
A kernel log-rank test of independence
for right-censored data

Abstract

We introduce a general non-parametric independence test between right-
censored survival times and covariates, which may be multivariate. Our test
statistic has a dual interpretation, first in terms of the supremum of a poten-
tially infinite collection of weight-indexed log-rank tests, with weight functions
belonging to a reproducing kernel Hilbert space (RKHS) of functions; and
second, as the norm of the difference of embeddings of certain finite measures
into the RKHS, similar to the Hilbert-Schmidt Independence Criterion (HSIC)
test-statistic. We study the asymptotic properties of the test, finding sufficient
conditions to ensure our test correctly rejects the null hypothesis under any
alternative. The test statistic can be computed straightforwardly, and the
rejection threshold is obtained via an asymptotically consistent Wild Boot-
strap procedure. Extensive investigations on both simulated and real data
suggest that our testing procedure generally performs better than competing
approaches in detecting complex non-linear dependence.

Keywords: right-censoring, independence testing, log-rank test, reproducing kernel
Hilbert space.
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1 Introduction

Right-censored data appear in survival analysis and reliability theory, where the

time-to-event variable one is interested in modelling may not be observed fully, but

only in terms of a lower bound. This is a common occurrence in clinical trials as,

usually, the follow-up is restricted to the duration of the study, or patients may

decide to withdraw from the study.

An important task when dealing with such data is to test independence between

the survival times and the covariates. For instance, in a clinical trial setting, we

may wish to test if the survival times differ across treatments, e.g., chemotherapy vs

radiation; or if there is dependence on other covariates, such as ages of the patients,

gender, or any other measured variables. The main challenge of testing independence

in this setting is that we need to deal with censored observations, where the censoring

mechanism may be dependent on the covariates while the time of interest may not.

E.g., patients’ withdrawal times from a study can be associated to their gender even

if gender is independent of the survival time.

The problem of testing independence has been widely studied by the statistical

community. In the context of right-censored data, this problem has often been ad-

dressed through the mechanism of two-sample tests, in which the covariate takes one

out of two possible values. For the two-sample problem, the main tool is the log-

rank test [22, 26] and its generalizations, namely weighted log-rank tests [17, 3, 10].

The more general case, in which the covariates belong to Rd, is much more chal-

lenging, and most of the current approaches are ad-hoc for specific semi-parametric

models, e.g. [6, 13, 34]. In particular, the most popular of these approaches is the

Cox proportional hazards model [6], which assumes a linear effect of the covariates

on the log-hazard function. Non-parametric approaches are more scarce, however
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[20, 23, 27]. In [20], a nonparametric test for independence is obtained by measuring

monotonic relationships between a censored survival time and an ordinal covariate;

and in [23], the authors propose an omnibus test that can detect any type of asso-

ciation between a censored survival time and a 1-dimensional covariate. The recent

non-parametric test in [27] was introduced to deal with general covariates on Rd.

This approach deals with censored data by transforming it into uncensored samples,

and then applies a well-known kernel independence test based on the Hilbert-Schmidt

Independence Criterion (HSIC) [15, 5].

In this paper we propose a non-parametric test which can potentially detect any

type of dependence between right-censored survival times and general covariates.

Our testing procedure is based on a dependence measure between survival times

and covariates which is constructed using weighted log-rank tests and the theory of

reproducing kernel Hilbert spaces (RKHSs). We provide asymptotic results for our

test-statistic and propose an approximation of the rejection region of our test by using

a Wild Bootstrap procedure. Under mild regularity conditions, we prove that both

the oracle and the testing procedure based on the Wild Bootstrap approximations are

asymptotically consistent, meaning that our test can detect any type of dependence.

The closest prior works to our approach are [10] and [27], which are both based

on kernel methods. In the former, the authors specifically address the two-sample

problem for right-censored data. While the present test may be seen as related, the

two-sample analysis is quite different, and heavily relies on the binary nature of the

covariates: the main results apply ad-hoc theory developed for log-rank tests, which

is not available in our setting. As noted above, [27] bypass the problem of right-

censored data by transforming it into uncensored samples, however this comes at the

cost of losing considerable information in the data. By contrast, our approach deals

directly with the censored observations without loss of information, resulting in a

3



major performance advantage in practice, as we demonstrate in our experiments.

The paper is structured as follows. In Section 2 we introduce relevant notation.

In Section 3 we define the kernel log-rank test and show that it can be interpreted

as i) the supremum of a collection of score tests associated to a particular family

of cumulative hazard functions, and, ii) as an RKHS distance, revealing a similarity

with the HSIC [14]. In Section 4 we study the asymptotic behavior of our statistic

under both the null and alternative hypothesis, and we establish connections with

known approaches such as the two-sample test proposed in [10], and the Cox score

test. Section 5 shows how to effectively approximate the null distribution by using

Wild Bootstrap [7]. Sections 6 and 7 contain extensive experiments investigating the

performance of the kernel log-rank test on a range of synthetic and real datasets.

2 Notation

Survival analysis notation Let ((Zi, Ci, Xi))i∈[n] be a collection of random vari-

ables taking values on R+ ×R+ ×Rd, where Zi denotes a survival time of interest,

Ci is a censoring time, and Xi is a vector of covariates taking values on Rd, and

d ≥ 1. In practice, we do not observe (Zi, Ci, Xi) directly, but instead observe

triples (Ti,∆i, Xi), where Ti = min{Zi, Ci} and ∆i = 1{Ti=Zi}. This type of data is

known as right-censored data. Additionally, we assume Z ⊥ C|X, which is known

as independent right-censoring.

We denote by FT , FZ , FC and FX , the marginal distribution functions associ-

ated to T , Z, C and X, respectively. We use standard notation to denote joint

and conditional distributions, e.g. FZC|X=x denotes the joint distribution of Z and

C conditional on X = x. We denote by ST (t) = 1 − FT (t), SZ(t) = 1 − FZ(t)

and SC(t) = 1 − FC(t) the marginal survival functions associated to T , Z and
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C, respectively, and by ST |X=x(t) = 1 − FT |X=x(t), SZ|X=x(t) = 1 − FZ|X=x(t)

and SC|X=x(t) = 1 − FC|X=x(t), the respective survival functions conditioned on

X = x. In this work, we assume that Z|X = x and C|X = x are continuous

random variables for almost all x ∈ Rd, with densities denoted by dFZ|X=x(t) and

dFC|X=x(t) respectively. We further assume that Z and C are proper random vari-

ables, meaning that P(Z < ∞|X = x) = 1 and P(C < ∞|X = x) = 1 for

almost all x ∈ Rd. The marginal cumulative hazard function of Z is defined as

ΛZ(t) =
∫ t

0
SZ(s)−1dFZ(s). Similarly, the conditional cumulative hazard of Z given

X = x is ΛZ|X=x(t) =
∫ t

0
SZ|X=x(s)

−1dFZ|X=x(s). We define τn = max{T1, . . . , Tn},
τx = sup{t : ST |X=x(t) > 0} and τ = sup {t : ST (t) > 0}; note that τn

a.s.→ τ .

Counting processes notation We use standard survival analysis/counting pro-

cesses notation. For i ∈ [n], we define the individual and pooled counting processes

by Ni(t) = ∆i1{Ti≤t} and N(t) =
∑n

i=1 Ni(t), respectively. Similarly, we define the

individual and pooled risk functions by Yi(t) = 1{Ti≥t} and Y (t) =
∑n

i=1 Yi(t).

We assume that all our random variables take values on a common filtrated

probability space (Ω,F , (Ft)t≥0,P), where the sigma-algebra Ft is generated by{
1{Ti≤s,∆i=0},1{Ti≤s,∆i=1}, Xi : s ≤ t, i ∈ [n]

}
, and the P-null sets of F . Under the

null hypothesis, for i ∈ [n], we define the individual and pooled (Ft)-martingales,

Mi(t) = Ni(t)−
∫

(0,t]
Yi(s)dΛZ(s) and M(t) = N(t)−

∫
(0,t]

Y (s)dΛZ(s), respectively.

Finally, we denote by dΛ̂(t) = dN(t)/Y (t) the Nelson Aalen estimator of dΛZ(t) un-

der the null hypothesis. For more information about counting processes martingales,

we refer the reader to Fleming and Harrington [11, Chapters 1 and 2].

In this work
∫ b
a

means integration over (a, b] unless b = τ , in which case we

integrate over (a, τ). Due to the simple nature of the martingales that appear

in this work (which arise from counting processes), properties such as (squared-
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)integrability of these processes are trivial, and thus we state them without proof.

Also, note that for any t > τn, it holds that N(t) = N(τn) and M(t) = M(τn). Hence∫
R+

g(t)dN(t) =
∫ τ

0
g(t)dN(t) =

∫ τn
0
g(t)dN(t); the same holds for the martingale M .

For simplicity of exposition and notation we assume X ∈ Rd, however our results

also apply straightforwardly to general covariate spaces, as our statistic is based on

kernel functions that may be defined on more general domains: see next section.

3 Construction of the test

We are interested in testing if the failure times Z are independent of the covariates

X. Specifically, we would like to test the null hypothesis,

H0 : FZX = FZFX , against H1 : FZX 6= FZFX .

One of the most popular approaches to solve this problem is the log-rank test for

proportional hazard functions. This test can be obtained as a score test from a partial

likelihood function for the Cox’s proportional hazards model given by ΛZ|X=x(t) =

eβ
ᵀxΛZ(t). This approach fails in many scenarios, however, since it only considers a

linear effect of the covariates on the log hazard, which is given by the term βᵀx.

Our method generalizes the previous method by defining a general collection

of log-rank tests in which the association between time and covariates is modeled

through general functions ω(t, x), instead of the simple expression βᵀx.

General score test We obtain a general log-rank test, for a fixed function ω :

R+×Rd → R, by computing the score test associated to the model defined in terms

of the conditional cumulative hazard function,

ΛZ|X=x(t; θ, ω) =

∫ t

0

eθω(s,x)dΛZ(s) θ ∈ Θ, (1)
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where ω : R+ × Rd → R is some non-zero fixed function, Θ is an open subset of R

containing θ = 0, and ΛZ(s) is the marginal (baseline) cumulative hazard function

associated to the failure time Z. Under the assumption that our data is generated

by this model for some fixed function ω(t, x), testing the null hypothesis H0 : Z ⊥ X

is equivalent to testing H0 : θ = 0, which can be done using a score test.

A score test is a hypothesis test used to check whether a restriction imposed on a

model estimated by maximum likelihood is violated by the data. The score test as-

sesses the gradient of the log-likelihood function, known as score function, evaluated

at some parameter θ under the null hypothesis. Intuitively, if the maximizer of the

log-likelihood function is close to 0, the score, evaluated at θ = 0, should not differ

from zero by more than sampling error.

The likelihood function associated to the right-censored data (Ti,∆i, Xi)
n
i=1 can

be computed as follows. Given Xi, the contribution to the likelihood of an uncensored

observation (Ti,∆i) (that is, for ∆i = 1) is dFZ|Xi
(Ti) = dΛZ|Xi

(Ti)SZ|Xi
(Ti). When

(Ti,∆i) is censored, ∆i = 0, the contribution corresponds to SZ|Xi
(Ti). The latter

follows from the fact that when Ti is censored, we only know that Zi > Ti.

Thus, given the covariates (Xi)
n
i=1, the likelihood function for the data (Ti,∆i)

n
i=1

under the model in Equation (1) corresponds to

Ln(θ;ω) =
n∏
i=1

dΛZ|Xi
(Ti)

∆iSZ|Xi
(Ti)

=
n∏
i=1

eθ∆iω(Ti,Xi)dΛZ(Ti)
∆i exp

{
−
∫ Ti

0

eθω(s,Xi)dΛZ(s)

}
,

where the second equality follows since SZ|X(t) = exp
{
−
∫ t

0
dΛZ|X(s)

}
.

The score function is then defined as

Un(θ;ω) =
d

dθ
logLn(θ;ω) =

n∑
i=1

(
∆iω(Ti, Xi)−

∫ Ti

0

ω(t,Xi)e
θω(t,Xi)dΛZ(t)

)
,
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and Un(0, ω) is the score statistic associated to the null hypothesis, H0 : θ = 0. A

normalized version of Un(0, ω) can be obtained using the variance/covariance matrix

of Un(θ;ω), written as Σ(θ;ω) = E(− ∂2

∂θ2
logLn(θ;ω)), and then writing Sn(0;ω) =

Un(0;ω)ᵀΣ(0;ω)−1Un(0;ω). By the Neyman-Pearson Lemma [25], it follows that the

test based on Sn(0;ω) is the most powerful test for small deviations from the null

under the model defined in Equation (1).

In general the marginal hazard function dΛZ(s) is unknown, and thus Un(0;ω)

cannot be evaluated in practice. However, under the null, dΛZ(s) can be estimated

from the data using the Nelson-Aalen estimator [1] dΛ̂Z(t) = dN(t)/Y (t), yielding

Ûn(0;ω) =
n∑
i=1

∫
R+

(ω(t,Xi)− ω̄n(t))dNi(t), (2)

where ω̄n(t) =
∑n

j=1 ω(t,Xj)Yj(t)/Y (t).

Log-rank formulation The expression for the un-normalized score statistic given

in Equation (2) can be written as a discrepancy between two empirical measures

with respect to the weight function ω(t, x). In survival analysis terminology, this is

known as weighted log-rank test, and, in our scenario, it takes the form

LRn(ω) =
1

n
Ûn(0;ω) =

∫
R+

∫
x∈Rd

ω(t, x) (dνn1 (t, x)− dνn0 (t, x)) , (3)

where νn1 and νn0 are empirical measures defined as

dνn1 (t, x) =
1

n

n∑
i=1

dNi(t)δXi
(x) =

1

n

n∑
i=1

∆iδTi,Xi
(t, x) (4)

and

dνn0 (t, x) =
dN(t)

n

n∑
i=1

Yi(t)

Y (t)
δXi

(x) =
1

n

n∑
j=1

∆jδTj(t)
n∑
i=1

Yi(t)

Y (t)
δXi

(x). (5)

The next theorem gives a consistency limit result for LR(ω).
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Theorem 3.1. Let ω : R+ ×Rd → R be a bounded measurable function. Then

LRn(ω)
P→
∫
Rd

∫ τ

0

ω(s, x)(dν1(s, x)− dν0(s, x)),

where dν1(t, x) = SC|X=x(t)dFZX(t, x), dν0(t, x) = ST |X=x(t)dα(t)dFX(x) and α(I) =∫
I

∫
Rd SC|X=x(t)/ST (t)dFZX(t, x) for any measurable I ⊆ (0, τ).

Simple algebra shows that, under the null hypothesis (i.e., H0 : Z ⊥ X), ν1 = ν0,

and consequently LRn(ω)
P→ 0 for any weight function ω(t, x). Under some regularity

conditions which we state in Assumption 3.2, we prove that ν1 = ν0 implies Z ⊥ X.

Assumption 3.2. For almost all x ∈ Rd, SC|X=x(t) = 0 implies SZ|X=x(t) = 0.

Proposition 3.3. Under Assumption 3.2, it holds that ν1 = ν0 if and only if Z ⊥ X.

Note that LRn(ω)
P→ 0 does not necessarily imply ν0 = ν1, since, if we choose

ω equal to the zero function, then LRn(ω) = 0 trivially. Thus, when using log-rank

tests, it is very important to use a relevant weight function for the problem at hand.

Instead of choosing a single weight function, we propose to optimize over a large

collection of candidate functions.

RKHS approach While normalized log-rank tests exhibit good statistical prop-

erties for small deviations from alternatives belonging to the model in Equation (1),

this good behavior is only guaranteed for a single weight function ω at a time. In

practice, it is very unlikely that the dependence structure of Z and X is known

beforehand, and thus choosing the correct weight ω(t, x) (if it exists) seems hard.

In order to avoid choosing a particular weight ω(t, x) in advance, we consider a

family of weighted log-rank statistics, and compute

Ψ2
n =

(
sup

ω∈H:‖ω‖2H≤1

LRn(ω)

)2

, (6)
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where the function ω(t, x) is allowed to take values in a potentially infinite-dimensional

space of functions H. We refer to Ψ2
n as the kernel log-rank statistic.

In particular, we choose H as a reproducing kernel Hilbert space (RKHS) of

functions. One of the main advantages of choosing this particular space, is that it

gives a simple closed-form solution for the optimization problem of Equation (6).

For general spaces of functions, finding the function ω̂ that maximizes the likelihood

function, or solving the optimization problem of Equation (6), might be much harder

problem, as it is likely that ω̂ does not have a closed-form solution. We will prove

that, under some mild regularity assumptions, a sufficiently rich choice of RKHS

will be able to detect any type of dependencies. Comparing with works that con-

sider a maximum among normalised log-rank statistics (i.e., divided by the standard

deviation) [18, 31, 12], our test will use the un-normalised statistic LRn(ω). This

is fundamental to our result, as the linearity in ω of LRn(ω), combined with the

properties of the RKHS, leads to a simple closed formula to evaluate Ψ2
n. This being

said, note that we are indirectly normalizing by choosing ω in the unit ball of H.

Reproducing Kernel Hilbert Spaces An RKHS (H, 〈·, ·〉H) is a Hilbert space of

functions in which the evaluation operator is continuous. By the Riesz representation

theorem, for all (t, x) ∈ R+ × Rd there exists a unique element K(t,x) ∈ H such

that, for all ω ∈ H, it holds ω(t, x) = 〈ω,K(t,x)〉H; this property is known as the

reproducing property. We define the so-called reproducing kernel K : (R+ ×Rd)2 →
R as K((t, x), (t′, x′)) = 〈K(t′,x′),K(t,x)〉H for any (t, x), (t′, x′) ∈ R+ × Rd. By the

Moore-Aronszajn theorem, for any symmetric positive-definite kernel K, there exists

a unique RKHS for which K is its reproducing kernel. Finally, for any finite signed

Radon measure (not necessarily a probability measure), we define its embedding into
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H as

φν(·) =

∫
R+

∫
Rd

K((t, x), ·)dν(t, x) ∈ H,

which existence is guaranteed by
∫
R+

∫
Rd

√
K((t, x), (t, x))dν(t, x) <∞, see [4].

RKHS distance We define the embeddings of the empirical measures νn1 and νn0

(introduced in Equations (4) and (5)) into H with reproducing kernel K as

φn1 (·) =

∫ τ

0

∫
Rd

K((t, x), ·)dνn1 (t, x) and φn0 (·) =

∫ τ

0

∫
Rd

K((t, x), ·)dνn0 (t, x), (7)

respectively. Notice both φn1 and φn0 are well-defined elements of H, as they are finite

sums of elements of H.

The next Theorem gives a closed-form expression for the kernel log-rank statistic

in terms of the distance (induced by the norm) of the embeddings φn0 and φn1 .

Theorem 3.4.

Ψ2
n = ‖φn0 − φn1‖2

H =
1

n2

n∑
i=1

n∑
j=1

∆i∆jK̄n((Ti, Xi), (Tj, Xj)), (8)

where

K̄n((t, x), (t′, x′)) = K((t, x), (t′, x′))−
n∑
k=1

K((t, x), (t′, Xk))
Yk(t

′)

Y (t′)

−
n∑
j=1

K((t,Xj), (t
′, x′))

Yj(t)

Y (t)
+

n∑
j,k=1

K((t,Xj), (t
′, Xk))

Yj(t)

Y (t)

Yk(t
′)

Y (t′)
.

Moreover, if K((t, x), (t′, x′)) = L(t, t′)K(x, x′), then

Ψ2
n = ‖φn0 − φn1‖2

H =
1

n2
trace(L∆(I −A)K(I −A)ᵀ) (9)

where K,L∆ and A are (n×n)-dimensional matrices whose entries (i, j) are defined

as (K)i,j = K(Xi, Xj), (L∆)i,j = ∆i∆jL(Ti, Tj) and (A)i,j = Aij =
Yj(Ti)

Y (Ti)
, and I

denotes the identity matrix.
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4 Asymptotic Analysis

Asymptotic null distribution We study the asymptotic null distribution of nΨ2
n

which is fundamental to construct a testing procedure. The key step is to show that

we can rewrite Ψ2
n as a V-statistic plus an asymptotically negligible term. The

asymptotic null distribution of nΨ2
n then follows from the standard theory of V-

statistics. We refer to [28, Section 5.5.2] for a discussion of V-statistics.

Proposition 4.1. Under the null hypothesis H0 : Z ⊥ X, the kernel log-rank statistic

can be written as

Ψ2
n =

1

n2

n∑
i=1

n∑
j=1

Jn((Ti,∆i, Xi), (Tj,∆j, Xj)), (10)

where Jn : (R+ × {0, 1} ×Rd)2 → R is a symmetric random function defined as

Jn((s, c, x), (s′, c′, x′)) =

∫
R+

∫
R+

K̄n((t, x), (t′, x′))dms,c(t)dms′,c′(t),

and dms,c(t) = cδs(t)− 1{s≥t}dΛZ(t).

The expression in Equation (10) suggests a V-statistic representation for the

kernel log-rank statistic. In the next result, we prove that nΨ2
n can, indeed, be

approximated by a V -statistic, by showing that Jn can be replaced by its population

version J , which follows from replacing the random kernel K̄n by its corresponding

population version K̄, given by

K̄((t, x), (t′, x′)) (11)

=

∫
Rd

∫
Rd

(
K((t, x), (t′, x′))− K((t, x), (t′, y′))

SC|X=y′(t
′)

SC(t′)

− K((t, y), (t′, x′))
SC|X=y(t)

SC(t)
+ K((t, y), (t′, y′))

SC|X=y(t)SC|X=y′(t
′)

SC(t)SC(t′)

)
dFX(y)dFX(y′),

which is valid under the null as ST (t) = SZ(t)SC(t).
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Assumption 4.2. K((t, x), (t′, x′)) = L(t, t′)K(x, x′), and both K and L are bounded.

Lemma 4.3. Under Assumption 4.2 and the null hypothesis, it holds

Ψ2
n =

1

n2

n∑
i=1

n∑
j=1

J((Ti,∆i, Xi), (Tj,∆j, Xj)) + op(n
−1),

where

J((s, c, x), (s′, c′, x′)) =

∫
R+

∫
R+

K̄((t, x), (t′, x′))dms,c(t)dms′,c′(t). (12)

It can be easily checked that E(J((t, c, x), (T1,∆1, X1))) = 0 for any (t, c, x) ∈
R+×{0, 1}×Rd under the null (since dmTi,∆i

(t) = dMi(t)). The statistic Ψ2
n is then

approximately a degenerate V-statistic, and thus we deduce its limit distribution

from the classical theory of degenerate V-statistics [28, Section 5.5.2].

Theorem 4.4. Under Assumption 4.2 and the null hypothesis, it holds that

nΨ2
n
D→
∫
x∈Rd

∫ τ

0

K̄((t, x), (t, x))SC|X=x(t)dFZ(t)dFX(x) + Y

where Y =
∑∞

i=1 λi(ξ
2
i − 1), ξ1, ξ2, . . . are i.i.d. standard normal random variables,

and λ1, λ2, . . . are non-negative constants which depend on the distribution of the

random variables (Z,C,X) and the kernel K.

The next result states that if we directly replace K̄n by its limit K̄ in Equation

(8), the resulting test-statistic has the same asymptotic null distribution as nΨ2
n.

Theorem 4.5. nΨ2
n and 1

n

∑n
i=1

∑n
j=1 ∆i∆jK̄((Ti, Xi), (Tj, Xj)) have the same asymp-

totic distribution under the null hypothesis.

Power under alternatives We next analyze the asymptotic behavior of Ψ2
n under

the alternative hypothesis, i.e., H1 : FZX 6= FZFX . To this end, we first establish a

consistency result for Ψ2
n.
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Lemma 4.6. Under Assumption 4.2, it holds Ψ2
n
P→ ‖φ0 − φ1‖2

H, where

φ1(·) =

∫ τ

0

∫
Rd

K(·, x)L(·, t)dν1(t, x) and φ0(·) =

∫ τ

0

∫
Rd

K(·, x)L(·, t)dν0(t, x),

and ν1 and ν0 are the population measures defined in Theorem 3.1.

The next step is to ensure that ‖φ0−φ1‖2
H is zero if and only if the null hypothesis

holds. This result will follow from assuming conditions on the kernel K that ensure

the embeddings of the measures ν0 and ν1 onto H are injective, and from Proposition

3.3, which proves that ν0 = ν1 if and only if the null hypothesis holds.

Theorem 4.7. Let γ > 0 be any constant. Suppose that both L and K, are bounded,

continuous, characteristic [29], translation invariant, and c0-kernels. Then, under

the alternative hypothesis, and under Assumptions 3.2 and 4.2, nΨ2
n →∞ as n grows

to infinity, and thus

lim sup
n→∞

P
(
nΨ2

n > γ
)

= 1.

In the previous result we say K is a c0-kernel if K(x, ·) ∈ C0(Rd), where C0(Rd)

denotes the class of continuous functions in Rd that vanish at infinity. An exam-

ple of a kernel that satisfies the conditions stated in the previous Theorem is the

exponentiated quadratic kernel, given by K(x, y) = exp{−(x− y)ᵀΣ−1(x− y)}.
Under the assumptions of Theorem 4.7, our testing procedure has asymptotic

power tending to one for any alternative, and thus it is able to detect any type of

dependency between survival times and covariates, given enough observations. Even

if the kernel does not satisfy the properties stated in Theorem 4.7, however, we can

guarantee the power of the test for alternatives following the model of Equation (1),

that is, for alternatives of the form ΛZ|X=x(t; θ) =
∫ t

0
eθω

?(s,x)dΛZ(s) for some ω? ∈ H
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on the unit ball and θ 6= 0, as the log-rank statistic LRn(ω?)2 → c > 0, with c a

positive constant. Then,

Ψ2
n =

(
sup

ω∈H:‖ω‖2H≤1

LRn(ω)

)2

≥ LRn(ω?)2 → c,

and thus when re-scaling by n, it holds that nΨ2
n →∞.

Recovering existing tests We show our approach can also recover certain known

tests for specific choices of the kernel function.

Example 4.8 (Two-sample weighted log-rank test). Consider X ∈ {0, 1}, i.e., the

two-sample problem. We can recover the standard weighted log-rank test with ar-

bitrary weight function ω̃ : R+ → R, by choosing ω(t, 1) = −ω(t, 0) and ω(t, 0) =

ω̃(t)/2. Then, by replacing ω into Equation (3), we obtain

LRn(ω) =
1

n

∫ τ

0

ω̃(t)L(t)(dΛ̂0(t)− dΛ̂1(t)), (13)

where dΛ̂j denotes the Nelson-Aalen estimator for each group j ∈ {0, 1}. Further-

more, Ψ̃n = supω:‖ω‖H=1 LRn(ω) recovers the general test proposed in [10].

Example 4.9 (Cox proportional hazards model). Consider the Hilbert space of

functions ω(t, x) = V 1/2βᵀx, where β ∈ Rd and V is a positive-definite matrix of

length-scales. By using this space of functions, our kernel log-rank statistic becomes

Ψn = sup
β∈Rd:‖V 1/2β‖2≤1

LRn(β), (14)

and it can be computed using Equation (9) with a linear kernel on the covariates,

K(x, x′) = (V 1/2x)ᵀ(V 1/2x′), and a constant kernel on times, L(t, t′) = 1. Then

nΨ2
n =

1

n

n∑
i=1

n∑
l=1

∫
R+

∫
R+

K̄n((t,Xi), (t
′, Xl))dMi(t)dMl(t

′) = UCox(0)ᵀV UCox(0),
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where UCox(0) = d
dβ
lCox(β)

∣∣∣
β=0

is the score function associated to the so-called Cox

partial likelihood lCox(β). By choosing V equal to the inverse of the Fisher information

matrix, the Cox score test and our Ψn are asymptotically equivalent.

5 Wild Bootstrap

In practice, the asymptotic null distribution is unknown, and thus we propose to use

a Wild Bootstrap approximation to it. The Wild Bootstrap test-statistic (ΨW
n )2 is

given by

(ΨW
n )2 =

1

n2

n∑
i=1

n∑
j=1

WiWj∆i∆jK̄n((Ti, Xi), (Tj, Xj)),

where W = (W1 . . . ,Wn) are a collection of i.i.d. Rademacher random variables,

which are independent of the data D = {(Ti,∆i, Xi)}ni=1.

In this section we prove two main results. The first result establishes that, un-

der the null hypothesis, the asymptotic distribution of n(ΨW
n )2 coincides with the

asymptotic distribution of the kernel log-rank test-statistic nΨ2
n. The second result

is analogous to Theorem 4.7, but replacing γ by the 1− α quantile obtained by the

Wild Bootstrap procedure.

Lemma 5.1. Under Assumption 4.2, it holds that

(ΨW
n )2 =

1

n2

n∑
i=1

n∑
j=1

WiWj∆i∆jK̄((Ti, Xi), (Tj, Xj)) + op(n
−1). (15)

Our first main result is given in the following Theorem.

Theorem 5.2. Suppose that the null hypothesis and Assumption 4.2 hold true, and

let L denote the asymptotic distribution of nΨ2
n. Then, for almost all sequences

(ti, δi, xi)i≥1 sampled from (Ti,∆i, Xi)i≥1, n(ΨW
n )2 D→ L, as n→∞.
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The previous result guarantees limn→∞P(n(ΨW )2
n > Q1−α) = α, where Q1−α is

the 1 − α quantile of L. Note that L depends on the distribution θ of the triple

(X,Z,C) that defines the null. Changing this distribution to a distribution θ′ (that

still satisfies the null) will lead to a potentially different asymptotic distribution L′

of the test-statistic. Therefore, the speed of convergence of the above result may

depend on θ. It is thus important to emphasize that our result ensures a pointwise

asymptotic level, but not uniformly asymptotic level.

Our second main result is given in the following theorem.

Theorem 5.3. Consider Assumptions 3.2 and 4.2, and assume that both L and K,

are bounded, continuous, characteristic, translation invariant, and c0-kernels. Let

α ∈ (0, 1), and let QW
n,M denote the 1 − α quantile obtained from a sample of fixed

size M of the Wild Bootstrap test-statistic, n(ΨW
n )2

1, . . . , n(ΨW
n )2

M . Then, under the

alternative hypothesis

P
(
nΨ2

n > QW
n,M

)
→ 1 as n→∞.

From the previous result, we deduce that, under the Assumptions of Theorem 5.3,

the test based on the Wild Bootstrap approximation of the null distribution is able to

detect any type of dependency between survival times and covariates asymptotically,

as long as censoring does not hide the regions in which the dependence occurs.

Implementation Under Assumption 4.2, the Wild Bootstrap test-statistic can be

easily evaluated as follows,

n(Ψ2
n)W =

1

n2
trace(L∆,W (I −A)K(I −A)ᵀ), (16)

where L∆,W is a (n × n)-matrix defined as (L∆,W )i,j = (∆iWi)(∆jWj)L(Ti, Tj),

and K,A and I are defined in Theorem 3.4. Algorithm 1 below describes the

implementation of our testing procedure.
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Computational time By the following Proposition, our algorithm has the same

computational complexity as the HSIC based permutation test of [14].

Proposition 5.4. nΨ2
n and n(ΨW

n )2 can be computed in O(n2) time.

Using a simple Python implementation that does not use a GPU, running on

a CPU with 4 cores at 1.6GHz, computation of the kernel log-rank statistic takes

about 10 seconds for a sample of size 10000, and about 0.1 second for a sample of size

1000. If faster computation is required, we may adopt the large-scale approximations

proposed in [33]. Moreover, Wild Bootstrap statistics can be computed in parallel,

and matrix computations can be done on a GPU.

Algorithm 1: Wild Bootstrap.

Input: data {Ti,∆i, Xi}ni=1, α and M

1 for k in 1 → M do

2 Sample W = (W1, . . . ,Wn)
i.i.d.∼ Rademacher

3 Compute (ΨW
n )2

k as in equation (16)

4 Denote by QW
n,M the 1− α quantile of the sample n(ΨW

n )2
1, . . . , n(ΨW

n )2
M

5 Compute nΨ2
n as in Equation (9)

6 Reject if nΨ2
n > QW

n,M

6 Experiments

We study the performance of the proposed kernel log-rank test for various choices of

kernels. We choose the kernels to be products of a kernel on the covariates, K, and

a kernel on the times, L. We denote the product kernel by (K,L). We study the

following four cases: 1. (K = Lin, L = 1), 2. (Gau, 1), 3. (Fis, 1) and 4. (Gau,Gau),

where “Lin” denotes the linear kernel, “Gau” the exponentiated quadratic (Gaussian)

kernel, “Fis” the linear kernel scaled by the Fisher information (see Example 4.9) and
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Figure 1: Scatterplots of samples from D.3 (left) and D.4 (right).

“1” denotes the constant kernel, i.e. L = 1 implies L(t, s) = 1 for all t, s ∈ R+. In

all experiments we use the median heuristic to select the bandwidth of the Gaussian

kernel: we choose σ2 = median{||xi − xj||2 : i 6= j}/2. We discuss the sensitivity of

the test to different choices of bandwidth later this section. We set the level of the test

to α = 0.05 and use Algorithm 1 of Section 5 to perform the test with M = 2000 (or

M = 5000 to estimate type 1 error) Wild Bootstrap samples to estimate the rejection

region. We compare the kernel log-rank test with the traditional Cox likelihood

ratio (Cox LR) test [6], denoted by Cph in the legends, and the optHSIC test [27],

denoted by Opt in the legends. As in [27], we use the Brownian covariance kernel in

optHSIC. The assessment of the Type I error can be found in Appendix A.1. Code

to implement the kernel log-rank test and reproduce the experiments below can be

found at https://github.com/davidrindt/kernel_logrank_python_code.

Power for 1-dimensional covariates In this section we investigate the power of

the different tests using data simulated from distributions in which X 6⊥ Z. In each

case, we use an exponential censoring distribution in which C ⊥ X and the mean of
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C is chosen such that 60% of the events are observed. Throughout this subsection

we let X ∼ Unif[−1, 1]. Consider the following four distributions.

D.1 A CPH distribution: Z|X = x ∼ Exp(mean = exp{x/3}) and C|X = x ∼
Exp(mean = 1.5).

D.2 A non-linear log-hazard: Z|X = x ∼ Exp(mean = exp{x2}) and C|X = x ∼
Exp(mean = 2.25).

D.3 A family of Weibull distributions: Z|X = x ∼ Weib(shape = 3.35 + 1.75 ·
x, scale = 1) and C|X = x ∼ Exp(mean = 1.75).

D.4 A checkerboard pattern: See Figure 1. Because the pattern is more complicated,

we let the sample size range from 500 to 2000 in steps of 500.

The top row of Figure 2 displays the rejection rates of the tests for samples from

D.1 and D.2. Note that in D.1 the kernel log-rank test with linear kernel performs

roughly equivalently to the LR test, which is ideally suited for this distribution as the

CPH assumption holds. While the kernel log-rank tests with the rich kernels (Gau, 1)

and (Gau,Gau) do not lose much power in detecting this CPH dependency, we do

observe a small tradeoff between richness of the kernels and power: the (Gau,Gau)

kernel has slightly less power than the (Gau, 1) kernel, which in turn has slightly less

power than the (Lin, 1) kernel and CPH LR test in D.1. In D.2 the quadratic term in

the log-hazard violates the CPH assumption. The top right panel of Figure 2 shows

that the linear kernel and the CPH LR test are unable to detect the dependency.

Again, we find that the least rich kernel that is still able to model the dependency

has the highest power, which in this case is the (Gau, 1) kernel. In D.3 and D.4 the

hazard function does not factorize into a function of covariates and a function of

time, and a kernel is needed on time to model the dependency. Rejection rates are

displayed in the bottom of Figure 2, confirming that indeed the kernel log-rank test

with kernel (Gau,Gau) is the only test able to correctly reject the null hypothesis.
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Figure 2: Rejection rates of the various test for D.1 (top left), D.2 (top right), D.3

(bottom left) and D.4 (bottom right).

Power for multidimensional covariates Let X ∼ Normal(mean = 0d and cov =

Σd) where 0d = (0, . . . , 0) ∈ Rd, Σd = MMT and M is a d×d matrix of independent

Normal(0, 1) entries. Consider the following four distributions:

D.5: A CPH dependence on all covariates: Z|X = x ∼ Exp(mean = exp{1Td x/20})
and C|X = x ∼ Exp(mean = 1.5) where 1d = (1, . . . , 1) ∈ Rd.

D.6: A CPH dependence on single covariate: Z|X = x ∼ Exp(mean = exp{x1/60})
and C|X = x ∼ Exp(mean = 1.5).

D.7: A non-CPH dependence on single covariate: Z|X = x ∼ Exp(mean = exp{x2
1/60})

and C|X = x ∼ Exp(mean = 1.5).
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D.8: A mixed dependence on 2-covariates: Z|X = x ∼ Exp(mean = exp{(x2
1 +

3x2)/60}) and C|X = x ∼ Exp(mean = 2).

Figure 3 displays rejection rates for both varying dimension and sample sizes. As

our first finding, we observe that, while the CPH assumption holds for D.5 and D.6,

the power of the kernel log-rank test is similar to that of the CPH LR test, which

is an encouraging result. In D.7 and D.8 we again observe that in the presence of a

non-CPH dependence, the kernel log-rank test has good power.

Varying censoring rates and distributions We study the rejection rates in

cases where censoring depends on the covariate, and where the percentage of observed

(∆ = 1) events is 15, 30, 45, 60, 75, 90 or 100%. The experiments are described in

Appendix A.3. Under these varying censoring percentages, the main findings from

the previous section remain true: the kernel log-rank test shows competitive power

when the CPH assumption holds, is able to detect non-CPH dependencies, and

achieves correct type 1 error. A final important observation is that optHSIC loses

power compared to the kernel log-rank test for higher censoring rates.

Sensitivity to choice of bandwidth In the experiments presented thus far we set

the bandwidth of the Gaussian kernel to be σ2 = median{||xi−xj||2 : i 6= j}/2. We

now study the effect of varying the bandwidth of the Gaussian kernel on the rejection

rate. Details of the experiments are in Appendix A.4. We find that, while for most

scenarios a bandwidth can be selected that slightly outperforms the median heuristic,

the median heuristic has a consistently good performance across all scenarios.

Choice of kernel When using the kernel log-rank test it is important to choose

an appropriate kernel. While in principle we can choose K to be any kernel, choos-

22



23

100 200 300
sample size

0.00

0.25

0.50

0.75

1.00
re

je
ct

io
n

ra
te

0 10 20
dimension

0.00

0.25

0.50

0.75

1.00

re
je

ct
io

n
ra

te
100 200 300

sample size

0.00

0.25

0.50

0.75

1.00

re
je

ct
io

n
ra

te

0 10 20
dimension

0.00

0.25

0.50

0.75

1.00

re
je

ct
io

n
ra

te

100 200 300
sample size

0.00

0.25

0.50

0.75

1.00

re
je

ct
io

n
ra

te

0 10 20
dimension

0.00

0.25

0.50

0.75

1.00

re
je

ct
io

n
ra

te

100 200 300
sample size

0.00

0.25

0.50

0.75

1.00

re
je

ct
io

n
ra

te

10 20
dimension

0.00

0.25

0.50

0.75

1.00

re
je

ct
io

n
ra

te

(Gau,1)

(Lin,1)

(Fis,1)

(Gau,Gau)

Cph

Opt

Figure 3: Rejection rates for D.5 (top) - D.8 (bottom). Left: rejection rates as the

sample size increases. Right: rejection rates as the dimension increases.



ing a kernel that factorizes into a kernel on time and a kernel on the covariates

has the important advantage that it gives the simple closed-form expression for our

test-statistic in Theorem 3.4. In Theorems 4.7 and 5.3, we prove that our testing

procedure is consistent for sufficiently expressive kernels K and L.

Our experiments show that in some scenarios there is a trade off between richness

of the RKHS and the power of the test. For example, when the data is sampled

from a distribution satisfying the CPH assumption, the kernel (Lin, 1) is generally

more powerful than the richer (Gau, 1) or (Gau,Gau) kernels. Hence, if we have

prior knowledge about the relationship, we may use this knowledge to choose the

appropriate kernel. On the whole, however, we found the richer kernels to have

competitive power, even in cases where less rich kernels were optimal.

We may also consider improvements on the median heuristic when selecting kernel

bandwidth. In [16, 30, 21], which deal with the case of two-sample testing in the

uncensored setting, part of the data is used to select parameters that result in the

lowest approximate asymptotic p-value, and the test is then performed with the

selected parameters on the remaining data. In [2], which addresses independence

testing in the uncensored setting, an aggregation procedure is proposed over kernel

bandwidths, which does not require data splitting, and is adaptive in a minimax

sense over Sobolev classes of alternatives. It will be an interesting topic for future

research to extend these kernel selection strategies to the censored setting.

7 Application to real-world datasets

We next apply our proposed method to two real-world datasets. We compare the

p-values obtained by the kernel log-rank test with kernels (Gau, 1) and (Gau,Gau) to

the p-values obtained by the CPH likelihood ratio test. We use 10000 Wild Bootstrap
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samples in these examples.

p-value

Data Covariates Cph (Gau, 1) (Gau,Gau)

Biofeedback (Trt, Recov) 0.496 0.014 0.023

Trt 0.462 0.458 0.050

Recov 0.301 0.007 0.029

(Trt, log(Recov)) 0.027 0.013 0.025

Colon Age 0.627 0.080 0.097

(Age, Perfor, Adhere) 0.102 0.017 0.018

Table 1: p-values obtained by the various tests for the Biofeedback and Colon data.

Biofeedback data The biofeedback treatment data studies the time until patients

suffering from aspiration after head and neck surgery achieve full swallowing reha-

bilitation. The study is presented in [8] and the data was made available in the R

package Coxphw [9]. In our presentation we name the event-time variable Rehab.

Covariates in the dataset are a binary variable indicating biofeedback treatment, de-

noted Trt, and the time after the surgery until treatment could be started, denoted

Recov. This dataset contains 33 individuals, of whom 70% were observed to fully

rehabilitate (coded as δ = 1).

In the first row of Table 1, we observe that the kernel log-rank test results in

the p-values 0.014 for the kernel (Gau, 1) and 0.023 for the kernel (Gau,Gau) when

including both covariates. In contrast, the CPH likelihood ratio test results in the

higher p-value of 0.496. This suggests the possibility of a non-linear relationship

between the event-time of interest, Rehab, and the covariates Trt and Recov. This

interpretation is strengthened by the following two observations. First, when we

apply a logarithm transformation to the covariate Recov, as suggested in [8], the
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Figure 4: Kaplan-Meier estimates of the survival curves associated to the group that

receives the Biofeedback treatment and one that does not receive the treatment. We

observe that both curves cross which violets the CPH assumption.

CPH likelihood ratio test (shown in the fourth row of Table 1) results in a p-value of

0.027. The main advantage of the kernel log-rank test is that it does not require to

manually transform the data to detect potential non-linear dependencies. Second,

we observe that the kernel log-rank test using the (Gau,Gau) kernel is the only test

that rejects the null hypothesis of independence between Rehab and Trt (see the

second row of Table 1) at a significance level of 0.05. This result may be attributed

to the fact that the survival curves associated to the two treatment groups cross (see

Figure 4).

Colon data The Colon dataset studies the recurrence of tumors and survival in

patients undergoing treatment for stage B/C colon cancer. The study is presented in

[19] and [24]. Data from the 929 patients in the study is available in the R package

Survival [32]. Each individual has 11 covariates. We consider the time of death in our

analysis as the event-time, which was observed, i.e. δ = 1, for 49% of the individuals.
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Figure 5: Nelson-Aalen estimates of the cumulative hazard for the four quartiles of

age. Q1 denotes the youngest quartile and Q4 the oldest. Note that the curves do

not satisfy the CPH assumption.

We focus our analysis on the variables Age, Perfor (a binary variable indicating the

perforation of the colon) and Adhere (a binary variable indicating adherence of the

tumor to nearby organs).

The p-values of different tests of independence are given in Table 1. Testing for

independence between the age covariate and the event-time, the kernel log-rank test

results in p-values of 0.080 and 0.097 for the (Gau, 1) and (Gau,Gau) kernels respec-

tively. In contrast, the CPH likelihood ratio test produces a much higher p-value

of 0.627. This suggests the possibility of a non-linear dependence between the age

covariate and the event-time of interest. This interpretation is strengthened by Fig-

ure 5, which displays cumulative hazard functions for different age quartiles. Indeed,

these curves could suggest a non-linear effect of age, as the curves are not ordered by

age. In particular we observe that first age quartile has a higher cumulative hazard

function than the second quartile, but lower than the third. Finally, in the last row

of Table 1, we observe differences in the conclusions of the kernel log-rank test (for
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both kernels) and the CPH likelihood ratio test at a significance of α = 0.05 when

we include the binary variables Perfor and Adhere to the model. This difference in

p-values suggests there may be a non-linear relationship between the event-time of

interest and these covariates.

8 Conclusions

We have introduced a novel non-parametric independence test between right-censored

survival times Z and covariates X. Our approach uses an infinite-dimensional expo-

nential family of cumulative hazard functions, which are parameterized by functions

in a reproducing kernel Hilbert space. By choosing an expressive Hilbert space of

functions, we show that our testing procedure is able to detect any type of depen-

dence, while for simpler Hilbert spaces, we recover ubiquitous approaches such as

the Cox score test. The test statistic furthermore has an easily computed closed

form. We provide a simple testing procedure based on the Wild Bootstrap, and

demonstrate strong performance on a range of synthetic and real datasets.

SUPPLEMENTARY MATERIAL

A. Additional experiments In Section A.1 we study the Type 1 error, in Section

A.2 we show additional experiments regarding the power of tests, in Section

A.3 we show experiments for varying censoring percentages, and in Section A.4

we show experiments for varying bandwidths of the Gaussian kernel.

B. Preliminary results: In this section, and in order for this paper to be self-

contained, we review some preliminary results that will be used in our proofs.
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C. Auxiliary results: In this section we state some auxiliary results used for the

proofs of the main results of the paper.

D. Main results: In this section we prove the main results of the paper.

E. Proofs of auxiliary results In this section we prove the auxiliary results in-

troduced in Section C.
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