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Abstract

The profound simplicity and versatility of the molecule at the heart of all earth-
bound life forms, DNA, continues to inspire new frontiers of scientific inquiry.
Central to many of these, including the de novo design of novel DNA nanostructures
and the use of DNA to probe the principles of biological self-assembly and the
operation of cellular nanomachines, is the interaction of DNA with forces, both
internal and external. This thesis comprises a survey of three key ways coarse-
grained simulations using the oxDNA model can contribute to efforts to characterize
these interactions. First, a non-equilibrium data analysis framework based on the
Jarzynski equality from statistical physics is validated for use with oxDNA through
the reconstruction of free energy landscapes for canonical DNA hairpin systems.
We provide a framework for assessing errors in the method and apply it to study
a system for which conventional equilibrium simulations would be impractical:
DNA origami ‘handles’ proposed for use in force spectroscopy experiments. Next,
we simulate the forcible unravelling of three DNA origami structures, the largest
systems yet studied with simulated force spectroscopy. We combine these results
with experimental AFM data to probe the mechanical response of origami in
unprecedented detail, highlighting the effect of nanostructure design on unfolding
behaviour. Lastly, we examine the validity of using widely-employed polymer elastic
models to predict internal entropic forces in ssDNA. We develop a framework
for measuring internal forces in the oxDNA coarse-grained model and apply it to
analyze the pico-Newton range forces exerted by a recently proposed DNA origami
force clamp, ultimately concluding that conventional means of estimating internal
ssDNA forces are often inaccurate and should be supplemented with coarse-grained
simulations. In addition to providing new insights about the DNA systems we
present, our results highlight the significant fruits of complementing experimental
studies with coarse-grained simulations.
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The Word is living, being, spirit, all verdant greening,
all creativity. This Word manifests itself in every
creature.

— St Hildegard von Bingen

1
Introduction

Contents
1.1 Modelling DNA . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.1 Single-nucleotide level coarse-grained DNA models . . . 6
1.1.2 Modelling of DNA Nanotechnological Systems . . . . . . 11
1.1.3 The oxDNA Model . . . . . . . . . . . . . . . . . . . . . 13

1.2 Thesis structure . . . . . . . . . . . . . . . . . . . . . . . 15

At least as deep-rooted in humanity as the curiosity that drove the ancients

to study the heavens is the inward-facing, existential questioning that seeks to

understand ourselves: life, and its unyielding forward motion. Inarguably a key

to understanding life – both its primordial origins213 and human biology1 and

evolutionary history218 – is its fundamental building block, DNA, the information-

carrying role of which was seminally elucidated by Watson & Crick 285 when they

identified its iconic double-helical structure, shown in Figure 1.1. The outer backbone

of the DNA helix is comprised of sugar and phosphate, and the inner rungs contain

four types of nucleic acid bases – adenine (A), thymine (T), guanine (G), and cytosine

(C) – that bind together predominantly in A-T, C-G pairings. It is this specificity of

base pairing that is crucial to the transmission of genetic information: each strand

of the double-helix bears a genetic ‘blueprint’ that is copied during the process of

DNA replication1. The second pillar of DNA’s enormous biological relevance is

1
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Figure 1.1: The iconic DNA double helix, proposed by Watson & Crick 285 . Sugar and
phosphate molecules covalently link to form the backbone, and the rungs of the ladder
are comprised of bases, which come in four flavours. Image from Ref. 38.

its role in the so-called ‘central dogma of molecular biology’44: all proteins, the

workhorses of cells, are encoded by DNA, as are RNA molecules – chemical relatives

of DNA with diverse roles in protein construction and reaction catalysis. Current

research tantalizingly suggests that even DNA sequences that are not involved in

protein encoding may play fundamental, as-yet mysterious roles in the cell56.

The same simplicity of structure and base-pairing specificity at the heart of

DNA’s biological significance allows for the possibility of rationally designing

artificial DNA structures, as first suggested by Seeman 247 when he proposed that

DNA could be manipulated to form self-assembling crystalline networks. This

ingenious idea spawned the field of DNA nanotechnology, and from the first simple

arrangements of two DNA helices linked by crossover junctions to impart enhanced

mechanical stability76, the complexity of architectures successfully constructed

experimentally has soared. Not only has Seeman’s vision of DNA crystals been

realized in both two293;286 and three135 dimensions; a colourful array of nanoengi-

neering elements have emerged including polyhedra103, tensegrity structures155, and

nanotubes174. Capitalizing on duplex strand-replacement reactions305, dynamic
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DNA nanomachines have also been constructed, from DNA ‘walkers’ – motors that

are able to navigate along a track131;291 – to nanocages57 designed for targeted

drug delivery. The applications of such remarkable feats of nanoengineering are

seemingly endless, spanning nanosensing273, medicine249, electronics210, and even

DNA-based computation81.

The fact that DNA structure and thermodynamics are relatively well-understood

renders it of great interest from a fundamental theoretical perspective: it represents

a model system that can be used as a platform to explore the properties of single

molecules and microscopic physics more generally. Many single-molecule techniques

and theorems have been validated using simple DNA systems96;63, and DNA is

routinely employed as part of the instrumental apparatus that makes examination

of other single biomolecules possible303;209. In particular, DNA has played a crucial

role in the exploration of the ‘folding problem’: the quest to understand how the

proteins encoded by a one-dimensional DNA sequence are able to self-assemble

into three-dimensional functional structures so reliably55. By applying external

forces to disassemble simple DNA molecules, their unfolding thermodynamics and

kinetics can be repeatedly probed at the single molecule level, leading to insights

about the out-of-equilibrium physics that governs biology.

The fruitful synergy between force and DNA doesn’t end there. In biological

contexts, the application of force to DNA is a central ingredient in DNA replication

and transcription, as special molecules forcibly open the DNA helix to access its

contents1. Mechanical force also mediates the extremely dense packaging that

enables ∼metres of DNA to be stored in a ∼5 µm-diameter nucleus, and even

plays a role in regulating genetic expression276. In nanotechnological contexts as

well as biological ones, DNA’s relationship with force is significant: nanostructure

mechanical stability must be designable for applications involving force exposure,

and the tensegrity structures mentioned above not only have to assemble against

force, but feature constant tension throughout as part of their design255. The

response of DNA to force is even relevant to mechanically-regulated cellular processes
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involving molecules other than DNA – such as molecular motor transport, force-

gated membrane channels, and intercellular communication facilitated by tension

in cellular fibres – because the study of these processes is often carried out by

DNA nanostructures, used to measure forces in91;95 and apply forces to193 other

biological molecules.

Given its manifold applications, the study of DNA behaviour under force

is important. While experimental work has contributed significantly to this

end, as we shall see, computational DNA modelling offers unique, otherwise-

inaccessible insights, supplying detailed microscopic and structural information that

can complement – and guide – experimental observations.

1.1 Modelling DNA

The most detailed and realistic computational representations of DNA retain a

quantum mechanical description of constituent subatomic charges, solving the

Schroödinger equation to obtain electronic structures. These quantum chemical

simulations are capable of reproducing quantitatively accurate descriptions of DNA

systems – for example, base stacking and base pairing energies126. Quantum chemical

computations have provided descriptions of backbone orientations183 and aromatic

base stacking127 in DNA, and provide a route to capturing the molecular polarization

underlying DNA-ion interactions83. While the quantum level of detail is the gold

standard in computational DNA studies, intense computational requirements limit

the applicability of quantum chemistry simulations to nearest-neighbour base pairs.

At the next finest level of description are classical atomistic models, which rep-

resent interactions between individual atoms using effective potentials implemented

using force fields like AMBER40 or CHARMM24. Such models can capture detailed

microscopic interactions between DNA and explicit solvent atoms as well as other

molecular species like proteins148;162, and are able to access larger system sizes than

quantum chemistry simulations. Atomistic molecular dynamics (MD) simulations

have been profitably applied to the study of DNA behaviour under force, including

stretching99;250, twisting216, and supercoiling181;271, and have recently begun to
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illuminate the mechanical behaviour of synthetic DNA nanostructures302. All-

atom modelling has drawbacks, however: computational demands limit accessible

timescales to ∼microseconds148;164 and system sizes to a few thousand nucleotides

at the maximum302, which also renders sampling rare events difficult.

Lying at the opposite extreme are two popular simplified approaches. Continuum

models that treat DNA as a semiflexible polymer using theoretical descriptions

like the freely-jointed chain229 or worm-like chain197 models have successfully

been applied to describe the large-scale behaviour of DNA under twist191;93 and

tension259;169. Additionally, thermodynamic models that are parametrized using

empirical data to quantify the free energy of DNA based on contributions from each

set of interacting nearest-neighbour nucleotides235 are widely used to predict stable

DNA structures and melting temperatures. Both of these schemes lack the ability

to describe the microscopic dynamics of DNA, however, including all-important

hybridization and unfolding processes.

A compromise between these two limits is afforded by coarse-grained (CG) DNA

models. In such models, multiple atoms are grouped into particles that experience

effective interactions, thus reducing the number of degrees of freedom, and solvent

molecules are usually not modelled explicitly. While these simplifications greatly

increase simulation efficiency, they also introduce a “representability problem”:

no CG model is able to accurately capture all aspects of system behaviour, and

the type of model used must be chosen bearing in mind the specific requirements

of a problem160. Simulating the interaction of DNA with force necessitates a

model able to describe the mechanical properties of both single-stranded DNA

(ssDNA) and double-stranded (dsDNA), as well as capture the hybridization

reaction accurately, such that the breaking of individual base pairs in response

to tension can be represented.

Among the most efficient CG models are finite-element-type models that

represent DNA helices as elastic rods; most notably, the CanDo model of Kim

et al. 137 . This model is able to capture equilibrium conformations and mechanical

flexibility of DNA nanostructures constructed using a technique known as ‘DNA
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origami’, in which a long ‘scaffold’ strand is arranged into designed structures

with the aid of short ‘staple’ strands that bring distant regions of the scaffold into

proximity228. DNA base pairs are represented as finite elements of continuous elastic

rods, single-stranded regions are represented as springs, and connections between

DNA helices are represented as rigid crossovers. While finite element methods work

well for describing the expected structures and thermal fluctuations of fully formed

DNA origami nanostructures, they cannot treat assembly or disassembly.

Similarly computationally efficient models coarse-grain at the level of multiple

base pairs. For example, domain-level models47 have as their fundamental units

regions of contiguous origami staple base pairs, and these have been successfully

applied to understand dynamic DNA nanostructure assembly62. A model recently

introduced by Reshetnikov et al. 221 represents 7 base pairs by a single coarse-

grained particle, and has been shown to reproduce DNA origami structures and

dynamics. Even more detailed are models which assign one coarse-grained bead

per base pair, such as the model of Mergell et al. 178 ; a generalization of this model

achieved reasonable agreement with experimentally measured twist and persistence

length for DNA origami structures11.

While the above strategies can successfully describe global configurations of

large-scale DNA structures like origamis, models that coarse-grain at the level of one

or more base pairs cannot capture the individual base pair breaking that is crucial

for understanding tension-mediated unfolding. To access the microscopic details of

DNA, models that coarse-grain at the level of single nucleotides are necessary. We

provide a brief review of this most detailed level of coarse-grained DNA modelling

below; a good recent review can also be found in Reference 49.

1.1.1 Single-nucleotide level coarse-grained DNA models

Single-nucleotide level models can broadly be classified according to a few main

factors. First, the number of coarse-grained beads assigned to each nucleotide

controls the level of realistic detail retained by the model and impacts its com-

putational efficiency. Next, whether solvent particles and ions are represented
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implicitly, using a mean-field description, or explicitly will govern how well the

model can expect to capture electrostatics and salt-dependent dynamics. Another

important consideration is whether the parametrization of the model is “top-down”

or “bottom-up.” Top-down descriptions obtain the effective potential parameters by

fitting the model to empirical data, such as DNA melting temperatures, structural

details, and mechanical properties. Bottom-up approaches attempt to fit the coarse-

grained model predictions to results from finer-grained, usually atomistic models.

One potential problem to bear in mind with bottom-up approaches is that the

coarse-grained model inherits any deficiencies in the fine-grained description used

for parametrization, and there is no guarantee that the finer-grained model – limited

to small-scale investigations due to computational constraints – accurately captures

the larger-scale properties the coarse-grained model is used to probe59.

The simplest nucleotide-level models assign one bead to each nucleotide. Savelyev

& Papoian 237 presented a bottom-up, 1-bead-per-nucleotide (1BPN) model with

explicit ions that enabled them to reproduce the dependence of DNA persistence

length on ionic strength237;236, and it has been used to study DNA unwrapping

from nucleosomes30. The model lacks sequence dependence, however. Another

bottom-up 1BPN model that retains explicit ion representation is that of Naômé

et al. 187 , which also captures salt-dependent persistence lengths, and has correctly

reproduced the topologies of DNA minicircles and the probability of closure of

DNA rings188. The recently-proposed nCG-dsDNA model of Yagyu et al. 300

was parametrized using a top-down approach, but using only structural – not

thermodynamic – data. While it retains sequence dependence, it has not yet been

rigorously validated against experimental results. Furthermore, all three of the

above-mentioned models are capable of describing DNA in its duplex state only,

and cannot capture the hybridization dynamics crucial to investigations of force-

induced dissasembly. One 1BPN model that is capable of describing hybridization

is that of Araque et al. 9 (see also Reference 10), parametrized bottom-up, but

from quantum chemical simulations. It neglects electrostatics entirely, however,

is computationally expensive, and has only been used to treat short sequences.
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Furthermore, it is not expected to reproduce melting temperatures are accurately

as models based on thermodynamical parametrization9.

Retaining more structural detail are 2-bead-per-nucleotide (2BPN) models, like

that of Maffeo et al. 163, which represents solvent implicitly but can nonetheless

capture salt-dependent effects. The bottom-up model was originally constructed to

represent ssDNA only, and captures the force-extension behaviour of ssDNA well.

It was recently extended to describe dsDNA and applied to the study of dsDNA

translocation through nanopores17;215. Sequence dependence, hybridization and

disassembly cannot be described by the model, however. The other major contender

in the 2BPN category is oxDNA203;281;261 , which features three interaction sites per

nucleotide and is able to represent both ssDNA and dsDNA and interconversions

between them. Basic DNA biophysical properties, including the elasticity of

ssDNA and dsDNA as well as duplex melting behaviour, are well-described by

oxDNA203, as is force-induced duplex rupture behaviour226;185. Furthermore, as will

be recounted in section 1.1.2, oxDNA has succeeded in modelling the assembly of

large DNA nanostructures262 and has been productively combined with experiments

to investigate dynamical DNA nanomachines202;136 and with atomistic simulations

to elucidate the behaviour of highly stressed, supercoiled DNA minicircles271.

There are several strong models at the 3-beads-per-nucleotide (3BPN) level.

Among the earliest examples is the model of Morriss-Andrews et al. 184 , which

is parametrized from all-atom simulations and represents solvent ions implicitly.

A unique strength of the model is the ellipsoidal representation of bases, which

combined with anisotropic potentials allows realistic base-stacking interactions

to be captured. The model describes temperature, salt, and sequence-dependent

properties of ssDNA and dsDNA reasonably well, but produces persistence lengths

that are a factor of ∼2 too low. The top-down parametrized model of Linak

et al. 156 can describe Hoogsteen bonds, which allows it to capture more exotic

DNA motifs, and has successfully reproduced experimental DNA hairpin melting

temperatures. The more recent BioModi 3BPN model of Markegard et al. 166 has

been optimized for large systems and the study of hybridization kinetics, and as
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such is suitable for DNA nanotechnology studies. It has been used to study the

strand concentration dependence of hybridization reactions167, but its predicted

duplex melting temperatures do not agree quantitatively with experimental results

as well as those of oxDNA166. The above models have not yet been widely used or

tested, nor have they been applied to the study of nanotechnological DNA systems.

Among the more extensively used single-nucleotide-level models is the top-

down 3-site-per-nucleotide (3SPN) model of Knotts et al. 139 . Improvements made

to the model over time233;105;72 have resulted in a current version, 3SPN.2C, that

incorporates anisotropic potentials including 3-body, as well as pairwise, interactions;

captures major-minor grooving and sequence dependence; reproduces persistence

lengths of ssDNA and dsDNA well; and achieves quantitative agreement with

experimental DNA melting temperatures. It has been used to study nucleosome

formation73, tension-mediated nucleosome unwrapping151, and DNA hybridiza-

tion106, and, impressively, has been adapted to explore composite DNA-protein53

and DNA-nanoparticle152 systems. One drawback of the model, however, is that

it was originally parametrized for duplex DNA and consequently predicts ssDNA

to be too stiff; while this issue has been mitigated in the latest version, it still

exists. The 3-body interaction terms will also render it less efficient than models

that include only pairwise interactions.

The Three-Interaction-Site DNA (TIS-DNA) model very recently proposed

by Chakraborty et al. 32, parametrized top-down using DNA crystal structures

and melting data, captures salt and sequence dependent effects, including salt

dependent persistence lengths, and is suited to modelling hybridization. While

promising, it has not yet been widely tested.

Finally, the most detailed single-nucleotide-level models assign 4 or more beads

to each nucleotide. The bottom-up, 5-bead-per-nucleotide model of Korolev et al. 142

incorporates explicit solvent ions and reproduces salt-dependent persistence lengths

of duplex DNA143, but cannot treat ssDNA or, consequently, hybridization. Similarly

unable to deal with hybridization reactions is the Martini-force-field-based model of

Uusitalo et al. 277 , which uses 6 or 7 beads-per-nucleotide (depending on the base)



1. Introduction 10

and combines bottom-up and top-down parametrizations. It is well-suited, however,

for multi-component simulations of DNA interacting with other biomolecules, as

it can be easily interfaced with other coarse-grained models. The Martini model’s

accuracy in reproducing experimental persistence lengths and DNA structures is

limited, however. Better structural agreement with nucleic acid data is achieved

by the Nucleic Acid United Residue 2-Point (NARES-2P) model of He et al. 102 ,

featuring 6-8 beads-per-nucleotide (BPN). The model exhibits poor agreement with

experimental thermodynamic data, however, and thus is a poor choice to model

hybridization and disassembly reactions.

The 6-8 BPN SIRAH model50;48 can treat solvent explicitly and is able to capture

DNA-ion binding interactions. It also lends itself to multiscale, multicomponent

modelling, as it can be interfaced with atomistic simulations161 and protein models22.

It has not been optimized to reproduce the mechanical behaviour of ssDNA and

dsDNA, however, which is fundamental to DNA-force studies, and has thus far

only been used for very small systems (∼10s of nucleotides). Lastly, the 6-7 BPN

High-Resolution DNA (HiReDNA) model of Cragnolini et al. 43 incorporates 3-

and 4-body interaction terms, can model duplex hybridization, and is notable

in its ability to capture non-canonical base pairing, allowing treatment of more

exotic structures42. While its strength is its level of detail, this also renders it

comparatively computationally inefficient, and simulating large nanostructures

with HiReDNA is not feasible.

Of the coarse-grained models presented above, oxDNA, TIS-DNA, and the

3SPN.2C models all offer good mechanical descriptions of ssDNA and dsDNA, have

been parametrized using experimental data and can represent hybridization and

disassembly well, can capture salt- and sequence-dependent effects, and constitute

a good compromise between computational efficiency and representational detail;

they are thus reasonable choices for studies of DNA-force interactions. Furthermore,

oxDNA and 3SPN.2C are among the most easily accessible of the aforementioned

models, being freely available for download; oxDNA has recently even been incorpo-

rated into the widely-used LAMMPS MD code104. Only oxDNA, however, has been
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extensively validated in the study of large DNA nanostructures260;262;251;243. In the

current work, therefore, which seeks to describe the force response behaviour of

DNA on a variety of scales, from short single strands to kilobase-long nanostructures,

we employ the oxDNA model, which complements other modelling strategies that

have been utilized in the study of DNA nanotechnological systems.

1.1.2 Modelling of DNA Nanotechnological Systems

Computational studies have contributed to the multifaceted development and

understanding of DNA nanotechnology, from nanostructure mechanical properties

to assembly processes. The aforementioned CanDo finite element model of Kim

et al. 137 , first presented in Reference 31, has been popularly and successfully

applied to efficiently predict the global, minimum-free-energy conformations of

nanostructures, and is freely available for download. In particular, the model

has reproduced experimental 3D structures of a variety of DNA origami objects,

from planar structures to crystalline tensegrity motifs208, and been used to analyze

origami mechanical deformations under a loading force270. CanDo has been extended

to capture dynamics, as well – namely, thermal fluctuations about equilibrium

conformations, and thus mechanical flexibility of nanostructures – and been applied

to study conformational dynamics of DNA tweezers and various origami objects246.

The early versions of the model lacked the ability to describe nicks (discontinuities

in the phosphodiester backbone bonds in duplex regions) and bulges (regions of

mismatched base pairs in a duplex), but recently the framework was parametrized

to describe these features using atomistic simulations. This improved version of

CanDo produced reasonably accurate predictions of the equilibrium structures of

DNA polyhedra as compared with experimental data, but could not capture all

features, such as the twisting of vertices in such structures, the description of which

requires higher-resolution CG models207. Additionally, the model is limited by

its inability to describe helix unzippering, secondary structures in single-stranded

regions, and structures that have multiple stable states instead of a single free-energy
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minimum. It also does not account for excluded volume interactions, which can

lead to incorrect structural predictions for flexible origamis251.

Other models that have been profitably applied to describe equilibrium struc-

tures and conformational dynamics of DNA origami structures were described in

section 1.1.1. These include an extension to the 1-bead-per-base-pair CG model of

Mergell et al. 178 , which, as mentioned above, reproduced experimentally-observed

flexibilities of origami 4-helix bundles11, and the recently-proposed 1-bead-per-7-

base-pairs model of Reshetnikov et al. 221 .

Over the past few years, significant work at the all-atom level has begun

to supplement the global picture provided by models like CanDo with local,

microscopic details. The first atomistic origami simulations were performed by Yoo &

Aksimentiev 302 , and detailed local fluctuations for rod-like and bent origami objects.

Not only have atomistic simulations succeeded in predicting experimentally-observed

global origami structures138, but their ability to capture DNA-ion interactions has

enabled them to characterize the ionic conductivity of DNA origami placed over a

nanopore – revealing that origami conductance is orientation-dependent154 – and

elucidate the microscopic conductance mechanisms of synthetic transmembrane

ion channels constructed using DNA duplexes88 and DNA origami89. Comparative

atomistic studies of nanostructures built using DNA origami and those built using

DNA bricks – short single strands of DNA that can be combined modularly to form

larger structures – have also revealed that DNA-bricks-based assembly produces

structures that are more compliant under external force than DNA origami256.

While atomistic simulations have contributed greatly to DNA nanotechnology

modelling, they are limited, as already discussed, in the time scales and system

sizes that can be accessed.

To optimize the rational design of artificial nanostructures, an understanding

of their self-assembly processes is necessary. Multiple modelling strategies have

been applied to this end. The domain-level model of Dannenberg et al. 47 already

mentioned has reproduced experimental results concerning the hysteresis between

DNA origami annealing (formation) and melting curves, as well as the dependence
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of annealing rates on staple concentration47. It has also been used to describe

kinetically-steered origami assembly, in which different final structures are produced

by applying small modifications to the staple set62. Self-assembly of a variety

of 3D DNA brick nanostructures220 has been studied using the lattice model of

Reinhardt & Frenkel 219 , in which DNA strands are portrayed by particles possessing

rigid patches that represent binding domains. DNA brick self-assembly has also

been studied using a recent theoretical kinetic model proposed by Fonseca et al. 69 ,

parametrized using oxDNA, which reproduced experimentally-observed formation

temperatures for 2D DNA brick structures.

Nucleotide-level coarse-grained models constitute a complementary simulation

strategy to the above methods, offering a compromise between microscopic detail –

particularly the ability to capture base pair breakage – and the efficiency necessary

to simulate very large structures and probe rare events and assembly processes. As

aforementioned, oxDNA is the only such model that has yet been widely applied to

the description of nanotechnological systems. On the level of structural insights,

oxDNA has been used to accurately predict bulge-size-dependent experimental con-

formations of DNA prisms243 and the opening angles of DNA origami hinges252;251.

It has also succeeded in simulating dynamical processes central to many DNA

nanotechnological systems, including toehold-mediated strand displacement265, the

motion of DNA nanomachines that “walk” along tracks202;269;136, and the operation

of moveable crank-slider joints251. Finally, oxDNA has also provided insights on full

self-assembly processes for DNA origami262 and knotted DNA nanostructures140.

Given its broad validation and utility in a variety of nanostructural contexts, in

addition to the aforementioned ability to capture processes relevant to DNA-force

interactions, simulations in this thesis were pursued with the oxDNA model.

1.1.3 The oxDNA Model

The oxDNA model has been extensively described previously203;281;261. Briefly,

oxDNA represents nucleotides as rigid bodies featuring three interaction sites∗; see
∗Backbone, stacking, and hydrogen-bonding interactions are localized to distinct sites.
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VbackboneVcoaxial stack

Vcross stack
VH−bondVstack

(a) (b)

Figure 1.2: (a) oxDNA representation of a strand composed of two nucleotides and
(b) a duplex featuring 3 strands. Each rigid-body nucleotide has three interaction sites:
one on the backbone, and two on each base, one for stacking and one for hydrogen
bonding interactions. The directions of coaxial stacking, hydrogen bonding, stacking,
cross stacking, and backbone potentials are depicted. Figure adapted from Doye et al. 59

Figure 1.2. Parameters in oxDNA were obtained using the “top-down” approach

described above: the model was fitted to experimental results for structural,

thermodynamic, and elastic properties of DNA. Nucleotides interact via pairwise

potentials chosen to incorporate salient physical interactions, and the full potential

energy function for the most recent version of the model, oxDNA2, is

VoxDNA2 =
∑

nearest neighbours
(Vbackbone + Vstack + Vexc) +

∑
other pairs

(VHB + Vcross stack + Vexc + Vcoax stack + VDH),
(1.1)

where Vbackbone, Vstack, and Vexc represent backbone connectivity, stacking, and

excluded volume interactions, respectively, and are summed over all pairs of nearest-

neighbour nucleotides, and VHB, Vcross stack, Vexc, Vcoax stack, and VDH are hydrogen

bonding, cross stacking (i.e. stacking between bases on opposite duplex strands),

excluded volume, coaxial stacking (i.e. stacking between contiguous bases on

different strands, as across a nick), and electrostatic (according to Debye-Huckel

theory) interactions, respectively. The detailed forms for each of these terms can be

found in Chapter 2 of Reference 201 and Appendix A of Reference 260. While the

model can capture salt, temperature, and sequence-dependence, it cannot represent
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the detailed interactions of DNA with solvent ions or any non-canonical base pairing,

though these shortcomings are not expected to affect the current work significantly.

1.2 Thesis structure

This thesis surveys three distinct ways in which coarse-grained modelling can

contribute meaningful understanding to the study of DNA force response. Chapter 2

serves as a brief primer to the main simulation and analysis methods employed

throughout the work. In Chapter 3, we’ll explore how the force-mediated unfolding of

simple DNA systems, despite occurring far from equilibrium, can reveal information

about equilibrium free energies. While widely applied to experimental studies,

the methods we adapt have heretofore not been explored in the context of a

sophisticated coarse-grained DNA model like oxDNA. Next, Chapter 4 takes the

same basic principle of unfolding DNA structures with force to an extreme, featuring

the forcible unravelling of some of the largest DNA nanostructures ever simulated

with a nucleotide-level coarse-grained model. The results presented shed light on

the mechanical properties and unfolding pathways of DNA origami systems. Our

third foray into force exploration, Chapter 5, focuses on the relationship between

DNA and internal, rather than external, forces, specifically in the context of DNA

nanostructures. We take a closer look at canonical models of the elastic behaviour of

ssDNA that are widely applied in both experiments and simulations, cautioning that

key details omitted by these models have led to inaccurate published estimations

of force. In each of these three chapters, the potential fruits of using oxDNA

simulations to supplement and refine experiments are highlighted; our main results

are finally summarized in Chapter 6.



. . . No Doctor, I simply maintain that computers are
more efficient than human beings, not better.

—Cdr. Spock
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The oxDNA code suite∗ is capable of running simulations in two modes: Monte

Carlo (MC) and Molecular Dynamics (MD); each of these simulation techniques

is introduced below.

2.1 Simulation Methods

2.1.1 Molecular Dynamics Simulations

In molecular dynamics (MD) simulations, Newton’s equations of motion are nu-

merically integrated for each coarse-grained particle to determine its trajectory.

The forces in these equations are calculated using the derivatives of the potentials

described in section 1.1.3. To integrate the equations, oxDNA employs the velocity

Verlet algorithm272, which is time-reversible and preserves the phase-space volume
∗Available open source from https://sourceforge.net/projects/oxdna/files/

16
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of the simulated system according to Hamiltonian evolution74; this leads to minimal

long-term drift of system energy over the course of a simulation. For simulations

in this thesis, a discrete integration time step of dt = 0.005 simulation units, or

15.2fs, was used. This timestep provides a good compromise between simulation

speed and accuracy.

The fact that solvent is implicit in oxDNA renders it necessary to enforce

evolution in a canonical ensemble; oxDNA uses the NVT (constant particle number,

volume, and temperature) ensemble. Coupling between the system and a heat bath

is imitated using an Andersen-like thermostat5;230, which generates realistic diffusive

dynamics. In this scheme, the system is permitted to evolve in the microcanonical

NVE (constant particle number, volume, and energy) ensemble for a certain number

of steps, NNewt, then a subset of particles are randomly chosen to have their

velocities redrawn from a Maxwell-Boltzmann velocity distribution at the simulated

temperature; this mimics stochastic collisions with the solvent bath. The probability

of such a collision occurring is inversely proportional to the translational diffusion

coefficient for each particle230; for simulations in this thesis, D=2.5 simulation units,

or 6.0× 10−7 m2 s−1, and NNewt = 103, or about once every 1.55 ps. Our diffusion

coefficient is chosen to deliberately accelerate diffusive dynamics, which in oxDNA

are ∼2 orders of magnitude faster than in experiment280, enabling our simulations to

access long-timescale processes more efficiently. The choice of collisional frequency

NNewt reflects a balance between computational efficiency and ensuring that systems

behave diffusively on relevant timescales. Andersen thermostats have been shown

to reproduce a canonical distribution74.

oxDNA also provides the option of using a Langevin thermostat, which mimics

coupling to a thermal bath through the addition of a frictional damping term and a

random forcing term to Newton’s equations of motion3. The strength of the random

forces is related to the magnitude of the frictional damping through the ‘fluctuation-

dissipation relation’, which guarantees evolution in the canonical NVT ensemble3.

Because oxDNA simulations are somewhat slower when the Langevin, rather than

Andersen-like, thermostat is used, it makes only a brief appearance in Chapter 5.
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oxDNA MD simulations can be run on CPUs or GPUs, which offer a speed-up

for systems larger than a few hundred nucleotides. All simulations of large DNA

origami nanostructures in this thesis were run on GPUs.

2.1.2 Monte Carlo Simulations

When equilibrium values of observables, rather than full dynamical trajectories, are

sought, Monte Carlo (MC) simulation can be applied†. In MC simulations, system

configurations are sampled according to their Boltzmann weights; that is, over

the course of a simulation, the amount of time the N -particle system spends in a

configuration rN is proportional to the Boltzmann factor, e−βU(rN ), with U(rN ) the

energy of the configuration and β the usual inverse thermal energy. This ‘importance

sampling’ allows the simulation to focus on regions of phase space that contribute

most significantly to averages, boosting efficiency. Equilibrium Boltzmann averages

can be computed simply by sampling the system at each step. To achieve this in

practice, an algorithm known as the Metropolis Monte Carlo method is used179:

1. Initialize the system in some configuration rN0 .

2. Generate a proposed new configuration, rNn .

3. If the new configuration has a lower energy U(n), accept the move 0→ n. If it

has a higher energy, accept the move with probability Pacc = e−β(U(n)−U(0)):

• generate a random number R between 0 and 1
• accept the move if R < Pacc, and reject otherwise

4. Sample observables.

5. Repeat.

The Metropolis algorithm fulfils detailed balance; that is, in equilibrium, the number

of moves that lead to state i from state j is equal, on average, to the number of

moves that lead to state j from state i:

e−βU(i)π(i→ j) = e−βU(j)π(j → i) (2.1)
†MC schemes for simulating dynamics do exist, however; see Ref. 68
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where π(i → j) is the transition probability from state i to state j. There are a

number of possible choices in regards to how proposed moves are generated. For

systems of strongly interacting particles, if only single-particle moves are attempted,

the bond breakage resulting from a proposed diffusive movement will make the

move energetically unfavourable and unlikely to be accepted. Furthermore, for

a cluster of interacting particles to diffuse, separate moves must be attempted

for each particle in the same direction. oxDNA therefore employs the Virtual

Move Monte Carlo (VMMC) scheme289;290, in which moves are attempted for

clusters of, rather than individual, particles. A particle is randomly selected, and

a cluster comprised of particles it interacts with is generated. A move – either

translational or rotational – is then attempted for the whole cluster of interacting

particles, enabling strong pairwise interactions to be preserved and permitting

efficient diffusion of the system. While multiple cluster-move algorithms exist, the

VMMC algorithm in particular offers an additional advantage beyond accelerating

cluster diffusion: clusters are chosen based on particle interactions both before

and after a proposed move, which allows the system to move along potential

energy gradients as it diffuses. This facilitates more efficient relaxation of polymers,

rendering VMMC an ideal choice for use with oxDNA. In practice, the Metropolis

acceptance probability given above must be modified slightly to preserve detailed

balance in VMMC289;290, but this added complexity is compensated for by the great

enhancements in diffusion and relaxation efficiency.

2.1.3 Umbrella Sampling

Even with the added efficiency afforded by the VMMC algorithm, simulating systems

for which states of interest are separated by large free energy barriers can be difficult.

To boost the sampling of regions of phase space that are rarely visited under the

traditional VMMC algorithm, the umbrella sampling technique275 can be used.

Umbrella sampling acquires its name from the fact that it involves the application

of a biasing potential energy to the system which serves to ‘bridge’ the gap between
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energetically separated regions of phase space. In effect, this bias lowers free energy

barriers to render them surmountable in a reasonable amount of time.

First, one or more ‘order parameters’, or reaction coordinates, ξ, are chosen

which delineate degrees of freedom in phase space along which free energy barriers

exist. For example, in this work, the order parameters employed relate to the

unfolding reaction of DNA hairpins: the number of base pairs formed and the

end-to-end distance of the terminal hairpin nucleotides. Sampling of phase space

proceeds according to weighted Boltzmann factors:

Pbias(ξ(rNi )) = e
−β
(
U(rNi )+Vbias(ξ(rNi ))

)
= w(ξi)e−βU(rNi )

(2.2)

where rNi is a configuration of the N -particle system, Pbias(ξ(rNi )) is the (unnormal-

ized) probability of observing order parameter ξ(rNi ), Vbias(ξ(rNi )) is the umbrella

biasing potential, and w(ξ(rNi )) is the effective weighting function. To obtain

unbiased equilibrium probabilities at the end of the simulation, the measured

probabilities are unweighted accordingly:

P 0(ξi) = Pbias(ξi)
w(ξi)

(2.3)

The ideal weighting function to use is one which renders Pbias(ξi) equal for all

states, so all states are well-sampled: w(ξi) = 1
P 0(ξi) . Unfortunately, this requires

knowledge of the equilibrium Boltzmann probability distribution P 0(ξ(rNi )), which

is unknown a priori. One way forward is to choose an initial guess for the w(ξi)

based on experience and intuition regarding which regions of phase space will be

difficult to sample, then run preliminary simulations to obtain an idea of P 0(ξi) and

adjust the weights to be inversely proportional to this distribution. The process

can then be iterated until even sampling across order parameter values is achieved.

2.1.4 Weighted Histogram Analysis Method

For some systems, it may inefficient to use umbrella sampling alone. In such cases,

the system’s phase space can be divided into ‘windows’ and several parallel MC
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simulations can be run, in each of which the system’s configuration is restricted

to – or a least concentrated in – a particular window. For example, to sample the

unfolding transition for the DNA hairpins featured in Chapter 3, the end-to-end

terminal nucleotide distance was restricted to be < 4.3 nm in one window, > 1.7 nm

and < 6.0 nm in a second window, and so on. Another common practice is to use

a harmonic biasing potential Vbias(ξ) ∝ (ξi − ξ0)2, with each window centred on a

different equilibrium order parameter ξ0. Within each of the K windows, umbrella

sampling is carried out as described above, yielding K independent estimates of

the (unnormalized) Boltzmann probability distribution for the system – though

each of these estimates will only be reliable over the limited phase space region

sampled in the kth window. Further, since only relative occupation probabilities are

computed in each window (the full partition function is not known), results from

different windows will need to be shifted and ‘stitched’ together; overlap between

windows in phase space is therefore essential.

While various schemes could be used to combine the results from each window,

this thesis employs the Weighted Histogram Analysis Method (WHAM) of Kumar

et al. 147 . Consider K simulations carried out in different windows, with nk samples

accumulated in each simulation. Phase space is divided into M bins corresponding

to different values of the order parameter, ξi. The optimal estimate of the overall,

unbiased probability distribution is given by:

P 0
i =

∑K
k=1Ni,k∑K

k=1 nkwi,k exp{fk}
(2.4)

where the sums are taken over all simulation windows, Ni,k is the number of counts

obtained in the ith order parameter bin in the kth simulation window, nk is the total

number of samples collected in the kth simulation window, and fk, given by

fk = − ln
M∑
i=1

wi,kP
0
i , (2.5)

is the free energy of the kth simulation. Here, the sum is taken over all order

parameter bins, wi,k is the weight for the ith order parameter bin in the kth
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simulation window, and P 0
i is the optimal estimate of the intrinsic probability

distribution given by Equation 2.4.

Equations 2.4 and 2.5 constitute the WHAM equations, and they are solved

iteratively until the fk converge to within a chosen error tolerance. The equations

are derived by writing P 0
i as a weighted sum over the K estimates for P 0

i from

each window, Ωj,k:

P 0
i =

K∑
k=1

ci,kΩi,k (2.6)

and choosing the weights ci,k to minimize the variance in P 0
i . The interested reader

can find good derivations of the WHAM equations in References 6 and 147.



It is a part of probability that many improbabilities will
happen.
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3.1 Introduction

In the 1960s and 70s, seminal experiments confirmed that all the information

about a protein’s ‘native’ functional three-dimensional structure is encoded in its

one-dimensional sequence of amino acids8;7. Subsequently, what became known

as the ‘protein folding problem’ – grasping the mechanism of this 1D to 3D

mapping – enticed scientists across multiple disciplines. The principles that

23
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Figure 3.1: Illustration of a generic free energy landscape, with the ‘native’ folded
state, the global free energy minimum, at the bottom of the funnel. The ‘rim’ of the
funnel represents the ensemble of unfolded conformations; its width is indicative of the
relatively higher entropy of the unfolded state. Local free energy minima represent folding
intermediates, and several barriers – which slow diffusion on the landscape – are visible.
Taken from Dill & MacCallum 55 .

govern protein folding apply more broadly to other biomolecular structures, as

well – DNA and RNA, for example – rendering the significance of unlocking

the ‘folding problem’ far-reaching. Understanding the biological mechanism by

which sequences of biomolecular monomers are mapped to 3D structures carries

monumental implications for treating human diseases that result from improper

molecular folding70, including Alzheimer’s and Parkinson’s, as well as for de novo

protein and DNA design, which has applications ranging from nanomedicine109;301

to nanoelectronics210. Initially puzzling to scientists was the timescale on which

folding occurred: milliseconds to seconds. As famously pointed out in ‘Levinthal’s

paradox’, this is far too short a window for a random search through the space of

possible molecular conformations153;25. In the 1980s, physicists offered a solution

to the puzzle by viewing the problem through the lens of statistical mechanics25:

folding occurs along an ensemble of pathways. Biomolecular folding can be viewed as

a diffusive search over a funnel-shaped, hyper-dimensional free energy landscape198;

see Figure 3.1. Conformations closer to the native state have lower free energy,

resulting in molecules being funnelled preferentially toward a global minimum.



3. Non-equilibrium bio-molecular unfolding under tension 25

Roughness, in the form of local peaks and troughs on the landscape, determines

the folding diffusion constant, and thus folding rates. Local minima represent

folding intermediates. The folding landscape offers a comprehensive picture of

molecular folding, and indeed contains much of the information relevant to the

folding process212;303, enabling prediction of folding behaviour298. Thus, once the

energy landscape framework emerged, scientists turned their efforts to characterising

these landscapes for biomolecules.

Traditional experimental bulk measurement methods are inadequate for charac-

terising folding energy landscapes because averaging over the behaviour of many

molecules obscures rare trajectories, intermediates, alternate conformations, and

misfolded minima: essential parts of the energy landscape309;92. To access all

relevant regions of the landscape, individual molecular folding trajectories must be

monitored. A particularly fruitful means of achieving this is via the application

of external force to unfold molecules. Not only does tension-induced unfolding

enable the study of individual unfolding trajectories, but force biases the unfolding

pathway and can thus be used to explore transiently-occupied states that would

rarely be observed under unbiased conditions92.

The application of force to study biomolecular folding landscapes has been widely

and fruitfully applied experimentally, mainly through atomic force microscope

(AFM) or laser optical tweezer (LOT) set-ups92;298. In both AFM and LOT setups,

either one or both ends of a molecule are suspended in harmonic potentials that are

then moved to effect unfolding. These so-called single-molecule force spectroscopy

(SMFS) experiments have been used to reconstruct energy landscapes for pro-

teins98;79 and nucleic acids297;63 and validate fundamental physical theorems157;37.

It is important to note that, to date, SMFS experiments can only succeed in

illuminating one-dimensional projections – or the potential of mean force (PMF) – of

full, hyper-dimensional energy landscapes. This is because technical difficulties limit

such experiments to monitoring a single degree of freedom, or reaction coordinate.

The simplest SMFS modality involves application of a constant tension in

equilibrium experiments. Extracting landscapes from equilibrium data can be
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accomplished by collecting the probability distribution of a molecule’s end-to-end

extension and finding the free energy as a function of extension by inverting the

Boltzmann relation; this technique has been validated experimentally for proteins

and nucleic acids296;79. When the barrier to unfolding is high, however, the time

needed for a biomolecule to unfold may render such equilibrium experiments

impractical due to requirements on instrumental stability97;298. In such cases,

alternative solutions are necessary.

Turn-of-the century theoretical developments in non-equilibrium physics opened

up the possibility of extracting free energy landscapes for biomolecules even when

equilibrium studies are intractable. In 1997, an equality due to Christopher

Jarzynski123 enabled for the first time the extraction of equilbrium free energies

from non-equilibrium processes. The Jarzynski equality is part of a class of related

identities developed around the same time known as non-equilibrium fluctuation

theorems45, and states that the equilibrium free energy difference between two

states, ∆G, can be extracted from an ensemble of realizations of the process A →

B by taking a weighted average of the work ∆W performed in each realization:

〈e−β∆W 〉 = e−β∆G, (3.1)

even when the process occurs arbitrarily far from equilibrium. Such fluctuation

theorems are profound and remarkable because they provide a direct link between

an equilibrium quantity and a path-dependent non-equilibrium quantity. On the

heels of these theoretical advances, methodologies for applying them to out-of-

equilibrium SMFS studies emerged112;115 and have been experimentally validated in

experiments on DNA hairpins96;63; experimental applications of these methods

have become routine98;303.

Concurrently with their experimental implementation, non-equilibrium theories

like the Jarzynski equality also seeded new possibilities in molecular simulation.

On one hand, whether non-equilibrium methods can perform more efficiently

than traditional free-energy calculation techniques is an open question that has

received much attention51. Debate continues on this front, with some earlier studies
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concluding non-equilibrium methods offer no practical advantage over conventional

simulation techniques196, though this principle is not without exception150. More

recent suggestions of combining Jarzynski-based methods with importance sam-

pling have revived the possibility that non-equilibrium simulations can offer an

advantage195;278;33;12, and research in this area is ongoing.

More generally, non-equilibrium simulation techniques can be enormously ben-

eficial for studying the dynamics of biomolecular response to force. In ‘steered

molecular dynamics’ (SMD) simulations, force is applied to bias a molecule along a

pathway, either to study particular regions of the unfolding landscape or to explore

mechanical response to external forces. As with experimental non-equilibrium

techniques, SMD offers the ability to investigate rarely-occupied states125, and simu-

lated SMFS can complement experiments by offering descriptions of force-mediated

processes in experimentally-inaccessible detail. Biomolecular SMFS simulations have

been profitably applied to reveal insights about dynamic processes of streptavidin-

biotin rupture94, fibronectin unfolding204, and stability of RNA kissing complexes

under force34, among others264;122;120, and have revealed unanticipated intermediate

states234 and multiple folding pathways101.

Despite the widespread use of in silico SMFS, instances where simulated full

free-energy landscapes have been reconstructed with Jarzynski-based techniques are

lacking. Some examples do exist, but these either use simplified models that lack

molecular detail23;118;117;60 – often for the purposes of validating proposed analysis

schemes – or atomistic simulations125;182;36, which are limited in the timescales that

can be accessed. Notably scarce are applications of Jarzynski-based methods to

SMD of nucleic acids, though such reconstructions can offer great value, particularly

as complements to experiments.

As aforementioned, experiments can typically monitor only one reaction coor-

dinate, effectively projecting the hyper-dimensional energy landscape into a 1D

PMF. Some choices of reaction coordinate, however, are poor in the sense that

interesting features on the landscape – barriers to unfolding and intermediate states

– may be obscured by the projection60. Choosing different pulling directions can
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also reveal previously hidden pathways and intermediates54. For some systems,

reactions can only be captured accurately using multiple order parameters265;294.

Finally, experiments are plagued by artefacts such as potential surface effects

and the convolution of molecular landscapes with point spread functions (PSF)

associated with the instrument and the long molecular linker handles that are

typically employed298. In silico SMFS can alleviate these issues by illuminating

good choices for reaction coordinates and investigating instrument-free landscapes.

They also offer the fundamental advantage of being able to correlate features in

the landscape with structural dynamics of the unfolding process. In light of these

potential benefits, we here investigate the application of Jarzynski-based methods to

coarse grained nucleic acid models using oxDNA203;281, a sophisticated, nucleotide-

level model of DNA that has enjoyed broad success in reproducing experimental

thermodynamic and kinetic data261;243;226;185, as detailed in Chapter ??.

The remainder of this chapter begins with a brief derivation of the relevant

theoretical framework, following closely the treatment of Hummer & Szabo 112 . The

main results of applying these formulae to oxDNA simulations are then presented,

followed by an analysis of errors in the results. The chapter closes with an application

of this method to a large DNA origami system for which equilibrium simulations

would have great difficulty extracting free energy landscapes.

3.2 Theory

Consider a system evolving according to Liouville’s equation in phase space:

∂f(x, t)
∂t

= Ltf(x, t) (3.2)

where Lt is the time-dependent Liouville evolution operator and f(x, t) is the phase

space distribution of the system. The Boltzmann distribution

p(x, t) = e−βH(x,t)∫
e−βH(x′,0) dx′ , (3.3)
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where β = 1/kBT is the inverse thermal energy and H(x, t) is a time-dependent

Hamiltonian, is a stationary solution to Eq. 3.2:

∂p(x, t)
∂t

= Ltp(x, t) = 0. (3.4)

Further, taking the time derivative of the Boltzmann distribution yields ∂p/∂t =

−β(∂H/∂t)p, which we can combine with Eq. 3.4 to derive a parabolic partial

differential equation for which Eq. 3.3 is a solution:

∂p(x, t)
∂t

= Ltp(x, t)− β
∂H

∂t
p(x, t). (3.5)

We can find a second representation for the solution to Eq. 3.5, however, using

the Feynman-Kac theorem from quantum mechanics, which states that a func-

tional of a stochastic trajectory y(t), u(y(t), t), that obeys a parabolic partial

differential equation

∂u

∂t
+ A(y, t)∂u

∂y
(y, t) +B(y, t)∂

2u

∂y2 (y, t) + C(y, t)u(y, t) = 0 (3.6)

and which takes on the known form u(y, 0) = Ψ(y) at initial time t = 0 is

given by the solution

u(x, τ) =
〈
exp

{
−
∫ τ

0
C[y(t′), t′] dt′

}
Ψ(y(0))

〉
conditional

, (3.7)

provided y(t) evolves according to a Gaussian random process245. Here, Ψ(y(0))

is evaluated on the initial t = 0 distribution, and the angled brackets indicate

a conditional expectation value: the average is taken over all possible paths of

stochastic evolution y(t) that terminate with the random variable value y = x at

time t = τ . Eq. 3.7 is the Feynman-Kac formula. We can re-write the conditional

expectation value by inserting a Dirac delta function that ‘picks out’ the stochastic

trajectories that terminate as required at y(τ) = x:

u(x, τ) =
〈
δ(x− y(τ))exp

{
−
∫ τ

0
C[y(t′), t′] dt′

}
Ψ(y(0))

〉
. (3.8)
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Eq. 3.5 is analogous to Eq. 3.6 with C(y, t) = −β ∂H
∂t
. We take p(y, 0) =

Ψ(y) to be an initial equilibrium distribution, such that Ψ(y) = 1 if y is in the

initial distribution and 0 otherwise. We then simply take the expectation value in

Eq. 3.8 over all stochastic trajectories that begin in the equilibrium distribution

and terminate at y(τ) = x:

p(x, τ) =
〈
δ(x− y(τ))exp

{
−
∫ τ

0
β
∂H

∂t
(y(t′), t′) dt′

}〉
. (3.9)

Equating the two different solutions to Eq. 3.5, relabelling the dummy variables

y → x and τ → t for convenience, and generalising to a multidimensional phase

space coordinate x yields

e−βH(x,t)∫
e−βH(x′,0) dx′

=
〈
δ(x− x(t))exp

{
−
∫ t

0
β
∂H

∂t′
(x(t′), t′) dt′

}〉
. (3.10)

The significance of this expression lies in the fact that an equilibrium Boltzmann

distribution (left) is given in terms of a weighted average of non-equilibrium

trajectories (right). It therefore enables computation of equilibrium quantities

from nonequilibrium data. The famous Jarzynski equality123 is obtained from

Eq. 3.10 by integrating it over all x:

〈e−β∆W 〉 = e−β∆G (3.11)

where the definition of free energyG in terms of partition functions Z =
∫
e−βH(x,t) dx,

∆G = − 1
β
log(Z/Z0), is used†, and where the work performed during a non-

equilibrium trajectory x(t) is W (t) =
∫ t

0
∂H
∂t′

(x(t′), t′) dt′. Our expression for work is

born of the fact that the Hamiltonian represents the total energy of the system, and

its derivative is thus the rate of change of energy. Integrating ∂H/∂t′ over time gives

the total change in energy, equivalent to the external work performed on the system.

The Jarzynski equality can be interpreted physically as follows. When changes

in a thermodynamic system state are effected quasistatically, and thus infinitely
†Here and throughout the chapter, G has been used to denote free energy. While Jarzynski

originally proved his equality using Helmholtz free energy123, it is valid for both Helmholtz and
Gibbs free energies46, and for this chapter, G has been used instead of F to prevent confusion
with ‘force’.
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Figure 3.2: Illustration of increasingly far-from-equilibrium work distributions. Here,
the abscissa is dissipated work Wdis, which is the difference between W , the work applied
to effect a change in system state, and the free energy difference ∆G between the initial
and final states: Wdis = W −∆G. The ordinate indicates the likelihood of observing a
value of Wdis in any given realization of a process. For a process performed quasistatically,
Wdis = 〈Wdis〉 = 0, indicated as a delta function in the plot. As the process is performed
farther and farther from equilibrium, the average dissipated work and distribution width
increase, but a ‘negative dissipated work’ tail below Wdis = 0 remains. Adapted from
Gore et al. 90 .

slowly, the work required is identical to the free energy difference between the initial

and final state, ∆G; no work is dissipated, or lost – for example, to friction123. For

real processes performed in finite time, each realisation, characterized by external

work W , will have non-zero dissipated work, Wdis = W −∆G. A Wdis probability

distribution can be constructed from an ensemble of such realisations; see Fig. 3.2.

In the quasistatic limit, Wdis = 0. If the process is performed nearly quasistatically,

the dissipated work values will have an average close to zero and be Gaussian

distributed90. As the change in system state is effected farther and farther from

equilibrium, both the average dissipated work and the width of the work distribution

grow larger, and the distribution may deviate from a purely Gaussian form90;124.

Crucially, however, one tail of the distribution always extends into negative Wdis

values, corresponding to instances where the system required less work than ∆G to
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Figure 3.3: Typical experimental setup for single-molecule pulling experiments. A
molecule is attached to long, dsDNA linker handles to eliminate potential cross-talk
between lasers (in the case of laser optical tweezer (LOT) setups) or interactions with
the surface slide to which one end of a molecule is affixed (in the case of AFM pulling
experiments). These handles are attached to beads (for LOT setup) or to a glass slide
and cantilever (for AFM). One or both endpoints are subjected to moving harmonic
potentials, which forces the molecule (red) to unfold. The energy landscape with respect
to the internal molecular coordinate, q, is of interest, but Jarzynski’s equality refers to
the external control parameter, z. Adapted from Woodside et al. 299 .

change its state123; effectively, the second law of thermodynamics is only true on

average. Microscopically, individual violations of the law are possible. Physically,

one can imagine such realisations occurring when the system harnesses thermal

‘kicks’ from the environment, reducing the amount of external work required to

alter its state. By weighting these ‘negative Wdis’ trajectories more heavily in an

average, the equilibrium free energy can still be recovered from non-equilibrium

distributions. Jarzynski’s equality establishes that the correct weight to use is

the exponential of the non-equilibrium work.

As can be seen in Fig. 3.2, the farther a process is from equilibrium, the smaller

the probability that realisations in the tail of the work distribution will be observed.

Eqs. 3.10 and 3.11 are only valid in the limit that averages 〈. . .〉 are taken over all

possible realisations of a process. The validity of results derived using fluctuation

theorems will depend on whether or not the tail of the work distribution, which

contributes most significantly to the average in Fig. 3.2, is adequately sampled in

any real experiment or simulation, characterised by a finite number of trajectories.
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Unfortunately, free energy landscapes of biomolecules cannot be extracted

from the pulling experiments discussed in section 3.1 through straightforward

application of Eq. 3.11; Figure 3.3 illustrates the problem. We are typically

interested in the free energy landscape as a function of molecular extension q, G(q).

Jarzynski’s equality, however, relates ∆G to the work performed by continuously

changing a control parameter according to a well-defined protocol123;114: in the

case of pulling experiments, this is the distance between the harmonic traps in

which the ends of a molecule are held, z, which is varied in an identical manner

from trajectory to trajectory. The end-to-end extension, meanwhile, changes

stochastically. Following the formalism developed by Hummer & Szabo 112, G(q)

can be extracted from Eq. 3.10 as follows. First, take the relevant Hamiltonian

for molecular pulling in harmonic traps:

H(x, t) = H0(x) + k(z(0) + vt− q(t))2/2 (3.12)

where H0(x) is the Hamiltonian of the unperturbed system corresponding to

phase space coordinates x; q(t) is the end-to-end molecular extension at time

t; z(0) is the initial separation of the harmonic traps; v is the speed at which

the harmonic potentials are moved apart; and k is the spring constant of the

effective potential. Note that q = q(x). For this Hamiltonian, the integral

W (t) =
∫ t

0
∂H
∂t′

(x(t′), t′) dt′ becomes:

W (t) = kv
(
z(0)t+ vt2/2−

∫ t

0
q(t′) dt′

)
. (3.13)

Substituting Eq. 3.13 into Eq. 3.10, multiplying both sides by δ(q − q(x)) to

‘pick out’ a particular molecular end-to-end extension from a phase space point x,

integrating over all x, and taking the logarithm of both sides, we arrive at112;114:

G0(q) = −β−1log〈δ(q − q(t))e−β∆W (t)〉 (3.14)

where ∆W (t) = W (t) − k(z(0) + vt − q(t))2/2, the external work performed in

time t minus the instantaneous bias energy stored in the harmonic potential,
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and we have defined the unperturbed (zero force) free energy as a function of

molecular coordinate thus:

G0(q) = −β−1log
∫
δ(q − q(x))e−βH0(x) dx∫

e−βH(x,0) dx
. (3.15)

Given a very large number of pulling trajectories, one could determine the entire

free energy surface by performing the trajectory average in Eq. 3.14 at a single

moment in time. In practice, only a small window in q, near the separation of the

pulling spring z(0) + vt, will be sampled adequately at each time, so it is desirable

to perform an average over all times in the pulling trajectory. This is analogous to

umbrella sampling275 in several windows, as described in section 2.1.4, where in this

case the data must be unbiased for the biasing potential energy at time t as well as

the non-equilibrium work. We can apply the weighted histogram analysis method147,

developed for optimally combining data from multiple umbrella sampling windows

(see section 2.1.4), to calculate Eq. 3.14 from pulling trajectories:

G0(q) = −β−1log
∑
t
〈δ(q−q(t))e−βW (t)〉

〈e−βW (t)〉∑
t
e−βV (q,t)

〈e−βW (t)〉

(3.16)

where ∆W (t) has been re-labelled W (t) for ease of notation. Here, the angular

brackets denote an average to be taken over all trajectories, and the sums are taken

over N discrete time slices that map the realization of the process: {t0, t1, . . . tN};

normally N = sampling rate−1. The V (q, t) term in the denominator is the biasing

potential effecting the change in system state – here, a harmonic spring potential.

3.3 Application of non-equilibrium landscape anal-
ysis to two DNA hairpins

3.3.1 Benchmarking with experimental results

To validate oxDNA’s ability to capture the relevant features of DNA folding reactions,

we first used equilibrium simulations to calculate the landscapes for three hairpins –

one 6bp stem and two 20bp stem – for which experimental data were available. The

sequence of the 20bp stem hairpin 20TS06T4 (where the nomenclature indicates
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Figure 3.4: Sequences of three hairpins for which experimental landscape data were
available: (a) hairpin 20TS06T4 from Woodside et al. 297 , Manuel et al. 165 , and Neupane
et al. 192 ; (b) hairpin 20R55T4 from Neupane et al. 192 and Pfitzner et al. 209 ; and (c)
hairpin 06R50T4 from Pfitzner et al. 209 . oxDNA representation of hairpins with a 4 base
pair loop and (d) a 20 base pair stem and (e) a 6 base pair stem.

the hairpin has a 20bp stem, a transition state 6bp from the stem opening, and

a 4 thymine loop) studied in Woodside et al. 297, Manuel et al. 165 , and Neupane

et al. 192 is illustrated in Figure 3.4(a). Fig. 3.4(b) contains the sequence of hairpin

20R55T4 (where the nomenclature indicates the hairpin has a 20bp stem, a sequence

with 55% guanine-cytosine content, and a 4 thymine loop), studied in Neupane

et al. 192 and Pfitzner et al. 209. The sequence of hairpin 06R50T4 (where the

nomenclature indicates the hairpin has a 6bp stem, a sequence with 50% guanine-

cytosine content, and a 4 thymine loop), studied by Pfitzner et al. 209, is shown

in Fig. 3.4(c). Figs. 3.4(d) and (c) depict oxDNA representations of generic 20bp

stem, 4 base loop and 6bp stem, 4 base loop hairpins, respectively.

All of the experiments mentioned above were LOT studies, and all save that of

Pfitzner et al. 209 utilized long dsDNA handles to connect the hairpin of interest to

the trapped beads. In the case of Pfitzner et al. 209 , DNA origami handles were used.

The experiments were carried out at various temperatures and salt concentrations:

30 ◦C and [Na+] = 0.46 m in Pfitzner et al. 209 ; 23 ◦C and [K+] = 0.2 m in Woodside

et al. 297 ; and 20 ◦C and [K+] ∼ 0.2 m in Neupane et al. 192 and Manuel et al. 165 .
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The salt concentration in the latter case is not exact; an additional, unquantified

amount of [Na+] was added by experimentalists to establish pH = 7.0. In all cases,

the hairpins were held at a constant tension; these were equilibrium experiments.

Given the range of experimental temperatures and salt concentrations used,

Virtual Move Monte Carlo (VMMC) simulations were performed at standard room

temperature, 25 ◦C, and a salt concentration of [Na+] = 0.5 m, using oxDNA2.0

with sequence dependence incorporated. The choice of salt concentration was in

part motivated by efficiency: oxDNA simulations are much faster at higher salt. In

order to achieve adequate sampling along both reaction coordinates, (a) # hydrogen

bonds and (b) end-to-end distance, two-dimensional umbrella sampling (US)275

was employed. Further, achieving good sampling necessitated splitting the US

simulations into windows, and results from different windows were combined using

the weighted histogram analysis method (WHAM)147; see Chapter 2 for further

details of these techniques. To compare the results with the experimental landscapes,

which give free energy as a function of extension along the direction of force, first,

the simulated probability distributions P (R), with R the end-to-end extension, were

projected into P (q) distributions, with q the end-to-end extension along one axis.

The probability distributions were then inverted according to

G(q) = −kBT lnP (q) (3.17)

to yield one-dimensional landscapes.

Figures 3.5-3.7 contain the simulation results, compared to previously published

experimental data. For each hairpin, multiple replicas of the US simulations were

performed; landscape errors are standard deviations across these replicas. The

simulated landscapes have been ‘tilted’ by applying a hypothetical constant force,

F1/2, such that the folded and unfolded wells have equal free energy; this allows

comparison with the experimental landscapes, which are not zero-force landscapes

as experiments were performed at constant tension. The forces used for tilting were

F1/2=10.2 pN, F1/2=11.9 pN, and F1/2=7.0 pN for the 20TS06T4, 20R55T4, and

06R50T4 simulated landscapes, respectively. These values are satisfyingly close to
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Figure 3.5: Comparison of oxDNA hairpin landscape, tilted using a constant force
of F1/2=10.2 pN, with previous experimental results from Woodside et al. 297 , Manuel
et al. 165 , and Neupane et al. 192 for hairpin 20TS06T4. Discrepancies between experimental
and simulated landscapes are attributable to convolution effects and differences in the
salt concentrations at which simulations and experiments were performed.

the experimentally reported constant tensions used: F1/2=11-14 pN for 20TS06T4

from Woodside et al. 297∗, F1/2=14 pN for 20R55T4 from Pfitzner et al. 209, and

F1/2=6.5 pN for 06R50T4 from Pfitzner et al. 209 . To aid the eye, the barrier peaks

of all landscapes have been aligned. Ordinates are in units of kBT at 25 ◦C.

The agreement between simulation and experiment for all three hairpins is

more than sufficient to demonstrate oxDNA’s capability to reproduce landscapes

correctly, particularly in light of oxDNA’s previous success describing hairpin

thermodynamics203. In all cases, the simulated landscapes have higher free energy

barriers (or similar, as in Fig. 3.6). Experimental LOT landscapes are plagued by

instrumental artefacts of the elastic response of the beads and linker handles, with
∗Neupane et al. 192 and Manuel et al. 165 do not specify the tension used.
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Figure 3.6: Comparison of oxDNA hairpin landscape, tilted using a constant force of
F1/2=11.9 pN, with previous experimental results from Neupane et al. 192 and Pfitzner
et al. 209 for hairpin 20R55T4.

which the hairpin landscapes are convolved, and these effects are known to broaden

and soften landscapes298;107. For the 20bp stem hairpins, Woodside et al. 297 , Pfitzner

et al. 209 , and Manuel et al. 165 did attempt to deconvolve their data to remove

instrumental artefacts, and Neupane et al. 192 employed a landscape reconstruction

method claimed to obviate the requirement for deconvolution. Nevertheless, such

procedures are necessarily imperfect, and the fact that simulated landscapes possess

higher barriers than even deconvolved experimental landscapes is in fact expected.

Additional factors underlying the discrepancies are differences in temperatures and

salt concentrations; at lower salt, increased electrostatic repulsion will destabilize

the hairpins and lower unfolding barriers somewhat. The landscape for hairpin

20R55T4 (Fig. 3.6) agrees more closely with experimental results than does the

landscape for 20TS06T4 (Fig. 3.5); while the better agreement with the data
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Figure 3.7: Comparison of oxDNA hairpin landscape, tilted using a constant force
of F1/2=7.0 pN, with previous experimental results from Pfitzner et al. 209 for hairpin
06R50T4. The experimental landscape is much broader than the simulated one due to
instrumental convolution effects.

of Pfitzner et al. 209 can be attributed to the fact that their landscape was collected

under a salt concentration ([Na+] = 0.46 m) close to the simulated one ([Na+] =

0.5 m), it is unclear why the Neupane et al. 192 landscape also agrees more closely

with simulated results in this case. One possible explanation is that the Neupane

et al. 192 landscape in Fig. 3.5 is based on only about 1/3 as many data points as

the Neupane et al. 192 landscape in Fig. 3.6. Furthermore, given the fact that only

the barrier regions were reconstructed by Neupane et al. 192 , there is some ambiguity

in how best to align these landscapes with simulated ones.

The disagreement between oxDNA results and experiment is the most egregious

for the 6bp hairpin (Fig. 3.7). This is to be expected: the effect of experimental

noise on measurements is more severe for shorter molecular time and length scales,
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and motions faster than a limiting instrumental response time cannot be resolved

at all107. Because the 6bp hairpin transitions are much more rapid and occur on

smaller length scales than those of longer hairpins, they are correspondingly more

difficult to detect above instrumental noise. We thus expect convolution with the

instrument response to distort the 6bp landscape more than the 20bp ones, leading

to the greater discrepancy observed. In light of these considerations, we can conclude

that oxDNA captures the relevant physics well and that equilibrium landscapes

produced to validate the procedures discussed in subsequent sections can be trusted.

3.3.2 Non-equilibrium landscape reconstructions
Generation of non-equilibrium landscapes

To simulate non-equilibrium single-molecule pulling experiments on DNA hairpins,

the centres-of-mass of nucleotides at either end of each hairpin were subjected to 3D

harmonic potentials. The long, dsDNA linker handles typically used in experimental

SMFS setups were omitted, as they only degrade the data extracted by convolving

the hairpin unfolding with a point spread function (PSF) associated with the

elasticity of the handles107. The initial separation of the harmonic traps was set to

be the average equilibrium end-to-end distance of each hairpin. Because Eq. 3.10 is

predicated upon trajectories starting in an equilibrium Boltzmann distribution112,

hairpins were allowed to equilibrate in the harmonic traps for ∼5×107 MD steps

(∼0.76 µs in simulation time and ∼ 100 minutes on CPU) prior to beginning the

pulling simulations†. To unfold the hairpins, one harmonic trap was moved relative

to the other at a constant speed. Multiplying this speed by the trap stiffness yields

the average ‘force loading rate’ for the simulation.

All trajectories at a given pulling rate were run for the same number of MD

steps, long enough to ensure the hairpins reached the unfolded state in each case.

This number varied from 1×107 steps (0.15 µs) for the fastest rate and the smaller

hairpin to 3×109 steps (45.5 µs) for the slowest rate and the larger hairpin. All

pulling simulations were performed at 30◦C and 0.5 m NaCl, using oxDNA 1.0
†Arrival in equilibrium was confirmed by ensuring the system energy had reached a stable

average value.
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(oxDNA 2.0 had not yet been released when the simulations commenced). Average,

sequence-independent stacking and hydrogen bonding strengths were used, as

subtleties of hairpin sequences beyond the canonical Watson-Crick base pairing

are not thought to be relevant to this study.

To reconstruct free energy landscapes from these non-equilibrium simulations,

first, force-extension curves (FECs) were computed using the end-to-end molecular

extensions, recorded throughout the simulation, and the instantaneous forces

corresponding to those extensions. To calculate the forces, the extension q(t)

was subtracted from the known separation between the centres of the harmonic

traps z(t). This displacement was then multiplied by an effective trap stiffness,

computed by combining the two 3D traps’ stiffnesses in series: 1
keff

= 1
k1

+ 1
k2

= 2
k
,

to determine F (q(t)) = −keff(q(t) − z(t)). Illustrative results of this procedure

are depicted in Figure 3.8; left and right panels show FECs for the 6bp and 20bp

hairpin, respectively. Typically, the force increases with very little extension gain

up to some critical value, at which a “rip” occurs. The sudden decrease in force and

increase in extension signify the unfolding of the hairpin. Note the stochasticity

of the process, evident in the distribution of unfolding forces.

From the FECs, G0(q) can be computed according to Eq. 3.16 as follows. First,

the non-equilibrium work corresponding to the ith time bin and the kth pulling

trajectory is computed through numerical integration:

Wi,k = kv
[vt2i

2 + tiz0 −
1
2

i∑
j=1

(tj − tj−1)(qj,k + qj−1,k)
]
, (3.18)

with z0 the initial trap separation. Then, 〈e−βW (t)〉 is approximated for the ith time

bin:

〈e−βW (t)〉 ≈ 1
N

N∑
k=1

e−βWi,k , (3.19)

where N is the total number of pulling curves acquired. The top numerator of

Eq. 3.16 is then approximated:
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Figure 3.8: Representative simulated force-extension curves for the 6bp, 06R50T4 (left;
trap stiffness 0.57 pN/nm and trap rate 5.62×106 nm/s) and 20bp, 20R55T4 (right; trap
stiffness 5.71 pN/nm and trap rate 5.62×105 nm/s) hairpins.

〈δ(ql − q(t))e−βW (t)〉 ≈ 1
N

N∑
k=1

e−βWi,kΘl(qi,k), (3.20)

where ql is the midpoint of the lth extension bin, i indexes the time bin, and we

compute a sum over all N pulling trajectory curves. Θ is a Heaviside function that

is 1 if qi,k falls in the lth extension bin and 0 otherwise. The top denominator of

Eq. 3.16 is computed using the spring potential energy of the traps:

V (ql, t) = k(zi − ql)2

2 , (3.21)

where zi is the controlled separation of harmonic potentials in the ith time bin

and k is the effective stiffness of the combined two-trap system. The numerator

and denominator of Eq. 3.16 are then computed by taking the sum over all time
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bins to yield the free energy corresponding to ql and the process is repeated for

all extension bins to yield a complete free energy landscape.

To explore the effect of pulling protocol on errors in the reconstructed landscapes,

simulations were also performed using a ‘sawtooth’ force ramp. Instead of being

subjected to harmonic traps, a constant tension (starting from 0) was applied to

hairpin end nucleotides for a ‘wait time’ of τinc seconds before being instantaneously

ramped up by increment ∆Finc pN. Note that such a protocol is not feasible

experimentally306. To compute energy landscapes for these simulations, the above

procedure was adopted with the following modifications: the work in the ith time

bin for the kth trajectory is given by:

Wi,k = −
i∑

j=1
qj,k∆Finc, (3.22)

where the sampling rate is set to be equal to the inverse wait time, 1/τinc, and the

instantaneous bias energy in the top denominator of Eq. 3.16 is

V (ql, ti) = −Fiql. (3.23)

Results

The results of applying the procedure presented above are shown in Figures 3.9

and 3.10 for several representative simulation parameter sets. Alongside the

reconstructed non-equilibrium landscapes is an equilibrium landscape for each

hairpin, derived according to the methods described in section 3.3.1. To impart a

sense of the variability in the trajectory averages upon which Eqs. 3.16 and 3.11 rely,

10 sets of 100 pulling curves were randomly drawn from a pool of ≥500. The curves

in Figs. 3.9 and 3.10 are the averages of these ten landscapes, along with bounding

curves representing the ‘best’ and ‘worst’ landscape realisations. In this context, the

proximity of a non-equilibrium landscape to the true, equilibrium result is governed

by how well the negative tail of the Wdis distribution is sampled by the 100 chosen

trajectories. An exploration of how this sampling varies with simulation protocol,

and how to determine a priori whether a reconstructed landscape is reliable without

recourse to the equilibrium result, is the subject of the subsequent section.
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Figure 3.9: (a) Representative non-equilibrium landscape reconstructions for the 6
base pair hairpin 06R50T4, compared to the equilibrium result derived using VMMC
simulations. Both the 3.21×106 pN/s and 3.21×108 pN/s curves are the result of 100
trajectories collected using a trap movement rate of 5.62×106 nm/s, but using trap
stiffnesses of 0.57 pN/nm and 57 pN/nm, respectively. Lighter, bounding curves are the
‘best’ and ‘worst’ of a set of 10 reconstructions for which 100 curves were randomly chosen
from sets of 500 (for the 0.57 pN/nm data) and 5000 (for the 57 pN/nm data). (b) Same
landscapes as in (a), but tilted to the constant force at which the folded and unfolded
wells have the same free energy: 7.3 pN for the equilibrium landscape and 7.3 pN and
8.3 pN for the green and blue landscapes, respectively.
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Figure 3.10: (a) Representative non-equilibrium landscape reconstructions for the 20
base pair hairpin 20R55T4, compared to the equilibrium result derived using VMMC
simulations. Both the 3.21×106 pN/s and 3.21×108 pN/s curves are the result of 100
trajectories collected using trap stiffness 5.71 pN/nm, but using trap movement rates of
5.62×105 nm/s and 5.62×107 nm/s, respectively. Lighter, bounding curves are the ‘best’
and ‘worst’ of a set of 10 reconstructions for which 100 curves were randomly chosen from
a set of 5000. (b) Same landscapes as in (a), but tilted to the constant force at which
the folded and unfolded wells have the same free energy: 11.2 pN for the equilibrium
landscape and 15.3 pN and 11.1 pN for the green and blue landscapes, respectively.
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Free energy landscapes in the literature are often presented ‘tilted’ to the constant

force F1/2 at which the folded and unfolded wells are at the same free energy, to

more clearly visualise the barrier297;96;209. The bottom panels of Figs. 3.9 and 3.10

adopt this convention, and show Gtilt = G(q)−F1/2q. Very close agreement with the

equilibrium landscapes is achieved for both systems at the slower force loading rate,

Ḟ = 3.21× 106 pN/s, even when only 100 curves are used to compute the average.

Deviations from equilibrium landscapes, observable for both systems at the faster

force loading rate, Ḟ = 3.21× 108 pN/s, manifest in two ways: overall free energy

differences are too large, and unfolding barriers are shifted to too-high extensions,

as has been observed elsewhere63. However, at the slower Ḟ , corresponding to

non-prohibitive total simulation times of 220 CPU hrs (6bp) and 600 CPU hrs

(20bp), we have demonstrated our central result: the coarse-grained simulator

oxDNA can successfully be combined with non-equilibrium analysis techniques

to reconstruct full free energy landscapes for DNA molecules. Furthermore, the

equilibrium simulations underlying the landscapes in section 3.3.1 took ∼70-300

days of CPU time‡, rendering the non-equilibrium simulations a much more efficient

means for generating landscapes in this case.

Bias in non-equilibrium landscapes

Since equation 3.11 is only valid in the limit of infinite trajectories, one can define

a bias in any finite-trajectory Jarzynski average:

BN = GN −∆G, (3.24)

where the subscript N indicates the number of trajectories included in the average,

GN is the finite-N Jarzynski estimate of free energy, and ∆G is the ‘true’, intrinsic

free energy difference being probed. Because of its exponential nature, the average

in Eq. 3.11 is often dominated by very rare trajectories corresponding to low work

values. Analyses based on the Jarzynski equality therefore exhibit poor convergence
‡An iterative process was used to identify suitable umbrella sampling weights and thus achieve

sufficient sampling, which led to lengthy simulation times.
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with N 124. Work has been done to characterize this convergence behaviour, both

theoretically124;304;225 and experimentally90;206;97, as well as to investigate optimal

protocols for minimising the bias BN in free energy estimates274;80. In these

studies, the focus is on extreme optimisation for the purpose of streamlining

free-energy extraction. Though some have suggested optimal force protocols

contain some discontinuous jumps in force80;240, we have simulated an experimental

harmonic pulling protocol, since our aim with oxDNA is to provide a platform that

complements experimental setups closely. For our practical purposes, it is desirable

to have (i) an idea of which elements of our molecular pulling protocol have the

greatest impact on the bias in reconstructed landscapes; and (ii) a rough estimate,

obtainable without access to equilibrium data, of whether errors lie in an acceptable

range for a given set of simulations.

I. Impact of parameters on bias BN

Non-equilibrium hairpin pulling simulations were repeated using various sim-

ulation parameters to probe their effect on the bias BN . Since full landscape

reconstructions effectively compute a Jarzynski average at every extension value,

and the bias as defined by Eq. 3.24 is for a single free energy difference, one must

adopt a working definition of bias ‘in a landscape’. The most interesting facet

of the unfolding landscape is usually the disparity between folded and unfolded

free energies, which is also the part most susceptible to bias because it is the

transition farthest out of equilibrium. Even landscapes that resolve the pre-barrier

region well may accumulate bias for extensions near and beyond the barrier to

unfolding. Consequently, taking an ‘average’ bias across all extensions will tend to

overestimate how well the landscape captures the feature of interest. We therefore

take BN to be the largest difference between the equilibrium and non-equilibrium

curves across all extensions.

Our results yield insight into which parameters have the greatest impact on

error in reconstructed landscapes. Comprehensive results are reported in Tables 3.1-

3.3, while Figures 3.11-3.14 summarise the salient points. Where errors are listed,

they are the result of taking ten random samples of N curves from a larger pool,
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Table 3.1: Summary of the effect of various parameters on the bias BN (Eq. 3.24) in
the reconstructed landscapes for the 6bp hairpin; harmonic protocol. Yellow rows in this
and Table 3.2 highlight the beneficial effect of choosing a harmonic, rather than sawtooth
protocol; green rows show that few slow pulls should be prioritized over many fast ones.
Purple rows reveal no clear advantage to preferencing smaller stiffnesses.

Harmonic protocol

Stiffness (pN/nm) Speed
(nm/s)

Force loading rate
(pN/s)

N Bias
(kBT )

CPU
hours

0.57 5.62×106 3.21×106 500 -0.48 1.1×104

100 -0.51+0.34
−0.32 2200

2.86 5.62×106 1.60×107 500 0.86 2200
100 0.88+0.68

−1.71 444
5.71 5.62×107 3.21×108 5000 1.69 1111

1000 2.02+1.70
−2.35 222

500 2.08+1.78
−2.98 111

100 2.77+4.15
−5.00 22

5.62×106 3.21×107 5000 0.71 1.1×104

1000 0.86+0.77
−1.82 2200

500 0.86+0.63
−0.47 1100

100 1.35+1.25
−3.43 220

5.62×105 3.21×106 5000 0.65 1.1×105

1000 0.59+0.26
−0.19 2.2×104

500 0.68+0.35
−0.24 1.1×104

100 0.62+1.76
−1.54 2200

14.27 5.62×106 8.02×107 500 1.13 890
100 1.25+0.78

−2.55 178
28.55 5.62×106 1.60×108 500 2.18 780

100 2.14+0.22
−0.27 156

42.82 5.62×106 2.41×108 500 2.27 665
100 2.26+0.38

−0.43 133
57.09 5.62×107 3.21×109 500 5.99 67

100 6.59+1.93
−0.97 13

5.62×106 3.21×108 5000 2.21 6650
1000 2.19+0.20

−0.10 1330
500 2.25+0.29

−0.38 665
100 2.26+0.79

−0.68 133
5.62×105 3.21×107 500 0.95 6650

100 0.62+0.24
−1.13 1330
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Table 3.2: Summary of the effect of various parameters on the bias BN (Eq. 3.24) in
the reconstructed landscapes for the 6bp hairpin; sawtooth protocol. Yellow rows in this
and Table 3.2 highlight the beneficial effect of choosing a harmonic, rather than sawtooth
protocol.

Sawtooth protocol

Wait time (ps) Increment (pN) Force loading rate
(pN/s)

N Bias
(kBT )

CPU
hours

15.2 0.0049 3.21×108 4990 1.99 887
1000 5.77+3.48

−4.15 178
500 6.87+3.62

−2.29 89
100 9.03+4.79

−4.32 18
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Figure 3.11: Effect of pulling speed on bias BN (Eq. 3.24) in landscapes. Where shown,
errors are the ‘best’ and ‘worst’ of a set of 10 reconstructions of N = 500 curves randomly
chosen from a larger set. To minimize BN , one should collect fewer slower trajectories
rather than many faster ones.
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Table 3.3: Summary of the effect of various parameters on the bias BN (Eq. 3.24) in
the reconstructed landscapes for the 20bp hairpin. Yellow rows highlight the beneficial
effect of choosing a harmonic, rather than sawtooth protocol; green rows show that few
slow pulls should be prioritized over many fast ones.

Harmonic protocol

Stiffness (pN/nm) Speed
(nm/s)

Force loading rate
(pN/s)

N Bias
(kBT )

CPU
hours

2.86 5.62×106 1.60×107 500 1.04 3750
100 3.25+1.89

−4.68 750
5.71 5.62×107 3.21×108 5000 11.24 3000

1000 12.44+4.10
−2.53 600

500 13.95+3.97
−4.59 300

100 18.86+2.01
−4.27 60

5.62×106 3.21×107 5000 0.73 3×104

1000 0.78+1.93
−2.17 6000

500 1.72+1.87
−5.52 3000

100 3.26+0.60
−1.15 600

5.62×105 3.21×106 1000 -1.38 6×104

500 -1.34+0.59
−0.31 3×104

100 -1.43+0.65
−1.10 6000

14.27 5.62×106 8.02×107 500 -1.73 2500
100 1.35+2.56

−4.58 500
28.55 5.62×106 1.60×108 500 2.35 2100

100 2.51+1.23
−1.00 420

42.82 5.62×106 2.41×108 500 0.80 1900
100 1.07+2.27

−2.03 380
57.09 5.62×106 3.21×108 500 2.00 1800

100 2.44+1.69
−0.76 360

Sawtooth protocol

Wait time (ps) Increment (pN) Force loading rate
(pN/s)

N Bias
(kBT )

CPU
hours

15.2 0.00049 3.21×108 500 22.17 6889
100 23.49+3.36

−2.86 1378
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Figure 3.12: Effect of trap stiffness on bias BN (Eq. 3.24) in landscapes. Where shown,
errors are the ‘best’ and ‘worst’ of a set of 10 reconstructions of N = 500 curves randomly
chosen from a larger set. Optimizing trap stiffnesses does not appear to be as effective in
reducing BN as optimizing protocol and pulling speed.

computing the average of all ten landscapes, and taking the landscapes with the

largest and smallest biases as upper and lower error limits, respectively. Clear

from Figs. 3.11-3.14 is the fact that errors grow the farther from equilibrium a

simulation is performed; this is expected given that non-equilibrium averages are

increasingly sensitive to rare events with increasing work distribution width. Where

biases are negative, rare, low-work trajectories happened to be randomly sampled

before higher-work segments of the work distribution, leading to underestimates

of the free energy difference.

Our results show that the landscape bias decreases with decreasing pulling

rate (Fig. 3.11); decreasing trap stiffness (Fig. 3.12); increasing number of tra-
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Figure 3.13: Effect of number of trajectories on bias BN (Eq. 3.24) in landscapes. Where
shown, errors are the ‘best’ and ‘worst’ of a set of 10 reconstructions of N curves randomly
chosen from a larger set. For a given set of pulling parameters, more trajectories will
reduce BN , but the convergence to BN = 0 is slow. Biases < 0 correspond to simulations
in which rare, low-work trajectories happened to be randomly sampled before higher-work
segments of the work distribution, leading to underestimates of the free energy difference.

jectories (Fig. 3.13); and a harmonic, compared to a sawtooth, pulling protocol

(Fig. 3.14). For a given number of CPU hours, however, which of these four

factors should be optimised?

The largest gains are to be made by choosing a good protocol. Consider the

yellow highlighted rows in Tables 3.1, 3.2, and 3.3. For the 6bp hairpin, 178 CPU

hours using a sawtooth protocol at a force loading rate of Ḟ = 3.21 × 108 pN/s

yields an average bias of 5.77 kBT . A harmonic protocol at the same loading

rate leads to average biases of 2.26 kBT for 133 CPU hours and 2.08 kBT for 111

CPU hours. For the 20 bp hairpin at Ḟ = 3.21 × 108 pN/s, roughly 1300 CPU
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Figure 3.14: Effect of pulling protocol (for a given force loading rate) on bias BN
(Eq. 3.24) in landscapes. Where shown, errors are the ‘best’ and ‘worst’ of a set of 10
reconstructions of N = 500 curves randomly chosen from a larger set. Choice of protocol
is extremely important in minimizing BN , and a harmonic protocol performs much better
than a sawtooth one.

hours using a sawtooth protocol yields a bias of 24.3 kBT , while smaller biases

of 12.44 kBT and 2.44 kBT are possible with less than half that simulation time

(600 and 360 CPU hours, respectively) using a harmonic protocol†. One possible

explanation for this is that sawtooth pulling is characterized by monotonically

increasing external force that instantaneously pushes the system out of equilibrium,

while harmonic pulling provides continuous opportunities for the system to relax

somewhat, lowering the force it experiences and moving the system marginally

closer to equilibrium. Interestingly, some have suggested that using discontinuous
†That 360 hours yield a smaller bias than 600 hours for the harmonic protocol is a result of

choice of pulling speed, discussed in the text.
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jumps of a carefully-chosen magnitude at the beginning and end of a protocol

can optimize the performance of the Jarzynski equality240; repeated instantaneous

forcing, however, is clearly non-optimal.

Next, one should prioritise fewer slow simulations over many fast simulations;

this result has been noted elsewhere112;51. Consider the green highlighted rows

in Tables 3.1 and 3.3. For the 6 bp hairpin pulled with 57.1 pN/nm traps, 1330

CPU hours can yield a bias of 2.19 kBT for 1000 trajectories collected with pulling

speed 5.62×106 pN/s, or 0.62 kBT for 100 trajectories collected with pulling speed

5.62×105 pN/s. Similarly, with traps of stiffness 5.71 pN/nm, ∼1100 CPU hours

produce biases of 1.69 kBT for 5000 trajectories collected at 5.62×107 pN/s and

0.86 kBT for only 500 trajectories collected at 5.62×106 pN/s. The same trends

are clear for the 20 bp hairpin: for example, 3000 CPU hours can produce 5000

trajectories collected at 5.62×107 pN/s for a bias of 11.24 kBT or 500 trajectories

collected at 5.62×106 pN/s for a bias of 1.72 kBT (both for trap stiffness 5.71 pN/nm).

Due to the poor convergence with N , fewer slower trials are broadly preferable.

Finally, while lower stiffnesses uniformly reduce biases for the 6 bp hairpin (see

Fig. 3.12), the trend is not clear for the 20bp hairpin. Further, even for the 6bp

hairpin, for a given number of available CPU hours, fewer curves collected at lower

stiffnesses do not always yield an advantage over more curves collected at higher

stiffnesses: see purple rows in Table 3.1. In particular, note that 2200 CPU hours

can produce 1000 curves for a 5.71 pN/nm trap, 500 curves for a 2.86 pN/nm trap,

or 100 curves for a 0.57 pN/nm trap, corresponding to biases of 0.86 kBT , 0.86 kBT ,

and -0.51 kBT , respectively. It is not obvious that decreasing the stiffness at the cost

of increased simulation time is worthwhile, at least over this range of trap stiffnesses.

II. Framework for characterising non-equilibrium bias

To develop a rough ‘rule-of-thumb’ for determining the required number of

trajectories under a given simulation protocol, a framework developed by Palassini

& Ritort 206 was adapted and supplemented with insight from Jarzynski 124 . The

difficulty of treating bias in the Jarzynski equality stems from the exponential
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nature of the estimator. Even if work values are normally distributed – which

is not the case in general304 – there is no closed-form solution for the error in

exponential estimators227. A further complication is the fact that the form of a work

distribution is protocol and system dependent206, and unknown in advance. Various

approximations for the error in the Jarzynski estimator have been presented295;310;90,

but the most comprehensive and recent of these is that of Palassini & Ritort 206 . In

developing an expression for bias in finite-N Jarzynski estimates of free energy, they

propose fitting the tail of the empirical work distribution with the following form206:

p(W ) ∼ q
Ωα−1

|W −Wc|α
exp

(
− |W −Wc|δ

Ωδ

)
, (3.25)

where Wc is a characteristic work value, normally taken to be the peak of the

distribution; Ω measures the width of the tail; δ and α are shape parameters;

and q is a normalization constant. In order for the Jarzynski equality to hold on

this distribution, δ > 1, and since |W −Wc|α is slowly varying compared to the

exponential, α can be set to 0 for empirical fits. For a Gaussian work distribution,

〈W 〉 = Wc, σ2 = Ω2/2, δ = 2, and q = π−1/2. Palassini & Ritort 206 note that in

practice, their method does not work well for δ close to 1, as the work distribution

may not be well-modeled by Eq. 3.25 in that case; they suggest employing it only

for distributions such that δ > 1.4§. As the work distributions for the hairpins

discussed below all have 1.8 . δ . 2.5, this is not an issue in the present work.

The authors proceed to derive approximations for the bias BN in finite-N

Jarzynski estimates in three regimes, parametrized by λ = logN
Ωδ/(δ−1) δ

δ/(δ−1), which

indicates the relative magnitudes of Ω and N :

BN = Dc + logN − Ω(logN)1/δ − λ(1−δ)/δ
[
γE+

+ 1− α− δ
δ

loglogN + log(q/δ)
]
, λ� 1 (3.26)

§This is because the fitted work distributions may fail to satisfy the Crooks fluctuation
theorem45 as δ → 1; see the supplementary information of Ref. 206.
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Figure 3.15: Work distributions p(W ) and g(W ) = e−βW p(W ) for a generic thermody-
namic process. The ordinate is the probability of a work value being observed in a given
realization of a process; W̄ is the value of work most likely to be observed, and W† is the
work value that contributes most to the Jarzynski average. Adapted from Jarzynski 124 .

BN = Dc + logN − Ω(logN)1/δ + γE − λ(1−δ)/δ
[
γE + 1− α− δ

δ
loglogN+

+ 1
2log

πq2

2δ(δ − 1) + θ2 + log erfc(θ)
]
, λ ' 1 (3.27)

Here, erfc is the complementary error function, θ = (λ(1−δ)/δ−1)
√
δlogN/

√
2(δ − 1),

and Dc = Wc −∆G is the dissipated work at the critical work value, where ∆G

is the ‘true’ free energy difference. The result for the λ� 1 regime is not shown;

for practical applications, one normally cares about the bias in cases of limited

N compared to work distribution width, Ω. The ‘true’ free energy difference ∆G

is not known a priori, but a saddle point calculation over distribution 3.25 yields

Dc ' (δ − 1)
(

Ω
δ

)δ/(δ−1)
to leading order (the equivalence is exact for Gaussian

work distributions), with errors typically less than 0.5 - 2 kBT . This justifies

approximating Dc using fit parameters206.

One can also use fits of p(W ) to estimate the probability of observing dominant

work values, which contribute most substantially to the Jarzynski average. A

generic distribution of dominant work values, g(W ) = e−βWp(W ), is depicted

in Figure 3.15; while the most probable work value to be observed is the peak

of p(W ), W̄ , the most dominant value in an exponentially-weighted average is
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W † = e−βW̄ . For wider p(W ) distributions, corresponding to processes with greater

average dissipated work Wdis = W̄ −∆G, the peak of g(W ) is found at increasingly

improbable work values124.

Figure 3.16 shows work distributions from hairpin pulling simulations (orange),

collected at the final time sampled, along with fits to Eq. 3.25 (black), for some

representative simulation parameter sets. Only the tails of the distributions –

primary determinants of error in free energy estimates – were fit, according to the

method of Palassini & Ritort 206 . Also shown are the ‘best’ fits to the distribution,

obtained using the maximum number of trajectories simulated with given parameters

(black, dashed). Fit parameters were used to estimate bias according to Eqs. 3.26 or

3.27 (depending on the value of λ); these ‘Ritort bias’ results appear, alongside the

empirical bias BN calculated from the landscapes, in Table 3.4, and are accurate

within an order of magnitude.

Empirical g(W ) distributions – computed from the orange work distribution

histograms – are shown as purple histograms in Fig. 3.16, alongside blue curves

corresponding to the g(W ) obtained from the work distribution fits. The degree

to which the purple histograms sample the blue curves provides a rough ruler for

gauging the convergence of a landscape. An estimate of the average number of

trajectories needed to sample the peak of g(W ) can be obtained by by integrating

p(W ) on (−∞,W †]:

Nest,WD ≈
1∫W †

−∞ p(W ) dW
. (3.28)

Nest,WD estimates are included in Table 3.4. Our results suggest that if the g(W )

distribution is sampled near its peak, one can expect the resulting landscape to

have a small (O(1kBT )) bias.

An important caveat must be borne in mind when attempting to characterise

the bias in a particular simulation setup using fits of p(W ): such fits are highly

susceptible to statistical sampling errors. To illustrate this point, consider the

dashed lines in Fig. 3.16 I and II, which more closely approximate the ‘true’ p(W )

as they are fits of Eq. 3.25 to the largest number of trajectories collected for a given
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Figure 3.16a: Empirical work probability distributions (orange) and the same distri-
butions weighted by e−βW (purple) collected at the final time in pulling simulations.
Black curves are p(W ) fits according to Eq. 3.25, and blue curves are g(W ) = e−βW p(W ).
The extent to which the purple histograms sample the blue curves is indicative of how
well-converged the free energy estimate is. I and II correspond respectively to the ‘worst’
and ‘best’ of 10 landscapes of where 100 curves were randomly selected from a larger set,
shown in III. Dashed black and blue curves in I and II represent the fits in III, and are
thus more accurate estimates of p(W ) and g(W ). Differences between the dashed and
solid curves indicate potential pitfalls of using a small number of curves to estimate p(W ).
(a) 6bp hairpin, stiffness 0.57 pN/nm and pulling rate 5.62×106 pN/s. (b) 6bp hairpin,
stiffness 57 pN/nm and pulling rate 5.62×106 pN/s. (c) 6bp hairpin, sawtooth protocol
with force loading rate Ḟ = 3.21× 108 pN/s.
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Table 3.4: Results of applying the bias characterization frameworks discussed in the text
to representative simulation sets for the hairpins; corresponding work distributions are
shown in Fig. 3.16. BN is the value measured from reconstructed landscapes; Ritort Bias
is an estimate of the bias computed with Eqs. 3.26 or 3.27, using parameters from a fit of
the empirical work distribution p(W ) to Eq. 3.25; Nest,WD and Nest,Jar are estimates of
the average number of trajectories required to sample the peak of the g(W ) distribution,
and thus at least approach a converged landscape, using Eqs. 3.28 and 3.30, respectively.
Average dissipated work Wdis is estimated according to Eq. 3.29.

Harmonic protocol, 6bp

Parameters Fig. 3.16 N BN

(kBT )

Ritort
Bias
(kBT )

Nest,WD Nest,Jar
Wdiss

(kBT )

0.57 pN/nm
5.62×106 nm/s (a) 500 -0.48 0.51 140 13 2.57

100 -0.17 0.64 44 10 2.27
100 -0.83 0.48 49 20 2.95

57.1 pN/nm
5.62×106 nm/s (b) 5000 2.21 0.98 142 23 3.15

100 3.05 0.51 137 9 2.18
100 1.58 0.62 240 31 3.45
Sawtooth protocol, 6bp

15.2 ps
0.0049 pN (c) 4990 1.99 4.63 5.15×109 2.41×1010 24.9

100 13.82 4.61 6.05×107 1.57×105 12.0
100 4.70 4.60 2.32×107 4.46×108 19.9
Harmonic protocol, 20bp

5.71 pN/nm
5.62×107 nm/s (d) 5000 11.24 9.42 2.18×1013 1.31×1011 25.6

500 17.92 12.92 2.72×1013 1.34×108 18.71
100 20.88 10.10 9.73×1011 2.9×106 14.89

5.71 pN/nm
5.62×105 nm/s (e) 1000 -1.38 0.46 58 10 2.26

100 -0.78 0.38 46 7 1.96
100 -2.53 0.29 55 30 3.37
Sawtooth protocol, 20bp

15.2 ps
0.00049 pN (f) 500 22.17 17.45 6.27×1019 1.59×108 18.9

100 26.8 10.51 2.78×1013 39341 11.0
100 20.62 7.89 5.07×1012 8.03×107 18.2
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Figure 3.16b: (continued) (d) 20bp hairpin, stiffness 5.71 pN/nm and pulling rate
5.62×107 pN/s. In this case, instead of the ‘best’ set of N = 100 curves, II shows the
‘worst’ set of N = 500 curves pulled from the larger set in III. (e) 20bp hairpin, stiffness
5.71 pN/nm and pulling rate 5.62×105 pN/s. (f) 20bp hairpin, sawtooth protocol with
force loading rate Ḟ = 3.21× 107 pN/s.

(d) (e) (f)

WW W W (kBT)W (kBT)W (kBT)W (kBT)

set of parameters (Fig. 3.16 III shows this largest set of trajectories). These dashed

curves differ from the solid lines – the ‘first pass’ fits of p(W ) using fewer curves –

and slight differences in the p(W ) fit parameters lead to significant differences in

g(W ) (and thus Nest,WD). This problem is exacerbated farther from equilibrium, for

wider p(W ). Nevertheless, as is evident from Table 3.4, applying the aforementioned

techniques can supply a reasonable estimate of the order of magnitude of trajectories

that would, on average, be necessary to reduce biases to O(1kBT ).
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Also included in Table 3.4 are two additional characterisations of bias from the

literature. Firstly, the average dissipated work, Wdis, is approximated using

Wdis = W̄ −∆G ≈ W̄ −∆GN , (3.29)

where ∆GN is the finite-N Jarzynski free energy estimate. Hummer 111 has suggested

Wdis should be ≈ 1kBT for optimal results, though this approximate rule was

derived for Gaussian work distributions only. Secondly, an estimate of the number

of trials required for ‘reasonable convergence’ of the Jarzynski average was provided

by Jarzynski124;304:

Nest,Jar ≈ e−βWdis . (3.30)

This estimate differs from Nest,WD, especially for simulations far from equilibrium

(see Table 3.4), but combining both estimates gives a sense of whether O(100) or

O(> 1× 106) trials are required. We note that it does not appear to be necessary

for Wdis ≈ 1kBT to obtain biases < 1kBT .

Our recommendation is to employ all the aforementioned measures in concert to

impart a rough sense of how reliable a given landscape reconstruction is. Landscapes

that are well-converged are seen in Fig. 3.16 and Table 3.4 to have well-sampled

g(W ) and estimates for N < 100. Landscapes that are very poorly converged have

correspondingly sparsely-sampled g(W ) and estimates for N > 1 × 106.

3.4 Application of non-equilibrium landscape anal-
ysis to a novel system: DNA origami handles

In addition to supplementing experimental studies, another context where the above-

validated techniques are particularly useful is in the simulation of large systems for

which conventional, Monte Carlo equilibrium simulation techniques are impractically

slow. Here, we apply non-equilibrium analysis to explore the use of DNA origami

tubes as a substitute for the dsDNA handles traditionally used in SMFS experiments.

As already mentioned, the elastic response of the long dsDNA linker handles in

SMFS experiments gets convolved with the energy landscape of the molecule under
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Figure 3.17: (a) oxDNA representation of the DNA origami handles of Pfitzner et al. 209 .
Hairpin 20R55T4 is suspended between the handles as part of a bridging staple; see
blow-up. (b) Fragment of the innermost part of the left handle’s Cadnano58 design file,
showing detail of the overhanging portions of staples (grey), which are poly-T. The purple
strand contains the hairpin.

investigation, ‘smearing out’ features of interest. Pfitzner et al. 209 suggested using

DNA origami228 tubes to mitigate this issue, as DNA origami tubes are much stiffer

than dsDNA, and thus convolve the molecule’s landscape with a much narrower

point spread function (PSF)298. It is an open question whether such origami handles

alter the intrinsic landscape of the molecule of interest – for instance through steric

interactions – and origami handles have not yet seen widespread adoption in the

SMFS experimental community. By replicating the pulling experiments of Pfitzner

et al. 209 and comparing hairpin landscapes extracted with and without the presence

of origami handles, we shed light on this question. Because the origami handles used

are so large, conventional equilibrium simulations are unfeasible for this system.

3.4.1 System description and methods

Pfitzner et al. 209 perform constant-force LOT experiments on a 6bp and 20bp

hairpin (06R50T4 and 20R55T4 as described in section 3.3.1 and shown in Fig. 3.4)

to extract free energy landscapes, using origami 10-helix bundles (10HB) as linker

handles. Figure 3.17 shows an oxDNA representation of the handles, connected by

a bridging staple that contains the 20bp hairpin. The left and right handles contain

15 275 nt (15 247 nt in the case of the 6bp design) and 15 189 nt, respectively. Each
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Figure 3.18: Top: Cross section of the 10 helix bundles. Blue is the ‘left’ handle (as
depicted in Fig. 3.17), and red is the ‘right’ handle. The red handle has been slightly
offset as a visual aid, but six helices of each handle are directly aligned in the plane
perpendicular to trap movement. Bottom: Cadnano snapshots of the handle ends,
depicting the experimental bead attachment points and the simulated location of 3D
harmonic traps. Yellow stars are traps on the left handle, blue are traps on the right
handle, and the green star indicates where left and right handle traps share the same
position in the plane perpendicular to trap motion.

250 nm-long handle contains overhanging portions of staples that crowd the vicinity

of the hairpin, potentially altering the measured landscape.

In the LOT experiments, forces were applied to four staples at the ends of each

origami handle, which were functionalized with molecules that enabled linkage to

laser-trapped dielectric beads. To mimic this as closely as possible, in simulations,

3D harmonic traps of stiffness 5.71 pN/nm were applied to the centres of mass of the

nucleotides at the ends of these extended staples; these traps are indicated by stars in

Figure 3.18. The positions of the traps were chosen such that the helices containing

the hairpin staple were aligned; see Figure 3.18 for the configuration. The traps on

the right handle were then moved at constant rate away from the left handle.

Simulations were carried out for the 6bp hairpin at a pulling rate of 2.8×107 nm/s

and the 20bp hairpin at pulling rates of 5.6×107 nm/s and 5.6×106 nm/s, respec-
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Figure 3.19: Sample force-extension curves (FECs) for the handle-hairpin setup. (a)
FECs for the 6bp hairpin unfolding between the handles at pulling rate 2.8×107 nm/s.
(b) FECs for the 6bp hairpin pulls in (a), but using the end-to-end distance of the handles
themselves. (c) FECs for the 20bp hairpin unfolding between the handles at pulling rate
5.6×106 nm/s. (d) FECs for the 20bp hairpin pulls in (c), but using the end-to-end
distance of the handles themselves.

tively. In total, 500 trajectories for the 6bp hairpin (301 days on GPU), 300 for

the 20bp hairpin at the faster rate (154 days on GPU), and 64 for the 20bp hairpin

at the slower rate (288 days on GPU) were collected.
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3.4.2 Results

During simulations, the average separation of the traps along the pulling axis

and the end-to-end extension of the hairpin were measured; these were used to

construct FECs, shown in Figure 3.19. Because the force of the harmonic traps is

not communicated directly to the hairpin, but rather is convolved with the elastic

response of the handles, in order to arrive at reasonable estimates for the forces

in the hairpin FECs, a more realistic value for the stiffness actually experienced

by the hairpin was needed. To estimate this, a histogram of end-to-end distances

along the axis of constraint, qtot, for the fully unbound hairpin attached to the

trapped handles was fit to a Gaussian. The variance of qtot was assumed to be

equal to the sum of the individual variances of each hairpin end nucleotide in a

hypothetical 3D harmonic trap: σ2
qtot = σ2

q1 + σ2
q2 = 1

βk
+ 1

βk
, with the individual

variances σ2
qi
equal and determined using the equipartition theorem: σ2

qi
=kBT/k.

This procedure yielded a stiffness of k = 1.58 pN/nm.

The results of applying the landscape reconstruction procedure detailed in

section 3.3.2 are shown in Figures 3.20-3.22. Landscapes were reconstructed using

the end-to-end distances of both the handles (green) and the hairpins (orange).

For comparison, the equilibrium landscape (blue) and a non-equilibrium landscape

(black) collected at similar stiffness and pulling speed values to the orange curves,

but without origami handles, are also shown.

In all cases, the FECs of the handles (Fig. 3.19 (b) and (d)) are insufficient

to resolve much of the unfolding barrier at all; see green curves in Figs. 3.20-

3.22. As described in section 3.3.1, this is an effect of convolution of the hairpin’s

unfolding with the elastic response of the handles. This convolution also affects the

orange landscapes, as the hairpins don’t directly experience the harmonic traps.

Furthermore, the convolution effect is more significant here than in the experimental

work of Pfitzner et al. 209 , as their experiments were carried out at constant force;

non-equilibrium studies suffer from more complex, force-dependent handle elastic

response. While deconvolution has been attempted for non-equilibrium data303, the
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Figure 3.20: Free energy landscape reconstructions from 500 trajectories of the 6bp
hairpin pulled at 2.8×107 nm/s. Orange landscapes are the result of using FECs collected
using hairpin end-to-end extension directly; green landscapes use the end-to-end extension
of the handles, and are thus ‘smeared out’. For comparison, the equilibrium (blue)
landscape is shown, as well as a ‘hairpin-only’ (HO) non-equilibrium landscape (black)
collected under similar pulling conditions: 500 curves at 5.6×106 nm/s and 0.57 pN/nm.
(a) Zero-force energy landscapes; (b) landscapes tilted to the forces at which the folded and
unfolded wells have the same free energy (3.9 pN for the orange curve). The light orange
bounding curves represent landscapes using 1.58 pN/nm±25% stiffness to construct the
hairpin landscapes; that they retain the discrepancy in shape with equilibrium result
suggests the origami handles are intrinsically altering the landscape.
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Figure 3.21: Free energy landscape reconstructions from 300 trajectories of the 20bp
hairpin pulled at 5.6×107 nm/s. Orange landscapes are the result of using FECs collected
using hairpin end-to-end extension directly; green landscapes use the end-to-end extension
of the handles, and are thus ‘smeared out’. For comparison, the equilibrium (blue)
landscape is shown, as well as a ‘hairpin-only’ (HO) non-equilibrium landscape (black)
collected under similar pulling conditions: 500 curves at 5.6×107 nm/s and 5.71 pN/nm.
(a) Zero-force energy landscapes; (b) landscapes tilted to the forces at which the folded
and unfolded wells have the same free energy (5.0 pN for the orange curve). Note that for
these rates even the hairpin only simulations show significant differences from equilibrium
curves.
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Figure 3.22: Free energy landscape reconstructions from 64 trajectories of the 20bp
hairpin pulled at 5.6×106 nm/s. Orange landscapes are the result of using FECs collected
using hairpin end-to-end extension directly; green landscapes use the end-to-end extension
of the handles, and are thus ‘smeared out’. For comparison, the equilibrium (blue)
landscape is shown, as well as a ‘hairpin-only’ non-equilibrium landscape (black) collected
under similar pulling conditions: 100 curves at 5.6×106 nm/s and 2.86 pN/nm. (a)
Zero-force energy landscapes; (b) Landscapes tilted to the forces at which the folded and
unfolded wells have the same free energy (4.9 pN for the orange curve, 3.0 pN for the
green curve)). The grey curves bounding the black landscape are error bounds derived
by taking the ‘best’ and ‘worst’ sets of 100 curves from a pool of 500. The light orange
bounding curves represent landscapes using 1.58 pN/nm±25% stiffness to construct the
hairpin landscapes; that they retain the discrepancy in shape with equilibrium result
suggests the origami handles are intrinsically altering the landscape.
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method involves using the average force at each extension to determine an extension-

dependent PSF79, and consequently, data that exhibit a broad range of forces at a

given extension value will not be amenable to this approach. Since our simulations

are carried out father from equilibrium than experiments, our force distributions

are wider; in Fig 3.19 (a) and (b), the force varies by as much as ∼10 pN for some

extensions. For this reason, de-convolution has not been attempted here.

The 20bp, 5.6×107 nm/s data yields an inadequately resolved barrier even when

the hairpin end-to-end distance is used (Fig. 3.21, orange curve); this is expected

given that even the handle-free landscape (Fig. 3.21, black curve) at this pulling rate

captures the barrier poorly. We can also confirm that the landscape is inaccurate by

applying the error analyses described in section 3.3.2: Figure 3.23 (b) reveals that

the g(W ) distribution is poorly sampled, and about Nest,WD ≈ 9× 104 trajectories

would be required, on average, to resolve its peak. However, we can glean useful

insights from the hairpin landscapes in Figs. 3.20 and 3.22. In both cases, an error

analyses reveals that we have sampled the g(W ) distribution well (Figs. 3.23 (a)

and (c)) and estimating the number of trials required to resolve the peak in g(W )

yields Nest,WD ≈ 300 for the 6bp hairpin and Nest,WD ≈ 10 for the 20bp hairpin

pulled at the slower rate. We note, however, that the small number of trajectories

collected for the 20bp hairpin at the slower rate render this an extremely rough

estimate. The remaining discrepancies between the hairpin + handles landscapes

and the hairpin only landscapes (Figs. 3.20 and 3.22, orange and black, respectively)

– namely, the lower barrier height and the increased curvature near the barrier peak

visible in the orange landscapes – can be attributed to either the elastic response

of the handles or an intrinsic difference between the landscapes with and without

handles present. To fully remove the effect of the handles’ elastic response, an

extension-dependent deconvolution procedure valid across large force ranges, not

currently theoretically available, would be necessary; however, we can get a rough

sense of whether these differences in shape are artefacts of handles modulating the

stiffness experienced by the hairpin by varying the effective stiffness used in the

reconstructions by ±25%; the results are the light orange bounding curves. While
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Figure 3.23: Empirical work probability distributions (orange) and the same distri-
butions weighted by e−βW (purple) collected at the final time in pulling simulations.
Black curves are p(W ) fits according to Eq. 3.25, and blue curves are g(W ) = e−βW p(W ).
The extent to which the purple histograms sample the blue curves is indicative of how
well-converged the free energy estimate is. Distributions shown are for (a) the 6bp hairpin
(N=500 curves) and the 20bp hairpin pulled at (b) 5.6×107 nm/s (N=300 curves) and (c)
5.6×106 nm/s (N=64 curves).
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the differences in barrier height may be attributable to convolution effects, the

increased curvature of the barrier does not appear to be. This suggests that the

steric crowding experienced by the hairpin when attached to the origami handles

(see Fig. 3.17 (a), blow-up) is affecting the intrinsic landscape being measured. To

confirm this steric effect, future work could (i) perform additional simulated pulls

on the 20bp hairpin at the slower rate to increase the quality of the landscape and

reliability of the p(W ) fit; (ii) use truncated origami handles – for which convolution

effects would be lessened – that retain the features of the ends nearest the hairpin

in simulations; or (iii) develop a deconvolution method valid across broad force

ranges that could be used to remove handle artefacts.

3.5 Conclusions and outlook

This work has demonstrated the ability of the coarse-grained model oxDNA to

successfully capture the folding free energy landscapes of DNA hairpins, both by

comparing equilibrium simulation results to experiments and by validating a non-

equilibrium analysis framework based on the Jarzynski equality for oxDNA. Given

that the Jarzynski equation is only correct in the limit of infinite ensemble averages,

an approach for assessing the error in finite-N landscape reconstructions has been

outlined, building on the work of previous authors. We have illustrated the potential

value of non-equilibrium landscape reconstruction methods by applying them to

a novel system, DNA hairpins attached to DNA origami linker handles proposed

for use in SMFS experiments, to investigate whether such handles – through steric

hindrance – alter the intrinsic landscapes of molecules being studied. Future work

could refine our results by collecting additional data and mitigating the convolution

of the hairpin landscape with the elastic response of the handles.

Improvements to the non-equilibrium landscape analysis method presented here

could include implementing an importance-sampling scheme for non-equilibrium

trajectories, favouring those trajectories with lower work values that contribute more

to the Jarzynski average51, or exploring the use of alternative force protocols that

studies have suggested can lead to faster convergence of the Jarzynski average240;80.
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Continued use of force protocols that mimic SMFS experiments, however, promises

significant fruit: in particular, the methods we have validated can be used to

explore the effect of reaction coordinate (in our case, end-to-end extension) on

reconstructed landscapes, confirming whether a given experiment has chosen an

appropriate degree of freedom to track the unfolding reaction60 and suggesting

more appropriate measurements if not. The effect of experimental setup on intrinsic

landscapes can also be explored, as we have outlined for the DNA origami handles.

Finally, structural changes underlying experimental energy landscapes can be

directly visualized with the aid of coarse-grained simulations. We look forward to

future use of oxDNA to complement non-equilibrium experiments.



In my own stories I have found that violence is
strangely capable of returning my characters to reality
and preparing them to accept their moment of grace.

— Flannery O’Connor, from On Her Own Work
(1963).

4
Force-induced unravelling of DNA origami
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This chapter is based on an article entitled Force-induced unravelling of DNA

Origami 64 that has been submitted for publication in ACS Nano. The exper-

iments referred to in this chapter were carried out by D. Smith, M. Jobst, M.

Sajfutdinow, and T. Liedl.

4.1 Introduction

As intimated in the preceding chapters, the behavior of DNA under tension has

been studied extensively both theoretically and experimentally. Single-molecule

force studies have been employed to elucidate the elastic properties of double- and

single- stranded DNA259;21;175; to characterize the mechanisms of duplex instability

at higher forces66;268;146;279;93;226; and to examine torsional buckling of the helix

under a mixture of torque and tension71;194. These explorations have illumined

73
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the cellular processes that mediate structural changes in DNA, including gene

regulation, transcription, and recombination307;87;27. Furthermore, the now well-

understood behavior of duplex DNA under force has been exploited for a wide

range of applications, including employing DNA in molecular force sensors85 to

characterize mechanosensitive receptors284 and cellular traction forces20.

Denaturing of the DNA helix is typically modelled as a thermally-activated

process, in which the dissociation rate is governed by the height of the free energy

barrier between the fully-zippered state – stabilized by hydrogen bonding and

base stacking – and a transition state characterized by a critical number of broken

base pairs35;185. Application of an external biasing force favors more extended

configurations, lowering the effective barrier to the transition state until it becomes

surmountable by thermal energy67.

The force at which duplex DNA yields under tension depends on duplex

length100;185, base sequence and any periodicity therein189, force application ge-

ometry, whether static or varying tension is applied and for how long67;35;185, and

solution conditions including temperature292;185 and salt concentration288;75. Under

shear stress, when tension is applied at either end of one strand of the duplex,

DNA duplexes typically unbind at forces between 30 and 65 pN100;93, while in an

unzipping geometry, where tension is applied to both strands at the same end of

the duplex, yielding occurs at forces between 10 and 20 pN110;35;222. The marked

difference between the critical forces in shearing and unzipping geometries can

be understood by considering the extension gained per base pair broken in each

case. Since a force F biases the unfolding landscape by an amount ∼ F∆z, with z

the extension of the DNA along the force direction, the breaking of a single base

pair in a shearing geometry, which allows an extension gain of ∆z/bp ∼ 0.3 nm,

will be less favorable than base pair breakage in an unzipping geometry, which

allows for an extension gain of ∆z/bp ∼ 1.3 nm185.

The drive to produce DNA modules sufficiently rigid for use as building blocks for

crystalline arrays and nanomechanical devices cultivated more complex arrangements

of the well-studied DNA duplex248;132 – namely, DNA helices linked by multiple
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crossover junctions. One of the simplest and earliest of these designs is two helices

bundled together by a double crossover (DX) to form a modular tile76. Such

basic tile motifs can be expanded to construct 3D structures, including triangular

tensegrity lattices158, polyhedra103, and nanotubes174.

The advent of DNA origami228 – a construction technique employing kilobase-

long scaffold strands joined together by shorter, staple strands to form arbitrary

shapes – allowed the construction of even larger and more intricate designs, which

expanded the reach of DNA nanotechnology to nanosensing19;141, nanomedicine4,

and nanoelectronics210. Finally, a similar, but scaffold-free, approach was proposed

by Peng Yin and coworkers301, in which only short single strands with four distinct

binding domains are used. These versatile single-stranded tiles (SSTs) can also

be fashioned into a wide array of 2D286 and 3D135 shapes.

As many applications depend on the increased structural rigidity of nanos-

tructures as compared to duplex DNA, there has been a significant effort to

characterize their elastic properties. Ligation closure experiments on the DX

tile revealed a persistence length about twice that of duplex DNA231. Even larger

persistence lengths, ∼ 10 − 20× that of duplex DNA, have been achieved with

nanotubes comprised of 6 helices133;283; for bundles of more helices, persistence

lengths 40− 200× that of dsDNA have been observed239. Computational models

have also contributed to the exploration of nanostructure mechanical behaviour. At

the finest levels of detail, atomistic MD simulations have successfully captured the

structural rigidity of simple DNA origami and SST structures302;257. Coarse-grained

descriptions such as finite-element models31;137 and models that coarse grain at the

level of multiple base pairs221 or single nucleotides243 have likewise provided useful

analyses of the mechanical flexibility of origami structures.

More sophisticated applications of DNA nanotechnology require an under-

standing of the force response beyond that of the basic elastic properties. Such

understanding is crucial particularly for applications that exploit behaviour under

force, such as biosensors134;141;95, springs121, force probes78;193, and tensegrity

structures155;255. Further, characterizing the long-term stability of nanostructures
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under constant or intermittent stress is necessary for their use as movable joints

and mechanical components like hinges170 and as hybrid nanopores, which undergo

a constant denaturing stress from ionic current flow19;287. The recent use of DNA

nanotube hydrogels to study theoretical models of semiflexible polymers underscores

the importance of knowledge of DNA nanostructural stability under force, as it

hinged upon the robustness of the nanotubes under shear force244.

Given their substantial contribution to our understanding of the DNA duplex,

force spectroscopy experiments are a logical stride in the development of DNA

nanotechnology. Experiments have only just begun to explore more complex force-

response behaviour of DNA nanostructures, however; magnetic tweezer experiments

have revealed torsional rigidities of origami 6-helix bundles in excess of ∼ 4×

those of dsDNA133, and recent optical tweezer experiments on origami nanotubes

found disassembly forces of 40-50 pN253. Here, we build a more comprehensive

picture of DNA origami force response by combining coarse-grained simulations

with AFM experiments to characterize the unraveling of a standard origami system:

the Rothemund tile228. We also perform simulations of two previously-published

experimental systems for which force-extension data are available: a 10-helix

bundle13 and a biosensor141 designed such that its force-extension behaviour signals

the presence of aptamers in solution.

By pursuing a combined simulation and experimental approach, we are able to

correlate features in force-extension data directly with underlying structural changes,

yielding insights inaccessible via experiment alone. Finite-element approaches to

modelling origami and models that coarse grain on scales larger than a single

nucleotide cannot capture the base-pair breakage fundamental to force spectroscopy

studies137. On the other hand, while capable of investigating unravelling, all-atom

origami simulations cannot currently probe timescales longer than ∼100 ns or

structures larger than a few thousand base pairs302. To access large origami systems

on timescales relevant to experiments while maintaining the ability to describe base

pair breakage, we therefore use oxDNA203;281. Because of oxDNA’s previous success

in reproducing DNA nanostructures261;243;251, capturing DNA mechanical response
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to tension226;185, and describing DNA twist173;172, as mentioned in Chapter 1, it

is well-suited to the present study.

By forcibly unravelling DNA origami, we explore departures from duplex

behaviour and probe the basic physics of origami force compliance, as well as the

dynamics of force propagation through the structures. We also probe the mechanical

limits of DNA nanostructures under external stress, knowledge of which is crucial

for applications that utilize nanostructures to apply or resist force121;155;255. Our

results provide further validation of oxDNA’s robustness in treating DNA origami.

More importantly, they illustrate the possible fruits of combining experimental

force spectroscopy with simulation to explore unfolding pathways and examine

origami mechanical resistance to force in unprecedented detail, which can inform

rational design of future nanomechanical structures.

4.2 Methods

Simulated SMFS was carried out on the three systems mentioned above, and the

Rothemund tile was unravelled in complementary AFM experiments; details of

these experiments are presented in Appendix A. oxDNA2 was used to simulate the

Rothemund tile and the 7-tile biosensor, and the original oxDNA version was used

for the 10 HB, as oxDNA2 was not released at the time these simulations were

undertaken. We expect there to be very little difference between the results for the

two oxDNA versions for the current systems, as both capture the thermodynamics

of hybridization and the mechanical properties of double-stranded and single-

stranded DNA equally well.

To mimic the AFM pulling procedure, in which one end of the enzymatically

linearized scaffold is fixed to a glass coverslip and the other to the retractable AFM

cantilever, simulations were performed by placing scaffold ends in 3D harmonic traps

(see arrows in Figure 4.1(b)) of stiffness 5.7 pN/nm and moving one relative to the

other at a constant rate. Our simulated trap stiffness is the same order of magnitude

as stiffnesses typical of optical tweezer SMFS experiments, but is significantly lower

than typical AFM stiffnesses. This lowers our simulated force loading rates relative
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to the AFM experiments and allows us to approach experimental rates more

closely. Two rates of trap movement are explored in this work: 5.6 × 108 nm s−1

and 5.6 × 107 nm s−1, corresponding to force loading rates of 3.2 × 109 pN/s and

3.2×108 pN/s; experimental force loading rates were 1.4×104 pN/s and 1.8×105 pN/s.

As indicated in Chapter 3, the ‘force loading rate’ is the average rate of force increase

as given by the product of harmonic trap stiffness and speed. This value is thus an

instrumental property, and the loading rate the molecule actually ‘feels’ differs due to

the presence of linker strands as well as the particular configuration of the molecule;

estimates of the experimental force loading rate from fits to force-extension curves

yield values 1-3 orders of magnitude lower than instrumental loading rates. While

our simulated loading rates are many times greater than the experimental loading

rates, any conversions of coarse-grained timescales to absolute time units must be

interpreted with caution. The values above give a “worst-case” disparity; since

coarse-graining speeds up diffusive dynamics relative to the microscopic time scales

that set the coarse-grained time unit52, the resulting telescoping of timescales205

renders the effective force loading rates for simulations closer to experiment than

they would appear from the above values.

We ran long molecular dynamics (MD) simulations on GPUs, which offered

a speed-up of 25× over CPUs. The Andersen-like thermostat230 described in

Chapter 2 served to dissipate the energy imparted to the system by external force

application. Temperatures relevant to experiments were used: 20 ◦C for the tile,

36 ◦C for the helix bundle13, and 30 ◦C for the 7-tile assembly; and we used a high

salt concentration typical of origami studies, [Na+] = 0.5 m.

The Rothemund tile required roughly 6× 108 MD steps (∼9 µs) to unfold at

3.2 × 109 pN/s, or 9 days on GPU, and 6 × 109 MD steps (∼90 µs) to unfold at

3.2× 108 pN/s, or 74 days on GPU. Unfolding the 10 HB required roughly 1.4× 108

MD steps (∼2 µs), or 6 days on GPU, at 3.2× 109 pN/s and 1.3× 109 MD steps

(∼20 µs), or 60 days, at 3.2×108 pN/s. Breaking all locks in the 7-tile system required

∼ 3.3×108 MD steps (∼5 µs) at 3.2×108 pN/s, or 31 days on GPU; the simulations

are significantly slower than for the tile due to the ∼ 2000 additional nucleotides.
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(b)(a) (c)(c)

0 nm

3 nm

Figure 4.1: The two main systems studied in this work. (a) An AFM image of
Rothemund tiles deposited on a surface. Credit: Martin Sajfutdinow. (b) An oxDNA
representation of the Rothemund tile. The 20bp-stem hairpin indicated by the red arrow
was excised in Rothemund’s original origami design228. (c) An oxDNA representation of
the 10-helix bundle presented in Bae et al. 13 . For both simulated systems, forces were
applied to the nucleotides at the ends of the scaffold, as indicated by the black arrows.

We also incorporated sequence dependence for the Rothemund tile simulations

at 3.2 × 109 pN/s281;261. This did not significantly alter the unfolding behaviour

for the tile. Simulations of the 10 HB and 7-tile structures did not incorporate

sequence dependence.

4.3 Rothemund Tile

Our system, shown in Figures 4.1(a) and (b), is very similar to Rothemund’s original

origami design228, although we retain a 20-bp stem hairpin that Rothemund excised.

The 6909-nucleotide scaffold is bound by 30-nucleotide (nt) and 32-nt staples, most

of which have three domains, with one long (binding) and two short (linker) domains.

The design has 24 rows with a central seam dividing the origami into two equivalent

halves, and a very regular pattern of staples (Fig. A.1).

Figure 4.2 contains the experimental (a) and simulated ((b) and (c)) force-

extension curves (FECs) for the Rothemund tile; FECs were generated according

to the procedure described in section 3.3.2. The experimental curves terminate



4. Force-induced unravelling of DNA origami 80

before the full structure is unraveled – which simulations indicate would occur

around 4000 nm – because the pulling handle between the molecule and the AFM

tip breaks. For domains under mechanical load, there is a non-zero probability

that statistically stronger ones break before weaker ones. This probability scales

with the magnitude of overlap between the rupture force distributions of both

domains128;241. In the single molecule force spectroscopy (SMFS) experiments

performed here, the pulling handle is loaded throughout the whole retraction and

force rarely drops to near zero between rupture events. The state of the pulling

handle therefore does not get reset completely, and the probability of rupture

increases with extension. It is thus unsurprising to see SMFS curves that do not

unfold the whole origami structure in a single pulling cycle.

Nonetheless, several salient features are visible in the data. Immediately striking

is the regular, sawtooth pattern present in all of the traces, a signature of the

regularity of design in the tile. The tile unravels in units evidenced by these

sawtooth rips, indicative of cooperative unfolding within each subunit. Notable,

though, is that each ‘rip’ occurs at more or less the same rupture force: the unfolding

of one unit does not render subsequent units easier to unfold.

Also evident in both experimental and simulated curves is the fundamental

stochasticity of the process: even under an identical external protocol, the tile unfolds

along a slightly different pathway every time. The pink and green experimental

curves in (a), both collected at the same force loading rate, and the simulated

curves in (c), also collected at the same rate, differ nonetheless from one another

since barrier crossing is a thermally-activated diffusive process144.

Both the experimental and simulated FECs exhibit a decrease in the slope of

the force rise preceding each sawtooth ‘rip’ as more of the tile unravels, indicating

a decrease in the apparent force loading rate217;190. This is a direct consequence

of the effective increase in the linker length as the origami subunits closest to the

handles unfold, releasing ssDNA, which behaves as an entropic spring that couples

to the harmonic traps to govern the overall force response of the system. The elastic

behaviour of ssDNA – typically modelled as a modified freely-jointed chain259 or



4. Force-induced unravelling of DNA origami 81

Figure 4.2: Force-extension curves for the Rothemund tile. (a) Experimental AFM
curves at force loading rates of Ḟ = 1.8×105 pN/s (green and pink) and Ḟ = 1.4×104 pN/s
(purple). (b) Simulated pulling curves at Ḟ = 3× 109 pN/s (blue) and Ḟ = 3× 108 pN/s
(orange). (c) Simulated pulling curves, both collected at Ḟ = 3× 109 pN/s; the blue curve
is identical to the one shown in (b), reproduced here to facilitate comparison between
pulling simulations carried out at the same loading rate. In all cases, colored traces are
averages of gray curves and represent effective sampling rates of 250 s−1 (experiment),
1.3× 107 s−1 (simulated, slower rate), and 6.6× 107 s−1 (simulated, faster rate).

a worm-like chain2 – is highly nonlinear, and is known to reduce the loading rate

transmitted to a molecule217. Thus, as more ssDNA unravels, the apparent force

loading rate decreases217. This accounts for the sharper, more jagged features visible

near the beginning of the traces being softened, as sharp features are smoothed

through convolution with the soft force response of the increasingly long polymeric

tethers298. The stochasticity in the force-extension traces is more pronounced the

farther from equilibrium the protocol is; in the (non-physical, Ḟ = 0) limit of

quasi-static pulling, the traces would appear identical for every realisation. As the

apparent force loading rate decreases, therefore, so too does the variation from pull
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to pull. We can rationalise this by considering that the width of the characteristic

rupture force distribution for a given structural element increases with force loading

rate, so a smaller spread in observed rupture forces is expected as loading rate

decreases61;26. This explains the increased regularity and reproducibility of features

as the extension grows, apparent in Fig. 4.2 (c). We note that the final segment of

the simulated force-extension curves corresponds to the force response of ssDNA.

The FECs also exhibit a dependence of rupture force on probe velocity, with

the force required to unravel specific features increasing with pulling speed. This

behaviour of rupture force under dynamic loads was first described by Evans and

Ritchie67, following Bell18, who predicted that rupture force is an increasing function

of pulling speed. Later, more refined theories have corroborated this113;61;26, and

experiments are frequently analyzed using this framework268;82;223. In this context,

we can rationalize the maximum rupture force increasing from ∼50 pN for the lower

experimental loading rate to ∼75 pN for the higher experimental loading rate, and

from ∼65 pN for the slower simulated rate to ∼ 100 pN for the fastest simulated

rate. We reiterate that comparing simulation and experimental timescales is a

subtle task, as coarse graining speeds up intrinsic dynamics52.

A key advantage of simulations lies in the ability to correlate force-extension

data with structural changes. Figure 4.3 tracks the breakage of native base pairs as

the tile unravels for two pulling speeds. For a native base pair to be classified as

‘present’ in generating these blue-yellow plots, the nucleotides must have a hydrogen

bonding energy greater than 10% that of a fully formed hydrogen bond. At t = 0,

the tile is fully natively bonded. Each yellow block corresponds to two half-rows:

the blue ‘stripes’ punctuating the yellow regions are regions of single-stranded

scaffold, which can be seen in Figure 4.1 (b) at the end of each row. The nucleotide

labelled ‘0’ is subjected to the moving harmonic trap, while the nucleotide labelled

‘6908’ sits in a stationary trap. Clearly, the structure unravels from the scaffold

ends inwards, corresponding to the location of applied force. While stochasticity is

evident – compare the plots in Figs. 4.3(b) and 4.3(c), collected at the same pulling

rate – remarkable regularity exists, suggesting a well-defined unfolding mechanism.
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Figure 4.3: The pattern of native-bond unfolding in pulling simulations of the Rothemund
tile. Yellow regions indicate bonds that are still in their native configuration; blue regions
indicate an unbonded scaffold nucleotide. (a) Slower pulling rate; (b) faster pulling rate,
corresponding to the blue trace in Fig. 4.2 (b) and (c); (c) second run at faster pulling
rate, corresponding to the red trace in Fig. 4.2 (c). The inset in (b) shows detail of the
unfolding mechanism for three half rows. Nucleotide 0 corresponds to the end associated
with the moving trap. (d) An illustration of a ‘persistent’ staple domain (red) with three
remaining base pairs connecting it to the scaffold (blue); these last base pairs do not
prevent the scaffold backbone aligning with the force, which makes them more resistant
to force-induced melting. By ‘persistent domain’, we mean a domain that remains bound
after the part of the scaffold it is on has been pulled away from the main structure; such
domains are visible as the thin yellow lines in (a), (b), and (c).
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Figure 4.4: Antiparallel (a) and parallel (b) force application modalities. When force is
applied antiparallel to the helix, the geometry is ‘unzipping-like’ and carries an extension
gain per broken base pair of 9.8Å. Applying force parallel to the helix, or in a ‘shear-like’
geometry, by contrast only yields an extension gain per broken base pair of ∼3Å. This
difference renders the forces observed for rows that are ‘sheared’ to be much higher than
those for rows that are ‘unzipped’.

From the plots of base pair breakage versus time, we can glean the basic

mechanism by which the Rothemund tile unfolds. First, note that the routing

pattern for the tile’s rows means that the force is alternately antiparallel and

parallel to the duplex; see Figure 4.4. The gain in free energy per broken base

pair is ∼ F∆z/bp, where ∆z/bp is the extension gain per base pair broken. For

rows where the scaffold strand is anti-parallel to the force (Fig. 4.4(a)), each broken

base pair contributes the base-base distance along the backbone plus the rise of a

base pair in the duplex – in oxDNA, 9.8Å. By contrast, when the scaffold strand

is parallel to the force (Fig. 4.4(b)) ∆z/bp is a more modest ∼3Å, the difference

between the backbone length and the base-pair rise of the duplex. Consequently,

the force required to break a base pair in the parallel geometry is much greater

than the force required to break a base pair in the antiparallel geometry. This is

analogous to the fact that the DNA duplex rupture force for a shear geometry is

much higher than that for an unzipping geometry222;267;185;226.

Consider the upper half of Figures 4.3 (a)-(c). The top half of each yellow

block corresponds to a half-row with ‘shear-like,’ or parallel, pulling geometry, and

the bottom half corresponds to a half-row with ‘unzipping-like,’ or antiparallel,

pulling geometry. The inset of Fig. 4.3 (b) shows the unfolding of three half-rows:
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in parallel pulling geometry (upper half of top yellow block), antiparallel pulling

geometry (lower half of top yellow block), and again in parallel pulling geometry

(upper half of bottom yellow block).

The force increases roughly linearly in the parallel pulling geometry until a

maximum force is reached that allows a full half-row to be sheared off. Once

the final seam staple in this half-row is removed, the subsequent half-row, now in

antiparallel pulling geometry, can begin to unfold immediately because the force

already exceeds the critical unzipping force. Most of the base pairs in the lower

half of each yellow block – the ones that are ‘unzipped’ – break over a short period

of time, as evident in the inset of Fig. 4.3 (b). The consequent rapid release of

scaffold strand leads to the sudden drop in the force seen in the sawtooth features

of Fig. 4.2. Also, for those staples whose long domain is in the half-row that unzips,

yielding generally occurs by the unbinding of the shorter domain from the half-row

below it, leaving the staple attached to the released scaffold. This is visible in

Fig. 4.3 as a series of blue lines in the top halves of the yellow blocks (the half-rows

in ‘shearing’ geometry), as well as the thin yellow lines associated with ‘persistent

domains’ in the bottom halves of the yellow blocks (corresponding to ‘unzipping’

geometry). By ‘persistent domains’, we mean regions where staples remain partially

bound by a single domain to the scaffold strand even after the part of the scaffold

they are on has been pulled away from the main structure.

This mechanism, wherein two rows unravel in parallel, leads to the regular

features in the FECs. This can be quantified by performing a Lomb-Scargle238

periodicity analysis of one of the FECs in Figure 4.2. This analysis, shown in Fig. 4.5,

reveals a strong peak that occurs very close to the length of two rows of the tile.

An additional feature evident from Fig. 4.3 is that there is a tendency for

the corresponding left-hand and right-hand pairs of half-rows to yield almost

simultaneously, giving these plots their rough mirror symmetry. This tendency is

more evident both at the slower pulling rate, and at later times. One of the effects

of this synchronization is to reduce the variability in the FECs at later times.



4. Force-induced unravelling of DNA origami 86

Figure 4.5: Lomb-Scargle periodogram indicating periodicity in the force-extension
curves of the Rothemund tile (red) and the helix bundle (green), both pulled at Ḟ =
3.2 × 108 pN/s. The red peak near 0 is an artefact of the truncated curve – it would
correspond to a very long timescale oscillation where the force returned to 0 at ∼8000nm.
The highest peak, at 0.0029 nm−1, corresponds to a length of 345 nm, very close to the
length of two rows of the tile: 2 × 284 nt × 0.64 nm = 363 nm, confirming the picture of
the tile unfolding two rows at a time. The helix bundle’s force-extension curve lacks any
clear periodicity.

Some asymmetry in the application of force is visible in the plots: persistent

domains are more numerous in the lower half of the plots, corresponding to the half of

the structure furthest from the moving trap. For example, in the faster simulations,

at 5.0 µs in Fig. 4.3 (b) (after 15 rows have unfolded), there are 39 persistent domains

in this lower half, while the upper half contains only 20 such domains. Similarly,

at 8.0 µs, after all rows have unfolded, 44 persistent domains remain in the lower

half and only 22 in the upper region. This asymmetry is an indication that the

timescale over which force is increasing is faster than the time required for the force

to propagate through the structure; that is, one half of the tile ‘feels’ a somewhat

larger instantaneous force than the other half, making the force-induced melting of

these persistent domains more likely. This effect is thus more pronounced for the

faster pulling rate. Indeed, in the slower simulations, there is much less asymmetry

in the persistent domains; e.g. just after ∼32.0 µs (after 11 rows have unfolded),

there are 11 persistent domains in the lower half and 13 in the upper half. Such

delayed propagation of stress along polymer chains has been noted elsewhere77.
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A further difference between the two rates is visible in the recurrent breakage

and re-formation of base pairs in persistent staple domains, which occurs much

more frequently at the slowest pulling rate. When the force approaches a maximum,

the persistent domains begin to melt and the number of base pairs in these domains

diminishes; but once the “rip” has occurred and the force in the system decreases,

at the slowest rates there is sufficient time for the domain to reanneal. Note that

the last few base pairs between staple and scaffold are significantly more resistant

to force-induced melting, because the scaffold back-bone can then approximately

align itself with the direction of the force and so the extensional gain from strand

melting is much reduced185; see Figure 4.3(d).

The simulations also allow us to directly visualize the changes in configuration

underlying these events. Figure 4.6 depicts the mechanisms underlying a typical

“sawtooth” feature in the FEC. At point I, the top row is in a ‘shear-like’ pulling

geometry. As force increases, the base pairs become increasingly strained, par-

ticularly on the left-hand side of the tile, corresponding to the moving harmonic

trap. Structure II reveals the tile immediately after the final staple of the topmost

left-hand half-row – the central seam – has been broken, but with the seam staple

between the lower two half-rows still just in place. The half-row underneath then

begins to unzip, and the left-hand half-row has completely unzipped by stage III.

The consequent removal of the second bridging seam staple has a significant effect

on the unravelling of the right-hand side. It allows the section nearest the seam to

rotate about the nearest junction, dramatically changing the geometry of the pulling.

At III, unzipping of the second half-row on the right-hand side has begun, even

though the staples nearest the seam are still intact in a subunit that is now roughly

vertical. The small peak in the FEC at III corresponds to this yielding of the right-

hand side. The key role of the seam staples underlies the synchronized unravelling

of the pairs of half-rows. Two rows, corresponding to the basic sawtooth unit in the

force-extension plots, have been unravelled between I and IV – further confirmation

of our picture of the basic mechanism of unfolding for the Rothemund tile.
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Figure 4.6: Structural illustration of the unfolding mechanism of the tile. A section
of a simulated force-extension curve at Ḟ = 3 × 108 pN/s is shown; the gray curve is
an average. I, II, III and IV are configurations at different times, as marked on the
force-extension curve. I denotes a configuration at the beginning of a shearing mode.
The sawtooth feature that peaks at point II corresponds to the top row being sheared
open (see also blowup); subsequently, the next row unzips. The small bump at III occurs
because the right half of the row unzips at a slightly later time than the left. Like I, IV is
a configuration at the beginning of a shearing mode, but after a row has been pulled off.
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(b)

(a)

Figure 4.7: (a) Force-extension curves corresponding to unfolding the 10-helix bundle
with moving harmonic traps at loading rates of Ḟ = 3.2 × 109 pN/s (blue) and Ḟ =
3.2 × 108 pN/s (red and orange). (b) Structural snapshot, corresponding to the black
marker and arrow in (a), of the final rupture feature in the force-extension curves: three
helices are in a shear geometry.

4.4 10-Helix Bundle

The 10-helix bundle was originally designed by Bae et al. 13 to explore the concept of

mechanical origami assembly as an alternative to annealing—the scaffold was held

at constant tension to eliminate transient secondary structure as folding progressed—

but the force-extension curve associated with disassembly was also probed. It is

both topologically and structurally more complex than the Rothemund tile. Firstly,

the staple routings on the 1768-nucleotide scaffold are more non-local, with some

staples spanning up to 5 domains (see Fig. A.2). Secondly, the structure is 3D

rather than 2D. Despite these differences, the simulated FECs share many common

features with those of the Rothemund tile: the basic sawtooth-like, ‘stick-slip’

dynamics, shown in Figure 4.7; an overall increase in rupture forces as pulling
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Figure 4.8: The pattern of native-bond unfolding in pulling simulations of the 10-helix
bundle at (a) Ḟ = 3× 108 pN/s (the dark red curve in Fig. 4.7(a)); (b) Ḟ = 3× 109 pN/s
(the blue curve in Fig. 4.7(a)); and (c) a second run at Ḟ = 3×108 pN/s (the orange curve
in Fig. 4.7(a)). Yellow regions indicate bonds that are still in their native configuration;
blue regions indicate an unbonded scaffold nucleotide. In contrast to the Rothemund tile,
the plot for the faster pulling rate is more symmetric because the faster rate makes it less
likely for the structure to find the more favourable asymmetric unfolding pathway.

rate increases; and increased reproducibility with increasing extension in the traces

performed under the same conditions.

One consequence of the more complex structure, however, is that there is a

less obvious preferred folding pathway; a multiplicity of possible unfolding events

may yield the same change in extension. Figure 4.8 shows that the helix bundle
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Figure 4.9: Structures exemplary of the stochasticity in the force-extension unfolding
curves for the 10-helix bundle. Curves for each simulation, performed at the force loading
rate Ḟ = 3.2× 108 pN/s, are shown at top, and the locations of the structural snapshots
are indicated. The unfolding pathway of the orange force-extension curve, shown on the
left, exhibits unravelling from both ends before the first helix has completely yielded.
The unfolding pathway of the red force-extension curve, however, features a complete
unfolding of the first helix before others begin to yield.
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Figure 4.10: The fraction of base pairs unfolded as a function of the fractional extension
(measured with respect to the extension at 100 pN) for the Rothemund tile and 10-
helix bundle. The Rothemund tile exhibits a regular, linear pattern of ∆z/bp as rows
alternatingly shear and unzip. By contrast, the curve for the helix bundle is much more
non-linear, and curvature in the plot indicates a strain-softening, or shielding, effect: once
certain key basepairs unfold, subsequent basepairs are easier to break.

samples different unfolding pathways at different loading rates, and comparing

Figures 4.8(a) and (c) establishes that multiple unfolding pathways are sampled

even under identical simulation conditions. This is explored in structural detail

in 4.9. For example, in one simulation, the bundle unfolds along a single helix

before other helices unravel (Fig. 4.9, right panel). In another trace, collected

under identical simulation conditions, other helices begin to yield from the opposite

scaffold end before the first is finished unravelling (Fig. 4.9, left panel). Even along

a single pathway, there is no clear uniformity in terms of a repeating unfolding

unit; Figure 4.5 reveals an absence of periodic signatures in Fig. 4.7(a) associated

with any particular length scales.

Also notable is the fact that in many regions, successive rupture events occur
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Figure 4.11: Structural illustration of the first large unfolding rip in a force-extension
curve collected at Ḟ = 3× 108 pN/s. The origin of the ‘strain-softening effect’, in which
subsequent unfolding rips occur at lower forces, can be seen in the images: once the first
helix (red) completely unwinds between I and II, many of the multiple-domain staples
(white) attached to other helices (blue) have been compromised. Subsequent helices thus
require lower forces to yield.
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at progressively lower forces. For all traces, the highest forces reached occur near

the start of the unravelling process. This ‘strain-softening’ effect arises because,

unlike with the Rothemund tile, the gain in extension per base pair broken varies

significantly as the helix bundle unravels. Figure 4.10 reveals the difference: whereas

the behaviour of ∆z/bp is essentially linear for the tile, the helix bundle ∆z/bp

contains regions of curvature, wherein breaking of key domains renders the structure

increasingly compliant; it ‘catastrophically’ fails. This unfolding behaviour has

been described previously as ‘shielded’ unfolding, in which structural topology

prevents weaker barriers from being compromised before stronger ones.214. A

specific structural example of this shielding is shown in Figure 4.11: once the first

full helix has unravelled at ∼ 170 nm, the remainder of the bundle is comparatively

easier to unfold. Given the multi-domain nature of the staples, unravelling the

first helix weakens many of the staples holding subsequent helices in place; this

gives rise to the strain-softening observed. The plots in Fig. 4.8 (particularly (b))

illustrate the weakening of the interior regions of the bundle. Unravelling does

not simply occur from the ends inwards, as with the tile; as the final failure is

approached, the structure appears to separate into multiple blocks. Strain-softening

is visible up to ∼ 650 nm extension. At this point, as illustrated in Figure 4.7 (b),

three helices remain and force application occurs roughly in a shearing geometry,

accounting for the ∼ 75 pN force required to unfold this final feature – not far

below the initial maximum force of ∼ 85 pN.

Employing a linearly increasing force protocol rather than harmonic traps makes

the bundle’s catastrophic failure even more evident: Figure 4.12 contains FECs for a

range of force loading rates, where scaffold ends are both held at the same, linearly

increasing, tension. Again, we note the increase in rupture force for increasing force

loading rate. After a few initial rupture events, visible in the inset of Fig. 4.12, the

bundle essentially unfolds ‘all at once,’ evidenced by the long linear regions in the

force-extension data. Once the monotonically increasing force surpasses the critical

force at which all landscape barriers are removed, unfolding enters a purely downhill

regime. Thus, the force application protocol is clearly of central importance in
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Figure 4.12: Simulated force-extension curves for the 10-helix bundle collected under
a linearly increasing force protocol. Force loading rates decrease from top to bottom:
Ḟ = 3.2× 108 pN/s, 3.2× 107 pN/s, 3.2× 106 pN/s. The inset shows details of the initial
rupture events preceding catastrophic unfolding.

the analysis of molecular mechanical properties; in the case of harmonic traps,

the molecule has opportunities to partially relax, allowing us to distinguish more

detailed features in the force-extension curves.

Bae et al. 13 also noted cooperative unfolding of the helix bundle, which in their

magnetic tweezer pulling experiments began to yield at ∼ 30 pN – a rupture force

half as large as for our systems, which yield at ∼ 60 pN under the slowest pulling

rate. Their experimental force loading rate was not provided, but it was certainly

smaller than our slowest rate, which probably accounts for most of the discrepancy.

It is noticeable that there is a pronounced asymmetry with respect to scaffold

ends in Fig. 4.8(a) and (c), but to a much lesser extent for the faster pulling rate,

Fig. 4.8(b). This pulling-rate dependence is the opposite of the behaviour observed

for the tile (Fig. 4.3(a)-(c)), and is a result of an asymmetry in the helix bundle’s
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Figure 4.13: Bond breakage as a function of end-to-end extension for the six 44-base pair
aptamer locks in the 7-tile assembly. Lock 1 is located nearest the moving harmonic trap
(the uppermost in Fig. 4.15), lock 2 is the next furthest away, and so on to lock 6, which
is closest to the stationary harmonic trap. The pulling rate of Ḟ = 3.2× 108 pN/s is too
rapid to differentiate the breaking of individual locks; sets of two locks yield approximately
simultaneously, from the ‘outside’ (near the traps) to the ‘inside’.

design. Specifically, there is an additional nick close to the end of helix 3 (see

Fig. A.2) that will lead to a somewhat lower barrier for unravelling to be initiated

from this end. If initiation occurs from just one end, the origami will then tend

to rotate so that the points at which the force acts on the origami are co-linear,

which in turn leads to a greater extensional release if that row continues to unravel.

Furthermore, the resulting localized strain-softening will make it more likely that

subsequent unraveling will continue from this end. When the pulling rate is higher,

as in Figure 4.8 (b), the system has less time to find the most favorable pathway,

and a more symmetric picture emerges.
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Figure 4.14: Force-extension curve for the 7-tile assembly for loading rate Ḟ = 3.2×
108 pN/s. Light gray curve represents data at a sampling rate of 4×108 s−1 , and the black
curve is an average, representing a sampling rate of 4× 106 s−1 . Aptamer lock breakage
events are indicated by the red arrows. Slower pulling rates would enable individual
lock-openings to be seen more clearly. Note that as seen in Fig. 4.13 and Fig. 4.15, the
last few base pairs in lock 4 do not fully unbind on the timescale of this simulation due to
the tiles themselves beginning to unravel.

4.5 7-tile Biosensor

To illustrate the insights that can be obtained even for very large systems, for

which simulated pulling rates are necessarily much greater than experimental rates,

we also simulated the 7-tile biosensor of Koirala et al. 141 ; cadnano structure is

included in Appendix A. The 14, 761-nucleotide origami consists of seven rectangular

tiles joined by 44-base pair duplex ‘locks’, where the breaking of the locks can be

observed as a large change in extension due to the connected tiles then being able to

re-orient along the direction of applied force. In the experiments, the locks opened

sequentially. Even at our slowest pulling rate of Ḟ = 3.2× 108 pN/s, we observed
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A
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Figure 4.15: Structural snapshots illustrating the unfolding mechanism of the 7-tile
biosensor of Koirala et al. 141 at a force-loading rate of Ḟ = 3.2× 108 pN/s. The duplex
‘locks’ are labelled with red arrows in the first panel. The end-to-end length in the leftmost
panel is 181 nm, and in the rightmost panel is 475 nm. As expected and experimentally
observed, the locks open outermost to innermost.

the locks opening at the same time (Figs. 4.13 and 4.14). Nevertheless, the locks

break in the order expected, outermost to innermost; Figure 4.15 illustrates the

unlocking mechanism. Despite the fact that the resolution of individual events is

not comparable to the experimental force-extension curves141 given the relatively

high force loading rate, the signature of the locks opening can still be seen in the

force-extension data (Fig. 4.14). Furthermore, at this high rate, the tiles themselves

begin to unravel somewhat before all of the locks have broken, a sign that our

simulations are far from equilibrium. This example of a large system illustrates some
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of the limits of of our simulation method; however, we are still able to capture salient

insights, indicating that simulated SMFS can still be valuable for very large systems.

4.6 Conclusions

We have used molecular simulations performed using the oxDNA coarse-grained

model to characterize the mechanical force response of two archetypal DNA origami

systems, the Rothemund tile and a 10-helix bundle, and to explore the force

response of a 7-tile biosensor. We also performed AFM pulling experiments on

the Rothemund tile, enabling us to correlate features in experimental data with

structural changes revealed in simulation. Both experiments and simulations

exhibited regular, sawtooth unfolding behaviour in the force-extension curves for

the Rothemund tile, and captured yielding at similar forces: ∼65 pN–75 pN.

Our force-extension data yield insight into the complex free-energy landscapes

for origami unfolding, underscoring the much richer force-induced melting behaviour

of origami compared to dsDNA. We observe stochasticity in the unfolding process

for both systems; multiple pathways, cooperative unfolding, and strain-softening in

the unfolding of the 10-helix bundle; and geometry-dependent ∆z/bp. Since force

biases the pathways taken through the unfolding landscape, we expect the assembly

landscapes for these systems to exhibit even greater complexity.

Variations in rupture forces with pulling rates imply that any designed structural

resistance to force will be loading rate dependent185. The effect of design on force-

response behaviour has been highlighted by the disparate results obtained for the

Rothemund tile, which unfolds modularly, and the 10-helix bundle, whose non-

local staple routings lead to strain-softening and catastrophic failure. Differences

between results obtained using linear and harmonic force pulling also underscore

the importance of carefully planning force application protocol in SMFS studies.

Our results also reveal a glimpse of the complexities of force propagation through

origami structures, manifesting in asymmetric unravelling behaviour. Valuable

future investigations could consider in more detail how force propagation dynamics

are complicated by the presence of junctions and multi-domain staples.
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We have demonstrated the possibilities for improving comprehension of origami

mechanical response and informing rational design of nanostructures through joint

simulation and experimental studies. As it is uniquely suited to capturing the

unravelling of large DNA nanostructures, our simulation strategy complements

existing approaches to modelling the mechanical properties of origami, and we hope

future work will continue to profit from the insights offered by DNA origami

force spectroscopy.



Seldom, very seldom, does complete truth belong to any
human disclosure; seldom can it happen that something
is not a little disguised, or a little mistaken.

— Jane Austen, from Emma (1815).
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5.1 Introduction

Given the crucial importance of DNA in both biological and nanotechnological

contexts, as outlined in Chapter 1, its elastic properties are of fundamental interest

and have been the subject of extensive experimental259;84;29, computational308;226

and theoretical169;194 investigation.

101
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In both double- and single-stranded forms, DNA polymers behave as entropic

springs, resisting any decrease in configurational entropy. Circumscribing the end-

to-end distance of DNA polymers, therefore, gives rise to entropic forces. This effect

is most pronounced for ssDNA, which has a bending stiffness ∼ 50× lower than that

of dsDNA29 and is typically modelled as a freely-jointed random chain. Extending

ssDNA by even a few nm leads to forces in the pN range259;29. Consequently, a

growing number of nanotechnological applications that seek to measure or apply

forces in the biologically relevant regime of 0-20 pN254 make use of ssDNA.

Exploring the role of force in biological contexts is essential to the understanding

of diverse processes. Cells widely employ mechanotransduction – the conversion of

mechanical signals into chemical responses – through mechanosensitive ion channels

that open in response to specific tension in cellular membranes119; modulation

of gene expression through the mechanical state of the nucleus276; and force-

induced changes to the catalytic activity of enzymes119, among other mechanisms.

The entire cellular skeleton, in fact, is a tensegrity network: its fibres balance

compression and tension to maintain a prestress in the structure, allowing it to

perform a central role in mechanotransduction with implications in embryogenesis

and disease119;282. Additionally, force and torque are important to the functioning

of molecular machines, from the transport molecule kinesin to ATP synthase, the

energy production factory of all cells28.

Comprehension of these mechanisms requires precise knowledge of the forces

involved, which has motivated the construction of various molecular force-sensing

devices91;95;41. Many of these capitalize on the entropic spring behaviour of

ssDNA254;177: changes in the extension of ssDNA caused by binding events or

conformational changes in a system of interest are read out as forces. Nanoscopic

force-sensing devices have been applied to study, for example, proteins that connect

cells to extracellular filaments91 and DNA repair proteins95. Alternatively, the

extension of ssDNA can be controlled to exert known forces on a molecule in force

spectrometers, which have been employed to investigate nucleosome association78

and the binding of transcription factors193.
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Beyond applications to the study of biologically-relevant systems, the entropic

spring behaviour of ssDNA – and associated forces in the pN range – plays a

fundamental role in manifold DNA nanotechnological devices. In so-called DNA

wireframe architectures like polyhedra and buckyballs86;103, flexible ssDNA strands

act as vertices that link stiff double-stranded regions to achieve designed shapes.

Some tensegrity structures – like DNA origami tensegrity prisms and kites – feature

ssDNA as the mediator of constant stress in the design155;255. Liedl et al. 155

demonstrated the ability of DNA helix bundles in these structures to assemble

against a force of ∼14 pN applied by ssDNA linkers. While tensegrity structures are

as valuable as engineering elements on the nanoscale as they are on the macroscale255,

they have an added potential use as biomimetic nanostructures for the study

of cellular mechanotransduction155. Finally, ssDNA springs have found use in

nanocages designed for drug delivery57 and nanotubes capable of the controlled

release of gold nanoparticles159.

In all of the aforementioned applications, knowledge of the precise forces involved

is crucial for both the rational design and accurate interpretation of experiments. To

this end, some have attempted to calibrate polymer springs using laser optical tweezer

setups254;91. As discussed in Chapter 3, such experiments are prone to instrumental

artefacts including convolution with long linker handles and the response of the

dielectric beads suspended in the laser traps. Consequently, the ssDNA forces are

only known to limited resolution, in one case∼5 pN254. More accurate determination

of forces requires an alternative strategy. One possibility is to use theoretical models

of ssDNA elasticity to assign forces to particular extensions155;193; however, as we

will see in the next section, this solution is sub-optimal because deficiencies in the

accepted models lead to incorrect force estimates.

5.1.1 Models of ssDNA Elasticity

The simplest polymer description of ssDNA is the freely jointed chain (FJC) model.

The FJC describes a polymer as a chain of connected rigid segments of equal

length ` (typically called the Kuhn length) that are free to rotate about their
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Figure 5.1: Schematics of the two polymer models most commonly used to describe
DNA. (a) In the freely-jointed chain (FJC) model, DNA is modelled as a chain of rigid
segments that are free to rotate about their connection points. In the presence of force,
the orientations of individual segments ~̀ are no longer random, but are biased to point
along the direction of force. Similarly, holding the chain at fixed extension x generates
an entropic tension. (b) In the worm-like chain (WLC) model, DNA is treated as a
continuously flexible rod characterized by a persistence length `p that quantifies the
distance along the backbone over which correlations between tangent vectors ~t decay.

connection points; a single configuration of the chain is equivalent to a random

walk. In the absence of force, the expected mean squared end-to-end extension of

an N -segment FJC is the same as the mean squared displacement of an N -step

random walk with step size `: 〈R2
ee〉 = N`2. When polymer ends are subjected

to a biasing force F , as in Figure 5.1(a), the orientations ~̀ of chain segments are

no longer completely random. To find the expected end-to-end extension 〈x〉 for

a given applied force, we first consider that any change in free energy dA will be

equivalent to the work done against the force:

dA = − d(F 〈x〉) = −F d〈x〉 − 〈x〉 dF (5.1)

and therefore 〈x〉 = −∂A
∂F

. To find the Helmholtz free energy A = −kBT lnZ, with

kBT the usual thermal energy, we must find the partition function, Z:

Z =
∫

d ~̀1
∫

d ~̀2 . . .
∫

d ~̀Ne−E({~̀i})/kBT (5.2)

where E({~̀i}) is the energy of a particular configuration of the FJC characterized

by set of segment orientation vectors {~̀i} and total end-to-end extension along

the direction of force x:

E({~̀i}) = −Fx = −
N∑
i

~F · ~̀i = −F`
N∑
i

cos θi (5.3)
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where θi is the angle the ith segment makes with the direction of applied force and

` is the magnitude of ~̀i, as in Fig. 5.1(a). The energy is thus separable into N

independent terms, and the overall partition function is derivable from the partition

function for one segment, ZN = ZN
1 , which is

Z1 =
∫

d ~̀1e−F` cos θ1/kBT =
∫ 2π

0
dφ1

∫ π

0
dθ1 sin θ1e

−F` cos θ1/kBT

= 4πkBT
F`

sinh
(
F`

kBT

) (5.4)

where φ and θ have their usual definitions for a spherical coordinate system,

whence we derive

〈x〉 = −∂A
∂F

= kBT
∂ lnZN

1
∂F

= NkBT
∂

∂F
ln
 1
F

sinh F`

kBT


= N`

 coth
(
F`

kBT

)
− kBT

F`

.
(5.5)

In the limit of low forces (F � kBT/`), the force-extension behaviour of the

FJC is Hookean:

F ≈ 3kBT
N`2 〈x〉 (5.6)

and in the high-force limit (F � kBT/`),

F ≈ kBT

`

1
1− 〈x〉/Lc

, (5.7)

which diverges as expected as the extension 〈x〉 approaches the total, or contour,

length of the chain, Lc.

In describing ssDNA, an extensible freely jointed chain (exFJC) model is usually

used, in which the ability of DNA to deform under stress is incorporated into

Eq. 5.5 as an additional enthalpic term258;259:

〈x〉 = Lc

 coth
(
F`

kBT

)
− kBT

F`

1 + F

S

, (5.8)

where S is a stretching modulus and Lc = N` is the contour length of the chain.

In the seminal work of Smith et al. 259 , force-extension curves resulting from single
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Figure 5.2: Force-extension data collected in optical tweezer experiments on 48 502-base
λ phage ssDNA by Smith et al. 259 . The green curve was collected at [Na+]=150 mm and
the red curve was collected at [Na+]=1 mm. The fit to the FJC model (Eq. 5.5) is shown
as a dashed line; an extensibility correction is necessary to fit the high-force data properly
(Eq. 5.8). The authors attribute the failure of the exFJC model to fit the low-force data
for the red curve to electrostatic repulsion and excluded volume, more prevalent at low
salt. Adapted from Smith et al. 259 .

molecule force experiments on ssDNA were fit to the exFJC model; their results

are reproduced in Figure 5.2. Force pulling experiments were performed on λ-

DNA (48 502 bases) at 150 mm [Na+] (green curve) and 1 mm [Na+] (red curve).

Equation 5.8 (solid line) fits the data reasonably well, and much better than does

Eq. 5.5 (dashed line). The authors report fit parameters for Kuhn length `=15 Å, for

stretch modulus S=800 pN, and for contour length per base pair Lc/bp=0.56 nm∗.

While the ssDNA at low ionic strength (red curve) conforms to the exFJC at

high forces, it diverges at low force; ssDNA is stiffer at low salt due to increased

electrostatic repulsion, and is therefore often described in the literature by an

alternate polymer elastic model: that of the worm-like chain (WLC).

First proposed for chains of discrete segments by Kratky and Porod145, the WLC

model is more suitable than the exFJC for stiff molecules because it treats polymers

as continuously flexible rods; see Figure 5.1(b). The fundamental parameter in
∗Subsequent literature that invokes the fit parameters of Smith et al. 259 often uses

Lc/bp=0.63 nm from other sources186;176.
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the WLC model is the persistence length `p, which characterizes the distance

over which correlations between tangent vectors decay. If we let ~t(0) and ~t(s)

be tangent vectors separated by a distance s along the polymer backbone (as in

Fig. 5.1(b)), `p is defined through

〈~t(0) · ~t(s)〉 = e−s/`p . (5.9)

No closed-form analytical expression for the force-extension relationship of a WLC

exists, but Marko & Siggia 169 derived an approximate expression:

F ≈ kBT

`p

[ 1
4(1− 〈x〉/Lc)2 −

1
4 + 〈x〉

Lc

]
, (5.10)

where Lc is again the full extension, or contour length, of the polymer and 〈x〉

is the expected end-to-end extension along the direction of force. At low forces

(〈x〉 � Lc), the WLC also behaves as a Hookean entropic spring:

F ≈ 3kBT 〈x〉
2`pLc

(5.11)

Comparing with Eq. 5.6, we see that in this limit, the effective Kuhn length is 2`p.

While dsDNA is well-described by the WLC and variants thereof that incorporate

twisting and stretching169;168 and couplings between them93;194, an ambiguity exists

regarding which model provides the best description of ssDNA elastic behaviour, and

authors have used both WLC and exFJC to fit ssDNA in different regimes, dependent

on ionic conditions and force110;21. At low ionic concentrations, electrostatic

repulsion fosters increased rigidity of ssDNA, so the WLC model may be preferable

to the exFJC, which works better at higher salt concentrations110. Both models,

however, neglect excluded volume and stacking interactions between ssDNA bases.

As an illustration of how these realities can complicate the interpretation of ssDNA

through the lens of polymer models, consider the results of oxDNA simulations†

shown in Figure. 5.3. Equilibrium VMMC simulations at a number of different

constant external tensions between 0 pN and 60 pN were performed on a 50 bp

segment of poly-A ssDNA, which exhibits strong base pair stacking at the salt
†Most of these simulations were carried out by undergraduate research student Michele Fava,

co-supervised by myself, but some were performed by me.
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Figure 5.3: Results of oxDNAMC simulations on a 50 nt poly-A strand at [Na+]=0.525 m
and a variety of forces. The simulated FEC in (a) (circles) was fit to the WLC chain
model (blue curve), and the resulting parameters were used to construct an expected
end-to-end distance distribution, P (Ree) (blue curve, (b)). In (b), the simulated P (Ree)
(black) was fit to the WLC model (green curve), and the resulting parameters were used to
construct an expected FEC (green curve, (a)). The disagreement between fit parameters
obtained under different conditions underscores the deficiencies of the WLC model, due
in large part to stacking: a strand forced to retain base pair stacks is shown in orange in
(a), and agrees fairly well with the parameters obtained from the zero-force data in (b).
Simulations were the collaborative work of summer student Michele Fava and the author,
and the figure was compiled by Dr. Lorenzo Rovigatti.

concentration used, [Na+] = 0.525 m. The average extension at each force was used

to construct the FEC in Fig. 5.3(a), and the F > 20 pN region was then fit to the

WLC model (blue curve). Fig. 5.3(b) contains the probability distribution of the

chain’s end-to-end distance, P (Ree), at 0 pN (black curve), which was fit to the

predicted form of P (Ree) for the WLC as approximated by Becker et al. 16 (green

dashed curve). Finally, the parameters for contour length Lc and persistence length

`p obtained from the FEC fit – Lc ≈ 38.8 nm and `p ≈ 0.35 nm – were plugged into

the P (Ree) equation (Fig. 5.3(b), blue curve). Similarly, the parameters obtained

from the P (Ree) fit – Lc ≈ 18.8 nm and `p ≈ 5.7 nm – were plugged into the WLC

force-extension equation (Fig. 5.3(a), green dashed curve). What is immediately

striking is the discord between the two methods of fitting ssDNA to the WLC.

If zero-force data are used, the ssDNA appears much ‘stiffer’ and shorter than if

high-force data are used. The plateau around 25 pN in the FEC corresponds to

the disruption of stacking. To emphasize that the disparity between zero-force

and high-force fit results is caused partly by the fact that base stacking breaks
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at high forces, changing the nature of the polymer, the simulations of Fig. 5.3(a)

were repeated without allowing base stacks to break (orange curve); in this case,

good agreement with the zero-force WLC data (green dashed curve) is observed.

Also contributing to the discrepancy are excluded volume effects, which are more

pronounced at low force when the ssDNA is more compact. The disagreement

between ssDNA elastic parameters obtained from experiments performed at zero-

force and those obtained from FECs is widespread in the literature259;149;21, but

interestingly has not been widely acknowledged.

Clearly, polymer models which neglect excluded volume and stacking interactions

are insufficient to describe ssDNA. Beyond these issues, a more fundamental problem

exists: ssDNA is able to form so-called secondary structures – wherein a strand base

pairs with itself to form, for example, hairpins. Like stacking interactions, secondary

structures are more pronounced at low forces, as high tension causes them to break,

and FEC fits will be plagued by this problem. The signature of ssDNA secondary

structure has been observed in experimental FECs as a plateau at low forces110;21,

and higher ionic strengths will intensify this effect, as reduced electrostatic repulsion

will facilitate hydrogen bonding. Consider again Fig. 5.2: the secondary structure

plateau is much more pronounced in the curve collected at [Na+]=150 mm (green)

than in the curve collected at [Na+]=1 mm (red). Since different ssDNA sequences

will have characteristic secondary structures that alter elastic behaviour in unique

ways, no general method of correcting for these issues exists.

In spite of these caveats, the original fit parameters obtained by Smith et al. 259

from the FECs in Fig. 5.2 are frequently invoked to describe the entropic spring

behaviour of ssDNA155;193;242, even for experimental conditions that differ from those

under which the original data were collected, and have been used to parametrize

coarse-grained models137;221. As discussed above and elucidated in the remainder

of this chapter, for applications that require accurate estimation of forces, this

practice is inadequate. As we will show, simulations can provide better estimates

of the internal forces in ssDNA, not only by recreating secondary structures, salt,

and temperature conditions relevant for a particular application, but by capturing
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Figure 5.4: oxDNA representation of the system used in the text to illustrate the force
propagation mechanism in oxDNA: a 160-nt single poly-T strand whose ends are held in
harmonic traps of stiffness 285 pN/nm centred 41.9 nm apart.

more realistic ssDNA behaviours like stacking and excluded volume interactions.

Motivated by the previous success of the oxDNA in describing DNA behaviour (as

detailed in Chapter 2), we employ coarse-grained oxDNA simulations to calculate

internal forces in ssDNA to demonstrate their suitability for this purpose. The next

sections of this chapter introduce internal forces in the oxDNA model and outline

the correct method for calculating tension in oxDNA structures. An application

of these concepts to calibrate a recently proposed experimental force clamp193

is then presented.

5.2 Force propagation in the oxDNA model

To illustrate the mechanism of force propagation through ssDNA in oxDNA, we

consider a sample system, shown in Figure 5.4: a 160-nt single poly-T strand

simulated at 21 ◦C and [Na+]=10 m whose ends are held in harmonic traps of

stiffness 285 pN/nm centred 41.9 nm apart†. Under these conditions, the exFJC

model (Eq. 5.8) predicts an entropic tension in the chain of ∼4.4 pN, using the

parameters reported by Smith et al. 259 : Kuhn length ` = 1.5 nm, contour length

Lc =160 nt × 0.56 nm, and elastic modulus S = 800 pN. Simulations were also

performed for the strand with base stacking interactions suppressed.

The average force experienced by each nucleotide due to all other nucleotides in

the chain is shown for each dimension in Figure 5.5, for both the poly-T strand and
†This choice of setup was inspired by the system of Nickels et al. 193 , discussed in section 5.3,

but differs slightly due to refinements made to more closely emulate experiments.
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Figure 5.5: Forces experienced by nucleotides in the single strand. Coloured lines
represent the total force each nucleotide experiences due to all other nucleotides in the
chain, in all three directions. The black curves, labelled ‘y+’, represent ‘one-sided’ force
in the y-direction: the net force exerted on a nucleotide by all nucleotides topologically
upstream of it. The dashed black curve is the result obtained when base stacking
interactions in the strand are suppressed.

the strand for which stacking interactions have been suppressed; as expected, given

that the chain is in equilibrium and therefore is experiencing no net acceleration,

the average force for all nucleotides is ∼0 pN. We can also consider the ‘one-

sided’ force, ‘y+’ in Fig. 5.5, which is the net force exerted on a nucleotide by

all nucleotides topologically upstream of it. For example, the one-sided force

experienced by nucleotide #50 is the sum of all forces exerted on it by nucleotides

#51-160. The average one-sided force is also ∼0 pN along the axes perpendicular to

the direction of constraint, but ∼3.84 pN for the stacked strand, and ∼5.79 pN for

the unstacked strand, along the direction of trap separation, indicative of entropic

tension. That the force is higher when stacking interactions are suppressed is

physically reasonable: a stacked chain is stiffer than an unstacked one, and has
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Figure 5.6: Force distribution averaged over all nucleotides in the strand of Fig. 5.5,
both with the normal oxDNA model (circles) and with stacking interactions turned off
(squares and triangles), using two different thermostats. Forces are net forces exerted on
each nucleotide by all other nucleotides in the chain, and are shown along the direction
of constraint (y) and along an orthogonal axis (x). The black line is the theoretical
expectation if the FENE potential is the only mediator of force.

fewer phase space conformations available to it; thus, its entropic tension is lower.

We first note that the effective force shown in Fig. 5.5 is an average, and that

instantaneous forces can be much larger. We can consider this in more detail by

looking at the distribution of forces experienced by an individual nucleotide along

the chain, shown in Figure. 5.6 (averaged over all nucleotides in the chain) for two

directions: along the axis of constraint (y) and orthogonal to the axis of constraint

(x), and for two different thermostats: Andersen-like and Langevin (described in

Chapter 2). Data for the x and y axes are in good agreement, as are data for the two

thermostats, which confirms that the distributions are not artefacts of a particular

thermostat choice. The first thing to notice is that the distributions are very
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broad. Secondly, we compare a simulation with stacking turned off to a full oxDNA

simulation, and force distributions corresponding to the full simulations are broader

than those with stacking turned off. In both cases, the considerable magnitude of

the forces can be explained by looking in detail at the underlying oxDNA potentials.

5.2.1 Theory

To rationalise the shapes of the distributions in Fig. 5.6, we first note that for a

single poly-T strand of DNA, the primary mechanisms available for internucleotide

force transfer are propagation along the backbone, mediated by a finitely extensible

nonlinear elastic (FENE) potential, and stacking interactions between bases.

FENE potential

It is easier to analyze the simpler system with stacking forces turned off, where

the FENE potential will dominate. The FENE potential as implemented in

oxDNA is given by

V (r) = − ε2 ln
1−

(
r − r0

∆

)2
, (5.12)

where ∆ = 0.25 (0.21 nm); ε = 2 kBT* with T* a reduced temperature, 3000K;

and r0 = 0.7564 (0.644 nm) in oxDNA 2.0261. The probability of finding bases

separated by r is

P (r) = e−βV (r)∫
e−βV (r)dr

= e−βV (r)

Z
, (5.13)

and the free energy, A, as a function of r is

A(r) = −kBT ln(P (r)). (5.14)

The force experienced by nucleotides separated by distance r is

~F (r) = −∂A
∂r

r̂ = −∂V
∂r

r̂ =
ε

∆2 (r − r0)
1−

(
r−r0

∆

)2 r̂, (5.15)
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and is directed along the backbone. If we let ~F (r) = F r̂, the probability density

function for observing a force F , g(F ), can be found by noting g(F ) dF = P (r(F )) dr,

or g(F ) = P (r(F )) dr
dF

, where P (r) is given by equation 5.13 and r(F ) is found

by inverting equation 5.15:

r(F ) = − ε

2F ±
1

2F
√
ε2 + 4∆2F 2 + r0. (5.16)

Only the solution featuring the negative square root is bounded. Therefore,

g(F ) = P (r(F )) dr
dF

= 1
Z

1− 1
∆2

(
− ε

2F −
1

2F
√
ε2 + 4∆2F 2

)2
εβ/2 dr

dF
. (5.17)

From equation 5.16, dr
dF

is

dr

dF
= ε

2F 2 + 2∆2
√
ε2 + 4∆2F 2

−
√
ε2 + 4∆2F 2

2F 2 . (5.18)

While keeping track of force components Fx, Fy, Fz (and thus force magnitude,

|F |) is straightforward in oxDNA, the vector direction r̂ is not as easily accessible,

and indeed will be different for all nucleotides along the chain. Therefore, for

simplicity, instead of working with g(F ) (where F is defined by ~F (r) = F r̂), we

derive P (Fz), the probability distribution for a single component of the force. To

do so, we note that for a random variable A defined as the product of two other

random variables, A = BC, the probability density distributions of each of the

three variables are related thus224:

PA(a) =
∫ ∞
−∞

PB(b)PC(a/b) 1
|b|
db. (5.19)

Since Fz = ~F · ẑ = F cos θ, we can use equation 5.19 with A = Fz, B = F ,

and C = cos θ to obtain

PFz(fz) =
∫ ∞
−∞

gF (f ′)Pcosθ(fz/f ′)
1
|f ′|

df ′ (5.20)
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We assume for simplicity that the instantaneous force vector is equally likely to

point in all directions; namely, we assume P (φ, θ) = 1
4π . In this isotropic case,

P (θ) = 1
2 sin θ, and the probability density distribution for cos θ is given by

Pcosθ(cos θ) = P (θ)
∣∣∣∣ dθ

d(cos θ)

∣∣∣∣ = 1
2 . (5.21)

Now, we adjust the integration limits of Eq. 5.20 to reflect the fact that Fz ≤

F by definition:

P (Fz) =
∫ −Fz
−∞

gF (f ′)
2|f ′| df

′ +
∫ ∞
Fz

gF (f ′)
2|f ′| df

′ (5.22)

Eq. 5.22 is plotted in black in Fig. 5.6. The agreement with simulation data is

excellent where stacking interactions are suppressed, as expected.

Stacking potential

To discover why the stacking interaction broadens the force distributions, we can

make a simple argument based on the form of the stacking potential in oxDNA.

For simplicity, we consider only the radial part of the stacking potential:

V (r) = εs

(
1− e−a(r−r0s)

)2
− εs

(
1− e−a(rc−r0s)

)2
, (5.23)

where εs = 1.3523 + 2.6717kBT , rc = 0.9, r0s = 0.4, and a = 6 in oxDNA 2.0261.

Figure 5.7 shows this potential alongside the radial part of the FENE potential,

with the minima of the potentials shifted to the origin. The black line indicates

the thermal energy the system is expected to possess in equilibrium according

to equipartition, kBT/2, at T=21 ◦C. We can evaluate the force, F (δr) = −dV
dr
,

at the intersection of each potential with the thermal energy, which occurs at

radial displacements from equilibrium of δr = 0.13 nm and δr = 0.07 nm for the

FENE and stacking potentials, respectively. F thermal
FENE ∼ 89 pN and F thermal

stack ∼ 193

pN for these displacements, matching well the observed widths in Fig. 5.6. We

can thus confidently attribute the form of the observed force distributions to the

oxDNA potentials, and the substantial force distribution width associated with

stacking interactions to the steepness – and thus, large instantaneous forces –

of the stacking potential.
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Figure 5.7: oxDNA2.0 radial FENE (red) and stacking (orange) potentials, with the
minima of the potentials shifted to the origin. The stacking potential is clearly much
steeper than the FENE at the thermal energy (black line), giving rise to the large force
distribution width for the stacking curves in Fig. 5.6.

5.2.2 Secondary structure

The distributions in Fig. 5.6 were acquired using the forces exerted on each nucleotide

by all other nucleotides in the chain. If we consider a more complex arrangement

– a 160-nt strand that is poly-T save for a 10-bp stem, 4-T loop hairpin near its

edge; see Figure 5.8(a) – complications arise. The average one-sided force on each

nucleotide along the direction of constraint is shown in Figure 5.8(b); while one

might expect it to be approximately constant and equal to the entropic tension

in the chain, this is not the case in the vicinity of the hairpin. Clearly, when

analyzing tension in a DNA chain, it is no longer sufficient to simply calculate

the topologically ‘upstream’ and ‘downstream’ forces on each nucleotide where

secondary structures are involved, as force propagation in that case is mediated by

more complex interactions, including hydrogen bonding and cross-stacking, that
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(a)

(b)

Figure 5.8: (a) oxDNA representation of a strand identical to that of Fig. 5.5, but
with a 10 bp-stem, 4 base loop hairpin near its edge. (b) The net forces exerted on each
nucleotide by all other nucleotides in three dimensions (blue, green yellow), as well as the
one-sided force – the net force exerted on each nucleotide by all nucleotides topologically
upstream of it – along the axis of constraint (black, y+). The presence of secondary
structure complicates force propagation in the strand.

communicate entropic tension through the chain in non-obvious ways. The bases

in the hairpin stem cannot simultaneously minimize hydrogen-bonding, stacking,

FENE, and cross-stacking potentials, regardless of whether there is a net tension in

the strand; this is evidenced by the fact that, for example, a stacked single strand

has a tighter helix than dsDNA203. Because they are displaced from the minima

of one of more of these potentials, the nucleotides in the vicinity of the hairpin

are consequently subjected to large forces, so calculating a per-nucleotide force is

insufficient to extract entropic tension in the chain.
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Figure 5.9: (a) Schematic of the method for determining internal tension in DNA
structures. For simplicity, consider nucleotides linked only through a FENE backbone
(straight lines) and hydrogen bonds (curved lines). Calculating the one-sided force
on nucleotide 3 from topologically upstream yields F3 = F4−3 + F5−3. The net force
thus computed neglects an important counterbalancing term and yields too-large forces
(Fig. 5.8(b)) in the vicinity of secondary structures. Instead, the total force exerted on
all nucleotides to the left of a virtual interface (red dashed line) by all nucleotides to
the right of that interface should be computed: F3 = F4−3 + F5−3 + F6−2. The method
is illustrated for three representative DNA structures: (b) single strand with a hairpin
(pink); (c) double strand; (d) single strand containing a Holliday junction. Red dashed
lines are interfaces across which net force is calculated.

5.2.3 Method for calculating internal forces in ssDNA sim-
ulations

To correctly determine the average tension in DNA structures, we propose a method

using ‘topological interfaces’. A virtual interface is drawn between two neighbouring

nucleotides in a DNA structure, and the forces exerted by all nucleotides topo-

logically upstream of this interface on all nucleotides topologically downstream
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Figure 5.10: Net forces exerted by all nucleotides topologically upstream of a given
interface on all nucleotides topologically downstream of the interface, for interfaces
positioned throughout the chain (just upstream of the nucleotide number indicated in the
abscissa) and for all three directions. Inset: zoom in of the region containing a 10-base
pair hairpin. Errors are standard errors of the mean of 64 identical parallel simulations,
and tend to be larger in the vicinity of the hairpin because of the larger magnitude of
forces in that region. As expected, a non-zero entropic tension exists along the direction
of constraint (y).

of this interface (or vice versa) is calculated. On average and at equilibrium, the

net force directed topologically up → down will be equal in magnitude to the

net force directed topologically down → up, and will equal the net tension in the

chain. To see this more clearly, consider the ssDNA schematic in Figure 5.9(a). For

simplicity, consider only FENE backbone interactions –indicated by straight lines –

and hydrogen bonding interactions – indicated by the curved lines. The one-sided

force on nucleotide 3 from upstream, F3, is the sum of the forces exerted on it by

nucleotides 4 and 5. As we saw in Fig. 5.8(b), this leads to forces much larger

than the expected entropic tension in the chain. Using the topological interface

method, the force exerted by all nucleotides to the right of the red barrier on all
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nucleotides to the left of the red barrier, Fint, is calculated instead; this amounts

to adding the force exerted by nucleotide 6 on nucleotide 2 to F3. This method

correctly yields a constant tension throughout the chain, as shown in Figure 5.10

for the hairpin system in Fig. 5.8(a). The inset shows the region containing the

hairpin in more detail, and contains the standard errors of the mean from 64 parallel

simulations. Because of the magnitude of forces involved in the vicinity of the

hairpin, errors tend to be larger there.

The procedure is further illustrated by the simple examples in Figure 5.9(b)-(d),

wherein two possible choices of virtual interface are drawn as dashed red lines

intersecting three sample systems. Fig. 5.9(b) is ssDNA containing a 5 bp stem, 4

base loop hairpin, indicated by the pink bases. For the first interface, the net force

exerted on the first 5 nucleotides (nts) in the strand by the remaining 25 nts is

calculated. The second interface intersects the hairpin, but the procedure remains

unchanged: forces exerted on the first 18 nts in the strand by the remaining 12 nts

is calculated. Fig. 5.9(c) is dsDNA, and thus slightly more complex. In the case of

the first interface here, the net force exerted on the first 5 nts in each strand (total

of 10 nucleotides) by the remaining sum total of 50 nts is calculated, and similarly

for the second interface. Finally, a strand containing a Holliday junction108 is shown

in Fig. 5.9(d). The net force acting through the first interface is given by the sum

of forces exerted on the first 5 nts in the strand by the remaining 25 nts in the

long strand and the 30 nts comprising the other three strands. The net force acting

through the second interface is the sum of all forces exerted on the first 18 nts in

the black strand, all 10 nts in the orange strand, the first 7 nts in the blue strand,

and 4 nts in the yellow strand as indicated by all nts to the right of the interface.

While in principle, we can get the tension in the DNA structure using the

net force across a single interface, in practice it makes sense to perform the force

calculation for multiple interfaces throughout the structure to improve statistics.

We apply our method for calculating internal forces in the next section.
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(a)

(b)

d

Figure 5.11: Illustration of the force clamp design of Nickels et al. 193 . (a) Schematic
of the force clamp: a portion of ssDNA to which a system of interest is bound (red)
is suspended in a DNA origami frame. Its length can be adjusted by altering staple
sequences such that material in the ssDNA ‘reservoirs’ shifts in or out of the central gap.
Adapted from Nickels et al. 193 . (b) oxDNA representation of the structure. The designed
gap distance d is 42.84 nm.

5.3 Application of internal force calculation to a
single-molecule force clamp

5.3.1 Introduction and system description

A recent proposal for a DNA-origami force clamp by Nickels et al. 193 solves many of

the issues with traditional force spectroscopy apparatus like AFM and LOT, and is a
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(a) (b)

(c) (d)

Figure 5.12: Schematics and oxDNA representations of the two possible coaxially-
stacked isomers of the Holliday junction. (a), (c) IsoII, in which coaxial stacking occurs
between yellow and green strands. (b), (d) IsoI, in which coaxial stacking occurs between
red and blue strands. Here, the red strand is part of a longer ssDNA segment (see
Fig. 5.14 for zoom-out) along which force is applied. This force adds a thermodynamic
bias favouring IsoII.

powerful addition to the toolbox used to investigate mechanical processes in the cell.

In particular, because it is instrument-free, many of the artefacts that plague SMFS

experiments – for example, convolution with long linker handles, as discussed in

Chapter 3 – are not a concern. Additionally, the nanostructure is highly scalable, so

single-molecule experiments can be carried out in parallel in large numbers; contrast

this with the fundamentally serial nature – and consequently poorer statistics – of

other experimental SMFS strategies. Finally, the need for attachment to microscopes

prevents traditional SMFS experiments from being performed in vivo, while no such

limitation exists in theory for nanoscopic force clamps. Figure 5.11 contains the

design of Nickels et al. 193 as well as its oxDNA representation. The usual M13mp18

origami scaffold, containing 7253 nt, was used. Additional base pairs from ssDNA

‘reservoirs’ on either side of the structure can be threaded into and out of the central

gap region by appropriately altering staple sequences in the body of the origami;
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this changes the number of nts, and consequently alters the tension, in the ssDNA

spring. A molecule of interest can be attached at the location marked in red in

Fig. 5.11(a) and indicated by blue and green staples in Fig. 5.11(b), on which a

particular force is then exerted based on the length of the ssDNA spring.

Nickels et al. 193 demonstrate the operation of their nanoscopic force clamp by

studying the four-way Holliday junction108 (HJ), a fundamental component of DNA

origami designs. HJs are comprised of 4 strands hydrogen-bonded to each other

and arranged in an ‘X’ shape. In the presence of salt, the strands coaxially stack

to adopt one of two possible isomeric conformations, illustrated in Figure 5.12.

In Fig. 5.12(a) and (c), the green and yellow strands are coaxially stacked, and

the blue and red strands are regularly stacked such that they are straight; the

reverse is true in Fig. 5.12(b) and (d). The population ratio between the isomeric

states can be altered via the application of external force; pulling on either end

of the red strand in Fig. 5.12, for example, will favour the isomer in which the

red strand is straight. Nickels et al. 193 refer to this more favourable isomeric state

as ‘IsoII’, and the less favourable isomer, in which the tension-bearing strand is

bent, as ‘IsoI’; we adopt the same convention.

To illustrate the force-dependence on the population ratios of IsoI and IsoII,

Nickels et al. 193 construct three versions of the origami force clamp: 4.0 pN, 2.5 pN,

and 1.2 pN, named according to the forces the authors calculate the ssDNA springs to

exert on the molecule of interest. Values for these designed forces were derived from

the exFJC model, Eq. 5.8, using the Kuhn length and stretch modulus parameters

reported by Smith et al. 259 , the number of nts spanning the central gap in each

design (160, 4.0 pN; 226, 2.5 pN; 422, 1.2 pN) minus the 22 nts corresponding to the

HJ region, a contour length per base pair of 0.63 nm176, and the designed central gap

width of 42.84 nm – labelled d in Fig. 5.11 – minus the average end-to-end extension

of the HJ as the polymer end-to-end distance, 〈x〉. Notably, the magnesium ion

concentration at which the force clamp experiments were performed – 100 mm

[Mg2+] – represents much higher electrostatic screening than the salt concentration

used in the experiments of Smith et al. 259 , 150 mm [Na+], because Mg2+ has been
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Figure 5.13: End-to-end distance distribution for two scaffold nucleotides on either
end of the gap in Fig. 5.11. The width of this distribution can be used to determine an
effective stiffness of the origami base.

estimated to have an effect that is 20-100× stronger than Na+171;21, depending on

the property that is being studied. High ionic strengths are often used in DNA

origami experiments to facilitate origami assembly.

5.3.2 Simulations

To highlight the desirability of performing simulations to estimate ssDNA internal

forces for applications like nanoscopic force clamps, we simulated the system of

Nickels et al. 193 to determine the forces being exerted on the HJ. For our purposes,

it was unnecessary to simulate the full origami structure repeatedly. Instead, we

determined the effective stiffness of equivalent harmonic traps located in the body of

the origami clamp and simulated only the ssDNA strand in the central gap, vastly

improving the statistics we were able to collect in our available simulation time. To

do this, an MD simulation of the origami force clamp with no connecting single

strand was performed, and the end-to-end distance r between scaffold nucleotides

on either end of the clamp was monitored; the results are shown in Figure 5.13.

The resulting distribution was fit to a Gaussian form:
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P (r) = Ae−
(x−µ)2

2σ2 (5.24)

to extract the mean 〈r〉 = 42.77 nm and variance σ2
r = 0.50 nm2. Note that

〈r〉 is approximately equal to the value used by Nickels et al. 193 based on simple

geometrical arguments: 42.84 nm. Consider two nucleotides separated along the z

axis – the long axis of the force clamp – by d. We assume each nucleotide moves

in an isotropic 3D harmonic potential for simplicity, such that the Boltzmann

probability of observing position r1 for nucleotide 1, positioned at the origin, is

P (r1) = P (x1, y1, z1) = e−βk(x2
1+y2

1+z2
1)/2∫∞

−∞ e
−βk(x2

1+y2
1+z2

1)/2 dx1 dy1 dz1

=
(βk

2π
)3/2

e−βk(x2
1+y2

1+z2
1)/2

(5.25)

and for nucleotide 2 is

P (r2) = P (x2, y2, z2) =
(βk

2π
)3/2

e−βk(x2
2+y2

2+(z2−d)2)/2, (5.26)

where β is the inverse thermal energy and k is the stiffness of each trap. The

distance between the two nucleotides is r =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2,

so the mean r and r2 values are given by:

〈r〉 =
∫ ∞
−∞

√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2P (x1, y1, z1)P (x2, y2, z2) d2x1,2 d2y1,2 dz1,2

(5.27)

〈r2〉 =
∫ ∞
−∞

(
(x2−x1)2+(y2−y1)2+(z2−z1)2

)
P (x1, y1, z1)P (x2, y2, z2) d2x1,2 d2y1,2 d2z1,2

(5.28)

where the joint probability distribution P (x1, y1, z1, x2, y2, z2) is simply the product

P (x1, y1, z1)P (x2, y2, z2) since the variables are independent. Equations 5.27 and

5.28 give the mean and variance (〈r2〉 − 〈r〉2) of the P (r) distribution, and can

be numerically integrated with different values of k until the observed parameters

are obtained. Doing so yields an effective trap stiffness of k = 16.32 pN/nm and

separation of d = 42.76 nm. These values are only slightly different from the results

obtained by neglecting position fluctuations in x and y altogether, assuming r =

∆z = z2−z1, and taking the variance of P (r) to be the sum σ2
r = σ2

z1 +σ2
z2 = 1

βk
+ 1

βk
,
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(a)

(b)

(c)

Figure 5.14: oxDNA representations of the gap-spanning ssDNA segment of the force
clamp, with Holliday junction attached, for the (a) 4.0 pN, (b) 2.5 pN, and (c) 1.2 pN
designs. The red strand contains a total of 162 nt, 228 nt, and 424 nt in each of these
three cases, respectively. Clearly, this sequence is prone to secondary structure formation.

with the individual variances σ2
zi

equal and determined using the equipartition

theorem. Under these assumptions, k = 16.23 pN/nm and d = 42.77 nm.

We performed MD simulations on the ssDNA + HJ system, with end nucleotides

harmonically trapped, for the three different force designs of Nickels et al. 193 ; see

Figure 5.14. Including the two trapped endpoint nucleotides, the main ssDNA

strands comprised 162 nt, 228 nt, and 424 nt for the 4.0 pN, 2.5 pN, and 1.2 pN

designs, respectively. Clearly, secondary structures are present for this ssDNA

sequence, shortening the effective contour length of the ssDNA. We used the same

temperature as Nickels et al. 193 and a monovalent salt concentration of [Na+]=5 m

in order to mimic the experimental [Mg2+] concentration. To explore the effect

of origami compliance on the force in the structure (the exFJC model used by
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Nickels et al. 193 assumes fixed endpoints), we also performed simulations on the

4.0 pN system using harmonic trap stiffnesses an order of magnitude larger and

smaller than k = 16.32 pN/nm. Finally, to explore the effect of salt concentration

on the results, we performed additional simulations on the 4.0 pN system at

[Na+]=0.15 m, 0.5 m, and 1.0 m.

In all instances, we simulated the strands both with secondary structure and

without allowing secondary structures to form. In the case of the 4.0 pN design,

we performed an additional simulation with secondary structures suppressed and

stacking interactions between bases (with the exception of those comprising the

HJ) prohibited, to illustrate the effect base stacking has on ssDNA entropic force.

Transitions between HJ IsoI and IsoII conformations are very rare on the timescale

of our simulations†, so we were unable to probe the effect of force on transition

frequency, but we simulated each isomer separately and report results for both.

Simulations on these systems are still ongoing, and results for some of the slowest

simulations (larger systems, low salt concentrations) are based on fewer steps, as

reported in Table 5.1. For each set of simulation parameters, multiple parallel

replicas were run; in most cases, 24, but in a few instances some replicas were

discarded due to a transition between isomers occurring (see Table 5.1).

It is important to ensure that our simulations are sampling all relevant secondary

structures, a notoriously difficult task given the possibility of the system becoming

trapped in local minima for long stretches of simulation time. To gauge whether

we had sampled secondary structures sufficiently, we split our simulation output

for each system in half and computed histograms of which bases formed hydrogen

bonds throughout the simulation, shown in Figures 5.15-5.17 for all three designed

forces. Only IsoII results at the highest salt concentration simulated, 5 m [Na+], are

pictured, as secondary structures become less favourable at lower ionic strengths

due to electrostatic repulsion and secondary structure sampling is therefore most

difficult at high salt. Though well over 10 000 possible pairs of bases exist for these

strands, the figures show only those hydrogen bonds which were actually observed
†Over ∼ 4× 1011 cumulative MD simulation steps (∼6 ms), only 9 transitions were observed,

and in each case, the HJ never reverted.
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Table 5.1: Summary of the simulations performed on the system of Nickels et al. 193 ,
including the average ssDNA entropic force in each case. Errors in force are the standard
errors of a weighted mean across a number of different nucleotides at which forces were
measured, as shown in Fig. 5.18. For almost all sets of parameters, 24 identical replica
simulations were run; where fewer replicas are reported below, some runs were discarded
due to the (rare) occurrence of a transition between isomer states.

Design Isomer Secondary
structures

k
(pN/nm)

Salt
(M)

# MD
steps
(×24)

CPU
days

Force
(pN)

4.0 pN IsoI On 16.32 5 1×109

(×23) 85 6.54±0.05

16.32 1 9×108 113 6.46±0.06
16.32 0.5 5.8×108 96 5.71±0.07

16.32 0.15 4.8×108

(×19) 102 3.6±0.1

Off 16.32 5 1.3×109 104 2.91±0.03
IsoII On 16.32 5 1.3×109 113 6.35±0.04

16.32 1 9×108 113 6.52±0.05
16.32 0.5 5.8×108 96 5.43±0.06
16.32 0.15 4.8×108 130 3.4±0.1

Off 1.632 5 7.8×108 64 2.23±0.05
16.32 5 7.8×108 64 2.61±0.05
163.2 5 8.8×108 64 2.61±0.05

Off, no
stacking 16.32 5 7.8×108 59 3.26±0.04

2.5 pN IsoI On 16.32 5 9×108 110 4.64±0.05

Off 16.32 5 1.4×109

(×23) 131 1.38±0.03

IsoII On 16.32 5 1.1×109 134 4.66±0.06

Off 16.32 5 1.4×109

(×23) 131 1.19±0.03

1.2 pN IsoI On 16.32 5 6×108 134 3.52±0.08

Off 16.32 5 1×109

(×23) 155 0.43±0.03

IsoII On 16.32 5 6×108 134 3.30±0.08
Off 16.32 5 7.5×108 40 0.36±0.03
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Figure 5.15: Map of all unique base pairs observed in oxDNA simulations of the 4.0 pN
IsoII structure at [Na+]=5 m. The data were split in half (12 identical replicas of 1×109

MD steps each), indicated by red and blue histograms. The amount of overlap gives
a rough indication of whether the important secondary structures are being sampled
sufficiently.

and assigns a numeric ID to each unique bond. The amount of overlap between

blue and red histograms is taken as a proxy of how well secondary structures were

sampled. For the 4.0 pN design, the main patterns of secondary structures visited

are the same for both histograms, and we conclude that 1×109 MD steps (× 24

replicas) is an appropriate simulation length for this system. We expect equilibration

over secondary structures to be easier at higher entropic forces, since force helps to

destabilize secondary structures. Indeed, the histogram overlap is less for the larger

2.5 pN and 1.2 pN designs, and more different pairs of bases are seen to interact via

hydrogen bonding as the designed force decreases. The results reported for these

low-force systems should be treated correspondingly more cautiously. While the

accuracy of the results can be improved with longer simulations, as discussed in

the next section, we observe the same trends for all three force designs, and thus
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Figure 5.16: Map of all unique base pairs observed in oxDNA simulations of the 2.5 pN
IsoII structure at [Na+]=5 m. The data were split in half (12 identical replicas of 1.1×109

MD steps each), indicated by red and blue histograms. The amount of overlap gives
a rough indication of whether the important secondary structures are being sampled
sufficiently.

have confidence in the results even for the 2.5 pN and 1.2 pN systems. Finally, the

simulations at [Na+]=0.15 m and [Na+]=0.5 m and the 1.2 pN simulations with

secondary structure on are only ∼1/2 as long as the others, and the corresponding

results should therefore be regarded as more preliminary.

5.3.3 Results

Figure 5.18 shows net forces crossing several interfaces along the ssDNA chains;

the interfaces are located immediately topologically upstream of the nucleotides

indicated in the abscissa. Error bars represent the standard deviation of the results

of 24† identical simulations run in parallel. In general, because of the more complex

structure in the region of the HJ (centre of the strands), and hence the larger the
†Exceptions noted in Table 5.1.
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Figure 5.17: Map of all unique base pairs observed in oxDNA simulations of the 1.2 pN
IsoII structure at [Na+]=5 m. The data were split in half (12 identical replicas of 6×108

MD steps each), indicated by red and blue histograms. The amount of overlap gives
a rough indication of whether the important secondary structures are being sampled
sufficiently.

magnitude of the (positive and negative) forces across the interfaces, errors tend

to be larger there; the same effect was observed in Fig. 5.10. As aforementioned,

results at [Na+]=0.5 m and [Na+]=0.15 m and for the 1.2 pN design with secondary

structures turned on are more preliminary than those at higher concentrations. Only

the projection of force onto the direction of trap separation is shown; forces along

the orthogonal directions average to 0, as expected. The average forces over all

interfaces in Fig. 5.18 are reported in Table 5.1 and illustrated in Figures 5.19-5.21,

which summarize our main results. Error bars represent the standard error of a

weighted mean across the interfaces shown in Fig. 5.18.

Immediately evident in Fig. 5.19 is the substantial discrepancy between the

forces as measured in simulation (blue and yellow curves) and both the Smith

et al. 259 exFJC force predictions (black dashed line; ∼2.3 pN average discrepancy)
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(a)

(b)

(c)

Figure 5.18: Net forces crossing interfaces at several locations along the ssDNA strand
for the (a) 4.0 pN, (b) 2.5 pN, and (c) 1.2 pN designs. Errors are standard deviations
across multiple identical replica simulations.
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Figure 5.19: Force measured in simulations versus ‘designed’ force, based on the exFJC
parameters of Smith et al. 259 1:1 equivalence between the two is indicated by the dashed
black line. In all cases, the measured force is larger than predicted (by around ∼2.3 pN)
and larger than the result when secondary structures are suppressed (by around ∼3.4 pN).
In all cases, the force difference between IsoI and IsoII variations is small.

and the forces in the absence of secondary structures (∼3.4 pN average discrepancy).

The fact that the secondary-structure-free forces are lower than the exFJC estimates

can be understood by considering that the λ-phage ssDNA used by Smith et al. 259

likely contained some inherent secondary structure, which their fits averaged over.

While it is clear that secondary structures have a significant effect on entropic

force, another key driver of the disparity between measured forces and exFJC

predictions in this case may simply be the different salt concentrations under which

the experiments of Smith et al. 259 and Nickels et al. 193 were performed. Figure 5.20

shows the average forces for the 4.0 pN design at four different salt concentrations;

at the lowest of these, [Na+]=0.15m – equivalent to the concentration at which

Smith et al. 259 performed their fits – the measured force is ∼3 pN lower than at
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Figure 5.20: Effect of salt concentration on entropic force in ssDNA, for the 4.0 pN
design of Nickels et al. 193 (the designed force is indicated by the dashed black line). At
low salt, secondary structures are partially suppressed by electrostatic repulsion, leading
to lower entropic forces.
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Figure 5.21: Effect of stiffness of the harmonic traps applied to end nucleotides of the
ssDNA. The effect of suppressing stacking interactions is also shown for trap stiffness
16.32 pN/nm.
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the higher salt concentrations used by Nickels et al. 193 . Caution is clearly needed

when translating ssDNA elastic fit results performed under different conditions.

Interestingly, the oxDNA force at [Na+]=0.15m is close (just ∼0.6 pN below) the

Smith et al. 259 prediction‡. The discrepancy can be attributed to a combination of

experimental error, sequence differences resulting in different secondary structures

and stacking propensities, and the fact that although oxDNA captures the salt

dependence of hairpin thermodynamics well, it doesn’t do so perfectly261. This low-

salt agreement between the oxDNA result and the Smith et al. 259 exFJC prediction

underscores again the fact that the fits of Smith et al. 259 average over secondary

structures. Their exFJC fits therefore attempt to simultaneously describe multiple

different polymer regimes. At low forces, secondary structures and stacking reduce

the effective contour length of a ssDNA molecule. As force increases, secondary

structures and base stacks are disrupted, altering this contour length. While the

exFJC form apparently has enough parameters to fit the FECs, one ought to be

cautious in physically interpreting these parameters.

Fig. 5.21 explores the effect of compliant attachment points on internal ssDNA

forces. While decreasing the trap stiffness an order of magnitude decreases the

force noticeably, ∼20 pN/nm appears to be a threshold beyond which increasing

the stiffness does not appreciably increase the entropic force. As oxDNA has been

elsewhere shown to reproduce the elastic properties of DNA origamis well251;180,

we can conclude that for these designs the assumption of Nickels et al. 193 that

the origami is rigid does not affect the force estimate.

As two final notes, we point out firstly the effect that base stacking interactions

have on the elastic behaviour of ssDNA: the entropic force jumps 0.65 pN when

stacking interactions are suppressed. This effect has already been discussed in

connection with Fig. 5.5. Secondly, the difference in force between the two isomers

is in all cases rather small: ∼0.1-0.3 pN, with the IsoI conformation leading to

higher (or the same within error) forces than IsoII, as expected. We don’t expect
‡This is when a contour length per base pair of 0.63 nm is used; with Smith et al. 259 ’s original

parameters, the predicted force is 4.6 pN, 1.2 pN higher than the oxDNA force.
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to perfectly reproduce this difference, however, as the oxDNA model cannot fully

capture the magnitude of the twist angle between the HJ arms263.

5.4 Conclusion and outlook

We have demonstrated a method for calculating the internal entropic forces in ssDNA

to high (∼0.05 pN) precision using the coarse-grained simulator oxDNA, performing

much better than the ∼5 pN precision of experimental calibration methods254. In

addition to its usefulness for computing forces in ssDNA-based force sensors, force

clamp devices, and tensegrity nanostructures, the method can be expanded to

calculating forces in more complex structures as outlined in section 5.2.3.

A few caveats should be noted. Firstly, the current work has assumed that

origami structures were perfectly assembled – with all staples present and no

topologically incorrect strand routings – despite the possibility of defects occurring

experimentally which could compromise the effective stiffness of the origami or alter

the length of the ssDNA spring. Furthermore, oxDNA has been parametrized to

capture the [Na+] dependence of secondary structure thermodynamics. To describe

experiments featuring [Mg2+], we relied on a mapping to an equivalent [Na+]. In the

current work, this was not problematic, as experiments were carried out in a high-salt

regime where the predicted force had reached its limiting value, but for lower [Mg2+],

comparison of simulation and experiment may be less straightforward. Lastly, it is

possible that for high entropic forces or low ionic strengths, the ssDNA tension may

lead to non-elastic yielding events within origami designs. Future origami systems

for which these effects are relevant can be simulated in their entirety.

Simulating precise experimental sequences under relevant conditions is crucial

for obtaining accurate estimates of internal force, as using previously-obtained fit

parameters with WLC and exFJC theoretical models can lead to incorrect estimates

due to differences in secondary structure, stacking propensities, salt concentration,

and stiffness of the endpoint traps, as well as fundamental deficiencies in the

WLC and exFJC models, such as their neglect of excluded volume. Suggested

strategies to mitigate secondary structure-related force estimate errors include
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constructing “G-free” origami structures (using T, C, and A nucleotides only),

which reduces the accessible number of secondary structures193, or using poly-T

sequences instead – though this is more difficult as the standard DNA origami

scaffold sequence lacks poly-T regions. Both of these suggestions are being pursued

currently by our experimental collaborators, and ongoing oxDNA simulations will

confirm whether such strategies allow for reasonable theoretical exFJC-based force

estimates. Ultimately, however, we recommend that experimental groups pursue

simulations to obtain a clearer idea of the internal forces in their structures. Future

work furthering this end could translate the techniques we have described into an

open-source, accessible user interface that takes sequence input, performs oxDNA

simulations, and provides internal force estimates. In any case, the balance between

realistic detail and computational speed offered by oxDNA render it a valuable

tool in the ongoing study of DNA internal forces in cellular mechanotransduction

and artifical DNA nanostructures.



The Road goes ever on and on
Down from the door where it began
Now far ahead the Road has gone
Let others follow it who can!

— Bilbo Baggins, in J.R.R. Tolkien’s The Return of the
King (1955).

6
Conclusions

The preceding chapters have surveyed the gamut of force-DNA interactions, from

small systems to complex ones, from violent external pulling to subtle internal

entropic forces. In Chapter 3, we explored the forcible unravelling of simple

DNA hairpin systems. Through equilibrium simulations, we verified oxDNA’s

ability to capture DNA free energy landscapes by means of comparison to diverse

experimental results. Next, using non-equilibrium single molecule force spectroscopy

(SMFS) simulations, we validated a free energy landscape analysis framework

based on the Jarzynski equality from non-equilibrium physics for use with oxDNA.

Excellent agreement with equilibrium hairpin landscapes was achieved in reasonable

simulation time.

Treating the errors in non-equilibrium analyses is a subtle task, and, drawing from

the literature, we have outlined a practical procedure for doing so. We also illustrated

the potential usefulness of non-equilibrium simulations by reconstructing hairpin

unfolding landscapes in the presence of long, DNA origami linker handles; our results

suggest that such handles may introduce undesirable changes to molecular landscapes

via steric interactions. To improve the convergence of results in the future, the force

application protocol could be optimized, likely through the use of discrete force

jumps80; however, this would render the simulations less relevant to experiments.

138
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A major advantage of performing SMFS simulations in silico is the absence of

experimental apparatus: experimental pulling landscapes are convolved with the

elastic responses of long, polymeric tethers, dielectric beads, and AFM cantilevers.

Deconvolution of non-equilibrium experiments is difficult, and a framework for

doing so for systems whose unfolding curves span a broad range of forces – RNA

pseudoknots, for example63 – has not been developed. Using simulations in

conjunction with pulling experiments can thus provide a refined picture of underlying

free energy landscapes. Coarse-grained simulations could also play a role in

developing and testing suitable far-from-equilibrium deconvolution methods for

experimentalists. A logical next step would be the validation of the methods

described here with oxRNA281, which would open a broader range of nucleic

acid systems for study.

Another exciting application of future non-equilibrium simulated landscape

reconstructions is the exploration of the effect of different choices of reaction

coordinate on measured landscapes. In oxDNA, multiple reaction coordinates can

be monitored simultaneously, granting access to multi-dimensional non-equilibrium

energy landscapes. As the choice of experimentally measured reaction coordinate

can mean the difference between a reliable landscape and a poorly-projected one60,

using simulations to inform which coordinate to track is of great potential benefit

for experimentalists. Furthermore, simulations enable correlation of structural

dynamics with energy landscape features.

Our second foray into simulated SMFS involved systems hundreds of times larger

than the DNA hairpins of Chapter 3. Chapter 4 featured the unravelling of two

archetypal DNA origami systems: the Rothemund tile228 and a 10-helix bundle (10

HB)13 – the largest systems to be studied with in silico SMFS to date. Simulations

of the Rothemund tile were supplemented with experiments, which agreed well with

simulation results. While both origami systems exhibit sawtooth-like force-extension

curves (FECs), the dissimilarities in folding response we observed underscore the

differences in nanostructure topology and design. The 2D Rothemund tile exhibited

regular, modular unfolding of discrete subunits, corresponding to repeated rows in its
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design. By exploring detailed structural snapshots and base-pair breakage data, we

isolated the unfolding mechanism for the tile, revealing how rows alternately shear

and unzip. The unfolding of the 3D 10 HB, by contrast, featured strain-softening –

wherein the unfolding of certain key features lowered the barriers for subsequent

unfolding events – as well as a richer diversity of unfolding pathways; this can be

attributed to its increased topological complexity as compared to the Rothemund

tile. To test the limits of our simulation capabilities, we also performed SMFS

on a 7-tile biosensor, and though our pulling speeds were too fast to reproduce

experimental resolution, we observed aptamer locks breaking in the order expected.

Our studies highlight the potential value of using simulated SMFS – preferably in

conjunction with experiments – to inform the rational design of DNA nanostructures.

This is particularly relevant for applications in which mechanical stability is

important, such as in tensegrity structures155, which would make excellent targets

for future work building on this thesis. The ability to correlate unfolding behaviour

with nanostructure design suggests another interesting research direction: the

exploration of whether FECs can be used as a unique ‘fingerprint’ that can be tuned

using, for instance, staple routing and sequence. Our collaborators are currently

working on developing smaller, ∼1000 nucleotide origami systems – easier to simulate

and to unfold experimentally – to explore this idea, which could potentially have

applications in information storage.

The final stop in our expedition examined internal, rather than external, forces.

In Chapter 5, first, we outlined deficiencies with widely-applied DNA polymer models,

aided by oxDNA simulations of ssDNA. Next, we characterized the propagation of

forces via oxDNA potentials, rationalizing the observed very large instantaneous force

distribution widths. A method for computing internal forces in DNA structures

was presented, and applied to a recently-proposed origami force clamp193 that

employs ssDNA entropic forces to study single molecules. Our simulations reveal

that the polymer model employed by Nickels et al. 193 leads to incorrect estimates

of exerted forces due to its failure to capture the salt concentration, secondary

structures, and stacking interactions relevant to their experiments. To capture these
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effects, we recommend coarse-grained simulations be used to supply more realistic

entropic force estimates, relevant to a multitude of DNA nanostructures in which

entropic forces play a role. Future work building on this thesis could implement,

using oxDNA, a user-friendly online platform which experimentalists could use to

generate entropic force estimates for their particular systems. As internal forces in

oxDNA can be calculated for more complex systems as well as single strands, future

studies could also explore forces in more complex, highly stressed structures, such

as DNA nanocircles271. For example, a recent study attributed the dependence

on DNA circularization efficiency with helix length to the amount of strain in the

circles; oxDNA force measurements could confirm this and related effects.130

The diversity of DNA-force interactions featured in this study serves to under-

score the versatility of oxDNA, which allowed us to access the elastic behaviour of

small single strands and hairpins as well as the unfolding of immense nanostructures.

No code is an island, however, and an underlying theme of this thesis – and the

strength of coarse-grained modelling more generally – is that the greatest gains

are possible when modelling is used to complement experimental studies. This

complementarity can be expanded to other modelling strategies: for example, oxDNA

estimates of internal forces could be augmented by force calculations in more realistic,

atomistic simulations. We look forward eagerly to the continuing, fruitful alliance

of oxDNA DNA-force simulations with experiments and other modelling modalities.



I cannot remember the books I have
read any more than the meals I have
eaten; even so, they have made me.

— Ralph Waldo Emerson
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A
Experimental methods and additional

details supplementary to Chapter 4

Additional Structural Details

Rothemund tile

In his seminal DNA origami paper, Rothemund presented a rectangular tile folded

from M13mp18 DNA228. Here, we use a nearly identical structure: a 284-nt wide

(Rothemund’s original system was 288-nt wide), 24-helix long rectangle with two

extended ends, corresponding to elongating sequences inserted into the multiple

cloning site (MCS), protruding at a central seam. We also retain a 73-nt region

Rothemund excised due to its containing a 20-bp stem hairpin. In the AFM

experiments, the MCS sites were 433-nt and 217-nt long and were incorporated

into double-stranded handles for attachment to the AFM tip and cover slide;

the total handle lengths were 433-nt and 295-nt. For the simulations, since the

unfolding of the origami rectangle itself was of interest, these MCS regions were

replaced by 10-nucleotide poly-A segments. The folded origami rectangle in our

case comprises a 6909-nucleotide scaffold bound by 192 staple strands: 48 30-nt
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Figure A.1: Cadnano structure for the Rothemund tile.
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Figure A.2: Cadnano structure for the 10-helix bundle of Bae et al. 13 .

staples and 144 32-nt staples. Most of the staples bind to 3 domains and a few

are 1- or 2-domain staples; see Figure A.1.

10-helix bundle

In contrast to the Rothemund tile, our second system is based on a hexagonal lattice

and is comprised of 10 helices: four 171-nt long, two 175-nt long, two 181-nt long,

and two 185-nt long. The 1768-nt scaffold has 51 staples, many of which have 4 or

5 domains (see Figure A.2). A key difference between the helix bundle (HB) and

the Rothemund tile lies in the relative non-locality of the bundle’s staple domains.

7-tile biosensor

The 7-tile biosensor of Koirala et al. 141 comprises 14 761 nucleotides arranged as

rectangular tiles joined by 44-base pair duplex ‘locks’. In Koirala’s work, the ends

of the system are held in harmonic traps. The sequences of the ‘locks’ can be

specifically designed to bind with aptamers of interest such that their presence in
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solution is revealed by the opening of one or more locks, manifesting as a sudden

increase in extension and decrease in force.

Experimental Methods∗

Scaffold ‘7560’58 from bacteriophage M13mp18228 was double functionalized by liga-

tion with biotin and thiol groups to facilitate attachment to either the streptavidin-

coated AFM tips or maleimide-functionalized substrate, respectively. The circular,

single stranded scaffold was digested by BamHI-HF and EcoRI-HF after partial

pre-hybridization at restriction sites. The linearized scaffold was purified by solid

phase extraction. Afterwards, partially double-stranded scaffold was ligated with

10× excess of double-stranded inserts carrying either biotin or thiol (5’-BIO; 3’-

THIOL + 5’-Phosphate) by T4 DNA ligase. This ligated scaffold was either used

in its unpurified form (Fig. 4.2(a), green and pink curves) to fold DNA origami

rectangles232, or was purified from excess functionalization strands by size exclusion

(Fig. 4.2(a), purple curve) in spin filtration columns and subsequently folded. The

folding procedure has been reported elsewhere232. The freshly folded DNA origami

was purified by PEG precipitation266. Prior to ‘unzipping’ experiments, the origami

pellet was resolved in 1× TE buffer (pH 8) supplemented with 10mm MgCl2

and 2mm TCEP. TCEP is required to reduce oxidized thiol-groups and enable

maleimide conjugation reaction on surfaces. Afterwards, the resolved origami

samples were coupled to AFM sample slides.

Correct DNA origami folding from digested scaffold was confirmed by AFM

imaging; see Fig 4.1. Freshly cleaved mica surfaces were coated by 0.01% poly-

L-ornithine to facilitate origami immobilization. Imaging was carried out in

intermittent contact mode.

∗The experimental description was drafted primarily by D. Smith, M. Jobst, and M. Sajfutdinow,
though during a visit to their AFM lab in Munich I observed the procedure.
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Figure A.3: Cadnano structure for the 7-tile assembly of Koirala et al. 141 .
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AFM Sample Preparation

Clean glass cover slides and UV-ozone cleaned silicon nitride AFM cantilevers were

covalently functionalized first with amino-silane and subsequently with 5kDa NHS-

PEG-maleimide polymer linkers. Reduced sulfhydryl groups of DNA origami were

coupled to the free maleimide groups on the cover slides by forming permanent thiol-

ether bonds129;128. Maleimide groups on the cantilevers were bound to coenzyme

A, and subsequently to a monovalent variant of StrepTactin (monoST)15;65 or

a monomeric variant of streptavidin14 via Sfp phosphopantetheinyl transferase

(SFP) with ybbR tags (amino acid sequence DSLEFIASKLA) for use as specific

AFM pulling handles211;200.

SMFS Measurement Protocol

SMFS experiments were performed in TE buffer supplemented with magnesium

at room temperature with custom-built instruments. Pulling velocities were set

to 1 µm s−1 or 1.6 µm s−1. Cantilever and glass slide positioning was controlled

by PID feedback loops during measurement. For analysis, curves with peaks at

more than 150 nm extension and more than 30 pN force were sorted automatically,

after thermal cantilever calibration, interferometric piezo calibration, and data

conversion, similar to previous work200;199;116;39.
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