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The temperature-dependence of dynamical properties (e.g., the asymptotic diffu-
sion coefficient and the sub-diffusive exponent) are calculated for charges and ex-
citons in one-dimensional systems subject to static and dynamic disorder. These
properties are determined by three complementary methods. One approach is via
the time-integration of the velocity autocorrelation function. The second is via the
mean-squared-displacement of thermal wavepackets subject to stochastic collapse via
Lindblad jump operators. These two methods are applicable in the high-temperature
regime, where the noise is temporally uncorrelated. In this regime the noise causes
particle localization and the transport is diffusive. The third approach — applicable in
the low-temperature regime — is weak-coupling Redfield theory. Here, static disorder
causes Anderson localization. When the dynamics is diffusive, the diffusion coeffi-
cient is a non-monotonic function of temperature, increasing with temperature in the
low-temperature Environment Assisted Quantum Transport (ENAQT) regime and
decreasing with temperature in the high-temperature Quantum-Zeno (QZ) regime.
For any temperature, static disorder decreases the diffusion coefficient. Increasing the
dephasing factor increases the diffusion coefficient in the ENAQT regime, whereas
the diffusion coefficient decreases in the QZ regime. The dynamics is non-diffusive
for thermal energies deep within the manifold of local-ground-states, where the sub-

diffusive exponent decreases with increasing disorder and decreasing temperature.
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I. INTRODUCTION

Charge and energy transport in low-dimensional molecular materials, e.g., J-aggregates
and m-conjugated polymers, is affected by a wide range of processes. Intrinsic static disorder
causes a ballistically evolving wavepacket to become Anderson localized as a consequence
of coherent superposition. Conversely, extrinsic dynamical disorder destroys coherences,
causing diffusive propagation of the wavepacket. Sufficiently weak dephasing in disordered

3 - a phenomenon known as Environment Assisted Quantum

systems enhances diffusion!”
Transport (ENAQT)*®; whereas strong dephasing suppresses diffusion'™ - a phenomenon
sometimes referred to as the Quantum-Zeno (QZ) effect. In addition to static and dynamic
disorder, polaronic effects caused by electron-phonon coupling also affect transport proper-
ties. Understanding the mechanisms of charge and energy transport in molecular systems is

theoretically challenging, but it is also necessary for predicting structure-function relation-

ships, and hence optimizing the performance of molecular optoelectronic devices.

In the high-temperature limit, defined by the temperature exceeding the particle band-
width, the role of static and dynamic disorder has been extensively investigated via the
Haken-Strobl-Reineker (HSR) model*%". The HSR model is a simplified description of
system-bath interactions, in which a classical, Markovian bath causes white-noise dynamical
fluctuations of the particle site energies®’. The HSR stochastic quantum Liouville equation
with a white-noise spectrum causes system Hamiltonian eigenstate populations to evolve to
equal values. As a consequence, except from the temperature-dependence of the dephas-
ing rate, the HSR-limit provides no physical description of the temperature dependence of

dynamical properties for temperatures lower than the particle bandwidth.

In this paper we develop a theory of charge and energy transport as a function of tem-
perature. The temperature of the system is maintained in three different ways. First,
this is done explicitly when using the velocity autocorrelation function method (see Section
[IB1), because the Boltzmann equilibrium density operator is used when computing the
asymptotic diffusion coefficient, D (7). Second, when D (7T) is computed via the mean-
squared-displacement using the eigenstate thermalization hypothesis (ETH) (see Section
[1B2), this is again explicit for uniform systems, because the ETH creates a Boltzmann
distribution of energy eigenstates. However, this condition fails for disordered systems at

low temperatures. Finally, when low temperature transport properties are computed using



the Redfield equation (see Section ITC), a constant temperature is maintained by the form
of the interstate rates, and mean energy fluctuations are minimized by the choice of the
initial energy eigenstate.

Maintaining the system at a finite temperature gives a quantitatively different description
of particle dynamics than is obtained from the ‘high-T’ limit (i.e., the limit of equal energy
eigenstate populations). In particular, the diffusion coefficient is reduced, the ENAQT to QZ
crossover occurs at a higher temperature, and the low temperature dynamics is sub-diffusive.
This paper is focussed on the roles of temperature, and static and dynamic disorder. Thus,

the important role of polaronic effects are neglected, but are described in various reviews%!3,

The next section contains the theoretical background to this work. First, as a prototypical
model of particle dynamics in one-dimensional systems, we introduce the disordered Frenkel
exciton Hamiltonian, and then describe the effect of static disorder on localizing the exciton
eigenstates. Next, we describe the system-bath coupling, and introduce the quantum and
classical bath autocorrelation functions that quantify the dynamical disorder. The two
complementary methods for computing the diffusion coefficient in the high-temperature
limit — where dephasing dominates — namely via the velocity autocorrelation function and
the ETH, are described in Section II B. Section II C describes weak-coupling Redfield theory,
which is used to compute dynamical properties in the low-temperature limit where static
disorder dominates. The results of all the methods are presented and discussed in Section

ITI, while Section IV concludes the paper.

II. THEORETICAL DETAILS
A. Model of Exciton Dynamics in Linear Molecular Systems

We formulate the problem of charge and energy transport one-dimensional systems in
terms of Frenkel exciton dynamics in molecular systems, e.g., J-aggregates or m-conjugated

polymers. However, the analysis applies equally to triplet excitons and charges.

The total Hamiltonian is

H = Hg + Hgp + Hp, (1)

where Hg, Hgp and Hp are the system, system-bath and bath Hamiltonians, respectively.



The system Hamiltonian is

N

Hs =Y ean)(n| =7 (In+1){n| + [n)(n+1]), (2)

n=1 n=1
where the ket |n) represents an exciton on monomer n, denoting a ‘site’ and N is the number
of sites. € and J are the onsite potential and nearest-neighbor transfer integral, respectively.
J is taken to be uniform and positive, while ¢, encodes the static disorder by being an
uncorrelated Gaussian random variable of variance o2 with a zero-mean value.

The ecigenstates of Hg are denoted as
@) = > Ynaln) (3)

with eigenvalues F,. All eigenstates of a disordered one-dimensional system are spatially
Anderson localized'*'®. However, as shown by Malyshev and Malyshev!%'7, the low-energy
spectrum is comprised of super-localized states, that they named local ground states (LGS).
LGS (defined by the condition that | ) tn|tna|| > 0.95) are essentially nodeless, space
filling and spatially nonoverlapping. Their size scales with disorder as 0=2/3, and thus (via

4/3_ Higher energy quasi-

exchange narrowing'®) their band width scales Wygs ~ J(o/J)
extended states are nodeful and denoted as quasi-extended states (QES). The energy density
of states for LGS and for all states near to the band edge are illustrated in Fig. 1.

The system-bath Hamiltonian is
Hp =3 dea(t)ln) (nl, (4)

where d¢,(t) is the dynamical fluctuation of the on-site potential energy. For linear system-
bath coupling'?

Senlt) = 3 cagust) 9
J
where u; are the mass-weighted oscillator displacements with angular frequency w; and ¢;
are the weightings of each normal mode with an associated spectral function
1) = T3 Lo -y (6)
w) == 0 (w — wj).
2 - (,Jj J

J

Finally, the bath Hamiltonian of harmonic oscillators is'?

Hp =5 (i +wju). (7)

J
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FIG. 1: Density of states, g(E) (where [ g(E)dE = 1), for LGS and for all states near to
the band edge (at E' = —2J when ¢ = 0). The width of the LGS density of states
is Wias ~ J(o/J)*3. For these results the static on-site energy disorder is

o/J=0.2.

Assuming spatially uncorrelated site energy fluctuations, the bath autocorrelation func-
tion is

C(t) = (Sem (£)56n(0))6 . 8)

For a quantum harmonic bath and linear system-bath coupling'?

Co(t) = ;/000 J(w) [(n(w) + 1) exp(-iwt) + n(w) exp(iwt)] dw, 9)

where n(w) = (exp(hw/kgT) —1)~! is the Bose distribution function. The spectral function

for an Ohmic bath with a high-frequency cut-off, wy, is defined as

) = (722 expl-cofon). (10)

Wo
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where \ = Zj c?/2w]2- is the reorganization energy of the bath modes. For a classical bath,

defined by fuwy < kgT, Eq. (9) becomes,

Cot) = 2B /0 T sty dw. (11)

T w
An Ohmic bath is used because in this paper we investigate the role of dynamical fluc-

tuations in the white-noise limit, defined by w < wyp. In this case
J(w) = mAw/wy (12)

and thus J(w) ~ wl ~ w, where I is the frequency-independent power spectrum. This
implies that Hgp(t) induces transitions between all pairs of eigenstates.
In the white-noise limit using the spectral function defined in Eq. (12), the classical bath

autocorrelation function, Eq. (11), becomes uncorrelated in time, i.e.,

Colt) = TH(1), (13)
where?’
2rkgT A
r=-—"—"2""° 14
= (14)
is the dephasing rate. For later, it is useful to define I'y such that I' =T'qg x T, i.e.,
27T]€B>\
Iy=———. 15
0 FLQWO ( )

B. Determining the Diffusion Coefficient in the High-Temperature Limit:
T7>J

This section describes the methods by which the asymptotic diffusion coefficient is cal-
culated for a classical bath in the white-noise limit. First, via the velocity autocorrelation
function and second, via thermalized eigenstates and Lindblad jump operators.

In a diffusive process the diffusion coefficient is defined as

~ 1dMSD(#)

) =53 (16)

where the mean-squared-displacement (MSD) is

MSD(¢ / / £)dedt” (17)

and V(t) is the particle velocity.



1. Using the Velocity Autocorrelation Function

Defining the velocity autocorrelation function as Cy (t',t") = V(t')V (t"), then if a system

satisfies stationarity, i.e., if Cy(t 4+ t',t’) is independent of ¢, one can show that

MSD ¢
dMSDE) / Co(#)dt, (18)
and thus the thermal diffusion coefficient is defined as
t
D(t,T) = / Te{p(#, T)Cy (¢}t (19)
0
The asymptotic diffusion coefficient is therefore
DulT) = [ T T)Cr(n)at, (20)
0
where .
—BH
ﬁB(T exp( 6 S) (21)

~ Tr{exp(—BHs)}
is the equilibrium density operator and 3 = (kgT)*.

Setting d = h = 1, the velocity operator on a lattice is
V=1iJ) (In)(n+1|—|n+1)(n|). (22)

In the presence of temporally uncorrelated dissipation the Heisenberg representation of 1%

satisfies the equation of motion (with i = 1),21:*

v - -

S =il V5 3 [, V], Au] (23)

where the second term on the right-hand-side is the Lindblad dissipator and A, is the
Lindblad jump operator. Expanding the commutators and using A, = |n)(n| for white-

noise gives,

%ﬁ” —i (ﬁSV(t> . V(t)ffs> TV (). (24)
Thus,
V(t) = exp(iHst)V (0) exp(—iHgt) exp(—T't) (25)

and the velocity autocorrelation function becomes™?%-22

A

Cv (t) = exp(iHgt)V (0) exp(—iHst))V (0) exp(—Tt). (26)

Using Eq. (26), Eq. (20) now becomes



Doo(T) = / N Te{p®(T) exp(iHst)V (0) exp(—iHst))V (0) exp(—It) }dt. (27)

0
Inserting the resolution of the identity, " |a)(a| = 1, between pairs of operators and per-

forming the trace over the eigenstates of Hg, Eq. (27) is

Doo(T) = /0 h > pin(T)VieV exp| (A By, — T)t]dt, (28)

abc

where AFEy. = (E, — E.). Finally, computing the time-integral gives the following result for

the temperature-dependent asymptotic diffusion coefficient,

paBb (T) ‘/bc‘/ca

Do(T)=T .
(1) I+ AE},

(29)

(a) Translationally invariant systems
In a translationally invariant system [Hg, V] = 0 and thus V]a) = Vy,|a), where V,, =

2Jsink,, k, = 2wa/N, and 1 < a < N. In this case Eq. (29) simply becomes
1 B 2
Doo(T> = fzpaa(T)‘%a‘
= (V*u/T, (30)

where pB (T') = PB(T) is the Boltzmann probability. Thus, (V?)y, is the thermal average of
the expectation value of the mean-squared speed.

In the high temperature limit, i.e., T" > J, all the energy eigenstates are thermally
accessible so that (V2), = 2J% and Do (T) = 2J%/T(T). This is the HSR result®. Conversely
for J/IN < T < J (i.e., the spectrum is the quasicontinuous energy of a free particle) the
classical limit applies so that (V?)y, = 2JT and D, (T) = 2JT/T(T). Replacing T'(T)
by I'g x T gives the high temperature prediction that for translationally invariant systems
Do (T) = 2J?/(Ty x T), while at low temperatures Do (T) = 2.J/T, i.e., independent of
temperature.

(b) Disordered systems

For disordered systems [Hg, V] # 0 and so Eq. (29) does not contract into a sum over
the diagonal matrix elements. Indeed, the thermalized eigenstate coherences, pid(T'), appear
to contribute to Do (7). In the HSR model the eigenstate coherences satisfy the quantum
Liouville equation®

dpab
dt

= —(iAEab + 1—‘ab)pab + Z Rab,cdpcd- (31)
cd#ab



In a disordered system the second term on the RHS of Eq. (31) couples coherences to
populations. It also implies that in general eigenstate coherences do not vanish in the

3 and set

asymptotic limit. To make progress we now invoke the secular approximation?
Rapca = 0, thus decoupling coherences and populations. Crucially, this approximation
implies that pap(t) = pap(0) exp[— (1A Eqp+p)t] and hence eigenstate coherences now vanish
in the asymptotic limit. In addition, the secular approximation ensures that the populations
equal their Boltzmann values in the asymptotic limit. With this approximation, we return

to Eq. (29) and set pB (T') = pB,(T)d. = P2(T), so that

Do (T) = I(T) Zb %. (32)

This form of D (T) was used in ref”?? in the high-temperature limit where P2?(T) — 1/N.

2. Using Thermalized Eigenstates and Lindblad Jump Operators

An alternative method to determine the diffusion coefficient is via the definition

_ MSD(1)

D(T) =~

|timit t—o00- (33)

MSD(t) is the mean-squared-displacement of a particle in a time ¢, which can be defined by
the spread of a particle’s wavefunction. A thermal diffusion coefficient implies a thermalized
wavefunction. Here we adopt the eigenstate thermalization hypothesis®* (ETH) which states

that ensemble averages of expectation values of an observable O using a state vector
Wg) = exp(—BHs/2)|¥) (34)

is equivalent to the canonical ensemble average, (O) = Tr{®(T)O}.

A difficulty with evolving wavefunctions with the Hamiltonian H = Hg + Hgp, however,
is that the time-dependence of the Hamiltonian arising from white-noise fluctuations (i.e.,
ﬁSB(t)) causes any wavefunction to evolve to its high-temperature limit, i.e., all the energy
eigenstates become equally populated. This difficulty can be avoided by evolving the state
vector via the time-independent part (i.e., H s) and imposing white-noise via Lindblad jump
operators. In particular, the role of the Lindblad dissipator in the stochastic quantum Liou-

ville equation?' can be simulated by an ensemble of quantum trajectories if each trajectory



undergoes a non-unitary evolution via an effective non-hermitian Hamiltonian, defined by?®

N N . i’ PN
— _ = T
Hs— Ha = Hs— 3 Em At A,
where A,, is the Lindblad jump operator. For diagonal white-noise, A,, = |m)(m|.* The

simulation of a quantum trajectory then proceeds as follows:
1. Given |U(#)) at a time ¢, compute
|Wirial) = exp(—iHogdt)|[U(1)), (35)
where 0t is the time step.
2. Determine dp, defined via (Wiyia1|Viria1) = 1 — Ip.

3. Then,
(i) with a probability (1 — dp) define

(Ut + 6t)) = [Wiiar) /(1 = 6p)*7*. (36)

In this case the wavefunction evolves according to lf[eff.
Or,
(ii) with a probability dp define

_ AW (1))
U(t+6t)) = TN ATOE (37)

Using the definition that A,, = |m)(m/|, Eq. (37) implies that |¥(¢+0t)) = |m). Thus,

in this case the wavefunction collapses onto site m.

4. If a quantum jump occurs in 3(ii), the site m is chosen with a probability P, =

W (2]

Thus, the eigenstate thermalization hypothesis is that an ensemble of quantum states |¥g)
evolved subject to the protocol outlined above reproduces thermal averages of observables of
a system subject to white-noise. As we now show, this hypothesis appears to be rigorously

accurate for translationally invariant systems, but breaks down for disordered systems as

T — 0.
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To illustrate this point, let us consider a thermal state constructed from a delta-function
source, i.e., |U) = |m). Using Eq. (3) it is easy to show that |WUz) = exp(—SHg/2)|m) =
> Cn|n) where

Cn =Y Uhnatna exp(—FEa/2). (38)

For a translationally invariant system, the transformation matrix elements are the Bloch

factors, i.e.,

b —Lex —ik,n
Vna = (Y )an_m p(—ikan). (39)

Thus, ¢, is the Bloch-Fourier transform in k-space of ¢, = exp(—fFE,/2). To understand
its physical significance, we return to dimensionful variables. Then, in the continuum limit
E, — J((k.d)? — 2), so that ¢, is a Gaussian function whose probability distribution has
a mean-squared-width Ak* = 1/28Jd*>. Finally, replacing J by k%/2md?, we find that
mAV?/2 = k?Ak?/2m = kgT/2, in accordance with the principle of equipartition.
We can also investigate whether the energy expectation value equals the canonical en-

semble result. Using Eq. (34),
(Ws|Ho|¥g)

(Wp|Wg)
Za ’wmaPEa exp(—pE,)

Za ‘wmaP eXp<_ﬁEa)

Evidently, this expression only identically equals the Boltzmann expression for Bloch states,

when |¢,.* = 1/N.

(By) =

(40)

As described in Section II A and illustrated in Fig. 1, the low-energy spectrum is com-
prised of local ground states (LGS), whose band width Wy,qs ~ J(a/J)*/3. As we now show,
for T < Wy s the ETH fails. We rewrite the thermal wavefunction, ¢, (Eq. (38)), as

qj?(”) = Nzwmawna eXp(_ﬂAEa/2>7 (41)

where m represents the point source, N is a normalization factor, 1,, is the eigenstate
wavefunction and AFE, is the excitation energy of |a) with respect to the lowest-energy
eigenstate. For SWpags > 1 only LGSs can contribute to the sum. However, since LGS are
exponentially localized with only small overlap with next nearest neighbors, the summand
will vanish for all states except that for which 1),,, is not negligible. (Higher-lying quasiex-
tended states which do have a non-zero amplitude for n = m are projected out of the sum

by the Boltzmann factor.)

11
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FIG. 2: The ensemble-averaged maximum projection of |Wg) onto a LGS, |{1cs), as a
function of temperature (kg = 1). o/J = 0.1, chains of 200 sites and 100
realizations of the disorder. The inset shows the ensemble-averaged deviation of

(Ey) (defined in Eq. 40) from the Boltzmann average, (Eg) = > PPFE,.

This point is illustrated in Fig. 2, which shows the maximum value of the projection of
|Ws) onto a LGS (|¢rgs)) for one realization of the disorder, which is then averaged over
100 realizations of the disorder. As T" — 0 this projection approaches unity, i.e., only one
eigenstate contributes to |Wg). However, in general this eigenstate will not be the global
ground state; it is only the ‘ground state’ at m = n. Consequently, (Fy) does not equal the

canonical ensemble value, (Eg), as shown in the inset of Fig. 2.

In the usual Linblad jump operator formalism the wavefunction collapses to a J-function
at site m, whereupon its time evolution continues. As shown in ref?’ in the 7" — oo limit, by
defining the MSD as the sum of the squares of the jump distances, this procedure reproduces
the HSR prediction for D.,. For thermalized eigenstates, however, this protocol must be
modified because the new thermal wavepacket after each collapse has an initial mean-squared

size, An(0)?2 oc T71. We thus define the MSD between jumps as the dispersion of the

12



wavepacket, i.e., at the ith jump, MSD; = An(7;)> — An(0)?, where 7; is the time interval
of the ith jump. The total MSD in a time ¢t = ). 7; is then defined as MSD = ). MSD,.
To avoid boundary effects, after each jump m is set to N/2, so that the wavefunction is
centered in the middle of the chain. As shown in Section IIT A, in the 7" > J limit this new
protocol also reproduces the HSR prediction. For disordered systems a new realization of
the disorder is generated after each jump and the Hamiltonian is again diagonalized.

The simulations described in Section III A were performed by numerically solving the

TDSE using the Short Iterative Lanczos Propagator method?0:26:27,

C. Determining the Transport Coeflicients in the Low-Temperature Limit:

T<J

For T' < J static disorder - causing particle localization - plays a key role in the particle
dynamics. As shown in Section III B, transport via the localized and quasi-extended exciton
states is sub-diffusive. In addition, when 7" < J, the condition for a classical bath, i.e.,
T > wa, 1s no longer generally applicable.

Under these circumstances, exciton dynamics is more appropriated modeled via the Red-
field master equation, where the rates are determined assuming a quantum bath autocorre-

lation function. Again, making the secular approximation, the Redfield equation reads,

dP, ()
= - ; (kapPa(t) — kpa Py(1)) . (42)

According to weak-coupling Redfield theory'?, the rates are

1

kab:ﬁ

Sab /000 C(t) exp(iwgpt)dt (43)

where C(t) is the bath autocorrelation function and
Sab = Z |¢ma|2|wmb|2 (44)

is the density overlap function. Thus, inserting the quantum autocorrelation function, Eq.

(9), the rates (defined for E, > E}) are

b = ) [n(a) + 1] S (45)

13



and

2
kba = ﬁJ(wab)n(wab)Sab- (46)

The rates given by Eq. (45) and Eq. (46) ensure that the evolution of the populations, P,,
via Eq. (42) occurs at a definite temperature. Moreover, they satisfy the detailed balance
condition that

kab

T = exp((Fo — Eb)/kpT), (47)

meaning that the system evolves to thermal equilibrium determined by the Boltzmann dis-
tribution, P2(T).

The master equation Eq. (42) and the rates given in Eq. (45) and Eq. (46) (albeit with a
Debye spectral density) have also been used by Bednarz et al.?* 3" to model spectroscopy in
disordered one-dimensional systems, Vlaming et al.*' to model sub-diffusive dynamics and
Carta et al.>* to model exciton dynamics in nanofibres.

Using Eq. (12) for the spectral density in the white-noise limit and noting that n(wq,) —
kpT [hweyp, for kpT > hwa, Eq. (45) and Eq. (46) become

kab = kpo = I'(T')Sap, (48)

which is the HSR limit and reproduces the high-temperature form of the dephasing rate
used in Section I1B.3?

Equation (42) is solved by casting it into the form

dP,(t)
= ; KuPy(t), (49)

where

Kab = kba - Z kab’éab- (50)
b/

The solution of Eq. (49) from linear alegbra is
P,(t) = Zaexp(Mit)Zy, P.(0), (51)
be
where Z is the matrix whose columns are the eigenvectors of K, {\} are the corresponding
eigenvalues and P,.(0) is an initial condition.

When choosing initial conditions it is tempting to select a thermal eigenstate |Ug) =

exp(—fHg/2)|m), where |m) is chosen at random. However, as shown in Section IIB2 and

14



Fig. 2, for temperatures 7' < Wpgg such a projection predominately selects a single LGS
that spatially spans the site m and whose energy will be distributed randomly within the
band of LGS. This means that during the evolution towards thermal equilibrium the mean
energy will fluctuate by an amount ~ Wygg, which is larger than 7' for T" < Wygs. So
instead, for a particular realization of the disorder, the initial state, |i), is chosen whose
energy lies closest to the thermal average, (Fg) = > P2(T)E, This ensures that during
the evolution the mean energy will fluctuate by an amount smaller than 7. Therefore, we

set P.(0) = 0. and thus
Pu(t) = Zayexp(Mt)Zy;". (52)
b

The matrix K is diagonalized via the LAPACK routine DGEEV, and the matrix S is
inverted via the LAPACK routines DGETRF and DGETRI. In practice, for long chains, high
disorder and low temperatures, the diagonalization of K is sometimes subject to numerical
inaccuracies. The accuracy of the diagonalization is checked by ensuring that the asymptotic
solution of Eq. (52), i.e., Py(t — 00) = Zup,Z,,;, where by is the cigenvector of K with the
vanishing eigenvalue, equals the Boltzmann distribution, P2 to an accuracy of better than

1075,

ITI. RESULTS

Throughout this paper, unless explicitly stated otherwise, .J sets the energy scale, while h,
kp and the lattice spacing, d, are set to unity. Thus T, I'; D and V' (the particle speed) are all
in units of J. For a classical, harmonic bath with linear system-bath coupling I'(T") = T’y x T,
where in this paper I'y is a parameter (defined in Eq. (15)). As both I and 7" are defined in
units of J (since h = kg = 1), [y is dimensionless.

Since the particle’s dynamical properties as a function of temperature are partly controlled
by its mean thermal energy, (Eg), we display its ensemble-average for different disorder
values in Fig. 3. For T' > J all energy eigenstates become thermally accessible, disorder
becomes irrelevant and (Fg) — 0. For T" < J, on the other and, the particle resides
predominately in the manifold of LGS (as shown in Fig. 1). In both of these limits the heat
capacity C' = d(Eg)/dT vanishes, whereas in the regime Wigs < T < J the particle is
‘classical” and therefore C' = 0.5 (in units of kg = 1).

The inset of Fig. 3 shows that for o/J = 0.2 when 7'/J < 0.04, (Eg) S —2.08J, which

~Y
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FIG. 3: Ensemble-averaged thermal energies, (Eg), versus temperature (kg = 1) for
various disorder strengths, ¢’ = ¢/J. Linear chains of 500 sites and 500

realizations of the disorder.

we observe from Fig. 1 is the center of the LGS density of state for this disorder. As will be
shown in Section III B, sub-diffusive dynamics occurs when the temperature is low enough
such that the particle’s thermal energy is so small that it resides deep within the LGS

manifold of states.

A. Diffusion Coefficient in the High-Temperature Limit: 7 > J

The results described in this Section using the velocity autocorrelation function (i.e., Eq.
(32)) were performed for chains of 400 sites and there were 200 realizations of the disorder,
while results using the eigenstate thermalization hypothesis used chains of 400 sites and 10°
quantum jumps.

We first discuss the predictions of both of the methods described in Section IIB for
translationally invariant systems. As illustrated by the black curves and symbols in Fig.

4, their predictions are identical. For T" > J they follow the HSR prediction that D, =

16



2J2/T(T) = 2J%/(Ty x T). This follows from Eq. (30), because for T' > J, (V?), = 2J2
Conversely, for T < J, Do, = 2JT/I'(T) = 2T /T, because now (from equipartition)
(V) = 2JT.3" The crossover occurs at T~ J.

The low-temperature result can be derived independently from Eq. (30) by a simple
classical theory of scattering with a frequency-independent scattering rate (i.e., Brownian
motion). The diffusion coefficient, D = (N (t)/t)¢?/2, where N(t) is the number of scattering
events in a time ¢, i.e., N(¢t)/t = . ¢ is the mean-free-path, which satisfies ¢* = (V?)72,

where 72

is the mean-squared scattering time. Since the scattering events are shot-noise,
the distribution of scattering times is Poisson: P(7) = I'exp(—I'7), and hence 72 = 2/T?.
Thus, D = (V?)/T', where (V?) = 2JT, and therefore D = 2T/T,.

We now turn to consider the effects of static disorder, where Anderson localization plays
a role. This has been thoroughly investigated in the ‘high-temperature’ HSR limit®7, where
the energy eigenstates are equally populated. In this limit there are two regimes. At low
dephasing rates the phenomenon of Environment Assisted Quantum Transport (ENAQT)
occurs. This arises if the dephasing time is longer than the time taken for a wavefunction
to become Anderson localized. The Anderson localization time is ¢, ~ foc/V, where £, is
the Anderson localization length and V' is the speed of a coherently dispersing wavepacket.
ENAQT occurs when t,. < I'"!. Dephasing causes transport in this regime, because the
interaction with the environment causes the wavefunction to stochastically collapse (as de-
scribed in Section I1B2). As the location of the collapse is random within the spatial span
of the wavefunction, each collapse causes a root-mean-squared jump of size ~ f,.. The

diffusion coefficient is therefore Dpxaqr ~ (N(¢)/t)63, = T(T)E, x T, as T(T) =To x T

loc loc

and /.. is independent of temperature in the high-T limit.

Conversely, at high dephasing rates the quantum-Zeno regime applies. Here, dephasing
is too fast for the particle to become Anderson localized. Thus, the mean-squared jump size
(%) = (V212 = (V2)(7?), where 7 is the scattering time. As mentioned above, since the
scattering events are shot-noise, (72) = 2/I'2.2" Therefore Dqy = (N(t)/2t)((*) = 2J*/T
T as N(t)/t = (r)7' =T and (V?) = 4J? in the high-T limit. The crossover between
the two regimes occurs when Dgnaqr ~ Dqgz, i.e., I'c ~ V/l,.. These predictions of the
high-T limit are confirmed in Fig. 5 for different dephasing parameters, Iy, by the dashed
curves and open symbols: for a given disorder the cross-over temperature is, T, ~ I'y", while

Doo(T) ~ T for T < T, and Do(T) ~ T~ for T > T,. However, as for the high-T (HSR)
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FIG. 4: The diffusion coefficient as a function of temperature for different values of the
disorder, ¢/ = o/J. The dephasing factor, 'y = 1 (where I'(T") =Ty x T').
(kg = h=d =1.) Solid curves and filled symbols: results using the velocity
autocorrelation function (i.e., Eq. (32)) with chains of 400 sites and 200
realizations of the disorder. Dashed curves and open symbols: results from
quantum trajectories and the ETH with chains of 400 sites and 10° quantum
jumps. The dotted curve with star symbols is the diffusion coefficient computed

via the Redfield equation, as described in Sections II C and III B.

prediction, in the ENAQT regime Dpnaqr o< I'g, whereas is the QZ regime Dgqy, o Fal.

The previous discussion applies to the HSR, (high-T) limit when all eigenstates are equally
populated, so that V = v/2J and ¢,,. ~ c=2. We expect there to be a qualitatively similar
ENAQT to quantum-Zeno crossover when Boltzmann populations are enforced at finite
temperatures. This is confirmed by Fig. 4, which shows D, (T') calculated via Eq. (32)
for different values of disorder for the case I' = T (i.e.,, I'y = 1). In all cases there is a
low temperature ENAQT regime where D (7T) is an increasing function of 7', and a cross-

over to a higher temperature quantum-Zeno regime where D (T') follows the disorder-free
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Solid curves and filled symbols: the diffusion coefficient (via Eq. (32)) as a
function of temperature for different values of the dephasing factor I'y (where
I'(T) =T’y x T') when Boltzmann populations are enforced at finite temperatures,
i.e., B, = P3(T). The onsite disorder o/J = 0.2. (kg = h=d = 1.) Dashed curves
and open symbols: the diffusion coefficient determined via Eq. (32) in the ‘high-T’
limit when the eigenstates are equally populated, i.e., P, = 1/N. (Note that since
D, is multiplied by Ty the low temperature results differ by a factor of T'3
(because in the ENAQT regime D, o I'g), whereas the high temperature results

converge to the same value (because in the QZ regime D, oc T5').)

behavior (denoted by the black curve) and decreases with T. Also shown in Fig. 4 are

some predictions using quantum trajectories and the eigenstate thermalization hypothesis.

Despite the differing assumptions of the two methods, except at the lowest temperatures

there is good agreement with the predictions derived from Eq. (32).

Fig. 5 also shows D, (T") computed via Eq. (32) when Boltzmann populations are enforced

at finite temperatures for different dephasing parameters, I'y. As I'y increases the ENAQT
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to QZ transition occurs at progressively lower temperatures and thus the deviations from
the high-T limit of equal eigenstate populations increases. In particular, since both V' and
O are temperature dependent for Wigs < T < J, I'. ~ V/l,. has a complex temperature-
dependency. However, as for the high-T (HSR) prediction, in the ENAQT regime Dgnagr X
[y, whereas is the QZ regime Dqz oc Iy'. We also note that in the ENAQT regime when
T < J the predicted diffusion coefficient is significantly reduced from the ‘high-T’ values
when thermal populations are imposed because of the temperature-dependency of ¢}, caused
by the thermal excitations of QES.

For temperatures significantly smaller than the particle bandwidth the two assumptions
of classical white-noise and that particle transport is determined by localization caused by
dynamical disorder are no longer valid. Instead, the bath autocorrelation function becomes
quantum and transport is determined by hopping between Anderson-localized eigenstates.
In addition, for temperatures smaller than the LGS bandwidth, the transport becomes non-

diffusive. This is regime is described in the next section.

B. Non-diffusive Dynamics when 7' < Wygs

Sub-diffusive dynamics occurs for systems with rugged energy landscapes and is thus
expected for temperatures much less than the exciton bandwidth, when exciton migration
occurs across this landscape3!. It has been observed experimentally in organic molecules

and molecular fibers®?, and predicted theoretically in molecular fibers*? and conjugated

polymers®.

The MSD for subdiffusive processes satisfies,
MSD(t) = 2D(a)t* (53)
with a < 1. Here it is computed via
MSD(t) = Var(t) — Var(0), (54)

where Var(t) is the variance of the particle-density distribution defined by

Var(t) = > " n’Py(t) — (Z nPn(t)) , (55)
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log,,

FIG. 6: logyo MSD versus log,t. Results for o/J = 0.2, T'/J = 0.0158, 800 sites and 1000
realizations of the disorder. The blue and red parts of the curve are linear fits.
The blue part indicates transient diffusive dynamics, while the red part indicates
the regime of sub-diffusive dynamics. The inset shows the root-mean-squared

fluctuation in the energy, (AF). Time in units of J~! with kg =h=d = 1.

and P,(t) = Y, |¥na|*Pa(t) is the particle-density on site n at time ¢. The eigenstate
population, P,(t), is determined by Eq. (52).

An example of an ensemble-averaged MSD versus ¢ is illustrated in Fig. 6 for a linear chain
of 800 sites with o/J = 0.2 and T'/J = 0.0158. We observe three time regimes. Initially, as
shown in blue, the MSD increases linearly in time. For these short times the average MSD
is smaller than one repeat unit, so the particle is not sampling the energetically disordered
landscape. Second, as shown in red, for time spanning ca. five orders of magnitude (i.e.,
103 — 10%) the average MSD increases sub-linearly. Finally, the average MSD saturates to
its thermal equilibrium given by Eq. (55) with P,(t) — PP = > [¥na[*PP.

Interestingly, the timescale for the sub-diffusive dynamics shown in Fig. 6 is in close

L 32

agreement with the findings of Carta et al.>?, who find such dynamics for singlet excitons

21



0.80+
0.75+
o
0.70-
0.65+
—=—T/J=0.0158
—e—T/J=0.01
0-60 T T T T T
0.000 0.001 0.002 0.003 0.004 0.005

UN

FIG. 7: a versus 1/N (where N is the number of sites) for o/J = 0.2.
a(l/N — 0) — 0.814 and 0.707 for 7'/J = 0.0158 and 0.01, respectively. kg = 1.

over a timescale of 10 ps - 10 ns occurs after an initial regime of diffusive dynamics. Using
their value of J = 0.0569 eV, the corresponding time unit #/J = 1.16 x 1071* s, i.e., we
simulate sub-diffusive dynamics over a timescale of 10 ps - 1 ns. Furthermore, Akselrod et
al.? observe a diffusive to sub-diffusive crossover for triplet excitons (which have a smaller

transfer integral than singlet excitons) at ~ 2us.

As the particle’s wavepacket evolves at a fixed temperature from a single energy eigen-
state it spreads over an increasing number of eigenstates. During this evolution its energy
fluctuates, as illustrated in the inset of Fig. 6 which shows the root-mean-squared fluctuation
in the energy, (AFE), as a function of time. Throughout the evolution (AFE) < T/2 and it
becomes negligible at equilibration, because the heat capacity C' — 0 for T' < W gs.

Fig. 7 shows a finite-size extrapolation of « to infinite chain lengths for o/J = 0.2 and
two values of T in the sub-diffusive regime. Evidently, o(N — o0) < 1 and « increases with
increasing temperature. Ideally, one would like to perform such finite-size extrapolations

for a variety of disorder and temperatures, but unfortunately this was generally unreliable
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FIG. 8: «a versus T for different disorder values, ¢’ = 0/J and chains of 800 sites. The
inset shows « versus the scaled temperature, T/Wias, where Wygs ~ J(a/J)*3 is

the width of the LGS density of states (shown in Fig. 1). kg = 1.

because of the numerical inaccuracies with the matrix diagonalization of the rate matrix,
K, as described in Section ITC. Accordingly, « is plotted as a function of temperature in

Fig. 8 for various values of the static disorder for chains of 800 sites.

The exponent « is a decreasing function of disorder. In all cases « — 1 as T'/J — 0.1,
indicating that for temperatures greater than the LGS bandwidth, Wy gs, the transport
becomes diffusive. Since for exciton migration in the limit that T < Wygg ~ J(o/J)¥/3, the
only energy scales are T and Wy gg, we speculate that « is a function of the dimensionless
ratio T'/Wygs. Thus, the inset of Fig. 8 shows a versus T'/W} gs for three different disorder
values. Although the curves do not exactly collapse onto the same curve, given that a finite-
size scaling analysis has not been possible, the scaling assumption seems reasonable. In

addition, we observe from the inset of Fig. 8 that a — 1 as T/Wygs — 1.

We now examine in more detail the cross-over from subdffusive to diffusive dynamics

when o/J = 0.2. As shown in Fig. 8, this crossover occurs at 7'/J ~ 0.04. Returning
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FIG. 9: The distribution of transition rates between neighboring sites, defined by Eq. (56)
and Eq. (57). The main figure shows P(W;) evaluated with only LGS, while the
inset shows P(W;) when all states are included. T'/J = 0.0158 and ¢/J = 0.2.

to the discussion at the start of this Section, Fig. 1 and the inset of Fig. 3 show that for
T/J < 0.04, the mean thermal energy, (Fg), lies deep within the LGS manifold of states,
and thus subdiffusive behavior occurs when only LGS participate in the dynamics.
Sub-diffusive dynamics in linear systems described by Eq. (1) has been investigated by
Eisfeld et al.?'37 for the case where the site energies satisfy a heavy-tailed Lévy distribution.
According to ref*!, the quantity that helps explain sub-diffusive behavior is the probability

distribution for the average transition rate between neighboring sites, defined as

=
WI = m — Wn,n-l—la (56)
where
Won = > Faoltma ||’ (57)
ab

and kg = (kg + kia)/2. A (non-Gaussian) Lévy distribution in site energies results in a

bimodal P(W;), with P(W;) — finite as W; — 0. This distribution for transition rates
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FIG. 10: The distribution of transition times between neighboring sites, P(7), evaluated
with only LGS. T'/J = 0.0158 and ¢/J = 0.2. For 7; > 10° (in units of A/J),

P(71) ~ 7, 7, where v ~ 0.39. The inset shows P(7;) when all states are included.

represents outliers for transitions from long-lived trapping sites.

Fig. 9 shows P(W;) for a Gaussian distribution of site energies. The inset of Fig. 9 is
P(W7) computed from Eq. (56) when all energy eigenstates are included in the sum over
a and b in Eq. (57). This is valid for higher temperatures when diffusive dynamics occurs
entirely within the manifold of all states, as indicated by the density of states in Fig. 1. In
this case, P(W;) shows a narrow single peak with a tail towards large values of W;. The
main figure, however, shows P(W;) computed from Eq. (57) when only LGS are included in
the sum. This is valid for the low temperatures when sub-diffusive dynamics occurs entirely
within the manifold of LGS. Again, there is a single peak, but now it is very wide and

strongly skewed to very small values of ;.

If W is the average transition rate between neighboring sites, we may interpret its inverse
as the average transition time between sites, i.e., 71 = W;'. The probability distribution

of P(r1) when only LGS contribute to Eq. (57) is displayed in Fig. 10. This shows that for
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71 > 10° s (in units of A/J), P(11) ~ 71 7, where v ~ 0.39. Interestingly, as shown in Fig. 6,
a timescale of 10° s is approximately the same timescale at which (for this disorder value)
subdiffusive dynamics begins. Thus, we conclude, as also observed by Carta et al.>?, a non-
Gaussian Lévy distribution of the site energies is not a necessary condition for subdiffusive
dynamics.

Finally, we turn to discuss the diffusive dynamics in the low-temperature regime. Fig. 8
indicates that when o/J = 0.2 the particle motion becomes diffusive for 7'//J = 0.04. The
diffusion coefficient is therefore computed in this diffusive regime using Redfield theory and
plotted in Fig. 4. The quantitative agreement with the values computed via the velocity
autocorrelation function (i.e., Eq. (32)) are poor, indicating both a failure of Redfield theory
at higher temperatures and larger coupling and a failure of the velocity autocorrelation
function method at lower temperatures when thermal populations are enforced and the
classical bath approximation breaks down. At the ENAQT-QZ crossover Redfield theory
unphysically predicts a value for D exceeding the value for a uniform system, namely, D =
(V2)/T. Conversely, as shown in the SI, in the ENAQT regime the velocity autocorrelation
function method predicts a diffusion coefficient consistent with the definition that Degxaqr ~

e

2

i 1s the particle’s Anderson localization length. Therefore, the temperature

2 , where /

dependence of Dgxaqgr is determined by the temperature dependence of T' and ¢% . This
leads to the unphysical prediction that for 7" < Wias, Denagr o< T'. Moreover, it fails to
predict sub-diffusive dynamics, which has been observed experimentally and is predicted by

the Redfield equation method.

IV. CONCLUSIONS

This paper has presented calculations of temperature-dependent transport for charges and
excitons in one-dimensional systems subject to static and dynamic disorder. The transport
properties have been determined by three complementary methods. One approach is via
the time-integration of the velocity autocorrelation function in the secular limit, i.e., when
the energy eigenstate coherences are neglected. The second approach is via the mean-
squared-displacement of thermal wavepackets subject to stochastic collapse via Lindblad
jump operators. These two methods are applicable in the high-temperature regime, where

the noise is temporally uncorrelated. In this regime the noise causes particle localization and
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the transport is diffusive. The third approach — applicable in the low-temperature regime
— is weak-coupling Redfield theory. Here, static disorder causes particle localization. The
dynamics is non-diffusive for thermal energies deep within the manifold of local-ground-
states (LGS).

The general conclusions of this paper are the following:

1. For a uniform system and a classical bath, when J/N < T < J, Dy, = 2J/T, i.e.,
independent of temperature; this corresponds to the motion of a classical Brownian
particle. Conversely, when T' > J, Dy, = 2J%/(T'g x T); this is the ‘high-T" HSR limit,

when all the energy eigenstates are populated. The cross-over occurs when 7' ~ J.
2. For disordered systems:

a) For a fixed temperature and dephasing factor, Iy, D, decreases as the static
(a) p phasing , To,

disorder, o, increases.

(b) For any value of I'y and o, D, is a non-monotonic function of 7', increasing for

T < T, and decreasing for T' > T, when it follows the disorder-free behavior.

(¢) Te(0,T) is a complex function of o and I'g, but broadly, 7. increases as Iy

decreases for fixed o or as ¢ increases for fixed I'y.
(d) For a fixed temperature T' < T, (i.e, the ENAQT regime) and static disorder, o,
D, increases as the dephasing factor, I'y, increases.

(e) For a fixed temperature T' > T, (i.e, the QZ regime) and static disorder, o, D

decreases as the dephasing factor, Iy, increases.

3. For a fixed temperature and for any value of I'y and o, D (T) is smaller than D,

evaluated in the ‘high-T’ limit (i.e., when all eigenstates are equally populated).

4. For temperatures smaller than the LGS bandwidth there is a regime of sub-diffusive
dynamics where MSD = 2Dt with o < 1. Here, « is a decreasing function of disorder
and an increasing function of temperature, such that « — 1 when T/Wigs ~ 1. As
indicated in Fig. 8, a appears to be a universal function of the dimensionless ratio

T/Wias.

There is obvious scope for extensions of this work, e.g., describing particle dynamics

in a uniform system using a quantum system-bath autocorrelation function, incorporating
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spatially and temporally correlated disorder, investigating different kinds of bath spectral
functions, and the inclusion of explicit electron-phonon interactions. A particular interesting

avenue of research is the investigation of scaling relations in the sub-diffusive regime.

V. SUPPLEMENTARY MATERIAL

The Supplementary Information describes the failure of the velocity autocorrelation func-
tion method in the secular approximation (i.e., Eq. (32)) to compute the diffusion coefficient

deep within in the ENAQT regime.
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