is the particles’ charge, g the vacuum permittivity and Ap the Debye length. This is why the YU potential
in Eq. (5.2¢) is known as a Yukawa-type (screened Coulomb) pair potential.
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where C and | are, respectively, the relative strength and typical length of the repulsion to
attraction. The most relevant situations for biological applications are given for C > 1and [ <1,
which correspond to short-range repulsion and weaker long-range attraction (Carrillo et al. 2010).
Both the power-law and the exponential repulsive-attractive potentials are commonly used to
model interactions between atoms or molecules, but also in biology (see Balagué et al. 2011; and

references therein). In Figure 5.1 we plot examples of all these interaction potentials.

2

Uuys, Eq (51)
uss, Eq (5221)
—e— ugx, Eq. (6.2b)
- — uyy, Eq. (5.2¢) |]
- — - uyy, Eq (52d)
—>— UMO, Eq (526)

15

-0.5 ! ! ! !
0

r/e

Figure 5.1 Interaction potentials. Potential SS corresponding to v = 4 and Morse potential for C = 4 and
I =0.6.

From now onwards we will consider a generic short-range soft-core radial pair potential
u(r). Mathematically, we require u(r) to decay to zero sufficiently quickly at infinity (this will
be made concrete later in the text) and to be a function of 7/¢, for ¢ < 1, so that its action is
of order O(e). While the potential may contain an attractive part, such as potentials (5.2d) or
(5.2e), it must be weak enough so that we can assume that, as in the hard-sphere case, pairwise
interactions are dominant (i.e., the attractive part must decay fast enough at infinity). Even
though the SS potential (5.2a) itself is known as the soft-sphere potential, we shall use the term
soft spheres more generically to refer to all particles whose interactions are soft core, that is,

described by any soft-core potential such as the ones in (5.2).

5.3 Soft-sphere model

In this chapter we consider N particles that interact via a short-range soft-core potential u(r)
diffusing in a bounded domain ) C R%, d = 2,3. We use the same non-dimensionalisation
as in Chapter 2 so that the size of the domain and the diffusion coefficient are normalised to

unity. The interaction potential #(r) has range O(¢e), with € < 1, which means that its action is
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negligible for distances much larger than €. We suppose that the particle-wall interactions are
hard-core.> We denote the centres of the particles by X;(t) € Q at time t > 0. The function u(r)
gives the interaction potential between two particles at a distance r. The interaction potential of
a system of N particles is, assuming pairwise additivity, the sum of isolated pair interactions
ux = Y. ulllxi—xl) (5.3)
1<i<j<N
where X = (xy,...,xn) is the N-particle position vector. Then the interaction force acting on the

ith particle due to the other (N — 1) particles is given by

fi/(¥) = =V U(X) = = ) Vyu(lxi — ). (5.4)
j#i

Recall that forces are non-dimensionalised with the mobility (the inverse of the drag coefficient)
so that we can talk about a force acting on a Brownian particle (see §2.2). This force f/(X) is
added to the external force £(x;) (identical for all particles) to give the total deterministic force
acting on the ith particle, f;(¥) = f}'(X) 4+ f**(x;). The centre of each particle evolves according

to the SDE
dX;(t) = £;(X(t))dt + V2dW;(t), (5.5)

where X(t) = (Xy,...,Xy) and W; are N independent d-dimensional standard Brownian mo-
tions. Note that interparticle interactions are now built into the drift f; instead of as boundary
conditions on the collision surfaces as in the hard-sphere case. Finally, we suppose that the
initial positions X;(0) are random and identically distributed.

The counterpart of (5.5) in the probability space is the FP equation

%—l;(a?,t) — V.- [%P - F(f)P} in Qv (5.62)

where P(%,t) is the joint probability density function of the N particles being at positions X =
(x1,...,xy) € QN at time t and F(X) = (f,(¥),...,fyx(X)). Equation (5.6a) is now defined in the
whole OV, since with a soft-core potential there are no illegal configurations, only configurations
much less likely than others. On the domain boundaries oQN (if O is bounded) we have the

reflecting boundary condition
[ViP—F(®)P]-ii=0 on aQN, (5.6b)
where 71 € S™N~1 denotes the unit outward normal. The initial condition is
P(X,0) = Py(%), (5.60)

with Py invariant to permutations of the particle labels.

2An alternative is to assume the particle-wall interactions is also determined by the pair potential u(r).
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We proceed to reduce the dimensionality of the problem (5.6) by looking at the marginal

density function of one particle, say, the first particle, given by

p(xq, t) = /(.)N_1 P(X,t)dxy - - - xy. (5.7)

The particle choice is unimportant since all the particles are identical. Note that p is now defined
as the integral of P over the entire ON~! (non-perforated) domain. Integrating Eq. (5.6a) over

X2,...,xn and applying the divergence theorem

P x1,t) = Vi [V p = £ )p — B(x1)], 69)

where B(x;) is the d-vectorial function

B(xi) = /QN_l £4(F)P(%, 1) dxz - - - dxy

N (5.9)
S \/QN*l P(xq,x%a, . . .,xN,t)]; Vo u(|lx1 = x;|) dxz - - - dx.
This expression can be written in the form
B(xi) = — (N —1) /QPZ(xl,xz,t)Vxlu(Hxl ~ ) dxa, (5.10)
by introducing the two-particle density function
Py(xq,%p,t) = /waz P(X,t)dxs - - - dxy. (5.11)

This gives the probability of particle 1 being at position x; and particle 2 being at x,. An equation
for P, can be written from Eq. (5.6a), but this then depends on Ps, the three-particle density
function. This dependency of one average on a higher-order correlation is the classical “closure
problem” inherent in such averaging procedures. Throughout this thesis we have considered the
limit in which three-particle (and higher) interactions are negligible compared to two-particle
interactions, which implies that when two particles are close to each other, the probability of a
third particle being nearby is so small that can be ignored. Mathematically, this means that the
two-particle probability density P>(x;, X;, t) is governed by the dynamics of particles i and j only,
independently of the remaining N — 2 particles. Therefore, it can be determined by examining
the case of two particles only. While for hard spheres the assumption that pairwise interactions
dominate was imposed as an upper bound on the particle volume fraction ¢, it is not clear in
principle how to test it for soft spheres. However, as we will see in §5.8.1, one can define an
effective diameter for the soft potential so that the concept of volume fraction can be extended

to soft spheres.
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5.4 Matched asymptotic expansions of the density P

Because the pair potential u is localised near x;, we can determine the integral B(x;) in (5.10)
using matched asymptotic expansions. For two particles at positions x; and x;, equation (5.6a)
reads (writing P, = P)

JP
E(thz,f) =V [V P —fi1(x1,%)P] + Vi, - [V, P — £2(x1, %) P], (5.12a)

for (x1,x2) € Q% Here the deterministic force f;(xj,x7) is given by
fi(x1,%2) = £7'(x;) — Vu([[x1 — x2[)).
The boundary condition (5.6b) reads
[V P — f1(x1,%2) P] - fiy + [V, P — £2(xq, %) P] - iy = 0, (5.12b)

onx; € 0Q). Here fi; = n;/||n;||, where n; is the component of the normal vector # corresponding
to the ith particle, i = (ny,nz). We note that i; = 0 on x, € Q.

The configuration space )? contains three types of configurations: no interactions (i.e., con-
figurations in which both particles are well separated from each other and d(2), two-body inter-
actions (a particle—particle interaction, when the particles are close to each other but far from 9},
or a particle-wall interaction, when one particle is close to dQ2 but far from the other particle),
and three-body interactions (a particle—particle-wall interaction). The latter creates a boundary
layer of width O(e); since the dimensions of the domain () are much larger than the particle
diameter €, these interactions are higher-order and we may safely ignore them. As mentioned
above, the important region in the configuration space for the evaluation of (5.10) corresponds

to when two particles are close.

5.4.1 Inner and outer regions

By assumption, the pair interaction potential u(r) is negligible everywhere except when the
interparticle distance r is of order €. It is therefore reasonable to suppose that when two particles
are far apart (||x; — xz2|| > €) they are independent (outer region), whereas when they are
close to each other (||x; — x2|| ~ €) they are correlated (inner region). In the outer region, by
independence,

Pout<xl/X2/ t) = Q(Xlz t)q<x2/ t)/ (513)

for some function g(x,t). In the inner region, we set x; = X; and x» = X; + ex and define
D(%1,%,t) = P(x1,x2,t) and (%) = u(||x; —x2)||). Rewriting (5.12a) in terms of the inner region

transformation gives

6288_15(5(1/)’2, t) = 2V§( . [Vip Viﬁ(f()p] + GVX . {[feXt<i1> o fQXt(fq + ei)] p}

* (5.14a)
—€Vy, - [2VP + Vil (X)P] + €2 V3 P — e*Vy, - [£2(%1)P] .



152 Chapter 5. Diffusion of soft spheres

The reflective boundary condition (5.12b) does not “appear” in the inner region since we are
ignoring the boundary layer near dQ). The inner solution P must match with the outer solution

Pyt as ||X|| — oco. Expanding Py in terms of the inner variables gives

Pout(xlr X2, t) = 6](;(1, t)q(f(l -+ €)~()

) (5.14b)
~q° (X, t) +eq(xq) X - VyqX)+--- as %] = oo,
We look for a solution of the form
P(x1,%,t) ~ PO (x1,%,t) + PV (%1, %, t) + 2P (%, %, t) + - - -, (5.15)

and solve (5.14a) with the matching condition (5.14b) for the functions PO, The leading-order
inner problem is

0=2Vy- [V;(P(O) + Vga(i)ﬁ(ﬂ ) (5.16a)

PO ~ 2 (%1, t) as  ||x|| ~ . (5.16b)

Imposing a no-flux condition (both at the origin and at infinity), we find that the solution to
(5.16) is

PO (%, %, 1) = g7 (%q,t) e "X, (5.17)

The O(e) problem reads
0=2Vs- [Viﬁ(l) + Via(i)ﬁ(l)] — Vs, - [2V,~(I3(0) + Viﬁ(i)ﬁ(o)] ) (5.18a)
PY ~ g(%)) % - Vg, q(%1) as ||x|| ~ co. (5.18b)

Using that V3P = — V(%) P from (5.17), we can rearrange (5.18a) to give

Vi - (viﬁm + Vxii(x) P — %vilﬁ@)) = 0. (5.19)

Solving (5.19) together with (5.18b) and zero-flux boundary condition (at the origin and infinity)
gives

PU(xq,%,t) = q(%1, 1) [x - Vi, q(X1)] e 7). (5.20)

Thus we find that the inner region solution is, to O(€),

(%1, %,t) ~ [* (%1, t) +€q(X1,t) X - Vq(X1) + -+ ] e "X, (5.21)

i~

5.4.2 Interaction integral

Now we go back to equation (5.8), for which the interaction integral B(x;) in (5.10) must be

evaluated. Because of the short-range nature of the potential u, the main contribution to this

integral is from the inner region. Therefore, we will use the inner solution (5.21) to evaluate it.
First we split the integration volume () for x, into the inner and the outer regions defined in

the previous section. Although there is no sharp boundary between the inner and outer regions,
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it is convenient to introduce an imaginary radius J, with € < § < 1, which divides the two
regions.® Then the inner region is Q;,,(x1) = {x2 € Q : ||x2 — x1|| < 6} and the outer region is
the complimentary set Q¢ (x1) = Q \ Qju(x1). Using that the interaction is zero in the outer
region, B(x1) in (5.10) may be written as

B(x;) = — (N — 1)/ P(x1, %2, 1) Vit x1 — x2|) dxa

Qinn(x1) (522)

= (N-— 1)6‘“/ P(%q,%,1) Vil (x) dx.

Il <o/e

Using the inner solution (5.21) to evaluate this integral we find, to O(e“),

B(x1) = —(N — 1)e1g(x1, 1) /

|x||<d/€

{q(fq,t) telx Vglq(fq,t)]}V;( (e—f‘(*)) dx.  (5.23)

The first term of the integral vanishes using the divergence theorem and the fact that i is a
function of ||x|| only. Integration by parts on the second component gives (using Einstein’s

notation)
/|>*<|<(5/e (X - Vx,q(%1,t)] Vi <€_ﬁ(’~‘)> dx
X

= X Vaq(xi, ) 02 dx— [ k(g Veg(, 0] e ds
S Tua0)e O s [ Vlx Vg, n]e O dx

€ aq(f(ll t) / ~ = aﬂf(lr t) / a-921 (X ~
= — %% dSg — —Lem#X) g
6 oxy; Jyxi=ose T 0%1i Jyx|<sse OF; X

d e 8 ,
_2d-Dm <é> gz t) 5 aQ(’fl’t)&‘/ e 1) dx,
d € axlli axu Ix||<d/€

where we have used that e=?®) ~ 1 at ||%|| = J/€ and d;j is the Kronecker delta. Rearranging,
(5.23) becomes

B(X;) = —(N — 1)€dq(>~<,t)v>~<1€](f<1,t) / <1 — e_ﬁ(’?)) dx,
]| <é/e

using that the volume of a d-dimensional sphere of radius /€ is equal to 27t(d —1)/d(5/ e)d.
Since 6/€ > 1, we can extend the domain of integration to the entire R?. Therefore we write
B(X) = —ay(N —1)e?q(%1,t) V,q(%1, 1), (5.24)
with
= / (1-e ) dx = 2(d - 1)71/ (1-c0) (5.25)
R4 0
Similarly to the hard-spheres case in Chapter 2, the normalisation condition on P(xq,xp,t) gives

that g(x1,t) = p(x1,t) + O(e?) (see Appendix A.4). Then going back to the original variables
we find, to O(e?),

B(x1) = —a,(N — 1)edp(x1,t)Vxlp(x1,t). (5.26)

3The parameter 4 is equivalent to the cut-off radius used in the numerical simulations with soft potentials to decide
when the interaction energy between two particles is negligible and its computation may be safely omitted to reduce
the computational cost. We shall discuss this further in §5.7.
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5.4.3 Reduced Fokker-Planck equation for soft spheres

Combining (5.26) with (5.8) we find that, to O(e?),

9
a—f(xl,t) =V { [1+a,(N— 1)edp] VP — feXt(xl)p} , (5.27a)

where

wo= [ (1=e ™) ax= [ (1—eelD) ax (5.27)

together with a no-flux boundary condition
{ [1+a,(N - 1)€dp] Vp— feXt(xl)p} iy =0 on 0Q), (5.27¢)

and initial condition
p(x1,0) = /Q  R(@)dx - dy. (5.27d)

Therefore, we find that the evolution of the marginal probability density of a soft sphere is given
by the nonlinear FP equation (5.27a), whose nonlinear coefficient a;, depends on the soft-core
interaction potential u.

The coefficient «, can be related to basic concepts from statistical mechanics. Namely, the
integrand in (5.27b) is the negative of the total correlation function h(r) = g(r) — 1, where g(r) =
exp[—u(r)] is the low-density limit of the radial distribution function, the so-called Boltzmann
factor of the pair potential (Hansen & McDonald 2006; §2.6). We note also that this equation
is identical to the hard-sphere counterpart (2.29) derived in Chapter 2 except that, now, the
coefficient « depends on the interaction u. In §5.6.1 we examine how the HS potential (5.1) fits

into the framework of this this chapter.

5.5 Closure approximations

In this section we compare our approach (using matched asymptotic expansions) with two
typical closure approximations. We move back to §5.3 and consider again the integral B(x;), Eq.

(5.10), in terms of the two-particle density P,, which we rewrite here for ease of reference:

B(xi) = —(N—1)/()P2(x1,x2,t)Vxlu(Hx1—sz)dxz. (5.28)

Recall that this integral has to be expressed in terms of the one-particle density p(x;,t) to have

a closed equation in (5.8).
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5.5.1 Closure at the pair density function

The simplest closure approximation is to assume that particles are not correlated at all (Rubin-
stein & Keller 1989), that is,

Pz(Xl,Xz, t) = p<X1,t)p(X2, t). (529)

Substituting (5.29) into (5.28), we can now determine B(x;), to which we add the subscript c to

indicate it is computed by closure:

Be(x1) = —(N = 1) plxi, 1) | pxa, 1) Viu(x1 = o) e (5.30)

Note that when u(r) is a short-range interaction potential, the dominant contribution to the
integral (5.28) is when x; is close to x, and this is exactly the region in which particles (or
their positions) are correlated. This is an obvious yet important remark. In fact, this closure is
sometimes even used implicitly: it is common to see (5.30) to describe the force on particle 1 if
it is at x;. The natural reasoning is: if p(xy,t) is the probability of finding another particle at
x2, and the force between them if the particle was there is the gradient of the pair potential u,
then integrating over all possible positions of the second particle gives the force on particle 1.
However, when writing this we should be aware that we are using the closure approximation
(5.29). This explains why (5.29) is incorrect for short-range interactions and this method fails in
many cases as we will see later in §5.6 and §5.7.

We proceed to evaluate the integral in (5.30). Using that the integrand is short ranged
(e < 1), we expand p(xz, t) about x; and we introduce again the change of variables x; = X;

and xp = X1 + €X. Then (5.30) becomes

B.(x1) = —€*(N —1) p(xq, )/H.{d p(X1 + €x, t) (V;q — %V;(> u(el|x|]) dx, (5.31)

where we can safely extend the integral with respect to variables X over the whole space using
that the potential u is localised near the origin and decay to infinity. Writing i#(X) = u(e[|X]|)
and Taylor-expanding p we find that

Be(x) = ¢ N =1 p(i, 1) [ [p(ka, ) + €% Vap(so,t) + -] VxR d%.  (532)

The O(e?"!) term vanishes since [ Vxil(X)dx = ¢ i(X)fixdSx = 0, with fig the unit outward
normal, because i is a function of the radial coordinate only. At O(e?), integration by parts
gives (using Einstein’s summation)

B.(x1) — (N — 1) p(sq, 1) PZ1-H) (74 A(R)% /Rda(x)vixidx)

axll

(5.33)
— —€!(N = 1) pl3a, ) Vi p3, 1) [ (%) dx
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using that if decays sufficiently quickly at infinity so that the boundary term from the integration
by parts is zero [specifically, u(r) must decay faster than linearly at infinity]. Therefore, we find
that

Be(x1) = —@u(N — 1)e” p(x1,t) Vi p(x1, 1), (5.34)
where
oy —/ i(X)dx = 2(d — 1)7r/ a(r)r1dr, (5.35)
0
valid for d = 2 or 3. Finally, inserting (5.34) into (5.8), we find that the marginal density function
satisfies
d _
a;t? (x1,t) = Vy, - { [1+m,(N - 1)edp] VP — feXt(xl)p} , (5.36a)
with
m = [ ulelxl)d (5.36b)

Model (5.36) obtained with the closure (5.29) only differs from (5.27) obtained with matched
asymptotics in the nonlinear coefficient: compare &, in Eq. (5.36b) with «, in Eq. (5.27b).

However, expanding the exponential in the latter we have

(xu—/ 1—e e”"” dxw/ (ellx]]) — (2||X||) + .- dx,

that is, the closure approach finds the leading contribution of the potential, provided of course

that [ u(e||x||) dx is small. This is not always the case.

5.5.2 Closure at the pair correlation function

A more elaborated closure approximation is used in Felderhof (1978), which we review here
(adapting his derivation to our notation, and setting hydrodynamic interactions to zero). His
analysis is valid for zero external force, f*' = 0 and is based on the thermodynamic limit (in
which the number of particles N and the system volume V tend to infinity, with the number
density N/V = po fixed). Because of this, instead of working with probability densities, it
is convenient to switch to number densities: p(x,t) := pop(x,t), ﬁ(xl,xz,t) = ﬁ%P(xl,xz,t),
etc. (We remove the subscript 2 from the two-particle densities and probability for clarity of

notation.) Keeping terms to linear order in py, the equation for the one-particle number density
p(x,t) is

ap ) .

alz (x1,t) = Vy, - <VX1 p+ /P(xl,xz, t)Vyu(r) dx2> , (5.37)
where r = |x; — xz| is the interparticle distance and P(xi,x,t) (the pair number density)
satisfies, to lower order in py,

A

P PO LA
g(xl,xz,t) =V [V P+PVu(r)] + Vi, - [V, P+ PVyu(r)]. (5.38)
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Equations (5.37) and (5.38) have the following time-independent equilibrium solutions
ps(x1) =po,  Di(x,x2) = pigo([x1 —xell), (5.39)
where pp = N is constant (the number concentration) and g is the pair correlation
go(r) = e, (5.40)

Felderhof then looks for a linearised solution around the equilibrium values (5.39), by making

the ansatz that the two-particle density function is of the form

p<X1/X2/ t) = ﬁ(xl/ t)ﬁ(XZI t)g(xllx21 t)/ (541)

and considering the deviations p; and g1,

ﬁ(xl, t) = po + ﬁl(Xl, t), g(Xl,Xz, t) = go(T) + g1 (X],Xz, t). (5.42)

Then, to terms linear in p; and g1, Eq. (5.41) becomes

P(x1,%2,t) = p§ go(r) + p1(x1,£)po go(r) + popi(x2, 1) g0 (r) + P§ &1(x1, %2, 1). (5.43)
Substituting in Eq. (5.37) and linearising, gives (Felderhof 1978)

af\ .
PLx1,t) = Vg - [ Vi (x1,8) + o [ 0(r)pr (e, 1) Vigu(r) e

at (5.44)
+ﬁ%/g1(X1,X2, BV u(r) dxz]

At this stage, Felderhof supposes that perturbations from equilibrium (5.39) are small so that
Vi P1(x1,t) = Vy,p1(x, t) and the pair correlation function is at its equilibrium value, that is,
g1(x1,x2,t) =0 and g(x1,x2,t) = go(r). Then Eq. (5.44) simplifies to

0
Fhx,t) = Vi - (vm(xl,t) + o [ golllx = xell)pr (e, ) Vg1 X2||)dxz> . (5.45)

Now, using (5.40) and expanding p;(xz, t) about x; as in §5.5.1 and keeping only the first non-
vanishing term we arrive at (Felderhof 1978)

a/\
%(xl,t) =V - [(1 + 0,9 P0) Vx, 1 (xl,t)] ) (5.46)

where «,, is exactly the same coefficient that we found in (5.27b) with matched asymptotic ex-
pansions [using that u(r) = 7i(r/€)]. Note that this is the evolution equation for the perturbation
p1 from the uniform equilibrium py (valid for £** = 0). Comparing the reduced FP equation
(5.46) with its matched-asymptotics counterpart, Eq. (5.27a), we note two differences: while the
former is valid for N — oo and small perturbations from the uniform equilibrium, the latter is

valid for any number of particles N and extends to situations not close to uniform.
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In this section we have compared our approach with two common methods which involve
a closure approximation. However, it should be noted that there are many other alternative
closure relations, some of which are more successful than the ones presented here depending
on the nature of the pair potential. For example, important closure relations are the hypernetted
chain (HNC) and Percus-Yevick (PY) closures (Mulero 2008; §1.3.3), and also the mean spherical
approximation (MSA) (Hansen & McDonald 2006; §4.5).

5.6 Comparison between methods

In this section we examine the value of the nonlinear coefficient «, for common interaction
potentials u such as those presented in §5.2. We are also interested in examining the differences
between approaches, namely, between «,, obtained in §5.4 for matched asymptotic expansions

and «, found in §5.5.1 via the first closure.

5.6.1 Hard-sphere potential

First of all, we can study how the HS potential ups in Eq. (5.1) fits into the soft-sphere frame-

work. The rescaled potential is

o x| <1,
fipis(X) = (5.47)
0o x[>1

and the nonlinear diffusion coefficient &, is, from (5.27b),

tps = / ax= 24U aoas (5.48)
Ixl<1 d

This is in agreement with what we found in Chapter 2, namely « = 7w ford =2 and a = 471/3
for d = 3. In contrast, the value of the closure coefficient s in Eq. (5.36b) for hard spheres is

not defined, since (5.47) is not integrable in R4,

5.6.2 Soft potentials

In this section we consider the soft potentials in §5.2 and evaluate their respective coefficients
«y in (5.27b) and «,, in (5.36b), corresponding to the matched asymptotics or the first closure
method, respectively. The values are shown in Table 5.1. While «,, is defined for all the potentials
shown on the table, its closure counterpart &, is not, implying that the closure approach in §5.5.1
fails in those cases. Moreover, there are considerable discrepancies between «, and , for the
cases for which the latter is defined. Interestingly, potentials ugx in (5.2b) and uyy in (5.2c) have
identical &, values in two dimensions, despite of their «, being different.

The ranges of validity of the matched asymptotic expansions method and the closure meth-

od differ. (Here by range of validity we mean for which potentials u the respective coefficients
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Interaction potential

upx = ¢/ uyp = e uss= (/) ups = (e/n)” uy=(5)"-(5)°
d=2
oy 1.787 1.257 1.777 T 0.555
oy 27T 27 3 3 ?
d=3
oy 7.54m 3471 4.831 1.3371 0.1547
oy 8 47 3 3 ?

Table 5.1 Values of the nonlinear diffusion coefficient obtained via matched asymptotics [, in (5.27b)]
or via closure [, in (5.36b)] for various types of interaction potential in 2 or 3 dimensions.

ay, and «, are well-defined.) More specifically, «,, is undefined for all inverse-power potentials
such as SS and L], since the integral in (5.36b) is either singular at the origin or at infinity for
all possible powers. On the other hand, a, exists for potential SS in (5.2a) for v > d (with
strict inequality). An important consequence of this fact is that our method is not valid for the
Coulombic interaction [v = 1 in (5.2a)]. The interpretation is that the Coulombic interaction
does not decay sufficiently quickly at infinity and hence the outer contribution to the integral
B(x) in (5.10) is not negligible but, instead, dominant.

Focusing on the SS potential in (5.2a), we examine the variation of asg against the softness
parameter v in Figure 5.2. As expected, we observe that lim, . ass = ays since the HS potential
is the limiting case of the SS potential for v — co. Also note that the strength of the nonlinear
diffusion term, parametrised by ass, decreases as the softness of the potential 1/v decreases.
An interesting application of this graph is to study for which value of v the effective diffusion
coefficient of the soft spheres is almost identical to that of hard spheres. Heyes & Brarika (2005)
predict it to be about v = 72. In our case, the relative error between ass and aps for v = 72 in
three dimensions is 2.6%.

The Morse potential uyo in Eq. (5.2e) has well-defined coefficients apo and ayo for C and [
positive. However, they differ substantially depending on the relative strength C and lengthscale
| of the repulsive part to the attractive part, see Figure 5.3. We note that both coefficients a0
and aypo may turn negative for certain parameter values, which implies, looking at Eq. (5.27a),
that the nonlinear component of the diffusion coefficient becomes negative. When this occurs,
the system enters a so-called catastrophic regime (D’Orsogna et al. 2006). We will discuss this
further in §5.8.2.
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Figure 5.2 Coefficient asg given by (5.27b) for the SS potential (5.2a), versus the softness parameter v. (a)
Two dimensions. (b) Three dimensions. The dash lines show the corresponding ays, equal to 7t for d = 2
and 47t/3 ford = 3.
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Figure 5.3 Coefficients apjo (solid lines) and &)o (dash lines) versus C for 4 values of [, [ = 0.6,0.8,1,1.2
(arrow indicating the direction of increasing /). (a) Two dimensions. (b) Three dimensions.

5.7 Comparison with the particle-level model

In this section we compare the solution p(xy,f) of the reduced FP model (5.27) with Monte
Carlo (MC) simulations of the full-particle system, described by the set of dN-coupled SDEs
(5.5). To test the importance of the method employed to compute the integral B(x;) in (5.10),
we also compare these with the FP PDE (5.36) corresponding to the closure approach in §5.5.1.
Accordingly, for the numerical simulations we consider pair potentials u for which both «,
and «, are defined, namely, the exponential potential ugx in (5.2b) and the repulsive Yukawa

potential uyy in (5.2¢).
5.71 Time-dependent solutions
5.7.1.1 Monte Carlo simulations of soft spheres

The soft-sphere system is conceptually simpler that the hard-sphere one in the sense that there

are no illegal configurations and, when simulating the particle-level model (5.5), no collision-
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treatment is required. This also means that the interaction force f!(¥) in Eq. (5.4) never becomes
singular/infinite (except in a set of configurations with measure zero). Nevertheless, in practice
SS systems may be equally or more challenging to simulate than their HS counterpart: whereas
in the HS system two particles either interact or not (i.e., either a collision is detected and
subsequently corrected, or nothing has to be done), in a SS system the pair interaction may be
weaker or stronger but it always involves evaluating the interaction force.*

Even though the interaction forces never become infinite, they may become larger than
M > 0, for M as large as you want. Consider first the discretisation of (5.5) with the simple
Euler-Maruyama scheme (2.48a) used for hard spheres (see §2.7.1.1). Now at each time step we
have to compute the interaction force (5.4) on each particle, add it to the external force £*(x;)

and update the position of each particle according to
Xi(t+ At) = X;(t) + £(X (1)) At + V24L&,  i=1,...N, (5.49)

where ¢; is a 2-vector whose entries are independent normally distributed random variables
with zero mean and unit variance. The problem with this discretisation is that the drift term
can produce extremely large values (since the interaction of is, in general, not bounded at the
origin), resulting in the scheme (5.49) failing to converge to the SDE (5.5).

Recall that, to simulate hard spheres, we chose a time step At such that the mean displace-
ment is small relative to the particle’s diameter €, so that almost no collisions were “missed”.
If a collision or overlap occurred (corresponding to an infinite interaction force), it was treated
or corrected to take the system back to a legal configuration. In contrast, if a similar bound
on At is used in the SS model, the numerical integration diverges for the following reasons.
Consider the Yukawa potential (5.2c) and imagine that the time step is chosen such that the
mean displacement between two particles is always less that the range of the potential, which
is approximately 3e looking at Figure 5.1. This will in principle ensure that the pair inter-
action is “not missed”. However, this bound does not prevent the pair becoming very close,
[x; —xj|| = 0 < e. If this happened, their interaction force would become very large and, in the
next time step, the two particles would be displaced a distance much larger than the specified
3e. In fact, the displacement might even be as large as many domain’s diameters!

The obvious way to get around this problem is to reduce the time step At hoping that the
force on a particle will not exceed a given upper bound M > 0. Depending on the potential
u, one can estimate what is the maximum distance Ar so that if two particles are at a distance
r = ||x; — x;|| such that u(r) is O(1), then ||V u(r — Ar)| will still be bounded by M. Then
this maximal distance provides an upper bound for the time step. However, because of the

stochasticity in the system and the large number of particles, there is a finite probability that

4This is true unless a cut-off radius ¢y is used. In this case, if two particles are at a distance larger than 7, their
interaction energy is assumed to be negligible and the computation of their interaction force is omitted.
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a Brownian step will bring two particles close enough so that [|f;|| > M for some i. Reducing
the time step even further may help, but it results in the numerical integration being very slow
and inefficient, since for most of the time steps there is no pair of particles so close to each
other to require such a small time step. To this end, one option is to introduce a variable
time step At depending on the maximum pair interaction force of the system at a given time,
Fuax (t) := max; ||£;(X(t))||. Then the time step At at time ¢ is set to be the minimum between the
diffusion time step (step such that the mean displacement is small enough so that no interactions
are missed) and the interaction time step [step imposed by f.x(t) such that the displacement
fmax(t)At is bounded by a specified value]. This scheme improves the performance of the
explicit Euler scheme (5.49) with a fixed time step, but it is still slow. This is because, if two
particles become very close to each other (and hence their interaction force becomes very steep),
the scheme discretises the force in very small steps and, as a result, not only the pair involved
but the whole system evolves very slowly.

The fundamental problem of the explicit Euler scheme (5.49) is that it approximates the pair
interaction force as a constant for the whole time step Af. While this approximation is valid
when all forces are smooth and vary slowly (Allen & Tildesley 1999), it generates substantial
errors when the interaction force varies rapidly (that is, for small interparticle distances). In
short, the explicit Euler scheme (5.49) does not converge as At — 0 for short-range repulsive
potentials such as uyy, calling for an alternative scheme. Two possibilities are the implicit Euler
scheme,

Xi(t+ At) = Xi(£) + £;(X(t + A)) At +V2AtE,  i=1,...N, (5.50)

or the so-called Heun algorithm, which is a second-order Runge-Kutta scheme (Paul & Yoon
1995),

Xi(t+ At) = X;(t) + % [fi(f((t)) +£;(Z(t+ At))] +V2AtE,  i=1,...N, (5.51a)

involving one Euler step to determine the intermediate values Z(t+At) = (Zy,...,Zy),
Zi(t+ A1) = X;(t) + £:(X(t)) At +V2AtE,  i=1,...N. (5.51b)

The implicit Euler scheme (5.50) and the Heun scheme (5.51) are more stable than the explicit
Euler (5.49), but their implementation requires additional computational effort which does not
always compensate for the improved convergence. For example, in explicit tests for our particle
system we found that the increase in the allowed time step At with the Heun algorithm (relative
to that with the explicit Euler algorithm) did not justify the additional computational expense
(the overall computational time was similar).

An “intermediate” method combining the ease of implementation of the explicit Euler
scheme (5.49) and the strong convergence properties of the implicit Euler scheme (5.50), the

tamed Euler scheme, has recently been proposed by Hutzenthaler et al. (2012). It consists of a
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version of the explicit Euler (5.49) in which the drift term is modified such that it is uniformly

bounded by one:

£;,(X(t))At _
Xi(t+ At) = X; ! V2AtE,  i=1,...,N. 5.52
o AD =X+ o e Riyar Ve (552

We note that, Taylor-expanding the drift term in the equation above, we recover the explicit
Euler scheme (5.49) plus terms of O(At?). Being almost identical to (5.49), the tamed Euler
scheme (5.52) is explicit and easy to implement but, in addition, it converges strongly to the
exact solution in case of SDEs with superlinearly growing coefficients (Hutzenthaler et al. 2012).
In particular, it is stable for the system of SDEs (5.5) with soft repulsive potentials.

We have implemented the tamed Euler scheme (5.52) for our system of dN-coupled SDEs
(5.5) in two dimensions (d = 2) for two types of pair potentials, namely, the exponential potential
(5.2b) and the repulsive-Yukawa potential (5.2c). We use a cut-off radius to reduce the number
of evaluations of the pair interaction potential. Namely, we define r,; such that the magnitude
of the force between two particles at a distance r; is less than 10~7. In the simulations, if two
particles are at a distance r > 7., we skip the evaluation of their interaction force. Since the drift
term of (5.52) is always bounded by one regardless of the problem non-dimensionalisation, we
choose to perform the stochastic simulations with a system rescaled by 1/(2¢). In this scaling,
the range of the interaction potential is of order one, and hence the bound of one works fine
both for the drift and the diffusive terms in (5.52).°

5.7.1.2 Time-dependent examples

We illustrate the time-dependent behaviour of the soft-sphere system in a square domain () =
[—%, %]2 for a vanishing external force f*' = 0 and N = 400. We choose a two-dimensional
Gaussian initial density with zero mean (centred at the origin) and standard deviation 0.05
(truncated and normalised so that its integral over () is one) and a final simulation time t =
0.05. These parameters are used for all examples in this section. To allow for a quantitative
comparison, we plot a slice of the solution through y; = 0.

In Figures 5.4(a) and 5.4(b) we consider a system of particles whose interactions are de-
scribed by the exponential pair potential ugx (5.2b) at times t = 5-107* and t = 1073, respec-
tively. We compare the one-particle density function p(x;,t) obtained from stochastic simula-
tions of the particle-level model (5.5) and the numerical integration of the reduced FP equation
(56.27) and its closure approximation counterpart (5.36). To construct the histogram we use 31
bins in each direction and, using the symmetries of the problem, the data points in Figure 5.4

are obtained as the average of the central row (corresponding to y; = 0) and the central column

51f we did not rescale length in the computational problem, we would still require the relative mean displacement
of a particle to be much less that the interaction range of O(e), that is, vV4At < e. However, since the drift term is
only bounded by one, the resulting displacement would be likely to greater than € if, as it is the case here, ¢ < 1.
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Figure 5.4 Marginal density function p(xi, f) at y; = 0 with normally distributed initial data (¢ = 0.05),
interaction potential ugy given in (5.2b), € = 0.01, and N = 400, at times (a) t = 5-107* (b) t = 1073,
Solution p(xy,t) of (5.27) (solid red line) and histogram (red circles) computed from 10* realisations of
(5.5) with adaptive At. Solution p(x1, t) via closure approximation (5.36) shown in dash black line.

(corresponding to x; = 0) to reduce statistical errors. We note that the theoretical predictions
using matched asymptotic expansions (shown in solid red lines) agree much better with the
Monte Carlo simulation results (red circles) than those corresponding to closure (dash black

lines).
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Figure 5.5 Marginal density function p(xi, f) at y; = 0 with normally distributed initial data (¢ = 0.05),
interaction potential uyy given in (5.2c), € = 0.01, and N = 400, at times (a) t = 5- 107% (b) t = 1073,
Solution p(xq, t) of (5.27) (solid blue line) and histogram (blue circles) computed from 10* realisations of
(5.5) with adaptive At. Solution p(x1, t) via closure approximation (5.36) shown in a dash black line.

Figure 5.5 is analogous to Figure 5.4 with the repulsive-Yukawa potential uyy (5.2¢c). Again,
we find that the theoretical predictions of our model (5.27) (solid blue lines) compare well with
the stochastic simulations (blue circles) and outperform the closure approximation predictions
(dash black lines). We note that the differences between the two approaches are more important

in this case of a Yukawa potential than for the previous case of the exponential potential, as
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expected since the error between «, and w, is more significant for the Yukawa potential, see
Table 5.1.
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Figure 5.6 Marginal density function p(xy, ) at y; = 0 with normally distributed initial data (¢ = 0.05),
interaction potential uyy given in (5.2¢c), € = 0.01, and N = 400, at times (a) t = 0.025 (b) t = 0.05.
Solution p(x)1,t) of (5.27) (solid blue line) and histogram (blue circles) computed from 10* realisations
of (5.5) with adaptive At. Closure approximation (5.36) (in dash black line) and interaction-free solution
[setting o, = 0 in (5.27a), dot-dash green line].

In Figure 5.6, the evolution of the same system of Yukawa particles of Figure 5.5 is considered
at later times, namely, at t = 0.025 [Figure 5.6(a)] and ¢ = 0.05 [Figure 5.6(b)]. This time we
also consider the solution to the reduced FP equation (5.27) for the interaction-free case «, = 0,
equivalent to the point-particles case considered in the previous chapters. As expected, the
spreading of the profile in the interaction-free case is slower than for the Yukawa interacting
particles. Again, we find that the theoretical predictions of (5.27) (shown in solid blue lines)

outperform the closure or interaction-free predictions.

5.7.2 Stationary solutions

In this section we compute the stationary solutions of (5.27) and compare them with the
equilibrium histogram obtained with the Metropolis—Hastings (MH) algorithm described in
§2.7.2.1. As before, we also compute the solution of the reduced FP equation via closure and

for interaction-free particles.

5.7.2.1 The Metropolis—Hastings algorithm for soft spheres

The stationary simulations of the SS system are relatively straightforward compared to their
time-dependent counterparts, and only minor modifications to the MH algorithm for hard
spheres (HS) suffice.

Suppose as in the HS case that particles are under an external potential V(x), f*(x) =

—V«V(x). Then the total system energy is given by the sum of the interaction energy U(X) Eq.
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(5.3) and the external potential energy, that is,

N N N

Yy ullxi—xlh+Y Vix), TeqV, (5.53)

i=1j>i i=1

H(X)

where u is the pair interaction potential and V is the external potential. Comparing it with
its HS counterpart (2.52), we see that the SS Hamiltonian H(X) is finite for all configurations
(except possibly in a set of measure zero).

We use again the MH algorithm to compute the stationary density of the full particle system.
Recall that the algorithm consisted of picking one particle at random, attempt to move it (by a
uniformly distributed displacement), and accept it with a certain probability depending on the
energy increase AH = H(X') — H(X), where ¥ is the current configuration of the system and ¥’
is the candidate configuration (which differs from ¥ in one entry only). Recall also that, for HS,
if the proposed move generated an illegal configuration ¥ ¢ QY (i.e., an overlap between two
or more particles), it was always rejected with even no need to compute AH (since AH = o0).
In contrast, for soft spheres there is always a finite probability of accepting a move, so that the

energy difference A has to be computed at every step of the Markov chain.

5.7.2.2 Stationary numerical examples

For our first stationary example in Figure 5.7 we consider the volcano-shaped potential V(x) =
—4.77 eI 1358 ¢~ 2IxI* and compare the stationary density ps predicted by setting the time-
derivative to zero in (5.27) with the MH simulation results. We use a system of N = 1000 soft
spheres with € = 0.01 in the unit square domain, interacting with the repulsive Yukawa potential
(5.2c). The agreement between the theoretical stationary density ps(x;) and the simulation

counterpart is good.
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Figure 5.7 Stationary marginal density function ps(x;) for interaction potential uyy under a double-well
external potential V, with N = 1000 and e = 0.01. (a) Solution ps(x1) of (5.27) with ayy. (b) Histogram
for pair potential uyy;, obtained with 10° steps of the MH algorithm. Plots have the same colour bar.
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Figure 5.8 Stationary density function ps(x;) for interaction potentials uyy or ugx under a two-
dimensional double-well external potential plus confinement with N = 1000, ¢ = 0.01. (a) Solutions
of (5.27) and stochastic simulations using potentials uyy and ugx. Smaller plot (a’) corresponds to the
same graph on the whole range —1 < x < 1, where the effects of the confining potential are apparent.
(b) Same plot than (a) adding two more solutions for comparison: solution of (5.27) for point particles
(v = 0) and hard spheres (aps).

In our next example we use a larger domain () = [—1,1]? and the same volcano-shaped

external potential as in Figure 5.7 but with an extra confining term,
V(x) = —4.77¢ 0 1 3585 4 (2x)2 4 (2)?, (5.54)

so that the density is confined in the domain owing to the external potential V rather than the no-
flux boundary conditions (5.27c). Figure 5.8 shows the stationary densities for the exponential
potential ugx and the Yukawa potential uyy for the slice y; = 0. We also plot the solution

obtained by closure (i.e., with «,) and for interaction-free particles (i.e., with &, = 0). We



168 Chapter 5. Diffusion of soft spheres

observe how the theoretical predictions of our model (5.27) agree better with the simulation
data than the other approaches. The full two-dimensional solutions are shown in Figures 5.9

and 5.10 for ugx and uyy respectively.

06

(€))

11.5

|05
0
X 0.6

Figure 5.9 Stationary density function ps(xp) for interaction potential ugx under the external potential
(5.54) with N = 1000, ¢ = 0.01. (a) Solution ps(x1) of (5.27) with agx. (b) Histogram for ugx from
10° steps of the MH algorithm. (c) Solution ps(x;) of (5.36) with &gx. (d) Solution ps(x1) of (5.27) for
interaction-free particles, a, = 0. All four plots have the same colour bar.
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5.8 Some properties
5.8.1 Effective hard-sphere diameter

A nice property of the reduced FP model (5.27) for soft spheres is that it has exactly the same
structure as model (2.29) for hard spheres derived in Chapter 2, with the nonlinear coefficient
«, characterising the pair potential u. This implies that, for every potential u, we can find
an effective hard-sphere diameter e¢ such that the continuum models of both systems—the SS
system with pair potential u(r) and the HS system with diameter e.g—are equivalent. In other

words, the problem consists of finding €. such that

ay€? = aps ey, (5.55)

where &, is given in (5.27b) and ays = 2(d — 1)7t/d, see (5.48). Rearranging, we find that

(@)d —d /0 ) (1—ee) it ar. (5.56)

€
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Figure 5.10 Stationary density function ps(x;) for interaction potential uyy under the external potential
(5.54) with N = 1000, e = 0.01. (a) Solution ps(x;) of (5.27) with ayy. (b) Histogram for uyy from
10” steps of the MH algorithm. (c) Solution ps(x;) of (5.36) with @yy. (d) Solution ps(x) of (5.27) for
interaction-free particles, o, = 0. All four plots have the same colour bar.

The effective relative diameters (€.¢/€) of various soft potentials are shown in Table 5.2. The
values in parenthesis in the first two columns correspond to the effective hard-sphere diameter
predicted by the closure method, obtained replacing &, by &, in equation (5.55). We note that,
whereas the closure approach predicts that particles interacting with potentials ugx and uyy
have identical effective HS diameters, our approach gives significantly different values. This
difference is backed-up by the stochastic simulation performed in the previous section, where

we could observe quantitative differences between the two particle systems.

Effective hard-sphere diameter (e.f/€)

—r/e MYU:%e—r/e Mss:(e/r)v uL]:(%)lZ_(%)6 uMO:e—r/e_%e—lr/e

UEx =¢€
d=2 134(1.41) 1.12(1.41) 1.33 0.745 0.633
d=3 178(1.82) 1.37(1.44) 1.54 0.487 0.463

Table 5.2 Values of the relative effective hard-sphere diameter €s/€ for various soft potentials. The
softness parameter used in the SS potential is v = 4, whereas the parameters in the Morse potential are
c=2and !/ =038.

This idea of finding the effective HS diameter associated to a SS system is known as the
effective hard sphere diameter method (EHSD) and it has been widely used to calculate both equi-
librium and transport properties (Mulero 2008; §9.3.3). The reason why this method is appealing
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is that it allows us to “translate” a general system of interacting soft spheres (whose properties
may have not been studied before) to the widely studied hard-sphere system, on which most
theories are based. Moreover, the derived model (5.27) implies that, as far as the population-
level dynamics are concerned, soft interactions u may be incorporated into the effective hard
particle model by adjusting the hard-sphere diameter with (5.56). This is of course provided
ay in (5.27b) is well-defined and positive. In contrast, if &, does not exist (or is negative), our
method breaks down (or may become unstable) for the given pair potential u. Yet, this is con-
structive: it means that the potential is not decaying at infinity fast enough to be incorporated
into a population-level FP equation of the form (5.27a).

Another application of the EHSD is to provide an effective volume fraction for the system

of soft spheres: using €.¢, we can define the effective volume fraction of soft spheres as

TNe?

Peii = 57T il Sf’f : (5.57)

We may then use this expression to check whether the low “volume fraction” condition holds.

5.8.2 H-stability

A system of N interacting particles is said to be H-stable if the potential energy per particle is
bounded below by a constant which is independent of N, that is, if there exists B > 0 such that
(Ruelle 1969; §3.2.1)

U(X) > —NB, (5.58)

for all N and ¥ = (xq,...,xy), where U is the system’s total interaction potential (5.3). This
ensures that the particles will not collapse as N — oo (D’Orsogna et al. 2006); systems that are
not H-stable are also called catastrophic. It can be shown that if a pair potential u is H-stable,
then the following condition holds (Ruelle 1969; Prop. 3.2.4)

Ry = / (%) dx > 0, (5.59)
R4

where recall that o, is the coefficient from the closure approach. This is equivalent to saying that
if o, < 0, then u is catastrophic. Intuitively, the catastrophic behaviour arises from the fact that,
when o, < 0, “a large weight is attributed to configurations where many particles are crowded
into a bounded region of R (Ruelle 1969; §3.2.3). Condition (5.59) is very useful since it can
easily be tested, whereas the definition of H-stability (5.58) itself (or the other two equivalent
conditions given in Ruelle 1969; §3.2.2) may be difficult to test for some pair potentials.
Nevertheless, as we have seen in §5.6.2, there are many commonly used potentials such as
the inverse-power potentials ugs or ury for which @, is not defined. A natural question to ask
is whether for these cases our alternative coefficient «, (5.27b)—which exists for the potentials

mentioned above and has been shown in simulations to capture more precisely the behaviour
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of the particle-system—could also be used as a condition for H-stability. In other words, could
we use the sign of &, to say something about the H-stability of the system? If this were the case,
would our coefficient «, give a sharper bound than &, or not? Such proof is beyond the scope
of this work and we leave it for future work. Instead, here we simply consider the particular
case of the Morse potential uyo (5.2e), for which both &, and &, are well-defined, and compare
the regions where each of these coefficients are positive.

In D’Orsogna et al. (2006), the H-stability of a system of self-propelled particles interacting
via the Morse potential is considered. They study how the H-stability of the system changes
with the two parameters of the potential, C and [ (corresponding respectively to the strength
and range of the repulsive part relative to the attractive part), and identify several regimes. The
most physically relevant cases are found for I < 1 < C, in which the potential is characterised by
short-range repulsion and a long-range attraction. In this region, an H-stable and a catastrophic

regimes are found; the stability condition (5.59) can be expressed as
Cl4 > 1. (5.60)

In the H-stable regime, particles find an optimal spacing and as N — oo maintain a fixed relative
distance from each other. For the Morse potential, the converse is also true, namely, when
ClY < 1 the system is catastrophic and, as N — oo, the “swarm” size shrinks and ultimately
collapses (Carrillo et al. 2010). The equivalence between conditions (5.59) and (5.60) for the
Morse potential (5.2e) is examined in Figure 5.11(b), in which the contours of @10 are computed
from (5.36b); the contour line corresponding to @yvo = 0 coincides with the curve CI? = 1, shown

in a dash red line.
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Figure 5.11 Contour plot of the nonlinear diffusion coefficient for the Morse potential (5.2e) in two
dimensions. (a) Coefficient apjo in Eq. (5.27b). (b) Coefficient ayo in Eq. (5.36b). The dash red line
corresponds to CI% = 1.
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Figure 5.12 Values of apo for d = 2 (solid blue line) and d = 3 (dash green line) and &0 (dot-dash red
line) along the line (C,C~1/4).

Now, what happens if we consider the sign of ayio rather than wy;0? To this end, we examine
how does the contour ayo = 0 relate with the H-stability boundary CI?. This is done for d = 2
in Figure 5.11(a), in which we plot the contours of a0 together with the curve CI?. We observe
how the agreement between the two lines is quite good, and it is only for C < 1 (which is
already outside of the region of interest) that the differences become apparent. For a better
comparison for the differences between ayio and &yo at the H-stability separatrix, we show in
Figure 5.12 the values of both coefficients along the line I = 1/1/C. As predicted by D’Orsogna
et al. (2006), apo is identically zero along such line. However, we find that the coefficient ayo is
always below zero except for C = 1. An interesting numerical experiment to do, which we leave
for future work, would be to study systems for which the closure coefficient «,, is positive but
our coefficient a,, is not. Finally, in Figure 5.13 we consider the difference ayo — avo to examine
whether the error near the stability separatrix CI? = 1 shown in Figure 5.12 is representative
of the whole region of interest I < 1 < C (that is, the difference is always of the order of 0.01),
or whether the error changes as we move away from the separatrix. We find that the difference
between a0 and a0 is minimised near critical line, while it grows as we move away from the

critical value ay0 =~ apo = 0.

5.9 Discussion

In this chapter we have considered the diffusion of soft spheres interacting via a short-range
soft-core repulsive pair potential u. The result is a nonlinear diffusion equation similar to the
hard-sphere model derived in Chapter 2, but with a potential-dependent nonlinear diffusion
coefficient. In contrast with the hard-sphere model, now in the particle-level model there are no
collisions or illegal configurations since two soft spheres may become very close to each other
with a probability that depends on u. As a result, in the process of deriving the population-
level model for the system of soft spheres, the interactions between particles do not appear as
boundary conditions on collision surfaces as in the hard-sphere case but, instead, as localised

interaction integrals over the range of the short-range potential. Nevertheless, the procedure to
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Figure 5.13 Contour plot of ayo — apo for the parameters of the Morse potential C and . Left: Two
dimensions. Right: Three dimensions. The dash line corresponds to CI¢ = 1.

derive the reduced FP model is analogous to the hard-sphere case, and the method of matched
asymptotic expansions provides a natural framework to compute the interaction integral in a
systematic and accurate way.

The resulting population-level model is compared with previous approaches based on clo-
sure approximations, in which some relationship between the one- and the two-particle density
functions is assumed in order to close the problem. In particular, we review two closure mod-
els: the first produces a nonlinear nondegenerate diffusion equation (which involves an integral
that diverges for several of the most common pair potentials), and the second results in a linear
diffusion equation with an (effective) concentration-dependent diffusion coefficient (and valid
for small perturbations from a uniform density only). In order to assess the validity of our
model and compare it with the closure approach, we have performed both time-dependent and
stationary numerical simulations. We have found that our model agrees well with stochastic
simulations and outperforms the closure approach predictions.

Finally, we have examined two properties of soft interaction potentials. First, since the
population-level model for soft spheres only differs from its hard-sphere counterpart by the
coefficient of the nonlinear diffusion term, we can define an effective hard-sphere diameter as-
sociated to a given soft-core potential such that a HS system with such diameter has the same
macroscopic properties that the original SS system. This can be useful in order to readily obtain
a lot of information about a system of soft particles interacting with any repulsive pair potential
that one may choose, by using the existing knowledge of the HS system. Moreover, it is also
very useful for practical reasons. For example, imagine that we are interested in the transport
or population-level properties of a soft-sphere system and (not satisfied with the population-

level PDE description) we want to perform stochastic simulations of the particle-level system.
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Then we could compute the effective hard-sphere diameter and perform the Monte Carlo sim-
ulations of the equivalent hard-sphere system instead of simulating the original soft-sphere
system. From our own perspective, this is highly advantageous since the stochastic simulations
of soft spheres can be quite challenging for highly singular soft-core short-range potentials, even
for the low-(effective)-volume fractions considered in this thesis. The second property we have
considered is the H-stability, which ensures that a system of interacting particles will not col-
lapse as the number of particles increases. It turns out that the reduced FP equation provides
a very simple test for H-stability, namely, the sign of the nonlinear diffusion term. While the
closure coefficient &, (5.36b) gives a necessary condition for H-stability, we have asked ourselves
whether the matched asymptotics coefficient o, (5.27b), which is well-defined for a broader class
of pair potentials than «,,, may be also a valid measure.

The method described in this chapter provides a useful tool to extend our previous analysis
for hard spheres to general soft-core interacting particles, and it also offers an alternative way to
derive the hard-sphere model of Chapter 2. In this chapter we have considered soft interaction
potentials u for which there are no illegal configurations [that is, u(r) # oo for r > 0], but in
the literature we can find many examples of soft potentials combining a hard-core and soft-
core regions. For example, all the potentials introduced in §5.2 could be evaluated at r + €
and combined with a hard-core potential of diameter €. All these situations can be treated
easily with the method derived in this chapter, whereas introducing a soft-core repulsion at
r = € to the hard-sphere model in Chapter 2 would involve more thought. Another example
of potential that, despite seemingly fitting more into a hard-core potential model, could have
been considered here is the square-well potential (Mulero 2008; Chap. 9), which is the simplest
potential incorporating attractive and repulsive parts. It represents rigid spheres of diameter €

surrounded by an attractive shell of strength Csyw extending to separations Ke:

o, r<e,
Psw(r) =1 —Csw, € <r<Ke (5.61)
0, r > Ke.

To conclude, we point out that the potential-dependent coefficient «;, in (5.27b) can provide a
lot of information not only about the characteristics of the soft pair potential (such as its effective
hard-sphere diameter or stability) but also about the strategy to incorporate such interaction
into the population-level model. When the interaction potential u is such that &, is not defined
(because the integral diverges) and our method breaks down, it is an indication that the range
of the potential is too long that pairwise interactions are not dominant and that an alternative
method—such as a mean-field approach—is required. This is in contrast with the coefficient «,,
being well-defined but negative, which, as seen in §5.8.2, implies the that the thermodynamic

limit does not exist and catastrophic behaviour as N — oo is to be expected.
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Final remarks

6.1 Summary and discussion

In this thesis we have studied systems of Brownian particles interacting with short-range re-
pulsive potentials, and derived a mathematical model that describes their population-level be-
haviour. This is an important area of research as stochastic models describing how interacting
individuals give rise to collective behaviour are ubiquitous across disciplines ranging from biol-
ogy and physics to social sciences. We have focused on the class of particle systems consisting
of diffusive particles with hard-core or soft-core interactions. We have developed a systematic
method based on matched asymptotic expansions in the particle volume fraction.

The resulting population-level model, which is a Fokker-Planck (FP) partial differential
equation for the marginal one-particle probability density function, is practical (as it is easy
to solve an analyse unlike its particle-level counterpart), and it compares well with averaged
stochastic simulations of the particle-level model. Moreover, the systematic nature of the method
means it is flexible, and we have been able to extend the core problem of identical hard spheres

in several directions. A brief summary of the situations considered is given below:

o Chapter 2 focussed on a system of N identical hard spheres. The resulting macroscopic
model is a nonlinear diffusion equation for the one-particle density function with excluded-

volume effects enhancing the overall collective diffusion rate.

¢ Chapter 3 studied a system with two types of particles or species, the blues and the reds. The
resulting macroscopic model is a nonlinear cross-diffusion system for the two population
densities. This model captures both alternative notions of diffusion, the so-called collective

diffusion and self-diffusion, and can be used to study diffusion through obstacles.

¢ Chapter 4 addressed the diffusion of hard spheres through confined domains such as a
narrow channel or a Hele-Shaw cell. In this case the macroscopic model depends on a
confinement parameter and interpolates between severe confinement and the unconfined

situation.

175
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¢ Chapter 5 considered a system of N identical soft spheres (particles with soft-core repul-
sive potentials). The macroscopic model is a generalisation of the model for hard spheres
of Chapter 2, with the nonlinear term in the diffusion equation being dependent on the

interaction potential.

Here we emphasise some of the assumptions that entered the derivation of the models
we have presented. We have focused on a specific random walk (Brownian motion under an
external drift) with short-range repulsive interactions. Moreover, the volume fraction of the
system was taken to be low enough so that pairwise interactions are the dominant ones. This
excludes situations close to the jamming limit. The upper bound on the volume fraction for this
assumption to be valid is not a strict one: it can depend on other system parameters such as the
external drift or the time scale of interest (e.g., dynamical or stationary properties).

Our analysis of the system in the presence of an external drift is valid when the drift is, at
most, of the same order in magnitude as the diffusion. In other words, we have considered
the diffusion-dominated regime (or when diffusion and drift balance), rather than the drift-
dominated regime. We have assumed that the external force on a particle at position x was of
the form f(x); yet, we could have also considered a time-dependent drift f(x,t) without any
changes in the analysis.

Sometimes the reduced FP equation for the one-particle probability density is misinterpreted
as a deterministic equation for the concentration of the system, valid only as the number of
particles N is large. While it can be used in this situation if required, we emphasise that in our
work the reduced FP equation is valid for any N (one could set N = 1). Consequently, the FP
equation is not a deterministic model, but rather a PDE for the probability of finding the particle
at a given position and given time.

Our method using matched asymptotic expansions in the particle volume fraction results in
a continuum model which is a perturbation of the interaction-free case. The nonlinearities in
the resulting models are all quadratic in the marginal density. This can be explained from the
fact that they represent pairwise interactions, and comes from the matching conditions with the
outer. If we had considered three-particles interactions as well, we would expect to obtain cubic
terms in the continuum model.

The link between the individual-level mechanisms and the population-level behaviour has
been provided not only at the FP equation level (by means of the joint and marginal probability
densities), but also via the free energy of the system. By writing the the reduced FP equation in
a gradient-flow structure, we could interpret the resulting energy functional as the population-
level free energy, and relate the latter with the particle-level free energy. This supplies an
alternative way to interpret the connection between microscopic and macroscopic properties of

the particle system.
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Because of the perturbative nature of the method, care should be taken when using it for
medium to high volume fractions. We have not made exhaustive numerical tests to assess
the validity of our continuum model against the stochastic simulation of the discrete model,
but instead considered a number of specific examples. We expect the agreement between the
two to be situation-dependent, that is, it may depend on many of the problem parameters, of
whether we are interested in equilibrium properties or dynamical ones, etc. In the two-species
case of Chapter 3, we were able to obtain some analytical and quantitative results regarding
the validity of our model. In particular, writing the model as a gradient-flow for the free-energy
functional, we could use the singularity of the mobility matrix as a measure/indicator of the
model breaking down (that occurred roughly for a 50% volume fraction). In another instance,
for the diffusion through obstacles, we compared our model in a simplified situation (that of
point particles diffusing in a periodic array of obstacles) with a standard multiscale method
(which is not constrained by having a low volume fraction of obstacles). Despite the limitation
of a low-volume fraction, our method can provide a lot of insight into the mechanisms by
which particle-level characteristics emerge at the population-level. Therefore, while we may not
expect to obtain quantitative agreement with the simulation data of the particle-level model, the
nonlinear terms in the population-level model can provide useful qualitative information and
can explain some phenomena of collective behaviour.

We have accompanied the macroscopic PDE model of each chapter with comparisons be-
tween its numerical solution and simulations of the corresponding microscopic stochastic model.
We have considered the latter as the benchmark solution to which to compare the solutions of
our approximate PDE to, although it could be argued that the stochastic simulations also contain
approximations and might not be the “true representation” of the real stochastic particle system
under consideration. However, in favour of such a comparison we can claim that the solutions
to two very different models, one an asymptotic PDE model and the other a discretisation of
correlated Brownian motions, agree reasonably well. Besides, we emphasise one of the key
conclusions of the comparison between our PDE models and their simulations counterparts:
efficiency. In the comparisons between the simulation data and the solutions of the PDE models
of this thesis, as an indication the solution of our model took about 1-10 seconds to produce in
MATLAB, whereas the simulation results took up to two days (not to mention the programming
costs of one to the other!).

This work bridges between the fields of PDEs and statistical mechanics by introducing a
novel technique in the area, namely matched asymptotic expansions. Many of the conclusions
obtained in this thesis were already known in statistical mechanics in the context of real fluids.
Nevertheless, classical statistical mechanics deals with equilibrium situations and, if we are to
apply these techniques to the more modern and exciting areas of biology and social sciences, it is

crucial to be able to describe dynamical situations too. This is where we believe our work could
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have important contributions. Furthermore, the nature of our models, all based in simple two-
or three-dimensional PDEs, means that they are accessible and ready-to-use tools for researchers

from other disciplines.

6.2 Further work

During this thesis, ideas for further work have been generated at a faster pace than they could

be tackled. We consider some of these below.

6.2.1 Anisotropy

In this thesis we have considered spherically symmetric particles only. However, anisotropy is
an important consideration in real-world systems, which often involve individuals (molecules,
cells, organisms, ...) that are highly anisotropic in shape Baker & Simpson (2012); Paramonov
& Yaliraki (2005). A natural extension of our work suitable for the modelling of anisotropic
particles would be to consider ellipsoidal particles [thus complementing the d-dimensional po-
sition vector with a (d — 1)-dimensional orientation vector], and examine the effects of rotational
Brownian motion combined with translational Brownian motion.

Starting with a system of diffusing hard ellipsoids, we would expect to obtain a model with
a similar structure to that for hard spheres, but with additional terms corresponding to the
angular coordinates and angular diffusion. The derivation would of course involve more com-
plicated collision surfaces. The resulting model could be studied either in the complete domain
of positions and orientations or, by integrating over the orientations space, in the position space
only. In the first model, one could study how excluded-volume effects modify angular diffusion
(similarly to how we did for translational diffusion). The second model could be useful to ob-
tain a measure of the effective size of particles, that is, the characteristic dimension with which
the anisotropic particles interact. A nice extension would be to incorporate anisotropy into our
confined-domain analysis. This problem has important applications in biology and industry
(for example, polar molecules in narrow domains, or fine grains migrating through the pores of
nanoporous media) but only few theoretical studies exist (Han et al. 2009; Holcman & Schuss
2012).

6.2.2 Reaction—-diffusion and coagulation models

An important extension of our work on excluded-volume effects in diffusion would be to com-
bine it with reactions. Excluded-volume effects can influence biochemical reaction (Minton
2001), and can be especially crucial in diffusion-limited reactions (Sun & Weinstein 2007). At
the moment, the standard technique to introduce (chemical) reactions in a spatial model for

diffusion is based either on a compartment-based model (Hattne et al. 2005), in which particles
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can only interact if they are in the same compartment, or on the idea of a reaction radius (An-
drews & Bray 2004), which assumes that two particles react with a given probability whenever
their distance is less than a prescribed reaction radius. As pointed out by Andrews & Bray, the
problem with this method is that, when considering reversible reactions, the products of the
backward reaction are almost certain to collide again; they refer to this as the recollision problem.
The question is where to place the products of a reaction to capture the process in the most
physical way so that the resulting association rates are accurate.

In our framework of finite-size particles, these questions would have an obvious solution,
since the collision displaces the particles away from each other. The starting point could be a
system of diffusing and reactant hard spheres which, upon collision, react with a given proba-
bility. The simplest model of coagulation and fragmentation of a single type of particle could
be a good starting point. In order to preserve the volume fraction of the system, a sensible as-
sumption would be that the coagulation process conserves volume and shape (the aggregate of
two spherical particles is also a sphere). The resulting population-level model would have now
an extra discrete variable, the current number of particles N (added to the continuous variables
time and position), and we would expect it to be a piecewise “system of equations” in N, each
equation representing the evolution of the marginal probability density of having N particles in
the system. It would be interesting to relate the resulting model to existing (Smoluchowski’s)
coagulation models and make a connection with known results on diffusion-limited reactions

and concentration-dependent reaction rates.

6.2.3 Long-range interactions

It is often the case that real life systems have a combination of short-, long-, and intermediate-
range interactions. For example, in an ion channel there are short-range repulsive interactions
due to excluded-volume effects and long-range electrostatic forces. Another example can be
found in animal swarms, in which one can distinguish three fundamental regions of influence,
namely a short-range repulsion, an intermediate-range alignment, and a long-range attraction
(Carrillo et al. 2010). Consequently, the mathematical models to describe such systems should
also be able to combine interactions at different ranges. However, it is common to find that when
a technique works well for long-range interactions, it performs poorly with short-range ones,
and vice versa. The technique of matched asymptotic expansions could nonetheless provide a
nice framework for this problem, since one could incorporate the contribution from the long-
range interactions (dealt with via a mean-field approach for example) as a matching condition

to the inner region representing the short-range interaction.
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6.2.4 Lattice-based models

As mentioned in §1.3.2, on-lattice models with exclusion are often used in the particle-level
description of the system. Each lattice site can be occupied by, at most, one single particle, and
the motion of particles is generally represented by a nearest neighbour random walk (Baker &
Simpson 2012). These provide a natural framework for excluded-volume interaction.

A common procedure is to devise a set of evolution and interaction rules on the lattice and
subsequently derive the population-level model for the average density by considering appro-
priate limits as the time step and lattice spacing tend to zero. Maybe because of the conceptual
simplicity of on-lattice models, a huge variety of idealisations of the the same particle-level
mechanism (which is in general well/closely represented by an off-lattice model) have been
proposed. The surprising fact is that, in many cases, the resulting associated population-level
models can differ substantially (Baker & Simpson 2012).

It would be of interest to study of the differences between on- and off-lattice models and
explore the link between these alternative particle-level models as well as with their population-
level counterparts. In particular, one could try to extend the matched asymptotics approach to
on-lattice models, or maybe incorporate population-level characteristics (such as the collective
diffusion) into the random walks of agents on the lattice. The idea would be to develop im-
proved on-lattice models which will, on the one hand, preserve its conceptual simplicity and,

on the other hand, be able to accurately capture the key system attributes.

6.2.5 Langevin dynamics

In this thesis we have considered overdamped Brownian dynamics, in which the velocities of
particles are eliminated from the system (assuming that the equilibration of velocities occurs at a
much faster time scale that the evolution of positions). An obvious extension of this work would
be to go back to the full Langevin description of Brownian motion, equation (1.3), and apply the
method of matched asymptotic expansion to the phase space of positions and velocities instead
of to the configuration space of positions only. A good starting point would be to assume that
the velocities live on the unit sphere only [so that only (d-1) coordinates are added into the sys-
tem], and to relate that with the slightly related (easier or more difficult?) problem of anisotropic
particles. This extension would have important applications for self-propelled particles (from
bacteria to animal swarms), and could open the door to studying many collective-behaviour
phenomena that cannot be explained with overdamped Langevin dynamics. Examples include
the lane formation in ant trail (John et al. 2004) or pedestrian motion (Helbing 1992), or the
Brazil-nut effect (Breu et al. 2003).



Appendix A

Normalisation conditions

In this appendix we derive the relationship between the marginal one-particle probability den-

sity p(x1,t) and the outer function g(x, t).

A.1 One species

In this appendix we prove the relationship
g(x1,t) = p(xy,t) + O(ed), (A.1)

used in §2.4.3 to obtain a closed equation for the one-particle density p(xi,t). Recall that the
function g(x, t) is used in the leading-order outer solution Pyy;.

Although there is no sharp boundary between the inner region (||x — x1|| > €) and the
inner region (||x, — x1|| ~ O(1)), here it is convenient to introduce an imaginary radius J, with
€ < 6 < 1, which divides the two regions. Then the inner region corresponds to the annulus
Qinn(x1) = {x2 € Q(x1) : € < ||x2 — x1]| < J}, and the outer region is the complementary set
Qout(x1) = Q(x1) \ Qi (x1).

By definition, both the two-particle and the one-particle densities P(x1,xp,t) and p(x,t)
must integrate to one in their respective domains Q2 and Q. Using the fictitious separation

between inner and outer regions, we may write

p(x1,t) =/ P(x1,x,t) dxo =/ Pout(x1, %2, t) dxz+/ P(x1,x2,t) dx,.
Q(xl) Qaut(xl) Qinn(xl)

Now we substitute in the expressions for the outer solution (2.13) and transform the second

integral to inner variables. This gives

plxs,t) = qlx, ) |

Qaut(xl)

q(x2, t) dxy 4 € // P(%, %, t) dX, (A.2)
1<|Ix][<de

where 6. = /€. The first integral may be rewritten as

Xy, t) dxo :/ (xz,t de—/ x>, t) dxo
/nmxl)q< ) (22 t) s 1027 ) .

= [ qtt)dea— I8 fgxn 1)+ O],
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where B,; denotes the unit d-dimensional ball, |B;| = 7t and |B3| = 471/3. The second integral

in (A.2) reads, using the leading order inner solution (2.16),
(62 = 1)|Balg(x1, 1) + O(et) = (5 — )| Byl (31, 1) + O(e ). (A4)
Substituting (A.3) and (A.4) into (A.2) we arrive at
p(x1,t) = q(x1,t) /Q q(x2,t) dxa — €[ Byl (31, 1) + O (5771, ™). (A.5)
Imposing the normalisation condition of p(x1,t) above gives

1= / g(x1, ) dxy / q(x2,t) dxs — €| By| /Q g2 (21, ) day + O(671, e+
@) @)

2 (A.6)
- {/Q q(x,t) dx] —€|By| /Q 7> (x1,t) day + O(8971, 4t
Expanding in powers of € we obtain
/Q g(x 1) dx =1+ %edde\ /Q g2(x, 1) dx + O(8%,€3). (A7)
Finally, plugging (A.7) into (A.5) we find that
plsn ) = alos )+ Bl |3 [ 0 dx = 1] +OGT L), (A
that is,
q(x1,t) = px1, 1) + O, 671, (A9)
for any ¢ such that € < § < 1. In particular, it is true for § = €4/(@+1) and therefore
g(x1,t) = p(xy, t) + O(e?), (A.10)

as required.

A.2 Two species

A similar result is required in Chapter 3 to relate the outer functions g, and g, back to the

marginal densities b and r. The same procedure as outlined above yields

M)%(X) dX} [/QMX) dx] =1+ O(el), (A11)

and

ba) = gy(x) [ m(xa)dra + Oy, rGa) = a:x2) [ a0a)da + O(efy).  (A12)

Relation (A.11) determines the leading orders of [,g;(x) dx for i = b,r up to a constant (they
can be 0 and 1/0). Without loss of generality, we set 8 = 1. Therefore, we find the required
result

b(x) = qu(x) + O(ell), r(x) = 4,(0) + O(e,). (A13)
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A.3 Confined domains

In Chapter 4 we used that, for the two or three-dimensional narrow channels,
Je(%1,t) = Pe(£1,t) + O(e), (A.14)

to get to equation (4.94). This can be seen intuitively from the fact that the domain in which
they differ, the inner region, is of length O(¢e). Following a similar procedure to that of §A.1,
extra care must now be taken to choose the right variables (original variables in which the

41 or narrow channel variables in which the rescaled domain w

domain () has area of order €
has size order one). Since we have already included the right scaling factors in the definitions
of the rescaled densities, we can impose the standard normalisation condition on the rescaled
problem. We sketch the derivation of (A.14) for the (NC2) case; the three-dimensional cases
(NC3) and (PP) follow similarly. Writing

P(x1,%,t)d% + € / P(x1,%),t)d%,,  (A.15)

w[nn(fl)

p(xq,t) :/(A )P(fq,f(z,t) ds, :/
w( X1

Wout(fl)
and recalling that

/2
o) = [ pen 0 t)
Pt t) = | P(F1 91t dfs

1/2
po(£1, 1) = 12q(%1, 1) [ o de +0(5,e), (A.16)

Repeating the manipulation of (A.7) and (A.8) and recalling that g. = hg, we arrive at the
desired result (A.14).

A.4 Soft spheres

In Chapter 5 we used (A.1) to obtain equation the reduced Fokker-Planck equation (5.26). To
obtain this relation for soft spheres, we take the parameter ¢ in §A.1 to be the support of the
interaction potential u(r). Then in (A.2) we substitute in the inner solution P for soft spheres,
namely Eq. (5.21). Using that the leading order inner solutions for soft or hard spheres are

identical, the required result follows.
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Appendix B

Reynolds transport theorem for a
boundary of variable size

Suppose Q)(t) is a region in Euclidean space with boundary 0Q(t). Let p(X,t) be a scalar

quantity in the region. The Reynolds’ transport theorem states that

d op
a av :/ % qv + 5. 71) dA, B.1
dt </o<f)p > () ot aomp (@-7) (B1)

where ¥(X,t) is the velocity of the boundary dQ)(¢) and 7 is the outward unit normal to the
boundary at time t. We have used this theorem to integrate over the volume available to a
second particle Q)(x;) when the first particle at x; excludes the volume Bc(x;). This is valid, in
principle, provided the excluded volume does not intersect the domain walls d() (as we assume
in Chapters 2 and 3).

When Q) is a confined domain as considered in Chapter 4, the moving boundary dB¢(x;) is
very likely to intersect with the external boundaries 0(). Therefore, as well as changing position,
now can also change its size with x;. Does equation (B.1) still hold in this situation? The answer
is yes, as long as the value of p is non-singular in the vicinity of the intersection 0B, (x;) N Q)
where “new boundary” is being created. To see that, we consider the corresponding situation
in the traditional setting of the transport theorem used in (B.1).

Consider the two situations shown in Figure B.1. The first corresponds to a domain Q(t) =
[0, 00) X [t,00) which has a constant-sized moving boundary [0, c0), see Figure 2.2(a). The second
example corresponds to a domain Q(t) = [t,00) X [t,00) with a variable-sized moving boundary
[t,00), see Figure 2.2(b).

Given a field p(x, y, t), we want to compute the time derivative of its integral over the domain.
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(a) (b)

X

Figure B.1 Sketch of two time-dependent domains Q(t) in R?.

For the first case we have

d =] 00 00
dt/ p(x,y,t)dxdy = 7 [/ dx/t p(x,y,t) ] / dx [/ xy,t)dy]
:/ dx [—p(x, t,t) +/ —(x,y, t) dy]
0 ot
:—/ xttdx—i—//—pxy, dxdy
0 0

— 1) d / (x,t, 1) d,
/anmmp(x Y Jop P AT

where 9Q),,(t) = [0,00) is the moving boundary of Q)(t). In the second case we have

%/ﬂ(t)p<x,y,t) dxdy = % [/tmdx/xp(x,ylt) dy}
:—/x_tp(t y,t dy+/ dx [/txp(x,y,t)dy]
= / dx{ (x,tt) +/ g(x,y,t) dy} (B.3)

:—/ xttdx+// (x,y,t)dxdy
t

= — Lt 1) dx + L 1) dX.
/m(t)p@ ) dx Qmmx ) dx

In the second line we have assumed that |, tx:t p(x,y,t)dy = 0, that is, that p at the point of
creation of new boundary (t,t) is non-singular. If this is true, we obtain the same result in both
situations, which in turn agrees with the expression given by the transport theorem (B.1) as

expected.



Appendix C

Solution to the inner problem and
collision integral

C.1 Inner solution

In this section we solve the second order inner problem (4.70), which we rewrite below for ease
of reference. The domain of the inner problem (shown in Figure 4.5) is an infinite square prism
of side h with a cylindrical hole along the square diagonal. The axial variable is ¥ and the

variables on the cross-section are ; and ij,. We want to solve the following PDE for P(?),

26 1 p2 4 p@ _ o) > () + f1q2+z<f2 f2> . Cw)

where the right-hand side is a constant in the inner variables (%, 1, 72) (it only depends on the

outer variable ¥;). The boundary condition on the cylindrical wall C~y~1 is

R SV
P54 (P~ PY) (72— 1) = (T Vufn ) 7 + o (qé>

(C.1b)

. .. 0 _d L
+ %(h +J/z)ale (f29%) + P (Y1 (%1, %1)],

where fi' V, fi = (%9, — 1) (gijfé gzg) (yzf%) and Y; is an unknown from the outer. The

boundary conditions on the prism walls #; = +//2 and open ends ¥ = F-co are

i i o i i h
By = %0 + (71 + 92 307 + ylai;qz on  pi=+45  (Clo
_ i P) i h
Pyﬁf) = Xfqq% + (1 + 92) f24° + ( o | + 7> a{j) q on 2=y, (C.1d)

- N s N __0f N
PO~ 2 L5 5+ 201 + 52) foas, + xyz%ﬂ +0Y1|%]
+ D2 (%1, 71, 72) as ¥ — oo, (C.1e)

where

dfr
@i, 1,2 = 5 (B4 B + 00+ 722 ) ¢+ Yalin ). 19
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with Y, another unknown function from the outer expansion. Note that both Y; and Y; are
constants in the inner problem.

It is convenient to introduce the change of variable ¥ = /25 so that equation (C.1a) becomes
a Laplacian. The channel boundaries stay the same, ¥, 7> = j:%, but the internal boundary C~y~1

goes from being an oblique circular cylinder [see (4.32b)], 2 + (72 — #1)?> = 1, to an oblique

elliptic cylinder
Dy = {G ) e Rx 44 x[-44 st 2+ @-7)’=1}. (C2)
The three-dimensional outward unit normal on this surface is ¥ = —%(2@ 71— V2,2 — ¥1)-

We write P?) (%, 71, %,72) = U(5,71,72), treating %, as a parameter. Under these changes of

dependent and independent variables, equation (C.1a) becomes

ViU =2 (gt (flq)> +2 (fz f2> ) (C.3a)

where V stands for the gradient operator with respect to the position vector (3,71,72). The

boundary condition on 75?1 is, from (C.1b),

Vu-ﬂZ—g[zgz (49z,)z, + V25(01 + 2) (f207) 5, +25° ]2”72

+f5<yz—y1)< ];1+ af2>q + (52 ?1)2%q2 :

and rearranging

VU0 = = V22 (@) + L) =5+ 7) ()

of  of 3 of (C.3b)
— (s — ) [ 2L 92 _ Ve 29)2 2 D..
5(72 — 1) (ay + ax> 7= (2 — 1) oy on Dy,
The other boundary conditions (C.1c)—(C.1le) become
= ~ NP2 2 = dfa 2 - h
Uy, = V25hq95, + (71 + 72) 39 gy on ji=+5  (C30
_ 0 h
Uy, = V25f2qqz, + (i1 + 52) 397 (\fs a{;) q on pp==+5,  (C3d)
0
U~ $995,5 + V25 ((371 +92) 975 + ]723—];2112> +V26Y13]
+ Py (%1, 71, 12) as § — +oo. (C.3e)

We proceed by looking for a solution to (C.3) of the form U = V + W, where V would be

the complete solution if the transversal force was zero, f, = 0.
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C.1.1 Zero transverse force

Setting f, = 0 in (C.3), the problem for the first component V' reads

~ 2
VV=2 (on + <f1q),zl) , (C.4a)
) p) N
VV -7 = —v25" ( (g4 )s, + iqz —5(72 — ?1)2072 on Dy, (C.4b)
1 oJx ay
VV-9=0 on = ig, (C.4¢)
V ~ 84055 + V26Y1 |3+ Ya (%1, %) as  §— too, (C.4d)

We introduce
K(x1) =2q[q: + (fig)x], (C.5)

and set V = K(&1)v. Then v satisfies

V 0= 1/ (C6a)
Vo -7 =—V2(A+B)&—Ci(j—71) on Dy, (C.6b)
Vo-7=0 on i = j:g, (C.60)
v~ A#+ D3| +E as  §— +oo, (C.6d)
where
_ L _ 2 iz 10f _ V26, _ Y
A= g 19x0% B = K (qxl + 9x ) , C= K 9y =—q°, D= T E = & (C.6e)

Guided by the solution procedure for the bulk-case analogue in §4.5 on page 100, we look
for a solution to (C.6) of the form v = A3? 4+ ¢ + E. Using Eq. (4.29a) we have that K(%;) =
2q9lq: + (f19)x,] = 299z, so that A = 1/2. This implies that the first solution component
A#? satisfies the Poisson equation (C.6a) as well as the dominant contribution to the condition
at infinity (C.6d) and the zero-flux boundary condition (C.6¢c). On the cylindrical surface, it

satisfies
V(A#) -7 = —2V2A# on Dy, (C.7)

Therefore the second component & = v — A§?> — E must satisfy the following problem:

V=0, (C.8a)
Vo7 =V2(A—-B)F—Ci(j»—71) on Dy, (C.8b)
Vo -7 =0 on Ui = g, (C.8¢)

o ~ D3| as § — too. (C.8d)
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Since (C.8) is linear, we look for @ of the form 7 = \/E(A — B)7; + C0y, each satisfying one

component of the boundary condition (C.8b). Specifically, we define 9; such that

Vo =0, (C.9a)
Vo, 7 =5 on Dy, (C.9b)
Vo, -7 =0 on i = ig, (C.90)
01 ~ D13 as § — doo, (C.9d)
and 7, such that
Vo, =0, (C.10a)
Vo, 7 =351 — %) on Dy, (C.10Db)
Vi, 7 =0, on ;= ig, (C.100)
T ~ D2’§’, as 5= :|:OO, (ClOd)

where D; and D, are arbitrary functions such that \/E(A — B)D; + CD; = D, recalling that D
is an unknown function originating from the outer function Y; [see (4.68) and (C.6e)]. Never-
theless, integrating the Laplace’s equation for ¥; and @, produces compatibility conditions on
D; and D, respectively. (This means that the inner solution is imposing conditions on some

unknowns from the outer.)

C.1.1.1 Compatibility condition for D; and D,

Integrating the Laplacian of 7; in their domain (the inner-region cylinder depicted in Figure 4.5),
which we denote by A C R3, we obtain a condition for the values of D; and D». For instance,
fori = 1, we have
0 :/ V’5, did 1 dgs :/ Vo, -7dS = [D; — (—Dy)]H? +/h/2 dgl/ §2dl
A 9A ~h/2 Dy

= 2D11* + ¢ (h).

The first term on the right-hand side comes from the prism open ends § = £oo, whereas the
second term ¢y (k) = [§*dS is the contribution from the internal cylindrical wall Dy, with
—h/2 < i < h/2. Therefore, we find that

C1 (h)

Dy = — .
! 202

(C.11)

with D; < 0 since ¢;(h) > 0 by construction.
Repeating the same argument for 7, we find that c;(h) = f 5(i7 — J2)dS = 0, since the

positive and negative contributions of 5§ on Dy, cancel. Consequently, we find that

D, = 0. (C.12)
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C.1.1.2 Numerical solution of 7, and 7,

The non-trivial boundary conditions of the problems (C.9) and (C.10) and the complicated do-
main (see Figure 4.5) force us to proceed by solving the two problems numerically. The nu-
merical solution is carried out using the COMSOL Multiphysics package with quadratic finite
elements. By symmetry, the computational domain approximating the infinite cylinder consists
of half the cylinder (for § > 0), and truncated at 5 = 5ax, Where 5.« is chosen large enough
such that the compatibility conditions found above are fulfilled. The boundary conditions at
infinity (C.9d) and (C.10d) are imposed as
%—%:O on § = £8max,

so that the constants D; are left free for the numerical solver to satisfy the compatibility condi-
tions. In the case of @, we could simply impose 97, /95 = 0 but it is not needed: COMSOL finds
the solution with D, = 0 by itself. Figure C.1 shows the solutions ¢; (left plot) and @, (right
plot) for h = 4 near 5§ = 0. The error committed in the compatibility condition (C.11) for @; by
the numerical solution is shown in Figure C.2 for various values of 1. We have taken a value

below 10710 as satisfactory (if the value was higher than that, we increased the computational

domain parameter 5may).

0.2
0.1

2 0
0.1
0.2

Figure C.1 Solutions @7 of (C.9) (left) and 9 of (C.10) (right) for h = 4.
C.1.1.3 Final solution V with zero-transverse force
Therefore, the solution to (C.4) is
V(5,71,52 %1) = K[AS + V2(A — B)o1(3, 71, 72) + C02(3, 71, 52) + E], (C.13)

where 9; and @, are the (numerical) solutions of (C.9) and (C.10), respectively, with D; =
D/[\/i(A — B)] and D; = 0. Here K is given in (C.5) and A, B, C, D, and E are given in (C.6e).

Note these are all constants for the inner problem (only depend on the “outer parameter” ).
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Figure C.2 Error [2h2D1 + c¢1(h)| in compatibility condition (C.11) for harmonic function ;.

If the transverse force f, was zero, the expression in (C.13) would be, up to some manipula-

tions, the second order inner solution P(2).

C.1.2 Non-zero transverse force

For a non-zero transverse force, f, # 0, we seek a solution U of (C.3) composed by two terms,

U = V + W, where V is the solution to (C.4) given in (C.13).

following problem:

with boundary condition on 75?1

VW -7 = —31 /(0%)z, — 57229(f>9) %, —

The remaining boundary conditions read

2 »

= V235fqqz, + 5

(h + T2) 20 + Th ==

Wy, = V25faqqz, + (11 + 12) f39° +

W ~ \/_S<(1+y2)f2qfhl+y2%j;ﬂl> 1(?‘3‘ 7)==

+ = (1 + 72)*(f29)

N —

2

/3

q*

(xfs£+y En

72— 31", 4

Then W is a solution of the

f2 5
ay q

(C.14a)

29f2 on Z~)y~l. (C.14b)
on 71 ==xz (C.140)

on ifpp==+=, (C.14d)

as § — Hoo, (C.14e)

First, we note that the last term of the matching condition (C.14e), 1 (71 + 72)?(f29)?, satisfies

VW = 2(f29)* and Wy, =

(#h + 92)f2q* on §; = +h/2. Moreover, VW - % = 0 on Dy, and
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W ~ O(1) as § — oco. We define W such that W = 1(7j; + 72)?f2¢*> + W. Then W is given by

df2 2
VW =292 ay (C.15a)
o - - V2 ) _
VW -7 = =81 f2(4%)z, — 557224(f29) 1, — - (2= )? a];z 9 on Dy, (C.15b)
] h
Wy, = V25103, +?18—J;2q2 on  fi==+5, (Cl5)
- afz 5 h
Wy, = V25frqq5, + \/_s 3y 7> on = iif (C.15d)

~ 0 0
WN\f2§<<ﬂ1+ﬂz)fzqqf1+37z£q2> <17% ) af;zq"- as  §— too. (C.15e)

We solve problem (C.15) for W in two steps: first assuming that the transverse force is such that
df2/0dy = 0, and then for any force f5.

C.1.2.1 Solution for df,/dy =0

As a first step to solving (C.15), assume that df,/dy = 0. Thus we consider the following
problem for W:

VW =0, (C.16a)
VW.-7 = =571 f2(4)z, — 25929(f29)5, on Dy, (C.16b)
I/N\fg1 = V25frqqs, on 1= ig, (C.16¢)
Wy, = V25q(f29)s, on i = ig, (C.16d)

W ~ V25 <(gl + 12) 2995, + gz%f-) as  §— oo, (C.16e)

Define @ such that W = v/25[f1 209z, + 724(f29)z,] + @. Then it can easily be seen that the
first component of W, call it @y, satisfies all the equations in (C.16) except for the boundary

condition on 15% (C.16b). The normal derivative of @y on 5y~1 is, instead,
< - e 2 . x 20f2
Vo7 = =571f2(07)x — 255724 (f2) 3 + 3501 = 72)4" 5 (C17)

That is, the first component of W produces an “excess” of §(ij; — i2)q> BJ;" in the boundary

condition (C.16b). This implies that the second component of W, @, must satisfy

Vi =0, (C.18a)
V-7 =5 — gz)qz% on Dy, (C.18b)
wy =0 on 7= ig, (C.18¢0)
wy, =0 on 7o = ig, (C.18d)

W~ 0 as § — Zoo. (C.18¢)
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We note that the problem above for @ is related with the previous problem (C.10) for 7, (Specif-
ically, they only differ by a constant in the boundary condition on ﬁyﬁ .) Recall the compatibility
condition (C.12) on the value of 9 at infinity, 9, ~ D;|5| = 0. This is consistent with the match-
ing condition (C.18e),! and justifies having “allocated” the constant flow V/26Y 5| of (C.3e) to the
tirst solution component V in §C.1.1. Comparing (C.18) with (C.10), we find that the solution of
(C.18)isw = —¢° afjf 02, where 7, is the solution of (C.10).

Therefore, the complete solution to (C.16) is

W (5,71, T2 %1) = V23[1 2095, + 729(f20) ] — 7° aJ;Z 2(8, 71, 72)- (C.19)

C.1.2.2 Final solution W for any f,

We now proceed to solve problem (C.15) for any transverse force f,. We look for a solution
of the form W = Wy + V~Vf, where Wy corresponds to the solution (C.19) which ignored all the
terms with df,/dy. Subtracting (C.16) from (C.15), we find that V~Vf satisfies

v’ Wr=2 f;z 2 (C.20a)
2 ) N
VW7 = —£<y2 —i)? af;z 7 on Dy, (C.20b)
J = 9f2 P o h
o7; Wi =Ti5 - ay on Y= j:2’ (C.20c)
Wy ~ 1(~2 2) 2 2 as  §— foo (C.20d)
F~ 5+ a1 : :

This problem has solution

Wy =5 (y1 +15) aj;" 7. (C.21)

Therefore, we have found a solution W to (C.14) in three steps:

1 _
W= 5(% + )7+ W
1 o~
=5 + 027 + V25 G105 + 124(f29)s ]—qza—f’*v +wf (C.22)
1 ~
=571+ 0229 + V25[91 fq9x + 729(f29)x ] — 47 ﬁv + = (y1+y ) aqul,

where 9, is the solution of (C.10) (with D, = 0), which was obtained numerically. In the next
section we will combine the component W in (C.22) with the previous component V (corre-

sponding to f, = 0) to yield the complete solution of the second-order inner problem (C.1).

n order words, if we had a nonzero constant flow at infinity for @, the same compatibility condition (C.12)
would tell us to set it to zero.
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C.1.3 Final inner solution P

In summary, we have obtained a solution of the second order inner problem (C.1) for P(?) as
follows. First we have used the change of variables ¥ = V25 and P (%1, 71, %,72) = U5, 11, 72)-
Second we have split the solution of (C.3) for U into two problems for V.and W, U = V + W,
where the former is the solution when the transverse force is f, = 0 and the latter contains all
the terms due to f, # 0. The solutions of V and W are given in (C.13) and (C.22), respectively.

Putting everything together and rearranging gives

o 1,5 ) o - .
U= AKS® + 2 (7 +72)7" (a—{; + f%) + N1 f2q" + V28 [mfzqqxl + yzq(fzq)fl]

5 (C.23a)
+V2(A - B)K#y + <c1< - q2£> 0, + EK,
where 71 and @, are solutions of the following problems,
vV’ =0,
Vo, -7 =& on Dy,
N I (C.23b)
Vﬁl’f/zo on gi:iil
01 ~ D13 as § — oo,
and
V5, =0,
652‘17:§~1—~2 on T)~/
v (71 = 92) we (€230)
Vo, -7 =0 on Ji=+5,
Ty ~ 0 as § — +oo.
and the %;-dependent parameters are given by
1 1 of1
K =2qlq: + (fig)x], A= 20nz, B=x (q% + %cf) :
(C.23d)
C = 10fi » Dy = oY1 E— Y2
Koy "= K(A—B) K

Inserting § = #/+/2 into (C.23a) and rearranging yields the second-order inner solution

1 1, d - . )
PO = P, + 5 (7 + BT (a—{; + f%) + 12307 + 2 [71f2045, + 720(f20)]
d Jd dfa C.24
+V2 (qqflfl — 3 - a—J;lf) Q1(%, 71, 72) + (a—J;l - %) 7 Q2(%, 71, 72) (€29
+ Y2 (%1, %),

where Qi(%,71,72) := 0:(%/v/2,71,72) and g, f; and f, are functions of the “outer” variable

%1 only, namely, ¢ = q(%1,t) and f; = fi(%1,0). Expression (C.24) contains two contributions
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from the outer expansion Py,;: one explicit, Y, evaluated at x, = xj, and the other implicit,
Y; through the condition at infinity on Q;. Specifically, <qqf1x1 qxl af : ) Q1/]%| ~ 8Y; as
X — 400, where Y is related to Y; via (4.68).

Therefore, in the process of solving for P(?) we have gained some knowledge about the outer
solutions P(uz and P(uz in (4.27) and (4.30). Recall these functions had unknowns Y7 (%1, £2) and
Y2 (%1, £2). While the resolution of P@) has not set any restriction on Y, we have gained some
knowledge on Y;. We have found that the function Y;(%1,%2) is of the form Y;(|#1 — %2/),

satisfying Y1(0) = 0 and

) S d
lim = (%1, %) = 0Y; = (qﬂhm - fﬁzl - a—éff) Dy,

Xp— % axz

where the constant D; is obtained numerically from (C.23b). [The values of the other three

derivatives in Eq. (4.68) follow from the fact that Y1 = Y1 (|£1 — £2/).]

C.2 Component Z, of the collision integral

In this section we derive the result (4.76) for the integral Z, in (4.41), which reads
T, = [, [P 2 —)+ PPs] I, (C.25)
N
where P(?) is the second-order inner solution (C.24). It is a line integral along the curve Cj,,
which corresponds to a slice of the internal cylindrical boundary of the inner problem [cf. Eq.

(C.1b)] at a given height ;. It is convenient to introduce the integral operator J such that
I, = J [PP](h,11) by

Q0 7) = [, [Qn(— ) +Qst] dl, 26)
n
so that the computation consists of applying the operator 7 to each of the terms of P(?) in (C.24).

We note that the terms which are independent of ¥ and 7, are invariant to 7. We begin with

the analytical components in the first line of P2), We find that

37 7] = / #2dl = 1 (h, ), (C.27)

71

LT [B) = [, 12 =) dl = [(71+sin0)sin0do = gupo(h 1) + malh 1), (C28)

71

Tlniel = i1 [, (72— 1) T = fipoli, 1) (C.29)

n
with po, 1, and pp given in (4.75). The two analytical components involving odd functions in ¥
X1 and Xijp integrate to zero, J [Xj1] = J[%Xi2] = 0. Similarly, the constant term Y (%1, ¥1) and

the term with 7 1n (C.24) also integrate to zero.
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We next consider the integrals 7 [Q;] and J[Qy]. Recall that Q;(%, 71, 72) = 9;(X/V/2,71,72),
with the latter determined numerically in COMSOL. To be able to use the solutions 7; we already
have, it is necessary to transform J into the domain of 9;, namely the deformed prism with an

elliptical hole Dy, instead of the circular one Cj,. We have that

o - o V2dl;
T0)(h, i) = /gl[Qh(yz — 1)+ Qet] dl = /% 972 = )+ 958) s

for Q(%,11,72) = 9(%/V/2,91,72). The line differential di; on the right-hand side is elliptical

—

, (C.30)

in the variables § and ,.> For a given channel width &, we obtain the numerical solutions 7
and @, and then evaluate J[Q;](h,#;) using (C.30) for various positions 0 < #; < h/2. The
numerical values of J[Q1] and J[Q>] as functions of #; /h are plotted, respectively, in Figures
C3and C4.

0.25 05
1/h

Figure C.3 Line integral [J [Ql](h, 1) as a function of i, /h for h = 0.5,0.75, 1, 1.5, 2, 3, 4, 5. The arrow
shows the direction of increasing h. Only positive values of #; are shown since 7 [Q1] (%, 71) is symmetric

in gl‘

’The change of variables in (C.30) from a circular to an elliptical integral is done by noting the follow-
ing. The parametrisation of the circular curve CyH (4.32b) is (%,72) = (cos®,i; + sinf) and the line integral is

dl = [(—sin®)? + (cos8)?]1/2d8 = df. On the other hand, the parametrisation of the elliptic curve Dy, (C2)is
(3,72) = (cos6/+/2,§; + sinf) and the line integral is

V2

Combining this with the line integral on Cgl, dl = d#, it leads to

V2dl;
VAZ+ (7 — )%

- —sin6\? do do
dis = +(c0s0)2df = —=V/2c0s20 +sin? 0 = —— /432 + (7, — 771)2.
: ﬂ )+ (coseyan = 2 a2+ =)

dl =
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0.5 -0.25 0 0.25 0.5
/h

Figure C.4 Line integral 7 [Q2](h, 1) as a function of #;/h for h = 0.5,0.75,1,1.5,2,3, 4, 5.

Combining these results gives the final result that
< d d
7, =J[PP] =¢’ (a—f +2f22> Fipo(h, 1) + a0z (1, 1) + 47 (a—f +f22> Ha(h, 1)

d i of 9 .
+v2 (q%fl — 05, — a—ff) T+ (a—J;l - %) J(Qa],

(C.31)

where y; are given in (4.75) and J[Q1] and J [Q,] are shown in Figures C.3 and C.4, respectively.
We emphasise that the unknown term Y» from the outer in the second-order inner solution (C.24)

has vanished in the integration process.

C.3 Cross-section integral of the collision integral

In this section we prove the result (4.92), which states that

M[Q1] = =My (h)/ (2v2), (C.32)
M[Q,] =0, (C.33)
where M is the integral operator
- h/2 R h/2 ~
MU = [ TQmgan= [ [ Q=91+ Qe dldm,  (C39)

and the expression for My (h) is given in (4.91). The integration involved in M is composed of
two steps: first the line integral of Q along the circle C~y~1 at a given height #;, and second, the
integral across the channel’s cross-section —h/2 < §j; < h/2. However, it is important to realise

that the double integral in (C.34) is not equivalent to computing a surface integral on the inner



C.3. Cross-section integral of the collision integral 199

oblique cylinder depicted in Figure 4.5 precisely because it is oblique and the two sequential
integration steps are not with respect to orthogonal variables.

Firstly consider M[Q,] (). We note that its integrand 7 [Q>](h,71) is odd in §; by looking
at Figure C.4. This is to be expected from the condition satisfied by its associated function ¢, on
the inner cylinder, see (C.23c). This implies that M[Q,] = 0 as required in (C.33), in agreement

with the numerical evaluation shown in Figure C.5.

0 2 4 6 8 10 12

Figure C.5 Integral M [Q,](h)/h? for different values of .

Second, we consider M [Q1](h). No cancellation arguments can be used in this case, sug-
gesting that we might need to compute in numerically for every required h. However, we can
do something smarter by exploiting the properties of its associated function @; solution of (C.9).
Recall that Q;(%, 71, 72) = 3;(X/V/2, 71, 72).

By construction, we know the value of the normal derivative of ¢; on the internal boundary

ﬁﬂl- In particular, combining (C.7) and (C.9b), we have the following relation
2V2Va -7 =-V(?)-# on Dy, (C.35)

where recall that V = (3/05,9/97;,0/97,) and 7 = —%(2@ V1 — 2,72 — ¥h) is the outward
unit normal to the elliptical cylinder 5]71 (see §C.1).
Imagine that for any pair of functions Q and v satisfying Q(%,71,%2) = v(¥/V2,91,72) the

following equivalence was true:

h/2 h/2
/ o / (05, (72 — 1) + vs5] dodiy = / ) / (Vo-9)dodg;,  (C.36)

where do := /2/[432 + (2 — §1)?] dI; is the elliptic line differential transformation [see (C.30)].
In other words, that the double integral of Qy, (72 — #1) + QxX, which can be written in terms
of the associated function v in the modified domain using (C.30), is equivalent to the double

integral of the normal derivative on the cylindrical boundary of v. Then the combination of
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(C.35) and (C.36) would lead to (C.32) by noting the following. Using (C.36), the double integral
of the left-hand side of (C.35) is equal to 2v/2M[Q1](h), whereas the integral of its right-hand
side is

h/2 1 ) h/2
= [y, (V&) 0) dedm = =5 MIZ10) = = [ ) d = —Ma (),
h/2 —h/2

using v = & in (C.36). The second equality follows from (C.27) and the third from (4.91).
Therefore, given (C.36) we have seen that the result (C.32) holds.

To prove (C.36), we note that the integrand of the first integral in (C.36) is proportional to
the projection of Vv - # onto the (5, ,)-plane. For the function §, it is clear that the full normal

derivative and its projection onto (3, ,) coincide as the former already lives in this plane. For

this to be true for any function v, vy, (71 — #2) = vy, (72 — #1) must hold. This relation is almost
® Z n
F;- ______
 \_ : ﬁ?z

<

N
. |
,/

)

S

Figure C.6 Sketch of the domain of definition of problem (C.23b) for 7;. Cross-section at § = 0 for h = 4,
showing D( for §; = 0,h/2 (dash red horizontal lines) and Dy, for 7> = 0,h/2 (dash blue vertical

V1.71)
lines).

satisfied by ;. We note that the problem for @; (C.9) is invariant to an exchange between 7
and 7,. Introducing 75?2 as the curve on the cylindrical surface for #j, fixed (see Figure C.6 and
compare it with the horizontal curve 5y~1 for i, fixed), 71 satisfies

901 , _ - ‘ . 01 , _ -
i (h—7)| . = A (72— 1)

on Dy2

., (C.37)

on Dyl

exchanging #; <> . That is, ay % (§; — ) on any vertical line as the ones shown in dash blue
in Figure C.6 is equal to avl (y2 — 1) on the corresponding horizontal dash red line. Since all
these lines are contained in the double integral in (C.36), we can conclude that the equivalence
in (C.36) holds.
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Figure C.7 shows the theoretical expression for M[Q;](h) from equation (C.32) (solid red
line) together with the numerical values obtained from the numerical evaluation (blue circles).

The agreement between the two is, as expected from the above calculation, excellent.

O N T T
‘E‘."'-..‘ N ¢  Numeric
") N EE— Eq (C32) H
\
\
\
_4 - \
\
~ .\
M[Ql] -6 \ 0
\
\
-8t -Q.5
.\
-1
-10+ \
-15
0 0.5 1 1.5
-12 | | | |
2 4 6 8 10
h

Figure C.7 Integral M[Q1](h) for different values of h. Analytical expression (C.32) (solid red line) and
numerical values obtained with COMSOL using the definition (C.34) (blue circles).

C.4 Cross-section integral MP? for the three-dimensional narrow chan-
nel

In this section we compute the integral M?d)(h) in (4.117). Using (4.113), M?d)(h) reads

Mgsd) - 2//[&/&}2 djrdz, //[h,h}z Lig-mp+e= 2<1}\/1 — (7 -5)*— (2-2)*dydz, (C.38)

where h > 0 and 1 4 is the indicator function (defined as 14(x) = 1if x € A and zero otherwise).

We introduce the following change of variables:

Il
Ql
Ql

y 1/
z

N =
T
AU
+ +
Sz

Il
Nz
[N

—

— 121,

Under these new variables, (C.38) becomes

h—|z] h—lyl
Bd) _ /
My =3 / / /h+z /h+y Y Lgapcny 1 =2 = 22

Note that now the integrand is independent of Y and Z, so that the integral readily reduces to

hoh
d
Mf ) — 2/—h /—h Lypg2eny/1—y2 = 22(h — |z])(h — |y|) dydz. (C.39)
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0.8f

0.6

0.4

0.2f

0 0.2 0.4 L 06 h* 08 1

Figure C.8 Sketch showing how the integration limits in (C.40) change for i < 1. The curves h and

V1 — h2 are shown in blue and red respectively; they intersect at h* = v/2/2. The shaded area is where
z can take values using the fact that z € (0, h).

It can easily be seen that this integral is the same in each of the four quarters of the region
[—h, h]?, so that we can set i,z > 0 with y < /1 — 22 and write

min(h,1) pmin(h,v/1-22)
MO (1) = 8 / / J1— g2 —22(h— 2)(h — y) dydz. (C.40)
0 0

To evaluate this integral, we consider different cases given by the values of i for which the limits

of integration in (C.40)change.

Case h > 1: First, when h > 1 (C.40) becomes

1 rvV1-22 47T 8
MO =8 [* [T\ J1—y2 200 = 2) (h —y) dydz = T~ 7h + (C41)

Case \/E /2 <h <1: Whenh <1 the outer integral with respect to z always goes from 0 to £,

h rmin(h,v/1-22)
M (n) =8 / / V/1—12—22(h—z)(h —y) dydz, (C42)
0 Jo

but the limits of integration for y change depending on the value of h. As shown in Figure C.8,
when h < h* = 1/2/2 we have that V1 —h2 > h, which implies that V1—22 > h for all h
[noting that z € (0,1)]. In contrast, when h* < h < 1 we have that v/1—=Hh2 < h and the shaded
area (which represents the domain for z) is divided into two regions. Therefore, the integral

with respect to z may be expressed as the sum of two pieces, namely,

V1—h2 h
M‘3d>:8/ h— /,/1—2—211— dyd
1 ; (h—z) ; y? —z2(h —y)dydz
h V1—2z2
_ 12 2 _
8 G z)/o J1— 2 — 2(h — y) dydz.

(C.43)
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We compute these integrals with Wolfram Mathematica®, and obtain that for 1 € (\/E /2,1),

MED(h) = s(h), (C.44)

8 2

S(h)zﬁ‘f'ﬁ

1— R2(2h* — 9n* — 8) — gh(h‘* — 6k +4h —3) —2harcsin(h).  (C.45)
We verify that the limit of this expression as # — 1~ matches with the value of (C.41) at h = 1:

lim s(h) = 1

8 + 57).
h—1- 15< + 7T>

Case 0 < h < v/2/2: Finally, when 0 < h < V2/2, the integral (C.42) becomes

h rh
M) =8 [ 71—y = 20— 2)(h =) dyetz. (C.46)

We obtain an explicit expression for this integral with Mathematica, which further divides the
interval for & into two pieces: one from 0 to (/5 — 1) /2 and another from (/5 —1)/2 to v/2/2
(this is because there appear logarithms of complex numbers, and there are crossings of the
branches of the complex logarithm). For (v/5—1)/2 < h < v/2/2,

M§3d)(h) = s(h) + % 1—2K2(h* +9K% +4) + %h (2h4 —12h* + 8h — 3>

1.5, 2h\/1 — 212 4 , 1—2h? — 1
+§h (h* — 6)arccot <1—73h7~ +§h arctan N

(C.47)
+ 1h arccot V123 1)
2 1 —10hn% 4 17h*
= s(h) +0oa(h),
while for i smaller than (/5 —1)/2,
MED () = s(h) + /T~ 220 + 9K +4) + Toh (3n* — 181" + 16 —9)
1 N 15 12
15,5 2h\/1 — 212 4 , 1—2h? — 1t
+ 6h (h* — 6)arccot < Y 3h arccot N
Lot 2h(1 —2h2)3/2 4+ 2h\/1 — W2 (3h% — 1) (C.48)
1 —5h2 + 6h* + 4h2 /(1 — 2h2) (1 — h2)

1 h
+ harcsin(h) — =h(h* — 6h* — 3) arcsin (*)
(h) = 3h( ) T2
= s(h) 4+ oy (h).

In the two expressions above, the function s(h) is given in (C.45).
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Again, the three expressions (C.44), (C.47) and (C.48) match well with each other, as they

satisfy:
lim s(h) = lim s(h)+ o,(h) = 0.454609,
h—~/2/2+ h—~/2/2-
lim s(h) +o,(h) = lim s(h) + oy (h) = 0.272035.
h—(v/5-1)/2F h—(V/5-1)/2-

But most importantly, the behaviour of Mfd)(h) as h tends to zero is

d
e MYV L s(h) + o (B)

h—0+ T h—0+ h* =2 (C49)

Final expression as a piecewise function: Combining (C.41), (C.44), (C.47) and (C.48), we
have found that the integral (C.38) is equal to

_ 2 J— _
3 h® — th + 1 1 <h,
V2
Mf’d)(h) _ } s(h) = <h <1, (C.50)
s(h) + o4(h) V5l o< 2,
s(h) + oy (h) 0<h< Y31
To make this expression more manageable, back in Chapter 4 we will write
MOV () =o(h —1) (%”hz — 7th + %) +O(1—h)m(h), (C.51)

with m(h) = s(h) +0a(W) 15 1)2eneyajay T 06 Lo (y5-1)/2;- Figure C.9 shows the piece-
wise function M§3d)(h) with its four subdomains marked in different colours. As expected, the
four pieces match nicely and M(13d)(h) is a smooth function throughout its domain of definition
R*.

0 1 il
0 0.5 1 15

h

Figure C.9 Function Mfd)(h) given by (C.50) with its four subfunctions shown in different colours.



Appendix D

Single-file diffusion via matched
asymptotic expansions

In this appendix we consider the diffusion of N finite-size particles in a purely one-dimensional
domain via matched asymptotic expansions. We expect to recover the solution of Rost (1984)
presented in §4.9.2.1 in the case of large N and vanishing external force f = 0. Since Rost’s
approach is to map the problem of N hard rods into N point particles by “eating up” their
lengths, it is not appropriate or so convenient in the presence of an external drift f(x), as in the
mapped problem the drift would become discontinuous. In contrast, the matched asymptotics
approach used for hard disks or spheres in Chapter 2 works just as well in the presence of an
external drift.

The starting point is a system of N identical hard rods diffusing in the one-dimensional
domain Q) = [—1/ 2,1/ 2] and interacting with each other via hard-core interactions. The rods
have length € < 1, diffusivity equal to one, and are under the same external force f(x) : O — R.
We suppose that the particles occupy a small fraction of the domain so that Ne < 1.

The particles” centres have coordinates xi(t), where 1 < i < N, and, due to the hard-core
interaction, they cannot pass each other and retain whichever order they had initially at all
times. Nevertheless, since they are identical—thus indistinguishable— and their initial positions
drawn from a given initial density, their order is not “accessible” to us (we do not know it at
t = 0 or at any other time t > 0). This is in contrast with the approach by Lizana & Ambjornsson
(2009), in which the order is known since they consider the problem of a tagged (distinguishable)
particle. This implies that, while they impose x; +€ < x;41 fori =1,...,N — 1, we can only
make sure that there are no overlaps, that is, [x; — xj| > € for i # j. Here we use () to denote
the space available to a particle centre, which is slightly smaller than the container (which has
length 1 + €) due to the finite size of the particles.

Let P(X, t) be the joint probability density function of the N particles, where ¥ = (x1,...,xy)

is the position vector. This function evolves according to the N-dimensional Fokker-Planck (FP)

205
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equation

in Qé\j, (D.1a)

=1

oP = e . N9 [op
=5 (5 1) =V [VEP_F(X)P} = ;a—xl [a—xl _f<xi)P}
where F(X) = (f(x1),..., f(xn)) is the N-particles drift vector and QY is obtained from the
N—dimensional QN after removing the set of illegal configurations (with at least one overlap),
ie, QY = ON\ {¥ € ON : 3i # j such that |x; — x;| < e}. Here. On the collision points in 00}

we have the reflective boundary condition
[%P . *(z)p] i=0 on aqY, (D.1b)

where 7i denotes the unit normal. At the collision between particles i and j, the kth entry
of i is ny = 0 for k # i,j and ny = +£1/2 for k = i,j. At the external boundaries 9QV
corresponding to x; = £1/2, the outward normal is # = +¢; (standard basis). We suppose that
all particles are identically distributed, so that the initial density Py(X) is invariant to particle
labels permutations. Then the form of (D.1) means that P itself is invariant to permutations of
the particle labels for all time. Since all particles are identical, we are interested in the marginal

density function of, say, the first particle, given by
p(xy,t) = /Qy P(X,t)dx; - - - dxy.

When € = 0, the particles are independent and can pass each other. Then QY = QN and

P(%t) = [T¥, p(x;,t), and (D.1) becomes a simple one-dimensional diffusion

op 0 [dp .
g(xl,t) =5 [—axl —f(xl)p} in O, (D.2a)
_9p 1
0 = E — <X1)P on X1 = :l:E (D2b)

For finite-size rods (¢ > 0), we proceed as before by assuming that pairwise interactions
dominate. This means that we can set N = 2 in (D.1) and then extend the result to N arbitrary.

For two particles at positions x; and x», (D.1) reads

() = [P~ ()P, + [Py~ f()Pl, i O} (D3a)
Py, — f(x1)P = Py, — f(x2)P on |x1 — x2| =€, (D.3b)
Py, — f(x;)P =0 on X; = i%. (D.3¢)

We denote by ()(x7) the space available to particle 2 when particle 1 is at x;, namely Q(x;) =
[—1,x1 — €] U [x1 +¢€ 3] (see Figure D.1). We note that, in general, this domain consists of two
disconnect intervals on each side of x;. We must consider both intervals or possibilities (that
is, particle 2 is either to the left or to the right of particle 1) because the ordering at t = 0 is

unknown. Integrating equation (D.3a) over Q)(x1) yields
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X2

2¢e

O(x7)

X1

S

Figure D.1 Sketch of the configuration space Q2 for two hard rods. Excluded area |x; — x;| < € (shown
shaded), and integration domain Q(x}) for a given x; (shown in a dot-dash blue line).

8_ — (xl)p} + 2 [Py, (x1,x1 +€,1) — Py, (x1,x1 — €,1)]
+ [f(x1) = fx1 = €)] P(xy, x1 — €, t) — [f(x1) — f(x1 +€)] Px1, %1 + € t).

We see that the term involving the joint density P is localised at the collision between the two

(D.4)

particles. We will use the method of matched asymptotic expansions to evaluate it.

Matched asymptotic expansions We suppose that when two particles are far apart (|x; —
x2| > 1) they are independent (outer region), whereas when they are close to each other (|x; —
x| ~ €) they are correlated (inner region).

In the inner region, we set x; = ¥ and x; = %; + €% and define P(%,%,t) = P(x1,x2,1).
Since we are ignoring three-body interactions, we can assume that the inner region is far from
the box ends. Then (D.3) becomes

* - (%1, %, 1) = 2Prz — 2ePrs, + {[f(%1) — f(%1 + €X)|P} + € Pryz, — € [f(71)P], , (D.5a)
ex) — f(%1)] P} on %=+l (D.5b)

In the outer region, by independence,

POMt(-xlleI t) ~ q<xl)q(x2) + Tty

for some function g(x,t). Note that the invariance of P with respect to a switch of particle
labels means that in the outer region both particles have the same distribution function 4. The

normalisation condition on P gives q(x1,t) = p(x1,t) + O(€).! Expanding this outer solution in

IThe normalisation condition in the single-file is similar to the narrow-channel normalisation condition in Ap-
pendix A.3.
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the inner variables gives

Pout(fl/ f/ t)

(f DT e b (D.5¢)

q

~ q* (%1, 1) +eq(2, )2 (T4, 1) + -,

where the prime denotes differentiation with respect to ¥;. From now on we write ¢ = q(%1,t)

unless otherwise indicated. The inner solution must match with the outer solution as || — co.
Expanding P(%, %,t) ~ PO (%, %,t) + ePY (%1, %,t) + - - -, the leading order of (D.5) gives

PO = g2(%,t). At first order in € we have

~(1

W o, (D.6a)
P = xgf  on 1=+, (D.6b)
P ~ %94 as £ — +oo, (D.6c)

which is trivially solved by PV (%, %,t) = %qq’. Hence the solution to the inner problem (D.5)
is, to O(e),
P(%1, %, t) = q*(%1,t) + exq(x1,t)q (%1, t). (D.7)

Reduced Fokker-Planck equation for p Finally, we can use (D.7) to compute the terms involv-
ing the joint density P in (D.4). To this end, we write the boundary terms in (D.4) in terms of

the inner variables ¥; and ¥ and asymptotic expansion of p [noting that Py, = pgl —(1/ G)Pg]:

x=1
{2le(x1,x1 +ex,t) — [f(x1) — f(xg +€x)] P(xy, x1 + ex,t)} )
= . (D.8)
=1
= [ —(2/¢) ~éo) +2 Né?) -2 Nél) + 2€15é11) —2¢ ~é2) + eff’(ah)lsm)] o + O(€?).

Thus we find that the second order inner solution P(?) appears in the expansion to O(e€) of the
boundary terms in (D.4). However, as in Chapter 2, we can use the boundary condition (D.5b)

to express P(?) in terms of variables already determined. From (D.5b) we have that

262 = bV 4 xf'(%)P®  on  x=+l.
Substitution of this expression and (D.7) into (D.8) gives the result 2e(qq’)’ + O(e). Substituting
this into equation (D.4) and using that p = g + O(e) we arrive at the following closed equation

op o |[adp ap
at( xi,t) = o EﬂLzePa—xl—f(xl)P , (D.9)

which is valid to O(e). Finally, extending this result from 2 to N particles, a term (N — 1)
appears in the nonlinear term to account for the (N — 1) inner regions particle 1 can have. We
then find that this result agrees with the single-file equation (4.109) obtained taking the limit

h — 0 in our narrow-channel model.
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