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ribe how a dis
ontinuous Galerkin �nite element method withinterior penalty 
an be used to 
ompute the solution to an ellipti
 partialdi�erential equation and a linear fun
tional of this solution 
an be evalu-ated. We show that, in order to have an adjoint 
onsistent method and thusobtain optimal rates of 
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tional depends onthe derivative of the solution of the PDE, an equivalent formulation of thefun
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31 Introdu
tionIn many areas of appli
ation the aim of a 
omputation is not to approximate the solutionto the governing partial di�erential equation system but rather to 
ompute a

urately alinear fun
tional or series of linear fun
tionals of their solution. Su
h linear fun
tionalsmight take the form of a 
ux through an out
ow boundary, the lo
al mean value of a�eld or a point evaluation. Spe
i�
 areas of appli
ation in
lude:� Fluid dynami
s | estimation of the lift and drag 
oeÆ
ients of a body immersedin a vis
ous in
ompressible 
uid whose 
ow is governed by the Navier Stokesequations [7℄;� Elasti
ity theory | estimation of the stress intensity fa
tor or the moments of ashell or a plate [1, 2, 3℄;� Radiative transfer | estimation of a s
alar 
ux or a limited number of 
ow inten-sities in arbitrary dire
tions [6℄;� Ele
tro
hemistry | estimation of the 
urrent 
owing at a working ele
trode [8, 9℄.Here, we shall use the dis
ontinuous Galerkin �nite element method for solving thegoverning partial di�erential equation and we dis
uss how to `post-pro
ess' the solutionin order to estimate the linear fun
tional a

urately.Dis
ontinuous Galerkin �nite element methods (DGFEMs) were �rst introdu
ed inthe early 1970's. The method was proposed by Reed & Hill [15℄ in 1973 for the numeri
alsolution of the neutron transport equation and also by Nits
he [12℄ in 1971 as nonstan-dard s
hemes for the approximation of se
ond-order ellipti
 equations. Sin
e then mu
hwork has been undertaken to develop these methods for a range of problems; for moredetails see the review arti
le by Co
kburn et al. [4℄.DGFEM has several key advantages over the standard �nite element method. The�rst is that, sin
e the solution is allowed to be dis
ontinuous a
ross inter-element bound-aries, variation in polynomial degree between elements is easily implemented. This makesthe method an ideal 
andidate as the basis for an adaptive hp-re�nement algorithm. Ase
ond important advantage of the dis
ontinuous method is that there is no need to usestreamline di�usion when dealing with 
onve
tion-dominated di�usion problems. Thismeans that rea
tion-di�usion and rea
tion-
onve
tion-di�usion problems may be treatedin a uniform manner.The aim of this work is to 
ompare several di�erent ways of 
omputing the linearfun
tional. We shall use an interior penalty dis
ontinuous Galerkin method to solvethe governing partial di�erential equation. The interior penalty method will lead toeither a symmetri
 or nonsymmetri
 bilinear form, however we shall demonstrate thatthe symmetri
 version performs better sin
e it leads to an adjoint-
onsistent method.We also demonstrate that if the fun
tional depends on the derivative of the solution,rather than the solution itself, it is helpful to rewrite the fun
tional in a formulationwhi
h is equivalent at the 
ontinuous level but leads to numeri
al approximations whi
h
onverge at a faster rate. Again this is be
ause we are ensuring adjoint 
onsisten
y.



4 The paper is stru
tured as follows. In Se
tion 2 we introdu
e the model problemand formulate its dis
ontinuous Galerkin �nite element approximation. In Se
tion 3 ana priori bound on the error in the 
omputed fun
tional is stated and the dual problemis des
ribed. In Se
tion 4 we give details of the dual problem for spe
i�
 fun
tionalspaying parti
ular attention to the 
ase of a 
ux a
ross a portion of the boundary. InSe
tion 5 we present some numeri
al examples and �nally, in Se
tion 6 we summarisethe work presented in this paper and draw some 
on
lusions.2 Model ProblemLet 
 be a bounded open domain in Rd and let � be the union of its (d�1)-dimensionalopen fa
es. We 
onsider the (ellipti
) rea
tion-di�usion equationLu � �r2u+Ku = f ; (2.1)where f 2 L2(
) and K is a nonnegative 
onstant. We denote by n(x) = fni(x)gdi=1 theoutward unit normal ve
tor to � at x 2 �. Then (2.1) is supplemented with boundary
onditions u = gD on �D ; (2.2a)ru � n = gN on �N ; (2.2b)where we assume that �D and �N are disjoint subsets with union �. We also assumethat �D is nonempty.2.1 Meshes, Finite Element Spa
es and NotationWe 
onsider shape-regular meshes Th = f�g that partition the domain 
 into openelement domains �. Hanging nodes are allowed, although we shall assume that there isat most one hanging node per element-fa
e whi
h we assume to be the bary
enter of thefa
e. We denote by h the pie
ewise 
onstant mesh fun
tion with h(x) � h� = diam(�)for x 2 �. We assume that ea
h element � 2 Th is a smooth bije
tive image of a �xedreferen
e element �̂ = (�1; 1)d, that is, � = F�(�̂) for all � 2 Th. On �̂ we de�ne Qp tobe the spa
e of polynomials of degree p � 1 in ea
h of the d 
oordinate dire
tions:Qp = span �x̂� : 0 � �i � p; 1 � i � d	 :To ea
h � 2 Th we assign an integer p� � 1; 
olle
ting the p� and F� in the ve
torsp = fp� : � 2 Thg and F = fF� : � 2 Thg, respe
tively, we introdu
e the �nite elementspa
e Sp(
; Th;F) = fu 2 L2(
) : uj� Æ F� 2 Qp�; � 2 Thg :Asso
iated with Th, we introdu
e the broken Sobolev spa
e of 
omposite order sde�ned by Hs(
; Th) = fu 2 L2(
) : uj� 2 Hs�(�) 8� 2 Thg ;



5equipped with the broken Sobolev norm and 
orresponding semi-norm, respe
tively,kuks;Th = � X�2Th kuk2Hs�(�)�1=2; jujs;Th = � X�2Th juj2Hs�(�)�1=2 : (2.3)When s� = s for all � 2 Th, we write Hs(
; Th), kuks;Th and jujs;Th.An interior fa
e of Th is de�ned as the (non-empty) (d� 1){dimensional interior of��i\��j, where �i and �j are two adja
ent elements of Th, not ne
essarily mat
hing. Aboundary fa
e of Th is de�ned as the (non-empty) (d�1){dimensional interior of ��\�,where � is a boundary element of Th. We denote by �int the union of all interior fa
es ofTh. Given a fa
e e � �int, shared by the two elements �i and �j, where the indi
es i and jsatisfy i > j, we write ne to denote the (numbering{dependent) unit normal ve
tor whi
hpoints from �i to �j; on boundary fa
es, we put ne = n. Further, for v 2 H1(
; Th) wede�ne the jump of v a
ross e and the mean value of v on e, respe
tively, by[v℄ = vj��i\e � vj��j\e and hvi = 12 �vj��i\e + vj��j\e� : (2.4)On a boundary fa
e e � ��, we set [v℄ = vj��\e and hvi = vj��\e.2.2 The hp-Dis
ontinuous Galerkin MethodThe hp-DGFEM approximation of (2.1), (2.2) is de�ned as follows: �nd uDG inSp(
; Th;F) su
h that BDG(uDG; v) = `DG(v) (2.5)for all v 2 Sp(
; Th;F). The bilinear form BDG(�; �) is de�ned byBDG(w; v) = X�2Th Z� (rw � rv +Kwv) d
� Z�int[�D (hrw � nei [v℄� �hrv � nei [w℄) ds+ Z�int[�D � [w℄ [v℄ ds ; (2.6)and the linear fun
tional `DG(�) is given by`DG(v) = X�2Th Z� fv d
 + Z�N gNv ds+ Z�D (�rv � n + �v) gD ds : (2.7)Here, � is 
alled the dis
ontinuity-penalisation parameter, and is de�ned by�je = C� hp2ihe for e � �int [ �D ; (2.8)where he is the length of edge e and C� is a positive 
onstant, 
f. [11℄.Sele
ting the parameter � = 1 gives rise to the so{
alled Nonsymmetri
 InteriorPenalty Galerkin (NIPG) method, while setting � = �1 yields the Symmetri
 Interior



6Penalty Galerkin (SIPG) s
heme. The SIPG s
heme seems the natural 
hoi
e sin
e asymmetri
 operator is represented by a symmetri
 bilinear form whi
h is not the 
asewith the NIPG method. However, the symmetri
 s
heme has the slight drawba
k thatit requires C� > C 0� > 0 where C 0� is a suÆ
iently large positive 
onstant, in order toensure 
oer
ivity of the bilinear form with respe
t to the norm jk � jkDG de�ned byjkwjk2DG = X�2Th Z� �jrwj2 +Kjwj2� d
 + Z�int[�D � [w℄2 ds+ Z�int[�D ��1hrw � n�i2 ds : (2.9)The NIPG method 
an be shown to be 
oer
ive for any nonnegative value of C�. For aproof of these results, see Ref. [14℄.3 An A Priori Error BoundGiven that we have the solution u to the problem given by (2.1) and (2.2) we wish toevaluate the linear fun
tion J(u). We assume that J(u) is a linear fun
tional of eitherthe solution u itself or the �rst derivatives of the solution �u=�xi, i = 1; : : : ; d. Thedual problem then requires us to �nd w 2 H2(
; Th) su
h thatBDG(�; w) = J(�) 8� 2 H2(
; Th) : (3.1)Based on this dual problem, an a priori error bound 
an be derived on the error inthe 
omputed fun
tional. The method is the same as for rea
tion-
onve
tion-di�usionequations, and was des
ribed in [10℄. We assume that the primal solution satis�esuj� 2 Hs�(�) for � 2 Th and that the dual solution 
orresponding to the SIPG methodsatis�es wSIPGj� 2 H t�(�) for � 2 Th where s�; t� � 2. The a priori error bound is thengiven by jJ(u)� J(uDG)j2 � CX� �h2���2�p2s��3� +Kh2���p2s�� � kuk2Hs� (�)� X� �h2����2�p2t��3� +Kh2����p2t�� � kwSIPGk2Ht� (�) + (1 + �)kwSIPGk2H2(Th)! ; (3.2)where �� = min(s�; p� + 1) and ��� = min(t�; p� + 1).In the spe
ial 
ase of a uniform mesh (h� = h, p� = p) and uniform regularity of thesolution (s� = s and t� = t so that �� = � and ��� = ��) we havejJ(u)� J(uDG)j � Ch�+���2ps+t�2 pkukHs(
)kwkHt(
)+(1 + �) h��1ps�3=2kukHs(
)kwSIPGkH2(
) : (3.3)



7This shows that for SIPG we havejJ(u)� J(uDG)j = O(h�+���2) ; (3.4)whilst for NIPG we have onlyjJ(u)� J(uDG)j = O(h��1) : (3.5)4 Spe
i�
 Fun
tionalsWe shall 
onsider three spe
i�
 types of fun
tional: the weighted mean value of a �eld;a point value; and a 
ux through part of the boundary of the domain. We then de�neJ1(u) = Z
  1(x)u(x) d
 ; (4.1)J2(u) = u(x0) ; (4.2)J3(u) = Z�0  3(x)ru � n ds ; (4.3)where  1 2 L2(
), x0 2 
,  3 2 H1=200 (�0) and we assume that �0 � �D sin
e ru � n isknown exa
tly on �N.The dual problems are then given byB(�; w) = Ji(�); i = 1; 2; 3: (4.4)Performing integration by parts we see that the dual problem 
orresponding to thefun
tional J1(�) is: �nd w su
h thatL?w � �r2w +Kw =  1 in � ; (4.5)with inter-element 
onditions(1 + �)hrw � n�i+ � [w℄ = 0 on �� n � ; (4.6a)[w℄ = 0 on �� n � ; (4.6b)and boundary 
onditions w = 0 on �� \ �D ; (4.7a)rw � n� = 0 on �� \ �N ; (4.7b)(1 + �)rw � n� = 0 on �� \ �D ; (4.7
)for all � 2 Th.We observe that when � = �1 the inter-element 
onditions (4.6) simply state thatthe dual solution should be 
ontinuous a
ross inter-element boundaries and thus thereis no dependen
e on the mesh.



8 The dual problem 
orresponding to the fun
tional J2(�) is: �nd w su
h thatL?w � �r2w +Kw = � Æ(x� x0) in � if x0 2 �0 in � if x0 =2 � ; (4.8)with inter-element 
onditions and boundary 
onditions given by (4.6) and (4.7).Finally, we 
onsider the dual problem for the fun
tional J3(�). The dual solutionmust satisfy �r2w = 0 in � ; (4.9)with inter-element 
onditions given by (4.6) and boundary 
onditions given byw = � � 3(x; y) on �� \ (�D \ �0) ;0 on �� \ (�D n �0) ; (4.10a)(1 + �)rw � n + �w = 0 on �� \ �D ; (4.10b)rw � n = 0 on �� \ �N : (4.10
)We note that when � = �1 the boundary 
onditions on �� \ (�D \ �0) be
ome w =� (x; y) and �w = 0 whi
h are only 
ompatible if either  = 0 on ��\(�D\�0) (whi
htrivially gives J3(u) � 0) or if we 
hoose � = 0 on �� \ (�D \ �0).However, we note that if we de�neĴ3(u) = Z�0 � 3 (�ru � n+ �u) ds ; (4.11)then Ĵ3(u) = Z�0  3 (ru � n + ��(u� gD + gD)) ds (4.12)= J3(u) + Z�0 ( 3��gD) ds ; (4.13)using the fa
ts that u = gD on �0 � �D and that �2 = 1. Sin
e gD is known, we mayevaluate the se
ond integral exa
tly (or approximate it using a quadrature rule whi
h forour purposes we 
lass as exa
t integration). Hen
e we may 
ompute J3(u) by 
omputingĴ3(u) and subtra
ting the known quantity R�0 ( 3��gD) ds.We may now de�ne the weak formulation of the dual problem 
orresponding to thefun
tional Ĵ3(�) to be B(�; w) = Ĵ3(�) : (4.14)We �nd that the dual solution must satisfy�r2w = 0 in � ; (4.15)



9with inter-element 
onditions given by (4.6) and boundary 
onditions given byw = � � 3(x; y) on �� \ (�D \ �0) ;0 on �� \ (�D n �0) ; (4.16a)(1 + �)rw � n + �w = � �� 3(x; y) on �� \ (�D \ �0) ;0 on �� \ (�D n �0) ; (4.16b)rw � n = 0 on �� \ �N : (4.16
)We emphasise that the SIPG method 
ollapses to the formal dual problem while theNIPG method produ
es a problem whose solution di�ers from the formal dual solutionon a set of zero measure. The regularity of the solution to the NIPG problem is lowerthan the solution to the formal dual problem.5 Numeri
al Examples

ele
trodeinsulator

ele
trolytez
r

Figure 1: A mi
rodis
 ele
trode inlaid in an insulator.We 
onsider a problem whi
h arises in ele
tro
hemistry. We 
onsider an ele
tro-
hemi
al 
ell in whi
h the working ele
trode is a mi
rodis
 ele
trode whi
h is inlaid



10in an insulator as shown in Figure 1. The ele
trode radius is assumed to be small in
omparison with the radius of the insulator whi
h is thus assumed to be in�nite. Here,we s
ale the radial independent variable r so that the ele
trode has radius r = 1. Thetop of the ele
trode is 
ush with the top of the insulator whi
h we take to be the z = 0plane. We then suppose that a 
onstant potential is applied to the working ele
trode sothat the oxidation rea
tion A = B + e� (5.1)takes pla
e. This 
auses a 
urrent to 
ow and a parti
ular quantity of interest is thesteady state value of this 
urrent. This may be expressed as a linear fun
tional of thesteady state 
on
entration values of spe
ies A. The normalised 
on
entration valuesobey the steady state di�usion equation, whi
h, due to axial symmetry, may be writtenin 
ylindri
al polar 
oordinates as�r2u = �2u�r2 + 1r �u�r + �2u�z2 = 0 in 
 = (0;1)2 : (5.2)The appropriate boundary 
onditions areu = 0; r � 1; z = 0;�u�n = 0; r > 1; z = 0;r = 0; z � 0;u � 1� 2=(�pr2 + z2); r; z !1; (5.3)where we have taken the ele
trode radius to be one by normalising the spatial 
oordi-nates. We note that the far �eld boundary 
onditions represent bulk 
on
entration ofspe
ies A there and the boundary 
ondition on z = 0 for r > 1 represents the fa
t thatno mole
ules of spe
ies A may leave through the insulator.The form of the boundary 
onditions on z = 0 means that there is a boundarysingularity at (1; 0) (in other words �u=�r is dis
ontinuous there). This means that uhas limited regularity (in fa
t u 2 H3=2��lo
 , 0 < � < 1=2) and so on a 
oarse uniformmesh standard �nite element te
hniques will lead to a large error at this point whi
hthen degrades the a

ura
y of the 
urrent.We shall 
al
ulate the normalised dimensionless 
urrent to the ele
trode whi
h isgiven by J3(u) = �2 Z 10 ��u�z�z=0 rdr : (5.4)As des
ribed in the previous se
tion we may instead 
omputeĴ3(u) = Z�0 ��2 � (�ru � n + �u) ds ; (5.5)where �0 represents the ele
trode surfa
e, i.e.�0 = f(r; z) 2 �D : 0 � r � 1; z = 0g : (5.6)



11The exa
t solution to the steady state problem des
ribed by (5.2) and (5.3) was givenby Saito [16℄ as u = 1� 2� Z 10 sinmm J0(rm)e�zmdm ; (5.7)where J0 is the zeroth order Bessel fun
tion. Hen
e the non-dimensional 
urrent is givenby J3(u) = 1.Crank and Furzeland [5℄ rewrote Saito's solution in the more 
onvenient formu = 1� 2� sin�1( 2pz2 + (1 + r)2 +pz2 + (1� r)2) : (5.8)To illustrate our numeri
al method we shall solve the problem in the region 
s =[0; rmax℄�[0; zmax℄. We shall then use the exa
t solution as given by Crank and Furzelandas the boundary 
ondition on r = rmax and z = zmax. We shall 
hoose rmax = zmax = 2.To illustrate the method and 
onvergen
e rates we shall also 
ompute two furtherfun
tionals, the integral over the domain of the solution and a point value in the interiorof the domain J1(u) = Z
s ud
 ; (5.9)J2(u) = u(1=3; 1=3) : (5.10)The exa
t values of the fun
tionals 
an be found to be J1(u) = 2:426131 and J2(u) =0:214987.5.1 The Dual SolutionsIn Figure 2 we show the dual solutions 
omputed using DGFEM with a �xed polynomialdegree of 2 in ea
h element and with 8 mesh spa
ings in ea
h 
oordinate dire
tion. Theformal dual solution is well approximated by the dual based on Ĵ3(�) and the SIPGs
heme in the sense that the numeri
al solution looks very similar to a 
ontinuous �niteelement solution to the formal dual problem. The numeri
al solution 
orresponding tothe problem based on the SIPG s
heme and the fun
tional Ĵ3(�) is shown in Figure 2(a).In Figure 2(b) we show the numeri
al solution to the dual problem based on SIPG andthe fun
tional J3(�). We see that this di�ers 
onsiderably from the formal dual solution,espe
ially near the ele
trode surfa
e where the boundary 
onditions are in
onsistent.The behaviour of this solution is dependent upon the 
hoi
e of the 
onstant C� in thede�nition of � (2.8). Here we have 
hosen C� = 10. De
reasing this in
reases the peakvalue of the dual solution and de
reases the value on the ele
trode surfa
e. In
reasingthe value of C� redu
es the peak height and in
reases the value of the solution on theele
trode surfa
e. In the limit as C� ! 1 the peak height of the dual solution is �=2(the value of the formal dual solution on the ele
trode surfa
e) and the value of the dualsolution on the ele
trode surfa
e is zero. In Figures 2(
) and 2(d) we show the numeri
al
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13solutions to the dual problem based on NIPG and Ĵ3(�) and J3(�), respe
tively withC� = 10. Figures 2(e) and 2(f) show the 
orresponding solutions with C� = 0. Theseshow more 
learly the e�e
t of the inter-element 
ondition (4.6a) whi
h requires theaverage gradient of the solution to be zero a
ross interior edges. We also note that inthe 
ase when � is non-zero the boundary 
onditions on the ele
trode surfa
e arew = � 3(x; y) (5.11)2rw � n+ �w = Æ� 3(x; y) (5.12)where Æ = 0 if we are 
onsidering the problem relating to J3(�) and Æ = 1 if we are
onsidering the problem relating to Ĵ3(�). Substituting (5.11) into (5.12) givesrw � n = �2 3(x; y)(Æ + 1) ; (5.13)and sin
e  3 = ��=2 on the ele
trode surfa
e this tells us that the dual solution shouldin
rease away from the ele
trode surfa
e whi
h is indeed the 
ase in Figures 2(
) and2(d).In Figure 3 we show the 
onvergen
e rates of the linear fun
tionals using SIPG andNIPG. As expe
ted we a
hieve O(h) 
onvergen
e for ea
h of the fun
tionals J1(uSIPG),J2(uSIPG), Ĵ3(uSIPG) and the original form of the third fun
tional J3(uSIPG) only a
hievesO(h1=2) 
onvergen
e. Using NIPG we see that J3(uNIPG) and Ĵ3(uNIPG) a
hieve O(h1=2)
onvergen
e as predi
ted by the theory. However, J1(uNIPG) and J2(uNIPG) do betterthan theory predi
ts a
hieving O(h) 
onvergen
e. In the 
ase of J1(uNIPG) this is notsurprising sin
e jJ1(u� uNIPG)j = ����Z
s  1(u� uNIPG)d
���� (5.14)� k 1kL2(
s)ku� uNIPGkL2(
s) (5.15)= Cku� uNIPGkL2(
s) (5.16)where C = k 1kL2(
s) is a positive 
onstant and  1(r; z) � 1. Thus we expe
t the rateof 
onvergen
e of the fun
tional to be no smaller than the rate of 
onvergen
e of theerror in the L2 norm whi
h has previously been observed to be O(ha) wherea = � min(p+ 1; s� 1=2) p oddmin(p; s� 1=2) p even (5.17)where u 2 Hs(
) [13℄.6 Con
lusionsIn this work we have des
ribed how to approximate a linear fun
tional of the solutionof an ellipti
 partial di�erential equation using a dis
ontinuous Galerkin �nite elementmethod. We used a symmetri
 interior penalty Galerkin method (SIPG) whi
h ensured
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e of J3(uNIPG).Figure 3: Convergen
e of the errors in the fun
tionals using SIPG and NIPG usingpolynomial degrees p = 1 (�); p = 2 (Æ); p = 3 (+); p = 4 (�); p = 5 (�).



15that adjoint 
onsisten
y was a
hieved; it was shown that this was vital if we were toobtain the optimal rate of 
onvergen
e of the numeri
al approximation of the fun
tionalto the exa
t solution. We also showed how, if the fun
tional depended on the derivativeof the solution, rather than the solution itself, we 
ould re-write the fun
tional in aformulation whi
h was equivalent at the 
ontinuous level, but again ensured that adjoint
onsisten
y was a
hieved and we thus obtained optimal rates of 
onvergen
e.7 A
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