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The Importance of Adjoint Consistency in the
Approximation of Linear Functionals Using the
Discontinuous Galerkin Finite Element Method
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We describe how a discontinuous Galerkin finite element method with
interior penalty can be used to compute the solution to an elliptic partial
differential equation and a linear functional of this solution can be evalu-
ated. We show that, in order to have an adjoint consistent method and thus
obtain optimal rates of convergence of the functional, a symmetric interior
penalty Galerkin method must be used and, when the functional depends on
the derivative of the solution of the PDE, an equivalent formulation of the
functional must be used.
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1 Introduction

In many areas of application the aim of a computation is not to approximate the solution
to the governing partial differential equation system but rather to compute accurately a
linear functional or series of linear functionals of their solution. Such linear functionals
might take the form of a flux through an outflow boundary, the local mean value of a
field or a point evaluation. Specific areas of application include:

e Fluid dynamics — estimation of the lift and drag coefficients of a body immersed
in a viscous incompressible fluid whose flow is governed by the Navier Stokes
equations [7];

e Elasticity theory — estimation of the stress intensity factor or the moments of a
shell or a plate [1, 2, 3];

e Radiative transfer — estimation of a scalar flux or a limited number of flow inten-
sities in arbitrary directions [6];

e Electrochemistry — estimation of the current flowing at a working electrode [8, 9].

Here, we shall use the discontinuous Galerkin finite element method for solving the
governing partial differential equation and we discuss how to ‘post-process’ the solution
in order to estimate the linear functional accurately.

Discontinuous Galerkin finite element methods (DGFEMs) were first introduced in
the early 1970’s. The method was proposed by Reed & Hill [15] in 1973 for the numerical
solution of the neutron transport equation and also by Nitsche [12] in 1971 as nonstan-
dard schemes for the approximation of second-order elliptic equations. Since then much
work has been undertaken to develop these methods for a range of problems; for more
details see the review article by Cockburn et al. [4].

DGFEM has several key advantages over the standard finite element method. The
first is that, since the solution is allowed to be discontinuous across inter-element bound-
aries, variation in polynomial degree between elements is easily implemented. This makes
the method an ideal candidate as the basis for an adaptive hp-refinement algorithm. A
second important advantage of the discontinuous method is that there is no need to use
streamline diffusion when dealing with convection-dominated diffusion problems. This
means that reaction-diffusion and reaction-convection-diffusion problems may be treated
in a uniform manner.

The aim of this work is to compare several different ways of computing the linear
functional. We shall use an interior penalty discontinuous Galerkin method to solve
the governing partial differential equation. The interior penalty method will lead to
either a symmetric or nonsymmetric bilinear form, however we shall demonstrate that
the symmetric version performs better since it leads to an adjoint-consistent method.
We also demonstrate that if the functional depends on the derivative of the solution,
rather than the solution itself, it is helpful to rewrite the functional in a formulation
which is equivalent at the continuous level but leads to numerical approximations which
converge at a faster rate. Again this is because we are ensuring adjoint consistency.



The paper is structured as follows. In Section 2 we introduce the model problem
and formulate its discontinuous Galerkin finite element approximation. In Section 3 an
a priori bound on the error in the computed functional is stated and the dual problem
is described. In Section 4 we give details of the dual problem for specific functionals
paying particular attention to the case of a flux across a portion of the boundary. In
Section 5 we present some numerical examples and finally, in Section 6 we summarise
the work presented in this paper and draw some conclusions.

2 Model Problem

Let © be a bounded open domain in R? and let I" be the union of its (d — 1)-dimensional
open faces. We consider the (elliptic) reaction-diffusion equation

Lu = —Vu+Ku = f, (2.1)

where f € L,(€) and K is a nonnegative constant. We denote by n(z) = {n;(z)}__, the
outward unit normal vector to I at © € I'. Then (2.1) is supplemented with boundary
conditions

u = gp onIp, (2.2a)
Vu-n = gy on 'y, (2.2b)

where we assume that I'p and 'y are disjoint subsets with union I'.  We also assume
that ['p is nonempty.

2.1 Meshes, Finite Element Spaces and Notation

We consider shape-regular meshes 7, = {a} that partition the domain € into open
element domains «. Hanging nodes are allowed, although we shall assume that there is
at most one hanging node per element-face which we assume to be the barycenter of the
face. We denote by h the piecewise constant mesh function with h(z) = h, = diam(«)
for z € a. We assume that each element o € 7}, is a smooth bijective image of a fixed
reference element & = (—1,1)%, that is, « = F,(&) for all &« € T,. On & we define Q, to
be the space of polynomials of degree p > 1 in each of the d coordinate directions:

Qp=span {27 :0< §; <p, 1<i<d} .

To each o € T, we assign an integer p, > 1; collecting the p, and F, in the vectors
P=Apo:a €Ty} and F ={F, : a € T,}, respectively, we introduce the finite element
space

SP(QTh,F) ={u € Ly() : ulpoFy € Q,,; a € Tp}.

Associated with 7, we introduce the broken Sobolev space of composite order s
defined by

HY L, T) = {u € La(Q) : ula € H*(a) YaeT},



equipped with the broken Sobolev norm and corresponding semi-norm, respectively,

1/2
lilsr = (X lulfe) > Julg = (X I

a€Ty €T}

) 1/2
Hoe (a)) . (23)

When s, = s for all « € Ty, we write H*(Q2, Ty,), ||ulls,7;, and |uls,7, .

An interior face of Ty, is defined as the (non-empty) (d — 1)—dimensional interior of
Oa; NOaj, where a; and o are two adjacent elements of 7, not necessarily matching. A
boundary face of Ty, is defined as the (non-empty) (d — 1)-dimensional interior of daNT,
where « is a boundary element of 7,. We denote by I';;; the union of all interior faces of
Th. Given a face e C 'y, shared by the two elements «; and o, where the indices 7 and j
satisfy 7 > j, we write n, to denote the (numbering—dependent) unit normal vector which
points from «; to a;; on boundary faces, we put n, = n. Further, for v € H*(Q, T;,) we
define the jump of v across e and the mean value of v on e, respectively, by

1
[’U] = U|Baiﬂe - v|8ajﬂe and <U> = 5 (v|8aiﬂe + U|z9ajﬂe) . (24)

On a boundary face e C da, we set [v] = v|gane and (v) = v]gane-

2.2 The hp-Discontinuous Galerkin Method

The hp-DGFEM approximation of (2.1), (2.2) is defined as follows: find upg in
SP(Q, Ty, F) such that

BDG(UDG; U) = EDG(U) (2-5)

for all v € SP(Q, Ty, F). The bilinear form Bpg(+,-) is defined by

Bpg(w, v) Z/ (Vw - Vv + Kwv) dQ
a€Th
[ (Venpl=oeen) st [ alulllds, 20

and the linear functional ¢p(-) is given by
lpg(v) = /fv dQ +/ gnu ds +/ (Vv -n+ov)gp ds . (2.7)
a€Th I'n I'p

Here, o is called the discontinuity-penalisation parameter, and is defined by

2
CU <Z > for e C Fint U FD y (28)

ole

where h, is the length of edge e and C,, is a positive constant, cf. [11].
Selecting the parameter # = 1 gives rise to the so—called Nonsymmetric Interior
Penalty Galerkin (NIPG) method, while setting # = —1 yields the Symmetric Interior



Penalty Galerkin (SIPG) scheme. The SIPG scheme seems the natural choice since a
symmetric operator is represented by a symmetric bilinear form which is not the case
with the NIPG method. However, the symmetric scheme has the slight drawback that
it requires C, > C? > 0 where C! is a sufficiently large positive constant, in order to
ensure coercivity of the bilinear form with respect to the norm ||| - |||pc defined by

lollbs = 3 [ (Vol+ Kol ao+ [ oful ds

ae’]’h « FingUl'p

+/ o {Vw-ny)? ds . (2.9)
TintU'D

The NIPG method can be shown to be coercive for any nonnegative value of C,. For a
proof of these results, see Ref. [14].

3 An A Prior: Error Bound

Given that we have the solution u to the problem given by (2.1) and (2.2) we wish to
evaluate the linear function J(u). We assume that .J(u) is a linear functional of either
the solution u itself or the first derivatives of the solution du/dx;, i = 1,... ,d. The
dual problem then requires us to find w € H?(£2,7;) such that

Bog(p,w) = J(¢) Vo€ H QT . (3.1)

Based on this dual problem, an a priori error bound can be derived on the error in
the computed functional. The method is the same as for reaction-convection-diffusion
equations, and was described in [10]. We assume that the primal solution satisfies
ul, € H () for a € Tp, and that the dual solution corresponding to the SIPG method
satisfies wSPC|, € H' (a) for a € T; where so,t, > 2. The a priori error bound is then
given by

2 hita—? hite 2
[J(u) = J(upc)* < CY |- +Kp25a [[ull7rea ()

(30 (B kB O 0) + (4 T ) (52)
2o —3 p2la Hta H2(Ty) | > :
o [0 (6%
where f1, = min(sq, po + 1) and fi, = min(t,, pa + 1).

In the special case of a uniform mesh (h, = h, p, = p) and uniform regularity of the
solution (s, = s and ¢, =t so that p, = p and fi, = i) we have

hHTA—2
| J(u) = J(upc)| < CWP“M

ho!

we(o)l|wll ()



This shows that for SIPG we have
| J(u) = J(upc)| = O(RF72), (3.4)
whilst for NIPG we have only

|J(u) — J(upg)| = O ). (3.5)

4 Specific Functionals

We shall consider three specific types of functional: the weighted mean value of a field;
a point value; and a flux through part of the boundary of the domain. We then define

Ji(u) = / Py (x)u(z) dQ (4.1)
Q

u(zo) (4.2)

J3(u) = Y3(x)Vu-n ds, (4.3)
To

where ¢y € Ly(2), xg € Q, )3 € H&[{Q(FO) and we assume that I'y C I'p since Vu - n is

known exactly on I'y.
The dual problems are then given by

Blé,w) = Ji(¢), i=1,2,3. (4.4)

Performing integration by parts we see that the dual problem corresponding to the
functional Ji(+) is: find w such that

Lv = —Vw+Kw = ¢ ina, (4.5)
with inter-element conditions

(14+60)(Vw-n,)+ow] = 0 onda\Tl, (4.6a)
(w] = 0 onda\T, (4.6Db)

and boundary conditions

w = 0 ondanTyp, (4.7a)
Vw-n, = 0 ondanly, (4.7b)
(1+6Vw-n, = 0 ondanTp, (4.7¢)

for all o € T},.

We observe that when § = —1 the inter-element conditions (4.6) simply state that
the dual solution should be continuous across inter-element boundaries and thus there
is no dependence on the mesh.



The dual problem corresponding to the functional Jy(-) is: find w such that

d(r — o) inaifzy € a

Lrw 0 inaifzy ¢ a,

—V’w+ Kw = { (4.8)

with inter-element conditions and boundary conditions given by (4.6) and (4.7).
Finally, we consider the dual problem for the functional J3(-). The dual solution
must satisfy

~Viw = 0 ina, (4.9)

with inter-element conditions given by (4.6) and boundary conditions given by

—3(z,y) on dan (T'pNTy),
v { 0 on dan (I'p\Ty), (4.10a)
(14+60)Vw-n+ow = 0 ondanTp, (4.10Db)
Vw:n = 0 ondanly. (4.10c)
We note that when § = —1 the boundary conditions on da N (I'p N Ty) become w =

—1(z,y) and ow = 0 which are only compatible if either 1) = 0 on daN(I'p,NT) (which
trivially gives J3(u) = 0) or if we choose 0 =0 on da N (I'p N Ty).
However, we note that if we define

Jy(u) = /F 03 (OVu -1 + ou) ds (4.11)

then
Jy(u) = . Y3 (Vu-n+0o(u— gp + gp)) ds (4.12)
— ) + /F Wogn) ds, (4.13)

using the facts that « = gp on I'y C I'p and that 62 = 1. Since gp is known, we may
evaluate the second integral exactly (or approximate it using a quadrature rule which for
our purposes we class as exact integration). Hence we may compute J3(u) by computing
Js(u) and subtracting the known quantity Jr, (W300gp) ds.

We may now define the weak formulation of the dual problem corresponding to the
functional J5(-) to be

A

B(p,w) = J5(¢) . (4.14)
We find that the dual solution must satisfy

~V?w = 0 ina, (4.15)



with inter-element conditions given by (4.6) and boundary conditions given by

_ | —s(z,y) ondan(TpnTy),
v { 0 on daN (T'p\Ty), (4.16a)

' B Ooips(z,y) on dan(T'pnTy),
(14+0)Vw-n+ow = { 0 on da N (T'p \ To) | (4.16Dh)
Vw-n = 0 ondanTy. (4.16¢)

We emphasise that the STPG method collapses to the formal dual problem while the
NIPG method produces a problem whose solution differs from the formal dual solution
on a set of zero measure. The regularity of the solution to the NIPG problem is lower
than the solution to the formal dual problem.

5 Numerical Examples

electrolyte

e

electrode

-—— insulator

w

Figure 1: A microdisc electrode inlaid in an insulator.

We consider a problem which arises in electrochemistry. We consider an electro-
chemical cell in which the working electrode is a microdisc electrode which is inlaid
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in an insulator as shown in Figure 1. The electrode radius is assumed to be small in
comparison with the radius of the insulator which is thus assumed to be infinite. Here,
we scale the radial independent variable r so that the electrode has radius r = 1. The
top of the electrode is flush with the top of the insulator which we take to be the z =0
plane. We then suppose that a constant potential is applied to the working electrode so
that the oxidation reaction

A=B+e (5.1)

takes place. This causes a current to flow and a particular quantity of interest is the
steady state value of this current. This may be expressed as a linear functional of the
steady state concentration values of species A. The normalised concentration values
obey the steady state diffusion equation, which, due to axial symmetry, may be written
in cylindrical polar coordinates as

Pu 1ou o
or2  ror 02?2

The appropriate boundary conditions are

—Viu = = 0 inQ=(0,00)?. (5.2)

u=0, r<1, z=0,

)
0, r>1, 2=0,

on
r=0, z>0,

u~1—=2/(mvr2+22%), rz— o0,

where we have taken the electrode radius to be one by normalising the spatial coordi-
nates. We note that the far field boundary conditions represent bulk concentration of
species A there and the boundary condition on z = 0 for r > 1 represents the fact that
no molecules of species A may leave through the insulator.

The form of the boundary conditions on z = 0 means that there is a boundary
singularity at (1,0) (in other words du/0r is discontinuous there). This means that u

(5.3)

has limited regularity (in fact u € Hli/f*f, 0 < € < 1/2) and so on a coarse uniform

mesh standard finite element techniques will lead to a large error at this point which
then degrades the accuracy of the current.
We shall calculate the normalised dimensionless current to the electrode which is

given by
T [t /0u
Jg(U/) = 5 A (&) L rdr . (54)

As described in the previous section we may instead compute
Jy(u) = / —ge (OVu-n+ ou)ds (5.5)
o

where T'y represents the electrode surface, i.e.

Iy = {(r,z) €elp: 0<r<1, 2=0} . (5.6)



11

The exact solution to the steady state problem described by (5.2) and (5.3) was given
by Saito [16] as

™ m

2 [ si
u=1- —/ smmJO (rm)e *™dm , (5.7)
0

where J; is the zeroth order Bessel function. Hence the non-dimensional current is given
Crank and Furzeland [5] rewrote Saito’s solution in the more convenient form

2 . _
u = 1— —sin

1 - (5.8)
u VA+A+r)2+/2+1-r)2] '

To illustrate our numerical method we shall solve the problem in the region €2, =
[0, "max| X [0, Zmax]. We shall then use the exact solution as given by Crank and Furzeland
as the boundary condition on r = ry,.x and 2 = 2yax. We shall choose 7. = Zmax = 2.

To illustrate the method and convergence rates we shall also compute two further
functionals, the integral over the domain of the solution and a point value in the interior
of the domain

Ji(u) = /udQ, (5.9)
Jo(u) = u(1/3,1/3). (5.10)

The exact values of the functionals can be found to be Jy(u) = 2.426131 and Jy(u) =
0.214987.

5.1 The Dual Solutions

In Figure 2 we show the dual solutions computed using DGFEM with a fixed polynomial
degree of 2 in each element and with 8 mesh spacings in each coordinate direction. The
formal dual solution is well approximated by the dual based on jg() and the SIPG
scheme in the sense that the numerical solution looks very similar to a continuous finite
element solution to the formal dual problem. The numerical solution corresponding to
the problem based on the SIPG scheme and the functional Js(-) is shown in Figure 2(a).
In Figure 2(b) we show the numerical solution to the dual problem based on SIPG and
the functional J5(-). We see that this differs considerably from the formal dual solution,
especially near the electrode surface where the boundary conditions are inconsistent.
The behaviour of this solution is dependent upon the choice of the constant C, in the
definition of o (2.8). Here we have chosen C, = 10. Decreasing this increases the peak
value of the dual solution and decreases the value on the electrode surface. Increasing
the value of C,; reduces the peak height and increases the value of the solution on the
electrode surface. In the limit as C, — oo the peak height of the dual solution is 7/2
(the value of the formal dual solution on the electrode surface) and the value of the dual
solution on the electrode surface is zero. In Figures 2(c) and 2(d) we show the numerical
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(a) Dual based on Js(-) and SIPG. (b) Dual based on J3(-) and SIPG.

(c) Dual based on J(-) and NIPG. (d) Dual based on J3(-) and NIPG.

(e) Dual based on J3(-) and NIPG with (f) Dual based on J3(-) and NIPG with

o=0. o=20.

Figure 2: The dual solutions on an 8 x 8 mesh with p = 2 for the functionals J;(-) and
J5(+).
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solutions to the dual problem based on NIPG and Js(-) and J5(-), respectively with
C, = 10. Figures 2(e) and 2(f) show the corresponding solutions with C, = 0. These
show more clearly the effect of the inter-element condition (4.6a) which requires the
average gradient of the solution to be zero across interior edges. We also note that in
the case when o is non-zero the boundary conditions on the electrode surface are

w = —3(x,y) (5.11)
2Vw -n+ow = doys(x,y) (5.12)

where § = 0 if we are considering the problem relating to J3(-) and § = 1 if we are
considering the problem relating to J3(-). Substituting (5.11) into (5.12) gives

o

Vw-n = §¢3(Iay)(5 +1), (5.13)
and since 13 = —7/2 on the electrode surface this tells us that the dual solution should
increase away from the electrode surface which is indeed the case in Figures 2(c) and

2(d).

In Figure 3 we show the convergence rates of the linear functionals using SIPG and
NIPG. As expected we achieve O(h) convergence for each of the functionals .J; (usipg),
Jo(usipa), Js (ustpi) and the original form of the third functional J3(ugpg) only achieves
O(h'/?) convergence. Using NIPG we see that Js(uxipe) and J5(uxpe) achieve O(h'/?)
convergence as predicted by the theory. However, J;(uxipg) and Jy(unpe) do better
than theory predicts achieving O(h) convergence. In the case of Ji(unipg) this is not
surprising since

|[J1(u = unipe)| = Y1 (u — unipg )dS2 (5.14)
Qs
< [l ra@n e — usiec |2y (02) (5.15)
= Cllu—uxweallr.(0,) 5.16)
where C' = |[¢)1||14(0,) is a positive constant and v, (r, z) = 1. Thus we expect the rate

of convergence of the functional to be no smaller than the rate of convergence of the
error in the Ly norm which has previously been observed to be O(h*) where

(5.17)

a =

min(p + 1,5 —1/2) p odd
min(p, s — 1/2) p even

where u € H*(Q) [13].

6 Conclusions

In this work we have described how to approximate a linear functional of the solution
of an elliptic partial differential equation using a discontinuous Galerkin finite element
method. We used a symmetric interior penalty Galerkin method (SIPG) which ensured
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Figure 3: Convergence of the errors in the functionals using SIPG and NIPG using
polynomial degrees p=1 (x); p=2 (o); p=3 (+);p=4 (a); p =15 (0).
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that adjoint consistency was achieved; it was shown that this was vital if we were to
obtain the optimal rate of convergence of the numerical approximation of the functional
to the exact solution. We also showed how, if the functional depended on the derivative
of the solution, rather than the solution itself, we could re-write the functional in a
formulation which was equivalent at the continuous level, but again ensured that adjoint
consistency was achieved and we thus obtained optimal rates of convergence.

7
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