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Abstract

This thesis concerns the minimization of the Oseen-Frank bulk free energy.
The structure is as following: in Chapter 1, we will give a brief introduction
to the Oseen-Frank theory and the Landau-de Gennes theory. Also we will
introduce some established results related to the two theories. In Chapter
2, we define first in Section 2.1 the degree for a vector field n ∈ H1/2(S1;S1),
and then in Section 2.2 the degree for an H1/2 vector field from a Lipschitz
boundary ∂ω to S1. In Section 2.3, we prove the fact that vector fields subject
to some given boundary conditions and degree constraints in a given exte-
rior N−connected domain can be written explicitly, and the result is stated
in Proposition 2.3.6. We began in Chapter 3 by focusing on the existence
and uniqueness of minimizers for a modified one-constant Oseen-Frank en-
ergy subject to some prescribed boundary conditions in a 2D circular domain
Ω = {x ∈ R2 | 0 < a < |x| < ∞}, and derive some ‘nice’ asymptotic behaviour at
∞ of the minimizer. In Chapter 4, we make the problem studied in Chapter
3 more complicated by adding more ‘holes’ in the domain. Then by intro-
ducing the homotopy classes for vector fields subject to prescribed boundary
conditions, we prove that there exists a unique minimizer for a modified one-
constant Oseen-Frank energy in each homotopy class and we still have the
‘nice’ asymptotic behaviour of the minimizer in each homotopy class. Also,
there exists a minimizer in the union of these homotopy classes, although
this minimizer may not be unique. Then in Chapter 5, we work with line
fields on the boundary in the given exterior N-connected Lipschitz domain.
By introducing an auxiliary vector field and modifying the definition of ho-
motopy classes in Chapter 4, we prove the uniqueness of the minimizing line
field in each homotopy class. Also the result proved in Chapter 5 applies to
both orientable and non-orientable line fields on the boundaries, and when
the given boundary line field is orientable, it is equivalent to our result proved
in Chapter 4. Finally, in Chapter 6, we study the 2D non-equal constant case
(i.e. without assuming k1 = k2 = k3, and k4 = 0) in a one-circular domain. In
particular, in Section 6.1 we assume the vector fields are radius-independent
and derive the minimizers to the Oseen-Frank bulk free energy subject to
prescribed degree constraint on the circular boundary. Then in Section 6.2
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we show that the result proved in Section 6.1 will also hold when one of the
Frank elastic constant is zero (degenerate case), but will be in a different
function space W1,1(Ω;S1) instead of H1(Ω;S1). At last in Section 6.3 we will
show that the minimizers derived in Section 6.1 and Section 6.2 are in general
not minimizers for the radius-dependent case.
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Chapter 1

Introduction

1.1 The mathematics of liquid crystals

Liquid crystals are of many different types, three main classes being nematics, cholester-
ics and smectics. Many liquid crystals consist of rod-like molecules. Unlike isotropic fluids
for which there is no orientational or positional order (see Figure 1.1), the molecules of
liquid crystals can arrange themselves in different phases depending on the nature of the
molecules, the interactions between them and the temperature.

Figure 1.1: Isotropic fluid.

For the nematic phase, there is orientational but no positional order; while for the
smectic A phase and smectic C phase, there is orientational and some positional order
(See Figure 1.2 and Figure 1.3 for illustration). In the cholesteric phase there is orienta-
tional but no positional order; however, there is a macroscopic positional order coming
from a twisted ground state with length-scale characteristic. The molecules have time-
varying orientations due to thermal motion. The most commonly studied nematic phase

1



Introduction 2

Figure 1.2: (a) Nematic phase; (b) Smectic A phase; (c) Smectic C phase. As can be seen from this

figure, the nematic phase has orientational order but has no positional order, whereas there is both

orientational and positional order for the smectic A and smectic C phases.

Figure 1.3: Cholesteric phase. There is orientational but no positional order for cholesteric liquid crys-

tals. However there is a macroscopic positional order coming from a twisted ground state with length-

scale characteristic, i.e. the pitch d of the twisted ground state is at a length-scale much greater than

molecular.

typically forms on cooling through a critical temperature by a phase transformation from
a high temperature isotropic phase. For nematics in general as illustrated in Figure 1.4,
when θ > θc, the material is in the isotropic phase, when θ∗ < θ < θc, the material is in
the nematic phase, while when θ < θ∗, the material is in some other liquid crystal or solid
phase which depends on the material.

In this thesis, we only study nematic liquid crystals. The challenge of describing
nematic liquid crystals by a model that is both comprehensive and simple enough to
manipulate efficiently has led to the existence of several major competing theories. One
of the most simple and successful is the Oseen-Frank theory that describes nematics using
a relatively simple description, namely a unit vector field n, the director, representing
the mean orientation of the molecules. But the Oseen-Frank theory has the deficiency
of ignoring the physical statistical head-to-tail symmetry of the rod-like molecules. A
more complex theory was proposed by de Gennes and uses matrix-valued functions (Q-
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Figure 1.4: For nematics in general, when θ < θm, the material is in other liquid crystal or solid phase;

θm < θ < θc, the material is in nematic phase; θ > θc, the material is in isotropic phase, where θm and θc

are some threshold temperatures in phase transitions which depend on the given material.

tensors). In the simplest constrained case of uniaxial Q-tensors with a constant scalar
order parameter, these Q-tensors can be interpreted as line fields described by a pair
of antipodal vector fields {n,−n}, so that the Landau - de Gennes theory respects the
head-to-tail symmetry. But an orientability problem arises, i.e. it may not be possible
to ‘orient’ a line field in the domain Ω so that it becomes a vector field without changing
its regularity class. To deal with this orientability problem, Ball and Zarnescu studied
in [BZ08] the differences between these two theories and established when the more
complicated, but physically more realistic, theory of de Gennes can be replaced by the
simpler Oseen-Frank theory, and when this cannot be done. They have shown that for
simply-connected domains and in the natural energy class H1 the constrained Landau
- de Gennes and Oseen-Frank theories coincide. It is also shown in [BZ08] that, under
suitable assumptions, the orientability of a line field on a 2D bounded domain can be
determined simply by the orientability of the line field on the boundary of the domain.
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1.2 The Oseen-Frank model

The idea of the Oseen-Frank model is to associate to each point in the macroscopic
physical domain Ω a director describing the preferred direction of the molecules at the
point. The Oseen-Frank model takes this director to be a unit vector n(x) ∈ S2, x ∈ Ω.

The Oseen-Frank free energy density for a nematic liquid crystal is given by (see [Ste04a,
Chapter 2]):

F(n,∇n) =
1
2

k1(div n)2 +
1
2

k2(n · ∇ ∧ n)2 +
1
2

k3|n ∧ ∇ ∧ n|2

+
1
2

(k2 + k4)(tr(∇n)2) − (div n)2),
(1.2.1)

where the constants ki, i = 1, 2, 3 are often referred to as the Frank elastic constants
(or moduli) and are dependent on the particular liquid crystal. The terms involving
the constants k1, k2, k3 in the energy density correspond respectively to the change of
nematic energy caused by splay, twist and bend reorientations of the director n. The last
term with coefficient k2 + k4 is called the saddle-splay term, and k2 + k4 the saddle-splay
constant, see also [Ste04a, Chapter 2].

Note that ki, i = 1, 2, 3 are assumed to satisfy the following conditions:

k1 > 0, k2 > 0, k3 > 0

k2 > |k4|, k1 > |k1 − k2 − k4|
(1.2.2)

which are referred to as Ericksen inequalitites (see [Eri66]). The Ericksen inequalities are
necessary and sufficient condition for F(n,∇n) to satisfy

F(n,∇n) ≥ α |∇n|2

for some α > 0.
The saddle-splay term in the free energy density F(x,n,∇n) is often omitted since we

have the identity
tr(∇n)2 − (div n)2 = ∇ ·

(
(n · ∇)n − (∇ · n)n

)
, (1.2.3)

which after integration over Ω becomes∫
∂Ω

(
(n · ∇)n − (∇ · n)n

)
· dS.

The value of the integral depends on what boundary data is prescribed. If n is given
on ∂Ω then the integral is constant. But e.g. for planar degenerate boundary data,
the saddle-splay term cannot be ignored. Moreover, in the two-dimensional case where
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n(x) =
(
n1(x1, x2), n2(x1, x2)

)
, namely n(x) ∈ S1, the expression in (1.2.3) becomes zero, i.e.

tr(∇n)2 − (div n)2 ≡ 0, x ∈ Ω, (1.2.4)

regardless of the prescribed boundary data, and we also have

n · ∇ ∧ n ≡ 0, x ∈ Ω. (1.2.5)

The physical configuration corresponding to the planar vector field n(x) : Ω ⊂ R2 7→ S1

can be considered as a layer of nematic liquid crystal material contained within a very
thin membrane.

By applying the identity |∇n|2 = tr(∇n)2 + (n · ∇ ∧ n)2 + |n∧∇∧ n|2 to (1.2.1), we have:

F(n,∇n) =
1
2

k3|∇n|2 +
1
2

(k1 − k3)(div n)2 +
1
2

(k2 − k3)(n · ∇ ∧ n)2

+
1
2

(k2 + k4 − k3)(tr(∇n)2) − (div n)2).
(1.2.6)

Note again that the last two terms in (1.2.6) are zero in the two-dimensional case.
The one-constant approximation

k = k1 = k2 = k3 and k4 = 0 (1.2.7)

is often used for its mathematical simplicity. Some authors, in the one-constant approx-
imation, equate the splay, twist, and bend constants and assume that k2 + k4 = 0 rather
than k4 = 0. In the case of strong anchoring (see [Vir95, Chapter 3]), this alternative
approximation leads to equilibrium equations that are identical to those obtained using
(1.2.7).

Under the one-constant approximation (1.2.7), the Oseen-Frank free energy density
becomes

F(n,∇n) =
1
2

k |∇n|2,

and hence the bulk energy is given by

I(n) =
1
2

k
∫

Ω

|∇n|2dx,

where for simplicity we often omit the constant k.
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1.3 Minimization problem with specified boundary condi-

tion

Our main focus is the energy minimization problem on an open set Ω ⊂ R3 with
Lipschitz boundary that is not necessarily bounded, i.e. find n that minimizes I(n)
subject to suitable boundary conditions, for example n|∂Ω = n0, where n0 is given. In the
unbounded case the energy may be infinite. More specifically, for F(x,n,∇n) given by
(1.2.6), our problem is to find the minimizer for the Oseen-Frank free energy:

I(n) =
1
2

∫
Ω

F(x,∇n,∇n) dx,

over all vector fields n in the admissible set

A0 = {n ∈ H1(Ω;S2) |n|∂Ω = n0}.

Then if n is a minimizer and v : Ω→ R3 is any smooth mapping with compact support,
and ε > 0 is sufficiently small,

nε(x) =
n(x) + εv(x)
|n(x) + εv(x)|

satisfies |nε(x)| = 1 and nε |∂Ω = n0. Hence formally we have

d
dε

I(nε)
∣∣∣
ε=0

= 0.

Noting that dnε
dε

∣∣∣
ε=0

=
(
1 − n(x) ⊗ n(x)

)
v(x), we obtain for the general Oseen-Frank energy

I(n) =
∫

Ω
F(x,n,∇n) dx that n is a weak solution of the Euler-Lagrange equation

(1 − n ⊗ n)
(
div

∂F
∂∇n

−
∂F
∂n

)
= 0, (1.3.1)

which equivalently, can be written as

div
∂F
∂∇n

−
∂F
∂n

= λ(x) n, (1.3.2)

where λ(x) is a Lagrange multiplier corresponding to the unit vector constraint for n.
It is also easy to verify that for the one-constant case that n is a weak solution of the

Euler-Lagrange equation
∆n + |∇n|2 n = 0, (1.3.3)
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i.e.
ni,jj + (nj,k nj,k) ni = 0 (i = 1, 2, 3).

In the rest of this section we will describe some known results on the minimization
problem of the Oseen-Frank energy. The existence of minimizers for the energy functional
I(n) with prescribed boundary conditions is a straightforward application of the direct
method of the calculus of variations, and is stated in the following theorem.

Theorem 1.3.1. If n0 ∈ H1(Ω;S2), then there exists a minimizer n∗ that minimizes I(n) over all

n in the admissible set A0 = {n ∈ H1(Ω;S2) |n|∂Ω = n0}, and n∗ satisfies (1.3.1), namely the

strong form of Euler-Lagrange equation of F(x,n,∇n) .

In the one-constant approximation (1.2.7), there are results that reveal deeper proper-
ties of the minimizers such as the results proved by Schoen & Uhlenbeck in [SU+82][SU+83]
and by Brezis, Coron & Lieb in [BCL86] saying that any minimizer n∗ of I(n) has at most
finitely many point singularities, and these singularities are rotated hedgehogs with de-
gree (which will be defined in Chapter 2) ±1. The result is stated in the following
theorem.

Theorem 1.3.2. In the one-constant case, any minimizer n∗ in Theorem 1.3.1 is smooth except

for a finite number of point defects located at points x(i) ∈ Ω, and

n∗(x) ∼ R(i)
x − x(i)
|x − x(i)|

as x→ x(i),

for some R(i) ∈ O(3).

One can notice that the hedgehog n̂ : R3 → S2 which is defined by n̂ = x
|x| is in the

Sobolev space H1(Ω;S2) for a bounded domain Ω containing the origin and it plays an
important role in the energy minimization problem of liquid crystals. Some interesting
results on the energy minimization properties of the hedgehog are stated below.

Theorem 1.3.3. (Brezis, Coron, Lieb [BCL86]) In the one-constant approximation, the hedge-

hog n̂ minimizes the Oseen-Frank free energy I(n) subject to its own boundary conditions.

There is also an elegant alternative proof of Theorem 1.3.3 due to F. H. Lin [Lin87].
Earlier, Hardt et al had shown in [HKL86b] that the degrees of these singularities are
bounded by some universal constant and Cohen et al. [CHK+87] showed in their numer-
ical study that singularities of degree two or more are unstable. These works as well as
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other studies such as [HKL86a] [HKL88a] [HKL88b] [WPC72] motivated the discovery
of Theorem 1.3.2 and 1.3.3.

Theorem 1.3.3 can also be generalized to the non-equal constant case, with further
assumption k1 ≤ k2, and we show this in the following theorem which is due to [Ou92].

Theorem 1.3.4. If k1 ≤ k2, then the hedgehog n̂ is the unique minimizer of I(n) in H1(Ω;S2),

subject to its own boundary conditions.

Note that a simple proof due to J. Ball and E. Virga will appear in [BV].
Hélein [Hél87] has shown that when 8(k1 − k2) > k3 the second variation at n̂ can

be negative, so that n̂ is not a minimizer. Moreover, results of Hélein [Hél87], Cohen &
Taylor [CT90] and Kinderlehrer & Ou [KO92] show that the second variation δ2I(n̂) > 0
if and only if

8(k1 − k2) ≤ k3.

The following result provides another deep insight with respect to the defects of the
minimizers for Oseen-Frank free energy with general Frank constants.

Theorem 1.3.5. (Hardt, Lin & Kinderlehrer [HKL86a]) Any minimizer n ∈ H1(Ω;S2) is ana-

lytic outside a closed set χ whose Hausdorff dimension is less than one.

In the following chapters, we will consider a 2D exterior problem in the Oseen-Frank
theory in a given domain Ω = R2 \ ∪N

j=1ω̄j, where each of the {ωj}
N
j=1 is bounded, simply

connected and has Lipschitz boundary, and also ω̄j are disjoint for j = 1, ...,N, i.e. ω̄i∩ω̄j =

∅ for i , j, see Figure 1.5. We will be answering questions concerning the existence and
uniqueness of minimizers satisfying the boundary conditions n|∂ωj = nj, j = 1, ...,N with
each of the nj having prescribed degree (which will be defined in Chapter 2). We will
start by considering a single circular domain Ω in Chapter 3 and then study the case
of general N-connected exterior domain Ω by introducing homotopy classes for vector
fields. In Chapter 4, we will see that the minimizer nm in each homotopy class Cm (which
will be defined in Chapter 4) of a modified one-constant Oseen-Frank energy subject to
prescribed boundary condition and given degree dj on each of the boundaries ∂ωj can be
written in the form

nm(z) = ΠN
j=1hdj

j (z) exp(iφm)

where hj(z) =
z−aj

|z−aj |
for some aj ∈ ωj, and φm satisfies

‖φm(x) − β‖L2(S1) ≤ C0
1
r

for r ≥ r0,

for some constant β, C0, and some sufficiently large r0. This describes the behaviour at
∞ of the minimizer nm in each homotopy class Cm. Here we treat n as a vector field with
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Figure 1.5: N-connected domain Ω = R2 \ ∪N
j=1ω̄j.

range in the complex plane and x = z as a point in the complex plane C. Each hj(z) is in
fact a hedgehog centred at aj ∈ ωj, and we can somehow regard this result as being related
to Theorem 1.3.2. Before beginning this analysis we will give a brief introduction to the
Landau - de Gennes model as mentioned in Section 1.1, which is used in studying the
minimization problem with non-orientable boundary conditions which will be discussed
in Chapter 5.
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1.4 An introduction to the Landau - de Gennes model

In this section we will give a brief introduction on the Landau - de Gennes model.
Most of the content in this section can be found in [Bal17] as well as [BZ08].

The Landau - de Gennes model uses a tensor order parameter based on the probability
distribution ρ(x,p) of molecular orientations p ∈ S2 at a point x. Here p is parallel to the
long axis of a molecule and we regard p and −p as being equivalent as was mentioned in
Section 1.1. Two advantages over the Oseen-Frank model are that (i) it gives structure
to defects, so that in particular they have finite energy, (ii) resolves the problem of
orientability of the director.

Now consider the small ball B(x, δ) = {z ∈ R3 | |z − x| < δ} with centre x and small
radius δ > 0. We want δ to be smaller than macroscopic length scales but large enough
to contain sufficiently many molecules for a statistical description to be possible. For
example, if δ = 1µm, then B(x, δ) would contain about a billion molecules. Then ρ(x,p)
can be thought of as a smoothed out version of the probability of a molecule chosen at
random from those in B(x, δ) having orientation p.

Since ρ(x,p) is a probability distribution and ±p are equivalent, ρ(x,p) satisfies

ρ(x,p) ≥ 0,

ρ(x,p) = ρ(x,−p),∫
S2
ρ(x,p) dp = 1,

where dp denotes the area element on S2. Thus the first moment satisfies∫
S2

p ρ(x,p) dp = −

∫
S2

p ρ(x,−p) dp = 0,

and the second moment
M(x) =

∫
S2

p ⊗ p ρ(x,p) dp

is a symmetric second-order tensor which is positive definite, namely Me · e > 0 for all
e ∈ S2. This is true since

M(x)e · e =

∫
S2

(p · e)2 ρ(x,p) dp ≥ 0,

and M(x) e ·e = 0 implies that ρ(x,p) = 0 for p ·e , 0, contradicting the fact
∫
S2 ρ(x,p) dp =

1.
Also, one can easily see that tr M(x) = 1. The case when ρ(x,p) = 1

4π corresponds to
an isotropic molecular distribution at x, with M(x) = 1

3I.
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The de Gennes Q-tensor is then defined as

Q(x) = M(x) −
1
3

I =

∫
S2

(
p ⊗ p −

1
3

I
)
ρ(x,p) dp, (1.4.1)

which measures the deviation of M(x) from its isotropic value, and it satisfies

Q(x) = QT(x),

tr Q(x) = 0,

λmin(Q(x)) > −
1
3
,

where λmin(Q(x)) denotes the minimum eigenvalue of Q(x).
Following de Gennes we suppose that the free energy for a nematic at constant tem-

perature is given by

I(Q) =

∫
Ω

ψ(Q,∇Q) dx. (1.4.2)

Note that if we write H = ∇Q, where Q = (Qij), H = (Hijk) = (Qij,k), then as a consequence
of frame-indifference, ψ = ψ(Q,H) should satisfy for any R = (Rij) ∈ O(3) = {R |RTR = I}
the isotropy condition

ψ(Q∗,H∗) = ψ(Q,H)

where Q∗ = Rir Rjs Qrs, and H∗ijk = Rir Rjs Rkt Hrst.

It is also usual to decompose the free energy density ψ as

ψ(Q,∇Q) = ψ(Q, 0) +
(
ψ(Q,∇Q) − ψ(Q, 0)

)
= ψB(Q) + ψE(Q,∇Q),

where ψB(Q) and ψE(Q) are respectively the bulk- and elastic-energy densities.
It is often assumed that the bulk-energy density has the form

ψB(Q) = a tr Q2 −
2b
3

tr Q3 + c tr Q4 (1.4.3)

where b > 0, c > 0, and where a depends linearly on temperature. Moreover, if a < b2

27c

then ψB is minimized by Q having the uniaxial form

Q = s
(
n ⊗ n −

1
3

I
)
, n ∈ S2 (1.4.4)

where

s =
b +
√

b2 − 24ac
4c

> 0.
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Also it is usually assumed that the elastic-energy density ψE(Q,∇Q) is quadratic in ∇Q.
Examples of isotropic functions quadratic in ∇Q are the invariants Ii = Ii(Q,∇Q), namely

I1 = Qij,k Qij,k

I2 = Qij,k Qik,k

I3 = Qik,j Qij,k

I4 = Qlk Qij,l Qij,k.

The first three linearly independent invariants I1, I2, I3 span the possible isotropic quadratic
functions of ∇Q. The invariant I4 is one of six possible linearly independent cubic terms
that are quadratic in ∇Q. Note also that

I2 − I3 = (Qij Qik,k),j − (Qij Qik,j),k

is a null Lagrangian. Similar to (1.2.1) and (1.2.6), we assume that

ψE(Q,∇Q) = Σ4
i=1Li Ii, (1.4.5)

where the Li are constants related to the given materials. In addition, in a similar
way to the one-constant approximation (1.2.7) of Oseen-Frank model, we have that if
L2 = L3 = L4 = 0, then ψE = L1 |∇Q|2, the one-constant approximation of the Landau - de
Gennes theory.

Now we show how the Oseen-Frank theory can be obtained from that of Landau -
de Gennes (see [MN14]). Since ψB is minimized for uniaxial Q given by (1.4.4), in the
limit of small elastic constants Li (see [GJ15] for reference), we expect minimizers of I(Q)
to be nearly uniaxial. This motivates the constrained theory in which we minimize I(Q)
subject to the constraint

Q = s
(
n ⊗ n −

1
3

I
)
, n ∈ S2

for fixed s > 0. Calculating the invariants in terms of n we find that

I1 = s2
(
(div n)2 + |n ∧ ∇ ∧ n|2

)
I2 = s2

(
|n ∧ ∇ ∧ n|2 + tr (∇n)2

)
I3 = 2s2

(
tr (∇n)2 + (n · ∇ ∧ n)2 + |n ∧ ∇ ∧ n|2

)
I4 = 2s3

(2
3
|n ∧ ∇ ∧ n|2 −

1
3

tr (∇n)2 −
1
3
|n · ∇ ∧ n|2

)
.
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Letting

k1 = L1s2 + L2s2 + 2 L3s2 −
2
3

L4s3

k2 = 2 L3s2 −
2
3

L4s3

k3 = L1s2 + L2s2 + 2 L3s2 +
4
3

L4s3

k4 = L2s2

we find that
W(n,∇n) = ψE(Q,∇Q).

Thus the Oseen-Frank elastic energy is formally the same as the constrained Landau-de
Gennes elastic energy. On the other hand, although the energy density can be regarded
as being the same in the two theories, in the constrained Landau-de Gennes theory there
are more possibilities for energy minimization than in the Oseen-Frank theory, as there
are more line fields than vector fields. In fact, Ball and Zarnescu studied in [BZ08] and
[BZ11] the differences and the overlaps between the two models. In particular, in the case
of non-zero constant scalar order parameter s the Landau-de Gennes theory is equivalent
to that of Oseen-Frank when the director field is orientable. This will be discussed with
more detail in Chapter 5 when we study the minimization problem with non-orientable
boundary line fields.



Chapter 2

Degree theory and liftings

2.1 Degree for vector field n ∈ H1/2(S1;S1)

Sobolev maps between manifolds appear naturally in different contexts: harmonic
maps, liquid crystals and the Ginzburg-Landau equation, etc. Given a continuous map-
ping n from one compact smooth n−dimensional manifold X to another compact smooth
manifold Y of the same dimension, where that X and Y are manifolds without boundary
and are oriented, the classical degree counts the ”number of times” Y is covered by n(X),
taking into account algebraic multiplicity. If n ∈ C1(X,Y) and y ∈ Y is a regular value of
the map n, i.e. n−1(y) consists of a finite number of points {x1, ..., xk} at each of which the
Jacobian matrix of the map, ∇n, in terms of local coordinates with the given orientation,
is nonsingular, then

deg(n,X, y) = Σjsgn det∇n(xj), (2.1.1)

where it can be shown that the right-hand side is independent of the choice of the regular
value y.

This above definition of the degree for differentiable maps extends to continuous maps
n : X 7→ Y, since if u, v ∈ C1(X,Y), and are close to each other in the C0 topology, then
they have the same degree. Further, from [Nir74, p. 4] one can see that, for n ∈ C1(X,Y),
there is an integral formula for the degree using any smooth n−form ν on Y :∫

X
ν ◦ n = deg(n,X,Y) ·

∫
Y
ν,

which may be represented using local coordinates with given orientation by∫
X

f(n) det∇n(x) dx1 ∧ ... ∧ dxn,

14
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if the smooth n−form ν = f(y) dy1 ∧ ... ∧ dyn. In particular, if X and Y are Riemannian
manifolds, we have

deg(n,X,Y) =
1
|Y|

∫
X

det∇n(x) dσ(x) (2.1.2)

where dσ is the volume element on X, and the Jacobian det∇n(x) is computed by geodesic
normal coordinates at x and geodesic normal coordinates at n(x). More specifically, when
X = ∂Ω, where Ω is a smooth bounded domain in Rn+1, and Y = Sn, consider a mapping
n ∈ C1(X,Y) and let ñ be any C1−extension of n inside Ω with values in Rn+1, then the
degree of n can be written as

deg(n, ∂Ω,Sn) =
1
|B|

∫
Ω

det∇ñ dx1...dxn+1 (2.1.3)

where |B| is volume of unit ball B in Rn+1. By applying Green’s formula and noticing
the fact that det∇n is a divergence form, one can easily see that (2.1.2) and (2.1.3) are
equivalent. One may use (2.1.2) and (2.1.3) together with approximation by smooth
maps to define the degree even if n is not continuous.

A significant fact is that the degree is invariant for maps in the same homotopy class.
Also if the degree is not zero, then the map n is onto from X to Y.

Motivated by a problem concerning the Ginzburg-Landau equation (see [dMBGP91]),
L. Boutet de Monvel and O. Gabber introduced a degree for n ∈ H1/2(S1;S1), where n is
treated as a vector field with range in the complex plane. This definition of degree is in
the more familiar form, i.e. “change in argument”:

degS1n =
1

2πi

∫
S1

dn
n

=
1

2πi

∫
S1

n dn =
1

2πi

∫
S1

n
∂n
∂θ

dθ, (2.1.4)

where n is the complex conjugate of n. One can see that (2.1.4) is well defined due to the
duality between H1/2 and H−1/2

(
that is n ∈ H1/2(S1;S1) and ∂n

∂x ∈ H1/2(S1;R2)
)
. Their

definition of degree for n ∈ H1/2(S1;S1) can be found in the appendix of [dMBGP91] and
we state the result in the following Theorem 2.1.2.

Remark 2.1.1. In the following context, when we treat n as a vector field with range in the

complex plane C, we usually do not distinguish the use of notation between n(x) and n(z),

as well as between R2 and C. Also, in the following Theorem 2.1.2, the given vector field

n(x) ∈ H1/2(S1;S1) can be expressed explicitly in terms of z ∈ S1 ⊂ C, i.e. we will write n(x)

as n(z) = zk exp(iφ). In most cases, the given unit vector field n is treated in the real sense

when we apply integration with respect to the variable x ∈ Ω, and it is treated in the complex

sense when we multiply vectors. This occurs throughout the following chapters.
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Theorem 2.1.2. Let n be a function of Sobolev class H1/2 from the circle S1 to itself. Then

there exists an integer k and a real function φ ∈ H1/2(S1), unique up to an integral multiple of

2π, such that n = zk exp(iφ). The winding number k is given by

k =
1

2πi

∫
S1

n−1∂n
∂θ

dθ. (2.1.5)

Note that n−1 = n ∈ H1/2(S1;S1) because |n| = 1, and the integral is defined in
the distribution sense since ∂n

∂θ
∈ H−1/2(S1; R2). A detailed proof can also be found in

[dMBGP91].
As a consequence, the degree for the given vector field n ∈ H1/2(S1;S1) can be defined

as

degS1n =
1

2πi

∫
S1

n−1∂n
∂θ

dθ.

An alternative to defining the degree (winding number) for n ∈ H1/2(S1;S1) as in
Theorem 2.1.2, is to extend n ∈ H1/2(S1;S1) to ñ ∈ H1(D;R2), and then apply formula
(2.1.3), where D is the unit disk in R2 � C,. This definition of the H1/2 degree is also used
in [BBH+94] by Bethuel, Brezis and Hélein. In the following proposition, we will sketch
the idea of defining the degree (winding number) for a given vector field n ∈ H1/2(S1;S1)
by extending n ∈ H1/2(S1;S1) inward (to some ñ ∈ H1(D;R2)) using an argument kindly
suggested by P. Mironescu.

Proposition 2.1.3. For a given vector field n ∈ H1/2(S1;S1), define the degree degS1n to be:

degS1n = −

∫
D

det∇ñ dx =
1
|D|

∫
D

det∇ñ dx (2.1.6)

for any ñ ∈ H1(D;R2)) with ñ|S1 = n. The value of the degree degS1n so defined is independent

of the extension ñ and equals the value in (2.1.5), i.e.

degS1n = −

∫
D

det∇ñ dx =
1

2πi

∫
S1

n−1∂n
dθ

dθ. (2.1.7)

Proof. We prove the proposition in several steps.

Step 1
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We prove in this step that −
∫
D

det∇ñ dx is independent of the extension. For this, we need to

show that given two vector fields ñ ∈ H1(D;R2) and m̃ ∈ H1(D;R2) with ñ|S1 = m̃|S1 = n, we

have ∫
D

det∇ñ dx =

∫
D

det∇m̃ dx. (2.1.8)

To show this, we can take two sequences {̃nj}∞j=1 and {wj}∞j=1 satisfying ñj ∈ C1(D;R2) and

wj ∈ C∞0 (D;R2), respectively, such that

ñj → ñ in H1(D;R2)

wj → m̃ − ñ in H1(D;R2).

Therefore we have ∫
D

det∇ñj dx =

∫
D

det∇
(̃
nj + wj) dx,

which is a direct result from Theorem 2 of Chapter 8.1 in [Eva10].
(
The determinant function

L(P) = det P, P ∈ Mn×n is a null Lagrangian.
)

Also since ∫
D

det∇ñj dx→
∫
D

det∇ñ dx∫
D

det∇
(̃
nj + wj) dx→

∫
D

det∇m̃ dx,

we have shown that ∫
D

det∇ñ dx =

∫
D

det∇m̃ dx,

which is exactly (2.1.8).

Since (2.1.8) holds, it will be sufficient to find some vector field v ∈ H1(D;R2), which sat-

isfies v|S1 = n and to show that the integral −
∫
D

det∇v dx is an integer. We will construct such a

vector field v in the following steps.

Step 2

Claim: Given any v ∈ H1(D;R2), we have

lim
r→1

v(r θ) = v(θ) in H1/2(S1;R2).
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By trace theory there is a constant C > 0 such that for any v ∈ H1(D;R2)

‖v(θ)‖H1/2(S1;R2) ≤ C ‖v(x)‖H1(D;R2).

As a consequence, we have for any r ∈ (0, 1) that

‖v(r θ) − v(θ)‖H1/2(S1;R2) ≤ C ‖v(r x) − v(x)‖H1(D;R2).

Also, given any ε > 0 and by choosing smooth functions {vj}
∞
j=1, such that

‖vj(x) − v(x)‖H1(D;R2) <
ε

3

‖vj(rx) − v(rx)‖H1(D;R2) <
ε

3

and for sufficiently large j independent of radius r, and so for such a j we can apply the bounded

convergence theorem and have

‖vj(rx) − vj(x)‖H1(D;R2) → 0 as r→ 1.

Therefore for any ε > 0, there exists an r0 close enough to 1 such that for ∀r > r0, we have

‖v(r x) − v(x)‖H1(D;R2) ≤ ‖vj(rx) − v(rx)‖H1(D;R2) + ‖vj(rx) − vj(x)‖H1(D;R2) + ‖vj(x) − v(x)‖H1(D;R2)

<
ε

3
+
ε

3
+
ε

3

= ε,

which proves

‖v(rx) − v(x)‖H1(D;R2) → 0 as r→ 1,

and hence

‖v(r θ) − v(θ)‖H1/2(S1;R2) → 0 as r→ 1.

This proves our claim.

Step 3

We now extend n ∈ H1/2(S1;S1) to the unit disk by its harmonic extension ñ ∈ H1(D;R2).
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Recall that we do not distinguish between C and R2, but still treat n and ñ as vector fields with

range in the complex plane C.

The harmonic extension n is the unique weak solution of

{
∆ñ = 0

ñ|S1 = n.

Using the regularity up to the boundary for second-order elliptic equations (see [Eva10, Theo-

rem 6, Chapter 6.3]), we know that ñ exists and is smooth in D.

Step 4

Claim: |̃n| → 1 uniformly as |x| → 1.

By [dMBGP91, Proposition A. 2] we know that H1/2(S1) ⊂ VMO (one can refer to [BN95]

for the definition of VMO space). Thus we can assume n,m ∈ VMO∩L∞(S1) and set w = n m.

Then by [Dou12, Lemma 6.44], their harmonic extensions to the unit disc D, say ñ, m̃ and w̃,

satisfy

lim
|x|→1

(m̃ ñ − w̃) = 0. (2.1.9)

Now take in the above m = n (complex conjugate) for some n such that |n| = 1. Then w = 1,

and thus w̃ = 1.On the other hand, m̃ = ñ, and therefore we have m̃ ñ = |̃n|2.As a consequence

(2.1.9) becomes

lim
|x|→1
|̃n| = 1,

which proves our claim.

Step 5

We now define

v =


ñ
|̃n| , |̃n| ≥ 1

2

2ñ , |̃n| < 1
2

(2.1.10)

and we have v ∈ H1(D;R2) and v|S1 = ñ|S1 = n ∈ H1/2(S1;S1).

By step 3 and step 4, we can also easily observe that v is smooth and |v| = 1 in an annulus

A = {x | 0 < a < |x| < 1}.
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Therefore v(rj θ) is smooth and as a result, for rj < 1 close to 1, we have

−

∫
D

det∇v(rj x) dx = −

∫
D(rj)

det∇v dx = degS1 v(rj θ) ∈ Z.

Further, since we have

−

∫
D(rj)

det∇v dx→ −
∫
D

det∇v dx, rj → 1, (2.1.11)

we know that the integral −
∫
D

det∇v dx is an integer.

Also since

−

∫
D(rj)

det∇v dx =
1

2πi

∫
S1

v−1(rj θ)
∂v
∂θ

(rj θ) dθ

by step 2 and (2.1.11) we have:

−

∫
D

det∇v dx = lim
rj→1

1
2πi

∫
S1

v−1(rj θ)
∂v
∂θ

(rj θ) dθ =
1

2πi

∫
S1

n−1∂n
dθ

dθ. (2.1.12)

Hence, as a result, we can use v in (2.1.10) to define the degree of n ∈ H1/2(S1;S1), i.e.

degS1n = −

∫
D

det∇v,

which is well defined and is an integer. By (2.1.12) we have

degS1n = −

∫
D

det∇ñ dx =
1

2πi

∫
S1

n−1∂n
dθ

dθ,

which is exactly (2.1.7).

�

Remark 2.1.4. The above definition of degree make sense for maps in the class VMO: the clo-

sure in the BMO (= bounded mean oscillation) topology of smooth maps. L. Boutet de Monvel

and O. Gabber made this interesting observation but did not establish the basic properties of

VMO degree, such as stability under homotopy within VMO, surjectivity if deg , 0, etc. VMO

degree is defined via approximation instead of by an integral formula. More specifically, they

pointed out that if n ∈ VMO(S1;S1) and

n̄ε(θ) =
1
2ε

∫ θ+ε

θ−ε

n(s) ds,
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then |n̄ε | → 1 uniformly in θ, where n need not be continuous. Then for ε sufficiently small,

nε(θ) =
n̄ε(θ)
|n̄ε(θ)|

has a well defined degree, which is independent of ε.

More results and properties of degree of VMO maps can be found in the exhaustive survey

article by Petru Mironescu [Mir07], and in J. Bourgain, H. Brezis, P. Mironescu [BBM05].

Detailed proofs of the properties of the degree of VMO maps are given in articles by H. Brezis

and L. Nirenberg, see [BN95], [BN96]. For those interested in topics in degree and lifting with

respect to Sobolev maps on manifolds, one can refer to [Mir07], [Bre97] and [Bre06] for open

problems in the topic.

2.2 Definition of degree in N-connected domain

In the last section, we have defined a degree for a given vector field n ∈ H1/2(S1;S1).
We now generalize this definition of degree to a more general domain. Consider a N-
connected domain Ω generated by N Lipschitz Jordan curves, i.e. Ω = R2 \ ∪N

1 ω̄j, where
each of {ωj}

N
j=1 is bounded, simply connected and Lipschitz. Also we assume that ω̄j are

disjoint for j = 1, ...,N, i.e. ω̄i ∩ ω̄j = ∅ for i , j. Then we have the following proposition.

Proposition 2.2.1. For each j there exists a orientation-preserving bi-Lipschitz map Ψj : D 7→

ω̄j, such that Ψj maps the interior D of D to ωj, and maps the boundary ∂D to the boundary

∂ωj, where D is the unit disk in R2 � C.

Proof. By using Remark 5.3 in Ball and Zarnescu [BZ17], we know there exists an orientation-

preserving bi-Lipschitz map φj : ω̄ 7→ ω̄j, where ω is a bounded domain of class C∞, and

ω̄ ⊂ ωj. It is easily seen that ω is simply-connected. Thus by applying [BK87, Theorem

A], which gives a boundary regularity result for the Riemann Mapping, we can derive a bi-

Lipschitz map φ̃j : ω̄ 7→ D. Therefore we obtained our bi-Lipschitz map Ψj = φj ◦ φ̃
−1
j as

required.

�

With Proposition 2.2.1, we can now define the degree dj of a given vector field nj on
the boundary of each domain ωj, i.e. deg∂ωjnj = dj for j = 1, ..., n.
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Definition 2.2.2. For nj ∈ H1/2(∂ωj;S1), we define the degree of nj on the boundary ∂ωj to be:

deg∂ωj(nj) = degS1nj ◦ Ψj.

We can see that n◦Ψj is a map from S1 to S1, and we need to show that the degree of
nj in Definition 2.2.2 above is well defined. We need to prove the following proposition:

Proposition 2.2.3. The degree is well defined in Definition 2.2.2 since we have:

• nj ◦ Ψj ∈ H1/2(S1,S1).

• deg∂ωjnj does not depend on the particular orientation-preserving bi-Lipschitz map.

Proof. To show that nj ◦ Ψj ∈ H1/2(S1,S1), we need to prove that

I =

∫
S1

∫
S1

|(nj ◦ Ψj)(θ1) − (nj ◦ Ψj)(θ2)|2

|θ1 − θ2|
2 dθ1 dθ2 < ∞.

Recalling that Ψj is bi-lipschitz and changing variables to t1 = Ψj(θ1) and t2 = Ψ(θ2), we

have that

I =

∫
∂ω1

∫
∂ω2

|(nj ◦ Ψj)(θ1) − (nj ◦ Ψj)(θ2)|2

|Ψ−1(t1) − Ψ−1(t2)|2
dθ1

dt1

dθ2

dt2
dt1 dt2

≤ C
∫
∂ω1

∫
∂ω2

|(nj ◦ Ψj)(θ1) − (nj ◦ Ψj)(θ2)|2

|t1 − t2|
2 dt1 dt2 < ∞,

which implies that nj ◦ Ψj ∈ H1/2(S1,S1).

Next we show that deg∂ωjnj does not depend on the particular orientation-preserving bi-

Lipschitz map. Assuming now that we have two orientation-preserving bi-Lipschitz maps Ψj

and Ψ̃j,we have nj◦Ψj ∈ H1/2(S1;S1) and (nj◦Ψj)◦Ψ̃j
−1
◦Ψj ∈ H1/2(S1;S1),where Ψ̃ j

−1
◦Ψ j is not

the identity map from S1 to S1 as Ψj and Ψ̃j are different. Therefore to show that deg∂ωjnj does

not depend on the particular orientation-preserving bi-Lipschitz map is equivalent to showing

that if φ : S1 7→ S1 is any bi-Lipschitz and orientation preserving map, and n ∈ H1/2(S1;S1)

then we have:

degS1(n ◦ φ) = degS1n,

which we will show by using the fact that C∞(S1;S1) is dense in H1/2(S1;S1). Since there exists
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a sequence {u(k)}∞k=1 ⊂ C∞(S1;S1) such that u(k) → n as k→ ∞ in H1/2(S1;S1), we have

degS1(n ◦ φ) =
1

2π

∫
S1

1
n ◦ φ

∂(n ◦ φ)
∂θ

dθ

= lim
k→∞

1
2π

∫
S1

1
u(k) ◦ φ

∂(u(k) ◦ φ)
∂θ

dθ

= lim
k→∞

1
2π

∫
S1

1
u(k)(θ′)

d(u(k)(θ′))

= lim
k→∞

1
2π

∫
S1

1
u(k)(θ)

d(u(k)(θ))

=
1

2π

∫
S1

1
n
∂n
∂θ

dθ

= degS1n,

where θ′ = φ(θ) and this completes our proof.

�

Next we need to establish some important properties of the degree deg∂ωjnj.

Proposition 2.2.4. The degree of n on the boundary ∂ωj is an integer and if n, ñ ∈ H1/2(∂ωj,S
1)

then

deg∂ωj(n · ñ) = deg∂ωjn + deg∂ωjñ.

where n · ñ stands for the product of n and ñ as complex numbers.

Proof. The fact that deg∂ωjn is an integer is proved by approximation of H1/2(S1,S) by maps in

C∞(S1,S1) as in the proof of Proposition 2.2.3. Also, since n ◦ Ψj ∈ H1/2(S1,S1) and ñ ◦ Ψj ∈

H1/2(S1,S1), we know that there exist two sequences {u(k)}∞k=1 ⊂ C∞(S1,S1) and {v(k)}∞k=1 ⊂

C∞(S1,S1) such that

u(k) → n ◦ Ψj in H1/2(S1,S1)

v(k) → ñ ◦ Ψj in H1/2(S1,S1).
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From here we have

deg∂ωj(n · ñ) = degS1(n ◦ Ψj · ñ ◦ Ψj)

=
1

2π

∫
S1

1
n ◦ Ψj · ñ ◦ Ψj

∂n ◦ Ψj · ñ ◦ Ψj

∂θ
dθ

= limk→∞
1

2π

∫
S1

1
u(k) · v(k)

∂u(k) · v(k)

∂θ
dθ

= limk→∞

( 1
2π

∫
S1

1
u(k)

∂u(k)

∂θ
dθ +

1
2π

∫
S1

1
v(k)

∂v(k)

∂θ
dθ

)
= degS1n ◦ Ψj + degS1 ñ ◦ Ψj

= deg∂ωjn + deg∂ωjñ,

(2.2.1)

which completes our proof.

�

We also have the following result.

Proposition 2.2.5. Given a ∈ ωj, we have deg∂ωj
z−a
|z−a| = 1; otherwise, if a < ω̄j, we have

deg∂ωj
z−a
|z−a| = 0.

Proof. If a ∈ ωj, we have
1

2πi

∫
∂ωj

dz
z − a

= 1. (2.2.2)

For z ∈ ∂ωj, put z − a = r(θ) eiφ(θ). Then we have that

1 =
1

2πi

∫
∂ωj

dz
z − a

=
1

2πi

∫
S1

1
r(θ)eiφ(θ) (r′

(
θ)eiφ(θ) + ir(θ)φ′(θ)eiφ(θ)) dθ

=
1

2πi

∫
S1

( r′(θ)
r(θ)

+ iφ′(θ)
)

dθ

=
1

2πi
log

r(2π)
r(0)

+
1

2π
(
φ(2π) − φ(0)

)
=

1
2π

(
φ(2π) − φ(0)

)
(2.2.3)
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On the other hand, we have

deg∂ωj

z − a
|z − a|

=
1

2πi

∫
∂ωj

1
z−a
|z−a|

d
z − a
|z − a|

=
1

2πi

∫
S1

1
eiφ(θ) d(eiφ(θ))

=
1

2π
(
φ(2π) − φ(0)

)
.

Therefore we can see from (2.2.3) such that

deg∂ωj

z − a
|z − a|

= 1, for a ∈ ωj

and using the same reasoning we can easily derive that

deg∂ωj

z − a
|z − a|

= 0,

when a < ω̄j. �

2.3 Existence of a lifting and its properties

We can now establish lifting properties using the ideas introduced in section 2.2. We
now define the space H̃1(Ω;S1) where Ω = R2 \ ∪N

j=1ω̄j, which we use frequently below.

Definition 2.3.1. Let BR ⊂ R
2 denote the disk centred at the origin with radius R > 0. We say

that n ∈ H̃1(Ω;S1) if and only if n ∈ H1(Ω ∩ BR;S1) for all sufficiently large R.

Note that the space H̃1(Ω;S1) can be made into a complete metric space such that
nj → n in H̃1(Ω;S1) if and only if nj → n in H1(Ω∩BR;S1) for all sufficiently large R and
the complete proof can be found in [MV97, p.40].

We will also assume that the vector field nj ∈ H1/2(∂ωj;S1) on each of the boundary
∂ωj has the prescribed degree dj, i.e. deg∂ωjnj = dj, j = 1, ...,N. Given a vector field
n ∈ H̃1(Ω;S1), we now define a new vector field m ∈ H̃1(Ω;S1):

m = ΠN
j=1hj(z)−djn, (2.3.1)

where hj(z) =
z−aj

|z−aj |
, and dj = deg∂ωjn. Note that {aj}

N
j=1 are arbitrary points such that

aj ∈ ωj, j = 1, ...,N, respectively. Then we have the following proposition.
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Proposition 2.3.2. Given a vector field m = ΠN
j=1hj(z)−djn, for n in the admissible set

A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj, j = 1, ...,N},

we have that the degree of m is zero on each boundary ∂ωj, and there is a lifting of m on each

boundary ∂ωj, i.e. m = exp(iφj) for some φj ∈ H1/2(∂ωj). Further, we can extend m within each

ωj, and obtain an extended vector field m̃ ∈ H̃1(R2;S1). In each ball BR, there exists a lifting

φR for the extended vector field m̃, i.e. m̃ = exp(iφR) for some φR ∈ H1(BR), unique up to an

integral multiple of 2π.

Proof. Applying Proposition 2.2.4 we have that

deg∂ωim = deg∂ωi(Π
N
j=1hj(z)−djn)

= ΣN
j=1deg∂ωihj(z)−dj + deg∂ωin

= −ΣN
j,idj deg∂ωihj(z) − di deg∂ωihi(z) + deg∂ωin

= 0 − di + di

= 0.

(2.3.2)

Therefore we can now apply Theorem 2.1.2 and write m = ΠN
j=1hj(z)−djn on each boundary

∂ωj as:

m = exp iφj(z) for z ∈ ∂ωj, (2.3.3)

where j = 1, ...,N and φj(z) ∈ H1/2(∂ωj).

So next we can extend m inside each ωj by solving the Dirichlet problems for j = 1, ...,N:

{
∆φ = 0

φ|∂ωj = φj

(2.3.4)

Hence we obtain a new vector field m̃ such that

m̃ =

{
ΠN

j=1hj(z)−djn for z ∈ Ω

exp(iφ) for z ∈ ∪N
j=1ω̄j,

(2.3.5)

where φ are solved from the Dirichlet problem (2.3.4). From (2.3.5) we have that m̃ ∈

H1(BR;S1) for any R > 0 sufficiently large such that ∪N
j=1ω̄j ⊂ BR. Since BR is a simply-
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connected domain, we know from Theorem 3 in [BBM00] that there exists a lifting φR ∈

H1(BR) such that m̃ = exp(iφR) in BR, and −
∫
B1
φR ∈ [0, 2π). �

We now extend the lifting of m̃ to the whole plane R2.We need the following modified
version of the Poincaré inequality.

Lemma 2.3.3. For each R > 1 there exists a a constant CR such that

∫
BR

Ψ2 dx ≤ CR

( ∫
BR

|∇Ψ|2 dx +
(
−

∫
B1

Ψ dx
)2
)

(2.3.6)

for all Ψ ∈ H1(BR).

Proof. We prove it by contradiction. Assume (2.3.6) does not hold, then for any k ∈ N there

exists a sequence Ψk, such that

∫
BR

Ψ2
k dx > k

( ∫
BR

|∇Ψk|
2 dx +

(
−

∫
B1

Ψk dx
)2
)

Without loss of generality, we can choose a sequence {Ψk}
∞
k=1 such that

∫
BR
|Ψk|

2 dx = 1. Then

we have ∫
BR

|∇Ψk|
2 dx +

(
−

∫
B1

Ψk dx
)2
→ 0.

This implies that {∇Ψk}
∞
k=1 is bounded in L2(BR). Recall also the fact that

∫
BR
|Ψk|

2 dx = 1, we

have that {Ψk}
∞
k=1 is a bounded sequence in H1(BR).

Hence there exists a subsequence of {Ψk}
∞
k=1 (without loss of generality, we still write the

subsequence as {Ψk}
∞
k=1) and some Ψ ∈ H1(BR) such that

Ψk ⇀ Ψ weakly in H1(BR),

which implies using standard weak lower semi-continuity results that

∫
BR

|∇Ψ|2 dx +
(
−

∫
B1

Ψ dx
)2
≤ lim

k→∞

( ∫
BR

|∇Ψk|
2 dx +

(
−

∫
B1

Ψk dx
)2
)

= 0,

and this is saying that Ψ ≡ 0.

On the other hand, by the compactness of the embedding of H1(BR) in L2(BR), we have

Ψk → Ψ in L2(BR),
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which implies
∫
BR
|Ψ|2 dx = 1, and this is contradictory to the fact that Ψ ≡ 0. Therefore (2.3.6)

must hold.

�

Theorem 2.3.4. Suppose that a vector field m ∈ Am =
{
m : R2 7→ S1 | ∇m ∈ L2(R2)

}
is such

that in any ball BR ⊂ R
2 there exists a lifting φR ∈ H1(BR), unique up to an integral multiple

of 2π, i.e. m = exp(iφR). Then there exists a φ satisfying φ ∈ H1(BR) for any sufficiently large

R, and ∇φ ∈ L2(R2), such that m = exp(iφ), i.e. φ is a global lifting for m ∈ Am, and is also

unique up to an integral multiple of 2π.

Proof. For each integer k > 1 there exists a lifting φk ∈ H1(Bk) such that in Bk we have

m = exp(iφk), where φk satisfies 1
2π

∫
B1
φk ∈ [0, 2π). Then

∫
BR

|∇φk|
2 dx =

∫
BR

|∇m|2 dx ≤
∫
R2
|∇m|2 dx ≤ C < ∞.

It follows from a diagonal argument that there exists a subsequence {φkl}
∞
l=1 of {φk}

∞
k=1 such that

∇φkl ⇀ Y in L2(BR), (2.3.7)

for any R sufficiently large, and

∫
BR

|Y|2 dx ≤ lim inf
k→∞

∫
BR

|∇φk|
2 dx ≤ C < ∞,

where C is some constant and by letting R→ ∞, we have Y ∈ L2(R2).

Also we can apply the Poincaré inequality (2.3.6) to the subsequence {φkl}
∞
l=1 obtained

above: ∫
BR

φ2
kl

dx ≤ CR

(∫
BR

|∇φkl |
2 dx +

(
−

∫
B1

φkl dx
)2
)

Therefore by using diagonal argument again, there exists some subsequence of {φkl}
∞
l=1 (without

loss of generality, we still write it as {φkl}
∞
l=1), such that

φkl ⇀ φ in L2(BR),

for any sufficiently large R and some φ ∈ L̃2(R2) (where φ ∈ L̃2(R2) means φ ∈ L2(BR) for any

sufficiently large ball BR), and it is easy to see that we have Y = ∇φ.



Degree theory and liftings 29

Writing the subsequence {φkl}
∞
l=1 as {φk}

∞
k=1 it follows that

φk ⇀ φ in H1(BR),

for any R sufficiently large, and thus by the compactness of the embedding of H1(BR) in L2(BR)

φk → φ in L2(BR).

Hence we may assume that

φk → φ a.e. in BR

for any R sufficiently large. Thus

m = exp(iφ),

where ∇φ ∈ L2(R2) and φ ∈ H1(BR), for any R sufficiently large, i.e. φ is a global lifting for m.

�

The global lifting φ for the vector field m = ΠN
j=1hj(z)−djn = eiφ satisfies the property

stated in the following proposition.

Proposition 2.3.5. For φ defined in (2.3.1) and m defined in Theorem 2.3.4 such that m =

ΠN
j=1hj(z)−djn = eiφ, we have

∫
S1

(
φ,2(r, θ) cos θ − φ,1(r, θ) sin θ

)
dθ = 0 a.e. r ∈ (R,∞) (2.3.8)

where R is sufficiently large such that ∪N
j=1ω̄j ⊂ BR.

Proof. First we need to show that

∇φ =


∂φ

∂x1

∂φ

∂x2

 =

φ,1φ,2


is well defined on any large circle ∂Br a.e. r ∈ (R,∞).

This is true by the result stated in [Zie12, Remark 2.1.5], saying that for any given function

φ ∈ W1,p(Ω) it stays in the same Sobolev space on almost all lines in Ω that are parallel to the

coordinate line without finding one. In our case this line is chosen to be any large circle using

polar coordinate. For a proof, one can approximate φ ∈W1,p(Ω) by smooth functions, and then

by applying Fubini’s theorem for almost every radius the functions converge in the W1,p norm.
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Consequently, for a.e. r ∈ (R,∞) we have∫
S1

(
φ,2(r, θ) cos θ − φ,1(r, θ) sin θ

)
dθ =

∫
S1
∇φ · ν dθ

=
1
r

∫
∂Br

dφ

=
1
r

(φ(r, θ + 2π) − φ(r, θ))

= 0.

where in the first step of this integral, ν is the tangential direction on the given circle ∂Br.Hence

proving our result. �

As a consequence, we have the following proposition summarizing Proposition 2.3.2,
Theorem 2.3.4 and Proposition 2.3.5.

Proposition 2.3.6. Given n in the admissible set

A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj, j = 1, ...,N},

we have:

n = ΠN
j=1hj(z)dj exp(iφ), (2.3.9)

where φ is in the admissible set

Am
φ = {φ ∈ H̃1(Ω) | φ|∂ωj = φj + 2mjπ, mj ∈ Z, for j = 1, ...,N}, (2.3.10)

where on each of the boundary ∂ωj, φj is given by

exp iφj = ΠN
i=1hi(z)−di nj

as is shown by (2.3.3) in the proof of Proposition 2.3.2, and

hj(z) =
z − aj

|z − aj|
for j = 1, ...,N.

Further more, we have

∫
S1

(
φ,2(r, θ) cos θ − φ,1(r, θ) sin θ

)
dθ = 0 a.e. r ∈ (R,∞)
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where R is sufficiently large such that ∪N
j=1ω̄j ⊂ BR.

One can see later in Theorem 4.3.2 that Proposition 2.3.5 plays a very important role
in the proof. We also have the following result.

Proposition 2.3.7. Given any large enough disk BR such that ∪N
j=1ω̄j ⊂ BR, and for n in the

admissible set

A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj, j = 1, ...,N},

we have �
∂BR

n−1 dn = 2π k = 2πΣN
j=1dj, (2.3.11)

where the integral is taken in the anti-clockwise direction and k is sum of the degrees of n on

each boundary ∂ωj. Further, for φ defined in (2.3.1) and m defined in Theorem 2.3.4 such that

m = ΠN
j=1hj(z)−djn = eiφ, we have

1
2π

�
∂BR

m−1 dm = 0, (2.3.12)

where R is sufficiently large such that ∪N
j=1ω̄j ⊂ BR.

Proof. First we prove that �
γ

−

�
∪N

j=1∂ωj

n−1 dn = 0.

Since |n| = (n2
1 + n2

2)1/2 = 1 a.e. in Ω, we have n−1 = n = n1 − in2. As a consequence we

have �
∂BR

−

�
∪N

j=1∂ωj

n−1 dn

=

�
∂BR

−

�
∪N

j=1∂ωj

(n1 − in2) d(n1 + in2)

=

�
∂BR

−

�
∪N

j=1∂ωj

(n1 − in2)(n1,1 dx + n1,2 dy) + i(n1 − in2)(n2,1 dx + n2,2 dy)

=

�
∂BR

−

�
∪N

j=1∂ωj

(n1n1,1 + n2n2,1) dx + i(n1n2,1 − n2n1,1) dx

+ (n1n1,2 + n2n2,2) dy + i(n1n2,2 − n2n1,2) dy.

(2.3.13)
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Since |n| = (n2
1 + n2

2)1/2 = 1 a.e. in Ω, we have

n1n1,1 + n2n2,1

n1n1,2 + n2n2,2

 = 0 a.e. (2.3.14)

As a result, we have n1,1 n2,1

n1,2 n2,2


n1

n2

 = 0 a.e.

and therefore

det∇n = 0 a.e. in Ω. (2.3.15)

By substituting (2.3.14) back into (2.3.13) and using Stokes Theorem, we have�
∂BR

−

�
∪N

j=1∂ωj

n−1 dn

= i
�
∂BR

−

�
∪N

j=1∂ωj

(n1n2,1 − n2n1,1) dx + (n1n2,2 − n2n1,2) dy

= i
"
BR∩Ω

(
n1,1n2,2 + n1n2,21 − n2,1n1,2 − n2n1,21 − n1,2n2,1 − n1n2,12 + n2,2n1,1 + n2n1,12

)
dx dy

= 2i
∫
BR∩Ω

(
n1,1n2,2 − n1,2n2,1

)
dx dy

= 2i
"
BR∩Ω

det∇n dx dy

= 0,

where the last step is due to (2.3.15). As a consequence:�
γ

n−1 dn = ΣN
j=1

�
∂ωj

n−1 dn = 2πΣN
j=1dj = 2πk,

and hence we have proved (2.3.11).

In order to prove (2.3.12), we can apply the same reasoning as we did for n to

m = ΠN
j=1hj(z)−djn,

and use the fact that |m| = 1 a.e.. This gives:�
γ

m−1 dm = ΣN
j=1

�
∂ωj

m−1 dm = 0,
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where we used (2.3.2) in the last step, hence completing our proof.

�

In the following chapters, we will study the minimization problem for a one-hole
domain and an N-connected domain in the one-constant setting. The explicit form (2.3.9)
for n and the associated admissible set (2.3.10) for φ will play an important role in solving
the minimization problem. The role of the lifting φ is to reduce the nonlinear problem
of solving a harmonic map with respect to n into a linear problem of solving Laplace’s
equation of φ. This technique to use the lifting appeared in various works, e.g. [BWW+03,
Example 3.3.8]. One can also refer to [HW08] for more details on harmonic maps.



Chapter 3

Minimization problem for one-hole

domain (one-constant case)

In this chapter, we study the minimization problem for the Oseen-Frank energy in
the domain exterior to a circle given by Ω = {x | a < |x| < ∞} ⊂ R2, where a > 0. We
assume that the boundary vector field n0 ∈ H1/2(∂Ω;S1) have the prescribed degree k, i.e.
deg∂Ωn0 = k, where k ∈ Z. We also assume that the director n of the Oseen-Frank energy
is in the admissible set:

A = {n ∈ H̃1(Ω;S1) |n|∂Ω = n0},

where and H̃1(Ω;S1) is defined in Definition 2.3.1. Some of the techniques we will use in
this chapter can be applied directly to the proof of the N-connected (multi-hole) domain
case in Chapter 4, except that we need a more delicate treatment for the N-connected
domain case such as defining homotopy classes for the vector fields in the given admissible
set.

We know by (1.2.6) that the Oseen-Frank free energy is:

I(n) =

∫
Ω

F(x,n,∇n) dx

=
1
2

∫
Ω

(k3|∇n|2 + (k1 − k3)(div n)2 + (k2 − k3)(n · ∇ ∧ n)2

+ (k2 + k4 − k3)
(
tr(∇n)2 − (div n)2)

)
dx,

(3.0.1)

for the given domain Ω. Since we have (1.2.4) and (1.2.5), we know that the last two
terms containing tr(∇n)2− (divn)2 and (n · ∇∧n)2 are zero for two-dimensional case. Thus
we only need to consider the contribution of the first two terms.

34



Minimization problem for one-hole domain (one-constant case) 35

Recall that by Proposition 2.3.6, n ∈ A can be written explicitly as:

n = ΠN
j=1hj(z)dj exp(iφ),

where for this one-hole circular domain, we have N = 1 and d1 = k . Note also that in
h1(z) = z−a1

|z−a1 |
, a1 can be chosen to be the origin and therefore in this one-hole domain Ω,

n can be written as
n =

( z
|z|

)k
exp(iφ) = exp i(φ + kθ), (3.0.2)

and φ is in the admissible set

Am
φ = {φ ∈ H̃1(Ω) | φ|∂Ω = φ0 + 2mπ}, (3.0.3)

where m ∈ Z, and φ0 on the boundary ∂Ω is given by (2.3.3) in Proposition 2.3.2, which
is

eiφ0 = n0 e−ikθ. (3.0.4)

Without loss of generality, we assume that φ0 satisfies

−

∫
∂Ω

φ0 =
1
|∂Ω|

∫
∂Ω

φ0 dx ∈ [0, 2π). (3.0.5)

Now by letting Φ = φ + kθ, we have

n = exp(iΦ). (3.0.6)

As a result, by using polar coordinate, i.e. x = (r cos θ, r sin θ), we can write the vector
field n(x) as n(x) =

(
cos Φ(r, θ), sin Φ(r, θ)

)
. Hence, by denoting the partial derivatives of

n with respect to x1 and x2 as n,1 and n,2 respectively, we have:

{ n,1 = (−sinΦ, cosΦ)
(
Φrcosθ − Φθ

sinθ
r

)
n,2 = (−sinΦ, cosΦ)

(
Φrsinθ + Φθ

cosθ
r

)
.

(3.0.7)

Thus the free energy density becomes:

F(x,n,∇n) = G(r, θ,Φ,Φr,Φθ)

=
1
2

k3

(
Φ2

r +
Φ2
θ

r2

)
+

1
2

(k1 − k3)
(
Φ2

r sin2(θ − Φ)

+
Φ2
θ

r2 cos2(θ − Φ) +
2ΦθΦr

r
sin(θ − Φ) cos(θ − Φ)

)
.

(3.0.8)
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Consequently, the free energy I(n) can be written in terms of Φ as:

I(n) = E(Φ) =

∫ ∞

a
r
∫
S1

G(r, θ,Φ,Φr,Φθ) dθ dr

=
1
2

∫ ∞

a
r
∫
S1

(
k3

(
Φ2

r +
Φ2
θ

r2

)
+ (k1 − k3)

(
Φ2

r sin2(Φ − θ)

+
Φ2
θ

r2 cos2(Φ − θ) −
2ΦθΦr

r
sin(Φ − θ) cos(Φ − θ)

))
dθ dr.

(3.0.9)

Writing Φε(x) = Φε(r, θ) = Φ(r, θ) + ε η(r, θ), where η(r, θ) ∈ C∞0 (Ω), we have that:

Φε(r, θ + 2π) = Φε(r, θ) + 2kπ,

if and only if η satisfies
η(r, θ + 2π) = η(r, θ), (3.0.10)

since by Proposition 2.3.6, Φ satisfies

Φ(r, θ + 2π) = Φ(r, θ) + 2kπ.

Consequently the first variation becomes:

δE(Φ) η =
d E(Φε)

dε

∣∣∣∣∣
ε=0

=

∫ ∞

a
r
∫
S1

(GΦη + GΦrηr + GΦθ
ηθ) dθ dr, (3.0.11)

and the second variation becomes:

δ2E(Φ)(η, η) =
1
2

d2E(Φε)
d2ε

∣∣∣∣∣
ε=0

=

∫ ∞

a
r
∫
S1

(
GΦΦη

2 + GΦrΦrη
2
r + GΦθΦθ

η2
θ

+ 2GΦΦrηηr + 2GΦΦθ
ηηθ + 2GΦrΦθ

ηrηθ

)
dθ dr.

(3.0.12)

In this chapter, we only study the one-constant case mentioned in (1.2.7), i.e.

k = k1 = k2 = k3; k4 = 0,

and, without loss of generality, we can assume that k = 1.
From (3.0.8) we know that if F(x,n,∇n) = 1

2 |∇n|2, we have :

F(x,n,∇n) =
1
2
|∇n|2 = G(r, θ,Φ,Φr,Φθ) =

1
2

(
Φ2

r +
Φ2
θ

r2

)
, (3.0.13)
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and by substituting (3.0.13) into (3.0.9), we have:

E(Φ) =

∫ ∞

a

∫ 2π

0
G(r, θ,Φ,Φr,Φθ) dθ dr =

1
2

∫ ∞

a
r
∫ 2π

0

(
Φ2

r +
Φ2
θ

r2

)
dθ dr, (3.0.14)

and the first variation defined by (3.0.11) becomes:

δE(Φ) η =

∫ ∞

a
r
∫
S1

(GΦη + GΦrηr + GΦθ
ηθ) dθ dr =

∫ ∞

a
r
∫ 2π

0

(
Φr ηr +

Φθ

r2 ηθ
)

dθ dr, (3.0.15)

where η ∈ C∞0 (Ω) is smooth and has compact support in Ω and η satisfies (3.0.10), i.e.

η(r, θ + 2π) = η(r, θ).

In addition, the second variation in this one-constant case can therefore be derived
by substituting (3.0.13) into (3.0.12):

δ2E(Φ)(η, η) =
1
2

∫ ∞

a
r
∫ 2π

0

(
η2

r +
η2
θ

r2

)
dθ dr ≥ 0.

If further, we assume that Φ(x) = Φ(r, θ) is radius-independent:

Φ(θ, r) = Φ(θ) = Φ(
x
|x|

),

then the first variation (3.0.15) becomes:

δE(Φ) η =

∫ ∞

a

∫ 2π

0

Φ′(θ)
r

ηθ dθ dr = −

∫ ∞

a

1
r

∫ 2π

0
Φ′′(θ) η(θ, r) dθ dr (3.0.16)

where the last step comes from integration by parts and the constraint (3.0.10). And we
can see that if δE(Φ) η = 0, we must have

Φ′′(θ) = 0,

which leads to:
Φ(θ) = kθ + β, (3.0.17)

where k is the given degree and β is an arbitrary constant depending on the boundary
conditions of n in Ω which we will discuss in more detail later. Note that (3.0.17) agrees
with Φ = φ + kθ (see p.33), only if φ0 in (3.0.3) is constant.

We will introduce some other preliminary results in the following section before we
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state and prove our main result for the one-constant case on this one-hole circular domain.

3.1 Some preliminary results

Our aim is to prove the existence and uniqueness of a minimizer for the Oseen-Frank
free energy which is given by (3.0.14):

I(n) =
1
2

∫
Ω

|∇n|2 dx =
1
2

∫ ∞

a
r
∫ 2π

0

(
Φ2

r +
Φ2
θ

r2

)
dθ dr =

∫ ∞

a

∫ 2π

0
G(r,Φr,Φθ) dθ dr = E(Φ),

where n(x) is in the admissible set A = {n ∈ H̃1(Ω;S1) |n|∂Ω = n0; deg∂Ωn = k}. Also, since
we have (3.0.6), n can be characterized by n(x) =

(
cos Φ(x), sin Φ(x)

)
=

(
cos Φ(r, θ), sin Φ(r, θ)

)
,

where Φ is given by
Φ = φ + kθ,

for φ in the admissible set (3.0.3):

Am
φ = {φ ∈ H̃1(Ω) | φ|∂Ω = φ0 + 2mπ},

where m ∈ Z.
The Euler-Lagrange equation of E(Φ) is:

∂

∂θ

∂G
∂Φθ

+
∂

∂r
∂G
∂Φr

= 0,

which leads to
(rΦr)r +

1
r
Φθθ = 0, (3.1.1)

where Φ(r, θ) satisfies the condition

Φ(r, θ + 2π) = Φ(r, θ) + 2kπ,

and k ∈ Z is the given degree of n.
We now apply a change of variable:

r = es

and we have { Φs = rΦr

Φss = rΦr + r2Φrr.
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As a consequence, the Euler-Lagrange equation (3.1.1) becomes:

Φss + Φθθ = 0. (3.1.2)

We now let
v(s, θ) = Φ(s, θ) − kθ − β, (3.1.3)

where k is the given degree of n, and β is some constant which will be determined by the
boundary value of v(s, θ). Then

v(s, θ + 2π) = v(s, θ), (3.1.4)

which implies that v(s, θ) is 2π − periodic with respect to θ, and v(s, θ) satisfies

vss + vθθ = 0. (3.1.5)

In fact, we have v(s, θ) = φ(s, θ) − β, where φ is in the admissible set (3.0.3). Before we
prove our main result in the next section, we need the following lemma.

Lemma 3.1.1. If
∫ 2π

0
Φ2(·, θ) dθ ∈ L∞(a,∞), then we have:

1
2π

∫ 2π

0
Φ(r, θ) dθ = δ,

for some constant δ, i.e. 1
2π

∫ 2π

0
Φ(·, θ) dθ is independent of the radius r.

Proof. As discussed in (3.1.1) above, by applying the change of variable r = es, we have

(3.1.2):

Φss + Φθθ = 0,

and since

d2

ds2

1
2π

∫ 2π

0
Φ(s, θ) dθ =

1
2π

∫ 2π

0
Φss(s, θ) dθ = −

1
2π

∫ 2π

0
Φθθ(s, θ) dθ = 0,

we have:
1

2π

∫ 2π

0
Φ(s, θ) dθ = αs + δ,

for some constants α and δ.
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Also, since ∫ 2π

0
Φ2(·, θ) dθ ∈ L∞(a,∞),

we have by Hölder’s inequality:

∣∣∣ ∫ 2π

0
Φ(s, θ) dθ

∣∣∣ ≤ c ||Φ(s, θ)||L2(0,2π) ≤ M < ∞.

This implies α = 0, and consequently we have:

1
2π

∫ 2π

0
Φ(s, θ) dθ = δ,

which is independent of s, and therefore independent of the radius r. �

With Lemma 3.1.1, we can now state and prove the following result:

Proposition 3.1.2. If Φ(r, θ) ∈ {Φ(r, θ) ∈ H1((a,∞) × S1) |Φ(a, θ) = φ0(θ) + kθ; Φ(r, θ + 2π) −

Φ(r, θ) = 2kπ, k ∈ Z} is a weak solution to the Euler-Lagrange equation:

{ (rΦr)r +
1
r
Φθθ = 0

Φ(a, θ) = Φ0(θ)
(3.1.6)

where Φ0(θ) = φ0(θ) + kθ with φ0 ∈ H1/2(S1) given by (3.0.4) - (3.0.5), and Φ(r, θ) satisfies

∫ 2π

0
Φ2(·, θ) dθ ∈ L∞(a,∞), (3.1.7)

then we have:

lim
r→∞

Φ(r, θ) = kθ + β in L2(S1),

k ∈ Z is the given degree of the vector field n(x) = (cos Φ(x), sin Φ(x)) , β = 1
2π

∫ 2π

0
φ0(θ) dθ.

Proof. Note that (s, θ) ∈ (s0,∞) × S1, where s0 = log a, and without loss of generality, we can

let a = 1 (hence s0 = 0).

Since by (3.1.5) we have v(s, θ) = Φ(s, θ) − kθ − β, and v(s, θ) satisfies:

{ vss + vθθ = 0

v(0, θ) = φ0(θ) − β.
(3.1.8)

As in step 3 of the proof of Proposition 2.1.3, v(s, θ) is smooth in (0,∞) × S1.
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Now by letting

F(s) =

∫ 2π

0
v2(s, θ) dθ,

where v(s, θ) = Φ(s, θ) − kθ − β as defined in (3.1.3), we have:

|F(s)| ∈ L∞(s0,∞), (3.1.9)

and hence

|F(s)| ≤ M < ∞. (3.1.10)

Then we have:

Fs(s) = 2
∫ 2π

0
v · vs dθ,

and by the Cauchy-Schwarz inequality, we have :

|Fs| ≤ 2|F(s)|
1
2 · ‖vs‖L2(0,2π) ≤ c ‖v(s)‖L2(0,2π),

where c = 2M
1
2 and the last step holds since we have (3.1.10).

Notice also

Fss(s) = 2
∫ 2π

0
(v2

s + v · vss) dθ = 2
∫ 2π

0
(v2

s − v · vθθ) dθ

= 2
∫ 2π

0
(v2

s − (v · vθ)θ + v2
θ) dθ

= 2
∫ 2π

0
(v2

s + v2
θ) dθ ≥ 0,

(3.1.11)

where the last step holds since v(s, θ) is 2π-periodic in θ :

v(s, θ + 2π) = v(s, θ).

By (3.1.11) Fs(s) is nondecreasing. Hence, since |Fs| is bounded, Fs(s)→ α as s→ ∞ for some

α ∈ [0,∞). Since for any M > 0,

F(τ + M) − F(τ) =

∫ τ+M

τ

Fs(s) ds,

letting τ → ∞ we deduce from (3.1.10) that α = 0. In particular Fs(s) ≤ 0 for all s ≥ 0, and so

lims→∞ F(s) = L for some constant L ≥ 0.
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We now prove that L = 0 by using Fourier series on v(s, θ). This technique will be used

again in the proof of Theorem 4.3.2.

Since v ∈ L2((s0,∞) × S1), v can be written as v(s, θ) =
∑∞

j=0 vj(s) sin jθ + uj(s) cos jθ, a.e.

Also, since v(s, θ) satisfies vss + vθθ = 0 in (3.1.8), we have:

{ v′′j (s) − j2vj(s) = 0

u′′j (s) − j2uj(s) = 0,

which has solutions of the following form:

{ vj(s) = aj · ejs + bj · e−js

uj(s) = cj · ejs + dj · e−js,

where aj, bj, cj, and dj (j = 1, 2, ...) are some constants.

For j = 0, we have u′′0 (s) = 0, hence u0(s) = α0 + α1s, and therefore we have:

v(s, θ) = α0 + α1s + Σ∞j=1(ajejs + bje−js) sin jθ + (cjejs + dje−js) cos jθ, (3.1.12)

and { vs = α1 + Σ∞j=1j(ajejs − bje−js) sin jθ + j(cjejs − dje−js) cos jθ

vθ = Σ∞j=1j(ajejs + bje−js) cos jθ − j(cjejs + dje−js) sin jθ.

Note also that by choosing β = 1
2π

∫ 2π

0
φ0(θ) dθ we have

∫ 2π

0
v dθ =

∫ 2π

0
(Φ(s, θ)− kθ− β) dθ = 0,

hence α0 = 0.

Consequently

∫ 2π

0
v2(s, θ) dθ = 2πα2

1s2 + πΣ∞j=1

(
(a2

j + c2
j ) e2js + (b2

j + d2
j ) e−2js + (ajbj + cjdj)

)
. (3.1.13)

Since we also know that

lim
s→∞

F(s) = lim
s→∞

∫ 2π

0
v2(s, θ) dθ = L ≥ 0,
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we have

L = lim
s→∞
‖v(s)||2L2(0,2π)

= lim
s→∞

πΣ∞j=1

(
(a2

j + c2
j ) e2js + (b2

j + d2
j ) e−2js + (ajbj + cjdj)

)
+ lim

s→∞
2πα2

1s2 < ∞.
(3.1.14)

Therefore we must have α1 = 0, and

aj = cj = 0, j = 1, 2, ...

As a consequence, v(s, θ) can be represented by Fourier series:

v(s, θ) =

∞∑
j=1

bj · e−js sin jθ + dj · e−js cos jθ,

and by (3.1.14), we have
∞∑

j=1

b2
j + d2

j < ∞.

Therefore we have

L = lim
s→∞

F(s) = lim
s→∞

∫ 2π

0
v2(s, θ) dθ = lim

s→∞
π ·

∞∑
j=1

e−2js (b2
j + d2

j ) = 0,

hence

lim
s→∞

Φ(s, θ) = kθ + β, in L2(0, 2π) (3.1.15)

Also from (3.1.13) we have

F(s) =

∫ 2π

0
v2(s, θ) dθ = πΣ∞j=1(b2

j + d2
j )e−2js = π e−2sΣ∞j=1(b2

j + d2
j ) e−2(j−1)s ≤

C
r2 , (3.1.16)

where C > 0 is some constant and in the last step we used the change of variable r = es.

(3.1.16) actually gives the asymptotic behavior of Φ(r, θ), i.e.

||Φ(x) − kθ − β||L2(S1) ≤
C0

r
,

as r→ ∞, completing the proof.

�

Remark 3.1.3. In fact, L = 0 can also be proved directly by using Poincaré inequality, and we
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give this alternative proof in the following.

Proof. We use Poincaré’s inequality (see [Eva10]), that

‖vθ‖L2(0,2π) ≥ γ
∥∥∥ v −

1
2π

∫ 2π

0
v dθ

∥∥∥
L2(0,2π)

,

where γ > 0 is some constant. By Lemma 3.1.1, 1
2π

∫ 2π

0
φ(s, θ) dθ = β for all s ≥ 0, and so

1
2π

∫ 2π

0
v dθ = 0 and hence

‖vθ‖2L2(0,2π) ≥ γ‖v‖
2
L2(0,2π).

Consequently the following inequality holds:

Fss = 2
∫ 2π

0
(v2

s + v2
θ) dθ ≥ 2

∫ 2π

0
v2
θ dθ ≥ 2γ ‖v‖2L2(0,2π) = 2γ F ≥ 2γL. (3.1.17)

Hence

F(s) ≥ γ · L · s2 + c · s + d, (3.1.18)

for constants c, d and by (3.1.10) we have L = 0.

�

Note that the limit in (3.1.15) is of the form (3.0.17), i.e. the solution to the Euler-
Lagrange equation for the one-constant radius independent case. Proposition 3.1.2 im-
plies that any weak solution to the Euler-Lagrange equation (3.1.6) tends to some radius
independent solution at infinity if it satisfies the constraint (3.1.7).

We have proved in Proposition 3.1.2 that, by choosing β = 1
2π

∫ ∞
0
φ0 dθ in v(s, θ) =

Φ(s, θ) − kθ − β, any weak solution to the boundary value problem (3.1.8), i.e. the Euler-
Lagrange equation of Oseen-Frank free energy after change of variable r = es, coupled
with the boundary condition for v(s, θ) :

{ vss + vθθ = 0

v(0, θ) = φ0(θ) − β

will tend to zero in L2(0, 2π) when s→ ∞, where v is in the admissible set {v ∈ H1((0,∞)×
S1) | v(0, θ) = φ0(θ)−β;

∫ 2π

0
v2(s, θ) dθ ∈ L∞(0,∞) }. Here the periodic condition v(s, θ+2π) =

v(s, θ) is automatically satisfied since v ∈ H1((0,∞)×S1). Also v(s, θ) and φ(s, θ) only differs
by a constant β = 1

2π

∫ ∞
0
φ0 dθ = 1

2π

∫ 2π

0
Φ(1, θ) dθ − kπ, and without loss of generality,

we can assume β = 0. Further, one can see that when r → ∞ (s → ∞), we have
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limr→∞Φ(r, θ) = kθ + β, hence { lim
r→∞

Φs = 0

lim
r→∞

Φθ = k,

and the free energy density becomes

G(r, θ,Φθ,Φr,Φ) =
1
2

(
Φ2

r +
Φ2
θ

r2

)
=

k2

2r2 ,

which after change of variable r = es and integration over s ∈ (0,∞) becomes:

E(Φ) =
1
2

∫ ∞

1
r
∫ 2π

0
(Φ2

r +
Φ2
θ

r2 ) dθ dr =
1
2

∫ ∞

0

∫ 2π

0
k2 dθ ds. (3.1.19)

It is easy to see that the integral (3.1.19) is infinite, but it naturally lead us to
conjecture that there exist minimizers for the modified functional

Ê(Φ) =
1
2

∫ ∞

1
r
∫ 2π

0
((Φ2

r +
Φ2
θ

r2 ) −
k2

r2 ) dθ dr, (3.1.20)

and we need to be careful when we define the admissible set AΦ where Φ ∈ AΦ, since
Φ(r, θ) has jumps when θ traverses around S1 due to the degree constraint, i.e.

Φ(r, θ + 2π) − Φ(r, θ) = 2kπ, a.e. r ∈ (1,∞).

We can define the admissible set AΦ by using the change of variable φ(r, θ) = Φ(r, θ)− kθ,
which is 2π−periodic in θ ∈ S1, and we have

AΦ = {Φ | φ = Φ − kθ ∈ H̃1((1,∞) × S1); φ(1, θ) = φ0(θ);
∫ 2π

0
φ(r, θ) dθ = 0 a.e. r ∈ (1,∞)},

where H̃1((1,∞)×S1) is defined in Definition 2.3.1. The condition
∫ 2π

0
φ(r, θ) dθ = 0 a.e. r ∈

(1,∞) implies that
∫ 2π

0
Φ(r, θ) dθ is radius independent. We will prove the existence of

minimizers to the functional (3.1.20) in the next section.

3.2 Main result for single-hole domain (one-constant case)

In this section we state and prove our main result for the one-constant radius-
dependent minimization problem in a circular domain, which shows that there exists
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a unique minimizer to the functional:

E(Φ) =

∫ ∞

1
r
∫ 2π

0
((Φ2

r +
Φ2
θ

r2 ) −
k2

r2 ) dθ dr, (3.2.1)

for Φ in the admissible set

AΦ = {Φ | φ = Φ − kθ ∈ H̃1((1,∞) × S1); φ(1, θ) = φ0(θ);
∫ 2π

0
φ(r, θ) dθ = 0 a.e. r ∈ (1,∞)}.

Note that instead of using the notation Ê(Φ) for the modified functional in (3.1.20), we
used E(Φ) and omitted the coefficient 1

2 as this will not change the conclusion. We will
use the notation as in (3.2.1) throughout the rest of Chapter 3.

By change of variables { r = es

φ(r, θ) = Φ(r, θ) − kθ,

one can see that this is equivalent to saying that there exists a unique minimizer to the
functional:

Ẽ(φ) =

∫ ∞

0

∫ 2π

0
((φ2

s + (φθ + k)2) − k2) dθ ds, (3.2.2)

for φ in the admissible set A = {φ ∈ H̃1((0,∞)×S1) | φ(0, θ) = φ0(θ);
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈

(0,∞)}, where φ0(θ) ∈ H1/2(0, 2π), and H̃1((0,∞) × S1) is again defined in Definition 2.3.1.
In fact one can see that

Ẽ(φ) =

∫ ∞

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds,

for φ ∈ A, and we have the following theorem.

Theorem 3.2.1. There exist a unique minimizer φ̃ to the functional

Ẽ(φ) =

∫ ∞

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds, (3.2.3)

where φ is in the admissible set A = {φ ∈ H̃1((0,∞) × S1) | φ(0, θ) = φ0(θ);
∫ 2π

0
φ(s, θ) dθ =

0 a.e. s ∈ (0,∞)}. Also, we have:

lim
s→∞

φ̃(s, θ) = 0 in L2(0, 2π).
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Proof. We prove this theorem in several steps.

Step 1

In this step we show that there exist a minimizer for (3.2.3). Select a minimizing sequence

{φ(l)}∞l=1 ⊂ A, such that

lim
l→∞

Ẽ(φ(l)) = m.

We can assume m < ∞ because for all φ ∈ A one can multiply it by a suitable cut-off function

so that it vanishes for large s, and it is still in the admissible set A.

Then we have

Ẽ(φ(l)) =

∫ ∞

0

∫ 2π

0

(
(φ(l)

s )2 + (φ(l)
θ )2) dθ ds ≤ M < ∞,

for some M > 0.

Also, one can see that, by Poincaré’s inequality (see [Nec11, p, 113]), we have:

‖φ(l) −
1

2π

∫ 2π

0
φ(l) dθ ‖L2(0,2π) ≤ c ‖φ (l)

θ ‖L2(0,2π),

for some constant c > 0, and since φ(l) ∈ A = {φ ∈ H̃1((0,∞)×S1) | φ(0, θ) = φ0(θ);
∫ 2π

0
φ(s, θ) dθ =

0 a.e. s ∈ (0,∞)}, we have

‖φ(l)‖2L2(0,2π) ≤ c2 ‖φ(l)
θ ‖

2
L2(0,2π).

And as a consequence,

∫ ∞

0

∫ 2π

0
(φ(l))2 dθ ds ≤ c2

∫ ∞

0

∫ 2π

0
(φ(l)

θ ) dθ ds ≤ c2
∫ ∞

0

∫ 2π

0

(
(φ(l)

θ )2 + (φ(l)
s )2) dθ ds < ∞,

(3.2.4)

which implies φ(l) ∈ L2((0,∞) × S1) for any l ∈ (0, 1, ...).

Consequently, we know that {φ(l)}∞l=1 is bounded in H1((0, j) × S1), for any sufficiently large

j. Then we can apply a diagonal argument: First we have that there exists a subsequence

{φ(li1 )}∞i1=1 and a function φ such that {φ(li1 )}∞i1=1 converges weakly to φ in H1((0, j) × S1). Then

since {φ(li1 )}∞i1=1 is also a abounded sequence in H1((0, j + 1)×S1), we can extract a subsequence

{φ(li2 )}∞i2=1 out of {φ(li1 )}∞i1=1 and a function φ′ such that {φ(li2 )}∞i2=1 converges weakly to φ′ in

H1((0, j+1)×S1).And we must have φ = φ′ in H1((0, j)×S1). Then by repeating this process, we

can therefore extract a subsequence {φ(ln)}∞n=1 of {φ(l)}∞l=1 such that it converges weakly to some



Minimization problem for one-hole domain (one-constant case) 48

φ̃ in H1((0, j)×S1) for any j sufficiently large, where φ̃ ∈ H̃1((0,∞)×S1), i.e. φ̃ ∈ H1((0, j)×S1)
for any sufficiently large j.

Also, since W(s, θ, φ,∇φ) = 1
2 (φ2

s + φ2
θ) is convex with respect to ∇φ, one can see that

Ẽ(φ) =

∫ ∞

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds

is lower semi-continuous, i.e. given a weakly convergent sequence φ(ln) ⇀ φ̃, we have

lim inf
n→∞

Ẽ(φ(ln)) ≥ Ẽ(φ̃).

which implies that φ̃ is a minimizer for Ẽ(φ).

Step 2

In this step we show that φ̃ is in the admissible set A = {φ ∈ H̃1((0,∞) × S1) | φ(0, θ) =

φ0(θ);
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈ (0,∞)}.

The periodicity of the weak limit φ̃ is automatic since we have a Sobolev space on a cylin-

der, hence we only need to show

∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈ (0,∞).

Since we know that φ(l) ⇀ φ̃ weakly in H̃1((0,∞) × S1), we have

lim
l→∞

∫ R

0

∫ 2π

0
φ(l)η dθ ds =

∫ R

0

∫ 2π

0
φ̃ η dθ ds (3.2.5)

for any η(s, θ) ∈ L2((0,R) × S1) and any sufficiently large R.

We have by letting η = ξ(s) × 1(0,2π), where ∀ξ(s) ∈ L2(0,R), for any sufficiently large j,

such that (3.2.5) becomes:

lim
l→∞

∫ R

0

( ∫ 2π

0
φ(l) dθ

)
ξ(s) ds =

∫ R

0

( ∫ 2π

0
φ̃ dθ

)
ξ(s) ds,

which by the fundamental lemma of the calculus of variations gives:

∫ 2π

0
φ̃ dθ = lim

l→∞

∫ 2π

0
φ(l) dθ = 0 a.e. s ∈ (0,∞). (3.2.6)
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Therefore we have φ̃ ∈ A = {φ ∈ H̃1((0,∞)×S1) | φ(0, θ) = φ0(θ);
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈

(0,∞)}.

Step 3

In this step we show that:

lim
s→∞

φ̃(s, θ) = 0 in L2(0, 2π).

We first show that φ̃ is smooth in (0,∞) × S1 and satisfies:

φ̃θθ + φ̃ss = 0. (3.2.7)

Recall that φ̃ is a minimizer to the functional

Ẽ(φ) =

∫ ∞

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds,

therefore we have:

d
dτ

Ẽ(φ̃ + τη)
∣∣∣
τ=0

=
d
dτ

∫ ∞

0

∫ 2π

0

(
(φ̃s + τηs)2 + (φ̃θ + τηθ)2) dθ ds

= 2
∫ ∞

0

∫ 2π

0
(φ̃s ηs + φ̃θ ηθ) dθ ds

= −2
∫ ∞

0

∫ 2π

0
φ̃ ·

(
ηθθ + ηss

)
dθ ds

= 0,

for any η ∈ C∞0
(
(0,∞)×S1).Hence we have that φ̃ is smooth in (0,∞)×S1, and satisfies (3.2.7).

Similar to (3.2.4), by applying Poincarés inequality on φ̃, we have

∫ ∞

0

∫ 2π

0
φ̃2 dθ ds ≤ c

∫ ∞

0

∫ 2π

0

(
φ̃2
θ + φ̃2

s
)

= c I(φ̃) < ∞,

where c is some constant. Therefore, by letting F̃(s) =
∫ 2π

0
φ̃2 dθ, we have that

∫ ∞

0
F̃(s) ds ≤ M

′′

< ∞.

Consequently, it follows from the same reasoning of how we proved (3.1.15) in Theorem 3.1.2
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that

lim
s→∞

F̃(s) = 0,

which implies

lim
s→∞

φ̃(s, θ) = 0 in L2(S1).

Step 4

At last, we show that the φ̃(s, θ) is the unique minimizer for the functional (3.2.3):

Ẽ(φ) =

∫ ∞

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds,

for φ in the admissible set A = {φ ∈ H̃1((0,∞) × S1) | φ(0, θ) = φ0(θ);
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈

(0,∞)}.

Assume there is another minimizer φ̃′ ∈ A for the functional (3.2.3), then φ̃′ must also

satisfies (3.2.7), i.e.

φ̃′θθ + φ̃′ss = 0.

As a consequence, if we let φ∗ = φ̃ − φ̃′, we will also have:

φ∗θθ + φ∗ss = 0, (3.2.8)

where φ∗ is in the admissible set A∗ = {φ ∈ H̃1((0,∞) × S1) | φ(0, θ) = 0;
∫ 2π

0
φ dθ = 0 a.e. s ∈

(0,∞)}. Multiply both sides of (3.2.8) with φ∗, we have:

0 =

∫ j

0

∫ 2π

0

(
φ∗ · φ∗θθ + φ∗ · φ∗ss

)
dθ ds

= −

∫ j

0

∫ 2π

0

(
φ∗θ

2
+ φ∗s

2) dθ ds +

∫ 2π

0

(
φ∗(j, θ) · φ∗s(j, θ) − φ∗(0, θ) · φ∗s(0, θ)

)
dθ

= −

∫ j

0

∫ 2π

0

(
φ∗θ

2
+ φ∗s

2) dθ ds +

∫ 2π

0
φ∗(j, θ) · φ∗s(j, θ) dθ.

(3.2.9)

One can easily see that we must also have

lim
s→∞

φ∗(s, θ) = 0 in L2(S1), (3.2.10)
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which follows exactly from the same reasoning as we did for φ̃(s, θ).

As a consequence, we know from (3.2.9) and (3.2.10):

∫ ∞

0

∫ 2π

0

(
φ∗θ

2
+ φ∗s

2) dθ ds = lim
j→∞

∫ j

0

∫ 2π

0

(
φ∗θ

2
+ φ∗s

2) dθ ds

= lim
j→∞

∫ 2π

0
φ∗(j, θ) · φ∗s(j, θ) dθ

=
1
2

lim
j→∞

d
ds

∫ 2π

0
φ∗2(j, θ) dθ

= 0.

Therefore we have

φ∗ ≡ constant in (0,∞) × S1.

Since φ∗(0, θ) = 0, we must have

φ∗ ≡ 0 in (0,∞) × S1,

which implies the uniqueness of the minimizer for the functional (3.2.3), completing our proof.

�

3.3 Truncated minimization problem

In this section we first study the minimizer for a truncated version of the functional
(3.2.2) in the domain Ωj = (0, j)× (0, 2π) for all j ≥ 1 with φ(s, θ) satisfying the constraint
φ(j, θ) = 0, i.e. we prove that there exist a minimizer φj for the functional:

Ẽj(φ) =

∫ j

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds

where φ ∈ Aj = {φ ∈ H1((0, j) × S1) | φ(0, θ) = φ0(θ) ; φ(j, θ) = 0;
∫ 2π

0
φ dθ = 0 a.e. s ∈ (0, j)},

and φ0(θ) ∈ H1/2(0, 2π).
Then we extend the result to Ω = (0,∞) × (0, 2π). One can easily see that we can

extend the minimizer φj(s, θ) by zero for s ∈ (j,∞) and the extended function φ̂j will
satisfy φ̂j ∈ H̃1((0,∞) × S1). Also, the limit of such extended functions φ̂j will tend to
some φ̂ ∈ H̃1((0,∞) × S1), and we will show that φ̂ is in fact the unique minimizer of the
functional (3.2.3) that we obtained in Theorem 3.2.1. We state the result in the following
theorem.
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Theorem 3.3.1. There exists a minimizer φj to the functional

Ẽj(φ) =

∫ j

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds (3.3.1)

for φ in the admissible set φ ∈ Aj = {φ ∈ H1((0, j)× S1) | φ(0, θ) = φ0(θ) ; φ(j, θ) = 0;
∫ 2π

0
φ dθ =

0 a.e. s ∈ (0, j)} for all j ≥ 1. Further, by extending the minimizer φj to (0,∞) × S1 such that

the extended function φ̂j = 0 on (j,∞)× S1, we have that the sequence {φ̂j} converges weakly to

φ̃, where φ̃ is the unique minimizer to the functional

Ẽ(φ) =

∫ ∞

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds (3.3.2)

in the admissible set A = {φ ∈ H̃1((0,∞) × S1) | φ(0, θ) = φ0(θ);
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈

(0,∞)}, which we proved in Theorem 3.2.1 and it satisfies

lim
j→∞

φ̃→ 0 in L2(S1).

Proof. We prove this result in several steps.

Step 1

In this step we will show that there exist a minimizer for the functional (3.3.1) in the

admissible set φ ∈ Aj for each j ≥ 1. By selecting a minimizing sequence {φ(l)}∞l=1 such that

Ẽj(φ(l))→ m,

and without loss of generality, we can assume that −∞ < m < ∞. Since φ(l) ∈ Aj = {φ ∈

H1((0, j) × S1) | φ(0, θ) = φ0(θ) ; φ(j, θ) = 0;
∫ 2π

0
φ dθ = 0 a.e. s ∈ (0, j)}, we have:

Ẽj(φ(l)) =

∫ j

0

∫ 2π

0
((φ(l)

s )2 + (φ(l)
θ )2) dθ ds.

Hence as a consequence we have:

∫ j

0

∫ 2π

0
((φ(l)

s )2 + (φ(l)
θ )2) dθ ds ≤ M < ∞ (3.3.3)
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for some M > 0.

By Poincaré’s inequality (see [MJ09, p. 69]), on (0, 2π) we have:

‖φ(l) −
1

2π

∫ 2π

0
φ(l) dθ‖L2(0,2π) ≤ c ‖φ(l)

θ ‖L2(0,2π),

for some constant c > 0, and therefore:

C ‖φ(l)‖2L2(0,2π) ≤ ‖φ
(l)
θ ‖

2
L2(0,2π), (3.3.4)

where C = 1
c > 0 is some constant. Hence from (3.3.4) we have:

Ẽj(φ(l)) =

∫ j

0

∫ 2π

0
((φ(l)

s )2+(φ(l)
θ )2) dθ ds ≥

∫ j

0

∫ 2π

0
(φ(l)

θ )2 dθ ds ≥ C
∫ j

0

∫ 2π

0
(φ(l))2 dθ ds (3.3.5)

and this implies that φ(l) ∈ L2((0, j) × S1).
From (3.3.3) and (3.3.5), we have

‖φ(l)‖H1((0,j)×(0,2π)) ≤ M′ < ∞,

where M′ is some positive constant. This implies that the minimizing sequence {φ(l)(s, θ)}∞l=1

is uniformly bounded in H1((0, j) × S1). Therefore there exist a subsequence (without loss of

generality, we still denote the subsequence by {φ(l)(s, θ)}∞l=1) and some φj(s, θ) ∈ H1((0, j) × S1)
such that

φ(l) ⇀ φj

weakly in H1((0, j) × S1).
Also, by using the same reasoning in Step 2 of Theorem 3.2.1 which led to (3.2.6), we

have: ∫ 2π

0
φj dθ = lim

l→∞

∫ 2π

0
φ(l) dθ = 0 a.e. s ∈ (0, j).

Consequently, φ j is in the admissible set Aj = {φ ∈ H1((0, j)×S1) | φ(0, θ) = φ0(θ) ; φ(j, θ) =

0;
∫ 2π

0
φ dθ = 0 a.e. s ∈ (0, j)}. Also since the functional

Ẽj(φ) =

∫ j

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds

is convex in φθ and φs for each given φ, s and θ, we know that Ẽj(φ) is weakly lower semicon-
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tinuous in H1((0, j) × S1), we have from [Eva10]:

Ẽj(φj) ≤ lim inf
l→∞

Ẽj(φ(l)) = m.

Since φj ∈ Aj = {φ ∈ H1((0, j) × S1) | φ(0, θ) = φ0(θ) ; φ(j, θ) = 0;
∫ 2π

0
φ dθ = 0 a.e. s ∈ (0, j)},

we have

Ẽj(φj) ≥ inf
φ∈A

Ẽj(φ) = m.

Therefore we have shown that φj ∈ Aj = {φ ∈ H1((0, j) × S1) | φ(0, θ) = φ0(θ) ; φ(j, θ) =

0;
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈ (0, j)} is a minimizer for

Ẽj(φ) =

∫ j

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds,

for all j ≥ 1.

Step 2

In this step, we show that by extending φj to (0,∞)×S1, the extended function will converge

weakly to some φ̂ ∈ H̃1((0,∞) × S1).
For each minimizer φj of functional (3.3.1), where φj ∈ Aj = {φ ∈ H1((0, j) × S1) | φ(0, θ) =

φ0(θ) ; φ(j, θ) = 0;
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈ (0, j)}, we extend the minimizer φj by zero on

(j,∞) and denote the extended function by φ̂j(s, θ). Therefore we have

φ̂j ∈ A = {φ ∈ H̃1((0,∞) × S1) | φ(0, θ) = φ0(θ);
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈ (0,∞)}.

As a result, we have:

Ẽ(φ̂j) =

∫ ∞

0

∫ 2π

0
((φ̂j

s)2 + (φ̂j
θ)

2) dθ ds

=

∫ j

0

∫ 2π

0
((φj

s)2 + (φj
θ)

2) dθ ds

= Ẽj(φj).

By letting

Âj = {φ ∈ H̃1((0,∞) × S1) | φ(0, θ) = φ0(θ); φ(s ≥ j, θ) = 0;
∫ 2π

0
φ(s, θ) dθ = 0 a.e. s ∈ (0,∞)},

one can easily see that for j1 ≤ j2, we have Âj1 ⊂ Âj2 .
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Also, since φj is a minimizer of

Ẽj(φ) =

∫ j

0

∫ 2π

0
(φ2

s + φ2
θ) dθ ds,

in the admissible set Aj = {φ ∈ H1((0, j)× S1) | φ(0, θ) = φ0(θ) ; φ(j, θ) = 0;
∫ 2π

0
φ dθ = 0 a.e. s ∈

(0, j)}, we have:

Ẽ(φ̂j2) ≤ Ẽ(φ̂j1), (3.3.6)

which implies that {Ẽ(φ̂ji)}∞i=1 is a decreasing sequence.

On the other hand, to find an upper bound for {Ẽ(φ̂j)}∞j=1, we choose

φ∗ =

{ φ0(θ) (1 − s), s ∈ [0, 1]

0, s ∈ (1,∞),

and consequently we have:

Ẽ(φ̂j) ≤ Ẽ(φ̂j=1) = Ẽj(φj=1) ≤ Ẽj(φ∗) = M < ∞, (3.3.7)

for all j ≥ 1, which implies:

‖∇φ̂j‖2L2((0,∞)×S1) ≤ M < ∞. (3.3.8)

Now we prove that φ̂j is uniformly bounded in L2((0,∞) × S1). Again, by Poincaré’s in-

equality on (0, 2π), we have:

‖φ̂j −
1

2π

∫ 2π

0
φ̂j‖L2(0,2π) ≤ c‖φ̂j

θ‖L2(0,2π) (3.3.9)

for some constant c > 0, which is independent of s.

Also since ∫ 2π

0
φ̂j =

∫ 2π

0
φj = 0,

we have from (3.3.9) such that:

∫ 2π

0
(φ̂j)2 dθ ≤ c2

∫ 2π

0
(φ̂j

θ)
2 dθ,
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therefore ∫ ∞

0

∫ 2π

0
(φ̂j)2 dθ ds ≤ c2

∫ ∞

0

∫ 2π

0
(φ̂j

θ)
2 dθ ds,

where c > 0 is some constant, and

∫ ∞

0

∫ 2π

0
(φ̂j)2 dθ ds ≤ c2

∫ ∞

0

∫ 2π

0
(φ̂j

θ)
2 dθ ds ≤ Ẽ(φ̂j) ≤ Ẽj(φ∗) = M < ∞.

As a consequence, we have

‖φ̂j‖L2((0,∞)×S1) ≤ M
′

< ∞, (3.3.10)

and from (3.3.8) to (3.3.10), we can see that:

‖φ̂j‖H1((0,∞)×S1) ≤ M
′′

< ∞, (3.3.11)

for all j ≥ 1. Hence by (3.3.11), there exists a weakly convergent subsequence (without loss of

generality, we can still denote it by the original sequence {φ̂j}∞j=1) and some φ̂ ∈ H̃1((0,∞)× S1)
such that

φ̂j ⇀ φ̂,

weakly in H1((0,∞) × S1).
Also, one can see that by (3.3.6), we have

Ẽ(φ̂) = inf
j

Ẽ(φ̂j) = lim
j→∞

Ẽ(φ̂j). (3.3.12)

Step 3

What left is to show that φ̂ is in fact the minimizer to (3.3.2). Assume φ̃ ∈ A is the unique

minimizer to the functional (3.2.3) we proved in Theorem 3.2.1. Now choose a function ρ(j)(s) :

ρ(j)(s) =

 1, s ∈ [0, j]

2 − s
j , s ∈ (j, 2j],

(3.3.13)

then we have { (
φ̃ ρ(j))

, θ = φ̃θ ρ
(j)(

φ ρ(j))
, s = φ̃s ρ

(j) + φ̃ ρ
(j)
s ,

(3.3.14)



Minimization problem for one-hole domain (one-constant case) 57

and we now show that

Ẽ(φ̃ ρ(j))→ Ẽ(φ̃) as j→ ∞.

To show this, we only need to prove

∫ ∞

j

∫ 2π

0

((
(φ̃s ρ

(j) + φ̃ ρ
(j)
s )

)2
+ (ρ(j) φ̃θ)2

)
dθ ds→ 0, (3.3.15)

and since φ̃ is the minimizer for

Ẽ(φ) =

∫ ∞

0

∫ 2π

0

(
φ2

s + φ2
θ

)
dθ ds,

in the admissible set A = {φ ∈ H̃1((0,∞) × S1) | φ(0, θ) = φ0(θ);
∫ 2π

0
φ dθ = 0 a.e. s ∈ (0,∞)},

we have ∫ ∞

j

∫ 2π

0

(
φ̃2

s + φ̃2
θ

)
dθ ds→ 0 as j→ ∞. (3.3.16)

By applying Poincaré’s inequality on φ̃ over (0, 2π), we have:

‖φ̃ −
1

2π

∫ 2π

0
φ̃‖L2(0,2π) ≤ c‖φ̃θ‖L2(0,2π) (3.3.17)

for some constant c > 0, which is independent of s. Recall the fact that

∫ 2π

0
φ̃(s, θ) dθ = 0 a.e. s ∈ (0,∞),

we have from (3.3.17) that ∫ 2π

0
φ̃2 dθ ≤ c2

∫ 2π

0
φ̃2
θ dθ,

hence ∫ ∞

0

∫ 2π

0
φ̃2 dθ ds ≤ c2

∫ ∞

0

∫ 2π

0
φ̃2
θ dθ ds,

and ∫ ∞

j

∫ 2π

0
φ̃2 dθ ds→ 0 as j→ ∞, (3.3.18)

will hold.
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As a consequence, from (3.3.16) and (3.3.18), we have

∫ ∞

j

∫ 2π

0

((
(φ̃s ρ

(j) + φ̃ ρ
(j)
s )

)2
+ (ρ(j) φ̃θ)2

)
dθ ds

≤

∫ ∞

j

∫ 2π

0

(
2
(
(φ̃s ρ

(j))2 + (φ̃ ρ(j)
s )2) + (ρ(j) φ̃θ)2

)
dθ ds

≤ C
∫ ∞

j

∫ 2π

0

(
φ̃2

s + φ̃2
θ + φ̃2) dθ ds→ 0 as j→ ∞,

and hence (3.3.15) holds. Notice that we used the fact that 0 ≤ ρ(j) ≤ 1, and ρ(j)
s is bounded for

all j ≥ 1 in the inequality.

On the other hand, one can also see that φ̃ ρ(j) ∈ A2j, therefore

inf
j

Ẽ(φ̃ ρ(j)) ≥ inf
j

Ẽ(φ̂2j) ≥ Ẽ(φ̃) = min
φ∈A

∫ ∞

0

∫ 2π

0

(
φ2

s + φ2
θ

)
dθ ds,

which implies

Ẽ(φ̂) = lim
j→∞

Ẽ(φ̂j) = Ẽ(φ̃),

and this shows that φ̂ ∈ A is a minimizer to the functional (3.3.2). The uniqueness of minimizer

and asymptotic behaviour, i.e.

lim
s→∞

φ̂(s, θ) = 0 in L2(S1),

follows directly from Theorem 3.2.1, hence completing our proof.

�

With all above, we have proved in Theorem 3.2.1 such that there exists a unique
minimizer Φ̃ to the functional

E(Φ) =

∫ ∞

1
r
∫ 2π

0
((Φ2

r +
Φ2
θ

r2 ) −
k2

r2 ) dθ dr,

for Φ in the admissible set

AΦ = {Φ | φ = Φ − kθ ∈ H̃1((1,∞) × S1); φ(1, θ) = φ0(θ);
∫ 2π

0
φ(r, θ) dθ = 0 a.e. r ∈ (1,∞)},
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and the minimizer Φ̃ satisfies

lim
r→∞

Φ̃(r, θ) = kθ + β in L2(S1).

Then in Theorem 3.3.1, we provided some insight to the minimizer obtained in Theorem
3.2.1 through truncating E(Φ) into finite intervals and proved that there exists a unique
minimizer to the truncated E(Φ) in each interval, and then by extending these minimiz-
ers on each interval we showed that the extended minimizers will tend to the unique
minimizer Φ̃.

In the next chapter, we will deal with a more general case where, instead of a one-hole
circular domain, the domain Ω is a N-connected domain, i.e. with N ‘holes’ each having a
boundary vector field from the boundary to S1 (in H1/2) with prescribed degree on them
respectively.



Chapter 4

Minimization problem for N-connected

domain (one-constant case)

In this chapter, we consider the same minimization problem but in a more general
domain. Consider an N-connected domain generated by N Jordan curves, Ω = R2\∪N

j=1ω̄j,

where each ωj is a bounded simply-connected domain with Lipschitz boundary ∂ωj and
ω̄i ∩ ω̄j = ∅ for i , j. In particular, each ∂ωj is a Jordan curve. We assume that on each
boundary ∂ωj, the vector field n is given by n|∂ωj = nj ∈ H

1
2 (∂ωj;S1) and has prescribed

degree dj , i.e. deg∂ωjn = dj. Further, we require the origin to be contained in one of the
ωj, and without loss of generality, we can assume 0 ∈ ω1.

Now we consider the minimization problem:

I(̃n) = min
n∈A

I(n) = min
n∈A

∫
Ω

|∇n|2 dx,

for n in the admissible set

A = {n ∈ H̃1(Ω,S1) |n|∂ωj = nj, j = 1, ...,N},

where H̃1(Ω;S1) is defined in Definition 2.3.1.
As discussed at the end of Section 3.1, the infimum of I(n) = 1

2

∫
Ω
|∇n|2 dx is usually

infinite, so that instead we consider the renormalized functional

Î(n) =
1
2

∫
Ω

(
|∇n|2 −

k2

|x|2

)
dx. (4.0.1)

where k = ΣN
j=1 dj. Note that since we will use this renormalized functional (4.0.1) instead

of the original one throughout Chapter 4, we will without loss of generality omit the

60
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coefficient 1
2 and still use the notation I(n) instead of using Î(n).

Unlike one-hole circular domain studied in Chapter 3, we do not have uniqueness for
the minimizer in the multi-hole setting, and this can be easily illustrated by the following
counterexample.

4.1 Counterexample

The following counterexample illustrates the fact that the minimizer for the functional

I(n) =

∫
Ω

(
|∇n|2 −

k2

|x|2

)
dx,

for n ∈ A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj, j = 1, 2} is not unique.

Example 4.1.1. Let N = 2 and ω1, ω2 be the discs of radius 1
4 with centres (−1, 0), (1, 0) re-

spectively. To avoid confusion, note that we do not assume 0 ∈ ω1 only in this counterexample.

We assume that the boundary data n1, n2 are given by the exterior normals to ∂ω1, ∂ω2, namely

n1 = n(−1 + 1
4 cos θ, 1

4 sin θ) = (cos θ, sin θ), n2 = n(1 + 1
4 cos θ, 1

4 sin θ) = (cos θ, sin θ). Let n

be a minimizer of I(n) in A, and consider its value at the origin n(0, 0) = (n1(0, 0), n2(0, 0)).

We will see later that n is smooth, so that n(0, 0) is well-defined. Since n(0, 0) ∈ S1 either

n1(0, 0) , 0 or n2(0, 0) , 0. Assume first that n1(0, 0) , 0. Figure 4.1 illustrates this situation.

Now we can define another vector field ñ from the given vector field n such that:

ñ(x1, x2) = (−n1(−x1, x2), n2(−x1, x2)) .

One can easily check that this ñ preserves the boundary value of n on ∂ω1 and ∂ω2, and we

have

∇ñ(x1, x2) =

 n1,1(−x1, x2) −n1,2(−x1, x2)

−n2,1(−x1, x2) n2,2(−x1, x2)

 .
Consequently we have:

|∇ñ(x1, x2)|2 = |∇n(−x1, x2)|2,

and also

ñ(0, 0) = (−n1(0, 0), n2(0, 0)) , n(0, 0),

if n1(0, 0) , 0.
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Figure 4.1: The vector field n(x1, x2) is normal on the boundary ∂ω1 and ∂ω2, which in our case are

circles with radius 1
4 .

If, on the other hand, n2(0, 0) , 0 then we can define

ñ(x1, x2) = (n1(x1,−x2),−n2(x1,−x2)) .

Again ñ preserves the boundary value of n on ∂ω1 and ∂ω2,

|∇ñ(x1, x2)|2 = |∇n(x1,−x2)|2,

and

ñ =
(
n1(0, 0),−n2(0, 0)

)
, n(0, 0).

Thus given a minimizer, we can always derive another minimizer from the given one
for the same functional and this implies that there is no uniqueness in the minimization
problem. Hence instead, we look for uniqueness in different homotopy classes.

Remark 4.1.2. One may ask the question that whether this counterexample is implying the fact
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that the given minimizer has a defect in the origin, rather than implying the non-uniqueness.

This is not true since one can see later in Theorem 4.3.2 that the minimizer ñ is smooth in Ω,

hence can not have any other defect or any pair of defects with total sum of degree being zero.

To state our main result for this chapter, we need to define homotopy classes for our
minimization problem in the next section.

4.2 Homotopy classes

With the properties established in Section 2.3, we can now define homotopy classes
which play a significant role in our main result for this chapter. Then in Section 4.3, we
will state and prove our main result for this chapter. Before we define homotopy classes,
we need the following lemma.

Lemma 4.2.1. Let λ 7→ nλ be a continuous map from [0, 1] → H1(B;S1), where B ⊂ R2 is

any disc. Note that here we use the notation B to differentiate from the unit disc D. Then there

exists a continuous map λ 7→ φλ from [0, 1]→ H1(B) such that nλ = exp(iφλ).

Proof. Let B be any disc in R2 and let λ 7→ nλ be a continuous map from [0, 1] into H1(B,S1).

For each λ there exists a lifting φλ ∈ H1(B) such that nλ = exp(iφλ), and if φλ and φ̃λ are

two such liftings then we have φλ − φ̃λ = 2mπ a.e. for some m ∈ Z. Hence, it follows that ∇φλ

is the same for any lifting of nλ. We prove the lemma in several steps.

Step 1

Claim: λ 7→ ∇φλ is continuous from [0, 1]→ L2(B;R2).

Suppose the claim is not true. Then there exists ε > 0 and a sequence {λj} such that λ j → λ in

[0, 1] and ∫
B

|∇φλj − ∇φλ|
2dx > ε, for all j ∈ N.

Since
∫
B
|∇φλj |

2 dx =
∫
B
|∇nλj |

2 dx, we have that {∇φλj}
∞
j=1 is bounded in L2(B).

Without loss of generality by adding a suitable multiple of 2π to φλj for each j, we can

choose a lifting such that

−

∫
B

φλj dx :=
1
|B|

∫
B

φλj dx ∈ [0, 2π).

Thus by applying (2.3.6), we have that {φλj}
∞
j=1 is bounded in H1(B) and hence there exists a

subsequence of {φλj}
∞
j=1 (without loss of generality, we still write it as {φλj}

∞
j=1) converges weakly



Minimization problem for N-connected domain (one-constant case) 64

to some φ ∈ H1(B). By the compactness of the embedding H1(B) ↪→ L2(B), we can suppose

that { φλj → φ

∇φλj ⇀ ∇φ weakly
(4.2.1)

in L2(B) and that

φλj → φ a.e.

On the other hand, since λ 7→ nλ is continuous from [0, 1]→ H1(B;S1), we know that

eiφλj = nλj → nλ = eiφλ in H1(B;S1),

and therefore φ is a lifting for nλ and φ = φλ + 2mπ for some integer m.

Recall the fact that

∫
B

|∇φλj |
2 dx =

∫
B

|∇nλj |
2 dx→

∫
B

|∇nλ|2 dx =

∫
B

|∇φλ|
2 dx.

Hence, by the weak convergence of ∇φj we have that limj→∞

∫
B
|∇φλj − ∇φλ|

2 dx = 0, which is

a contradiction to
∫
B
|∇φλj − ∇φλ|

2dx > ε.

Step 2

Claim: λ 7→ exp(i−
∫
B
φλ dx) is continuous.

Here we note the fact that exp(i−
∫
B
φλ dx) is independent of the choice of lifting since liftings

only differ by a multiple of 2π.

Assume for contradiction that λj → λ but | exp(i−
∫
B
φλj dx) − exp(i−

∫
B
φλ dx)| > ε. Arguing as

in Step 1 we can assume that −
∫
B
φλj dx→ −

∫
B
φλ dx, giving a contradiction.

Step 3

Since by Step2, λ 7→ ei−
∫
B
φλ dx is continuous and since R covers S1, there is a continuous map

ξ : [0, 1]→ R such that

exp(iξ(λ)) = exp
(
i−
∫
B

φλ dx
)
.

Now for each λ, −
∫
B
φλ dx = ξ(λ) + 2m(λ)π for some integer m(λ). Hence −

∫
B

(φλ − 2m(λ)π) dx =

ξ(λ), so that φ̃λ = φλ − 2m(λ)π is a lifting of nλ.

Then if λj → λ by the Poincaré inequality

∫
Ω

|φ̃λj − φ̃λ|
2 dx ≤ C

(
|−

∫
B

φ̃λj dx − −
∫
B

φ̃λ dx|2 + −

∫
B

|∇φλj − ∇φλ|
2 dx

)
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which tends to zero as the first term on the right-hand side of this inequality equals |ξ(λj)−ξ(λ)|2.

The continuity of λ 7→ φ̃λ from [0, 1] → H1(B) now follows from Step 1, completing the

proof.

�

Note that this result not just apply to the disc but to any simply-connected domain
in Ω with sufficiently smooth boundary.

Now with the help of Lemma 4.2.1, we can define the homotopy classes for the given
admissible set A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj j = 1, ...,N}.

Definition 4.2.2. Assume n and n′ are two given vector fields in the admissible set A. n

and n′ are homotopic if there exists a mapping n(λ, x) such that n(λ, ·) : [0, 1] × Ω 7→ A is

continuous with respect to the norm topology of H1(Ω∩BR), for any R sufficiently large, where

n(0, x) = n(x) and n(1, x) = n′(x). The vector fields in A that are homotopic to each other are

said to be in the same homotopy class.

Thus the admissible set A is the union of all the homotopy classes, and each homotopy
class consists of vector fields that are homotopic to each other. The following theorem
describes which vector fields are contained in each homotopy class. Without loss of
generality, we choose a1 ∈ ω1 to be the origin and assume that for each point aj, it
satisfies aj ∈ ωj for all j ∈ {2, ...,N}.

Proposition 4.2.3. The admissible set A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj, j = 1, ...,N} splits into

the distinct homotopy classes {Cp}, where p = {p2, p3, ..., pN} ∈ P � Z × · · · × Z︸       ︷︷       ︸
N-1

= ZN−1. Each

homotopy class Cp depends on the lifting of nj on each of the boundaries ∂ωj, and each Cp

consists of vector field n = ΠN
j=1hj(z)dj exp(iφ), where for each j = 1, ...,N, we have hj(z) =

z−aj

|z−aj |

and φ is in the set:

Ap
φ = {φ ∈ H̃1(Ω) | φ|∂ω1 = φ1; φ|∂ωj = φj + 2pjπ, j = 2, ...,N}, (4.2.2)

and φj satisfies exp(iφj) = ΠN
i=1h−di

i (z) nj (see (2.3.3) in Proposition 2.3.2), for all j ∈ {1, 2, ...,N},

where without loss of generality, we assume that each φj satisfies −
∫
∂ωj
φj dx ∈ [0, 2π) for

j = 1, ...,N.

Proof. Given A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj, j = 1, ...,N}, the corresponding admissible set

Am for m = ΠN
j=1h(z)−djn by

Am = {m ∈ H̃1(Ω;S1) |m|∂ωj = mj, j = 1, ...,N}.
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By extending each m ∈ Am within each ωj as described in Proposition 2.3.2 we can define a

map σ : m 7→ m̃ and hence the corresponding admissible set

Ãm = {m̃ | m̃ = σm, m ∈ Am}. (4.2.3)

Also from (2.3.3) in Proposition 2.3.2, we can write m on each boundary ωj in the form

m|∂ωj = exp i(φj + 2pjπ), for j = 1, ...,N, where {pj}
N
j=1 are arbitrary integers, and without loss

of generality, we can assume that p1 = 0, and −
∫
∂ωj
φj dx ∈ [0, 2π) for j = 1, ...,N. Hence we can

obtain infinitely many sets with respect to φ given by

Ap
φ = {φ ∈ H̃1(Ω) | φ|∂ω1 = φ1; φ|∂ωj = φj + 2pjπ, for j = 2, ...,N}.

Similar to (4.2.3), we define another map ς : φ 7→ φ̃ by extending φ ∈ Ap
φ into each ωj as in

(2.3.4), hence obtaining a corresponding Ãp
φ,

Ãp
φ = {φ̃ ∈ H̃1(R2) | φ̃ = ςφ, φ ∈ Ap

φ}. (4.2.4)

Next we show that for each fixed p = {p2, p3, ..., pN} ∈ P � Z × · · · × Z︸       ︷︷       ︸
N-1

= ZN−1, the vector

fields n = ΠN
j=1hdj

j (z) exp iφ, where φ ∈ Ap
φ, form a homotopy class.

It is obvious that n and n′ are homotopic if they belong to the same Cp. This is because if

φ, φ′ ∈ Ap
φ, we can choose n(λ, x) := ΠN

j=1hdj

j (z) exp iφλ, where φλ := (1 − λ)φ + λφ′ ∈ Ap
φ, then

n(λ, x) is continuous from [0, 1] ×Ω to A and n(λ, x) satisfies n(0, x) = n, n(1, x) = n′.

On the other hand, we also need to show that, if n = ΠN
j=1hdj

j (z) exp(iφ), n′ = ΠN
j=1hdj

j (z) exp(iφ′)

are homotopic in H̃1(Ω), then if φ ∈ Ap
φ and φ′ ∈ Ap′

φ , we must have p = p′. Suppose n, n′ ∈ A

are homotopic in A then we must have that m = ΠN
j=1h(z)−djn and m′ = ΠN

j=1h(z)−djn′ are homo-

topic in Am, since ΠN
j=1h(z)−dj is bounded and analytic in Ω∩BR for any R sufficiently large. By

extending m and m′ using the map σ, we have two extended vector fields m̃ = σm, m̃′ = σm′,

which are homotopic in H1(BR;S1) for any sufficiently large R. Recall from Definition 4.2.2,

m̃ and m̃′ are homotopic in H1(BR;S1) if there exists a continuous mapping λ 7→ m̃λ which is

continuous from [0, 1] to H̃1(Ω;S1) such that m̃λ=0 = m̃ and m̃λ=1 = m̃′. Therefore by Lemma

4.2.1 we have that, there exists a continuous map λ 7→ φ̃λ from [0, 1] 7→ H1(BR) such that

m̃λ = exp(iφ̃λ).
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As a consequence, on each boundary ∂ωj, j = 1, ...,N, we must have

‖φ̃λ‖
2
L2(∂ωj)

≤ Cj‖φ̃λ‖
2
H1(ωj)

≤ Cj‖φ̃λ‖
2
H1(BR),

where Cj is some constant independent on φ̃λ. Consequently λ 7→ φ̃λ is continuous from

[0, 1] 7→ L2(∂ωj).

Since we have assumed without loss of generality such that
∫
∂ωj
φj dx ∈ [0, 2π) for each

j = 1, ...,N, we can easily see that on each boundary ∂ωj, φ̃ in the same homotopy class can not

have boundary value differs by integral multiple of 2π. Otherwise ‖φ̃λ‖2L2(∂ωj)
will have a jump,

which contradicts with the fact that λ 7→ φ̃λ is continuous from [0, 1] 7→ L2(∂ωj). This implies

that if p , p′, the corresponding n = ΠN
j=1h(z)dj exp(iφ), where φ ∈ Ap

φ are not homotopic,

hence belong to different homotopy classes, completing the proof.

�

With the definition of homotopy classes for a given admissible set A = {n ∈ H̃1(Ω;S1) |n|∂ωj =

nj, j = 1, ...,N} given by Proposition 4.2.3, we will be able to state and prove our main
result for the minimization problem on this N-hole domain Ω in the next section. We
will derive some preliminary estimate before the main result.

By Proposition 2.3.6 we have

n = ΠN
j=1hj(z)dj exp(iφ),

where hj(z) =
z−aj

|z−aj |
, and aj is some arbitrary point within ωj, i.e. aj ∈ ωj, for j = 1, ...,N.

Now we define αj = αj(r, θ) so that

eiαj(r,θ) = e−iθ hj(z), (4.2.5)

for all j = 1, ...,N.
Since hj(z) =

z−aj

|z−aj |
, we have

hj(z) =
z − aj

|z − aj|
=

reiθ − aj

|reiθ − aj|
=

eiθ −
aj

r

|eiθ −
aj

r |
:= ei(θ+αj). (4.2.6)
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On the other hand, if we write aj = ρj eiγj , we will have

|eiθ −
a
r
|2 = (1 −

ae−iθ

r
)(1 −

āeiθ

r
) = 1 +

|a|2

r2 −
1
r

(
ae−iθ + āeiθ

)
= 1 +

ρ2
j

r2 −
ρj

r

(
ei(γj−θ) + ei(θ−γj)

)
= 1 +

ρ2
j

r2 −
2ρj

r
cos(θ − γj).

By substituting this back into (4.2.6) we have

eiθ −
ρj eiγj

r
=

(
1 +

ρ2
j

r2 −
2ρj

r
cos(θ − γj)

)1/2
ei(θ+αj),

hence

eiαj =
1 − ρj

r ei(γj−θ)(
1 +

ρ2
j

r2 −
2ρj

r cos(θ − γj)
)1/2

.

Also since z = r eiθ, we have {
∇θ =

ieiθ

r
∇r =

z
r

= eiθ,

(4.2.7)

where ∇ = ∂
∂x1

+ i ∂
∂x2
. As a result we have

∇eiαj = ieiαj∇αj

=
1(

1 +
ρ2

j

r2 −
2ρj

r cos(θ − γj)
)( − ∇(

ρj

r
ei(γj−θ)))

(
1 +

ρ2
j

r2 −
2ρj

r
cos(θ − γj)

)1/2

− (1 −
ρj

r
ei(γj−θ))∇

(
1 +

ρ2
j

r2 −
2ρj

r
cos(θ − γj)

)1/2
)

= −
1
2

1 − ρj

r ei(γj−θ)(
1 +

ρ2
j

r2 −
2ρj

r cos(θ − γj)
)3/2

(
− 2

ρ2
j

r3 eiθ + 2
ρj

r2 eiθ cos(θ − γj) + 2
ρj

r
sin(θ − γj)

ieiθ

r

)
.

(4.2.8)
Therefore one can easily see that the order of |∇αj| with respect to 1/r is:

|∇αj| ∼ O(1/r2), (4.2.9)

i.e. r2 |∇αj| is bounded.
Therefore from all the above, H(z) = ΠN

j=1hj(z)dj can be written as:

H(z) = ΠN
j=1hj(z)dj = exp i(kθ + α),
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where { k = ΣN
j=1dj

α = ΣN
j=1dj αj.

(4.2.10)

One can see that we have

eiα = e−ikθ ΠN
j=1

(z − aj)dj

|z − aj|
dj
, (4.2.11)

and
n = ΠN

j=1hj(z)dj exp(iφ) = H(z) exp(iφ) = exp i(kθ + α + φ). (4.2.12)

Also, we have the following result for α(r, θ).

Lemma 4.2.4. For α(r, θ) = ΣN
j=1dj αj(r, θ) defined in (4.2.10), we have

∫
S1

(
α,2(R, θ) cos θ − α,1(R, θ) sin θ

)
dθ = 0, (4.2.13)

where the path of integral is in fact taken on the circle ∂BR, and the radius R is sufficiently

large so that ∪N
j=1ω̄j ⊂ BR.

Proof. Since

eiαj = e−iθ hj(z) =
|z|
z

(z − aj)
|z − aj|

=
(1 − aj

z )

|1 − aj

z |
, j = 1, ...,N

we have by (4.2.11):

eiα = ΠN
j=1

(1 − aj

z )dj

|1 − aj

z |
dj

= e−ikθΠN
j=1

(z − aj)dj

|z − aj|
dj
.

On the other hand, we have∫
S1

(
α,2(R, θ) cos θ − α,1(R, θ) sin θ

)
dθ =

1
2

∫
S1

(
〈∇α, deiθ〉 + 〈deiθ,∇α〉

)
= Re

∫
S1
〈∇α, ieiθ〉 dθ

= −
1
i
Re

∫
S1

e−iα∇eiα de−iθ

= Re
1
i

∫
S1

1
eiα

∂eiα

∂θ
(R, θ) dθ

= 2π deg∂BReiα.

(4.2.14)

By applying Proposition 2.2.4 and Proposition 2.2.5 to (4.2.11) on the circle ∂BR, we have

1
2πi

∫
S1

1
eiα

∂eiα

∂θ
(R, θ) dθ = −k + ΣN

j=1dj = 0, (4.2.15)
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hence completing our proof. �

From (4.2.12) we have

|∇n|2 = |∇(kθ + α + φ)|2

= |k
ieiθ

r
+ ∇α + ∇φ|2

=
k2

r2 + |∇α + ∇φ|2 +
k
r
〈ieiθ,∇α + ∇φ〉 +

k
r
〈∇α + ∇φ, ieiθ〉

=
k2

r2 + |∇α + ∇φ|2 +
k
r

(
ieiθ(φ,1 − iφ,2) − ie−iθ(φ,1 + iφ,2)

)
+

k
r

(
ieiθ(α,1 − iα,2) − ie−iθ(α,1 + iα,2)

)
=

k2

r2 + |∇α + ∇φ|2 +
2k
r

(
φ,2 cos θ − φ,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

)
,

therefore

|∇n|2 −
k2

r2 = |∇α + ∇φ|2 +
2k
r

(
φ,2 cos θ − φ,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

)
, (4.2.16)

and for any fixed R, we have

I(n) =

∫
Ω

(
|∇n|2 −

k2

r2

)
dx

=

∫
Ω

(
|∇φ + ∇α|2 +

2k
r

(
φ,2 cos θ − φ,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

=

∫
Ω

|∇φ + ∇α|2 dx +

∫
Ω∩BR

(
2k
r

(
φ,2 cos θ − φ,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

+

∫
Bc

R

(
2k
r

(
φ,2 cos θ − φ,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

=

∫
Ω

|∇φ + ∇α|2 dx +

∫
Ω∩BR

(
2k

(
φ,2 cos θ − φ,1 sin θ

)
+ 2k

(
α,2 cos θ − α,1 sin θ

))
dr dθ

+

∫
Bc

R

(
2k

(
φ,2 cos θ − φ,1 sin θ

)
+ 2k

(
α,2 cos θ − α,1 sin θ

))
dr dθ

=

∫
Ω

|∇φ + ∇α|2 dx

+

∫
Ω∩BR

(
2k

(
φ,2 cos θ − φ,1 sin θ

)
+ 2k

(
α,2 cos θ − α,1 sin θ

))
dr dθ,

(4.2.17)
where the last step holds since we have (4.2.13), and also by Proposition 2.3.5:∫

∂Br

(
φ,2 cos θ − φ,1 sin θ

)
dγ = 0, (4.2.18)
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where the integral (4.2.18) is taken over the boundary of Br for r ≥ R.
Therefore by (4.2.9) and (4.2.17) we have,

∫
Ω

(
|∇n|2 −

k2

r2

)
dx =

∫
Ω

(
|∇φ|2 + |∇α|2 + 2φ,1α,1 + 2φ,2α,2

)
dx

+

∫
Ω∩BR

(
2k

(
φ,2 cos θ − φ,1 sin θ

)
+ 2k

(
α,2 cos θ − α,1 sin θ

))
dr dθ

≤

∫
Ω

(
|∇φ|2 + |∇α|2 + 2|∇φ| |∇α|

)
dx +

∫
Ω∩BR

2k
r

(|∇φ| + |∇α|) dx

≤ 2
∫

Ω

(
|∇φ|2 + |∇α|2

)
dx +

∫
Ω∩BR

2k
r
|∇φ| dx +

∫
Ω∩BR

2k
r
|∇α| dx

≤

∫
Ω

(
3|∇φ|2 + 2|∇α|2

)
dx +

∫
Ω∩BR

(
k2

r2 +
2k
r
|∇α|

)
dx

= 3
∫

Ω

(
|∇φ|2 + O(1/r4)

)
dx + CR,

(4.2.19)
where CR is some fixed constant depending only on R, as the second integral is taken
over a bounded domain Ω ∩ BR. On the other hand, we also have

∫
Ω

(
|∇n|2 −

k2

r2

)
dx =

∫
Ω

(
|∇φ|2 + |∇α|2 + 2φ,1α,1 + 2φ,2α,2

)
dx

+

∫
Ω∩BR

(
2k

(
φ,2 cos θ − φ,1 sin θ

)
+ 2k

(
α,2 cos θ − α,1 sin θ

))
dr dθ

≥

∫
Ω

(
|∇φ|2 + |∇α|2 − 2|∇φ| |∇α|

)
dx −

∫
Ω∩BR

2k
r

(|∇α| + |∇φ|) dx

≥

∫
Ω

(
(1 − ε)|∇φ|2 + (1 −

1
ε

)|∇α|2
)

dx −
∫

Ω∩BR

(
2k
r
|∇α| + ε |∇φ|2 +

1
ε

k2

r2

)
dx

≥

∫
Ω

(
(1 − 2ε)|∇φ|2 − |O(1/r4)|

)
dx − C′R

(4.2.20)
where ε > 0 is sufficiently small such that 1 − 2ε > 0, and C′R is some fixed constant
depending only on R. The inequality holds due to the fact that:

2|∇φ| |∇α| = 2
√
ε |∇φ|

1
√
ε
|∇α| ≤ ε |∇φ|2 +

1
ε
|∇α|2,

and
2k
r
|∇φ| = 2

√
ε

k
r

1
√
ε
|∇φ| ≤ ε |∇φ|2 +

1
ε

k2

r2 .

We will use (4.2.19) and (4.2.20) in the proof of the main theorem in the next section.
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4.3 Main result for N-connected domain (one-constant case)

In this section, we will state and prove our main result for the minimization problem
on the N-hole domain Ω = R2 \ ∪N

j=1ω̄j. Same as before, we assume that the vector field
n is given by n|∂ωj = nj ∈ H

1
2 (∂ωj;S1) on each boundary ∂ωj and has prescribed degree

deg∂ωjn = dj. We also assume a1 ∈ ω1 is the origin and aj ∈ ωj for all j ∈ {2, ...,N}.
Before we start, we show the relation between the weak equilibrium solutions (also called
harmonic maps) to the Euler-Lagrange equation for the given functional I(n) and the
corresponding solutions to the weak form of Euler-Lagrange equations (see (4.3.1) below)
for the associated φ given by (2.3.9) in Proposition 2.3.6.

The weak form of the Euler-Lagrange equation for I(n) =
∫

Ω

(
|∇n|2 − k2

|x|2

)
dx is

∫
Ω

∇n · ∇m =

∫
Ω

|∇n|2 n ·m dx ∀m ∈ C∞0 (Ω;R2). (4.3.1)

We know that by (4.2.12) we can write

n = n1 + i n2 = H(z) eiφ,

where H(z) = ΠN
j=1hj(z)dj ∈ C∞(Ω̄;C), when restricted to any ball B ⊂ Ω has the form

H(z) = eiw, with ∆w = 0 (w = kθ + α). We have the following proposition.

Proposition 4.3.1. n satisfies (4.3.1) if and only if φ satisfies

∫
Ω

∇φ · ∇Ψ dx = 0 ∀Ψ ∈ C∞0 (Ω). (4.3.2)

Proof. Let B ⊂ Ω be a ball and Ψ ∈ C∞0 (B). If n satisfies (4.3.1) then by approximation we

have that ∫
Ω

∇n · ∇m =

∫
Ω

|∇n|2 n ·m dx ∀m ∈ H1
0(B;R2). (4.3.3)

Choose m = n⊥Ψ, where n⊥ =

−n2

n1

, then we have

∫
B

∇n · ∇(n⊥Ψ) dx = 0. (4.3.4)
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Conversely, if (4.3.4) holds for all Ψ ∈ H1
0(B) then if m ∈ H1

0(B) we have m− (m · n)n ⊥ n and

so m − (m · n)n = n⊥Ψ, where Ψ = m · n⊥ ∈ H1
0(B), and hence (4.3.3) holds.

But
∇n · ∇(n⊥Ψ) = (n1 ∇n2 − n2∇n1) · ∇Ψ

=
(
cos2(w + φ)∇(w + φ) + sin2(w + φ)∇(w + φ)

)
· ∇Ψ

= (∇w + ∇φ) · ∇Ψ.

Hence ∫
B

(∇w + ∇φ) · ∇Ψ dx = 0.

But since ∆w = 0 in B, we have ∫
B

∇w · ∇Ψ dx = 0.

Consequently ∫
B

∇φ · ∇Ψ dx = 0.

Now suppose Ψ ∈ C∞0 (Ω) and let K = supp Ψ. There exists a partition of unity {Ψi}
M
i=1

satisfying supp Ψi ⊂ Bi ⊂ Ω, and 1 ≤ i ≤ M, ΣM
i=1Ψi = 1 on K. Then we have

∫
Ω

∇φ · ∇Ψ dx = ΣM
i=1

∫
Bi

∇φ · ∇(Ψi Ψ) dx = 0,

so that φ satisfies (4.3.1).

Conversely, suppose φ satisfies (4.3.1), then in the ball B ⊂ Ω we have ∆Ψ = 0, where

Ψ = φ + w. Let m ∈ C∞0 (B). Then in the ball B

∇n · ∇m − |∇n|2n ·m = −(sin Ψ)∇Ψ · ∇m1 − |∇Ψ|2(cos Ψ) m1

+ (cos Ψ)∇Ψ · ∇m2 − |∇Ψ|2(sin Ψ) m2

and it follows easily that ∫
B

∇n ·m dx =

∫
B

|∇n|2n ·m dx

and using a partition of unity again we get (4.3.1).

�

Now we can state and prove our main result for this chapter.
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Theorem 4.3.2. There exists a unique minimizer np for the functional

I(n) =

∫
Ω

(
|∇n|2 −

k2

|x|2

)
dx

in each homotopy class Cp of the admissible set

A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj, j = 1, ...,N}

where Cp is defined in Proposition 4.2.3, and k is the sum of the degree for each vector field

nj on the boundary ∂ωj, i.e. k = ΣN
j=1dj. Also, in each homotopy class Cp, the minimizer np is

smooth, i.e. np ∈ C∞(Ω;S1) and can be written as np(z) = ΠN
j=1hdj

j (z) exp(iφp), where φp is in

the set (4.2.2):

Ap
φ = {φ ∈ H̃1(Ω) | φ|∂ω1 = φ1; φ|∂ωj = φj + 2pjπ, pj ∈ Z, for j = 2, ...,N}.

Moreover, np is smooth and satisfies:

|np(x) − n∞p (x)| ≤
C0

r
,

for some constant C0, and some sufficiently large r, where

n∞p (x) = (cos(kθ + β), sin(kθ + β))

and β ∈ R.

Further, the minimizer np is also the unique harmonic map in each homotopy class Cp such

that the corresponding φp in np(z) = ΠN
j=1hdj

j (z) exp (iφp) satisfies

φp(x) ∈ L∞
(
(R,∞) : L2(S1)

)
,

and there exists a harmonic map n∗ in each homotopy class Cp, such that

I(n∗) =

∫
Ω

(|∇n∗|2 −
k2

|x|2
) dx = +∞.

In addition, there exists a minimizer ñ for I(n) in the union A =
⋃

p∈ZN−1 Cp of all the
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homotopy classes. However, ñ may not be unique.

Remark 4.3.3. As mentioned in Remark 2.1.1, np is treated as a vector field with range in the

complex plane C. Also φp(z) is real and it is equivalent to write φp(z) as φp(x). Without loss of

generality, we can assume that −
∫
∂ωj
φp dγ ∈ [0, 2π) (see Proposition 4.2.3).

Proof. Step 1

First we prove that in each homotopy class Cp defined in Proposition 4.2.3, there exists a

minimizer for the functional

I(n) =

∫
Ω

(
|∇n|2 −

k2

|x|2

)
dx,

and that this minimizer is unique. Recall that from (4.2.12), we have

n = ΠN
j=1hj(z)dj exp(iφ);

and for φ ∈ Am
φ , we have from (4.2.17)

I(n) =

∫
Ω

(|∇n|2 −
k2

|x|2
) dx

=

∫
Ω

(
|∇φ + ∇α|2 +

2k
r

(
φ,2 cos θ − φ,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

= J(φ).

(4.3.5)

Let L denote the infimum of I(n) in Cp. Then L < ∞ because there exists φ ∈ H̃1(Ω) satisfying

the boundary conditions and we can multiply it by a suitable cut-off function so that it vanishes

for large r. Let {ni} be a minimizing sequence, so that

I(ni) =

∫
Ω

(
|∇ni|2 −

k2

|x|2

)
dx→ L

Hence we have a corresponding minimizing sequence {φi}∞i=1 ⊂ Ap
φ for the functional J(φ), so

that

I(ni) = J(φi) =

∫
Ω

(
|∇φi + ∇α|2 +

2k
r

(
φi
,2 cos θ − φi

,1 sin θ
)

+
2k
r

(
α,2 cos θ − α,1 sin θ

))
dx→ L.

We can easily see from (4.2.20) that L is bounded below from −∞, (i.e. L > −∞ ) and

‖∇φi‖2L2(Ω) ≤ C < ∞.
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Also we have by [MJ09] such that for some constant CR depending only on Ω ∩ BR, we have

∫
Ω∩BR

|φi|2 dx ≤ CR

∫
Ω∩BR

|∇φi|2 dx +

∫
∂ωj

|φj| dσ + ΣN
j=2

∫
∂ωj

|φj + 2pjπ| dσ
2 ≤ MR < ∞.

Therefore the minimizing sequence {φi} is bounded in H1(Ω∩BR) for every R sufficiently large.

By using a diagonal argument as in the proof of Theorem 2.3.4, we can extract a subsequence

{φjι}∞ι=1 of {φi}∞i=1 such that the subsequence converges weakly to some φp ∈ Ap
φ in H1(Ω ∩ BR)

for every R sufficiently large.

Now we show that I(n) is weakly lower semi-continuous i.e. given a weakly convergent

sequence φi ⇀ φp in H1(Ω ∩ BR) for any R sufficiently large enough, we have

lim inf
i→∞

J(φi) ≥ J(φp).

Since by (4.2.17) we know

I(ni) = J(φi) =

∫
Ω

(
|∇φi + ∇α|2 +

2k
r

(
φi
,2 cos θ − φi

,1 sin θ
)

+
2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

=

∫
Ω

|∇φi + ∇α|2 dx +

∫
Ω∩BR

(
2k
r

(
φi
,2 cos θ − φi

,1 sin θ
)

+
2k
r

(
α,2 cos θ − α,1 sin θ

))
dx,

for any R sufficiently large, therefore we have the following

lim inf
i→∞

I(ni) = lim inf
i→∞

J(φi)

≥ lim inf
i→∞

∫
Ω∩BR

(
|∇φi + ∇α|2 +

2k
r

(
φi
,2 cos θ − φi

,1 sin θ
)

+
2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

≥

∫
Ω∩BR

(
|∇φp + ∇α|2 +

2k
r

(
φp,2 cos θ − φp,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

(4.3.6)

The last step is due to the property of the norm for a weakly convergent sequence (see

[Eva10, Appendix D]). This is because from (4.2.8) and (4.2.9) we know that for any R suf-

ficiently large, α is differentiable and integrable in Ω ∩ BR, and by letting φ
i

= φi + α we

automatically have that φ
i
⇀ φp in H1(Ω ∩ BR), hence (4.3.6) holds. By letting R → ∞ we

have

lim inf
i→∞

J(φi) ≥ J(φp),

which proves the lower semi-continuity of I(φ). This implies that for each homotopy class Cp,
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there exists a minimizer np = ΠN
j=1hj(z)dj exp(iφp), where φp ∈ Ap

φ.

The uniqueness of this minimizer in a given homotopy class Cp follows immediately from

the strict convexity of the integrand. If there were two distinct minimizers then the gradient of

the difference would be zero, so that by the boundary conditions they are the same.

Step 2

We prove in this step that np ∈ C∞(Ω;S1) and ‖φp(x) − β‖L2(S1) ≤
C0
r , where np(x) =

ΠN
j=1hdj

j exp(iφp), i.e. we determine the asymptotic behaviour of φp in each homotopy class Cp.

Since again from (4.2.17) and (4.2.18), we have

I(np) =

∫
Ω

(
|∇np|

2 −
k2

|x|2

)
dx

=

∫
Ω

(
|∇φp + ∇α|2 +

2k
r

(
φp,2 cos θ − φp,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

= J(φp)

(4.3.7)

and again by letting φp = φp + α,

J(φp) =

∫
Ω

(
|∇φp + ∇α|2 +

2k
r

(
φp,2 cos θ − φp,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

=

∫
Ω

(
|∇φp|

2 +
2k
r

(
φp,2 cos θ − φp,1 sin θ

))
dx.

Since in each homotopy class Cp, np minimizes I(n), hence φp minimizes J(φ). Therefore we

have for ψ ∈ C∞0 (Ω)

d
dτ

J(φp + τψ)
∣∣∣
τ=0

=
d
dτ

∫
Ω

(
|∇φp + τ∇ψ|2 +

2k
r

((
φp,2 + τψ,2

)
cos θ −

(
φp,1 + τψ,1

)
sin θ

))
dx

∣∣∣∣∣
τ=0

= 0

which leads to ∫
Ω

∇φp · ∇ψ dx = 0. (4.3.8)

Consequently we know that φp is harmonic in Ω ∩ BR for any sufficiently large R, i.e.

∆ φp = 0, (4.3.9)
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and this also implies that φp is smooth in Ω.

Also, by applying change the of variable r = es to x = reiθ, we have

I(np) = J(φp) =

∫
Ω

(
|∇φp|

2 +
2k
r

(
φp,2 cos θ − φp,1 sin θ

))
dx

=

∫
Ω

(
φ

2
p,s + φ

2
p,θ + 2kφp,θ

)
dθ ds

=

∫
Ω

(
|∇sφp|

2 + 2kφp,θ

)
dθ ds

where

∇s =
∂

∂s
+ i

∂

∂θ
,

and (4.3.9) becomes

φp,ss + φp,θθ = 0. (4.3.10)

We now let

F(s) =

∫ 2π

0
φ

2
p dθ, (4.3.11)

where s is sufficiently large, so that the corresponding r is sufficiently large and ∪N
j=1ω̄j ⊂ BR ⊂

Br. By applying (4.3.10) we have

d2

ds2 F(s) = 2
∫ 2π

0
(φ

2
p,s + φ

2
p,θ) dθ ≥ 0.

Since np is the minimizer for the functional (4.3.7), we have

J(φp) =

∫
Ω

(
|∇φp|

2 +
2k
r

(
φp,2 cos θ − φp,1 sin θ

))
dx < ∞, (4.3.12)

which implies that ∫
Ω

|∇sφp|
2 dθ ds < ∞. (4.3.13)

Note that (4.3.13) holds, since by (4.2.19) the term
∫

Ω

2k
r

(
φp,2 cos θ − φp,1 sin θ

)
dx is bounded

, and as a consequence we have

Fs(s) − Fs(s0) = 2
∫ s

s0

∫ 2π

0
(φ

2
p,s + φ

2
p,θ) dθ ds < ∞. (4.3.14)

By (4.3.14) Fs(s) is nondecreasing. Hence Fs(s) → α, for some constant α ≥ 0. Therefore as
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s→ ∞ we have

F(s) ∼ αs + c

for some constant α and c.

We now prove by contradiction that α = 0. For arbitrary small ε > 0, we fix R0 (R0 = es0)

large enough such that ∫ s

s0

∫ 2π

0
φ

2
p,s dθ ds < ε,

and we have

φp(s, θ) − φp(s0, θ) =

∫ s

s0

φp,τ(τ, θ) dτ ≤
(∫ s

s0

12 dτ
) 1

2

·

(∫ s

s0

φ
2
p,τ dτ

) 1
2

,

which leads to ∫ 2π

0

|φp(s, θ) − φp(s0, θ)|2

s − s0
≤

∫ s

s0

∫ 2π

0
φ

2
p,τ dτ dθ < ε.

Therefore we have

lim
s→s0

Fs(s0) = lim
s→s0

∫ 2π

0

|φp(s, θ) − φp(s0, θ)|2

s − s0

= lim
s→s0

∫ 2π

0

φ
2
p(s, θ) + φ

2
p(s0, θ) − 2φp(s, θ) φp(s0, θ)

s − s0

= lim
s→s0

∫ 2π

0

φ
2
p(s, θ) − φ

2
p(s0, θ)

s − s0
< ε,

for any ε > 0.

Consequently, we have α = 0, and

lim
s→∞

F(s) = lim
s→∞

∫ 2π

0
φ

2
p dθ = c < ∞. (4.3.15)

This implies that F(s) ∈ L∞(0,∞), and we can follow exactly the same argument using Fourier

series in the proof of Proposition 3.1.2, and obtain

‖φp − β‖L2(S1) ≤
C
r
, (4.3.16)

as r→ ∞, where β ∈ R is some constant, hence proving the asymptotic behaviour of φp.

Step 3
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In this step, we prove there is a minimum ñ (which is not necessarily unique), in the union

of all homotopy classes A =
⋃

p∈ZN−1 Cp. We claim that for φ ∈ Ap
φ, we have

∫
∪j,1∂ωj

|φ|2 dσ +

∫
Ω∩BR

|φ|2 dx ≤ C
( ∫

Ω∩BR

|∇φ|2 dx +

∫
∂ω1

|φ|2 dσ
)
, (4.3.17)

for some constant C depending only on Ω ∩ BR. We prove this claim by contradiction.

Assume the claim were not true. Then there would exist a sequence {φj}∞j=1 such that

∫
∪j,1∂ωj

|φj|2 dσ +

∫
Ω∩BR

|φj|2 dx > j
( ∫

Ω∩BR

|∇φj|2 dx +

∫
∂ω1

|φj|2 dσ
)
. (4.3.18)

On account of homogeneity, we may assume

∫
∪j,1∂ωj

|φj|2 dσ +

∫
Ω∩BR

|φj|2 dx = 1. (4.3.19)

Then from (4.3.18)

∫
Ω∩BR

|∇φj|2 dx +

∫
∂ω1

|φj|2 dσ <
1
j
→ 0, as j→ ∞. (4.3.20)

Consequently we have

∇φj → 0 in L2(Ω ∩ BR),

and

φj is bounded in L2(Ω ∩ BR).

Therefore the sequence {φj} is bounded in H1(Ω∩BR) and there exists a subsequence {φjι}∞ι=1

of {φj}∞j=1, and some φ ∈ H1(Ω ∩ BR), such that

φjι ⇀ φ in H1(Ω ∩ BR) weakly.

By lower semicontinuity of the norm and the compactness of the trace operator we have that

{
∇φ = 0 in Ω ∩ BR

φ = 0 on ∂ω1.

This implies that φ ≡ C0 in Ω ∩ BR for some constant C0 , and C0 = 0.
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Passing to the limit in (4.3.19) gives the desired contradiction. From (4.3.17) it follows

immediately that ∫
Ω∩BR

|∇φp|
2 dx→ ∞ as |p| → ∞

and therefore

I(np) =

∫
Ω

(|∇np|
2 −

k2

|x|2
) dx

=

∫
Ω

(
|∇φp + ∇α|2 +

2k
r

(
φp,2 cos θ − φp,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx→ ∞

as |p| → ∞. Hence the minimizer in some Cp must be a minimizer ñ in the union A =⋃
p∈ZN−1 Cp. That ñ is not necessarily unique was shown in Example 4.1.1.

Step 4

Now we show that in each homotopy class Cp, the minimizer np is the unique harmonic

map satisfying the condition

φp(x) ∈ L∞((R,∞); L2(S1)),

where np(x) = ΠN
j=1hdj

j exp(iφp), and φp ∈ Ap
φ as defined in (4.2.2).

Assume there exists another map n′p ∈ A in the same homotopy class Cp, so that

n′p(x) = ΠN
j=1hdj

j exp(iφ′p),

for φ′p ∈ Ap
φ.

Since n′p is a harmonic map, it satisfies

∫
Ω

∇n′p · ∇m =

∫
Ω

|∇n′p|
2n′p ·m dx ∀m ∈ C∞0 (Ω;R2),

which is the weak form of the Euler-Lagrange equation for the functional I(n) =
∫

Ω

(
|∇n|2 − k2

|x|2

)
dx,

for n ∈ A = {n ∈ H̃1(Ω;S1) |n|∂ωj = nj, j = 1, ...,N}. Hence by (4.3.8) in Step 3

(φ
′

p)ss + (φ
′

p)θθ = 0,

where φ
′

p = φ′p + α.
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Denoting φ̃p = φp − φ
′

p, we have that

{ (φ̃p)ss + (φ̃p)θθ = 0

φ̃p|∂ωj = 0, j = 1, ...,N.

Since we know that φ̃p is a weak solution of the harmonic map, we have

∫
Ω

∇φ̃p · ∇v dx = 0, ∀v ∈ H1
0(Ω).

Choose v = φ̃pΨε , where Ψε is a function or radius r = |x|,

Ψε :=


0 |x| ≥ R|
R−|x|
ε
|x| ∈ (R − ε,R)

1 |x| ≤ R − ε

(4.3.21)

we have∫
Ω

∇φ̃p · v dx =

∫
Ω∩BR−ε

|∇φ̃p|
2 dx +

∫
BR\BR−ε

(
Ψε |∇φ̃p|

2 + φ̃p∇φ̃p · ∇Ψε

)
dx = 0.

Since we also have

∫
BR\BR−ε

Ψε |∇φ̃p|
2 dx ≤

∫
BR\BR−ε

|∇φ̃p|
2 dx→ 0, ε → 0

and

∫
BR\BR−ε

φ̃p∇φ̃p · ∇Ψε dx = −

∫
BR\BR−ε

φ̃p
∂φ̃p

∂ν

1
ε

r dr dS→ −
∫
∂BR

φ̃p
∂φ̃p

∂ν
R dS, ε → 0,

we have that ∫
Ω∩BR

|∇φ̃p|
2 dx =

∫
∂BR

φ̃p
∂φ̃p

∂ν
R dS

=

∫
S1
φ̃p(R, θ)

∂φ̃p

∂ν
(R, θ) R dθ

=

∫
S1
φ̃p
∂φ̃p

∂s
(sR, θ) dθ.

(4.3.22)

The rest is to prove that the right hand side of (4.3.22) goes to zero as R→ ∞ (sR → ∞).
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Recall that since

φ′p(x) ∈ L∞((R,∞); L2(S1)),

and also we have from (4.3.15) that

φp(x) ∈ L∞((R,∞); L2(S1)).

Consequently, we have

F̃(s) =

∫ 2π

0
φ̃2

p dθ dr =

∫ 2π

0
|φp − φ

′
p|

2 dθ dr

≤

(∫ 2π

0
φ

2
p dθ +

∫ 2π

0
φ′p

2
dθ

)2

< ∞.

By applying the same argument using Fourier series in the proof of Proposition 3.1.2, we

have ∫
Ω∩BR

|∇φ̃p|
2 dx =

∫
S1
φ̃p
∂φ̃p

∂s
(s = sR, θ) dθ <

C̃
R2 ,

hence ∫
Ω

|∇φ̃p|
2 dx = lim

R→∞

∫
Ω∩BR

|∇φ̃p|
2 dx = 0.

Therefore we have φ̃p = φp−φ
′

p ≡ 0 (hence φp(x) ≡ φ′p(x)) in Ω. This proves that the minimizer

np of I(n) in each homotopy class Cp is also unique of harmonic maps in L∞((R,∞); L2(S1)).

Step 5

Now we prove that there exists a harmonic map n∗ in each homotopy class Cp such that

I(n∗) =

∫
Ω

(
|∇n∗|2 −

k2

|x|2

)
dx = +∞.

First we show that there exists a minimizer for the energy functional

E(φ) =

∫
Ω

|∇φ − ∇ log |x| |2 dx, (4.3.23)

for φ in the admissible set Ap
φ = {φ ∈ H̃1(Ω) | φ|∂ω1 = φ1; φ|∂ωj = φj + 2pjπ, j = 2, ...,N}, where

p = {p2, p3, ..., pN} ∈ Z
N−1.
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To prove there exists a minimizer for (4.3.23), we choose

u = φ − log |x|,

and it follows that

E(φ) =

∫
Ω

|∇φ − ∇ log r|2 dx =

∫
Ω

|∇u|2 dx = I(u),

where u is in the admissible set

U := {u ∈ H̃1(Ω) | u|∂ω1 = φ1 − log |x|; u|∂ωj = φj − log |x| + 2pjπ, j = 2, ...,N}.

It follows from the direct method that there is a minimizer u∗ ∈ U for the functional

I(u) =

∫
Ω

|∇u|2 dx,

and φ∗ = u∗ + log |x| is therefore a minimizer for the functional

E(φ) =

∫
Ω

|∇φ − ∇ log r|2 dx,

for φ ∈ Ap
φ.

As a result, we have

dE(φ∗)
dτ

∣∣∣∣∣
τ=0

= 2
∫

Ω\L1

(∇φ∗ − ∇ log r) · ∇η = 0,

for η ∈ C∞0 (Ω), and it follows from Proposition 4.3.1 that the corresponding n∗ = ΠN
j=1hj(z)dj exp (iφ∗)

satisfies (4.3.1), hence a harmonic map.

Therefore there exist such harmonic map n∗ in each homotopy class Cp, and now we show

that

I(n∗) =

∫
Ω

(
|∇n∗|2 −

k2

|x|2

)
dx = +∞.

Recall that since n∗ = ΠN
j=1hj(z)dj exp (iφ∗) = exp i(kθ + α + φ∗), where

{ k = ΣN
j=1dj

α = ΣN
j=1dj αj,
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we have from (4.2.17), such that

I(n) =

∫
Ω

(
|∇n|2 −

k2

r2

)
dx

=

∫
Ω

|∇φ + ∇α|2 dx +

∫
Ω∩BR

(
2k
r

(
φ,2 cos θ − φ,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

= E(φ).

By φ∗ = u∗ + log |x|, we have

∇φ∗ = ∇ log |x| + ∇u∗ =
x
r2 + ∇u∗,

consequently by (4.2.20), we have

E(φ∗) =

∫
Ω

|∇φ∗ + ∇α|2 dx +

∫
Ω∩BR

(
2k
r

(
φ∗,2 cos θ − φ∗,1 sin θ

)
+

2k
r

(
α,2 cos θ − α,1 sin θ

))
dx

≥

∫
Ω

(
(1 − 2ε)|∇φ∗|2 − |O(1/r4)|

)
dx − CR

=

∫
Ω

(
(1 − 2ε)

(
|∇u∗|2 +

2
r

(u∗,1 cos θ + u∗,2 sin θ) +
1
r2

)
− |O(1/r4)|

)
dx − CR

≥

∫
Ω

(
(1 − 2ε)|∇u∗|2 − (1 − 2ε)

2
r
|∇u∗| + (1 − 2ε)

1
r2 − |O(1/r4)|

)
dx − CR,

where CR is some finite constant.

By using the inequality
2
r
|∇u∗| ≤

1
ε
|∇u∗|2 + ε

1
r2 ,

we have

E(φ∗) ≥
∫

Ω

(
(1 − 2ε)|∇u∗|2 − (1 − 2ε)

2
r
|∇u∗| + (1 − 2ε)

1
r2 − |O(1/r4)|

)
dx − CR

≥

∫
Ω

(
(1 − 2ε)(1 −

1
ε

)|∇u∗|2 + (1 − ε)(1 − 2ε)
1
r2 − |O(1/r4)|

)
dx − CR.

Therefore for sufficiently small ε > 0 such that (1 − ε)(1 − 2ε) > 0, we have

I(n∗) = E(φ∗) = +∞
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which is due to the fact that

∫
Bc

R

1
r2 dx =

∫
Bc

R

1
r

dr dθ = +∞,

and ∫
Ω

(
(1 − 2ε)(1 −

1
ε

)|∇u∗|2 − |O(1/r4)|
)

dx − CR < ∞,

since I(u∗) = infu∈U

∫
Ω
|∇u|2 dx. This completes our proof. �

Remark 4.3.4. L. Nguyen pointed out to us that, instead of working on this exterior domain

Ω = R2 \ ∪N
j=1ω̄j , one can actually use an inversion to work on a puncture interior domain.

In this sense, you are working on a multiply-connected and bounded domain with one point

removed.

If we write u(x) = φ(x/|x|2) (the Kelvin transform of φ(x)), and if φ(x) is harmonic in Ω, then

u(x) is harmonic in Ω′ = {x , 0 | x/|x|2 ∈ Ω}. One can easily see that Ω′ is a bounded multiply-

connected domain with the origin removed. In Theorem 4.3.2, φp(x), which is associated to the

minimizer np in each homotopy class Cp, is bounded at |x| → ∞. Then one can easily see that

u(x) is bounded when |x| → 0, which is saying that the origin in the inverted domain Ω′ is a

removable singularity of u(x), hence u(x) is harmonic in Ω′ ∪ {0}. To see more on removable

singularities of solutions of elliptic equations, one can refer to [Ser64].

A related issue is whether the minimizer in H̃1(Ω;S1) is in fact a minimizer in H1(Ω′ ∪

{0};S1), where Ω′ is the inverted domain. If this is true, it will also explain the existence of the

harmonic map n∗ with infinite energy on the exterior domain Ω : this is a solution which gives

infinite H1 energy at the removed point (in our case it is the origin) on the inverted domain Ω′.

We will not elaborate further on this problem in this thesis, but will do more study on this in

our future research.

In the following chapter, we will address the minimization problem on non-orientable
line field. We will introduce an auxiliary vector field for the given non-orientable line field
and apply Theorem 4.3.2 to the auxiliary vector field to solve the minimization problem
in a given N-connected domain Ω.



Chapter 5

Line field models for uniaxial nematic

liquid crystals

5.1 Definition of line field and its degree

The idea of the Oseen-Frank model is to associate to each point in the macroscopic
physical space a director describing the preferred direction of the molecules at the point.
The Oseen-Frank model takes this director to be a unit vector n. But this setting has the
deficiency of ignoring a physical symmetry of the material, namely the statistical head-
to-tail symmetry of the rod-like molecules. One of the advantages of the more complex
Q-tensor theory of de Gennes, which uses a symmetric trace-free tensor Q as the order
parameter, is that remedies this deficiency. In the simplest constrained case of uniaxial
Q-tensors with a constant scalar order parameter, these Q-tensors admit the form:

Q = s
(
n ⊗ n −

1
3

I
)
, (5.1.1)

from which it is easily seen that there exists a bijective correspondence between such Q
and pairs of antipodal unit vectors {n,−n}. Thus we can think of Q as representing the line
through the origin parallel to n. A tensor Q = Q(x) of the form (5.1.1) can be interpreted
as a line field. We will refer to this as the constrained Landau - de Gennes theory. It
is shown in [BZ08] that in the case of a non-zero constant scalar order parameter s, the
Landau-de Gennes theory is equivalent to the Oseen-Frank theory when the domain Ω

is simply-connected, but not in general otherwise.
As in Chapter 3 and Chapter 4, we restrict our discussion to a 2D domain with m

a ‘planar’ unit vector, i.e. m = (m1,m2, 0). Thus we can write the ‘planar’ unit vector
m = (m1,m2, 0) ∈ S2 as m = (m1,m2) ∈ S1, and the line field is identified with the pair

87



Line field models for uniaxial nematic liquid crystals 88

{m,−m}. One can also easily see that it is equivalent to write the line field as a Q-tensor
of the form (5.1.1), or simply as

M = m ⊗m =

(
m2

1 m1m2

m2m1 m2
2

)
=

(
M11 M12

M21 M22

)
(5.1.2)

since there is a bijective correspondence between (5.1.1) and (5.1.2). In this chapter, we
will use the form (5.1.2) to represent a given line field M. We denote the set of such
matrices by

Q =
{
M ∈ M2×2(R) |M = m ⊗m for some m ∈ S1},

where M2×2(R) is the set of 2 × 2 matrices with real values.
Note that M = MT and Tr M = 1 for any M ∈ Q, and that Q can be bijectively

identified with the real projective space RP1, and thus can be given the structure of a
one-dimensional manifold.

Given an N-connected domain Ω = R2 \ ∪N
j=1ω̄j satisfying our previous hypotheses, we

let
X̃ = {M ∈ H̃1(Ω;Q) |Tr M|∂ωj = Mj, j = 1, ...,N},

where Mj ∈ Q are given. The notation Tr M|∂ωj denotes the trace of the line field M on
each boundary ∂ωj, j = 1, ...,N. Similar to Definition 2.3.1, we define H̃1(Ω;Q) as follows:

Definition 5.1.1. We say that a line field M ∈ H̃1(Ω;Q) if and only if M ∈ H1(Ω ∩ BR;Q) for

any R sufficiently large.

Note that H̃1(Ω;Q) is also a completely metrizable space, such that a sequence of line
fields Mj → M in H̃1(Ω;Q) if and only if Mj → M in H1(Ω ∩ BR;Q) for any R sufficiently
large.

We call a line field M ∈ H1(Ω;Q) orientable (see [BZ08] and [BZ11]) if and only if
there exists a vector field in the same functional space, that is an m ∈ H1(Ω;S1) such
that m(x) ∈ S1 and M = m ⊗ m except for possibly a set of measure zero. It is shown
in [BZ11, Proposition 2] that an orientable line field M ∈ H1(Ω;Q) can have only two
orientations. More precisely, if given a unit vector m ∈ H1(Ω;S1), corresponding to a line
field M ∈ H1(Ω;Q) such that M = m⊗m, there can be only one other vector field, namely
−m, corresponding to the same M.

Before we state and prove the main theorem of this chapter, we need to define the
degree for a given line field M ∈ X̃, and the corresponding homotopy classes. In order
to define the degree of a line field on the boundaries {∂ωj}

N
j=1 of the domain Ω, we first

define following [BZ11] an auxiliary vector field A(M) for each line field M = m ⊗m ∈ X̃
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by
A(M) = m2

= (m1 + i m2)2

= m2
1 −m2

2 + 2i m1m2

= M11 −M22 + 2i M12

= 2M11 − 1 + 2i M12,

(5.1.3)

where A(M), m are treated here as vector fields with range in complex plane C. One can
also notice from (5.1.3) that we have |A(M)| = 1, and thus the auxiliary map A(M) : X̃ 7→
H̃1(Ω;S1) allows one to associate to a planar line field an auxiliary unit vector field.

Also, by letting n = A(M) where n = n1 + i n2, we have from (5.1.3):

M = m ⊗m =

(
m2

1 m1m2

m2m1 m2
2

)
=

(n1+1
2

n2
2

n2
2

1−n1
2

)
=

(
M11 M12

M21 M22

)
. (5.1.4)

In fact, one can see from (5.1.3) that n ∈ H̃1(Ω;S1), and by (5.1.4) we have

 m1 = κ
(

n1+1
2

)1/2

m2 = κ̃
(

1−n1
2

)1/2

where κ = ±1, κ̃ = ±1.
On the other hand, we have from (5.1.4) that

m1m2 = κ κ̃

(
1 − n2

1

4

)1/2

= κ κ̃
|n2|

2
=

n2

2
,

and this implies that κ κ̃ = sgn n2 for n2 , 0, which gives
when n2 ≥ 0 :

m = ±

(n1 + 1
2

) 1
2

,

(
1 − n1

2

) 1
2
 ;

and when n2 < 0 :

m = ±

(n1 + 1
2

) 1
2

,−

(
1 − n1

2

) 1
2


and in either case, we have a pair of antipodal unit vectors. In particular, as is obvious
from (5.1.4), given an auxiliary vector field n there can be only one possible corresponding
line field denoted by a pair of antipodal unit vectors {m,−m}.

Thus one can see that given any such auxiliary vector field A(M), there exists a unique
line field, such that the line field M and the auxiliary vector field A(M) are in the same
Sobolev class. Note that this is also true for the line field Tr M|∂ωj = Mj on each of the
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boundaries ∪N
j=1∂ωj and its associated auxiliary vector field A(Mj).

Next we define the degree for a give line field M ∈ X̃. It is shown in [BZ11, Proposition
3] and the remark after it that orientability in a domain implies orientability at the
boundary. Moreover, it is proved in [BZ11, Proposition 6] that for any j ∈ {1, ...,N}, the
trace Tr M ∈ H1/2(∂ωj,Q) of the line field M is orientable (in the space H1/2) if and only if
the degree of the corresponding auxiliary vector field A(Tr M) on ∂ωj is an even integer,
i.e. deg∂ωjA(Tr M) ∈ 2Z, where the degree (for a H1/2(S1;S1) map) deg∂ωjA(Tr M) is defined
by (2.1.5) in Theorem 2.1.2. In other words, given a line field M on a loop, then to it
corresponds a vector field A(M) that has even degree if and only if M is orientable. It is
also proved that, if there exists a unit vector field m such that Tr m ∈ H1/2(∂ωj;S1), and
Tr M = m ⊗m a.e. on ∂ωj, then deg∂ωjm = 1

2 deg∂ωjA(Tr M).
Further, [BZ11, Proposition 7] also implies the fact that the orientability of the given

vector field M in the whole domain Ω can be determined by the orientability on each of
the boundaries ∪N

j=1∂ωj, i.e. M ∈ X̃ is orientable if and only if deg∂ωjA(M) ∈ 2Z, j = 1, ...,N.
Therefore the orientability of a given line field M can be determined at the level of the
auxiliary vector field A(M) on each of the boundaries ∪N

j=1∂ωj, and the line field M is
non-orientable if and only if at least one of the degrees of the auxiliary vector field on
the boundary, i.e. deg∂ωjA(M), j = 1, ...,N, is odd. Thus we can define the degree of the
given line field M ∈ X̃ on each of the boundaries ∪N

j=1∂ωj as follows:

Definition 5.1.2. In the admissible set

X̃ = {M ∈ H̃1(Ω;Q) |Tr M|∂ωj = Mj, j = 1, ...,N},

the degree of a given line field M ∈ X̃ on each boundary ∂ωj, j = 1, ...,N is defined as

deg∂ωjM =
1
2

deg∂ωjA(Tr M) =
1
2

deg∂ωjA(Mj) (5.1.5)

where A(Mj) defined in (5.1.3) is the auxiliary vector field associated to the given line field Mj

on the boundary ∂ωj, j = 1, ...,N.

One can notice from Definition 5.1.2 that if the line field M ∈ X̃ is orientable on the
boundary ∂ωj, j = 1, ...,N, that is, there exists a unit vector field m ∈ H1/2(∂ωj;S1) such
that M = m⊗m, then the degree of the line field M on the boundary is in fact the degree
of the vector field m on the boundary ∂ωj, i.e. deg∂ωjM = deg∂ωjm, which follows from
Proposition 2.2.4 that deg∂ωjm2 = 2 deg∂ωjm ; and if the line field M is non-orientable on
the boundary ∂ωj, j = 1, ...,N, then the degree of the line field on the boundary is half of
some odd integer.
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5.2 Homotopy classes of line fields

We assume that on each boundary ∂ωj, the line field M is given by Tr M|∂ωj = Mj ∈

H1/2(∂ωj;Q) and has prescribed degree deg∂ωjMj = dj, which is defined in Definition 5.1.2.
Let

X̃ = {M ∈ H̃1(Ω;Q) |Tr M|∂ωj = Mj, j = 1, ...,N}

be the collection of line fields in X̃ satisfying the given boundary conditions.

Definition 5.2.1. Assume M, M̃ are two given line fields in the admissible set X̃. M and M̃

are homotopic if there exists a mapping M(λ, ·), such that [0, 1] × Ω 7→ X̃ is continuous in

H̃1(Ω;Q), where M(λ, ·) satisfies M(0, ·) = M and M(1, ·) = M̃. All the line fields in X̃ that are

homotopic to each other are said to be in the same homotopy class.

We can characterize the homotopy classes as follows:

Proposition 5.2.2. The admissible set

X̃ = {M ∈ H̃1(Ω;Q) |Tr M|∂ωj = Mj, j = 1, ...,N}

is the union of homotopy classes Cp, where p ∈ {p2, p3, ...pN} ∈ P � Z × · · · × Z︸       ︷︷       ︸
N-1

= ZN−1. Each

homotopy class Cp consists of the line fields

M =

M11 M12

M21 M22

 =
1
2

1 + n1 n2

n2 1 − n1

 (5.2.1)

where n = n1 + i n2 = ΠN
j=1h2dj

j (z) exp(iφ) with φ in the set:

Ap
φ =

{
φ ∈ H̃1(Ω) | φ|∂ω1 = φ1; φ|∂ωj = φj + 2 pjπ, j = 2, ...,N

}
, (5.2.2)

where φj satisfies exp(iφj) = ΠN
i=1h−2di

i (z) A(Mj) (see (2.3.3) in Proposition 2.3.2), for all j ∈

{1, 2, ...,N}).

Remark 5.2.3. Note that without loss of generality, we can assume that, −
∫
∂ωj
φj dγ ∈ [0, 2π),

for all j ∈ {1, ...,N}, i.e. the average of line integral for each φj on each of the corresponding

boundary ∂ωj is in [0, 2π).
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Proof. For any given M ∈ X̃, we have by (5.1.3) an auxiliary vector field A(M), and by Defi-

nition 5.1.2, we have

deg∂ωjM =
1
2

deg∂ωjA(M) = dj.

Thus any auxiliary vector field A(M) associated to the given line field M ∈ X̃ is in the admis-

sible set:

AM = {n ∈ H̃1(Ω;S1) |n|∂ωj = A(Mj), j = 1, ...,N}, (5.2.3)

where A(Mj) ∈ H1/2(∂ωj,S
1) and deg∂ωjn = 2dj. By applying Proposition 4.2.3 we know

that the admissible set AM splits into homotopy classes {C̃p}, where p ∈ {p2, p3, ..., pN} ∈ P �

Z × · · · × Z︸       ︷︷       ︸
N-1

= ZN−1, which is dependent on the lifting of A(Mj) on each of the boundaries

∂ωj, for all j ∈ {1, ...,N}. More specifically, each homotopy class C̃p consists of vector fields

n = n1 + in2 = ΠN
j=1h2dj

j (z) exp(iφ), where φ is in the set

Ap
φ = {φ ∈ H̃1(Ω) | φ|∂ω1 = φ1; φ|∂ωj = φj + 2 pjπ, j = 2, ...,N}.

But from (5.2.1) we have that

M =

M11 M12

M21 M22

 =
1
2

1 + n1 n2

n2 1 − n1


and

M̃ =

M̃11 M̃12

M̃21 M̃22

 =
1
2

1 + ñ1 ñ2

ñ2 1 − ñ1


from which it follows that M and M̃ are homotopic if and only if n and ñ, completing the proof.

�

5.3 Main theorem

With the definition of degree and homotopy class for line fields, we can consider the
minimization problem for the functional

I(M) =

∫
Ω

(
|∇M|2 −

2k2

|x|2

)
dx, (5.3.1)



Line field models for uniaxial nematic liquid crystals 93

where M is in the admissible set

X̃ = {M ∈ H̃1(Ω;Q) |Tr M|∂ωj = Mj, j = 1, ...,N}

and k is the sum of the degree on the boundary, i.e. k = ΣN
j=1dj.

Theorem 5.3.1. There exists a unique minimizer Mp for the energy functional

I(M) =

∫
Ω

(
|∇M|2 −

2k2

|x|2

)
dx

in each homotopy class Cp of the admissible set

X̃ = {M ∈ H̃1(Ω;Q) |Tr M|∂ωj = Mj, j = 1, ...,N},

where Cp is defined in Proposition 5.2.2, and k is the sum of the degree for each line field Mj

on the boundary ∂ωj, i.e. k = ΣN
j=1dj. Also, in each homotopy class Cp, the minimizer Mp is

smooth, i.e. Mp ∈ C∞(Ω;Q), and can be written as

Mp =

M
(p)
11 M(p)

12

M(p)
21 M(p)

22

 =
1
2

1 + n(p)
1 n(p)

2

n(p)
2 1 − n(p)

1


where np = n(p)

1 + i n(p)
2 = ΠN

j=1h2dj

j (z) exp(iφp), and φp is in the set

Ap
φ = {φ ∈ H̃1(Ω) | φ|∂ω1 = φ1; φ|∂ωj = φj + 2 pjπ, j = 2, ...,N}.

Moreover, φp is smooth and satisfies:

‖φp(x) − β‖L2(S1) ≤ C0
1
r

for some constant β, C0. In addition, there exists a minimizing line field M̃ for I(M) in the

collection of all the homotopy classes Cp, i.e. X̃ =
⋃

p∈ZN−1 Cp. However M̃ may not necessarily

be unique. Further, the minimizer Mp is also the unique weak equilibrium solution of I(M)

in each homotopy class Cp such that the corresponding φp in the expression of the associated

auxiliary vector field np = ΠN
j=1h2dj

j (z) exp(iφp) satisfies

φp(x) ∈ L∞
(
(R,∞) : L2(S1)

)
,
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and there exists a weak equilibrium M∗ in each homotopy class Cp, such that

I(M∗) =

∫
Ω

(
|∇M∗|2 −

2k2

|x|2
)

dx = +∞.

Remark 5.3.2. Note that φj satisfies exp(iφj) = ΠN
i=1h−2di

i (z) A(Mj), and without loss of gener-

ality, we can assume −
∫
∂ωj
φj dγ ∈ [0, 2π).

Proof. Let n = A(M). Since by (5.1.4)

{ M11 + M22 = 1

M12 = M21

we have that
|∇n|2 = n2

1,1 + n2
2,1 + n2

1,2 + n2
2,2

= (2M11,1)2 + (2M12,1)2 + (2M11,2)2 + (2M12,2)2

= 2 |∇M|2.

(5.3.2)

Therefore

I(M) = Ĩ(n) =
1
2

∫
Ω

|∇n|2 −
k̃2

|x|2

 dx,

where k̃ = ΣN
j=12 dj, i.e. the sum of the degrees for the auxiliary vector field associated to the

line field M on each of the boundaries ∂ωj.

Thus, if there exists a minimizer for

I(M) =

∫
Ω

(
|∇M|2 −

2k2

|x|2

)
dx,

in the admissible set X̃, then the associated auxiliary vector field n = A(M), which is defined

in (5.1.3), is also a minimizer for the functional

Ĩ(n) =
1
2

∫
Ω

|∇n|2 −
k̃2

|x|2

 dx,

where n is in the admissible set

AM = {n ∈ H̃1(Ω;S1) |n|∂ωj = A(Mj), j = 1, ...,N},
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where A(Mj) is the auxiliary vector field associated to the boundary line field Mj, and satisfies

A(Mj) ∈ H1/2(∂ωj,S
1), deg∂ωjn = 2dj. It is also easy to see that the converse is true, since

(5.2.1) implies the bijective correspondence between the given line field M ∈ X̃ and the as-

sociated auxiliary vector field n = A(M) ∈ AM, where AM is defined in (5.2.3). Hence given

the minimization problem in the admissible set X̃, we can consider instead the minimization

problem for the associated auxiliary vector field A(M) in the admissible set AM, as the two

minimization problems are equivalent.

Recall that from the proof of Proposition 5.2.2 that the admissible set AM splits into ho-

motopy classes {C̃p}, where p ∈ {p2, p3, ..., pN} ∈ P � Z × · · · × Z︸       ︷︷       ︸
N-1

= ZN−1, which depends on

the lifting of A(Mj) on each of the boundaries ∂ωj, for all j ∈ {1, ...,N}. Therefore by apply-

ing Theorem 4.3.2, in each homotopy class C̃p of the admissible set AM, there exists a unique

minimizer np for the functional

Ĩ(n) =
1
2

∫
Ω

|∇n|2 −
k̃2

|x|2

 dx,

which is smooth and can be written as np(z) = ΠN
j=1h2dj

j (z) exp(iφp). Also φp is smooth and

satisfies

||φp(x) − β||L2(S1) ≤ C0
1
r

for some constant β, C0.

Moreover, we know from Proposition 5.2.2 that each homotopy class C̃p of the admissible

set AM corresponds uniquely to the homotopy class Cp of the admissible set X̃. Thus by (5.2.1)

we know that the corresponding line field Mp is in fact the minimizer for the functional I(M)

and it is smooth, i.e. Mp ∈ C∞(Ω;Q).

The fact that there exists a minimizing line field M̃ in the union X̃ of all the homotopy

classes Cp, i.e. X̃ = ∪p∈ZN−1Cp follows directly from the existence of a minimizer ñ for the

functional

Ĩ(n) =

∫
Ω

|∇n|2 −
k̃2

|x|2

 dx

in the admissible set AM = {n ∈ H̃1(Ω;S1) |n|∂ωj = A(Mj), j = 1, ...,N}, which is also the union

of all the homotopy classes C̃p. The existence of such ñ follows immediately from Theorem
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4.3.2, and we have

M̃ =
1
2

1 + ñ1 ñ2

ñ2 1 − ñ1


where ñ = ñ1 + i ñ2. Note that in general the minimum M̃ is not unique, see Remark 5.3.3.

Now what left to prove are the existence of weak equilibrium solutions M∗ in each homo-

topy class Cp, such that

I(M∗) =

∫
Ω

(
|∇M∗|2 −

2k2

|x|2

)
dx = +∞;

and that if the φp in np = ΠN
j=1h2dj

j (z) exp(iφp) satisfies φp(x) ∈ L∞
(
(R,∞) : L2(S1)

)
, then the

minimizer Mp of each homotopy class Cp is the unique weak equilibrium solution of I(M). We

show that if M ∈ X̃ is a weak equilibrium solution of I(M), then its associated auxiliary vector

field n ∈ AM is a weak equilibrium solution (i.e. a harmonic map) to Ĩ(n), and vice versa.

Let M = m ⊗m be a equilibrium solution of the functional

I(M) =

∫
Ω

(
|∇M|2 −

2k2

|x|2

)
dx =

∫
Ω

(
|∇(m ⊗m)|2 −

2k2

|x|2

)
dx,

The analogue of (4.3.1) is obtained by setting

d
dε

∫
Ω

∣∣∣∣∣∣∇
[

m + εm⊥Ψ|

|m + εm⊥Ψ|
⊗

m + ε m⊥Ψ|

|m + ε m⊥Ψ|

]∣∣∣∣∣∣2 − 2k2

|x|2

 dx
∣∣∣∣∣
ε=0

= 0,

where Ψ ∈ H1
0(Ω), and so we obtain

∫
Ω

∇M · ∇
(
[m ⊗m⊥ + m⊥ ⊗m]Ψ

)
dx = 0.

Recall that the auxiliary vector field n = A(M) associated to the given line field M is given by

(5.1.4), and hence we have

m ⊗m⊥ + m⊥ ⊗m =

−2m1m2 m2
1 −m2

2

m2
1 −m2

2 2m1m2

 =

−n2 n1

n1 n2

 .
Hence ∫

Ω

(∇n2 · ∇(n1Ψ) − ∇n1 · ∇(n2Ψ)) dx = 0,
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i.e. ∫
Ω

∇n · ∇(n⊥Ψ) dx = 0,

which as we have seen from the equivalence between (4.3.3) and (4.3.4), is equivalent to

∫
Ω

∇n · ∇v dx =

∫
Ω

|n|2 n · v dx = 0 ∀v ∈ H1
0(Ω;R2). (5.3.3)

Thus we see from Proposition 4.3.1 that the weak form (5.3.3) is equivalent to

∫
Ω

∇φ · ∇Ψ dx = 0 ∀Ψ ∈ H1
0(Ω)

where φ corresponds to the auxiliary vector field A(M) = m2 = n(z) = ΠN
j=1h2dj

j (z) eiφ.

Thus by applying Theorem 4.3.2, we know that in each homotopy class Cp, the minimizing

line field Mp ∈ X̃ is in fact the unique weak equilibrium solution to the functional I(M) such

that the associated φp satisfies

φp(x) ∈ L∞
(
(R,∞) : L2(S1)

)
,

since the associated auxiliary vector field np is the unique harmonic map in each homotopy

class C̃p such that the corresponding φp in np = ΠN
j=1h2dj

j (z) exp(iφp) satisfies

φp(x) ∈ L∞
(
(R,∞) : L2(S1)

)
.

Finally, the existence of a weak equilibrium solution M∗ in each homotopy class Cp such

that I(M∗) = +∞ follows exactly the same reasoning and this completes our proof.

�

Remark 5.3.3. The minimizer M̃ in the union X̃ of all the homotopy classes is in general not

unique, which is illustrated in Figure 5.1. The line field M = m⊗m given in Figure 5.1 has an

auxiliary vector field which is identical to the counterexample given in Example 4.1.1. Hence

by applying Example 4.1.1 to the auxiliary vector field corresponding to the given line field in

Figure 5.1, we have the nonuniqueness in the minimization problem for the auxiliary vector

fields, and therefore the line field.
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Figure 5.1: Let ω1 and ω2 be discs of radius 1
4 with centres (−1, 0), (1, 0) respectively. The line field

M = m⊗m is given by m|∂ω1 = m(−1+ 1
4 cos θ, 1

4 sin θ) = (cos θ
2 , sin θ

2 ), m|∂ω2 = m(1+ 1
4 cos θ, 1

4 sin θ) =

(cos θ
2 , sin θ

2 ).

Theorem 5.3.1 applies to both orientable and non-orientable line fields. By introduc-
ing the auxiliary vector field A(M) for any given line field M ∈ X̃, the orientability on
each boundary ∂ωj depends on whether deg∂ωjM = dj is an integer or not. As can be seen
from Definition 5.1.2, the line field M ∈ X̃ is orientable on the boundaries ∂ωj if and only
if dj is an integer, and M ∈ X̃ is non-orientable on the boundary ∂ωj if and only if dj is half
of some odd integer. More specifically, if the given line field M ∈ X̃ is orientable on each
of the boundary ∂ωj, ∀j ∈ {1, ...,N}, i.e. there exists a vector field mj ∈ H1/2(∂ωj;S1) such
that Tr M|∂ωj = mj⊗mj, ∀j ∈ {1, ...,N}, then the degree of the line field M on the boundary
is in fact the degree of the vector field m on the boundary ∂ωj, i.e. deg∂ωjM = deg∂ωjm.
Thus one can sees that if the line field M ∈ X̃ is orientable on every ∂ωj (∀j ∈ {1, ...,N}),
then Theorem 4.3.2 and Theorem 5.3.1 are in fact equivalent. On the other hand, when
M ∈ X̃ is non-orientable, i.e. there exist at least a æ0 ∈ {1, ...,N} such that dj0 is not an
integer, then we can apply Theorem 5.3.1 and recover the minimizing line field through
the minimizing auxiliary vector field np in each homotopy class Cp (p ∈ ZN−1).



Chapter 6

Non-equal constant case

In this chapter, we study the minimization problem in the non-equal constant case
for the energy functional, obtained by integrating the Oseen-Frank energy density (1.2.6)
in a given domain Ω:

I(n) =

∫
Ω

F(x,n,∇n) dx

=
1
2

∫
Ω

(
k3|∇n|2 + (k1 − k3)(div n)2 + (k2 − k3)(n · ∇ ∧ n)2

+ (k2 + k4 − k3)(tr(∇n)2) − (divn)2)
)

dx,

where Ω = {x ∈ R2 | 0 < a < |x| < b < ∞} is an annulus. Note that the last term containing
tr(∇n)2 − (divn)2 is zero since tr (∇n)2 − (div n)2 = 0 in some two-dimensional case as
discussed previously in (1.2.4). Thus the last term neither contributes to the free energy
nor the corresponding Euler-Lagrange equation. Also the term (n · ∇ ∧ n)2 is zero for our
two-dimensional case and, hence we only need to consider the contributions of the first
two terms.

Recall that by (3.0.6), n can be identified with n = (cos Φ(r, θ), sin Φ(r, θ)), and we
have by (3.0.8):

F(x,n,∇n) =
1
2

(
k3|∇n|2 + (k1 − k3)(div n)2 + (k2 − k3)(n · ∇ ∧ n)2

)
=

1
2

k3

(
Φ2

r +
Φ2
θ

r2

)
+

1
2

(k1 − k3)
(
Φ2

r sin2(Φ − θ)

+
Φ2
θ

r2 cos2(Φ − θ) −
2ΦθΦr

r
sin(Φ − θ)cos(Φ − θ)

)
.

99
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Again, by making the change of variable

r = es

we have Φs = r Φr, and as a result, the Oseen-Frank bulk energy (3.0.9) becomes:

I(n) =

∫ b

a
r
∫ 2π

0
F(x,n,∇n) dθ dr

=
1
2

∫ log b

log a

∫ 2π

0

(
k3(Φ2

s + Φ2
θ) + (k1 − k3)

(
Φ2

s sin2(Φ − θ)

+ Φ2
θ cos2(Φ − θ) − 2ΦsΦθ sin(Φ − θ) cos(Φ − θ)

))
ds dθ

=
1
4

(k1 + k3) J(Φ)

(6.0.1)

where

J(Φ) =

∫ log b

log a

∫ 2π

0

(
(1 + λ cos 2(Φ − θ)) Φ2

s + (1 − λ cos 2(Φ − θ)) Φ2
θ + 2λΦsΦθ sin 2(Φ − θ)

)
ds dθ,

and
λ =

k3 − k1

k1 + k3
.

We now make another change of variable:

φ(s, θ) = Φ(s, θ) − θ,

so that
Φθ = φθ + 1,

Φθθ = φθθ,

Φs = φs,

Φss = φss,

Φθ s = φθs.

With this change of variable, F(x,n,∇n) can be written as

F(x,n,∇n) = W(s, θ, φ, φs, φθ)

=
1
4

(k1 + k3)
(
(1 + λ cos 2φ)φ2

s + (1 − λ cos 2φ)(1 + φθ)2 + 2λφs(φθ + 1) sin 2φ
)

(6.0.2)
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and (6.0.1) becomes:

I(n) =
1
4

(k1 + k3)
∫ log b

log a

∫ 2π

0

(
(1 + λ cos 2φ)φ2

s + (1 − λ cos 2φ)(1 + φθ)2

+ 2λφs(φθ + 1) sin 2φ
)

ds dθ

=
1
4

(k1 + k3) J̃(φ)

(6.0.3)

where
λ =

k3 − k1

k1 + k3
, k1 ≥ 0, k3 ≥ 0,

and

J̃(φ) =

∫ log b

log a

∫ 2π

0

(
(1 + λ cos 2φ)φ2

s + (1 − λ cos 2φ)(1 + φθ)2 + 2λφs(φθ + 1) sin 2φ
)

ds dθ.

By substituting (6.0.2) into the Euler-Lagrange equation for W(s, θ, φ, φs, φθ):

∂W
∂φ

=
∂

∂s
∂W
∂φs

+
∂

∂θ

∂W
∂φθ

,

we have

(1 − λ cos 2φ) φθθ + λ(φ2
θ − 1) sin 2φ + (1 + λ cos 2φ) φss + 2λ φθs sin 2φ

− λφ2
s sin 2φ + 2λ φs φθ cos 2φ = 0.

(6.0.4)

Furthermore, in one-constant case it is easy to see that any constant rotation, or
rotation plus reflection, of an equilibrium solution is also an equilibrium as λ = 0. While
this does not hold for non-equal constant case. Now we present an example showing that
in 2-dimensional domain, a rigid rotation applied to the director field of an equilibrium
for the Oseen-Frank energy need not be an equilibrium.

Again, we use polar coordinates x = (x1, x2) = (r, θ) and consider the radial hedgehog

n̂ = (cos θ, sin θ).

Rotating by angle α we have

nα =

(
cosα − sinα
sinα cosα

) (
cos θ
sin θ

)
=

(
cos(θ + α), sin(θ + α)

)T
.

One can also see that
div nα =

cosα
r
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and the Euler-Lagrange equation for the energy
∫

Ω
(div nα)2 dx is

∇div nα = (nα · ∇ div nα) nα. (6.0.5)

Since we have

∇div nα =

∂(div nα)
∂x1

∂(div nα)
∂x2

 =

(
− cosα

r2
x1
r

− cosα
r2

x2
r

)
and

nα · ∇div nα = −
cos2 α

r2 ,

the Euler-Lagrange equation (6.0.5) becomes

{ sinα cosα (x1 sinα + x2 cosα) = 0

sinα cosα (x2 sinα − x1 cosα) = 0.

Therefore nα is equilibrium solution to the energy I(n) = 1
2

∫
Ω

(div n)2 dx if and only if

sin2 α cosα = cos2 α sinα = 0,

i.e. sin 2α = 0 or α = nπ
2 , n ∈ Z.

As a consequence, given the hedgehog n̂ = (cos θ, sin θ), which is also the equilibrium
solution to the energy I(n) = 1

2

∫
Ω

(div n)2 dx, the possible equilibrium solutions to I(n)
derived by rotations are (i) negative hedgehog, i.e. a hedgehog with all the director
pointing inwards (ii) concentric circular vector field with anticlockwise orientation (iii)
concentric circular vector field with clockwise orientation.

6.1 Radius-independent minimizers for
∫

Ω
F(x,n,∇n) dx

If we assume that the vector field n(x) = (cos Φ(r, θ), sin Φ(r, θ)) is radius-independent,
i.e. Φ(r, θ) = Φ(θ) = Φ( x

|x| ), we have:

φs = φss = φθ s = 0.

Substituting this back into the Euler-Lagrange equation (6.0.4), we have:

(1 − λ cos 2φ) φ′′ + λ ((φ′)2 − 1) sin 2φ = 0, (6.1.1)

where
λ =

k3 − k1

k1 + k3
, k1 ≥ 0, k3 ≥ 0.
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Figure 6.1: phase plane for equation (6.1.1) when λ = 0.6, φ ∈ (−10, 10) and φθ ∈ (−5, 5).

In this section we consider the general case when k1 > 0, k3 > 0. One can easily see
that 0 ≤ |λ| < 1 if k1 > 0, k3 > 0. Note that when n(x) = eiΦ is radius-independent,
by letting k3 = 0 and k1 = k3, one can easily recover the Euler-Lagrange equations
for 1

2

∫
D
|∇n|2 dx and 1

2

∫
D

(div n)2 dx from (6.1.1), respectively. To help illustrate equation
(6.1.1), we depict the phase plane for (6.1.1) in Figure 6.1. We can see that the stationary
points on the phase plane are:

{ φ(θ) = mπ, m ∈ Z

φ(θ) =
π

2
+ mπ, m ∈ Z

(6.1.2)
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Consider the annualus Ω = (a, b)× S1, 0 < a < b < ∞, and let k ∈ Z be a given degree.
We consider the problem of minimizing the functional

I(n) =
1
2

∫
Ω

(
k3|∇n|2 + (k1 − k3)(div n)2

)
dx, k1 > 0, k3 > 0

among n in the admissible set

Ak = {n ∈ H1(Ω;S1) | deg n = k}

that depend only on θ ∈ S1. Writing n = (cos Φ(θ), sin Φ(θ)) this is equivalent to minimiz-
ing

J(Φ) =

∫ 2π

0
Φ2
θ (1 − λ cos 2(Φ − θ)) dθ, λ =

k3 − k1

k1 + k3

in the set
AΦ

k = {Φ ∈ H1(0, 2π) |Φ(2π) − Φ(0) = 2kπ},

or setting φ = Φ − θ, to minimizing

J̃(φ) =

∫ 2π

0
(φθ + 1)2(1 − λ cos 2φ) dθ

in the set
Aφ

k = {φ ∈ H1(0, 2π) | φ(2π) − φ(0) = 2(k − 1)π}.

We have the following result.

Theorem 6.1.1. I(n) attains a minimum among n ∈ Ak that depend only on θ ∈ S1. The

minimizers ñ are given by:

(a) For k = 0, ñ = (cos θ0, sin θ0) for arbitrary θ0 ∈ [0, 2π).

(b) For k = 1,

if k1 > k3, ñ = ±
(
cos(θ + π

2 ), sin(θ + π
2 )

)
,

if k1 = k3, ñ = (cos(θ + θ0), sin(θ + θ0)) for arbitrary θ0 ∈ [0, 2π),

if k1 < k3, ñ = ± (cos θ, sin θ) .

(c) For k = 2, ñ = (cos 2(θ + θ0), sin 2(θ + θ0)) for arbitrary θ0 ∈ [0, 2π).

(d) For k > 2, ñ = (cos(φα(θ) + θ), sin(φα(θ) + θ)) , α ∈ R1, where φα is the unique solution of

φ′(θ) =

√
1 +

c
1 − λ cos 2φ

φ(0) = α
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and c is the unique constant such that

F(c) =
π

k − 1
,

F(c) =

∫ π

0

dζ√
1 + c

1−λ cos 2ζ

.

(e) For k < 1, ñ = (cos(φα(θ) + θ), sin(φα(θ) + θ)) , α ∈ R1 where φα is the unique solution of

φ′(θ) = −

√
1 +

c
1 − λ cos 2φ

φ(0) = α

and c is the unique constant such that F(c) = π
1−k .

Proof. Step 1

Let

G(θ,Φ,Φθ) = Φ2
θ (1 − λ cos 2(Φ − θ)) .

Then since |λ| < 1, we have

G(θ,Φ,Φθ) ≥ (1 − |λ|)Φ2
θ , (6.1.3)

and

GΦθΦθ
≥ 2(1 − |λ|) > 0, (6.1.4)

so that G is strictly convex in Φθ. Equation (6.1.4) holds since we have 0 ≤ |λ| < 1 for k1 >

0, k3 > 0.

Clearly AΦ
k is nonempty. Let Φ(j) ∈ AΦ

k be a minimizing sequence for J(Φ). Then we

assume that Φ(j)(0) ∈ [0, 2π) for all j. By (6.1.3) Φ
(j)
θ is bounded in L2(0, 2π), and since

Φ(j)(θ) − Φ(j)(0) =

∫ θ

0
Φ(j)(s) ds

it follows easily that Φ(j) is bounded in H1(0, 2π). Hence we may assume that Φ(j) ⇀ Φ in

H1(0, 2π), and by the compactness of the embedding H1(0, 2π) ⊂ C0([0, 2π]) we have that

Φ ∈ AΦ
k . By standard lower semicontinuity results we have

J(Φ) ≤ lim inf
j→∞

J(Φ(j)),
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so that ñ = (cos Φ, sin Φ) is a minimizer.

Step 2 (Regularity)

Since for a minimizer Φ of J we have

|GΦ| = |2λ sin 2(Φ − θ)Φ2
θ | ≤ 2Φ2

θ ,

it follows that GΦ ∈ L1(0, 2π) and hence (e.g. by Ball & Mizel [BM85, Theorem 2.10]) Φ is

a smooth solution of the Euler-Lagrange equation on [0, 2π], which in terms of φ has the form

(6.1.1).

Step 3 (the case k = 1)

In this case, for any minimizer φ of J̃ we have by Jensen’s inequality

J̃(φ) ≥ (1 − |λ|)
∫ 2π

0
(φθ + 1)2 dθ

≥ 2π(1 − |λ|)
(
−

∫
(0,2π)

(φθ + 1)2 dθ
)2

= 2π(1 − |λ|),

where we have used φ(2π) = φ(0), with equality only if φ is constant and if λ , 0 satisfies

cos 2φ = sgn λ, i.e.

φ(θ) = c0 in [0, 2π]

cos 2c0 = sgn λ (no contradiction if λ = 0)

where c0 is some constant.

Therefore we have (i) if k1 > k3 (λ < 0, the nematic texture is easier to bend than to splay),

we have

φ =
π

2
+ mπ, m ∈ Z

which corresponds to

Φ(θ) = θ +
π

2
+ mπ, m ∈ Z

and hence the minimizers are

ñ = (cos Φ(θ), sin Φ(θ)) =

(
cos(θ +

π

2
+ mπ), sin(θ +

π

2
+ mπ)

)
= ±

(
cos(θ +

π

2
), sin(θ +

π

2
)
)
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which is a ‘pure bend’ vector field, see [Ste04a].

(ii) if k1 = k3 (λ = 0) then φ is constant and so the minimizers are

ñ = (cos(θ + θ0), sin(θ + θ0)) ,

where θ0 ∈ [0, 2π) is arbitrary.

(iii) if k1 < k3 (λ > 0, the nematic texture is easier to splay than to bend), we have

φ(θ) = mπ, m ∈ Z

which corresponds to

Φ(θ) = θ + mπ, m ∈ Z

and hence

ñ = ±(cos θ, sin θ),

which is a ‘pure-splay’ vector field.

Step 4 (the case k , 1)

If φ is a minimizer of J̃ then since φ is smooth it satisfies the first integral (Du Bois-

Reymond condition)

((φ′)2 − 1) (1 − λ cos 2φ) = c,

for some constant c, and hence for each φ ∈ [0, 2π] we have

dφ
dθ

= ±

√
1 +

c
1 − λ cos 2φ

.

Suppose that for some θ0 we have dφ(θ0)
dθ = 0. Then c < 0 and hence φ′(θ)2 < 1 for all θ. But

then

|2(k − 1)π| = |
∫ 2π

0
φ′(θ) dθ| < 2π

so that k = 1, a contradiction. Therefore we have either that

φ′(θ) = +

√
1 +

c
1 − λ cos 2φ

for all θ ∈ [0, 2π], (6.1.5)
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or

φ′(θ) = −

√
1 +

c
1 − λ cos 2φ

for all θ ∈ [0, 2π], (6.1.6)

the first case corresponding to k > 1, and the second to k < 1. In the first case φ′(θ) is

bounded above and below by positive constants, so that φ is invertible and given implicitly by

the equation

θ =

∫ φ(θ)

φ(0)

dζ√
1 + c

1−λ cos 2ζ

.

Therefore c satisfies the equation

2π =

∫ φ(0)+2(k−1)π

φ(0)

dζ√
1 + c

1−λ cos 2ζ

=

∫ 2(k−1)π

0

dζ√
1 + c

1−λ cos 2ζ

= 2(k − 1)
∫ π

0

dζ√
1 + c

1−λ cos 2ζ

,

(6.1.7)

since the integrand is π periodic. Since the integrand is strictly monotone in c, c is unique, and

in particular does not depend on φ(0). Therefore φ = φα, where φα is the unique solution of

(6.1.5) with initial data φ(0) = α. Now

J̃(φα) =

∫ 2π

0
(φ′α

2
+ 2φ′α + 1)(1 − λ cos 2φα) dθ

=

∫ 2π

0

(
2φ′α + 2 +

c
1 − λ cos 2φα

)
(1 − λ cos 2φα) dθ

=

∫ 2π

0
(1 − λ cos 2φα) φ′α dθ + 2πc +

∫ 2π

0
2(1 − λ cos 2φα) dθ

=

(
φα(θ) −

λ

2
sin 2φα(θ)

) ∣∣∣∣∣θ=2π

θ=0
+ 2πc + 4π − 2λ

∫ 2π

0
cos 2φα dθ

= 4(k − 1)π + 4π + 2πc − 2λ
∫ 2π

0
cos 2φα dθ

= 4kπ + 2πc − 2λ
∫ 2π

0
cos 2φα dθ,

and ∫ 2π

0
cos 2φα dθ =

∫ α+2(k−1)π

α

2 cos φ√
1 + c

1−λ cos 2φ

dφ,
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which is independent of α. Hence the minimizers are

ñ = (cos(φα(θ) + θ), sin(φα(θ) + θ)) .

In the case k = 2, we see from (6.1.7) that c = 0, and hence φα = θ + α.

For k < 1 we argue similarly using (6.1.6), and noting that if k = 0 then c = 0, and Φ(θ) is

an arbitrary constant.

�

Equilibrium solutions for J̃(φ) are by definition weak solutions to the corresponding
Euler-Lagrange equation, which are smooth solutions to ( see (6.1.1))

(1 − λ cos 2φ)φ′′ + λ(φ′2 − 1) sin 2φ = 0, θ ∈ [0, 2π] (6.1.8)

satisfying { φ(2π) − φ(0) = 2(k − 1)π,

φ′(2π) = φ′(0)

(note that weak solutions are these for which

∫ 2π

0

(
(φθ + 1)(1 − λ cos 2φ) Ψθ + λ(φθ + 1)2 sin 2φΨ

)
dθ = 0

for all smooth Ψ satisfying Ψ(2π) = Ψ(0), from which (6.1.8) and φ′(2π) = φ′(0) follows).
The proof of Theorem 6.1.1 for k , 1 uses only the Euler-Lagrange equation and

thus shows that the only equilibrium solution for k , 1 are the minimizers given in the
theorem. However the proof does not show this for k = 1, and we remedy this in the next
result.

Theorem 6.1.2. For all k ∈ Z, the only equilibrium solutions for J̃(φ) are the minimizers given

in Theorem 6.1.1.

Proof. We have to show that the only equilibrium solutions for J̃(φ) for k = 1 are the minimiz-

ers given in Theorem 6.1.1, i.e. there are no non-constant solutions φ to (6.1.8) satisfying

φ(0) = φ(2π)

φ′(0) = φ′(2π).

This is obvious if λ = 0, so we may assume λ , 0. We may also assume that λ > 0, since if φ

is a non-constant function for λ < 0, then φ̃(θ) = π
2 − φ(θ) is such a solution for λ > 0.
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Let φ be a non-constant equilibrium solution, which thus extends by periodicity to a 2π−periodic

solution of (6.1.8) on R. It has a critical point at some θ0 ∈ [0, 2π], so that φ′(θ0) = 0, and with-

out loss of generality we can assume θ0 = 0.

Since φ is not constant, φ(0) is not an integer multiple of π
2 . Also, noting that ±φ(θ) + mπ,

where m ∈ Z is also a solution, we can assume that 0 < φ(0) < π
2 .

Since φ is smooth, there exists a constant c such that

φ′(θ)2
= 1 +

c
1 − λ cos 2φ(θ)

for all θ. (6.1.9)

In particular

1 − λ cos 2φ(0) + c = 0

and so φ′(θ) = 0 if and only if φ(θ) = mπ ± φ(0) for some m ∈ Z.

Let θ1 be the first value of θ > 0 where φ′(θ) = 0. Then since φ′′(0) > 0, φ(θ1) = π − φ(0).

Hence φ(θ) = φ(2θ1 − θ) for θ1 ≤ θ ≤ 2θ1 (because φ̃(θ) = φ(2θ1 − θ) satisfies φ̃(θ1) = φ(θ1),

and φ̃′(θ1) = φ′(θ1) = 0) and so φ(2θ1) = φ(0) and 2θ1 is the first positive zero of φ. Hence we

have 2θ1 ≤ 2π.

Integrating (6.1.9) we obtain

φ1 =

∫ π−φ(0)

φ(0)

dζ√
1 + c

1−λ cos 2ζ

= 2
∫ π

2

φ(0)

dζ√
1 + c

1−λ cos 2ζ

.

Making the change of variables

v =
1 + c − λ cos 2ζ

ζ

s = 1 + c + λ,

noting that cos 2ζ is monotone on
(
φ(0), π2

)
, we obtain after a calculation

θ1 =

∫ 1

0

√
1 + λ − s(1 − v)

√
v(1 − v)

√
2λ − s(1 − v)

dv.

The integrand is monotone increasing in s, since 1 + λ > 2λ, and so

θ1 >

∫ 1

0

√
1 + λ

2λ
dv

√
v(1 − v)

= π

√
1 + λ

2λ
> π,
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Figure 6.2: Red circle depicts solution on phase plane for equation (6.1.8) given λ = 0.6, starting from

(φ(0), 0) (point A on the phase plane), as θ going from 0 to 2π. Point B represents (φ(θ1), 0) where

φ(θ1) is given in the proof of Theorem 6.1.2. Since it is incomplete, we have φ(0) , φ(2π), it is not an

equilibrium solution.

which is a contradiction, completing the proof.

�

Remark 6.1.3. One can refer to Figure 6.2 for an illustration of the proof for Theorem 6.1.2.

6.2 The case when k1 = 0 or k3 = 0

Theorem 6.1.1 will not hold automatically for the case when k1 = 0 or k3 = 0. It is
easily seen that (6.1.5) and (6.1.6) are not well defined everywhere when λ = ±1 hence the
proof of Theorem 6.1.1 will not hold for the case when λ = ±1. Without loss of generality
we can assume k1 = 1 when k3 = 0 and vice versa. The case k1 = 1, k3 = 0 corresponds
to λ = k3−k1

k3+k1
= −1 and

I(n) =
1
2

∫
Ω

(div n)2 dx,

while k1 = 0, k3 = 1 corresponds to λ = 1 and

I(n) =
1
2

∫
Ω

|n ∧ ∇ ∧ n|2 dx.
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Remark 6.2.1. In fact the two degenerate cases are equivalent. If we write n = (n1, n2) and let

Q =

0 −1

1 0


so that Q n = (−n2, n1) then a direct computation shows that

(div Q n)2 = |n ∧ ∇ ∧ n|2 (6.2.1)

and

|Q n ∧ ∇ ∧ Q n|2 = (div n)2. (6.2.2)

Hence n is a minimizer of
∫

Ω
(div n)2 dx if and only if Q n is a minimizer of

∫
Ω
|n ∧ ∇ ∧ n|2 dx,

with appropriately changed boundary conditions.

Hence with Remark 6.2.1 we only need to study when either λ = 1 or λ = −1. Before
we study the minimization problem for the degenerate cases (k1 = 1, k3 = 0 or k1 = 0,
k3 = 1), we first study the equilibria for the functional when λ = −1 (k1 = 1, k3 = 0):

I(n) =
1
2

∫
Ω

(div n)2 dx.

Further, as in Section 6.1 we assume that the vector field is radius independent, i.e.
Φ(θ, r) = Φ(θ) = Φ( x

|x| ) (hence φ(s, θ) = φ(θ)), so that by (6.0.3) the bulk energy becomes:

I(n) =
1
2

∫
Ω

(div n)2 dx

=
1
4

∫ log b

log a

∫ 2π

0
(1 + cos 2φ) (1 + φθ)2 ds dθ

and consequently the Euler-Lagrange equation (6.0.4) becomes:

(1 + cos 2φ) φθθ + (1 − φ2
θ) sin 2φ = 0,

which can also be written as

φθθ cos2 φ − φ2
θ sin φ cos φ = − sin φ cos φ. (6.2.3)

Note that below, we will not distinguish between the notations φ′(θ), φθ(θ) and dφ
dθ .
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One can easily see that for equation (6.2.3) to hold, we must have either cos φ = 0, or

φ′′ cos φ − φ′2 sin φ = − sin φ. (6.2.4)

(a) If cos φ = 0, then Φ(θ) = θ + π
2 + mπ, m ∈ Z.

(b) If (6.2.4) holds, we have
d
dθ

(φ′ cos φ) = − sin φ,

and consequently,
d2

dθ2 (sin φ) + sin φ = 0. (6.2.5)

Since φ(θ) = Φ(θ) − θ satisfies φ(θ + 2π) = φ(θ) + 2mπ, m ∈ Z, (6.2.5) is equivalent to

sin(Φ(θ) − θ) = A sin(θ + θ0),

where A and θ0 are some constants depending on the given boundary conditions. It is not
immediately obvious to see how Φ(θ) behaves in general, but some special cases worth
discussion.

(i) For A = 0, we have Φ(θ) − θ = mπ, therefore Φ(θ) = θ + mπ, m ∈ Z.
(ii) For A = −1 we have sin(Φ − θ) + sin(θ + θ0) = 0, hence

sin
(
Φ + θ0

2

)
cos

(
Φ − 2θ − θ0

2

)
= 0. (6.2.6)

We can see from equation (6.2.6) that if sin(Φ+θ0
2 ) = 0, then Φ = −θ0 + 2mπ; and if

cos(Φ−2θ−θ0
2 ) = 0, then Φ(θ) = 2θ + π + θ0 + 2mπ, where θ0 is some constant.

Therefore when A = −1, we have

{
Φ(θ) = −θ0 + 2mπ, or

Φ(θ) = 2θ + θ0 + (2m + 1)π,

where m ∈ Z and θ0 ∈ R is some constant.
(iii) When A = 1, by a similar calculation we have

{
Φ(θ) = −θ0 + (2m + 1)π, or

Φ(θ) = 2θ + θ0 + 2mπ,

where m ∈ Z and θ0 ∈ R is some constant.
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Therefore, one can see that Φ(θ) of the following forms

Φ(θ) = θ0 + mπ, (6.2.7)

Φ(θ) = θ +
π

2
+ mπ, (6.2.8)

and
Φ(θ) = 2θ + θ0 + mπ, (6.2.9)

where θ ∈ [0, 2π), and m ∈ Z, θ0 ∈ [0, 2π) are constants, form a group of special equilib-
rium solutions for 1

2

∫
Ω

(div n)2 dx for Φ in the admissible set {Φ ∈ H1((a, b)× (0, 2π)) |Φ(θ+

2π) − Φ(θ) = 2kπ, k ∈ Z}, where k ∈ Z is the given degree. One can easily see that the
degree k of n = eiΦ, where Φ takes the form (6.2.7) is zero; for (6.2.8) the degree is k = 1
and for (6.2.9), the degree is k = 2. Also, all the equilibrium solutions (6.2.7) to (6.2.9)
(corresponding to A = 0, −1, 1) are also equilibria for the functional I(n) = 1

2

∫
Ω
|∇n|2 dx

as they have the form (3.0.17).
We now compute the second variation and bulk free energy for the above equilibria

(6.2.7) to (6.2.9) under the assumption that Φ(r, θ) is radius-independent.
Since by (3.0.12), the second variation for a given vector field n = eiΦ is:

δ2E(Φ)(η, η) =
1
2

∫ b

a
r
∫
S1

(
GΦΦη

2 + GΦrΦrη
2
r + GΦθΦθ

η2
θ + 2GΦΦrηηr + 2GΦΦθ

ηηθ + 2GΦrΦθ
ηrηθ

)
dθ dr,

where η ∈ C∞0 (Ω) is smooth and has compact support in Ω and η satisfies

η(r, θ + 2π) = η(r, θ).

Also, when k3 = 0 and k1 = 1, G(r, θ,Φ,Φr,Φθ) is given by (3.0.8) as:

G(r, θ,Φ,Φr,Φθ) =
1
2

(
Φ2

r sin2(Φ − θ) −
2ΦθΦr

r
sin(Φ − θ) cos(Φ − θ) +

Φ2
θ

r2 cos2(Φ − θ)
)
.

As a consequence, the second variation δ2I(Φ) becomes:

δ2E(Φ)(η, η) =
1
2

∫ b

a
r
∫
S1

(
sin2(Φ − θ)η2

r +
1
r2 cos2(Φ − θ)η2

θ +
(
Φ2

r cos 2(Φ − θ) −
Φ2
θ

r2 cos 2(Φ − θ)

+
2ΦθΦr

r
sin 2(Φ − θ)

)
η2 + 2

(
Φr sin 2(Φ − θ) −

Φθ

r
cos 2(Φ − θ)

)
ηηr

+ 2
(
−

Φr

r
cos 2(Φ − θ) −

Φθ

r2 sin 2(Φ − θ)
)
ηηθ − 2

(1
r

sin(Φ − θ) cos(Φ − θ)
)
ηθηr

)
dθ dr.
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Note that if we assume Φ is radius-independent, i.e. Φ(θ, r) = Φ(θ), we obtain:

δ2E(Φ)(η, η) =
1
2

∫ b

a
r
∫
S1

((1
r

cos(Φ − θ)ηθ − sin(Φ − θ)ηr

)2
−

(Φ
′

(θ))2

r2 cos2(Φ − θ)η2

− 2
Φ
′

(θ)
r2 sin2(Φ − θ)ηηθ − 2

Φ
′

(θ)
r

cos2(Φ − θ)ηηr

)
dθ dr.

As a consequence,
(i) For

Φ(θ) = θ0 + mπ,

the energy is:

E(Φ) =
1
4

∫ b

a

∫
S1

(Φ′)2

r
cos2(Φ − θ) dθ dr = 0,

and the corresponding second variation is:

δ2E(Φ)(η, η) =
1
2

∫ b

a
r
∫
S1

(1
r

cos(Φ − θ)ηθ − sin(Φ − θ)ηr
)2dθ dr ≥ 0. (6.2.10)

(ii) For
Φ(θ) = θ +

π

2
+ mπ,

the free energy is:

E(Φ) =
1
4

∫ b

a

∫
S1

(Φ′)2

r
cos2(Φ − θ) dθ dr =

1
4

log
b
a

∫
S1

cos2(
π

2
+ mπ) dθ = 0,

and the second variation is:

δ2E(Φ)(η, η) =
1
2

∫ b

a
r
∫
S1

((1
r

cos(
π

2
+ mπ)ηθ − sin(

π

2
+ mπ)ηr

)2
−

1
r2 cos(π + 2mπ)η2

− 2
1
r2 sin(π + 2mπ)η ηθ − 2

1
r

cos(π + 2mπ)η ηr

)
dθ dr

=
1
2

∫ b

a
r
∫
S1

(
η2

r +
1
r2η

2 + 2
1
r
η ηr

)
dθ dr

=
1
2

∫ b

a
r
∫
S1

(
ηr +

1
r
η

)2

dθ dr ≥ 0.

(6.2.11)
(iii) For

Φ(θ) = 2θ + θ0 + mπ,
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the free energy becomes:

E(Φ) =
1
4

∫ b

a

∫
S1

(Φ′)2

r
cos2(θ − Φ) dθ dr =

1
4

log
b
a

∫
S1

cos2(θ + θ0) dθ =
π

4
log

b
a
,

and the second variation is:

δ2E(Φ)(η, η) =
1
2

∫ b

a
r
∫
S1

((
sin(θ + θ0)ηr −

1
r

cos(θ + θ0)ηθ
)2

−
4
r

cos 2(θ + θ0)ηηr −
2
r2 (sin 2(θ + θ0)η2),θ

)
dθ dr

=
1
2

∫ b

a
r
∫
S1

(
sin(θ + θ0)ηr −

1
r

cos(θ + θ0)ηθ
)2

dθ dr

−

∫
S1

(
η2(b, θ) − η2(a, θ)

)
cos 2(θ + θ0) dθ −

∫ b

a

1
r

(
sin 2(θ + θ0) η(r, θ)

)∣∣∣∣θ=2π

θ=0
dr

=
1
2

∫ b

a
r
∫
S1

(
(sin(θ + θ0)ηr −

1
r

cos(θ + θ0)ηθ
)2

dθ dr ≥ 0.

(6.2.12)
Since the second variation (6.2.10) to (6.2.12) of the equilibrium solutions (6.2.7) to

(6.2.9) are non-negative, this leads us to ask the question whether these equilibria are
also minimizers of the functional

I(n) =
1
2

∫
Ω

(div n)2 dx,

for n in the admissible set ∈ Ak = {n ∈ H1(Ω;S1) | deg n = k}, where deg n denotes the
degree of the vector field n in view of Theorem 2.1.2 and Proposition 2.1.3.

In fact for these two cases:

I(n) =
1
2

∫
Ω

(div n)2 dx,

and
I(n) =

1
2

∫
Ω

|n ∧ ∇ ∧ n|2 dx,

in order to have a similar result to Theorem 6.1.1, we need to study the minimization
problem in the space W1,1(Ω;S1) instead of H1(Ω;S1) and replace the admissible set Ak

by
Âk = {n ∈W1,1(Ω;S1) | deg n|Sr = k for a.e. r ∈ (a, b)}, (6.2.13)

where Sr = {x | |x| = r}. Note that n|Sr ∈ W1,1(Sr;S1) a.e. and so the degree deg n|Sr is well
defined. We claim that Theorem 6.1.1 still holds (but in a different admissible set) and
prove it using an adaptation of the proof in [Ces83, Chapter 12].
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Theorem 6.2.2. I(n) attains a minimum among n ∈ Âk that depend only on θ ∈ S1. The

minimizers ñ are given by:

(a) For k = 0, ñ = (cos θ0, sin θ0) for arbitrary θ0 ∈ [0, 2π).

(b) For k = 1,

if k1 = 1, k3 = 0, ñ = ±
(
cos(θ + π

2 ), sin(θ + π
2 )

)
,

if k1 = 0, k3 = 1, ñ = ± (cos θ, sin θ) .

(c) For k = 2, ñ = (cos 2(θ + θ0), sin 2(θ + θ0)) for arbitrary θ0 ∈ [0, 2π).

(d) For k > 2, ñ = (cos(φα(θ) + θ), sin(φα(θ) + θ)) , α ∈ R1, where φα is the unique solution of

φ′(θ) =

√
1 +

c
cos2 φ

φ(0) = α

and c is the unique constant such that

F(c) =
π

k − 1
,

F(c) =

∫ π

0

dζ√
1 + c

cos2 ζ

.

(e) For k < 1, ñ = (cos(φα(θ) + θ), sin(φα(θ) + θ)) , α ∈ R1 where φα is the unique solution of

φ′(θ) = −

√
1 +

c
cos2 φ

φ(0) = α

and c is the unique constant such that F(c) = π
1−k .

Proof. Let

ÂΦ
k = {Φ ∈W1,1(0, 2π) |Φ(2π) − Φ(0) = 2kπ}

Âφ

k = {Φ ∈W1,1(0, 2π) | φ(2π) − φ(0) = 2(k − 1)π}

In the case k1 = 1, k3 = 0 we have

J(Φ) = 2
∫ 2π

0
Φ2
θ cos2(Φ − θ) dθ,
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J̃(φ) = 2
∫ 2π

0
(φθ + 1)2 cos2 φ dθ,

while in the case k1 = 0, k3 = 1 we have

J(Φ) = 2
∫ 2π

0
Φ2
θ sin2(Φ − θ) dθ,

J̃(φ) = 2
∫ 2π

0
(φθ + 1)2 sin2 φ dθ,

Minimizing J(Φ), J̃(φ) in ÂΦ
k , Âφ

k respectively is equivalent, since if Φ∗ is a minimizer for the

case k1 = 1, k3 = 0 then Φ∗ + π
2 is a minimizer for the case k1 = 0, k3 = 1 and vice versa. This

also showed the equivalence of the two degenerate cases mentioned in Remark 6.2.1.

Therefore we need only consider the minimizer of

E(Φ) =
1
2

J(Φ) =

∫ 2π

0
Φ2
θ cos2(Φ − θ) dθ

and

Ẽ(φ) =
1
2

J̃(φ) =

∫ 2π

0
(φθ + 1)2 cos2 φ dθ.

Note that for φ ∈ Âφ

k

Ẽ(φ) =

∫ 2π

0
(φ2

θ + 1) cos2 φ dθ +

∫ 2π

0
(1 + cos 2φ) φθ dθ

=

∫ 2π

0
(φ2

θ + 1) cos2 φ dθ + 2(k − 1)π.

Hence for k = 1 the minimizers are given by φ = (m + 1
2 ) π, m ∈ Z. Thus we can assume that

k , 1.

The case k = 0 is also easy. Obviously Φ(θ) = const is a minimizer with J(Φ) = 0. But if

J(Φ) = 0 then we have a.e. either Φθ = 0 or cos(Φ − θ) = 0. If cos(Φ − θ) = 0 on a set E of

positive measure we have

− sin(Φ − θ)(Φθ − 1) = 0 a.e. on E

and hence Φθ = 1 a.e. on E.

But
∫ 2π

0
Φθ dθ = 2kπ = 0, which implies the measure of the set E is zero, so that Φθ = 0 a.e.

and Φ is a constant. Hence we can proceed with k , 0.
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First note that any minimizer Φ of E(Φ) in the admissible set ÂΦ
k is monotone. Indeed,

taking the case k > 1, and suppose Φ is not monotone. Then there exists some θ0 < θ1 with

Φ(θ0) = Φ(θ1) and Φ(θ) < Φ(θ0) for all θ ∈ (θ0, θ1). (To see this, there is some r such that

∃θ′ , θ′′ with Φ(θ′) = Φ(θ′′) = r and Φ(θ′′′) < r. Consider the open set Φ−1(r)c which is a

union of disjoint open intervals and pick the one containing θ′′′.)

Now consider

Φ̃(θ) =

 Φ(θ) θ < (θ0, θ1)

Φ(θ0) θ ∈ (θ0, θ1)

Then

E(Φ) − E(Φ̃) =

∫ θ1

θ0

Φ2
θ cos2(Φ − θ) dθ ≥ 0

and the argument above for k = 0 shows that we have E(Φ) > E(Φ̃), hence a contradiction.

Therefore it suffices to prove the existence of a minimizer among all monotone functions

in ÂΦ
k . Again take the case k > 1 and let {Φ(j)}∞j=1 be a minimizing sequence, so that Φ

(j)
θ ≥ 0 a.e.

Since E(Φ + 2mπ) = E(Φ) we can suppose Φ(j)(0) ∈ [0, 2π) for all j = 1, 2, ... and hence by the

monotonicity and boundary conditions, {Φ(j)(θ)}∞j=1 is uniformly bounded in [0, 2π].

We now show that {Φ(j)}∞j=1 is equicontinuous. Suppose it is not, then there exists some

ε > 0 and θj < θ′j with |θj − θ
′
j | → 0 and Φ(j)(θ′j ) − Φ(j)(θj) ≥ ε. We can suppose that θj → θ̄ and

θ′j → θ̄ for some θ̄ ∈ [0, 2π], such that

Φ(j)(θj)→ α,

and

Φ(j)(θ′j )→ β,

where β ≥ α + ε.

Then there is an interval [γ, δ] ⊂ (α, β), with δ > γ and cos2(η − θ̄) > τ > 0 for all

η ∈ [γ, δ]. By the monotonicity there exist θj ≤ θ̃j < θ̃′j ≤ θ
′
j with Φ(j)(θ̃j) = γ, Φ(j)(θ̃′j ) = δ and

Φ(j)(θ) ∈ [γ, δ] for θ ∈ [θ̃j, θ̃
′
j ]. Hence

E(Φ(j)) ≥ τ
∫ θ̃′j

θ̃j

Φ
(j)
θ (θ)2 dθ ≥ τ ·

1
θ̃′j − θ̃j

∫ θ̃′j

θ̃j

Φ
(j)
θ dθ

2

= τ ·
1

θ̃′j − θ̃j
(δ − γ)2 → ∞

as j → ∞, contradicting the fact that {Φ(j)}∞j=1 is a minimizing sequence. Hence by Arzela-
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Ascoli theorem we can assume that Φ(j) → Φ uniformly for some continuous monotone func-

tion Φ satisfying the boundary conditions Φ(2π) − Φ(0) = 2kπ.

Next we show that Φ is absolutely continuous, so that Φ ∈ W1,1(0, 2π). To show this we

use the characterization in [Rud06, p. 146] that a continuous monotone function is absolutely

continuous if and only if it maps sets of measure zero to sets of measure zero.

Consider the set K = {θ ∈ (0, 2π) |Φ(θ) − θ = (m + 1
2 ) π for some m ∈ Z}. Since Φ is

bounded, K is the union of finitely mange relatively closed sets and so K is relatively closed in

(0, 2π). Hence its complement is the union of countably many open intervals i.e. Kc = ∪∞i=1Ii.

We claim that Φ ∈W1,1(Ii) for each i.

In fact if a, b ∈ Ii, with a < b, then

∞ > M ≥ E(Φ(j)) ≥
∫ b

a
Φ

(j)
θ

2
cos2(Φ(j) − θ) dθ ≥ c

∫ b

a
Φ

(j)
θ

2
dθ,

for some c > 0. Hence there exists a subsequence of {Φ(j)}∞j=1 which converges weakly in

H1(a, b) to some Φ, so that Φ ∈ H1
loc(Ii). But recall that

∫
Ii

Φθ dθ is bounded and satisfies Φ ∈

W1,1(Ii), and thus is absolutely continuous in the interval Īi.

If Φ is not absolutely continuous then there exists a set E ⊂ (0, 2π) with meas E = 0

satisfying Φ(E) > 0. Clearly we have meas Φ(E ∩ K) = 0 and therefore meas Φ(E ∩ Ii) > 0

for some i, which is impossible due to the result given by the result in Rudin [Rud06, p. 146],

since Φ ∈ W1,1(Ii) (that a continuous monotone function is absolutely continuous iff it maps

sets of measure zero to sets of measure zero).

Now we show that Φ is a minimizer. Consider an interval Ii and choose [a, b] ⊂ Ii. Then by

standard lower semicontinuity results we have∫
Ii∩[a,b]

Φ2
θ cos2(Φ − θ) dθ ≤ lim

∫
Ii∩[a,b]

Φ
(j)
θ

2
cos2(Φ(j) − θ) dθ

≤ lim
∫

Ii

Φ
(j)
θ

2
cos2(Φ(j) − θ) dθ.

Thus by monotone convergence we have

∫
Ii

Φ2
θ cos2(Φ − θ) dθ ≤ lim

∫
Ii

Φ
(j)
θ

2
cos2(Φ(j) − θ) dθ,
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and by taking the union over all the intervals we have

Σ∞i=1

∫
Ii

Φ2
θ cos2(Φ − θ) dθ ≤ lim Σ∞i=1

∫
Ii

Φ
(j)
θ

2
cos2(Φ(j) − θ) dθ,

hence ∫ 2π

0
Φ2
θ cos2(Φ − θ) dθ ≤ lim

∫ 2π

0
Φ

(j)
θ

2
cos2(Φ(j) − θ) dθ. (6.2.14)

Since {Φ(j)}∞j=1 is a minimizing sequence, and by the lower semicontinuity (6.2.14) Φ is a mini-

mizer.

Now suppose Φ is any minimizer and by Ball & Mizel [BM85, Theorem 2.3 (ii)] we have

that φ = Φ − θ satisfies

(φ2
θ − 1) cos2 φ = c θ ∈ (0, 2π) (6.2.15)

for some constant c.

For k > 1, we claim that c ≥ 0.

Suppose c < 0 then we have from (6.2.15) that φ2
θ < 1 a.e. and so

2π ≤ 2(k − 1)π =

∫ 2π

0
φθ dθ ≤

(∫ 2π

0
12 dθ

)1/2 (∫ 2π

0
φ2
θ dθ

)1/2

< 2π,

which is a contradiction, proving c ≥ 0.

In fact c > 0 if and only if k > 2. Since if c > 0 we have φ2
θ > 1 and by (6.2.15) we have

φθ > 1, hence ∫ 2π

0
φθ dθ = 2(k − 1)π > 2π,

implying k > 2.

On the other hand if k > 2 we have

2π <
∫ 2π

0
φ dθ ≤ (2π)1/2

(∫ 2π

0
φ2
θ dθ

)1/2

so that
∫ 2π

0
φ2
θ dθ > 2π, hence c > 0.

(i) For k = 2,

we have c = 0 and

(φ2
θ − 1) cos2 φ = 0 a.e.
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if cos φ = 0 on a set of positive measure we have sin φ · φθ = 0, which implies φθ = 0. So we

have either φ2
θ = 1 or φ2

θ = 0 in (0, 2π). But recall that
∫ 2π

0
φθ dθ = 2π and hence φθ = 1, which

implies

φ = θ + β,

where β is some constant.

(ii) For k > 2,

we have c > 0, φθ > 1 and so

φθ =

√
1 +

c
cos2 φ

. (6.2.16)

Then we can proceed as in the proof of Theorem 6.1.1. The case k < 0 can be proved similarly

by using the same argument but taking different signs in (6.2.15) and (6.2.16), completing the

proof.

�

Remark 6.2.3. For k < 0, k > 2 the minimizer is not smooth.

We learnt from E.G. Virga of Dzyaloshinskii’s paper [Dzy70] after completion of this
thesis and it has some overlap with our results stated in Chapter 6.1 and 6.2, although
our approach appears to be more rigorous.
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6.3 Radius-dependent case

We have studied in Theorem 6.1.1 to Theorem 6.2.2 the energy minimization problem
when the planar vector field n is radius-independent in the one circular domain Ω = (a, b)×
S1, in the case of general Oseen-Frank energy (without one-constant approximation). A
natural question is whether the minimizers ñ in Theorem 6.1.1 are also minimizers for
I(n) in Ak. Equivalently, are the corresponding φ minimizers of (by (6.0.2))

Ẽ(φ) =

∫
D

W(s, θ, φ, φs, φθ) dx

=
1
2

(k1 + k3)
∫

D

(
(1 + λ cos 2φ) φ2

s + (1 − λ cos 2φ)(1 + φθ)2 + 2λφs (φθ + 1) sin 2φ
)

dx

(6.3.1)
where D = (log a, log b) × (0, 2π), for φ ∈ H1(D;S1) satisfying

φ(s, 2π) − φ(s, 0) = 2(k − 1)π for a.e. s ∈ (log a, log b).

Without loss of generality we can omit the constant 1
2 (k1 + k3). This is obviously true

in the one-constant case λ = 0 (k1 = k3), since the integrand W(s, θ, φ, φs, φθ) ≥ (1 −
λ cos 2φ)(1 +φθ)2. However the situation is more complicated for λ , 0. We illustrate this
by the case k = 2, when the minimizers in Theorem 6.1.1 are given by φ(θ) = θ + θ0.

Given a smooth u : D→ R with u(s, 2π)−u(s, 0) = 0 for all s ∈ [log a, log b], the second
variation of Ẽ at φ is given by

δ2Ẽ(φ)(u, u) =
1
2

d2

dε2 Ẽ(φ + εu)
∣∣∣∣
ε=0

=

∫ log b

log a

∫ 2π

0

(
(1 + λ cos 2(θ + θ0))u2

s + (1 − λ cos 2(θ + θ0))u2
θ

+ 2λ sin 2(θ + θ0)uθus + 8λ cos 2(θ + θ0)uus

)
dθ ds.

If u = 0 for s = log a and s = log b then the last term in the integral integrates to zero,
while the remaining terms give a positive definite quadratic form, so that

δ2Ẽ(φ)(u, u) ≥ µ
∫

D
(u2

s + u2
θ) dx

for some constant µ > 0. Thus φ is a weak local minimizer of E subject to its own
boundary conditions. If however, we do not restrict the values of u on ∂D then we can
choose u = v(s) cos(θ + θ0), when a calculation shows that

δ2Ẽ(φ)(u, u) = π

∫ log b

log a

(
(1 +

λ

2
)(v2 + v2

s ) + 3λvvs

)
ds.
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When v = es this gives
δ2Ẽ(φ)(u, u) = 2π (1 + 2λ)(b − a)

which is negative for −1 < λ < −1
2 , when φ is not a local minimizer. This implies that the

minimizers for the radius-independent case given in Theorem 6.1.1 are not necessarily
minimizers for the radius-dependent case.



Chapter 7

Conclusion and future direction

In this thesis we have shown:
(i) the existence and uniqueness of the minimization problem of a modified one-

constant Oseen-Frank elastic energy

I(n) =
1
2

∫
Ω

(
|∇n|2 −

k2

|x|2

)
dx

on a 2D one-circular domain Ω = {x ∈ R2 | 0 < a < |x| < ∞} (as well as shown its
asymptotic behaviour at ∞ of the minimizer);

(ii) by introducing homotopy classes for vector fields subject to given boundary con-
ditions and degree constraints, the existence and uniqueness of minimizers in each homo-
topy class for the same modified Oseen-Frank energy on two-dimensional N-connected
domains Ω = R2 \ ∪N

j=1ω̄j, where each of {ωj}
N
j=1 is bounded, simply connected and hav-

ing Lipschitz boundary. Also we have shown the asymptotic behaviour of each of these
minimizers as well as the fact that there exists a minimizer in the collection of all these
homotopy classes though it may not be unique;

(iii) by introducing an auxiliary vector field and defining homotopy classes for line
fields, the existence and uniqueness minimizing line field in each homotopy class for two-
dimensional N-connected domain Ω = R2 \∪N

j=1ω̄j with non-orientable line field boundary
data (for orientable boundary data, this proves to be equivalent to (ii));

(iv) the existence of minimizers (and what they are) to the Oseen-Frank elastic en-
ergy (with general Frank elastic constants, namely without one-constant approximation)
for radius-independent vector fields (in a bounded 2D one-circular domain) subject to
prescribed degree and its own boundary conditions on the circular boundary.

(v) for non-equal constant case, the minimizers to the Oseen-Frank elastic energy
(with general Frank elastic constants) for radius-independent vector fields subject to

125
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prescribed degree on the boundary in a bounded 2D circular domain are not necessarily
minimizers for the radius-dependent case.

Our original aim was to study these problems in 3D domain for general elastic con-
stants (i.e. not under the one-constant approximation where k1 = k2 = k3, k4 = 0). This
proved to be too hard, so we tried the 2D domain and derived the above results. In the
future we may work on the following directions:

(1) the existence and uniqueness of minimizers to the general Oseen-Frank elastic
energy for radius-dependent vector fields in a bounded 2D one-circular domain or N-
connected domain (obviously more difficult) subject to prescribed degree conditions on
the boundary;

(2) the existence and uniqueness of minimizers for some modified Oseen-Frank free
energy on 3D domains (either with or without holes) for vector fields subject to pre-
scribed boundary conditions as well as degree constraints, or line fields subject to given
orientable or non-orientable line fields (orientability in 3D domain seems apparently more
complicated than the 2D case).
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