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Abstract

This thesis concerns the minimization of the Oseen-Frank bulk free energy.
The structure is as following: in Chapter 1, we will give a brief introduction
to the Oseen-Frank theory and the Landau-de Gennes theory. Also we will
introduce some established results related to the two theories. In Chapter
2, we define first in Section 2.1 the degree for a vector field n € H'/2(S'; S"),
and then in Section 2.2 the degree for an H'/? vector field from a Lipschitz
boundary dw to S'. In Section 2.3, we prove the fact that vector fields subject
to some given boundary conditions and degree constraints in a given exte-
rior N—connected domain can be written explicitly, and the result is stated
in Proposition 2.3.6. We began in Chapter 3 by focusing on the existence
and uniqueness of minimizers for a modified one-constant Oseen-Frank en-
ergy subject to some prescribed boundary conditions in a 2D circular domain
Q={x €R?|0 < a < x| < oo}, and derive some ‘nice’ asymptotic behaviour at
oo of the minimizer. In Chapter 4, we make the problem studied in Chapter
3 more complicated by adding more ‘holes’” in the domain. Then by intro-
ducing the homotopy classes for vector fields subject to prescribed boundary
conditions, we prove that there exists a unique minimizer for a modified one-
constant Oseen-Frank energy in each homotopy class and we still have the
‘nice’ asymptotic behaviour of the minimizer in each homotopy class. Also,
there exists a minimizer in the union of these homotopy classes, although
this minimizer may not be unique. Then in Chapter 5, we work with line
fields on the boundary in the given exterior N-connected Lipschitz domain.
By introducing an auxiliary vector field and modifying the definition of ho-
motopy classes in Chapter 4, we prove the uniqueness of the minimizing line
field in each homotopy class. Also the result proved in Chapter 5 applies to
both orientable and non-orientable line fields on the boundaries, and when
the given boundary line field is orientable, it is equivalent to our result proved
in Chapter 4. Finally, in Chapter 6, we study the 2D non-equal constant case
(i.e. without assuming k; = k, = k3, and k4 = 0) in a one-circular domain. In
particular, in Section 6.1 we assume the vector fields are radius-independent
and derive the minimizers to the Oseen-Frank bulk free energy subject to

prescribed degree constraint on the circular boundary. Then in Section 6.2
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we show that the result proved in Section 6.1 will also hold when one of the
Frank elastic constant is zero (degenerate case), but will be in a different
function space WH(Q; S') instead of H'(Q;S'"). At last in Section 6.3 we will
show that the minimizers derived in Section 6.1 and Section 6.2 are in general

not minimizers for the radius-dependent case.
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Chapter 1

Introduction

1.1 The mathematics of liquid crystals

Liquid crystals are of many different types, three main classes being nematics, cholester-
ics and smectics. Many liquid crystals consist of rod-like molecules. Unlike isotropic fluids
for which there is no orientational or positional order (see Figure 1.1), the molecules of
liquid crystals can arrange themselves in different phases depending on the nature of the

molecules, the interactions between them and the temperature.

Figure 1.1: Isotropic fluid.

For the nematic phase, there is orientational but no positional order; while for the
smectic A phase and smectic C phase, there is orientational and some positional order
(See Figure 1.2 and Figure 1.3 for illustration). In the cholesteric phase there is orienta-
tional but no positional order; however, there is a macroscopic positional order coming
from a twisted ground state with length-scale characteristic. The molecules have time-

varying orientations due to thermal motion. The most commonly studied nematic phase
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(a)
Figure 1.2: (a) Nematic phase; (b) Smectic A phase; (c) Smectic C phase. As can be seen from this

N i

(b)

figure, the nematic phase has orientational order but has no positional order, whereas there is both

orientational and positional order for the smectic A and smectic C phases.
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LI 77 /2
=

Figure 1.3: Cholesteric phase. There is orientational but no positional order for cholesteric liquid crys-

tals. However there is a macroscopic positional order coming from a twisted ground state with length-
scale characteristic, i.e. the pitch d of the twisted ground state is at a length-scale much greater than

molecular.

typically forms on cooling through a critical temperature by a phase transformation from
a high temperature isotropic phase. For nematics in general as illustrated in Figure 1.4,
when 6 > 6., the material is in the isotropic phase, when 6* < 6 < 6., the material is in
the nematic phase, while when 6 < 6*, the material is in some other liquid crystal or solid
phase which depends on the material.

In this thesis, we only study nematic liquid crystals. The challenge of describing
nematic liquid crystals by a model that is both comprehensive and simple enough to
manipulate efficiently has led to the existence of several major competing theories. One
of the most simple and successful is the Oseen-Frank theory that describes nematics using
a relatively simple description, namely a unit vector field mn, the director, representing
the mean orientation of the molecules. But the Oseen-Frank theory has the deficiency
of ignoring the physical statistical head-to-tail symmetry of the rod-like molecules. A

more complex theory was proposed by de Gennes and uses matrix-valued functions (Q-
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Figure 1.4: For nematics in general, when 6 < 6y, the material is in other liquid crystal or solid phase;
Om < 0 < 6., the material is in nematic phase; 6 > 6., the material is in isotropic phase, where 6, and 6.

are some threshold temperatures in phase transitions which depend on the given material.

tensors). In the simplest constrained case of uniaxial Q-tensors with a constant scalar
order parameter, these Q-tensors can be interpreted as line fields described by a pair
of antipodal vector fields {n, —n}, so that the Landau - de Gennes theory respects the
head-to-tail symmetry. But an orientability problem arises, i.e. it may not be possible
to ‘orient’ a line field in the domain Q so that it becomes a vector field without changing
its regularity class. To deal with this orientability problem, Ball and Zarnescu studied
in [BZ08|] the differences between these two theories and established when the more
complicated, but physically more realistic, theory of de Gennes can be replaced by the
simpler Oseen-Frank theory, and when this cannot be done. They have shown that for
simply-connected domains and in the natural energy class H' the constrained Landau
- de Gennes and Oseen-Frank theories coincide. It is also shown in [BZ08] that, under
suitable assumptions, the orientability of a line field on a 2D bounded domain can be

determined simply by the orientability of the line field on the boundary of the domain.
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1.2 The Oseen-Frank model

The idea of the Oseen-Frank model is to associate to each point in the macroscopic
physical domain Q a director describing the preferred direction of the molecules at the
point. The Oseen-Frank model takes this director to be a unit vector n(x) € 2, x € Q.

The Oseen-Frank free energy density for a nematic liquid crystal is given by (see [Ste04a,
Chapter 2|):

1 1 1
F(n, Vn) = =k;(divn)® + =k,(n- V A n)’> + =k;n A V A n}?
2 2 2
i (1.2.1)
+ E(kz + ky)(tr(Vm)?) — (div n)?),

where the constants k;, i = 1,2,3 are often referred to as the Frank elastic constants
(or moduli) and are dependent on the particular liquid crystal. The terms involving
the constants ki, ko, k3 in the energy density correspond respectively to the change of
nematic energy caused by splay, twist and bend reorientations of the director n. The last
term with coefficient k, + k4 is called the saddle-splay term, and k, + k4 the saddle-splay
constant, see also [Ste04a, Chapter 2|.

Note that k;, i = 1,2, 3 are assumed to satisfy the following conditions:

k1>0, k2>0, k3>0

(1.2.2)
ko > [kal, ki > [k —ky — ky

which are referred to as Ericksen inequalitites (see [Eri66]). The Ericksen inequalities are

necessary and sufficient condition for F(n, Vn) to satisfy
F(n, Vn) > « [Vn]?

for some a > 0.
The saddle-splay term in the free energy density F(x,n, Vn) is often omitted since we
have the identity
tr(Vn)*> — (divn)> = V- ((m- V)n — (V- n)n), (1.2.3)

which after integration over Q becomes

(m-V)n—(V-n)n)- dS.
oQ
The value of the integral depends on what boundary data is prescribed. If n is given
on 0Q then the integral is constant. But e.g. for planar degenerate boundary data,

the saddle-splay term cannot be ignored. Moreover, in the two-dimensional case where
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n(x) = (n;(xy, X2), Na(X1, X2)), namely n(x) € S', the expression in (1.2.3) becomes zero, i.e.
tr(Vn)> — (divn)’ =0, x€Q, (1.2.4)

regardless of the prescribed boundary data, and we also have
n-VAn=0, xeQ. (1.2.5)
The physical configuration corresponding to the planar vector field n(x) : Q c R? — S!
can be considered as a layer of nematic liquid crystal material contained within a very

thin membrane.

By applying the identity [Vn[> = tr((Vn)* + (n-V An)> + [n AV An|? to (1.2.1), we have:

1 1 1
F(n, Vn) = 51<3|Vn|2 + 5(k1 — k3)(divn)® + E(kz —k;)(m- V A n)?

1 (1.2.6)
+ 50k + kg - k3)(tr(Vn)*) — (div n)?).
Note again that the last two terms in (1.2.6) are zero in the two-dimensional case.
The one-constant approximation
k=k;=ky=k; and ks =0 (1.2.7)

is often used for its mathematical simplicity. Some authors, in the one-constant approx-
imation, equate the splay, twist, and bend constants and assume that k, + k4 = 0 rather
than ky = 0. In the case of strong anchoring (see [Vir95, Chapter 3|), this alternative
approximation leads to equilibrium equations that are identical to those obtained using
(1.2.7).

Under the one-constant approximation (1.2.7), the Oseen-Frank free energy density
becomes

F(n, Vn) = %lenlz,

and hence the bulk energy is given by

I(n):lk f |Vn|*dx,
2 Ja

where for simplicity we often omit the constant k.
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1.3 Minimization problem with specified boundary condi-
tion

Our main focus is the energy minimization problem on an open set Q c R? with
Lipschitz boundary that is not necessarily bounded, i.e. find n that minimizes I(n)
subject to suitable boundary conditions, for example n|yq = ng, where ng is given. In the
unbounded case the energy may be infinite. More specifically, for F(x,n, Vn) given by

(1.2.6), our problem is to find the minimizer for the Oseen-Frank free energy:

1
In) = - f F(x, Vn, Vn) dx,
2 Ja
over all vector fields n in the admissible set
Ao = {n € H'(Q;$*) |nlsq = no}.

Then if n is a minimizer and v : Q — R? is any smooth mapping with compact support,

and € > 0 is sufficiently small,

n.(x) = n(x) + ev(x)
T Inx) + ev(x)|
satisfies [n.(x)| = 1 and n.|sq = ny. Hence formally we have

d
—I
de (

n)l__,=0.

: dn,
Noting that 3=

I(n) = fQ F(x,n, Vn)dx that n is a weak solution of the Euler-Lagrange equation

o = (1= n(x) ®n(x)) v(x), we obtain for the general Oseen-Frank energy

0F OF
1- div— - —]=0, 1.3.1
( n®n)( Voo On) (1.3.1)
which equivalently, can be written as
. O0F OF
le8Vn “n - AX)n, (1.3.2)

where A(x) is a Lagrange multiplier corresponding to the unit vector constraint for n.
It is also easy to verify that for the one-constant case that n is a weak solution of the
Euler-Lagrange equation
An +|Vn*n = 0, (1.3.3)
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i.e.

nj; + (mxn)n =0 (@G=1,2,3).

In the rest of this section we will describe some known results on the minimization
problem of the Oseen-Frank energy. The existence of minimizers for the energy functional
I(m) with prescribed boundary conditions is a straightforward application of the direct

method of the calculus of variations, and is stated in the following theorem.

Theorem 1.3.1. Ifn, € H'(Q; S?), then there exists a minimizer n* that minimizes I(n) over all
n in the admissible set Ay = {n € H'(Q; S?)|n|sgq = Ny}, and n* satisfies (1.3.1), namely the

strong form of Euler-Lagrange equation of F(x,n, Vn) .

In the one-constant approximation (1.2.7), there are results that reveal deeper proper-
ties of the minimizers such as the results proved by Schoen & Uhlenbeck in [SU*82|[SU*83]
and by Brezis, Coron & Lieb in [BCL86| saying that any minimizer n* of I(n) has at most
finitely many point singularities, and these singularities are rotated hedgehogs with de-
gree (which will be defined in Chapter 2) 1. The result is stated in the following

theorem.

Theorem 1.3.2. In the one-constant case, any minimizer n* in Theorem 1.3.1 is smooth except

for a finite number of point defects located at points x(1) € Q, and

X — Xx(1)

"~ RO

as x — x(i),

for some R(1) € O(3).

One can notice that the hedgehog fi : R* — S? which is defined by A = % is in the
Sobolev space H!(€; $?) for a bounded domain Q containing the origin and it plays an
important role in the energy minimization problem of liquid crystals. Some interesting

results on the energy minimization properties of the hedgehog are stated below.

Theorem 1.3.3. (Brezis, Coron, Lieb [BCLS86]) In the one-constant approximation, the hedge-

hog f minimizes the Oseen-Frank free energy I(m) subject to its own boundary conditions.

There is also an elegant alternative proof of Theorem 1.3.3 due to F. H. Lin |[Lin87].
Earlier, Hardt et al had shown in [HKL86b| that the degrees of these singularities are
bounded by some universal constant and Cohen et al. [CHK*87] showed in their numer-

ical study that singularities of degree two or more are unstable. These works as well as
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other studies such as [HKL86a| [HKL88a| [HKL88b| [WPCT72] motivated the discovery
of Theorem 1.3.2 and 1.3.3.
Theorem 1.3.3 can also be generalized to the non-equal constant case, with further

assumption k; < k,, and we show this in the following theorem which is due to [Ou92].

Theorem 1.3.4. Ifk; <k, then the hedgehog 1 is the unique minimizer of I(n) in H'(Q; S?),

subject to its own boundary conditions.

Note that a simple proof due to J. Ball and E. Virga will appear in [BV].

Hélein [Hél87] has shown that when 8(k; — k) > ks the second variation at fi can
be negative, so that fi is not a minimizer. Moreover, results of Hélein [Hél87|, Cohen &
Taylor [CT90] and Kinderlehrer & Ou [KO92] show that the second variation §*I(f) > 0
if and only if

8(k; — ky) < ks.

The following result provides another deep insight with respect to the defects of the

minimizers for Oseen-Frank free energy with general Frank constants.

Theorem 1.3.5. (Hardt, Lin & Kinderlehrer [HKLS6a]) Any minimizer n € H/(Q; S?) is ana-

lytic outside a closed set y whose Hausdorff dimension is less than one.

In the following chapters, we will consider a 2D exterior problem in the Oseen-Frank
theory in a given domain Q = R?\ Ujlil(bj, where each of the {w; }jli , is bounded, simply
connected and has Lipschitz boundary, and also @; are disjoint for j = 1,...,N, i.e. ®;N®; =
0 for i # j, see Figure 1.5. We will be answering questions concerning the existence and
uniqueness of minimizers satisfying the boundary conditions nls,, = m;, j = 1,...,N with
each of the m; having prescribed degree (which will be defined in Chapter 2). We will
start by considering a single circular domain Q in Chapter 3 and then study the case
of general N-connected exterior domain Q by introducing homotopy classes for vector
fields. In Chapter 4, we will see that the minimizer n,, in each homotopy class Cy, (which
will be defined in Chapter 4) of a modified one-constant Oseen-Frank energy subject to
prescribed boundary condition and given degree dj on each of the boundaries dwj can be
written in the form

n,(z) = I, b (2) exp(im)

Z—aj

where hj(z) = for some a; € wj, and ¢y, satisfies

|z—aj|

1
lpm(x) = Blli 2y < Co; for r > ry,

for some constant B, Cy, and some sufficiently large ry. This describes the behaviour at

oo of the minimizer ny, in each homotopy class C,,. Here we treat n as a vector field with
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Figure 1.5: N-connected domain Q = R? \ Uj111‘7)j-

range in the complex plane and x = z as a point in the complex plane C. Each h;(z) is in
fact a hedgehog centred at a; € wj, and we can somehow regard this result as being related
to Theorem 1.3.2. Before beginning this analysis we will give a brief introduction to the
Landau - de Gennes model as mentioned in Section 1.1, which is used in studying the
minimization problem with non-orientable boundary conditions which will be discussed
in Chapter 5.
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1.4 An introduction to the Landau - de Gennes model

In this section we will give a brief introduction on the Landau - de Gennes model.
Most of the content in this section can be found in [Ball7] as well as [BZ08|.

The Landau - de Gennes model uses a tensor order parameter based on the probability
distribution p(x, p) of molecular orientations p € S? at a point x. Here p is parallel to the
long axis of a molecule and we regard p and —p as being equivalent as was mentioned in
Section 1.1. Two advantages over the Oseen-Frank model are that (i) it gives structure
to defects, so that in particular they have finite energy, (ii) resolves the problem of
orientability of the director.

Now consider the small ball B(x,0) = {z € R*||z — x| < §} with centre x and small
radius > 0. We want ¢ to be smaller than macroscopic length scales but large enough
to contain sufficiently many molecules for a statistical description to be possible. For
example, if 6 = lum, then B(X, §) would contain about a billion molecules. Then p(x, p)
can be thought of as a smoothed out version of the probability of a molecule chosen at
random from those in B(x, §) having orientation p.

Since p(x, p) is a probability distribution and +p are equivalent, p(x, p) satisfies

p(x,p) 20,
p(X7 p) = p(Xa _p)’

fp(x, p)dp =1,
SZ

where dp denotes the area element on S2. Thus the first moment satisfies

f pp(x,p)dp = —f pp(x,—p)dp =0,
S2 S2

and the second moment
M(x) = f2 p®ppx, p)dp
S

is a symmetric second-order tensor which is positive definite, namely Me - e > 0 for all

e € S%. This is true since
M(x)e - e = f (p-e’p(x,p)dp >0,
SZ

and M(x) e-e = 0 implies that p(x, p) = 0 for p-e # 0, contradicting the fact fs2 px,p)dp =
1.

1

Also, one can easily see that tr M(x) = 1. The case when p(x,p) = ;- corresponds to

an isotropic molecular distribution at x, with M(x) = %I.
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The de Gennes Q-tensor is then defined as

1 1
Q) = M) - 31= [ @@~ 3Dp(x P)dP. (1.4.1)
S
which measures the deviation of M(x) from its isotropic value, and it satisfies

Q(x) = Q'(x),
trQ(x) =0,

Lun(Q()) > —g,

where A, (Q(X)) denotes the minimum eigenvalue of Q(x).
Following de Gennes we suppose that the free energy for a nematic at constant tem-

perature is given by

I(Q) = fw(Q, VQ) dx. (1.4.2)
Q

Note that if we write H = VQ, where Q = (Qj;), H = (Hix) = (Qjjx), then as a consequence
of frame-indifference, ¢ = y(Q, H) should satisfy for any R = (R;) € O3) = {R|IR'R = I}
the isotropy condition

¥(Q',H") = ¢(Q,H)

where Q* = Rir st Qrs’ and sz = Rir st Rkt Hrst-

It is also usual to decompose the free energy density ¢ as

¥(Q,VQ) = ¥(Q,0) + (¥(Q, VQ) — ¥(Q,0))
= ¢¥(Q) + ¥r(Q, VQ),

where ¥(Q) and Yg(Q) are respectively the bulk- and elastic-energy densities.
It is often assumed that the bulk-energy density has the form

Yp(Q) = atrQ’ — 23—b trQ® +ctrQ* (1.4.3)

. . 2
where b > 0, ¢ > 0, and where a depends linearly on temperature. Moreover, if a < 2“;70

then ¢ is minimized by Q having the uniaxial form
1 2
Q:s(n®n—§l), nes (1.4.4)

where

b+ Vb% —-24ac >0

5= 4c
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Also it is usually assumed that the elastic-energy density ¥g(Q, VQ) is quadratic in VQ.

Examples of isotropic functions quadratic in VQ are the invariants I; = [;(Q, VQ), namely

I = Qij,k Qij,k
I = Qjjx Qikk
I3 = Qix; Qijx

Iy = Qu Qi1 Qjjx-

The first three linearly independent invariants I;, I, I3 span the possible isotropic quadratic
functions of VQ. The invariant I4 is one of six possible linearly independent cubic terms
that are quadratic in VQ. Note also that

L — Iz = (Q4 Qi) j — (Qii Qikj) x
is a null Lagrangian. Similar to (1.2.1) and (1.2.6), we assume that
Ye(Q.VQ) = I Li i, (1.4.5)

where the L; are constants related to the given materials. In addition, in a similar
way to the one-constant approximation (1.2.7) of Oseen-Frank model, we have that if
L, =L; =L4 =0, then yg = L; [VQJ?, the one-constant approximation of the Landau - de
Gennes theory.

Now we show how the Oseen-Frank theory can be obtained from that of Landau -
de Gennes (see [MN14|). Since ¢ is minimized for uniaxial Q given by (1.4.4), in the
limit of small elastic constants L; (see [GJ15] for reference), we expect minimizers of I(Q)
to be nearly uniaxial. This motivates the constrained theory in which we minimize I(Q)

subject to the constraint
1
Q=s(n®n- §I), nes’

for fixed s > 0. Calculating the invariants in terms of n we find that
I = s> ((divm)’ + In A V AnP)

L =s(In AV AN +tr(Vny)

I =25’ (tr (Vn)’ + (n-VAn)’ + n AV Anf)

2 1 1
I, = 25° (§|n AV ADP - Jt (Vn)? — §|n VA n|2).
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Letting
ki = Lis? + Lys? + 2 L3s? — §L4s3
k, =21L;s% — %L‘;s3
ks =L;s* + Los? + 238 + %‘Léts3
kg = L,s?

we find that

W(n7 Vn) = wE(Qa VQ)

Thus the Oseen-Frank elastic energy is formally the same as the constrained Landau-de
Gennes elastic energy. On the other hand, although the energy density can be regarded
as being the same in the two theories, in the constrained Landau-de Gennes theory there
are more possibilities for energy minimization than in the Oseen-Frank theory, as there
are more line fields than vector fields. In fact, Ball and Zarnescu studied in [BZ08| and
[BZ11] the differences and the overlaps between the two models. In particular, in the case
of non-zero constant scalar order parameter s the Landau-de Gennes theory is equivalent
to that of Oseen-Frank when the director field is orientable. This will be discussed with
more detail in Chapter 5 when we study the minimization problem with non-orientable

boundary line fields.



Chapter 2

Degree theory and liftings

2.1 Degree for vector field n ¢ H'/>(S!; S')

Sobolev maps between manifolds appear naturally in different contexts: harmonic
maps, liquid crystals and the Ginzburg-Landau equation, etc. Given a continuous map-
ping n from one compact smooth n—dimensional manifold X to another compact smooth
manifold Y of the same dimension, where that X and Y are manifolds without boundary
and are oriented, the classical degree counts the "number of times” Y is covered by n(X),
taking into account algebraic multiplicity. If n € C}/(X,Y) and y € Y is a regular value of
the map n, i.e. n™!(y) consists of a finite number of points {xi, ..., X} at each of which the
Jacobian matrix of the map, Vn, in terms of local coordinates with the given orientation,

is nonsingular, then

deg(n, X, y) = X;sgndet Vn(x;), (2.1.1)

where it can be shown that the right-hand side is independent of the choice of the regular
value y.

This above definition of the degree for differentiable maps extends to continuous maps
n: X Y, since if u,v € C1(X,Y), and are close to each other in the C° topology, then
they have the same degree. Further, from [Nir74, p. 4] one can see that, for n € C(X,Y),

there is an integral formula for the degree using any smooth n—form v on Y :

fvon:deg(n,X,Y)~fv,
X Y

which may be represented using local coordinates with given orientation by

ff(n) det Vn(x)dx; A ... A dx,,
X
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if the smooth n—form v = f(y)dy; A ... A dy,. In particular, if X and Y are Riemannian

manifolds, we have

deg(n, X, Y) = % f det Vn(x) do(x) (2.1.2)
X

where do is the volume element on X, and the Jacobian det Vn(x) is computed by geodesic
normal coordinates at x and geodesic normal coordinates at n(x). More specifically, when
X = 0Q, where Q is a smooth bounded domain in R"™!, and Y = S", consider a mapping
n € C'(X,Y) and let m be any C'—extension of n inside Q with values in R™!, then the

degree of n can be written as

deg(n, 0Q, S") = % LdetVﬁdxl...dan (2.1.3)
where |B| is volume of unit ball B in R™!. By applying Green’s formula and noticing
the fact that detVn is a divergence form, one can easily see that (2.1.2) and (2.1.3) are
equivalent. One may use (2.1.2) and (2.1.3) together with approximation by smooth
maps to define the degree even if n is not continuous.
A significant fact is that the degree is invariant for maps in the same homotopy class.
Also if the degree is not zero, then the map n is onto from X to Y.
Motivated by a problem concerning the Ginzburg-Landau equation (see [{MBGP91]),
L. Boutet de Monvel and O. Gabber introduced a degree for n € H/2(S'; S'), where n is
treated as a vector field with range in the complex plane. This definition of degree is in
the more familiar form, i.e. “change in argument”:
1 dn 1 _ 1 _oOn
degsin = o y o = o g ndn = o ’ n%de, (2.1.4)
where n is the complex conjugate of n. One can see that (2.1.4) is well defined due to the
duality between H'/? and H™'/2 ( that is m € HY/*(S';S') and 2 € HY*(S';R?) ) Their
definition of degree for n € H/2(S!; S!) can be found in the appendix of [AMBGP91] and

we state the result in the following Theorem 2.1.2.

Remark 2.1.1. In the following context, when we treat n as a vector field with range in the
complex plane C, we usually do not distinguish the use of notation between n(x) and n(z),
as well as between R? and C. Also, in the following Theorem 2.1.2, the given vector field
n(x) € H2(S!; S!) can be expressed explicitly in terms of z € S! ¢ C, i.e. we will write n(x)
as n(z) = z* exp(ig). In most cases, the given unit vector field n is treated in the real sense
when we apply integration with respect to the variable x € €, and it is treated in the complex

sense when we multiply vectors. This occurs throughout the following chapters.
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Theorem 2.1.2. Let n be a function of Sobolev class H'/? from the circle S' to itself. Then
there exists an integer k and a real function ¢ € H'/*(S"), unique up to an integral multiple of

27, such that n = z¥ exp(ip). The winding number K is given by

1 on
k=— ~1— de. 2.1.5
i a0 2.1.5)
Note that n™' = n € HY3(S!;S!) because |n| = 1, and the integral is defined in

the distribution sense since % € HV2(S';R?). A detailed proof can also be found in
[AMBGP91].
As a consequence, the degree for the given vector field n € H/2(S!'; S') can be defined

as
degain ! n'—do
e =— — do.
g =on " e

An alternative to defining the degree (winding number) for n € H/3(S!;S') as in
Theorem 2.1.2, is to extend n € H/2(S!;S') to m € H'(D;R?), and then apply formula
(2.1.3), where D is the unit disk in R* = C,. This definition of the H'/? degree is also used
in [BBH*94| by Bethuel, Brezis and Hélein. In the following proposition, we will sketch
the idea of defining the degree (winding number) for a given vector field n € H/2(S!; S')
by extending m € H'/2(S!; S') inward (to some m € H'(D;R?)) using an argument kindly
suggested by P. Mironescu.

Proposition 2.1.3. For a given vector field n € H/2(S'; S"), define the degree degsin to be:
1
degsin :J(detVde = — fdetVﬁdx (2.1.6)
D DI Jo

for any m € H'(D; R?)) with n|g1 = n. The value of the degree degsin so defined is independent

of the extension m and equals the value in (2.1.5), ie.

1 0
degsin :J( detVndx = — n_l—n do. (2.1.7)
D 2 sl do

Proof. We prove the proposition in several steps.

Step 1
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We prove in this step that JfD det Vn dx is independent of the extension. For this, we need to
show that given two vector fields m € H'(D; R?) and m € H!(D; R?) with n|s = m|g1 = n, we
have

fdetVﬁdxzfdetVfﬁdx. (2.1.8)
D D

To show this, we can take two sequences {n’ }2, and {wi )2, satisfying n e C(D;R?) and

w € Cy(D; R?), respectively, such that

m —>n in H(D;R?

w > m-n in H'(D;R?).

Therefore we have

fdetVfij dx:fdetV(ﬁi+wi)dx,

D D
which is a direct result from Theorem 2 of Chapter 8.1 in [EvalO]. (The determinant function
L(P) = detP, P € M™" is a null Lagrangian.)

Also since

fdetVﬁjdxefdetVFﬁdx

D D

fdetV(r?+wi)dx—>fdetVﬁdx,
D D

we have shown that

fdetVﬁdx:fdetVﬁdx,
D D

which is exactly (2.1.8).
Since (2.1.8) holds, it will be sufficient to find some vector field v € H'(D; R?), which sat-
isfies v|si = n and to show that the integral J€D> det Vv dx is an integer. We will construct such a

vector field v in the following steps.

Step 2

Claim: Given any v € H'(D; R?), we have

lirrllv(re):v(e) in H'/2(S';R?).
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By trace theory there is a constant C > 0 such that for any v € H'(D; R?)

||V(9)||H1/2(SI;R2) <C ||V(X)”H1(D;R2)-

As a consequence, we have for any r € (0, 1) that

lv(ré&) — V(9)||H1/2(SI;R2) < Clv(rx) - V(X)||H1(D;R2)-

Also, given any € > 0 and by choosing smooth functions {v; 2o such that

€

[1v;(x) = v(X)lli1 p:gr2)y < 3

€

|Iv;(rx) — v(Ix)|lm pir2) < 3

and for sufficiently large j independent of radius r, and so for such a j we can apply the bounded

convergence theorem and have
[Ivi(rx) = Vi(Ollm ey = 0 as r— 1.
Therefore for any € > 0, there exists an ry close enough to 1 such that for Vr > rj, we have

lv(rx) — V(X)”HI(D;RZ) < ||Vj(rX) - V(TX)”Hl(D;RZ) + ||Vj(rX) - Vj(X)||H1(D;R2) + ||Vj(X) - V(X)”HI(D;RZ)

<€+€+E
3 3 3
=€,

which proves

Iv(rx) = vllu :p2y = 0 as r— 1,

and hence

Iv(r6) — v(O)llgirgigzy >0 as r— 1.

This proves our claim.

Step 3

We now extend n € H'/2(S!; S!) to the unit disk by its harmonic extension n € H!(D; R?).
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Recall that we do not distinguish between C and R?, but still treat n and 1 as vector fields with
range in the complex plane C.

The harmonic extension n is the unique weak solution of

{AH:O

ngl =n.

Using the regularity up to the boundary for second-order elliptic equations (see [Eval0, Theo-

rem 6, Chapter 6.3]), we know that n exists and is smooth in D.

Step 4

Claim: [n| — 1 uniformly as |x| — 1.

By [dMBGP91, Proposition A. 2] we know that H'/?(S') ¢ VMO (one can refer to [BN95]
for the definition of VMO space). Thus we can assume n, m € VMONL>(S!) and set w = nm.
Then by [Doul2, Lemma 6.44], their harmonic extensions to the unit disc D, say n, m and w,
satisfy

lim(mn - w) = 0. (2.1.9)

|x|—1
Now take in the above m = n (complex conjugate) for some n such that n| = 1. Then w = 1,
and thus W = 1. On the other hand, m = 1, and therefore we have mn = [[>. As a consequence

(2.1.9) becomes

|l}m1 | =1,
which proves our claim.
Step 5
We now define
5 mx!
oo =3 (2.1.10)
2n, [nj<3

and we have v € H'(D;R?) and v|g1 = n|s1 = n € H/2(S!; Sh.

By step 3 and step 4, we can also easily observe that v is smooth and |v| = 1 in an annulus

A={x|0<a<|[x]<1}.
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Therefore v(r; 6) is smooth and as a result, for r; < 1 close to 1, we have

f det Vv(r;x) dx = f det Vvdx = degg: v(1;6) € Z.
D

D(rj)

Further, since we have

J( det Vv dx —>J(detVde, -1, 2.1.11)
D(r)) D

we know that the integral fD det Vv dx is an integer.

Also since

1 _ ov
Jg . detVvdx = 0— | v ' 0)25(110)d0

1 st

by step 2 and (2.1.11) we have:

1 ov 1 on
det Vvdx = lim — 1 0) —(r,;0)dd = — 12— do. 2.1.12
),g ceyver=m mLV 10) 500 =575 . @.1.12)

Hence, as a result, we can use v in (2.1.10) to define the degree of n € H'/2(S'; S'), i.e.

degsin :J( det Vv,
D

which is well defined and is an integer. By (2.1.12) we have

1 on
degsin = 4 detVndx = — 12— dg,
egsin J]ge ndx o Sln a0

which is exactly (2.1.7).

O

Remark 2.1.4. The above definition of degree make sense for maps in the class VMO: the clo-
sure in the BMO (= bounded mean oscillation) topology of smooth maps. L. Boutet de Monvel
and O. Gabber made this interesting observation but did not establish the basic properties of
VMO degree, such as stability under homotopy within VMO, surjectivity if deg # 0, etc. VMO
degree is defined via approximation instead of by an integral formula. More specifically, they

pointed out that if n € VMO(S'; S!) and
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then || — 1 uniformly in 6, where n need not be continuous. Then for € sufficiently small,

n.(0)
In(6)|

n.(60) =

has a well defined degree, which is independent of €.

More results and properties of degree of VMO maps can be found in the exhaustive survey
article by Petru Mironescu [Mir07], and in J. Bourgain, H. Brezis, P. Mironescu [BBMOS5].
Detailed proofs of the properties of the degree of VMO maps are given in articles by H. Brezis
and L. Nirenberg, see [BN95], [BN96]. For those interested in topics in degree and lifting with
respect to Sobolev maps on manifolds, one can refer to [Mir07], [Bre97] and [Bre06] for open

problems in the topic.

2.2 Definition of degree in N-connected domain

In the last section, we have defined a degree for a given vector field n € H'/2(S'; S").
We now generalize this definition of degree to a more general domain. Consider a N-
connected domain Q generated by N Lipschitz Jordan curves, i.e. Q = R?\ UN@;, where

each of {w; }J.Ii is bounded, simply connected and Lipschitz. Also we assume that @; are

1
disjoint for j = 1,...,N, i.e. @ N@; =0 for i # j. Then we have the following proposition.
Proposition 2.2.1. For each j there exists a orientation-preserving bi-Lipschitz map \¥; : D~
wj, such that ¥; maps the interior D of D fo wj, and maps the boundary 0D to the boundary

dw;, where D is the unit disk in R* = C.

Proof. By using Remark 5.3 in Ball and Zarnescu [BZ17], we know there exists an orientation-
preserving bi-Lipschitz map ¢; : @ — @;, where w is a bounded domain of class C*, and
@ C wj. It is easily seen that w is simply-connected. Thus by applying [BK87, Theorem
A], which gives a boundary regularity result for the Riemann Mapping, we can derive a bi-
Lipschitz map ¢; : @ +— D. Therefore we obtained our bi-Lipschitz map Y = ¢j0 gBJ‘l as
required.

O

With Proposition 2.2.1, we can now define the degree d; of a given vector field n; on

the boundary of each domain wj, i.e. dega,m =d; for j=1,...,n.
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Definition 2.2.2. For n; € H'?(0w;; S'), we define the degree of n; on the boundary dw; to be:

degye, () = deggim; o ;.

We can see that no'; is a map from S! to S', and we need to show that the degree of

n; in Definition 2.2.2 above is well defined. We need to prove the following proposition:

Proposition 2.2.3. The degree is well defined in Definition 2.2.2 since we have:
e n;o ;€ H/3(S', Sh).

e degy,,nj does not depend on the particular orientation-preserving bi-Lipschitz map.

Proof. To show that n; o ¥; € H'/*(S', S'), we need to prove that

- f I(nj o ¥)(61) — (m; o ¥))(6:)

|9 g |2 d91 d@z < 00,
1= 02

Recalling that ¥ is bi-lipschitz and changing variables to t; = ¥;(6;) and t, = ¥(6,), we

have that

— —dt; dt
1P-1(t;) — ¥ (1) dt, d,

n o ¥.)(@,) — (n, o ¥,)(6,))?
< Cf f |( L ])( 1) ( 12 _])( 2)| dtl dtz < o0,
ow; Jow) |t1 - t2|

- f f |(nj o ¥))(@)) — (n; o ¥;)(0)I* d6; db,
Ow) Jow,

which implies that n; o ¥; € H'/*(S', S1).

Next we show that degs,,nj does not depend on the particular orientation-preserving bi-
Lipschitz map. Assuming now that we have two orientation-preserving bi-Lipschitz maps ‘¥
and P, we have n;o¥; € HY2(S'; S') and (n;o¥;)0F; o¥; € H'2(S';S!), where ¥, 0¥, is not
the identity map from S' to S' as ¥; and ‘FITJ are different. Therefore to show that deg,,n; does
not depend on the particular orientation-preserving bi-Lipschitz map is equivalent to showing
that if ¢ : S' — S' is any bi-Lipschitz and orientation preserving map, and n € H/(S!; S!)
then we have:

degsi(n o ¢) = deggin,

which we will show by using the fact that C*(S'; S') is dense in H'/2(S!; S!). Since there exists
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a sequence {u®}> < C=(S';S") such that u™ — n ask — co in H/(S'; '), we have

1 1 Ono
degg.(nogb):ﬂfglno(ﬁ (';0¢)d9

(k)
:hmif L duPod) i
koo 21t Jou®ogp 00

| |

— i &g

= o fsl ) ‘)
1 |

— i &)

= lim o . awgg dU @)

1 16n

B 27T sl n 60

where 6" = ¢(0) and this completes our proof.

Next we need to establish some important properties of the degree dega,,n;.

Proposition 2.2.4. The degree of n on the boundary dw; is an integer and ifn,m € H'*(0w;, S")
then

degs,,(n - M) = degy,n + degyy, .
where n - 0 stands for the product of m and m as complex numbers.

Proof. The fact that degy,,n is an integer is proved by approximation of H'/2(S', S) by maps in
C=(S',S") as in the proof of Proposition 2.2.3. Also, since n o ¥; € H/*(S!,S') andno ¥, €
H'/2(S',S"), we know that there exist two sequences {u®}* ~c C=(S',S'") and {vW}>
C*=(S!, S") such that

u® > noW¥; in H'Y* S SH

v > no ¥ in HY(SSH.
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From here we have

degs,(n - M) = degsi(mo ¥ -mo ¥y
1 1 onoV¥;-mnoY,
ZE San‘I’j-ﬁo\Pj 06
: 1 1 ou®.y®
= llmk_mzr Ll a® -y 50 do oo
1 1 ou® 1 1 ov®
21 Jo u® 96 +ﬂ Sl‘mﬁﬁd)

deo

- 1imk%(

= deggin o ¥ + deggim o ¥

= degy,n + degs,n,

which completes our proof.

O
We also have the following result.
Proposition 2.2.5. Given a € wj, we have degawj I;:il = 1; otherwise, if a ¢ @;, we have
degawji%‘jl‘| =0.
Proof. If a € w;, we have
1 d
— 1. (2.2.2)
271 dw; Z— 2
For z € dwj, put z — a = 1(f) €®. Then we have that
| = L dz
271 Jy, 2 — A
1 . .
- / 0  : ’ i¢(6)
=2 )., @)@ (0 + ir(0)¢’ (0)e'””) do
1 (6
L (r( ) +i¢’(9))d6 (2.2.3)
271 Jgi \ 1(0)
1. 2o 1

= 5 108 0) + ﬂ(¢(2ﬂ) - ¢(0))

1
= 2—(¢(27r) - $(0))
T
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On the other hand, we have

Z—a 1 1 Z—a
degou ‘Tmfa =

Wi |z—al
1 1
T 27 Jg €9®

1
= 5-(602m) - $(0).
T

d(e?®)

Therefore we can see from (2.2.3) such that

z—a
deggwj— =1, for a€ w;
|z — a|

and using the same reasoning we can easily derive that

Z—a
degﬁwj— = 0’
|z - al

when a ¢ ;. O

2.3 Existence of a lifting and its properties

We can now establish lifting properties using the ideas introduced in section 2.2. We

now define the space H'(Q; S') where Q = R?\ Ujl\i]d)j, which we use frequently below.

Definition 2.3.1. Let By C R? denote the disk centred at the origin with radius R > 0. We say
that n € H'(Q; S") if and only if n € H(Q N Bg; S") for all sufficiently large R.

Note that the space ﬁl(Q;Sl) can be made into a complete metric space such that
o - nin H'(Q;S") if and only if W — n in H(Q N Bg;S") for all sufficiently large R and
the complete proof can be found in [MV97, p.40].

We will also assume that the vector field n; € HY 2((’)a)j; S") on each of the boundary
Ow; has the prescribed degree d;, i.e. degsu,n; = dj, j = 1,..,N. Given a vector field
n € H'(Q; S"), we now define a new vector field m € H'(Q; S'):

m = ITY, hy(z) 9, (2.3.1)

73
=k

aj € wj, j = 1,...,N, respectively. Then we have the following proposition.

where hj(z) = and d; = degg,n. Note that {aj}jl\i1 are arbitrary points such that
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Proposition 2.3.2. Given a vector field m = Hjlilhj(z)‘din, for n in the admissible set
A={eH @SN, =n,j=1,..,N},

we have that the degree of m is zero on each boundary dw;, and there is a lifting of m on each
boundary dw, i.e. m = exp(ig;) for some ¢; € H'/*(dw;). Further, we can extend m within each
wj, and obtain an extended vector field m € ﬁl(Rz; SY. In each ball By, there exists a lifting
¢r for the extended vector field m, i.e. m = exp(igr) for some ¢g € H'(BRr), unique up to an

integral multiple of 2m.
Proof. Applying Proposition 2.2.4 we have that

N

degg,m = degsy, (ITL hj(z)“n)
= 2 degsuw hj(z)™% + degau,n
= —X,d; dega,,hy(2) — d; dega,,hi(z) + degsy,n (2.3.2)

:O—di+di
=0.

Therefore we can now apply Theorem 2.1.2 and write m = Hjlilhj (z)"%n on each boundary
Jw; as:

m = expi¢i(z) for z € dw;, (2.3.3)

where j = 1,..., N and ¢;(z) € H'*(dwy).

So next we can extend m inside each w; by solving the Dirichlet problems for j = 1, ...,N:

Ap =0
{ (2.3.4)

¢|8wj = ¢J
Hence we obtain a new vector field m such that

_ (I @™ *n for zeQ
m = (2.3.5)
exp(ip) for ze Ujl\i L Wi,
where ¢ are solved from the Dirichlet problem (2.3.4). From (2.3.5) we have that m €

H'(Bg;S!) for any R > 0 sufficiently large such that Ujli ,@j C Bg. Since Bg is a simply-
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connected domain, we know from Theorem 3 in [BBMOO] that there exists a lifting ¢g €

H'(BRr) such that m = exp(i¢r) in Bg, and J%l or € [0, 27). O

We now extend the lifting of m to the whole plane R2. We need the following modified

version of the Poincaré inequality.

Lemma 2.3.3. For each R > 1 there exists a a constant Cr such that

f ¥ dx < CR( f VP dx+(f \de)z) (2.3.6)
Br Br B,

for all ¥ € H'(BR).

Proof. We prove it by contradiction. Assume (2.3.6) does not hold, then for any k € N there

exists a sequence Py, such that

f P2 dx > k(f VP, |? dx+(J( Y, dx)z)
Br Br B,

Without loss of generality, we can choose a sequence {¥y},>, such that fBR |¥|> dx = 1. Then

f IVW[? dx + (J[ ¥, dx)> - 0.
Br B

This implies that {V¥\};7, is bounded in L?(Bgr). Recall also the fact that fBR P> dx = 1, we

we have

have that {'¥'}}” | is a bounded sequence in H!(Bg).

Hence there exists a subsequence of {¥i},>, (without loss of generality, we still write the
subsequence as {¥};7,) and some ¥ € H!(Bg) such that
¥, — ¥ weakly in H'(Bg),
which implies using standard weak lower semi-continuity results that

f |V‘P|2dx+(J[ ‘de)zslim( f IV * dx + ( ‘I’kdx)z):O,
Br B, k—oo \ gy B,

and this is saying that ¥ = 0.
On the other hand, by the compactness of the embedding of H!(Bg) in L?>(Bg), we have

¥, » ¥ in L*ByR),
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which implies ER |¥> dx = 1, and this is contradictory to the fact that ¥ = 0. Therefore (2.3.6)
must hold.

O

Theorem 2.3.4. Suppose that a vector field m € A, = {m : R? — S!'|Vm € L*(R?)} is such
that in any ball Bg C R? there exists a lifting ¢pgr € H'(Br), unique up to an integral multiple
of 2rt, i.e. m = exp(igr). Then there exists a ¢ satisfying ¢ € H'(BRr) for any sufficiently large
R, and V¢ € L*(R?), such that m = exp(i®), i.e. ¢ is a global lifting for m € A,,, and is also

unique up to an integral multiple of 2n.

Proof. For each integer k > 1 there exists a lifting ¢y € H!(By) such that in B, we have
m = exp(igy), where ¢y satisfies ;—ﬂ fB. ok € [0,2m). Then

f IVeil* dx = f IVm|*dx < | |Vm|*dx < C < .

Br Br R?

It follows from a diagonal argument that there exists a subsequence {¢y, }°, of {¢i};, such that
Vo, = Y in L*(By), (2.3.7)

for any R sufficiently large, and

f [Y[?dx < liminff Vo> dx < C < oo,
Br k—oo B

where C is some constant and by letting R — oo, we have Y € L?(R?).

Also we can apply the Poincaré inequality (2.3.6) to the subsequence {¢y}°, obtained

f ¢f dx < Cy ( f Vi, > dx + (J( i, dx)z)
Br Br By

Therefore by using diagonal argument again, there exists some subsequence of {¢y,};°, (without

above:

loss of generality, we still write it as {¢};°,), such that
¢, — ¢ in L’Bp),

for any sufficiently large R and some ¢ € L*(R?) (where ¢ € L*(R?) means ¢ € L%(By) for any

sufficiently large ball Bg), and it is easy to see that we have Y = V¢.
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Writing the subsequence {¢ }°, as {¢i}y- , it follows that
¢x = ¢ in H'(Br),

for any R sufficiently large, and thus by the compactness of the embedding of H'(Bg) in L*(Bg)

¢ — ¢ in L*Bg).

Hence we may assume that

o — ¢ ae. in By

for any R sufficiently large. Thus
m = exp(i¢),

where V¢ € L>(R?) and ¢ € H'(BR), for any R sufficiently large, i.e. ¢ is a global lifting for m.

O

The global lifting ¢ for the vector field m = ITY h;(z)™n = e' satisfies the property

stated in the following proposition.

Proposition 2.3.5. For ¢ defined in (2.3.1) and m defined in Theorem 2.3.4 such that m =

Hjli hj(2)™%n = e, we have
f (pa(r,0)cosO — ¢ (r,0)sinf) dd =0 ae.r € (R, o) (2.3.8)
st

where R is sufficiently large such that Ujl\i ,@j C Br.

Vo = | |2
2] ¢
Ixo 2

is well defined on any large circle B, a.e. r € (R, 00).

Proof. First we need to show that

This is true by the result stated in [Ziel2, Remark 2.1.5], saying that for any given function
¢ € WP(Q) it stays in the same Sobolev space on almost all lines in Q that are parallel to the
coordinate line without finding one. In our case this line is chosen to be any large circle using
polar coordinate. For a proof, one can approximate ¢ € W'P(Q) by smooth functions, and then

by applying Fubini’s theorem for almost every radius the functions converge in the W' norm.
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Consequently, for a.e. r € (R, o) we have

f (¢,2(r’ 9) cosf — Qb,l(r, 9) Sin 0) dQ = f V¢ . ydg
st gl

1
1w
I JsB,

1
T (¢(r, 0 + 2m) — §(1,0))

=0.

where in the first step of this integral, v is the tangential direction on the given circle B,. Hence

proving our result. O

As a consequence, we have the following proposition summarizing Proposition 2.3.2,
Theorem 2.3.4 and Proposition 2.3.5.

Proposition 2.3.6. Given n in the admissible set
A={neH QS nl, =n;, j=1,..,N},

we have:

n = [T, hy(2)Y exp(i¢p), (2.3.9)
where ¢ is in the admissible set
AT = {p € H(Q)| o, = ¢; + 2mym, mj € Z, for j = 1,...,N}, (2.3.10)
where on each of the boundary 0w, ¢; is given by
expig; = H?ilhi(z)_di n;
as is shown by (2.3.3) in the proof of Proposition 2.3.2, and

Z—q .
hj(z) = for j=1,..,N.
|z — aj

Further more, we have

f (¢p2(r,0)cosO — ¢ (r,0)sinf) dd =0 a.e. re (R, c0)
Sl
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where R is sufficiently large such that Ujl‘i]&)j C Bg.

One can see later in Theorem 4.3.2 that Proposition 2.3.5 plays a very important role

in the proof. We also have the following result.

Proposition 2.3.7. Given any large enough disk B such that Ujl\ild)j C Bg, and for n in the
admissible set

A=meH @SN, =n, j=1,.,N},

we have
=1

S{; n'dn =27k =273} d;, (2.3.11)
0BRr

where the integral is taken in the anti-clockwise direction and k is sum of the degrees of n on
each boundary Ow;. Further, for ¢ defined in (2.3.1) and m defined in Theorem 2.3.4 such that

m = ITY hi(z) n = e, we have

1

2 OBR

m~' dm = 0, (2.3.12)
where R is sufficiently large such that Ujl‘ild)j C Bg.

95_ Sﬁ ! dn = 0.
b% Ujlilr')wj

1

Proof. First we prove that

Since [n| = (n] + n3)"/? = 1 a.e. in Q, we have n”

9§ —95 n'dn

OBR X 0wj

= 95 —95 (ny — iny) d(n; +iny)
IBR Ujlilaw.i

= 95 - 9§ (n; —iny)(ny; dx + nj, dy) +i(n; — iny)(ny; dx + ny, dy) (2.3.13)
OBR Uj’\i](‘)wj

= 56 - 9§ (nyny; +npnp ) dx +i(njny; — npny ;) dx
ABR X, 0wj

+ (nnj2 + npny o) dy +i(nyny — npny o) dy.

= n = n; — in,. As a consequence we

have
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Since [n| = (n? + n3)'/? = 1 a.e. in Q, we have

ning; + NNy g

=0 ae. (2.3.14)
ning + nNpNyp
As a result, we have
n n n
bR = 0 ae.
Ny nap)\N2
and therefore
detVn =0 a.e. in Q. (2.3.15)

By substituting (2.3.14) back into (2.3.13) and using Stokes Theorem, we have

56 -~ 56 n'dn
IBR Ujlilaw.i

= 156 - 56 (nny; —npny ;) dx + (nynyp — nong ) dy
IBR Ujl\ilawj

= lﬂ (n1,1n2,2 +NNpp; —Np Ny — NNy —NypNp; — NNy g2 + NppNy g + nzfll,lz) dx dy
BrNQ

= 21f (Ill,ll'lz’z - nl,gnz’l)dX dy
BrNQ

=2i ff det Vndx dy
BrNQ
=0

)

where the last step is due to (2.3.15). As a consequence:

9§n_1 dn = Zjl\il 9§ n'dn= ZNEinldj = 27k,
b% Ow;

]

and hence we have proved (2.3.11).

In order to prove (2.3.12), we can apply the same reasoning as we did for n to
m = I hy(z) %n,

and use the fact that jm| = 1 a.e.. This gives:

ngl dm = Zjl\i] 9§ m 'dm =0,
b% 0w
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where we used (2.3.2) in the last step, hence completing our proof.

O

In the following chapters, we will study the minimization problem for a one-hole
domain and an N-connected domain in the one-constant setting. The explicit form (2.3.9)
for m and the associated admissible set (2.3.10) for ¢ will play an important role in solving
the minimization problem. The role of the lifting ¢ is to reduce the nonlinear problem
of solving a harmonic map with respect to n into a linear problem of solving Laplace’s
equation of ¢. This technique to use the lifting appeared in various works, e.g. [BWW*03,

Example 3.3.8]. One can also refer to [HWO08] for more details on harmonic maps.



Chapter 3

Minimization problem for one-hole

domain (one-constant case)

In this chapter, we study the minimization problem for the Oseen-Frank energy in
the domain exterior to a circle given by Q = {x|a < |x| < o} c R?, where a > 0. We
assume that the boundary vector field ny € H/2(Q; S') have the prescribed degree k, i.e.
degsong = k, where k € Z. We also assume that the director n of the Oseen-Frank energy
is in the admissible set:

A = {n e H'(@;8) [nls = no),

where and ﬁl(Q; S1) is defined in Definition 2.3.1. Some of the techniques we will use in
this chapter can be applied directly to the proof of the N-connected (multi-hole) domain
case in Chapter 4, except that we need a more delicate treatment for the N-connected
domain case such as defining homotopy classes for the vector fields in the given admissible
set.

We know by (1.2.6) that the Oseen-Frank free energy is:

In) = f F(x. ., Vi) dx
Q
= % f(k3|Vn|2 + (k; — k3)(divn)? + (ky — k3)(n - V A n)? (3.0.1)
Q

+ (ks + kg — k3) (tr(Vn)2 — (div n)z)) dx,

for the given domain Q. Since we have (1.2.4) and (1.2.5), we know that the last two
terms containing tr(Vn)? — (divn)? and (n-V An)? are zero for two-dimensional case. Thus

we only need to consider the contribution of the first two terms.

34
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Recall that by Proposition 2.3.6, n € A can be written explicitly as:
n = ITY, hi(2)% exp(ig),

where for this one-hole circular domain, we have N = 1 and d; = k . Note also that in

hi(z) = IZZ:I’ a; can be chosen to be the origin and therefore in this one-hole domain Q,

n can be written as

n = () exp(ig) = expi(g + ko), (3.0.2)
|z

and ¢ is in the admissible set
A} = (¢ € H'(Q)| gl = ¢o + 2mm), (3.03)
where m € Z, and ¢y on the boundary 9Q is given by (2.3.3) in Proposition 2.3.2, which

is
e'% = pye k9, (3.0.4)

Without loss of generality, we assume that ¢, satisfies

1
Jgg ¢y = m LQ do dx € [0, 2n). (3.0.5)

Now by letting ® = ¢ + k6, we have
n = exp(id). (3.0.6)
As a result, by using polar coordinate, i.e. X = (rcos#,rsin#), we can write the vector

field n(x) as n(x) = (cos @(r, ), sin d(r, H)). Hence, by denoting the partial derivatives of

n with respect to x; and x, as n; and n;, respectively, we have:

in6
n; = (—sin®, cosd) ((I)rcose - (Dgﬂ)
{ ! (3.0.7)
. . cost
n; = (—sin®, cosd) (CI)rsme + (1)9—).
r
Thus the free energy density becomes:
F(X’ n, Vn) = G(r’ 9’ (D9 (Dh (DH)
1 2 <D§ 1 2.2
- E1<3(c1>r + r_2) + 5k —ky) (@Fsin’(0 - @) (3.0.8)

2

PLOMON
+ —;cosz(e - D)+ 6
r

r

sin(4 — @) cos( — q))).
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Consequently, the free energy I(n) can be written in terms of ® as:

I(n) = E(®) :f rf G(r, 6, D, O, Dy) do dr
sl

f f (k3 (7 + +<k1 k3>(<1>fsin2<®—e) (3.0.9)
Sl

+ —cos 2(D-0) - 0Pr “sin(® — ) cos(d — 6))) dédr.

Writing ®€(x) = @(r, §) = O(1, 6) + en(r, ), where n(r,0) € C;(Q2), we have that:
O(r, 0 + 2m) = O(r, 0) + 2k,

if and only if n satisfies
n(r, 6 + 21) = 1(r, ), (3.0.10)

since by Proposition 2.3.6, ® satisfies
O(r, 6 + 21) = D(r, 6) + 2kn.

Consequently the first variation becomes:

d E(D°)

OE(®) 7 =

- f r f (Gon + Go,1: + Ga, ) d0 dr, (3.0.11)
€e=0 a Sl

and the second variation becomes:

1 d2E(0°)
2 d2 e=0

= f r f 1 debﬂz + Go,o,1; + Go,M (3.0.12)
a S

S*E(®)(, 1) =

+ 2Goo,n11: + 2Goo, N6 + 2G<1)rq>077r179) dédr.
In this chapter, we only study the one-constant case mentioned in (1.2.7), i.e
k=ky =ky=k;s; ks=0,

and, without loss of generality, we can assume that k = 1.
From (3.0.8) we know that if F(x,n, Vn) = %anlz, we have :

1, , @
F(x,n, Vn) = |Vn| = G(r,6, D, D,, ®y) = ((D +—) (3.0.13)
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and by substituting (3.0.13) into (3.0.9), we have:

00 21 1 00 2 ) CD%
E(®) = f f G(r,6. D, &, dy) dfdr = f r f (@7 + =) dodr, (3.0.14)
a 0 a 0 r

and the first variation defined by (3.0.11) becomes:

00 00 21
®
SE(D)n = f r f (Gon + Go, 1 + Gao,1p) d0dr = f r f (@7 + — 6) dOdr, (3.0.15)
a St a 0 r
where 17 € C3'(Q) is smooth and has compact support in Q and 7 satisfies (3.0.10), i.e
n(r, 0 + 2r) = n(r, ).

In addition, the second variation in this one-constant case can therefore be derived
by substituting (3.0.13) into (3.0.12):

2
8’E(®)(1, 1) = f f d9 dr > 0.

If further, we assume that ®(x) = ®(r, 0) is radius-independent:
O(0,1) = OO) = q)(ﬂ)

then the first variation (3.0.15) becomes:

00 27 O4(’) 00 1 27
SE(®) 7 = f f r( ) o d0dr = — f . f ®"(6) (6, 1) d6 dr (3.0.16)
a 0 a 0

where the last step comes from integration by parts and the constraint (3.0.10). And we

can see that if SE(®)n = 0, we must have
") =0

which leads to:
() = kb + B, (3.0.17)

where k is the given degree and S is an arbitrary constant depending on the boundary
conditions of n in Q which we will discuss in more detail later. Note that (3.0.17) agrees
with @ = ¢ + k6 (see p.33), only if ¢y in (3.0.3) is constant.

We will introduce some other preliminary results in the following section before we
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state and prove our main result for the one-constant case on this one-hole circular domain.

3.1 Some preliminary results

Our aim is to prove the existence and uniqueness of a minimizer for the Oseen-Frank

free energy which is given by (3.0.14):

Im)== | |Vvofdx== | r (c1>r n —)dedr = G(r, D, y) d6 dr = E(D),
2 Q 2 a 0 1'2 a 0

where n(x) is in the admissible set A = {n € H'(Q; S!) | nlso = ny; degson = k}. Also, since
we have (3.0.6), n can be characterized by n(x) = (cos ®(x), sin @(x)) = (cos O(r, ), sin O(r, 6)),
where @ is given by

d = ¢ + k6,

for ¢ in the admissible set (3.0.3):
AR = (¢ € H(Q)| $lan = ¢o + 2ma},

where m € Z.

The Euler-Lagrange equation of E(®) is:

996 909G _
990D, Irod,

which leads to )
(r®d,), + ;(DHH =0, 3.1.1)

where @(r, ) satisfies the condition
D(r, 0 + 2m) = O(r, 0) + 2k,

and k € Z is the given degree of n.

We now apply a change of variable:

and we have
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As a consequence, the Euler-Lagrange equation (3.1.1) becomes:

(DSS + (Df)g = 0 (312)

We now let
v(s, ) = O(s,0) — ko — 3, 3.1.3)

where k is the given degree of n, and S is some constant which will be determined by the

boundary value of v(s, 6). Then
v(s,0 + 27) = v(s, 0), (3.1.4)
which implies that v(s, 6) is 2m — periodic with respect to 6, and v(s, ) satisfies
Vss + Vgg = 0. (3.1.5)

In fact, we have v(s,0) = ¢(s,0) — B, where ¢ is in the admissible set (3.0.3). Before we

prove our main result in the next section, we need the following lemma.

Lemma 3.1.1. If fOZH @*(-,0) d € L=(a, c0), then we have:

21

1
— | o@6)do=s,
2w 0

for some constant 9, i.e. ﬁ fOZN ®(-, 0)do is independent of the radius r.

Proof. As discussed in (3.1.1) above, by applying the change of variable r = e°, we have
(3.1.2):
Oy + Dgy = 0,

and since

d? 1

271 21 27

1 1
—— D(s,0)do = — Dy (s,0)d0 = ——— Dyy(s, 6)do = 0,
ds? 27 J, (s.9) mﬁ (5. 6) hﬁ 69(8 6)

we have:

1 27
—f ®(s,0)dl = as + 0,
2 0

for some constants & and 6.
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Also, since

27
f ®*(-,0)dh € L¥(a, o),
0

we have by Holder’s inequality:

2
| f D(s,0)db| < (S, D220 <M < 0.
0

This implies @ = 0, and consequently we have:

27

1
— D(s,0)dO =9,
2 0
which is independent of s, and therefore independent of the radius r. O

With Lemma 3.1.1, we can now state and prove the following result:

Proposition 3.1.2. If O(r,0) € {O(r,0) € H'((a,00) x S') | D(a, §) = ¢o(0) + kO; O(r, 0 + 27) —

®(r,0) = 2knm, k € Z} is a weak solution to the Euler-Lagrange equation:

(D), + ~ Dy = 0
{ r (3.1.6)

D(a, ) = Oy(0)
where ®y(0) = ¢o(0) + kO with ¢y € H/2(S") given by (3.0.4) - (3.0.5), and O(r, 0) satisfies
27
f ®?(-,0) d € L™(a, o), (3.1.7)
0
then we have:
lim ®(r,0) = kO + B in L*(Sh),

k € Z is the given degree of the vector field n(x) = (cos ®(x), sin D(x)), 8 = %r f02ﬂ do(6) db.

Proof. Note that (s, ) € (sp, ) X S!, where sy = log a, and without loss of generality, we can
leta = 1 (hence sg = 0).
Since by (3.1.5) we have v(s, 8) = O(s, ) — kO — B, and v(s, 0) satisfies:

Vgs + Vg = 0
{ (3.1.8)

v(0,6) = ¢o(6) - B.

As in step 3 of the proof of Proposition 2.1.3, v(s, §) is smooth in (0, c0) x S!.
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Now by letting
27
F(s) = f v3(s, 0) d6,
0

where v(s, ) = O(s, ) — k6 — B as defined in (3.1.3), we have:

|F(S)| € LOO(SOa OO)’ (319)

and hence

IF(s)] <M < co. (3.1.10)

Then we have:

27
Fi(s) = 2[ v - vy do,
0

and by the Cauchy-Schwarz inequality, we have :

1
|Fs| < 2[F(s)|> - ||Vs||L2(0,2n) <c ||V(S)||L2(0,2n),

where ¢ = 2M? and the last step holds since we have (3.1.10).

Notice also

27 21
Fo(s) =2 | (V4+v-vg)dd=2 | (vV2=v-vg)dd
0 0
27

=2 | (V= (v-vg)y+Vv3)de (3.1.11)
0
27

=2 | (v+vp)de=0,
0

where the last step holds since v(s, 6) is 2r-periodic in 8 :
v(s, 0 + 21) = v(s, 6).

By (3.1.11) F;(s) is nondecreasing. Hence, since |F;| is bounded, Fi(s) — @ as s — oo for some

a € [0, 00). Since for any M > 0,

T+M
F(r+ M) - F(7) = f Fs(s) ds,

letting 7 — oo we deduce from (3.1.10) that @ = 0. In particular F(s) < O for all s > 0, and so

limg_,, F(s) = L for some constant L. > 0.
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We now prove that L. = 0 by using Fourier series on v(s, #). This technique will be used
again in the proof of Theorem 4.3.2.
Since v € L2((sg, ) x S!), v can be written as v(s, 6) = Zfio vj(s) sin j@ + u;(s) cos j6, a.e.

Also, since v(s, 0) satisfies vi + vgg = 0 in (3.1.8), we have:
{v}'(s) — Vi) =0
uj’(s) = j*uy(s) = 0,
which has solutions of the following form:
{Vj(S) =a- ejs + bj . e‘js
Uj(S) =Ci ejs + dj . e‘js,
where aj, b;, ¢, and d; (j = 1, 2, ...) are some constants.
For j = 0, we have uj(s) = 0, hence uy(s) = ap + a3, and therefore we have:
v(s,0) = ap + a;s + ij’il(ajejs + bje_js) sinjo + (cjeis + dje_js) cos j6, (3.1.12)

and
Vs = @ + ij’ilj(ajejs —bje ) sinjé + j(c;e” — die ) cos jO

Vg = Z}’le(ajejs +bje ™) cos jO — j(cie”* + die ) sin j.

Note also that by choosing g = i 02” ¢o(6) d6 we have fozn vdd = fozn((l)(s, 0)—ko6—-p)do =0,
hence ag = 0.

Consequently
2n ) ]
f vi(s,0)d0 = 2mafs” + 1 I (@] + ¢ e + (b7 + dP) e + (ajby + ¢dp)) . (3.1.13)
0

Since we also know that

Nad

2
lim F(s) = lim f vi(s,0)do =L >0,
S—00 0
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we have

2

L = llm ||V(S)||L2(O,2ﬂ)
e _ . (3.1.14)
= lim 72, ((a] + ) e + (b7 + d?) €™ + (ajb; + ¢;dy)) + lim 2mafs® < oo.
Therefore we must have a; = 0, and
aj:CjZO, j:1,2,...
As a consequence, (s, 6) can be represented by Fourier series:
v(s, ) = Z b; - eI sinj6 + d; - e s cos j6,
i=1
and by (3.1.14), we have
2, 2
Db} +d < oo
j=1
Therefore we have
27 0 )
L = lim F(s) = lim f Vi(s,0)do = lim - > e (b + df) = 0,
S—00 S—00 0 S—00 J:1
hence
lim ®(s,6) = k6 + B8, in L*(0,2r) (3.1.15)

Also from (3.1.13) we have
21 ) ) C
F(s) = f vi(s,0)d0 = T Z2 (b7 + dD)e P = e LY (b +d) e < = (3.1.16)
0 r

where C > 0 is some constant and in the last step we used the change of variable r = e°.

(3.1.16) actually gives the asymptotic behavior of O(r, 6), i.e.

C
|D(x) — k6 — Bll 2ty < 70,

as r — oo, completing the proof.

O

Remark 3.1.3. In fact, L = 0 can also be proved directly by using Poincaré inequality, and we
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give this alternative proof in the following.

Proof. We use Poincaré’s inequality (see [Eval0]), that

1 2
IVoll20.27) = ¥ || \ " j; Vdg”Lz(O,Zn)’

where y > 0 is some constant. By Lemma 3.1.1, 21—ﬂ 02” ¢(s,0)dd = B for all s > 0, and so
= 02” vdé = 0 and hence

2 2
||V0||L2(0,27r) > )" |V| |L2(O,2ﬂ) :

Consequently the following inequality holds:

27 27
Fo=2 | (vi+vpdo> 2f Vo d = 2y VIl 2, = 27 F = 2y L. (3.1.17)
0 0 ’
Hence
F(s)>vy-L-s*+c-s+d, (3.1.18)

for constants c,d and by (3.1.10) we have L = 0.

O

Note that the limit in (3.1.15) is of the form (3.0.17), i.e. the solution to the Euler-
Lagrange equation for the one-constant radius independent case. Proposition 3.1.2 im-
plies that any weak solution to the Euler-Lagrange equation (3.1.6) tends to some radius
independent solution at infinity if it satisfies the constraint (3.1.7).

We have proved in Proposition 3.1.2 that, by choosing g = % fooo ¢pdb in v(s,0) =
(s, ) — kO — B, any weak solution to the boundary value problem (3.1.8), i.e. the Euler-
Lagrange equation of Oseen-Frank free energy after change of variable r = e°, coupled

with the boundary condition for v(s, 8) :

{Vss +vee =0
v(0,6) = ¢o(6) - B

will tend to zero in L?(0, 2r) when s — oo, where v is in the admissible set {v € H!((0, 00) X
SHv(0,6) = ¢o(6)—p; fOZK v2(s,6)df € L*(0, ) }. Here the periodic condition v(s, 0+27) =
v(s, 6) is automatically satisfied since v € H'((0, 00)xS"). Also v(s, #) and ¢(s, 6) only differs
by a constant S = %r fooo Podb = i f02” ®(1,0)do0 — kxr, and without loss of generality,

we can assume B = 0. Further, one can see that when r — o (s — o), we have
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lim,_,, ®(r, 0) = kf + B, hence

lim ®, =0
{ lim @y =k,

r—o0o

and the free energy density becomes

D2 K2
9) T 52

1 2
G(r, 6, Dy, ©,, D) = E((Df t

which after change of variable r = ¢* and integration over s € (0, c0) becomes:

1 00 21 q)z 1 00 2
2 [4 2
E((D):—f rf (®r+—2)d0dr:—f f k> d6 ds. (3.1.19)
2 0 r 2Jo Jo

It is easy to see that the integral (3.1.19) is infinite, but it naturally lead us to

conjecture that there exist minimizers for the modified functional

. 1 00 27 ) @é k2
E(®) = - r (D; + =) — =) dbdr, (3.1.20)
2 1 0 1‘2 r2

and we need to be careful when we define the admissible set Ag where ® € Ag, since
®(r, #) has jumps when 6 traverses around S! due to the degree constraint, i.e.
O(r, 0 + 21) — O(1,60) = 2k, ae. r € (1, 00).
We can define the admissible set Ag by using the change of variable ¢(r, ) = ®(r, 8) — k6,
which is 2x—periodic in 6 € S', and we have
27

Ap = (@] =D—kO e H'((1,00) X SY): ¢(1,0) = ¢o(0); | ¢(r,0)d0=0 ae. re (1,0)}
0

where ﬁl((l, 00)xS') is defined in Definition 2.3.1. The condition f02ﬂ #(r,0)d0 =0 ae.re
(1, c0) implies that fOZK ®(r,0)dO is radius independent. We will prove the existence of

minimizers to the functional (3.1.20) in the next section.

3.2 Main result for single-hole domain (one-constant case)

In this section we state and prove our main result for the one-constant radius-

dependent minimization problem in a circular domain, which shows that there exists
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a unique minimizer to the functional:

00 27 q)Z kz
H@:frf«@+§y7mmn (3.2.1)
1 0 r r

for @ in the admissible set

27
Ap = (@] =D -k e H((1,0) x SH); ¢(1,0) = ¢o(6); #(r,0)dd =0 ae. re (1,)).
0

Note that instead of using the notation E(®) for the modified functional in (3.1.20), we
used E(®) and omitted the coefficient % as this will not change the conclusion. We will
use the notation as in (3.2.1) throughout the rest of Chapter 3.

By change of variables

r=e¢
@mm:Qmm—w,

one can see that this is equivalent to saying that there exists a unique minimizer to the

functional:

00 27
E(¢) = f (97 + (¢g + K)*) —K*) dO s, (3.2.2)
0o Jo
for ¢ in the admissible set A = {¢ € H'((0, 00)xS") | (0, ) = ¢o(6); f02” #(s,0)dd =0 ae.s €

(0, o)}, where ¢o(6) € H/2(0, 27), and H'((0, 00) X S') is again defined in Definition 2.3.1.

In fact one can see that

00 2
E(¢) = f (¢ + ¢5) dOds,
0 0

for ¢ € A, and we have the following theorem.

Theorem 3.2.1. There exist a unique minimizer 5 to the functional

00 2
E@:j‘ (9% + ¢2) dO ds, (3.2.3)
0 0

where ¢ is in the admissible set A = {¢ € ﬁl((O, 00) X SH|#(0,80) = ¢o(6); fOZH #(s,0)do =

0 a.e. s € (0, )}. Also, we have:

lim ¢(s,6) = 0 in L*(0,2n).
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Proof. We prove this theorem in several steps.

Step 1
In this step we show that there exist a minimizer for (3.2.3). Select a minimizing sequence
{p®}, € A, such that
@ﬁ@%:m

We can assume m < oo because for all ¢ € A one can multiply it by a suitable cut-off function
so that it vanishes for large s, and it is still in the admissible set A.

Then we have

E@%:fm (W%+@%5M®SM<&
0

for some M > 0.

Also, one can see that, by Poincaré’s inequality (see [Necl1, p, 113]), we have:

1 27
1 ! %
||¢() _ ﬂ f ¢( ) d9||L2(0,27r) <cll¢ é ||L2(O,27r),
0

for some constant ¢ > 0, and since ¢ € A = {¢ € H!((0, 00)xS") | (0, 8) = ¢(6): f02” #(s,0)do =

0 a.e. s € (0, 0)}, we have

\ @
||¢()”L2(027r) = C ”¢ ||L2(0,27r)'

And as a consequence,

00 2 0o 27 27
f f ("’m)zdgdssczf f (‘p(l))d‘)d“cf f (@) + (@) dods < oo,
0 0 0 0

(3.2.4)

which implies ¢V € L((0, o) x S$') for any 1 € (0, 1, ...).
Consequently, we know that {¢V}°, is bounded in H'((0, j) x S'), for any sufficiently large
J- Then we can apply a diagonal argument: First we have that there exists a subsequence
{¢(1'1)} _, and a function ¢ such that {¢(111)} , converges weakly to ¢ in H'((0,]) x S'). Then
since {¢"1)}>°_ is also a abounded sequence in H'((0,j+ 1) x S'), we can extract a subsequence
{p"2))>_ | out of {¢"}> | and a function ¢’ such that {¢"")}> | converges weakly to ¢’ in
H!((0,j+1)xS!). And we must have ¢ = ¢’ in H'((0,j)xS"). Then by repeating this process, we

can therefore extract a subsequence {¢™}>  of {¢};°, such that it converges weakly to some
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#in H'((0,j)x S") for any j sufficiently large, where ¢ € H'((0, 00) xS'), i.e. ¢ € H'((0,j)x S")
for any sufficiently large j.

Also, since W(s, 8, ¢, Vo) = %(gﬁf + </>§) is convex with respect to V¢, one can see that

00 27
B0 = [ [ @ edhases
0o Jo
is lower semi-continuous, i.e. given a weakly convergent sequence ¢’ — ¢, we have
liminf E(¢™) > E(¢).
which implies that ¢ is a minimizer for E(qﬁ).

Step 2

In this step we show that ¢ is in the admissible set A = {¢ € H'((0,00) x S!)|$(0,6) =
$o(0); [ $(5,6)d6 = 0 ae. s € (0, c0)).

The periodicity of the weak limit ais automatic since we have a Sobolev space on a cylin-

der, hence we only need to show
27

#(s,0)dd =0 a.e. s €(0,00).
0

Since we know that ¢® — ¢ weakly in H'((0, ) x S'), we have

R 27 R 27r~
lim f f #Vndods = f pndods (3.2.5)
I=e0 Joo Jo 0o Jo

for any 7(s, 6) € L2((0,R) x S') and any sufficiently large R.
We have by letting = &(s) X L2r), Where V&(s) € L%(0,R), for any sufficiently large j,

such that (3.2.5) becomes:

lim OR( fo Zﬂgb(l)de)f(s)ds: fo R( fo 2ﬂ5d0)§(s)ds,

which by the fundamental lemma of the calculus of variations gives:

21 21

$do = lim #Vdo=0 ae.se(0,). (3.2.6)
0 —%* Jo
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Therefore we havea ceA={pe ﬁl((o, 00) X S | (0, 6) = ¢o(6); fOZH #(s,0)d0 =0 ae. s e

(0, c0)}.

Step 3

In this step we show that:
lim ¢(s,0) = 0 in L>*(0,2n).
We first show that Eis smooth in (0, ) x S! and satisfies:

566 + 535 =0.

Recall that ¢ is a minimizer to the functional

00 27
E¢) = f (@ + 2 dods,
0 0

therefore we have:

00 27

=0 = i ((55 + Tns)2 + (59 + TU@)Z) dods
= dT 0

0
00 21
=2ff(¢sns+¢ene)d9ds
0 0

00 27
= _zf f ¢- (7799 + nss) dods
0 0
=0

b

d— —
EE(QS +1n)

(3.2.7)

for any n € C3’((0, 00) X S'"). Hence we have that 515 smooth in (0, c0) X S!, and satisfies (3.2.7).

Similar to (3.2.4), by applying Poincarés inequality on &, we have

00 21 0 21
f f $2d9dsscf f (62 + ¢2) = c1(¢) < oo,
0 0 0 0

where c is some constant. Therefore, by letting ﬁ(s) = fOZH ;/)'2 df, we have that

f F(s)ds <M < co.
0

Consequently, it follows from the same reasoning of how we proved (3.1.15) in Theorem 3.1.2
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that
lim F(s) = 0

S§—00
which implies

lim ¢(s,6) =0 in L%(SH.

Step 4

At last, we show that the ¢(s, 6) is the unique minimizer for the functional (3.2.3):

o] 27
B0 = [ [ @ edhasas
0 0

for ¢ in the admissible set A = {¢ € H'((0, o) x S1) | (0, 8) = ¢o(6); foz” #(s,0)do=0ae.se
(0, 00)}.
Assume there is another minimizer a’ € A for the functional (3.2.3), then a’ must also

satisfies (3.2.7), i.e.
5@6 + 525 =0

As a consequence, if we let ¢* = ¢ — ¢, we will also have:

Pyg + s = 0, (3.2.8)

where ¢* is in the admissible set A* = {¢ € H'((0, ) X S')| (0, 6) = 0; 02”¢d0 =0ae. s€
(0, 00)}. Multiply both sides of (3.2.8) with ¢*, we have:

J] 27
O :f (¢ ¢99+¢ ¢ss) deds
27 27
ff (2 + o )d9ds+f (¢*(j,9)-¢:(j,9)—¢*(0,9)-¢:(0,9))d9 (3.2.9)
0

27
- f oy dods+ [ 6°G.6) - 6:.6)ds.
0

0

One can easily see that we must also have

lim ¢*(s,60) =0 in L*(S"), (3.2.10)
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which follows exactly from the same reasoning as we did for ¢(s, 6).

As a consequence, we know from (3.2.9) and (3.2.10):

00 27 J] 27
f f 67 +¢7)dods = lim f f @7 +¢2) do ds
0 0 = Jo 0
2

= lim ¢°(j,0) - ¢.(,6)do
= Jo
1 d 27 )

= —lim — *(j,0)do

=0.

Therefore we have

¢" = constant in (0, c0) X st

Since ¢*(0, 8) = 0, we must have
¢* =0 in (0,00) x S,

which implies the uniqueness of the minimizer for the functional (3.2.3), completing our proof.

O

3.3 Truncated minimization problem

In this section we first study the minimizer for a truncated version of the functional
(3.2.2) in the domain Q; = (0,j) x (0,2x) for all j > 1 with ¢(s, 0) satisfying the constraint

#(j,0) = 0, i.e. we prove that there exist a minimizer ¢ for the functional:

. j 27
Ei(¢) = f (97 + ¢5) dO ds
0

0

where ¢ € A = {¢ € H'((0,]) x $)[(0,6) = ¢(6); 6, 6) = 0; [T $d6 = 0 ae. s € (0, )},
and ¢o(6) € H'/?(0, 2n).

Then we extend the result to Q = (0, 00) X (0,27). One can easily see that we can
extend the minimizer ¢'(s,6) by zero for s € (j,o0) and the extended function (ﬁl will
satisfy ¢ € H'((0,00) x S'). Also, the limit of such extended functions ¢ will tend to
some ¢ € H'((0, o) x S'), and we will show that ¢ is in fact the unique minimizer of the
functional (3.2.3) that we obtained in Theorem 3.2.1. We state the result in the following

theorem.
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Theorem 3.3.1. There exists a minimizer ¢ to the functional
~ j 27
E0= [ [ @ +shaoas (33.1)
0o Jo

for ¢ in the admissible set p € Al = {¢ € H'((0,)) X S1) | ¢(0,0) = ¢po(0) ; ¢(j, 0) = 0; j;)zn $df =
0 a.e. s € (0,))} for all j > 1. Further, by extending the minimizer ¢ to (0, 00) X S! such that
the extended function @ = 0 on (j, 00) X S', we have that the sequence {$'} converges weakly to

&, where ¢ is the unique minimizer to the functional
. 00 27
E(¢) = f (¢; + ¢5) dOds (3.3.2)
0o Jo

in the admissible set A = {¢ € ﬁl((O, 00) X S| ¢(0,6) = (/)0(9);f02” #(s,0)dd = 0 ae. s €

(0, )}, which we proved in Theorem 3.2.1 and it satisfies

lim¢ — 0 in L*(S').

j—ooo
Proof. We prove this result in several steps.

Step 1
In this step we will show that there exist a minimizer for the functional (3.3.1) in the

admissible set ¢ € A for each j > 1. By selecting a minimizing sequence {¢}°, such that

E;(¢") — m,

and without loss of generality, we can assume that —co < m < oo. Since ¢ € Al = {¢ €

H'((0,)) x S (0,6) = ¢o(6); 61, 6) = 0; [[" ¢d6 = 0 ae. s € (0, ))), we have:

j 27
Ej(¢") = fo J O (D) + (¢)%) O ds.

Hence as a consequence we have:

j 27
f J f (D) + (¢))*)dfds < M < oo (3.3.3)
0 0
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for some M > 0.

By Poincaré’s inequality (see [MJ09, p. 69]), on (0, 27r) we have:

1 2

| | 1

g — " f p? dOll 2020 < € ||¢é)||L2(o,2n),
0

for some constant ¢ > 0, and therefore:

D2 M2
C ||¢()||L2(0,27r) S ”¢9 ||L2(0,27r)’ (334)

where C = % > ( is some constant. Hence from (3.3.4) we have:

j 27 j 27 j 27
E(¢") = fo J i (B0 +(¢))?) do ds > fo ] i (¢)))*dods > C fo J j; (¢™?*dods (3.3.5)

and this implies that ¢ € L2((0,j) x S1).
From (3.3.3) and (3.3.5), we have

1
||¢()||H1((0,j)><(0,27r)) <M < oo,

where M’ is some positive constant. This implies that the minimizing sequence {¢"V(s, N2,
is uniformly bounded in H!((0,j) x S'). Therefore there exist a subsequence (without loss of
generality, we still denote the subsequence by {¢"(s, 0)}*)) and some ¢/(s, 8) € H'((0,j) x S')
such that

¢V — ¢

weakly in H'((0,j) x S1).
Also, by using the same reasoning in Step 2 of Theorem 3.2.1 which led to (3.2.6), we
have:
21 ) 21
¢ do = lim pVd0 =0 ae.se(0,]).
0 e Jo
Consequently, ¢/ is in the admissible set Al = {¢ € H'((0,]) X S") | ¢(0, 8) = ¢o(6) ; ¢(j, 6) =

0; Ozﬂ $df =0 a.e. s € (0,j)}. Also since the functional

. j 27
E () = fo fo (@ + ¢2) dods

is convex in ¢y and ¢, for each given ¢, s and 6, we know that Ej(gb) is weakly lower semicon-
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tinuous in H'((0,j) x S!), we have from [Eval0]:
Ei(#) < lim inf Ej(¢") = m.

Since ¢/ € Al = {¢ € H'((0,) x S")[$(0,6) = ¢o(6): 61, 6) = 0; [" ¢d6 = 0 ae. s € (0,))),

we have

Ej(¢) > inf Ey(¢) = m.
Therefore we have shown that ¢ € Al = {¢ € H'((0,j) x S")[¢(0,6) = ¢o(0);¢(,0) =
0; [ ¢(s,6)d6 = 0 ae. s € (0,j)) is a minimizer for

. J] 27
E () = f (& + g2 d6ds,
0 0

forallj > 1.

Step 2

In this step, we show that by extending ¢’ to (0, c0)xS!, the extended function will converge
weakly to some ¢ € H'((0, 00) x S1).

For each minimizer ¢ of functional (3.3.1), where ¢ € Al = {¢ € H'((0,j) X S")| #(0,6) =
#0(6);9(,0) = 0; fozﬂ #(s,0)dd = 0 ae.s € (0,j)}, we extend the minimizer ¢ by zero on

(j, o) and denote the extended function by ¢i(s, #). Therefore we have

27

@ e A ={peH (0, c0) xS $O0,0) = ¢o(6): #(s,0)d0 = 0 a.e. s € (0, 00)}.
0

As a result, we have: ,
E@) = fo : (8 + ()*) dO ds
j 2 .
= fo ; (¢ + (¢,)*) dO ds
= ().
By letting

21
A={pe ﬁl((O, 00) X S ¢(0,0) = ¢o(0); ¢(s > j, 0) = 0; ¢(s,0)d0 =0 a.e. s € (0, )},
0

one can easily see that for j; < j,, we have Al' c Ak,
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Also, since ¢ is a minimizer of

. J] 27
E () = fo @3 dpanas

in the admissible set A = {¢ € H'((0,j) x $") | #(0, ) = ¢o(6) ; (), 6) = 0; f02”¢d9 =0ae. se€

(0,))}, we have:
E(¢") < E(¢'),

which implies that {E(g?&ii)};jl is a decreasing sequence.
On the other hand, to find an upper bound for {E(@)}j’i |» we choose
" {¢0(9)(1 -s), s€[0,1]

0, se(l,00),

and consequently we have:

E@) <E@™) =E(¢™") <Ej¢") =M < o,

for all j > 1, which implies:

~inD
||V¢]”L2((O,oo)><sl) < M < 0.

(3.3.6)

(3.3.7)

(3.3.8)

Now we prove that ¢ is uniformly bounded in L?((0, o) x S'). Again, by Poincaré’s in-

equality on (0, 2r), we have:

21
¢’ - 27 J, Plio2m < clidyliiozm

for some constant ¢ > 0, which is independent of s.

27rN 27'1'_
f = #=o
0 0

Also since

we have from (3.3.9) such that:

21 21
) (¢)*do <’ i ()% de,

(3.3.9)
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therefore

00 27 00 27
j; (#)*d6ds < c? f ) (¢,)* d6 ds,

0 0

where ¢ > 0 is some constant, and

00 27 00 2
fo (¢))*dfds < ¢ f (3))?dods < E(¢') < Ej(¢") = M < co.

0 0 0

As a consequence, we have

||$||L2((o,oo)><sl) <M < oo, (3.3.10)

and from (3.3.8) to (3.3.10), we can see that:
||$||Hl((0,m)xsl) <M’ < oo, (3.3.11)

for all j > 1. Hence by (3.3.11), there exists a weakly convergent subsequence (without loss of

A

generality, we can still denote it by the original sequence {¢]}§1) and some ¢ € ﬁl((O, o0) X ST

such that
¢ — ¢,
weakly in H'((0, o) x S1).

Also, one can see that by (3.3.6), we have

E(¢) = inf E(@) = lim E($)). (3.3.12)
] J—=0

Step 3
What left is to show that @ is in fact the minimizer to (3.3.2). Assume ¢ € A is the unique

minimizer to the functional (3.2.3) we proved in Theorem 3.2.1. Now choose a function pY(s) :

4 1, 0,j
pV(s) = selll (3.3.13)
2 - ?’ S € (]’2.]]7

then we have

{(5/30)),9 = ¢op?
(3.3.14)

(@0?) = ¢epV + $p!,
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and we now show that

E(¢pY) — E(¢) as j — co.

To show this, we only need to prove
00 27 . . s
f f (((¢s PV + ¢ p)? + (o ¢9)2)d9 ds — 0, (3.3.15)
i Jo

and since ¢ is the minimizer for

00 27
E¢) = f f (2 + 2)dods,
0 0

in the admissible set A = {¢ € H'((0, ) X S')| (0, 8) = ¢o(6); f02”¢d9 =0 ae.s € (0,0)},
we have

00 271

f (62 + ¢2)dfds — 0 as j — co. (3.3.16)
i Jo

By applying Poincaré’s inequality on ¢ over (0, 27), we have:

— 1 (- —

llp — o Pll20.20) < Cligpallizo2m) (3.3.17)

T Jo

for some constant ¢ > 0, which is independent of s. Recall the fact that

21

#(s,0)dd =0 ae.s e (0,0),
0

we have from (3.3.17) that
27 27
f o< | Fde,
0 0

) 27 00 27
f #* dods < ¢? f $3dods,
0 Jo 0o Jo

00 27
f #*dfds - 0 as j— oo, (3.3.18)
j 0

hence

and

will hold.
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As a consequence, from (3.3.16) and (3.3.18), we have

00 27
f f ((@s P9+ ¢ p9) + (¥ %)2)019 ds
i 0
00 27
< f f (2(@ PO + (¢ o)) + (¥ ?Je>2)de ds
i 0
00 2
scf (62 + ¢z + ¢*)dods —» 0 as j — oo,
j 0

and hence (3.3.15) holds. Notice that we used the fact that 0 < p% < 1, and pg) is bounded for
all j > 1 in the inequality.
On the other hand, one can also see that ¢ p@ € A%, therefore
00 21

inf E(¢ p%) > inf E(¢%) > E(¢) = min f (62 + ¢2) d6 ds,
j i A Jo  Jo

€

which implies
E($) = limE@) = E(®),
and this shows that <2) € A is a minimizer to the functional (3.3.2). The uniqueness of minimizer

and asymptotic behaviour, i.e.
lim ¢(s,0) = 0 in L*(S"),

follows directly from Theorem 3.2.1, hence completing our proof.

O

With all above, we have proved in Theorem 3.2.1 such that there exists a unique

minimizer @ to the functional
00 2 (D2 k2
E(D) = f r| (@ + =) - =)dodr,
1 0 I I

for @ in the admissible set

21
Ap={®|¢p=D—kOeH((1,00)xSY; #(1,0) = do(0); | ¢(r,0)dd =0 ae. re(l,o0)),
0
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and the minimizer ® satisfies
lim®(r,0) = k6 + B in LXS).
Ir—00

Then in Theorem 3.3.1, we provided some insight to the minimizer obtained in Theorem
3.2.1 through truncating E(®) into finite intervals and proved that there exists a unique
minimizer to the truncated E(®) in each interval, and then by extending these minimiz-
ers on each interval we showed that the extended minimizers will tend to the unique
minimizer ©.

In the next chapter, we will deal with a more general case where, instead of a one-hole
circular domain, the domain Q is a N-connected domain, i.e. with N ‘holes’ each having a
boundary vector field from the boundary to S' (in H'/?) with prescribed degree on them

respectively.



Chapter 4

Minimization problem for N-connected

domain (one-constant case)

In this chapter, we consider the same minimization problem but in a more general
domain. Consider an N-connected domain generated by N Jordan curves, Q = R?\ Ujl\i R
where each wj is a bounded simply-connected domain with Lipschitz boundary dw; and
@i N w; = O for i # j. In particular, each dw; is a Jordan curve. We assume that on each
boundary dwj, the vector field m is given by nls,, = n; € H%(c')wj; S!) and has prescribed
degree d; , i.e. degy,n = d;. Further, we require the origin to be contained in one of the
wj, and without loss of generality, we can assume 0 € w;.

Now we consider the minimization problem:
I(m) = minI(n) = min fg |Vn[* dx,
for m in the admissible set
A=meH QS N, =n;, j=1,...N},
where H'(Q; S') is defined in Definition 2.3.1.

As discussed at the end of Section 3.1, the infimum of I(n) = % fg |Vn|? dx is usually

infinite, so that instead we consider the renormalized functional

. 1 Kk?
In) = 5 L (|Vn|2— W) dx. 4.0.1)

where k = Zjlil d;. Note that since we will use this renormalized functional (4.0.1) instead

of the original one throughout Chapter 4, we will without loss of generality omit the

60
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coefficient % and still use the notation I(n) instead of using I(n).
Unlike one-hole circular domain studied in Chapter 3, we do not have uniqueness for
the minimizer in the multi-hole setting, and this can be easily illustrated by the following

counterexample.

4.1 Counterexample

The following counterexample illustrates the fact that the minimizer for the functional

k2
I(n) = f (|Vn|2——) dx,
Q |x|?

forne A= {neH'(QS"|nl,, =n;, j= 1,2} is not unique.

Example 4.1.1. Let N = 2 and w;, w, be the discs of radius 41_1 with centres (—1,0), (1,0) re-
spectively. To avoid confusion, note that we do not assume 0 € w, only in this counterexample.
We assume that the boundary data ny, n, are given by the exterior normals to dw,, 0w,, namely
n; = n(-1+ ﬁ cos 6, ﬁ sinf) = (cosf,sinfd), n, = n(1 + % cos 8, i sinf) = (cos@,sinf). Let n
be a minimizer of I(n) in A, and consider its value at the origin n(0,0) = (n;(0,0),n,(0, 0)).
We will see later that m is smooth, so that n(0,0) is well-defined. Since n(0,0) € S' either
n;(0,0) # 0 or ny(0,0) # 0. Assume first that n;(0,0) # 0. Figure 4.1 illustrates this situation.

Now we can define another vector field n from the given vector field n such that:

n(xy, X2) = (—n;(—Xy,X2), N2(—X1, X2)) .

One can easily check that this M preserves the boundary value of n on dw; and dw,, and we

have

ny(=X1,X2)  —nyo(=X,Xz)
Vﬁ(xl’ Xp) =

—Hz,l(—Xl, X2) Npa(—Xp,X2)

Consequently we have:

IVn(x;, X2)|2 = |Vn(-xi, X2)|2,

and also

n(0, 0) = (—n;(0,0),n,(0, 0)) # n(0, 0),

ifn,(0,0) # 0.
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n(0,0)

Figure 4.1: The vector field n(x;, x,) is normal on the boundary dw; and dw;, which in our case are

circles with radius %.

If, on the other hand, n,(0,0) # O then we can define

n(xy, x2) = (n(xy, —X2), —N2(X1, —X2)) .

Againn preserves the boundary value of n on dw; and dws,

IVa(x;, %) = [Vi(xy, =xo)l,

and

7 = (n,(0, 0), —n(0, 0)) # n(0, 0).

Thus given a minimizer, we can always derive another minimizer from the given one
for the same functional and this implies that there is no uniqueness in the minimization

problem. Hence instead, we look for uniqueness in different homotopy classes.

Remark 4.1.2. One may ask the question that whether this counterexample is implying the fact
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that the given minimizer has a defect in the origin, rather than implying the non-uniqueness.
This is not true since one can see later in Theorem 4.3.2 that the minimizer n is smooth in Q,
hence can not have any other defect or any pair of defects with total sum of degree being zero.

To state our main result for this chapter, we need to define homotopy classes for our

minimization problem in the next section.

4.2 Homotopy classes

With the properties established in Section 2.3, we can now define homotopy classes
which play a significant role in our main result for this chapter. Then in Section 4.3, we
will state and prove our main result for this chapter. Before we define homotopy classes,
we need the following lemma.

Lemma 4.2.1. Let 1 — n, be a continuous map from [0,1] — H'(B;S'), where B C R? is
any disc. Note that here we use the notation B to differentiate from the unit disc D. Then there

exists a continuous map A v+ ¢, from [0, 1] — H'(B) such thatn, = exp(ig,).

Proof. Let B be any disc in R? and let A — n; be a continuous map from [0, 1] into H'(B, S*).
For each A there exists a lifting ¢, € H'(B) such that n; = exp(i¢,), and if ¢, and % are
two such liftings then we have ¢, — ¢, = 2mr a.e. for some m € Z. Hence, it follows that V¢,

is the same for any lifting of n,. We prove the lemma in several steps.

Step 1
Claim: A — V¢, is continuous from [0, 1] — L?(B;R?).
Suppose the claim is not true. Then there exists € > 0 and a sequence {4;} such that 1; — Ain
[0, 1] and
fB Vg, — Voal’dx > €, for all jeN.

Since [ [V$,[*dx = [ [Vn,[*dx, we have that {V¢, )2, is bounded in L*(B).
Without loss of generality by adding a suitable multiple of 27 to ¢,, for each j, we can

choose a lifting such that

f(/)l dx := ifq&,l. dx € [0, 2n).
B Bl Jg "

Thus by applying (2.3.6), we have that {¢, }J?’z] is bounded in H'(B) and hence there exists a

[Se]

subsequence of {¢,, }]5’2 , (without loss of generality, we still write it as {¢,, }jzl) converges weakly
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to some ¢ € H!'(B). By the compactness of the embedding H'(B) — L?(B), we can suppose

that

{¢/lj - ¢
4.2.1)

V), — V¢ weakly
in L>(B) and that

¢y — ¢ ae.

On the other hand, since A — n, is continuous from [0, 1] — H'(B; S'), we know that

e’ =ny > n; =% in H'B;SH,

and therefore ¢ is a lifting for n; and ¢ = ¢, + 2mmn for some integer m.

Recall the fact that

f Vg, > dx = f |Vn,,|* dx — f |Vn,|> dx = f IV|* dx.
B B B B

Hence, by the weak convergence of V¢; we have that lim;_,, fB Vo, — V¢, > dx = 0, which is
a contradiction to fB IV, — Voaldx > e.
Step 2

Claim: A +— exp(ij% ¢, dx) is continuous.

Here we note the fact that exp(iJ](B ¢, dx) is independent of the choice of lifting since liftings
only differ by a multiple of 2.

Assume for contradiction that 4; — A but |exp(i)](B ¢i; dx) — exp(i)](B ¢, dx)| > €. Arguing as
in Step 1 we can assume that J](B ¢y dx — J](B ¢, dx, giving a contradiction.
Step 3

Since by Step2, A — eif: 219 i5 continuous and since R covers S, there is a continuous map

& :10,1] — R such that
exp(i&é(1)) = exp (IJ( o, dx).
B

Now for each A, J](B ¢, dx = £(A) + 2m(A)r for some integer m(A). Hence 31[3 (¢ — 2m(D)mr) dx =
£(1), so that ¢, = ¢, — 2m()x is a lifting of n,.

Then if 4; — A by the Poincaré inequality

By -diPax<c ('J( Byix—f Giant +f 190, - Vo.P dx)
Q B B B
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which tends to zero as the first term on the right-hand side of this inequality equals |£(2;))—£(D)I*.

The continuity of A — ¢, from [0, 1] — H'(B) now follows from Step 1, completing the
proof.

O

Note that this result not just apply to the disc but to any simply-connected domain
in Q with sufficiently smooth boundary.

Now with the help of Lemma 4.2.1, we can define the homotopy classes for the given
admissible set A = {n € H/(Q; SHInlsy, =m j=1,...,N}.
Definition 4.2.2. Assume n and n' are two given vector fields in the admissible set A. n
and 0’ are homotopic if there exists a mapping n(A, x) such that n(4,-) : [0,1] X Q — A is
continuous with respect to the norm topology of H'(Q NBR), for any R sufficiently large, where
n(0, x) = n(x) and n(1,x) = n'(x). The vector fields in A that are homotopic to each other are

said to be in the same homotopy class.

Thus the admissible set A is the union of all the homotopy classes, and each homotopy
class consists of vector fields that are homotopic to each other. The following theorem
describes which vector fields are contained in each homotopy class. Without loss of
generality, we choose a; € w; to be the origin and assume that for each point a;, it

satisfies aj € wj for all j € {2,...,N}.

Proposition 4.2.3. The admissible set A = {n € ﬁl(Q; SH] nlp,, =, j = 1,...,N} splits into
the distinct homotopy classes {Cp}, where p = {p2,p3,....,pn} EP =2 Z X - X Z = ZN-1. Each

N-1
homotopy class C, depends on the lifting of n; on each of the boundaries dw;, and each C,

consists of vector field n = 1_[J.I\i1hj(z)dj exp(ig), where for each j = 1, ...,N, we have hi(z) = li:;’l
and ¢ is in the set:
AP = (§ € H'( Q)| Blawy = 613 Blaw, = & + 2D, | = 2, N}, 4.2.2)

and ¢; satisfies exp(ig;) = Hilh;di(z) n; (see (2.3.3) in Proposition 2.3.2), forallj € {1,2,...,N},
where without loss of generality, we assume that each ¢; satisfies J{g ¢;dx € [0,2m) for
wj

i=1,..N.

Proof. Given A = {n € FII(Q;Sl)lnlawj =m;, j = 1,...,N}, the corresponding admissible set
A, form = Hjli \h(z)"%in by

Am={meH(QS")mly, =m;, j=1,..,N}.
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By extending each m € A,, within each w; as described in Proposition 2.3.2 we can define a

map o : m — m and hence the corresponding admissible set

Ap={m|m=o0om, meA,,}. (4.2.3)

Also from (2.3.3) in Proposition 2.3.2, we can write m on each boundary w; in the form
m|y,, = expi(¢; + 2p;n), for j = 1,...,N, where {p }jl\il are arbitrary integers, and without loss
of generality, we can assume that p; = 0, and Jg ¢jdx € [0,2m) forj = 1, ...,N. Hence we can

Wj

obtain infinitely many sets with respect to ¢ given by
A ={pe H' (D) | $low, = 613 dlaw, = ¢ + 2pjm, for j =2,.., N}

Similar to (4.2.3), we define another map ¢ : ¢ +— Eby extending ¢ € Ag into each w; as in

(2.3.4), hence obtaining a corresponding AP
AP ={pcH'(R)|¢ =54, ¢ € Ab). (4.2.4)

= ~ Cen — 7N-1
Next we show that for each fixed p = {p2, p3,...,pn} € P = Z X : X Z = 7>, the vector
N-
fields n = Hjl‘ilhfj (z) expig, where ¢ € AP, form a homotopy class.

It is obvious that n and n’ are homotopic if they belong to the same C,,. This is because if
¢, ¢’ € AP, we can choose n(4, x) := Hjlilhfj(z) expig,, where ¢, := (1 — )¢ + A¢’ € A?, then
n(4, x) is continuous from [0, 1] X Q to A and n(4, x) satisfies n(0,x) = n, n(1,x) = n’.

On the other hand, we also need to show that, if n = 1'[J.I‘i1hj‘.]lj (z) exp(ig), n’ = Hjl\il h]fij (z) exp(i¢’)
are homotopic in H!'(Q), then if ¢ € A} and ¢’ € AY | we must have p = p’. Suppose n, n’ € A
are homotopic in A then we must have that m = Hjlilh(z)‘din andm’ = Hjl\ilh(z)‘din’ are homo-
topic in Ay, since I'Ijl\i]h(z)‘dj is bounded and analytic in QN By for any R sufficiently large. By
extending m and m’ using the map o, we have two extended vector fields m = om, m’ = om’,
which are homotopic in H!(Bg; S') for any sufficiently large R. Recall from Definition 4.2.2,
m and m’ are homotopic in H'(Bg; S') if there exists a continuous mapping A — m, which is
continuous from [0, 1] to H'(Q; S') such that m,_o = m and m,_; = m’. Therefore by Lemma
4.2.1 we have that, there exists a continuous map A — ?/;,1 from [0, 1] — H'(Bg) such that

m, = eXP(iEA)-
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As a consequence, on each boundary dwj, j = 1,...,N, we must have
164112 50, < Cilldallis o, < Cillall;
UL2@gey) = SilP AL @) = SllPAHLBR)

where C; is some constant independent on ¢,. Consequently 1 — ¢, is continuous from
[0, 1] > L*(0w).
Since we have assumed without loss of generality such that fa ¢;dx € [0,2n) for each
wj

j =1,...,N, we can easily see that on each boundary dwj, ¢ in the same homotopy class can not

2

have boundary value differs by integral multiple of 2. Otherwise ||?¢‘3}||L2 G0
J

will have a jump,
which contradicts with the fact that A — % is continuous from [0, 1] Lz(c')a)j). This implies
that if p # p’, the corresponding n = Hjl‘ilh(z)di exp(i¢), where ¢ € A} are not homotopic,
hence belong to different homotopy classes, completing the proof.

O

With the definition of homotopy classes for a given admissible set A = {n € H'(Q; S1)| Ny, =
n;, j = 1,...,N} given by Proposition 4.2.3, we will be able to state and prove our main
result for the minimization problem on this N-hole domain Q in the next section. We
will derive some preliminary estimate before the main result.

By Proposition 2.3.6 we have

n = I, hi(2)" exp(ig),

where hy(z) = —.

il and a; is some arbitrary point within w;, i.e. a; € wj, for j = 1,...,N.

Now we define a@; = a;(r, 0) so that

™ = e70hy(z), (4.2.5)
forallj=1,...,N.
Since hj(z) = %, we have
J
h Z- aj rei9 - aj ei(') - % i(0+a;) 4.2.6
. — = — L J
i) = z-al e —al - (320



MINIMIZATION PROBLEM FOR N-CONNECTED DOMAIN (ONE-CONSTANT CASE) 68

On the other hand, if we write a; = p; e, we will have

' ~i Saif 2 1, ,
el — E|2 =(1- i (1 - s )=1+ lal” _ —(ae“g + ﬁe‘g)
r

r r 2 r
p2 p.
= P (Li-0) i(6—y))
_1+r2 r(eJ +e J)
2
P 2p;
=1+ r—; - %cos(@—yj).

By substituting this back into (4.2.6) we have

v 2
. el pP;  2p: 12 .
ele _ pJT — (1 + r_i _ % COS(Q _ ')’j)) 61(9+0(j),

hence o
el(lj — T

2 ' 1/2°
(1 + f—’z - % cos(f — yj))

Also since z = re??, we have

.10
Vo= —
{ Zr . 4.2.7)
Vr===¢"
T

where V= 22 +i-2 . As a result we have
Bxl 8)(2

Ve''i = ie"iVq;

1 Pi ityi-0) P J2 20; 172
= = V(0 M)(1 + = =~ cos(8 - 7))

(1 + 3 — Tcos(d - yj))

Pi ityieo) sz 2p; 1/2
— (1= 2 MV(1+ = - = cos(0 - )
T T T

1 1 - ’ﬂei(%‘—e) p2 ‘ . . s 6
- (- 226" + 2267 cos(0 - ) + 22 sin(0 - )=-)
2 Pt 2p; 3/2 r 2 r r
(1 + 5 — - cos(f — 7j))
(4.2.8)
Therefore one can easily see that the order of [Va;| with respect to 1/r is:
IVa;| ~ O(1/1%), (4.2.9)

i.e. |Vl is bounded.

Therefore from all the above, H(z) = I'IJ.Iilhj(z)dj can be written as:

H(z) = ITY ()Y = expi(k6 + a),
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where
k=323d
{ N (4.2.10)
a = Zj:ldj a;.
One can see that we have .
. » (z —a;)"
i _ ik0 7N ]
e = eI, Z—af’ 4.2.11)
and
n= I_Ijlilhj(z)dj exp(i¢) = H(z) exp(i¢) = expi(kf + a + ¢). 4.2.12)
Also, we have the following result for a(r, ).
Lemma 4.2.4. For a(r,0) = Zjli \4; a(r, 0) defined in (4.2.10), we have
f (@2(R,0)cos 0 —a1(R,0)sinb) df = 0, (4.2.13)
st

where the path of integral is in fact taken on the circle 0Bg, and the radius R is sufficiently

large so that Ujlild)j C Bg.

Proof. Since ‘
2z —a) (1-7)

ia; —if .
e =e"hi(z) = — = — j=1,..,N
ATy I TR TR
we have by (4.2.11): -
io _ N (1-2)% — o-ikON (z — a))"
- -l

On the other hand, we have

1 4 .
(@2(R,0)cos — (R, 6)sinb) db = > f (<Va, de'’y + (de®, Va))
N St
=Re | (Va,ic’)do
Sl

1 . . .
= ——Re f e Vel g1 (4.2.14)
1 st

1 [ 1 e
:Refff °_(R.0)do
1 sl ela 80

=2 degaBRei".

By applying Proposition 2.2.4 and Proposition 2.2.5 to (4.2.11) on the circle 0Bg, we have

1 1 del®

_ N 4 _
21 )., e gg RO 4O ="K+ 2,d; =0, (4.2.15)
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hence completing our proof. O

From (4.2.12) we have

IVn]> = V(K6 + a + ¢)]
i i0
= |k
T
= — +|Va + Vo[ + =(ie", Vo + V) + =(Va + Vg, ie)
I T T

k? k., i
=5+ \Va + Vol + ;(ielg(tzﬁ,l —ig,) —ie (p, + i¢,z))

+ Va + Vg

k,. . _
+ = (ie”(a — i) - ie (e, +iay))
T
K> 2k 2k
= — +|Va + Vo> + —(¢,cos8 — ¢ sinf) + —(ascosf — a, sinb),
T T T
therefore
k2 2k 2k
Vol — = = |Va + V4] + —(¢2cos 0 — ¢y sinf) + —(a cos6 —a, sinf),  (4.2.16)
T T T

and for any fixed R, we have

2
I(n) = f (|Vn|2— k—z) dx
Q T

2k 2k
= f (|V¢ + Val? + =—=(¢cos0 — ¢, sinh) + —(a,cosd — a, sin 0)) dx
Q T T

2k 2k
= f IV + Va|* dx + f (—(gb,z cosf — ¢ sinf) + —(a,cosf — a sin 0)) dx
Q QnBg \ T r

+f
By

= f IV + Va|* dx + f (2k(¢, cos @ — ¢ 1 sin 6) + 2k(a, cos 6 — @ sin 6)) drdo
Q QnBg

2k 2k
(T(¢’2 cosf — ¢ sin6) + T(a,g cosf — a sin 9)) dx

+ f (2k(¢p, cos @ — ¢ 1 sin 6) + 2k(a, cos O — @ sin 6)) drdb
By

= f Vo + Va* dx
Q

+ f (2k(¢, cos @ — ¢ 1 sin 6) + 2k(a, cos 6 — @ sin 6)) drdo,
QNBgr

(4.2.17)
where the last step holds since we have (4.2.13), and also by Proposition 2.3.5:

(pocos@— ¢ sin6) dy =0, (4.2.18)

0B,
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where the integral (4.2.18) is taken over the boundary of B, for r > R.
Therefore by (4.2.9) and (4.2.17) we have,

k2
f (V0P - =) dx = f (IVeP + Val* + 2¢ 10 + 2920 dx
Q r

Q

+ f (2k(¢p, cos @ — ¢ 1 sin 6) + 2k(a@, cos O — @ sin 6)) drdo
QNBgr

< f (V9P + [VaP +2/V4||Val) dx + f 2K (1961 + IVal) dx
Q Q

NBRr

2k 2k
2 f (IVgP +Val) dx + f Vel dx + f Z|Va|dx
Q QnBg T r

QNBgr

K2 2k
< f (31V4F + 21Val?) dx + f (—2 + —|Va|) dx
Q QnBg \T r

=3 f (Vg +O(1/r")) dx + Cr,
Q

IA

(4.2.19)
where Cg is some fixed constant depending only on R, as the second integral is taken

over a bounded domain Q N Bgr. On the other hand, we also have

k2
f (IVnP - r—z)dx = f (Vg + IVal® + 2¢ 10, + 2620 dx
Q

Q

+ f (2k(¢ cos @ — ¢ 1 sin ) + 2k(a, cos 6 — a; sinH)) drdo
QNBRr

> f (V9P + [Vl - 21V4||Val) dx - f 2 (ol + ) dx
Q Qi

NBRr

2 f((l —e)Vgl® + (1 - —)|Va|2) dx — f (—IVaI + €e|lVol* + __2) dx
Q € QNBR r €T

> f ((1 —20)Vel - [O(1/rh)]) dx - C
? (4.2.20)
where € > 0 is sufficiently small such that 1 —2e > 0, and Cj is some fixed constant

depending only on R. The inequality holds due to the fact that:
1 ) 1 2
2IV¢||Va| = 2VelVgl —|Val < €lV¢|* + —|Val’,
Ve e

and
2

2

2k k 1 1k
Vgl =2Ve= —|V¢| < lVgI* + —
r r \/E €

We will use (4.2.19) and (4.2.20) in the proof of the main theorem in the next section.
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4.3 Main result for N-connected domain (one-constant case)

In this section, we will state and prove our main result for the minimization problem
on the N-hole domain Q = R?\ Ujlild)j. Same as before, we assume that the vector field
n is given by nls,, = n; € H%((')wj;Sl) on each boundary dw; and has prescribed degree
degs,n = dj. We also assume a; € w; is the origin and a; € wj for all j € {2,..,N}.
Before we start, we show the relation between the weak equilibrium solutions (also called
harmonic maps) to the Euler-Lagrange equation for the given functional I(n) and the
corresponding solutions to the weak form of Euler-Lagrange equations (see (4.3.1) below)
for the associated ¢ given by (2.3.9) in Proposition 2.3.6.

The weak form of the Euler-Lagrange equation for I(n) = fQ (anl2 - %) dx is

an -Vm = f IVn>n-mdx Ym e CJ(Q;R?). 4.3.1)
Q Q
We know that by (4.2.12) we can write

n=n;+in, = H(z)ei¢,

where H(z) = HJ.I\i]hj(z)G‘j € C°(Q; C), when restricted to any ball B ¢ Q has the form
H(z) = ™, with Aw = 0 (w = kf + ). We have the following proposition.

Proposition 4.3.1. n satisfies (4.3.1) if and only if ¢ satisfies

ngb -V¥dx =0 VY e C7(Q). 4.3.2)
Q

Proof. Let B C Q be a ball and ¥ € C7(B). If n satisfies (4.3.1) then by approximation we
have that
an -Vm = f IVn>n-mdx Vm € H)(B;R?). (4.3.3)
Q Q

Choose m = n*¥, where n* = [
n

2
} then we have

an -V(n*¥)dx = 0. 4.34)
B
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Conversely, if (4.3.4) holds for all ¥ € Hj(B) then if m € Hj(B) we have m — (m-n)n L n and
som — (m-n)n = n*¥, where ¥ = m - n* € H\(B), and hence (4.3.3) holds.
But
Vn-V(n'¥) = (n; Vn, — n,Vn;) - V¥
= (cos’(W + ¢) V(W + §) + sin’(w + ¢) V(w + §)) - V¥
= (Vw + V) - VV.

Hence

f(VW+V¢)-V‘PdX = 0.
B

But since Aw = 0 in B, we have

fVW-V‘PdXzO.

B

Consequently
f V¢ - V¥ dx = 0.

B

Now suppose ¥ € C;(€2) and let K = supp¥. There exists a partition of unity {‘I’i}?ﬁl

satisfying supp¥; C B; c Q,and 1 <i <M, ZM ¥; = 1 on K. Then we have

fw-wfdx:z?:lfV¢-V(lyi\11)dx:0,
Q i

B

so that ¢ satisfies (4.3.1).
Conversely, suppose ¢ satisfies (4.3.1), then in the ball B ¢ Q we have AY = 0, where
¥ =¢ +w. Let m € CJ(B). Then in the ball B

Vn-Vm - |Vn’n - m = —(sin ¥) V¥ - Vi, — |[V¥*(cos ¥) m;

+ (cos¥) V¥ - Vm, — |[V¥|*(sin ¥) m,

an-mdx:anlzn-mdx
B B

and using a partition of unity again we get (4.3.1).

and it follows easily that

Now we can state and prove our main result for this chapter.
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Theorem 4.3.2. There exists a unique minimizer ny, for the functional

2
I(n) = f(|Vn|2 - k—) dx
Q |x|?

in each homotopy class C,, of the admissible set
A=meH @SY N, =n;, j=1,...N}

where C, is defined in Proposition 4.2.3, and k is the sum of the degree for each vector field
n; on the boundary dwj, i.e. k = Zjl\i \4j. Also, in each homotopy class C,, the minimizer my, is
smooth, i.e. n, € C*(Q; S") and can be written as ny(z) = IIY hY

j=1"] (Z) eXp(i¢p), where ¢p is in
the set (4.2.2):

AP = (¢ € H(Q) | Blow, = ¢1: o, = ¢ + 2Py, pj € Z, for j=2,..,N}
Moreover, ny, is smooth and satisfies:
Iy~ 1l <
for some constant Cy, and some sufficiently large r, where
n;" (x) = (cos(kf + B), sin(kf + 8))

and B € R.
Further, the minimizer my, is also the unique harmonic map in each homotopy class Cp, such

that the corresponding ¢, in ny(z) = Hjl\ilh;jj(z) exp (igp) satisfies
$p(x) € L™((R, 00) : LX(S")),
and there exists a harmonic map n* in each homotopy class Cp, such that
k2

I(n") = f(|Vn*|2 - —)dx = +co.
Q |X|2

In addition, there exists a minimizer M for I(n) in the union A = Jpezn-1 Cy of all the
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homotopy classes. However, n may not be unique.

Remark 4.3.3. As mentioned in Remark 2.1.1, n, is treated as a vector field with range in the
complex plane C. Also ¢p(z) is real and it is equivalent to write ¢p(z) as ¢p(x). Without loss of

generality, we can assume that f? ¢p dy € [0, 27) (see Proposition 4.2.3).
O (A)J

Proof. Step 1

First we prove that in each homotopy class C,, defined in Proposition 4.2.3, there exists a

2
I(n) = f (|Vn|2 - k—)dx,
Q x|

and that this minimizer is unique. Recall that from (4.2.12), we have

minimizer for the functional

n = ITY, hi(z)% exp(ig);
and for ¢ € A7, we have from (4.2.17)

kz
I(n) = f(an|2 - —)dx
Q x|
2k 2k
= f (|V¢ +Val + = (¢,cos0 — ¢, sin6) + — (@, cosd — a, sin 9)) dx (435
Q I .

=1(9).

Let L denote the infimum of I(n) in C,. Then L < oo because there exists ¢ € ﬁl(Q) satisfying
the boundary conditions and we can multiply it by a suitable cut-off function so that it vanishes

for large r. Let {n'} be a minimizing sequence, so that

. . K2
I(n') = f(|an|2 - —2) dx - L
Q x|

Hence we have a corresponding minimizing sequence {qﬁi};’il C Ag for the functional J(¢), so

that
. . . 2k , . . 2k
I(m") = J(¢") = f (|V¢1 + Vo> + = ((/)‘2 cos 6 — ¢, sin 9) + — (@pcos8—a;sinf)| dx — L.
Q r ’ ’ r
We can easily see from (4.2.20) that L is bounded below from —co, (i.e. L > —c0 ) and

2
IV I122 ) < C < .
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Also we have by [MJ09] such that for some constant Cg depending only on Q N Bg, we have

2
f |¢i|2dXSCR [f |V¢i|2dx+(f |¢J|d0'+§ljli2f |¢J+2pjﬂ'|d0'] )SMR<OO.
QNBgr QNBR Owj awj

Therefore the minimizing sequence {¢'} is bounded in H!'(QNBy) for every R sufficiently large.
By using a diagonal argument as in the proof of Theorem 2.3.4, we can extract a subsequence
{¢}, of {¢'}2 such that the subsequence converges weakly to some ¢, € AY in H'(Q N Bg)
for every R sufficiently large.

Now we show that I(n) is weakly lower semi-continuous i.e. given a weakly convergent

sequence ¢' — ¢, in H'(Q N Bg) for any R sufficiently large enough, we have
liminf J(¢") > J(¢p).
Since by (4.2.17) we know

. ) . 2k , . . 2k
I(n") = J(¢") = f (|V¢‘ + Vo> + = ((/)‘2 cos @ — ¢', sin 9) + — (@pco80 —  sin 0)) dx
Q r ’ ’ r

. 2k , . : 2k
= f Vo' + Val* dx + f (— ((;5‘2 cos 6 — ¢', sin 9) + — (@pcos6 — @ sin 9)) dx,
Q QrBg \ I "7 ' r
for any R sufficiently large, therefore we have the following
lim inf I(n') = lim inf J(¢')

i—o0

. 2k , . : 2k
> lim inff (lV(/)‘ +Val + = (¢‘2 cosf — ¢, sin 0) + — (@pcos6 — @ sin 9)) dx
QNBR r ' | r

> f (|V¢p + Val* + %{ (qﬁp,z cos 0 — ¢p ;1 sin 9) + %i (s cosf — a sin 9)) dx
A (4.3.6)
The last step is due to the property of the norm for a weakly convergent sequence (see
[Eval0, Appendix D]). This is because from (4.2.8) and (4.2.9) we know that for any R suf-
ficiently large, « is differentiable and integrable in Q2 N Bg, and by letting $i = ¢ +a we
automatically have that 5i — ¢, in H'(Q N Bg), hence (4.3.6) holds. By letting R — oo we
have

liminf J(¢') > J(¢p),

which proves the lower semi-continuity of 1(¢). This implies that for each homotopy class C,,
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there exists a minimizer n,, = Hjl‘ilhj(z)dj exp(igpp), Where ¢, € A}
The uniqueness of this minimizer in a given homotopy class C,, follows immediately from
the strict convexity of the integrand. If there were two distinct minimizers then the gradient of

the difference would be zero, so that by the boundary conditions they are the same.

Step 2

We prove in this step that n, € C*(Q;S") and lpp(x) = Bll2sy < S where n,(x) =

= T

Hjlilh;ij exp(igy), i.e. we determine the asymptotic behaviour of ¢, in each homotopy class C,,.

Since again from (4.2.17) and (4.2.18), we have
k2
I(ny) = f (anpP - —2) dx
Q x|
2k 2k
- f (|V¢p + Vol® + = (¢pacosd — gy, sin) + = (@ cos  — v sin 9)) dx (4.3.7)
Q T T

=J(¢p)
and again by letting 51, =¢p, +a,
J(¢p) = L(qup + Vol + %( (¢p,2 cos f — ¢p 1 sin 9) + %( (s cosf — a sin 0)) dx
= L(Wapf + i—k (ap,z cosf — EP’I sin 0)) dx.

Since in each homotopy class C,, n, minimizes I(n), hence ¢, minimizes J(¢). Therefore we

have for ¢ € C*(Q)

=0

d
10y +70)

= o (19 9 2 (B r02)cos - (B, 4 )sing)) ox|

=0

which leads to

fvap - Vyrdx = 0. (4.3.8)
Q

Consequently we know that Ep is harmonic in Q N By for any sufficiently large R, 1.e.

A¢, =0, (4.3.9)
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and this also implies that EP is smooth in Q.

Also, by applying change the of variable r = €° to x = re'?, we have

— 2k — —
I(n,) = J(¢p) = L(IV%IZ +— ((ﬁp’z cosf — ¢, sin 9)) dx

= [ (B 4T+ 263,,) a0
Q

= f (IV.@,I* + 2k, ) dOds
Q
where
-9 + i2
T 0s 06
and (4.3.9) becomes
5}),55 + (zp’é)@ = O~ (4.3.10)
We now let
21
Fs)= | . do, “.3.11)

0
where s is sufficiently large, so that the corresponding r is sufficiently large and ujlila)j CBgr C

B;. By applying (4.3.10) we have

2 21

d 2 -2
FO=2 | @ 450020

Since n,, is the minimizer for the functional (4.3.7), we have

— 5 2k - —
J(pp) = js;(Ingpl2 + - (q&p’z cost — ¢, sin 0)) dx < oo, 4.3.12)
which implies that
f IVspp|* dOds < co. (4.3.13)
Q

Note that (4.3.13) holds, since by (4.2.19) the term fg % (5p,2 cosf — 51,’1 sin 9) dx is bounded

, and as a consequence we have

S 271

F.(s) — Ey(so) = 2 f (Bos + o) dOds < oo, (4.3.14)
0

S0

By (4.3.14) F,(s) is nondecreasing. Hence Fi(s) — «, for some constant @ > 0. Therefore as
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s — oo we have

F(s) ~as + ¢

for some constant & and c.

We now prove by contradiction that @ = 0. For arbitrary small € > 0, we fix Ry (Ry = e%)

S 27
f f .40 ds < €,
sg JO ’

large enough such that

and we have

B,(5,0) — B, (s0,0) = fsaw(f, 0)dr < (f 12 dT)2 .(fsgii(h)z,

which leads to

fﬂ |$p<s,e>—$p<s(),e)|2< f 2”52 e < <
< o .
0 0

S_SO SO

Therefore we have

e |5p(sa 9) - 5})(805 9)|2

lim F,(sg) = lim

) s=s0 Jo S —Sp
) ) — —
. 2 ¢p(S, 6) + ¢p(SO’ 9) - 2¢p(s’ 9) ¢p(807 9)
= lim
=30 Jo S—9So
27 5 (5, 8) — Bo(S0, 0
- lim ¢p s ¢p( 0> ) <e
=30 Jo S—39So
for any € > 0.
Consequently, we have @ = 0, and
21 )
lim F(s) = lim ¢, d6 = ¢ < 0. (4.3.15)
S—00 S—00 0

This implies that F(s) € L*(0, c0), and we can follow exactly the same argument using Fourier

series in the proof of Proposition 3.1.2, and obtain

C

K]
T

||5p —Bllagn < (4.3.16)

as r — oo, where 8 € R is some constant, hence proving the asymptotic behaviour of 51,.

Step 3
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In this step, we prove there is a minimum n (which is not necessarily unique), in the union

of all homotopy classes A = (Jpezn-1 Cp. We claim that for ¢ € AP, we have

f o> do + f |¢|2dx£C( f Vo) dx + f |¢|2da), (4.3.17)
U-ﬂawj QNBRr QNBRr ow;

]

for some constant C depending only on 2 N Bg. We prove this claim by contradiction.

Assume the claim were not true. Then there would exist a sequence {qﬂ}j’i , such that

f 1$? do + f |¢? dx > j (f VoI dx + f ¢ dor). (4.3.18)
Uj¢16wj QNBRr QNBRr Owq
On account of homogeneity, we may assume
f |¢'* do + f lp/* dx = 1. (4.3.19)
Uj¢16wj QNBR

Then from (4.3.18)

. . 1
f [V |* dx +f pPdo < = -0, as j— oo. (4.3.20)
QNBRr owq J

Consequently we have

V¢ — 0 in L2(QNBg),

and

¢ is bounded in L*(Q N Bg).

Therefore the sequence {¢'} is bounded in H!(QNBR) and there exists a subsequence {¢* 12,

of {¢/}2,, and some ¢ € H!(Q N Bg), such that

¢ — ¢ in H'(Q N Bg) weakly.
By lower semicontinuity of the norm and the compactness of the trace operator we have that

{V¢:0 in QN Bg

¢ =0 on Jdw.

This implies that ¢ = C, in Q N By for some constant Cy , and Cy = 0.
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Passing to the limit in (4.3.19) gives the desired contradiction. From (4.3.17) it follows

immediately that

f [Vpl* dx — oo as [p| — oo
QNBR
and therefore

k2
I(ny) = f(|Vnp|2 - —2) dx
Q Ix]
2k 2k
= f (|V¢p +Val* + — (¢p,2 cosf — ¢y 1 sin 0) + — (@pcos6 — @ sin 9)) dx — o0
[e) r r

as [p| — oco. Hence the minimizer in some C, must be a minimizer n in the union A =

Upezn-1 Cp. That mis not necessarily unique was shown in Example 4.1.1.

Step 4
Now we show that in each homotopy class C,, the minimizer n,, is the unique harmonic

map satisfying the condition
$p(x) € L*((R, 00); LA(S")),

where ny(x) = Hjl\i lh;jj exp(igp), and ¢, € Ag as defined in (4.2.2).

Assume there exists another map nj, € A in the same homotopy class Cp, so that
N . .
n;,(x) = szlhjj exp(1¢;,),

for ¢}, € AJ.

Since ni, is a harmonic map, it satisfies
f Vn, - Vm = f IVn)[’n, - mdx  ¥Ym e C§'(Q;R?),
Q Q

which is the weak form of the Euler-Lagrange equation for the functional I(n) = fg (anl2 - ﬁ) dx,

Ix|?
forne A = {ne H(Q;S) Ins,, =m;, j = 1,...,N}. Hence by (4.3.8) in Step 3
(Bp)ss + (@)e0 = 0,

where 5;, = ¢, +a.
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Denoting ¢, = ¢, — E;, we have that

(Ep)ss + (ap)HH =0
Fola, =0, j=1,..,N.

Since we know that ap is a weak solution of the harmonic map, we have
f V¢, - Vvdx =0, Vv e Hy(Q).
Q

Choose v = ¢p'¥,, where ¥, is a function or radius r = [x],

0 [xI>R|
Yoi=1 B e R-€R) (4.3.21)
1 x| <R-€

we have

f Vo - vdx = f IVl dx + f (Pl Yy + GpVeby - V') dx = 0.
Q QNBR-¢ Br\Br-¢

Since we also have

f P |V, dx < f IVgpldx — 0, €—0
Br\Br-e

Br\BRr-«

and

— o~ ¢>p by

¢pVop - V¥ dx = — ¢ —rdrdS — — ¢p RdS, €—-0,

Br\BRr-« Br\Br-¢ dv € OBR dv
we have that
f IVpl* dx = f ¢p ¢” RdS
QNBgr
¢p(R 0)—" ¢p (R,60) Rd¥ (4.3.22)

oo —" (sg. 6) d6.
SI

The rest is to prove that the right hand side of (4.3.22) goes to zero as R — oo (sg — 00).
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Recall that since

$p(x) € L*((R, 00); L*(S)),

and also we have from (4.3.15) that
$p(x) € LV((R, 00); LA(S)).
Consequently, we have

27 2
Fs)= | ¢;dodr= f 6, — &I dodr
0 0
27r_2 271'_2 2
S( ¢pd9+f 8 d@) < oo,
0 0

By applying the same argument using Fourier series in the proof of Proposition 3.1.2, we

have

_ —d C
Vo |*dx = P(s=sp.0)df < —,

hence

f IVgpl* dx = lim f IVgpl* dx = 0.
Q R=00 Janeg

Therefore we have ap = 5‘) —5;, = 0 (hence ¢p(x) = ¢;,(x)) in Q. This proves that the minimizer

n, of I(n) in each homotopy class C, is also unique of harmonic maps in L¥((R, c0); L2(SY).

Step 5

Now we prove that there exists a harmonic map n* in each homotopy class C,, such that

k2
I(n*) = f(|Vn*|2 - —2) dx = +oo.
Q |x]

First we show that there exists a minimizer for the energy functional
E(¢) = f Vg — Vlog x| |* dx, (4.3.23)
Q

for ¢ in the admissible set A} = {¢ € H'(Q) | $low, = 61 Plou, = ¢+ 2py, § = 2,..,N}, where
P = {p2, 3, ... pn} € ZNL
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To prove there exists a minimizer for (4.3.23), we choose
u= ¢ - lOg |X|’
and it follows that

E(¢) = f V¢ — Viogr|* dx = f [Vul? dx = I(u),

Q Q

where u is in the admissible set
U := {u € H(Q)|uls,, = ¢ — log|x|; Ulgw, = ¢ —log|x| + 2pjm, j=2,...,N}L

It follows from the direct method that there is a minimizer u* € U for the functional

I(u) = f |Vul? dx,
Q

and ¢* = u* + log |x| is therefore a minimizer for the functional

E(¢) = f V¢ — Viogrl dx,
Q

for ¢ € AJ.

As a result, we have

dE(¢")
dr

= 2f (V¢* — Vlogr) - Vi = 0,
Q\L;

=0

forn € C;(£2), and it follows from Proposition 4.3.1 that the corresponding n* = Hjlilhj (2)% exp (ig*)
satisfies (4.3.1), hence a harmonic map.

Therefore there exist such harmonic map n* in each homotopy class Cp, and now we show

k2
I(n*) = f(|Vn*|2 - —2) dx = +oo.
Q |x]

Recall that since n* = Hjl‘i (hj(2)% exp (i¢*) = expi(kd + @ + ¢*), where

that

{k = Zjlildj

—vN 3. ..
a =%, d o,
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we have from (4.2.17), such that

2
I(n) = f (|Vn|2 - k—z) dx
Q I

2k 2k
= f IV + Val* dx + f (— (p2cosO— ¢ sinf) + — (apcosf — a sin 9)) dx
Q onBg \ T I
= E(¢).

By ¢* = u* + log |x|, we have
. X
V¢* =Vlog|x| + Vu' = = + Vu*,
r
consequently by (4.2.20), we have
2k 2k
E(¢*) = f IVo* + Va|* dx + f (— ((/)*2 cos 6 — ¢’ sin 9) + — (@ co80 —  sin 9)) dx
Q QB \ I 7 ' r
> [ (- 20190F - 01/ dx -
Q
*12 2 * * o3 1 4
= (1-2e)({IVu'|” + =(u’, cos 8 + u’, sinb) + wi |O(1/r)|] dx — Cgr
Q r - ? r
*2 2 * 1 4
> (1 =2e)Vu'[” = (1 = 2e)=|Vu'| + (1 = 2€) — |O(1/1")]]) dx — Cg,
Q r r

where Cg is some finite constant.
By using the inequality

2 1 1
S|Vu| < = VU + €,
r € r

we have

E(¢") > f ((1 —2€)|[Vu* > - (1 - 26)%|Vu*| +(1- Ze)rlz - |O(1/r4)|) dx — Cg
Q
Q

1 . 1
> ((1 —2e)(1 — D)IVu' P + (1 —e)1 - 26)7 - |O(1/r4)|) dx — Cg.
€ r
Therefore for sufficiently small € > 0 such that (1 — €)(1 — 2¢) > 0, we have

I(n*) = E(¢") = +oo
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which is due to the fact that

1 1
—zdx:f —drdf = +oo,
B

BCR T fi T
and
1
f((l —2€)(1 = -)|Vu']* - |O(1/r4)|) dx — Cr < oo,
Q €
since I(u*) = inf,cy fQ |Vu|? dx. This completes our proof. O

Remark 4.3.4. L. Nguyen pointed out to us that, instead of working on this exterior domain
Q =R\ ujlila)j , one can actually use an inversion to work on a puncture interior domain.
In this sense, you are working on a multiply-connected and bounded domain with one point
removed.

If we write u(x) = ¢(x/|x|?) (the Kelvin transform of $(x)), and if $(X) is harmonic in Q, then
u(x) is harmonic in Q' = {x # 0| x/|x|* € Q}. One can easily see that Q' is a bounded multiply-
connected domain with the origin removed. In Theorem 4.3.2, ¢p(X), which is associated to the
minimizer my in each homotopy class Cp, is bounded at |X| — oo. Then one can easily see that
u(x) is bounded when |x| — 0, which is saying that the origin in the inverted domain Q' is a
removable singularity of u(x), hence u(x) is harmonic in Q" U {0}. To see more on removable
singularities of solutions of elliptic equations, one can refer to [Ser64].

A related issue is whether the minimizer in ﬁl(Q; SY is in fact a minimizer in H'(Q' U
{0}; SY), where Q' is the inverted domain. If this is true, it will also explain the existence of the
harmonic map n* with infinite energy on the exterior domain C : this is a solution which gives
infinite H' energy at the removed point (in our case it is the origin) on the inverted domain .
We will not elaborate further on this problem in this thesis, but will do more study on this in

our future research.

In the following chapter, we will address the minimization problem on non-orientable
line field. We will introduce an auxiliary vector field for the given non-orientable line field
and apply Theorem 4.3.2 to the auxiliary vector field to solve the minimization problem

in a given N-connected domain Q.



Chapter 5

Line field models for uniaxial nematic

liquid crystals

5.1 Definition of line field and its degree

The idea of the Oseen-Frank model is to associate to each point in the macroscopic
physical space a director describing the preferred direction of the molecules at the point.
The Oseen-Frank model takes this director to be a unit vector n. But this setting has the
deficiency of ignoring a physical symmetry of the material, namely the statistical head-
to-tail symmetry of the rod-like molecules. One of the advantages of the more complex
Q-tensor theory of de Gennes, which uses a symmetric trace-free tensor Q as the order
parameter, is that remedies this deficiency. In the simplest constrained case of uniaxial

Q-tensors with a constant scalar order parameter, these Q-tensors admit the form:

st(n@n—%l), (5.1.1)
from which it is easily seen that there exists a bijective correspondence between such Q
and pairs of antipodal unit vectors {n, —n}. Thus we can think of () as representing the line
through the origin parallel to n. A tensor Q = Q(x) of the form (5.1.1) can be interpreted
as a line field. We will refer to this as the constrained Landau - de Gennes theory. It
is shown in [BZ08| that in the case of a non-zero constant scalar order parameter s, the
Landau-de Gennes theory is equivalent to the Oseen-Frank theory when the domain Q
is simply-connected, but not in general otherwise.

As in Chapter 3 and Chapter 4, we restrict our discussion to a 2D domain with m
a ‘planar’ unit vector, i.e. m = (my, my,0). Thus we can write the ‘planar’ unit vector

m = (m;,m,0) € S? as m = (m;,m,) € S!, and the line field is identified with the pair

87
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{m, —m}. One can also easily see that it is equivalent to write the line field as a Q-tensor

of the form (5.1.1), or simply as

(5.1.2)

m7 mlmz)_(Mu MIZ)

M=m®m=
(m2m1 m} M, My

since there is a bijective correspondence between (5.1.1) and (5.1.2). In this chapter, we
will use the form (5.1.2) to represent a given line field M. We denote the set of such

matrices by

Q={MeM*[R)|M =m®m for some m € S'},

where M?*2(R) is the set of 2 X 2 matrices with real values.

Note that M = MT and TrM = 1 for any M € Q, and that Q can be bijectively
identified with the real projective space RP!, and thus can be given the structure of a
one-dimensional manifold.

Given an N-connected domain Q = R?\ Ujlild)j satisfying our previous hypotheses, we
let

X ={MeH'(QQ)|TrMly, =M;, j=1,..,N},

where M; € Q are given. The notation Tr M|y, denotes the trace of the line field M on
each boundary dwj, j = 1,...,N. Similar to Definition 2.3.1, we define ﬁ‘(Q; Q) as follows:

Definition 5.1.1. We say that a line field M € H'(Q:; Q) if and only if M € H'(Q N Bg; Q) for
any R sufficiently large.

Note that ﬁl(Q; Q) is also a completely metrizable space, such that a sequence of line
fields Mi > M in H'(Q; Q) if and only if Mi > M in H'(Q N Bg; Q) for any R sufficiently
large.

We call a line field M € H'(Q; Q) orientable (see [BZ08| and [BZ11]) if and only if
there exists a vector field in the same functional space, that is an m € H'(Q;S!) such
that m(x) € S! and M = m ® m except for possibly a set of measure zero. It is shown
in [BZ11, Proposition 2| that an orientable line field M € H'(Q; Q) can have only two
orientations. More precisely, if given a unit vector m € H'(Q; S"), corresponding to a line
field M € H'(Q; Q) such that M = m®m, there can be only one other vector field, namely
—m, corresponding to the same M.

Before we state and prove the main theorem of this chapter, we need to define the
degree for a given line field M € X, and the corresponding homotopy classes. In order
to define the degree of a line field on the boundaries {dw; }jlil of the domain Q, we first
define following [BZ11] an auxiliary vector field A(M) for each line field M =m®m € X
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by
AM) = m?
= (m; +imy)°
=m? - m? + 2im;m, (5.1.3)

= M11 - M22 + 2iM12

=2M;; — 1 +21My,,
where A(M), m are treated here as vector fields with range in complex plane C. One can
also notice from (5.1.3) that we have [AM)| = 1, and thus the auxiliary map AM) : X >

H'(Q; S') allows one to associate to a planar line field an auxiliary unit vector field.

Also, by letting n = A(M) where n = n; +iny, we have from (5.1.3):

2 m+l np
M:m®m:(m1 m1m2):(2 l_znl):(M“ M“). (5.1.4)

2 n;
mpm;  m; 3 5t Mz My

In fact, one can see from (5.1.3) that n € H'(Q; "), and by (5.1.4) we have

where k = +1,x = +1.
On the other hand, we have from (5.1.4) that

1/2

_(1-n} —Im|  m
mm, = = —_ = =,
11y KK 4 KK ) )

and this implies that k'x = sgnn, for n, # 0, which gives

e[ 05
w05

and in either case, we have a pair of antipodal unit vectors. In particular, as is obvious

when n, >0 :

and when n, <0 :

from (5.1.4), given an auxiliary vector field n there can be only one possible corresponding
line field denoted by a pair of antipodal unit vectors {m, —m}.

Thus one can see that given any such auxiliary vector field A(M), there exists a unique
line field, such that the line field M and the auxiliary vector field A(M) are in the same
Sobolev class. Note that this is also true for the line field Tr Mls,, = M; on each of the
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boundaries Ujlilawj and its associated auxiliary vector field A(M;).

Next we define the degree for a give line field M € X. It is shown in [BZ11, Proposition
3] and the remark after it that orientability in a domain implies orientability at the
boundary. Moreover, it is proved in [BZ11, Proposition 6] that for any j € {1, ...,N}, the
trace TrM € H'?(0wj, Q) of the line field M is orientable (in the space H'/?) if and only if
the degree of the corresponding auxiliary vector field A(TrM) on dwj is an even integer,
i.e. degy, A(TrM) € 2Z, where the degree (for a HY/2(S'; ') map) degg., A(Tr M) is defined
by (2.1.5) in Theorem 2.1.2. In other words, given a line field M on a loop, then to it
corresponds a vector field A(M) that has even degree if and only if M is orientable. It is
also proved that, if there exists a unit vector field m such that Trm € H"/ 2((9a)j; Sh, and
TrM =m®ma.e. on dwj, then degy, m = %degaij(Tr M).

Further, [BZ11, Proposition 7] also implies the fact that the orientability of the given
vector field M in the whole domain Q can be determined by the orientability on each of
the boundaries Ujl\ilc')a)j, i.e. M € X is orientable if and only if degg, AM) € 2Z,j =1, ..., N,
Therefore the orientability of a given line field M can be determined at the level of the
auxiliary vector field A(M) on each of the boundaries Ujlilawj, and the line field M is
non-orientable if and only if at least one of the degrees of the auxiliary vector field on
the boundary, i.e. degs,, AM), j =1,..,N, is odd. Thus we can define the degree of the

given line field M € X on each of the boundaries Ujlilawj as follows:

Definition 5.1.2. In the admissible set
X ={MeH(QQ)|TrMl, =M, j=1,.,N}
the degree of a given line field M € X on each boundary 0w, j = 1, ...,N is defined as
1 1
degy,M = > degy,, A(TrM) = > degy,, A(M;)) (5.1.5)

where A(M;) defined in (5.1.3) is the auxiliary vector field associated to the given line field M;
on the boundary 0wj,j = 1,...,N.

One can notice from Definition 5.1.2 that if the line field M € X is orientable on the
boundary dwj, j = 1,...,N, that is, there exists a unit vector field m € H'?(dw;; S') such
that M = m®m, then the degree of the line field M on the boundary is in fact the degree
of the vector field m on the boundary dwj, i.e. degs,M = degy,m, which follows from
Proposition 2.2.4 that degawjm2 = 2degs,m ; and if the line field M is non-orientable on
the boundary dwj, j = 1,...,N, then the degree of the line field on the boundary is half of

some odd integer.
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5.2 Homotopy classes of line fields

We assume that on each boundary dwj, the line field M is given by Tr Mlsw, = M; €
H'(0w;; Q) and has prescribed degree degg, M; = d;, which is defined in Definition 5.1.2.
Let
X={MeHQQ)|TrMl, =M;, j=1,..N}

be the collection of line fields in X satisfying the given boundary conditions.

Definition 5.2.1. Assume M, M are two given line fields in the admissible set X. M and M
are homotopic if there exists a mapping M(A, -), such that [0,1] X Q X is continuous in
ﬁl(Q; Q), where M(A, -) satisfies M(0,-) = M and M(1,-) = M. All the line fields in X that are

homotopic to each other are said to be in the same homotopy class.

We can characterize the homotopy classes as follows:

Proposition 5.2.2. The admissible set
X={MeHQQ)|TrMl, =M;, j=1,..,N}

: ; ~ [P = N-1
is the union of homotopy classes Cp, where p € {p2,p3,..pn} € P = Z X --- X Z = Z"". Each

N-1
homotopy class C, consists of the line fields

M M 111 +n n
7 I 5 b (5.2.1)
M, My, np I—n

. 24;
wheren =n; +in, = [IN h™

i1y (z) exp(ip) with ¢ in the set:

AP = {p € H(Q)|$lo, = 6138l = 6+ 2pj7m, | = 2,....N), (5.2.2)

where ¢; satisfies exp(i¢;) = Hilhi_zdi(z) A(Mj) (see (2.3.3) in Proposition 2.3.2), for all j €
{1,2,...,N}).

Remark 5.2.3. Note that without loss of generality, we can assume that, Jg ¢;dy € [0,2n),
wj
forallje{l,..,N}, ie. the average of line integral for each ¢; on each of the corresponding

boundary dw; is in [0, 2r).
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Proof. For any given M € X, we have by (5.1.3) an auxiliary vector field A(M), and by Defi-
nition 5.1.2, we have

1
degy,M = 3 degy,, AM) = d;.

Thus any auxiliary vector field A(M) associated to the given line field M € X is in the admis-
sible set:

Am = {n e H'(Q;SY) nlg,, = AM), j=1,..,N}, (5.2.3)

where A(M;) € H'?(0wj,S") and degg,,n = 2d;. By applying Proposition 4.2.3 we know

that the admissible set Ay splits into homotopy classes {C,}, where p € {p,,p3,...,pn} € P =

Zx---x7Z = ZN7', which is dependent on the lifting of A(M;) on each of the boundaries
N-1
Jwj, for all j € {1,...,N}. More specifically, each homotopy class Ep consists of vector fields

n=n; +in, = Hjl\i 1hjmj(z) exp(i¢), where ¢ is in the set

AP = (¢ € H'(Q)|$law, = 615 Plow, = ¢ + 2Py, j=2,...N).

But from (5.2.1) we have that

and
- 1\~/[11 1\~/112 :1 l+nm  m
M, My 2 n; 1 —n
from which it follows that M and M are homotopic if and only if n and m, completing the proof.

O

5.3 Main theorem

With the definition of degree and homotopy class for line fields, we can consider the

minimization problem for the functional

2
I(M) = f (lVMlZ—&) dx, (5.3.1)
Q

IxI*
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where M is in the admissible set
X={MeH(QQ|TrMlp, =M, j=1,...N}

and k is the sum of the degree on the boundary, i.e. k = Zjlildj.

Theorem 5.3.1. There exists a unique minimizer M, for the energy functional

2
IM) = f (|VM|2—£) dx
Q |X|2

in each homotopy class Cy, of the admissible set
X =MeH(@QQITrMly, =M, j=1,..,N},

where C, is defined in Proposition 5.2.2, and K is the sum of the degree for each line field M;
on the boundary Ow;, i.e. k = Zjl\ildj. Also, in each homotopy class C,, the minimizer My, is
smooth, i.e. M € C*(Q; Q), and can be written as
() ()] (p) ()]
MP MP| 1|1+n®” nf

1

() (p) 2 (p) 1)
My M, n, I—n

. 24; . .
where ny, = n(lp) + 1n(2p) = Hjli 1hy(2) exp(igy), and ¢y is in the set

AP = (¢ € H'(Q)|$la, = 615 Plow, = ¢ + 2Py, j=2,...N).

Moreover, ¢, is smooth and satisfies:

1
lpp(X) = Bllr2sty < CO;

for some constant B, Cy. In addition, there exists a minimizing line field M for I(M) in the
collection of all the homotopy classes Cp, 1.e. X = Upezn-1 Cp. However M may not necessarily
be unique. Further, the minimizer My, is also the unique weak equilibrium solution of 1I(M)
in each homotopy class C, such that the corresponding ¢, in the expression of the associated

auxiliary vector field n, = Hjl\ilhfdj (z) exp(igp) satisfies

¢p(x) € L®((R, 00) : LX(S")),
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and there exists a weak equilibrium M* in each homotopy class Cp, such that

2k?

W) dx = +o0.

I(M"‘)=f(IVM"‘I2—
Q

Remark 5.3.2. Note that ¢; satisfies exp(i¢;) = N h_Zdi(z) A(M;), and without loss of gener-

i=1""1

ality, we can assume J(c:)u)- ¢;dy € [0, 2m).
Proof. Letn = A(M). Since by (5.1.4)

{M11 +M22 =1

M12 = MZ]

we have that
2 _ .2 2 2 2
IVn|” =nj, +n;, +nj, +ny,

= 2M;11)* + @M j2)* + M 12)* + @M 0)* (5.3.2)
=2|VMJ.
Therefore

— 1 K2
(M) = I(n) = 3 fg (|Vn|2 - @) dx,

where k = ZinIZ dj, i.e. the sum of the degrees for the auxiliary vector field associated to the
line field M on each of the boundaries dw;.

Thus, if there exists a minimizer for

2
IM) = f (|VM|2—£) dx,
Q x|

in the admissible set )~(, then the associated auxiliary vector field n = A(M), which is defined

in (5.1.3), is also a minimizer for the functional

— 1 K2
I(n) = = Vn|* - — | dx,
(m) > fg (I n| |X|2) X

where n is in the admissible set

Am = {n e H(Q;SY) Inlg, = AM)), j=1,..,N},
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where A(M;) is the auxiliary vector field associated to the boundary line field M;, and satisfies
AM;)) € H'(Jw;, "), degs,m = 2d;. It is also easy to see that the converse is true, since
(5.2.1) implies the bijective correspondence between the given line field M € X and the as-
sociated auxiliary vector field n = A(M) € Ay, where Ay is defined in (5.2.3). Hence given
the minimization problem in the admissible set i, we can consider instead the minimization
problem for the associated auxiliary vector field A(M) in the admissible set Ay, as the two
minimization problems are equivalent.

Recall that from the proof of Proposition 5.2.2 that the admissible set Ay splits into ho-

~ cen — 7N-1 1
motopy classes {C,}, where p € {p,,p3,....,pn} € P = Z X ---XZ = Z"", which depends on

N-1
the lifting of A(M;) on each of the boundaries dwj, for all j € {1,...,N}. Therefore by apply-
ing Theorem 4.3.2, in each homotopy class Ep of the admissible set Ay, there exists a unique

minimizer n, for the functional

~ 1 K2
Im) =~ [ ||Vaf - — | dx,
™ ng(l " lez) )

which is smooth and can be written as n,(z) = IIJ.Iilhj2dj (z) exp(igp). Also ¢, is smooth and

satisfies

1
lpp(x) = BllL2sty < Co T

for some constant 3, C.

Moreover, we know from Proposition 5.2.2 that each homotopy class Ep of the admissible
set Ay corresponds uniquely to the homotopy class C,, of the admissible set X. Thus by (5.2.1)
we know that the corresponding line field M, is in fact the minimizer for the functional I(M)
and it is smooth, i.e. M, € C*(Q; Q).

The fact that there exists a minimizing line field M in the union X of all the homotopy

classes Cp, i.e. X = Upezn-1Cp follows directly from the existence of a minimizer n for the

72
T(n) = f[|Vn|2 - k—) dx
Q |x|?

in the admissible set Ay = {n € H'(Q; S} | nls,, = AM), j = 1,...,N}, which is also the union

functional

of all the homotopy classes Ep. The existence of such n follows immediately from Theorem
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4.3.2, and we have
— 111 +Hl Hz
M=~
where n = n; + in,. Note that in general the minimum M is not unique, see Remark 5.3.3.
Now what left to prove are the existence of weak equilibrium solutions M* in each homo-
topy class C,, such that

2k
I(M") = f(lVM*lz - —2) dx = +o0;
Q x|

and that if the ¢, in n, = ITY ™

L h;(2) exp(igp) satisfies ¢p(x) € L¥((R, 00) : L2(S!)), then the

minimizer M, of each homotopy class C,, is the unique weak equilibrium solution of I(M). We
show that if M € X is a weak equilibrium solution of I(M), then its associated auxiliary vector
field n € Ay is a weak equilibrium solution (i.e. a harmonic map) toT(n), and vice versa.

Let M = m ® m be a equilibrium solution of the functional

2 2
(M) = f(|VM|2— &) dx = f(|V(m®m)|2 - ﬁ) dx,
0 Ix[? o Ix[?

The analogue of (4.3.1) is obtained by setting

d
4 (V
de Q

where ¥ € H(l)(Q), and so we obtain

0,

m+em¥| m+emVY ]'2 218]
e=0

m+ emt¥|  m+ emtV¥| x|

fVM-V([m@ml+mL®m]‘P) dx = 0.
Q

Recall that the auxiliary vector field n = A(M) associated to the given line field M is given by

(5.1.4), and hence we have

—2m;m, m?-—m? -n, n

s 1 1 2

mom-+m-Qm = = .
m;—m; 2mm, n

Hence

f (VI’IQ . V(I’l]lP) - Vl’ll : V(DZ\P)) dx = 0,
Q



LINE FIELD MODELS FOR UNIAXIAL NEMATIC LIQUID CRYSTALS 97

1.e.

an -V(n*¥)dx =0,
Q

which as we have seen from the equivalence between (4.3.3) and (4.3.4), is equivalent to
LVn - Vvdx = L|n|2n cvdx =0 Vv e H(Q;RY). (5.3.3)
Thus we see from Proposition 4.3.1 that the weak form (5.3.3) is equivalent to
fw VPdx =0 Y¥ e Hy(Q)
Q

where ¢ corresponds to the auxiliary vector field AMM) = m? = n(z) = Hjl\ilhfdj (z)e'?.
Thus by applying Theorem 4.3.2, we know that in each homotopy class C,, the minimizing
line field M,, € X is in fact the unique weak equilibrium solution to the functional I(M) such

that the associated ¢, satisfies
¢p(x) € L¥((R, 00) : L*(S1),

since the associated auxiliary vector field n;, is the unique harmonic map in each homotopy

class Ep such that the corresponding ¢, in n, = IT >

1210y (2) exp(igy) satisfies

$p(x) € L™((R, 00) : LA(Sh).

Finally, the existence of a weak equilibrium solution M* in each homotopy class C, such
that I[(M*) = +oo follows exactly the same reasoning and this completes our proof.

O

Remark 5.3.3. The minimizer M in the union X of all the homotopy classes is in general not
unique, which is illustrated in Figure 5.1. The line field M = m ® m given in Figure 5.1 has an
auxiliary vector field which is identical to the counterexample given in Example 4.1.1. Hence
by applying Example 4.1.1 to the auxiliary vector field corresponding to the given line field in
Figure 5.1, we have the nonuniqueness in the minimization problem for the auxiliary vector

fields, and therefore the line field.
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Figure 5.1: Let w; and w, be discs of radius th with centres (—1,0), (1,0) respectively. The line field
M = m®m is given by m|s,,, = m(-1 +}1 cos 6, zlt sin #) = (cos g, sin g), m|s,, = m(1 +% cos 6, }‘ sinf) =

0 i 0
(cos 5, sin 3).

Theorem 5.3.1 applies to both orientable and non-orientable line fields. By introduc-
ing the auxiliary vector field A(M) for any given line field M € X, the orientability on
each boundary dw; depends on whether degs,,M = d; is an integer or not. As can be seen
from Definition 5.1.2, the line field M € X is orientable on the boundaries dwj if and only
if d; is an integer, and M € X is non-orientable on the boundary dwj if and only if d; is half
of some odd integer. More specifically, if the given line field M € X is orientable on each
of the boundary dwj, ¥j € {1,...,N}, i.e. there exists a vector field m; € H'/?(dw;; S') such
that TrM|s,, = mj®@m;, ¥j € {1,...,N}, then the degree of the line field M on the boundary
is in fact the degree of the vector field m on the boundary dw, i.e. degsg,M = degs,m.
Thus one can sees that if the line field M € X is orientable on every dw; (Vj € {1, ., N}),
then Theorem 4.3.2 and Theorem 5.3.1 are in fact equivalent. On the other hand, when
M e X is non-orientable, i.e. there exist at least a @& € {1,...,N} such that d;j, is not an
integer, then we can apply Theorem 5.3.1 and recover the minimizing line field through

the minimizing auxiliary vector field n, in each homotopy class C, (p € ZN™").



Chapter 6

Non-equal constant case

In this chapter, we study the minimization problem in the non-equal constant case
for the energy functional, obtained by integrating the Oseen-Frank energy density (1.2.6)

in a given domain Q:
I(n) = f F(x,n, Vn) dx
Q

2
T (Ky + ks — ks)(tr(Vm)?) — (divn)z)) dx,

_1 f (k3|Vn|2 + (k; — k3)(divn) + (ky — k3)(n - V A m)?
Q

where Q = {x € R?|0 < a < |x| < b < oo} is an annulus. Note that the last term containing
tr(Vn)? — (divn)? is zero since tr(Vm)? — (divn)> = 0 in some two-dimensional case as
discussed previously in (1.2.4). Thus the last term neither contributes to the free energy
nor the corresponding Euler-Lagrange equation. Also the term (m-V An)? is zero for our
two-dimensional case and, hence we only need to consider the contributions of the first
two terms.

Recall that by (3.0.6), n can be identified with n = (cos @(r, 6), sin O(r, )), and we
have by (3.0.8):

F(x.n, Vn) = %(k3|Vn|2 + (k; — ks)(divn) + (ky — k)@ - V A n)2)

1 2 ®§ 1 2.:..2
= sk (@24 )4 Sk, —k3)(d)rsm (@ - 6)
T

2

) 20,,
n r—jcos2(® —g -

r

sin(® — G)cos(P — 0)).

99
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Again, by making the change of variable

we have @ = r @, and as a result, the Oseen-Frank bulk energy (3.0.9) becomes:

b 21
I(n) = f r f F(x,n, Vn)dodr
a 0

1 logb 21
=3 f f (ka(@? + B3) + (ki — ks)(®? sin(® — 6)
0

loga (6.0.1)
+ @} cos*(® — ) — 20, sin(® — 6) cos(® — §))) ds b
1
= Z(kl +k3) J(D)
where
log b 27
J(@) = f ((1 + Acos 2(@ — 0)) @7 + (1 = Acos 2(D — ) D} + 24Dy sin 2(P - 6)) ds df,
loga 0
and ek
A1=—"1
ki + k3

We now make another change of variable:

¢(S7 6) = (D(S’ 9) - 9,

so that
Dy =g + 1,

Doy = dan,
D, = ¢,

D5 = s
Dy = Pos.

With this change of variable, F(x,n, Vn) can be written as

F(X7 n, Vn) = W(S’ 9’ ¢9 ¢Sa ¢9)

- i(k] +k3) ((1+ 2c0s2¢)¢? + (1 = Acos 26)(1 + ¢p)” + 21 (¢ + 1) sin 29)
(6.0.2)
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and (6.0.1) becomes:

logb 27
I(n) = }‘(k1 +ks3) g f ((1 + Acos 2)¢2 + (1 — Acos 2¢)(1 + )’
loga 0
+21,(¢o + 1) sin 2¢) ds df (6.0.3)

1 _
= Z(kl +k3) ()

where ek
1= 5k

B kq +k3’

kle, k3205

and

log b 2
J(¢) = f : f ((1 + 108 2¢)¢? + (1 — Acos 20)(1 + ¢)* + 24¢(dg + 1) sin 2¢) ds de.
I 0

oga
By substituting (6.0.2) into the Euler-Lagrange equation for W(s, 6, ¢, ¢, ¢y):

A AN
op  9s s 00 0¢y’

we have

(1 — 2c0s 2¢) g + A(p3 — 1) sin 2 + (1 + A c0os 2¢)) dys + 24 Pys sin 26

5 . (6.0.4)
— Ag; sin2¢ + 24 ¢ pgcos 2¢ = 0.

Furthermore, in one-constant case it is easy to see that any constant rotation, or
rotation plus reflection, of an equilibrium solution is also an equilibrium as 2 = 0. While
this does not hold for non-equal constant case. Now we present an example showing that
in 2-dimensional domain, a rigid rotation applied to the director field of an equilibrium
for the Oseen-Frank energy need not be an equilibrium.

Again, we use polar coordinates X = (x1,X,) = (r,6) and consider the radial hedgehog
n = (cos @, sin ).

Rotating by angle @ we have

oo = (€08 sina) (cos 8
sine cosa |\sinf

) = (cos(f + @), sin(f + a/))T.

One can also see that

divn® = Cosa
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and the Euler-Lagrange equation for the energy fQ(diV n?)? dx is
Vdivn® = (n* - Vdivn®)n®. (6.0.5)

Since we have

d(divn®) __cosa Xi
. a __ ox _ 2
Vdivn® = a(divln") - (_ cosa é)
axa 2
and 5
. Cos™
n? - vdivn® = - —>
T

the Euler-Lagrange equation (6.0.5) becomes

{ sinacosa (X;sina + X,cosa) =0

sina cosa (X, sina — Xy cosa) = 0.
Therefore n® is equilibrium solution to the energy I(n) = % fg(div n)’ dx if and only if
sin @ cosa = cos’ asina = 0,

i.e. sin2a =0or a = “7”, n e 7.

As a consequence, given the hedgehog i = (cos 0, sin #), which is also the equilibrium
solution to the energy I(n) = % fQ(diV n)’ dx, the possible equilibrium solutions to I(n)
derived by rotations are (i) negative hedgehog, i.e. a hedgehog with all the director
pointing inwards (ii) concentric circular vector field with anticlockwise orientation (iii)

concentric circular vector field with clockwise orientation.

6.1 Radius-independent minimizers for fQ F(x,n, Vn) dx

If we assume that the vector field n(x) = (cos O(r, ), sin O(r, 0)) is radius-independent,
ie. O(r,60) = D) = d)(ﬁ), we have:

s = Pss = g5 = 0.
Substituting this back into the Euler-Lagrange equation (6.0.4), we have:
(1 —Acos2¢)¢” + A((¢')* — 1)sin2¢ = 0, (6.1.1)

where
ks -k
1=

k; +k3’

ki >0, ks >0.
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(6.1.2)

-independent,

dius

ks, one can easily recover the Fuler-Lagrange equat

fD(diV n)? dx from (6.1

s ra

D

e1

0.6, ¢ € (10, 10) and ¢ € (=5, 5).

m e 7Z

Figure 6.1. We can see that the stat

me 7

.1), respectively. To help illustrate equat

n
b

— + mm,
2

(6.1.1) when A

10N
¢(0) = mr
¢(0)

{

1

0 and k;
2

5, 1Vn* dx and
(6.1.1), we depict the phase plane for (6.1.1)

phase plane for equat

Figure 6.1
ts on the phase plane are

1

In this section we consider the general case when k; > 0, k3 > 0. One can easily see
2

that 0 < 1] < 1 if k; > 0, ks > 0. Note that when n(x)
poin

by letting ks

for
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Consider the annualus Q = (a,b) xS!, 0 < a < b < o0, and let k € Z be a given degree.

We consider the problem of minimizing the functional

1
Imyzijkhwmﬁum-«gmwmﬁdx ki >0, ks >0
Q

among n in the admissible set
Ay = {neH'(Q;S")|degn = k}

that depend only on 0 € S'. Writing n = (cos ®(6), sin ®()) this is equivalent to minimiz-

ing
K-k
B kl + k3

21
J@D:”[ ®; (1 — Acos2(® - 6)) df, A
0

in the set
AP = {® € H'(0,27) | ®(27) — D(0) = 2k},

or setting ¢ = ® — 6, to minimizing

27

J@)= | (¢e+ 1> = Acos2¢)do
0

in the set

A = {¢ € H'(0,2m) | ¢(27) — $(0) = 2(k — D).

We have the following result.

Theorem 6.1.1. I(n) attains a minimum among n € Ay that depend only on 6 € S'. The
minimizers M are given by:
(a) For k = 0, = (cos g, sin 6y) for arbitrary 0, € [0, 2r).
(b) Fork =1,
ifki > ks, 0 = £ (cos(6 + %), sin(6 + %)),
ifk; = ks, m = (cos(8 + ), sin(@ + 6y)) for arbitrary 6, € [0, 27),
ifk; <ks,m=+(cos0,sinf).
(c) Fork = 2,1 = (cos2(0 + 6y), sin 2(8 + 6y)) for arbitrary 6, € [0, 2r).
(d) Fork > 2,1 = (cos(¢o(0) + 6), sin(¢o(0) + 0)), @ € R!, where ¢, is the unique solution of

o c
$©)= \/1+1—/10052¢

$0) = a
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and c is the unique constant such that

:|

F(c) =

F(c) = f .
) \/ T=Acos2Z /lc052§

(e) Fork < 1, = (cos(¢,(0) + 6), sin(¢,(6) + 6)), @ € R! where ¢, is the unique solution of

o c
$16) = \/1+ 1 — Acos2¢

$0) = a

and ¢ is the unique constant such that F(c) = {%;.

Proof. Step 1
Let
G(0, D, Dy) = D3 (1 — Acos 2(D — 6)).

Then since |1] < 1, we have

G0, D, Dy) > (1 — A D2, (6.1.3)

and

Goyn, = 2(1 —|2]) > 0, (6.1.4)

so that G is strictly convex in ®y. Equation (6.1.4) holds since we have 0 < [1] < 1 for k; >
0, ks > 0.
Clearly AP is nonempty. Let @Y € AP be a minimizing sequence for J(®). Then we

assume that ®9(0) € [0, 27) for all j. By (6.1.3) CDS) is bounded in L?(0, 27r), and since

0
o9V () — ©9V(0) = f @Y (s)ds
0

it follows easily that ®9 is bounded in H'(0,27). Hence we may assume that ®? — @ in
H'(0,27), and by the compactness of the embedding H'(0,27) c C°([0,2x]) we have that

® € A?. By standard lower semicontinuity results we have

J(®@) < liminf J(®Y),
_]—)00
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so that m = (cos @, sin @) is a minimizer.

Step 2 (Regularity)

Since for a minimizer @ of J we have
IGol = 225in 2(® — 6)@;| < 27,

it follows that Go € L'(0,27) and hence (e.g. by Ball & Mizel [BM85, Theorem 2.10]) @ is
a smooth solution of the Euler-Lagrange equation on [0, 27r], which in terms of ¢ has the form

(6.1.1).

Step 3 (the case k = 1)

In this case, for any minimizer ¢ of T we have by Jensen’s inequality

27

J@ == | (go+1)*d6
0

2
> 27(1 —A4)) (g + 1)? de)
(0,27)

= 2n(1 - 2D,

where we have used ¢(2m) = ¢(0), with equality only if ¢ is constant and if 4 # O satisfies
cos2¢ =sgn A, i.e.
#(0) =co in [0,2r]

cos 2¢y = sgnd (no contradiction if 4 = 0)

where ¢ 1S some constant.
Therefore we have (i) if k; > k3 (1 < 0, the nematic texture is easier to bend than to splay),
we have

¢:g+mﬂ, mezZ

which corresponds to

(I)(G):Q+g+m7r, meZ

and hence the minimizers are

n = (cos O(), sin ®(F)) = (cos(@ + g + m), sin(6 + 7_2r + mn)) ==+ (cos(@ + g), sin(6 + g))
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which is a ‘pure bend’ vector field, see [SteO4a].

(i1) if k; = k3 (1 = 0) then ¢ is constant and so the minimizers are
n = (cos(@ + 6,), sin(@ + 6,)) ,

where 6, € [0, 27) is arbitrary.

(i) if k; < k3 (4 > 0, the nematic texture is easier to splay than to bend), we have
$@) =mmr, meZ
which corresponds to
OO =0+mn, meZ

and hence

n = +(cos6,sinf),
which is a ‘pure-splay’ vector field.
Step 4 (the case k # 1)

If ¢ is a minimizer of T then since ¢ is smooth it satisfies the first integral (Du Bois-

Reymond condition)

(@) = 1)(1 — Acos2¢) =c,

for some constant ¢, and hence for each ¢ € [0, 27] we have

dé = 14—
do 1 —Acos2¢

Suppose that for some 6, we have % = 0. Then ¢ < 0 and hence ¢'(6)* < 1 for all 6. But

then
2

2(k = | = | ¢’ (0)do| < 2x
0

so that k = 1, a contradiction. Therefore we have either that

¢ (0) = + \/1 4 m for all 6 € [0, 271, (6.1.5)
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or

C
‘@) =—-,/1+ ————— forall 6 €0,2 6.1.6
¢'(0) \/+1_/1CO82¢ or all 6 € [0, 2], (6.1.6)

the first case corresponding to k > 1, and the second to k < 1. In the first case ¢'(0) is
bounded above and below by positive constants, so that ¢ is invertible and given implicitly by

the equation

f¢(9)
90 \/ 1- Acos 2(

Therefore c satisfies the equation

d(0)+2(k—1)m d
o= f I S

0 ¢
#0) I+ 1-Acos2¢

fl(k—l)ﬂ dé«
= —— (6.1.7)
0 1+ 1-Acos2¢
" d
=2k - 1)f —{ ,
0 \,1 + 1—/lccos2§

since the integrand is 7 periodic. Since the integrand is strictly monotone in c, ¢ is unique, and
in particular does not depend on ¢(0). Therefore ¢ = ¢,, where ¢, is the unique solution of

(6.1.5) with initial data ¢(0) = a. Now

27

(o) = (@, +2¢, + 1)(1 — Acos 2¢,) dO
0

2
C
= 2¢) +2+ ———— | (1 — Acos 2¢,)do
j(; (¢“+ +1—/10032¢(,)( €08 2¢0)

27

27
(1 — Acos?2¢,) ¢, d6 + 2mc + f 2(1 — Acos2¢,)do
0 0

- (000 - 3 sin26,0))|

6=2n 21
+ 2nc + 4m — 2/1f cos 2¢, dé
0

=0

21
=4k - 1D+ 4n+ 2nc — 2/1f cos 2¢, d6
0

27
= 4k + 2mc — 2/lf cos 2¢, dé,
0

and

27 a+2(k—1)r 2
f cos 2¢, df = f __2cosd
0 “ \,1 T icos 2 1 /lcos 2¢
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which is independent of @. Hence the minimizers are

n = (cos(¢(0) + 0), sin(¢,(0) + 0)).

In the case k = 2, we see from (6.1.7) that ¢ = 0, and hence ¢, = 0 + a.
For k < 1 we argue similarly using (6.1.6), and noting that if k = 0 then ¢ = 0, and ®(6) is
an arbitrary constant.
O

Equilibrium solutions for T((ﬁ) are by definition weak solutions to the corresponding

Euler-Lagrange equation, which are smooth solutions to ( see (6.1.1))
(1 = Acos2¢)d” + AP — 1)sin2¢ = 0, 6 € [0,27] (6.1.8)

satisfying
{¢(27T) = ¢(0) =2(k - D,

¢'(2m) = ¢'(0)

(note that weak solutions are these for which

2
f ((¢e + 1)(1 — 2c082¢) Py + A(gp + 1)° sin2¢‘1’) dg=0
0

for all smooth ¥ satisfying W(27) = W(0), from which (6.1.8) and ¢’'(27) = ¢’(0) follows).

The proof of Theorem 6.1.1 for k # 1 uses only the Euler-Lagrange equation and
thus shows that the only equilibrium solution for k # 1 are the minimizers given in the
theorem. However the proof does not show this for k = 1, and we remedy this in the next
result.

Theorem 6.1.2. For all k € Z, the only equilibrium solutions forT(qb) are the minimizers given

in Theorem 6.1.1.

Proof. We have to show that the only equilibrium solutions forFJv(rp) for k = 1 are the minimiz-

ers given in Theorem 6.1.1, i.e. there are no non-constant solutions ¢ to (6.1.8) satisfying

$(0) = ¢(27)
¢'(0) = ¢'(2m).

This is obvious if 4 = 0, so we may assume A # 0. We may also assume that 4 > 0, since if ¢

is a non-constant function for A < 0, then 5(6) = 7 — ¢(0) is such a solution for 4 > 0.
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Let ¢ be a non-constant equilibrium solution, which thus extends by periodicity to a 2r—periodic
solution of (6.1.8) on R. It has a critical point at some 6, € [0, 27], so that ¢’(6y) = 0, and with-
out loss of generality we can assume 6, = 0.

Since ¢ is not constant, ¢(0) is not an integer multiple of 7. Also, noting that +¢(6) + m,
where m € Z is also a solution, we can assume that 0 < ¢(0) < 7.

Since ¢ is smooth, there exists a constant ¢ such that

’ 2 Y
PO =1+ T Teos 200 260) for all 6. (6.1.9)

In particular

1 —Acos2¢p(0)+c=0

and so ¢'(0) = 0 if and only if ¢(0) = mx + ¢(0) for some m € Z.

Let 6, be the first value of § > 0 where ¢’(6) = 0. Then since ¢’ (0) > 0, #(8;) = m — ¢(0).
Hence ¢(0) = ¢(20, — 0) for 6, < 6 < 20, (because ¢(0) = ¢(26, — 0) satisfies ¢(6,) = ¢(6,),
and 5’(91) = ¢’(6,) = 0) and so ¢(26;) = ¢(0) and 26, is the first positive zero of ¢. Hence we
have 26, < 2n.

Integrating (6.1.9) we obtain

fzr 9(0) fg dz
/ c
#0) 1 /l cos2{ #0) I+ 1-Acos2{

Making the change of variables

1 +c—Acos2l
VvV =
4
s=1+c+4,

noting that cos 2 is monotone on (¢(0), g) , we obtain after a calculation

f‘ VIt A=s(I-v)
31 = dv
o VW —-v)V221-s(1 -v)

The integrand is monotone increasing in s, since 1 + 4 > 24, and so

4 >f1 [T+1  dv /1+/l>
=M —F77 >,
1 0 20 A =) 22
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, complet

iction

which is a contrad
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Remark 6

=0

.2 The case when k; = 0 or ks

6

=0. It is

+1 hence the

Theorem 6.1.1 will not hold automatically for the case when k; = 0 or kj;

.6) are not well defined everywhere when A =

1

6

(

1l not hold for the case when A

(6.1.5) and
1
we can assume k; = 1 when k3

easily seen that
proof of Theorem 6

ty

0 corresponds

i

ithout loss of general

. The case k; = 1, ks

W

1

=x

dw

0 and vice versa

-1 and

ks—ki _
k3+k1 -

to A

) dx,

(divn

s

— N

I(n)

ks = 1 corresponds to 4 =1 and

2

=0

while k1

In A V A nf*dx.

I

— N

I(n)
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Remark 6.2.1. In fact the two degenerate cases are equivalent. If we write n = (ny,n,) and let

0 -1
Q =
1 O
so that Qn = (—ny, ny) then a direct computation shows that

(divQn)’ =n AV ADP (6.2.1)

and

IQn AV AQnf = (divn)>. (6.2.2)

Hence n is a minimizer of fQ(diV n)? dx if and only if Qn is a minimizer ofo In AV Anfdx,

with appropriately changed boundary conditions.

Hence with Remark 6.2.1 we only need to study when either 4 = 1 or 4 = —1. Before
we study the minimization problem for the degenerate cases (k; = 1, ks = 0 or k; = 0,
ks = 1), we first study the equilibria for the functional when A = -1 (k; = 1, k3 = 0):

I(n) = % f (div n)? dx.
Q

Further, as in Section 6.1 we assume that the vector field is radius independent, i.e.
(0, 1) = ©(0) = D(3;) (hence ¢(s, ) = ¢(6)), so that by (6.0.3) the bulk energy becomes:

I(n) = % f (divn)? dx
Q

1 logb 21
= —f (1 + cos2¢) (1 + ¢p)* ds d6
1

4 oga 0

and consequently the Euler-Lagrange equation (6.0.4) becomes:
(1 + cos2¢) dgy + (1 — ¢2) sin2¢ = 0,
which can also be written as
Bog cOS> P — ¢§ sin¢ cos ¢ = —sin¢ cos ¢. (6.2.3)

Note that below, we will not distinguish between the notations ¢’'(6), ¢¢(6) and ‘;—‘g.
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One can easily see that for equation (6.2.3) to hold, we must have either cos¢ = 0, or
¢ cosd — ¢'*sing = —sin . (6.2.4)

(a) If cos¢ = 0, then ®(F) = 0+ 5 + mr, m € Z.
(b) If (6.2.4) holds, we have

d .
@((ﬁ cos¢) = —sing,

and consequently,
2

de?
Since ¢(0) = O(0) — 0 satisfies ¢(0 + 27) = $(0) + 2mx, m € Z, (6.2.5) is equivalent to

(sing) +sin¢ = 0. (6.2.5)

sin(®(0) — 0) = Asin(6 + 6),

where A and 6, are some constants depending on the given boundary conditions. It is not
immediately obvious to see how ®(#) behaves in general, but some special cases worth
discussion.

(i) For A =0, we have ®(0) — 6 = mr, therefore ®(0) = 6 + mzr, m € Z.

(ii) For A = —1 we have sin(® — 6) + sin(6 + 6y) = 0, hence

()] O -20-
sin( ;60) cos (#) =0. (6.2.6)

We can see from equation (6.2.6) that if sin(q);("’) = 0, then ® = -0y + 2mm; and if

003(%) =0, then ®(0) = 260 + m + 6y + 2mmn, where 6, is some constant.

Therefore when A = —1, we have

{(I)(Q) = —6y + 2mm, or
OO) =20+ 60y + 2m + 1)m,

where m € Z and 6, € R is some constant.

(iii) When A = 1, by a similar calculation we have

{(D(G) =—6y+ (2m+ 1)x, or
O(0) = 20 + 6y + 2mm,

where m € Z and 6, € R is some constant.
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Therefore, one can see that ®(6) of the following forms

D) = 6y + mr, (6.2.7)
T
OO) =0+ > + m, (6.2.8)
and
OO) =20 + 6y + mr, (6.2.9)

where 6 € [0,27), and m € Z, 6, € [0,2n) are constants, form a group of special equilib-
rium solutions for % fg(div n)> dx for @ in the admissible set {® € H'((a, b) x (0, 27)) | PO+
21) — ®(0) = 2km, k € Z}, where k € Z is the given degree. One can easily see that the
degree k of n = €'®, where @ takes the form (6.2.7) is zero; for (6.2.8) the degree is k = 1
and for (6.2.9), the degree is k = 2. Also, all the equilibrium solutions (6.2.7) to (6.2.9)
(corresponding to A = 0, —1, 1) are also equilibria for the functional I(n) = % fQ [Vn|? dx
as they have the form (3.0.17).

We now compute the second variation and bulk free energy for the above equilibria
(6.2.7) to (6.2.9) under the assumption that ®(r, 6) is radius-independent.

Since by (3.0.12), the second variation for a given vector field n = e'® is:

1 b
SE(@)(1,7) = 5 f r f (Gaatr” + Gayo, 1; + Gayw,; +2Ga0m: + 2Goa, s + 2Ga,0,71115) A6 dr.
a S
where 1 € Cj'(€) is smooth and has compact support in Q and 7 satisfies
n(r, 0 + 2mr) = n(r, 6).

Also, when k3 =0 and k; = 1, G(r, 0, @, D,, D) is given by (3.0.8) as:

1 20,0, | ;
G(r, 0, ®, ;, Dy) = = (cbf sin®(® — 6) — r" sin(® — 6) cos(® — ) + r—;’ cos*(® — 9)) :

As a consequence, the second variation 6*1(®) becomes:

1 (® 1 o7
S?E(®)(n, 1) = 3 f r f | (sin2(® -0 + 3 cos*(® — O); + (@f cos 2(d - 6) — r—j cos 2(d — 6)
a S

20,®,

D
+ $in 2(® — ) + 2 (P, sin 2(® - 6) — — cos 2(D — ) )y
r

D, D, . I .
+2( = =05 2(® — 6) — =2 5in 2 — 6))ny — 2~ sin(® — 6) cos(® - 0))77977r) dodr.
T T T
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Note that if we assume @ is radius-independent, i.e. ®(0, r) = ®(0), we obtain:

b ! 2
S*E(®)(n, 1) = 1 f r f ((lcos(cp — )1y — sin(P — e)m)2 _© (f ) cos2(® — )i
2 a sl T s
_ 2q>r§9) Sin2(® — ), — 2q)r9)cos2((b _ e)nnr) dodr.

As a consequence,
(i) For
O(0) = 6y + mm,

the energy is:

1 b P’ 2
E(®) = - f @y cos*(® — 0) dfdr = 0,
4 a sl T
and the corresponding second variation is:
5 1 (P 1 _ >
6 E(®)(n,n) = 3 r | (=cos(® - 6O)ny — sin(® — O)n,)"dddr > 0. (6.2.10)
a gl T

(ii) For
OO) = 0 + g +mr,

the free energy is:

1 (° @) 1. b
E(®) = - f @) cos’(® — 9)dodr = — log — f cosz(Z +mmr)dod = 0,
4 a sl r 4 a Jsi 2

and the second variation is:

5 1 1 x .o 2 1 )
O°E(®)(n,n) = = r ((— cos(=z + mm)ny — sin(< + mn)nr) — — cos(m + 2mm)n
2J. Js \M'r 2 2 r?

1 1
— 2 sin( + 2mm)n ng — 2— cos(m + 2mm)n nr) dodr
r r

1 , 1, 1
ZE r 1 7]I+r—277 +2;7777r do dr
a S
1 1Y
25 r 771-+;77 dédr > 0.
a St

OO) = 260 + 6y + mnm,

(6.2.11)
(iii) For
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the free energy becomes:

1 b 04 2 1 b b
E(®) = 7 f @y cos* (6 — ®)dfdr = — log — f cos2(0 + 6p) d = = log -,
4Ja Jsro1 4 a Ja 4 a

and the second variation is:

1 (° 1
S’E(@)(n,n) = 3 f r f (( sin(@ + 6o)n; — — cos(d + 90)779)2
a St r

4 2
— 2 c0s 20+ 0o)pe — = (sin 2(0 + 90)772),9) dodr
T T

1 (" , 1 2
=— r (sm(G + 0o)n, — — cos(6 + 90)7]9) dgdr
2 a st T

0=2n

b
- f (17°(b,60) — n*(a. 6)) cos 2(60 + o) d6) - f l( sin 2(6 + 6o) n(r, 9))' dr
A T 6=0

S

1 1 2
== f rf ((sin(@ + 6p)n, — — cos(6 + 90)779) dédr > 0.
2 a sl r
(6.2.12)
Since the second variation (6.2.10) to (6.2.12) of the equilibrium solutions (6.2.7) to
(6.2.9) are non-negative, this leads us to ask the question whether these equilibria are

also minimizers of the functional
1 . v
I(n) = = | (divn)“dx,
2 Ja

for n in the admissible set € A, = {n € H'(Q;S")|degn = k}, where degn denotes the
degree of the vector field n in view of Theorem 2.1.2 and Proposition 2.1.3.

In fact for these two cases:
1 . 2
In) = = | (divn)“dx,
2 Ja

and .
I(n):—fln/\V/\n|2dx,
2 Ja

in order to have a similar result to Theorem 6.1.1, we need to study the minimization
problem in the space W"(Q;S!) instead of H'(Q;S!) and replace the admissible set Ag
by

A= me WH(Q; S |degnls, =k for ae. r € (a,b)}, (6.2.13)

where S, = {x|[x| = r}. Note that n|sg, € W"I(S;;S') a.e. and so the degree degnls, is well
defined. We claim that Theorem 6.1.1 still holds (but in a different admissible set) and
prove it using an adaptation of the proof in [Ces83, Chapter 12].
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Theorem 6.2.2. I(n) attains a minimum among n € A that depend only on 6 € S'. The
minimizers M are given by:
(a) For k = 0, n = (cos 0y, sin 8y) for arbitrary 6, € [0, 27).
(b) Fork =1,
ifk; = 1,k; = 0,1 = £ (cos(6 + 2), sin(60 + %)),
ifk; =0,k = 1,n = +(cos6,sin6).
(c) Fork = 2,1 = (cos2(8 + 6y), sin 2(0 + 6y)) for arbitrary 6, € [0, 2r).
(d) Fork > 2,1 = (cos(¢,(0) + ), sin(¢,(0) + ), € RY, where ¢, is the unique solution of

v c
$©) = 1-l_coszd)

¢0) = a

and c is the unique constant such that

T
F(c) = —,
©=1—7

(e) Fork < 1, = (cos(¢,(0) + 6), sin(¢,(6) + 6)), @ € R where ¢, is the unique solution of

oo [ c
$0) = 1+c0s2¢

$(0) = a

/8

and ¢ is the unique constant such that F(c) = {%;.

Proof. Let
A = (@ e W"(0,27) | ®(27) — D(0) = 2kx}

Al = (@ e W"(0,27) | p(27) — $(0) = 2(k — D))

In the case k; = 1, ks = 0 we have

27
J(@) =2 f ®; cos* (D — ) db,
0
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21
J@) =2 | (go+1) cos’¢de,
0

while in the case k; = 0, ks = 1 we have

27
J(@) =2 f @2 sin*(® - 6) de,
0

27
J@)=2 | (¢o+ 1) sin’¢do,
0
Minimizing J(®), T(¢) in A?, Ai respectively is equivalent, since if ®* is a minimizer for the
case k; = I, k3 = 0 then ®* + 7 is a minimizer for the case k; = 0, ks = 1 and vice versa. This
also showed the equivalence of the two degenerate cases mentioned in Remark 6.2.1.

Therefore we need only consider the minimizer of
1 27
E(®) = 73(®) = f ®; cos*(d — 6) db
0

and
2

— 1—
E(¢) = EJ(fﬁ) = (¢g + 1)* cos® ¢ dé.
0
Note that for ¢ € A]‘f

27 27

E(¢)= | (¢2+1)cos’¢pdd+ [ (1 +cos2p)epydo
0 0

27
= | (42 +1)cos’¢pdd+2(k — 1)
0

Hence for k = 1 the minimizers are given by ¢ = (m + %) m, m € Z. Thus we can assume that
k#1.

The case k = 0 is also easy. Obviously ®(0) = const is a minimizer with J(®) = 0. But if
J(®) = 0 then we have a.e. either ®y = 0 or cos(® — §) = 0. If cos(® — 0) = 0 on a set E of

positive measure we have
—sin(® — 6)(®y—1)=0a.e.on E

and hence ®; =1 a.e. on E.
But fozﬂ ®y dé = 2kmr = 0, which implies the measure of the set E is zero, so that ®y = 0 a.e.

and @ is a constant. Hence we can proceed with k # 0.
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First note that any minimizer ® of E(®) in the admissible set Ag’ is monotone. Indeed,
taking the case k > 1, and suppose @ is not monotone. Then there exists some 6y < 6; with
O(Gy) = D(H)) and D(F) < D(O,) for all 8 € (g, 6,). (To see this, there is some r such that
6" # 67 with (@) = ©(@”) = r and ®(F"”’") < r. Consider the open set ®~'(r)° which is a
union of disjoint open intervals and pick the one containing 6".)

Now consider
D) 6¢(6h,0:)

D(6y) 0 € (6o, 6)

O

Then
—_— 61
E(®) - E(®) = f ®2 cos* (® — 6)do > 0

bo

and the argument above for k = 0 shows that we have E(®) > E(a), hence a contradiction.

Therefore it suffices to prove the existence of a minimizer among all monotone functions
in A®. Again take the case k > 1 and let {®9} be a minimizing sequence, so that oY > 0ae.
Since E(® + 2mrr) = E(®) we can suppose ®Y(0) € [0, 2r) for all j = 1,2, ... and hence by the
monotonicity and boundary conditions, {d)(j)(H)}Jf’il is uniformly bounded in [0, 27].

We now show that {CIDQ)}JF'Z1 is equicontinuous. Suppose it is not, then there exists some
€ > 0and §; < ¢ with |6; - 8| — 0 and (DG)(GJ.’) — ®Y(6;) > e. We can suppose that 6, — 6 and

0 — 6 for some 6 € [0, 2], such that
oV(6,) - a,

and

©9() - .

where 8 > a + €.

Then there is an interval [y,d] C («,f), with 6 > ¥ and cos’(y — 6) > v > 0 for all
1 € [y, 6]. By the monotonicity there exist 6, < 6; < éj’ < 6 with V() = v, d)(j)(éj’ ) = 6 and
®9V() € [y, 5] for 0 € [8;, éj']. Hence

2

7 A
| i 1 . 1
E@Y) > Tf V(0 d6 > 7+ —— (fHJ (Dg)dg) =7 =——=(6-y)’ > o0
i 0 - 9]' 0: 0 — Qj

L j i ]

as ] — oo, contradicting the fact that {Q)G)}Jf’zl is a minimizing sequence. Hence by Arzela-
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Ascoli theorem we can assume that ®9 — ® uniformly for some continuous monotone func-
tion @ satisfying the boundary conditions ®(27) — ®(0) = 2kn.

Next we show that @ is absolutely continuous, so that ® € W'!(0, 2x). To show this we
use the characterization in [Rud06, p. 146] that a continuous monotone function is absolutely
continuous if and only if it maps sets of measure zero to sets of measure zero.

Consider the set K = {8 € (0,27)| D) — 6 = (m + %)ﬂ' for some m € 7Z}. Since ® is
bounded, K is the union of finitely mange relatively closed sets and so K is relatively closed in
(0, 2mr). Hence its complement is the union of countably many open intervals i.e. K® = U, I;.

We claim that ® € WhI(I;) for each i.

In fact if a,b € I;, with a < b, then

b b
o0 >M 2 E@Y) > f 00 cos* (@0 — 0)do > f 00" do,

a a

(o)

i=1
H'(a, b) to some @, so that ® € H; (I;). But recall that fI ®, d6 is bounded and satisfies ® €

for some ¢ > 0. Hence there exists a subsequence of {®W}® which converges weakly in
W!"I(T;), and thus is absolutely continuous in the interval ;.

If @ is not absolutely continuous then there exists a set E C (0,27r) with measE = 0
satisfying ®(E) > 0. Clearly we have meas ®(E N K) = 0 and therefore meas®(E N L) > 0
for some i, which is impossible due to the result given by the result in Rudin [Rud06, p. 146],
since ® € WHI(I;) (that a continuous monotone function is absolutely continuous iff it maps
sets of measure zero to sets of measure zero).

Now we show that @ is a minimizer. Consider an interval I; and choose [a, b] C I;. Then by

standard lower semicontinuity results we have

f @2 cos* (@ — 6) dd < lim 09” cos2 (@ — ) do
IiN[a,b] IiN[a,b]

< lim f 00 cos2(@ — 6) dg.
L
Thus by monotone convergence we have

f @2 cos2(® — 6)d0 < lim f 09 cos2 (@ — 6) o,
I I
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and by taking the union over all the intervals we have
2 .
el f @2 cos*(d — 0)df < lim T2, f @Y cos’ (@Y - 6) 6,
I L

hence

27 27 _ )
f @2 cos>(® — 0) df < lim f 09 cos2(@9 — ) de. (6.2.14)
0 0

Since {(D(j)}]?'il is a minimizing sequence, and by the lower semicontinuity (6.2.14) @ is a mini-
mizer.
Now suppose @ is any minimizer and by Ball & Mizel [BM85, Theorem 2.3 (i1)] we have
that ¢ = ® — 0 satisfies
(¢7—1) cos’p=c 6€(0,2n) (6.2.15)

for some constant c.
For k > 1, we claim that ¢ > 0.

Suppose ¢ < 0 then we have from (6.2.15) that q% < 1 a.e. and so

1/2

27 27 172 27
r<2k—-Dr= | ¢pdo< (f 12d0) (f &> d@) <2n,
0 0 0

which is a contradiction, proving ¢ > 0.
In fact ¢ > 0 if and only if k > 2. Since if ¢ > 0 we have ¢§ > 1 and by (6.2.15) we have
¢g > 1, hence
271
$9dd = 2(k — 1) > 2n,
0
implying k > 2.

On the other hand if k > 2 we have

27 27 1/2
2 < ¢ do < (2m)'/? ( f b3 de)
0

0

so that fOZK ¢%d6 > 27, hence ¢ > 0.

(i) Fork = 2,
we have ¢ = 0 and

(7 —1cos’p =0 ae.
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if cos¢ = 0 on a set of positive measure we have sin ¢ - ¢, = 0, which implies ¢y = 0. So we

have either ¢ = 1 or ¢; = 0 in (0, 27). But recall that fOZH $pd6 = 27 and hence ¢, = 1, which

implies
o=0+p,
where £ is some constant.
(ii) For k > 2,
we have ¢ > 0, ¢y > 1 and so
c
=, [/1+ . 6.2.16
o cos? ¢ ( )

Then we can proceed as in the proof of Theorem 6.1.1. The case k < 0 can be proved similarly
by using the same argument but taking different signs in (6.2.15) and (6.2.16), completing the

proof.

Remark 6.2.3. Fork < 0, k > 2 the minimizer is not smooth.

We learnt from E.G. Virga of Dzyaloshinskii’s paper [Dzy70| after completion of this
thesis and it has some overlap with our results stated in Chapter 6.1 and 6.2, although

our approach appears to be more rigorous.
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6.3 Radius-dependent case

We have studied in Theorem 6.1.1 to Theorem 6.2.2 the energy minimization problem
when the planar vector field n is radius-independent in the one circular domain Q = (a, b)x
S!, in the case of general Oseen-Frank energy (without one-constant approximation). A
natural question is whether the minimizers m in Theorem 6.1.1 are also minimizers for

I(n) in Ay. Equivalently, are the corresponding ¢ minimizers of (by (6.0.2))

E@=LWMW%MMX

_ %(kl + k3)f ((1+ 2cos26) @2 + (1 — Acos 2¢)(1 + ¢g)” + 216, (¢ + 1) sin 2¢) dx
P 6.3.1)
where D = (loga, logb) x (0, 27), for ¢ € H'(D; S') satisfying

(s, 2m) — ¢(s,0) = 2(k — ) for a.e. s € (loga,logb).

Without loss of generality we can omit the constant %(kl + k3). This is obviously true
in the one-constant case 4 = 0 (k; = k3), since the integrand W(s, 8, @, ds, dg) > (1 —
Acos 2¢)(1 + ¢,)*. However the situation is more complicated for A # 0. We illustrate this
by the case k = 2, when the minimizers in Theorem 6.1.1 are given by ¢(8) = 8 + 6.

Given a smooth u : D = R with u(s, 27)—u(s,0) = 0 for all s € [log a,logb], the second
variation of E at ¢ is given by

2~

= 1d
FE@uw = 5B +ew)|

2 de?
logb 27
= f f ((1 + Acos 28 + Bo))u? + (1 — Acos 28 + 6p))ug
loga 0

+215in 2(6 + B)ugu, + 81 cos 2(8 + fo)uu,) dg ds.

If u=0 for s = loga and s = logb then the last term in the integral integrates to zero,

while the remaining terms give a positive definite quadratic form, so that

SE()(u,u) > p f (u? + u) dx
D

for some constant g > 0. Thus ¢ is a weak local minimizer of E subject to its own
boundary conditions. If however, we do not restrict the values of u on dD then we can

choose u = v(s) cos(6 + 6y), when a calculation shows that

/= oe® A2 2
SB($)(u,u) = 7 f ((1 + DD+ 3/lvvs) ds.

loga
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When v = e® this gives
S*E(¢)(u,u) = 271 (1 + 22)(b — a)

which is negative for —1 < A < —%, when ¢ is not a local minimizer. This implies that the
minimizers for the radius-independent case given in Theorem 6.1.1 are not necessarily

minimizers for the radius-dependent case.



Chapter 7

Conclusion and future direction

In this thesis we have shown:
(i) the existence and uniqueness of the minimization problem of a modified one-

constant Oseen-Frank elastic energy

1 k2
I(n) = 3 f (|Vn|2 - W) dx
Q

on a 2D one-circular domain Q = {x € R?|0 < a < [x| < oo} (as well as shown its
asymptotic behaviour at oo of the minimizer);

(ii) by introducing homotopy classes for vector fields subject to given boundary con-
ditions and degree constraints, the existence and uniqueness of minimizers in each homo-
topy class for the same modified Oseen-Frank energy on two-dimensional N-connected

domains Q = R?\ ujlila)j, where each of {w; }in is bounded, simply connected and hav-

1
ing Lipschitz boundary. Also we have shown the asymptotic behaviour of each of these
minimizers as well as the fact that there exists a minimizer in the collection of all these
homotopy classes though it may not be unique;

(iii) by introducing an auxiliary vector field and defining homotopy classes for line
fields, the existence and uniqueness minimizing line field in each homotopy class for two-
dimensional N-connected domain Q = R?\ Ujli L @j with non-orientable line field boundary
data (for orientable boundary data, this proves to be equivalent to (ii));

(iv) the existence of minimizers (and what they are) to the Oseen-Frank elastic en-
ergy (with general Frank elastic constants, namely without one-constant approximation)
for radius-independent vector fields (in a bounded 2D one-circular domain) subject to
prescribed degree and its own boundary conditions on the circular boundary.

(v) for non-equal constant case, the minimizers to the Oseen-Frank elastic energy

(with general Frank elastic constants) for radius-independent vector fields subject to

125
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prescribed degree on the boundary in a bounded 2D circular domain are not necessarily
minimizers for the radius-dependent case.

Our original aim was to study these problems in 3D domain for general elastic con-
stants (i.e. not under the one-constant approximation where k; = k, = k3, ks = 0). This
proved to be too hard, so we tried the 2D domain and derived the above results. In the
future we may work on the following directions:

(1) the existence and uniqueness of minimizers to the general Oseen-Frank elastic
energy for radius-dependent vector fields in a bounded 2D one-circular domain or N-
connected domain (obviously more difficult) subject to prescribed degree conditions on
the boundary;

(2) the existence and uniqueness of minimizers for some modified Oseen-Frank free
energy on 3D domains (either with or without holes) for vector fields subject to pre-
scribed boundary conditions as well as degree constraints, or line fields subject to given
orientable or non-orientable line fields (orientability in 3D domain seems apparently more

complicated than the 2D case).
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