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1 Introduction

The relativistic field equations describing the propagation of massless particles —
Einstein’s, Yang-Mills’s and Dirac’s equation — beautifully emerge in (relativistic) string
theory by demanding consistency of the quantum field theory (QFT) living on the string
worldsheet. The spacetime fields, including the spacetime metric, B-field and dilaton, are
classically marginal couplings of the two-dimensional quantum field theory on the world-
sheet. The fundamental principle determining the spacetime equations of motion is Weyl
symmetry of the string worldsheet theory, whereby the spacetime background fields are
tuned to define a two-dimensional conformal field theory. It is the absence of a Weyl
anomaly on the worldsheet that determines the spacetime dynamics in string theory.
Nonrelativistic string theory in flat spacetime was formulated in [1] as a two-dimensional
relativistic QFT on the worldsheet with a nonrelativistic global symmetry. This string the-
ory is unitary, ultraviolet complete and has a spectrum of string excitations with a (string)-
Galilean invariant dispersion relation, and a characteristic string perturbation theory [1].!
Building on a series of works [4-8], it was shown in [9] that the appropriate spacetime ge-
ometry that nonrelativistic string theory couples to is the so-called string Newton-Cartan
geometry.? In string Newton-Cartan geometry, there is a two-dimensional foliation that

!The nonrelativistic spectrum was first obtained by taking a limit in [2] (see also [3]).

2For other recent work on nonrelativistic strings, see [10-20]. In [13, 14, 16], for zero torsion, a specific
truncation of the string Newton-Cartan gravity (with zero B-field and dilaton) in the target space was
considered, which leads to Newton-Cartan gravity in one dimension lower, supplemented with an extra
worldsheet scalar parametrizing the spatial foliation direction. A more thorough examination of this relation
is later explored in [21].



naturally splits the target space into a longitudinal and transverse sector. These two sec-
tors are related to each other by (string)-Galilean boosts, which are nontrivially realized on
the worldsheet fields of [1]. In particular, there is no Riemannian, Lorentzian metric in the
target space. Nonrelativistic string theory provides a quantization of string Newton-Cartan
gravity in as much as relativistic string theory provides a quantization of Einstein’s gravity.
String theory in a curved background is constructed by deforming the worldsheet the-
ory in flat spacetime by appropriate vertex operators. The fact that the worldsheet fields
and vertex operators of relativistic string theory are different than those of nonrelativis-
tic string theory is what endows these string theories with physically distinct spacetime
geometries: a Lorentzian Riemannian metric and a string Newton-Cartan structure, respec-
tively. Relativistic string theory deformed by massless vertex operators which represent a
condensate of the graviton, B-field and dilaton defines the relativistic string sigma model.
Nonrelativistic string theory deformed by suitable vertex operators gives rise to strings
propagating in a string Newton-Cartan geometry, B-field and dilaton background. This
deformation defines the nonlinear sigma model for nonrelativistic string theory [9].3
In this paper, we derive the equations of motion that the string Newton-Cartan ge-
ometry, B-field and dilaton must obey for nonrelativistic string theory to be quantum
mechanically consistent. Our main result is given in (3.58). These equations follow by de-
manding that nonrelativistic string theory in nontrivial backgrounds fields is Weyl invariant
quantum mechanically, that is by imposing that the beta-functions for the worldsheet cou-
plings of nonrelativistic string theory vanish. We determine the background equations of
motion by computing the linearized equations that follow from Weyl invariance
7% =0 (1.1)

[0}

of the vertex operators around flat space, where 7,3 is the energy-momentum tensor on
the worldsheet, and then going to higher orders in the background. This procedure is
rather straightforward and makes the origin of the spacetime background equations of
motion physically transparent. These equations are to nonrelativistic string theory what
the supergravity equations of motion are to relativistic string theory. The vanishing of the
Weyl anomaly of the worldsheet QFT defining nonrelativistic string theory determines the
consistent nonrelativistic string backgrounds.

The paper is organized as follows: in section 2 we recall nonrelativistic string theory
in flat spacetime. We define the renormalization of any given operator on a curved world-
sheet by generalizing the normal ordering of composite operators in the conformal gauge.
Then, we study the tachyonic and first excited vertex operators and study their quantum
Weyl transformations. In section 3 we study nonrelativistic string theory in curved string
Newton-Cartan background with a Kalb-Ramond and dilaton field. After a brief review
of the basic ingredients in section 3.1, we relate in section 3.2 the Weyl transformations
of the vertex operators derived in section 2.4 to beta-functions for the background fields.

3The BRST cohomology of physical states of nonrelativistic string theory requires that the vertex op-
erators carry nonzero winding number. One could in principle deform both relativistic or nonrelativistic
string theory using vertex operators with winding number. This would be akin to defining the string field
theory geometry. This would be interesting to investigate.



In section 3.4, we extend the linearized beta-functions to include higher order terms and
present the full beta-functions in (3.58), at the leading o/-order. In section 4 we conclude
the paper and discuss a few future directions.

Note added. In the final stages of this work, we heard from Domingo Gallegos, Umut
Gursoy and Natale Zinnato of their study of Weyl invariance of sigma model in a torsional
Newton-Cartan background [22].

2 Nonrelativistic string theory in flat spacetime

2.1 The classical action

Nonrelativistic string theory is described by a sigma model defined on a Riemann surface
Y, parametrized by 0, o = 1,2. The worldsheet metric is denoted by h,g. We introduce
the Zweibein field e,*, a = 1,2 on X such that

hag = eaaegb(sab. (2.1)

The worldsheet fields of nonrelativistic string theory consist of worldsheet scalars
parametrizing the spacetime coordinates z*, 4y = 0,1,--- ,d — 1 and two additional world-
sheet fields, which we denote by A and X. We take the decomposition z# = (z4, z4"), with
A=0,1and A’ =2,--- ,d— 1. In terms of the light-cone coordinates,

X =a+ 2t X =202t (2.2)

the sigma model action is given by [1, 9]

S¢ =

PPovVh( b0,z 952" S + A\DX +ADX ), (2.3)
4o

where o/ is the Regge slope, h = det h,g and h8 is the inverse of hag. We defined
o o
vh Vh

where V,, is the covariant derivative compatible with h,g. The Levi-Civita symbol B sat-

D= ePe, Vg, D= PeaVg, (2.4)

isfies €!? = —€2! = 1. Moreover, we introduced the (Euclideanized) light-cone coordinates
for the flat index a on the worldsheet tangent space,

1, ;.2 = 1, ;.2
a = €q +iey”, €a = —€o +iey”. (2.5)

In the conformal gauge, we take
611 = 622 = 1, 612 = 621 = 0, (2.6)

and the string action (2.3) becomes

1

4o

So / d*2 (20,24 050 S pp + XX +00.X), (2.7)



where we introduced the complex coordinates,
z =0l +i0?, Z=o0! —io?. (2.8)
The equations of motion are
0,0:2Y =9 A=0:X =0.2=0.X =0, (2.9)

which imply that A and X are holomorphic and A and X are anti-holomorphic.

We now show that A and A are worldsheet (1,0) and (0,1) forms, respectively, af-
ter fixing the conformal gauge. First, consider the infinitesimal local transformations of
worldsheet fields in the action St in (2.3),

dea = &7 0gea + €0’ + (w+7)ea, A =EP0p\ = (w+7)A, (2.10)
080 = §° 9520 +E0at” + (w — 7 )%a, A =E"0s0 = (w=7)X,  (210b)
st = P dgat, (2.10c)

where &, parametrizes worldsheet diffeomorphisms, and w and « parametrize the Weyl
transformation and the Lorentz boost, respectively. We adopt the conformal gauge e,*=42.
Then, de, = de, = 0 implies that

Using the equations of motion

IN=0)\=0:X=0.X=0, (2.12)
we derive
s = €0,0Y + €007, SX =¢0X, 6X=£0:X, (2.13)
and
SN =ED N+ ND.E, IN=EDN+NOE. (2.14)

This concludes the proof that A and A are worldsheet one-forms.
The worldsheet action (2.7) was shown in [1] to lead to a unitary, ultraviolet finite
string theory with a well-defined perturbative expansion.

2.2 Renormalized operators and Weyl transformations

In this subsection, we define how a given operator constructed out of the worldsheet fields
in nonrelativistic string theory is renormalized and study the Weyl transformations of these
renormalized operators. We will follow closely the techniques and conventions in [23].

The nontrivial operator product expansions (OPEs) among the various worldsheet
fields in the nonrelativistic string action (2.7) are given as follows:

! ! 1 ! !
2V (2,%) 2P (w,w) ~ —50/5‘4 Bn|z—wl?, (2.15a)
20/
Az2,Z2) X(w,w) ~ — 2.15b
(27) X(w,m) ~ (215b)
Nz ) K, ) ~ 0 (2.15¢)
2,Z) X (w,w = .



Then, the normal ordering of a given operator O can be compactly written as

:O0: = exp B, /sz dwln |z — w|? P(z, 7 w,w)} o, (2.16)
where
Pz 7w, @) = (5acA'?z,z) (530‘4'((:1} , W)
-8 {62 5A(j,z) 5X(i o) 85(5)\(,(25,2) 5X<i o) ] ' (2.17)

The normal ordering defined in (2.16) guarantees that the equations of motion in (2.9) hold
as operator equations.

Further note that the path integral of a total derivative is identically zero. For example,
for Sp in (2.7), from

0= /@A DN Dt exp(—S) , (2.18)

dz4 (2,%)
we derive the following equation of motion that holds as an operator equation:

(0,0:a) = 0. (2.19)

Similarly, we have

(0:) = (02)) = (0:X) = (9:X) = 0. (2.20)

The normal ordering defined in (2.16) is compatible with the above Ehrenfest theorems,
i.e. the following operator equations hold:

0,052 = 0N = 0N =0 X:=:0,X:= 0. (2.21)

With the normal ordering defined in (2.16), we proceed to the BRST quantization
of (2.7). The gauge fixed action is

SprsT = / @2z [ 20,07 007 Sy + 202X + 10X + 20/ (b0zc +50.0) | (2.22)

4o’

Note that the bc ghost system is exactly the same as in relativistic string theory. The

BRST transformations are?

Sprt =ie(cd, +cd)a?,  OpX =iecd, X, A=ie(chA+Ac),  (2.23a)

opb =ie(T™ + T%), dpc =iecd,c, (2.23b)
where
1 ’ !/
Tm:—?(2:8zx‘4 O +:00.X1), T& =:0bc: —29:be: . (2.24)
o

The BRST current is in form the same as in relativistic string theory,

3
JBRsT = cT™+ :bcOc: +§82c, (2.25)

4We only present the transformations for the unbarred fields; the barred ones follow accordingly.



but with the matter stress energy tensor given by 7™ in (2.24). Requiring that the as-
sociated BRST operator be nilpotent constrains the matter central charge ¢y to be 26.
Furthermore, note that ¢, receives a contribution ciyans. = d — 2 from the d — 2 transverse
fields 4" and a contribution Clong. = 2 from the longitudinal commuting (v system. In
total, we have ¢y, = Cirans. + Clong. = d. Therefore, the nilpotence of ()prsT requires the
critical dimension to be 26 [1], akin to relativistic string theory.

In order to define normal ordering on a curved worldsheet in a diffeomorphism invariant
way, we need to invoke the geodesic distance d(o1, 02) between two points o1 and o on 3.
The renormalized operator [O], for an operator O is given by

/
(O] =exp [i/d201 d*o 1H[d(0’1702)]2p(01,02)} 0, (2.26)
where
. 5 5 0 3 _9 0
P ) = 7 7 _4 Dali —‘I_Do.lii B ' 2‘27
(o1, 02) oz (a1) 0z (02) [ dA(01) 6.X (02) IA(01) X (02) ] 220

In the flat worldsheet limit, (2.26) gives back (2.16).

While the renormalized operator (2.26) is diffeomorphism invariant, it is not necessarily
Weyl invariant; the renormalization of the operator may lead to a Weyl anomaly. Under
the Weyl transformations generated by

owea” = dwey®, OwA=—0wA, SwA = —0w, (2.28)

the renormalized operator [OL transforms as®

O/

ow [O]r = [0wO]; + exp [ 5 /d201 d’oy (5W Ind(oy, 02))ﬁ(01, 02)] 0. (2.29)

It is useful to note the coincidence limit of Weyl transformations of In d(o, o”) [23]:

ow Ind(o,0")| ,_ = dw(o), (2.30a)
Do nd(o,0")| ,_ = %8a6w(0) , (2.30b)
Dadlybw nd(o,0")| ,_ = %(7 +1) Vadsbe(o) | (2.30¢)
Vodsbw (o, o')|,_ = —%7 Vaddw(o) . (2.30d)

The constant v parametrizes the renormalization scheme.

2.3 Tachyon vertex operator

In nonrelativistic string theory, the string spectrum is empty unless one compactifies the
longitudinal spatial 2! direction on a circle of radius r, and all states in the Hilbert space
necessarily have nonzero windings. Scattering amplitudes of tachyonic winding states in

51t is easy to show that P(o1,02) in (2.26) is Weyl invariant.



nonrelativistic string theory were computed in [1]. Consider the vertex operator for a closed

string tachyon with winding number w,%

z z
Vi=gi: e, ézkA/;pA’+pX+pX+q/ )\—I—q/ A, (2.31)
where k 4/ is the transverse momentum and p, p are the longitudinal momenta, with

1 _ 1
Pzi(po +p1), pzi(po—p1)~ (2.32)

The “momenta” g and g encode the windings,

wr
=¢=—-——. 2.
(=7=—7 (2.33)
The conformal weight of V; is
h = 1(a’k2 — 2wrp) h= 1(a'/<:2 — 2wrp) (2.34)
4 ’ 4 ’ ’

where k? = kA/k:A/.
Integrated over a curved worldsheet, V; gives rise to

Vi = g / d*ovh [€"] (2.35)
where
(=kpz + pX + DX + q/gmeaﬁ e do® + q/g)\ieagea do” . (2.36)
Here, %5 = €*7hg,. The analyticity condition on A becomes
iePet OgN = €*Pe,® Ip). (2.37)

With respect to the Weyl transformations (2.28), applying (2.29) to (2.35) gives the Weyl
transformation of V;,

ow Vs = gt /dQU\/ﬁéw [2 — %o/k2 + %wr (p+p)| - (2.38)

Requiring that §yV;, vanish gives rise to the tachyon on-shell condition

o'k? —4
pp=———. (2.39)
wr
This is the same as requiring that V; be a (1,1)-form by setting h = h = 1 in (2.34), which
also sets p; = 0.
In general, the four tachyon amplitude has poles corresponding to intermediate excited

closed string states carrying nonzero windings. However, in the special case in which the

5The expression of the vertex operator involving A can be given an explicit representation in terms of
its mode expansion.



winding number is not exchanged among strings, the four tachyon amplitude also gains a
contribution from exchanging off-shell states in the zero winding sector. The leading long-
range contribution is proportional to 1/k? with k4 the off-shell transverse momentum
of the intermediate state, which gives rise to the (string) Newtonian potential after a
Fourier transform. Note that, in the zero winding sector, all on-shell strings have k4 = 0.
Therefore, these zero winding intermediate states become of measure zero as asymptotic
states; but they nevertheless mediate an instantaneous gravitational force between winding
strings [1, 24].

2.4 Vertex operators for string Newton-Cartan backgrounds

In this subsection, we consider the vertex operators corresponding to the zero winding
states that mediate Newtonian forces between winding strings, for which we compute the
Weyl transformations. These determine the string Newton-Cartan background fields on
which nonrelativistic strings can consistently propagate.”

First, we classify the first excited vertex operators that are (1, 1)-forms as follows:

:0,xt Oza €' N Ozt et At e AN (2.40)
On the curved worldsheet, these operators become, respectively,
[Da# Da” ew] . [A Dzt ew] . (A Dzt eig] . [AX eif] . (2.41)

Including the contribution from the dilaton and integrating over the worldsheet, we obtain
the worldsheet diffeomorphism invariant vertex operator,

V= % / d?oVh {(SW + ay) [Da Da” ew]r + tu[A 51:“ew]r +1, [XD:L”“‘eM] .
+u[AXe] + o/ FRO[H] | (2.42)

Here, R? is the worldsheet Ricci scalar, S, 18 a symmetric tensor and ay, is an anti-
symmetric tensor. Turning on the A\ operator in (2.42) with a nonzero u generates a
deformation towards relativistic string theory.® To focus on nonrelativistic string theory
(with zero winding), we set u = 0, which does not receive quantum corrections at linear
order or higher in fluctuations as shown later in (2.58) and in section 3.4. This is protected
by the string Newton-Cartan symmetry that will be introduced in section 3.1.

Next, we set the winding number to zero but allow the transverse momentum ks to

take any nonzero value. Then, we have in e*

(=kyz" +pX+pX. (2.43)

Setting the winding number to zero brings significant simplifications. Importantly, note
that some of the terms in (2.42) are now trivially zero. Starting with the path integral

"One could extend the analysis to the geometric structure that describes the theory when a condensate
of string states with winding number is nontrivial.
8This can be seen by integrating out A and X in the deformed action.



identity,

~ o
= H
0 /.@A@)\_@x SN2

it follows that
0= <6§X 0, x* ew> ,

which on the curved worldsheet is regularized to be
[DX Date] =0.

Similarly, we have
[Dfo“eiqr =0.

There is another more subtle identity: from

0= /@)\ DN Dt [exp(fSo) AMw, w) ew(w’ﬁ)} ,

IN(z,2)
0= /9)\ @z\@:ﬂ“é}\(é ) {exp(—So)X(w,E) e"é(w@)} :

2, Z

we obtain
(Aw,w)
(Aw, )
In the coincidence limit (w,w) — (z,%), (2.49) gives
(N(2,2) 0:X (2,7) €2 = (X(2,7) 0. X (2,7) 57} .

On the curved worldsheet, we have

\DXe"] = [ADXe] .

9:X(2,7%) 6i€(w,ﬁ)> - <5(2)<2 —w,% — W) eiz(w,w)> :
) 0, X (2,7%) ew(w@)> — <5(2)(2 — w,z — W) em(w@)> _

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49a)
(2.49D)

(2.50)

(2.51)

Finally, taking (2.46), (2.47) and (2.51) into account, we find the worldsheet diffeomor-
phism invariant vertex operator that describes the zero winding intermediate states and

the background fields on which nonrelativistic strings propagate,

VY= j/dQO.\/E { (SA’B/ —+ aA/B/) [Dl’Alﬁl'B,eié]r

+0 [DXDXe"] + 04 [DX Dz e] + 04 [DX Dz e']

+ta [)\ Dz ew] Tt [)\ ﬁeiq .t ta [X D:EA/eM] .t t [X DXeM] .

+t'[X erie] Lt o fR® [e’[] . } )

(2.52)



Note that now ¢ = kyz? + pX +p X and

1 - - 1
t = §(t0 +t1+t0—t1), Oaa = §(SAA' +eaPapa), (2.53a)
1
t = 5(150 — tl) R Oa =0par + 014, (2'53b)
_ 1_ _ _
b=+t Oa =boar — Orar, (2.53c)
1
0 — _E(SAA —e*Bayg). (2.53d)
Here, the Levi-Civita symbol e 4p satisfies g1 = —€19 = 1. The index A is raised (lowered)

by 48 (nap) with

T (‘01 ?) . (2.54)

In section 2.2, we derived the operator equations (2.21). One may also insert in the
normal orderings an arbitrary local operator

- O(w, @) : (2.55)

at a point w in the worldsheet other than z, without affecting any of the above equations. If
the equations of motion (2.21) are multiplied with another operator at the same point, there
are sometimes additional divergences to be regularized. In particular, if this insertion is the
tachyon vertex operator e*, the divergences can be absorbed into the dilaton counterterm.
For example, on the curved worldsheet, we have (see also [23])

meA/ew]r = %O/’y Y R [, (2.56a)
[DAe], = £ 'y p RO [, (2.56)
[DX ew]r = %a"yﬁR(z) [e¥]; . (2.56¢)

The coefficients on the right hand side of the above equations are parametrized by the
renormalization scheme dependent factor v such that the Weyl transformations of (2.56)
are consistent with (2.30). This v dependence is, however, absent in [fDa:AeM]r. Note
that, in the zero winding sector, £ is independent of A and A. Therefore,

[DDze"] =0. (2.57)
Collecting the relations (2.29), (2.56) and (2.57), it is a lengthy but straightforward
exercise to derive the Weyl transformation of V in (2.52). Recall that, to focus on nonrel-

ativistic string theory, we already set v = 0 in (2.42), and the associated operator A\ is
not generated at linear order or higher in quantum fluctuations (also see section 3.4). The

~10 -



resulting Weyl transformation is

owV = g /dZG\/E { (5$A'B' + 5aA/B/) [DxAlfxB/e’[]r
+00 [DXDXe"] + 604 [DX Da?'e™] + 604 [DX D]
+ Ot 4 [)\ 51:‘4/61[} Lt [)\ W@ié]r + Ot o [X D’ ew]r + ot [X DXeiq .

+ 0 [A\DXe"), + a0 R[] ], (2.58)
where
dsarp = [kA’kC/SB/C’ +kpk sacr — K sap — (v + Dkakpsor®
+ (pkatp +Dkpta) + (Pkpta +Dkatp)
— 2y + Dkakpt’ +4I<:A/k3ff] dw, (2.59a)
Sanp = [ — kwkC apier + kpkC aper — Kayp
+ (pkatp +Pkpta) — (pkpta +D kA/fB')] dw, (2.59b)
00 == (v + VpPsa” — K20+ 5k 00 +pkV O
2 (P2 + %) — 2(y + 1)ppt’+4ppf] Sw, (2.59¢)
60 = {p K2 (sap — awp) — (v + 1) phasp® + kak® 05 — k2 0.4
F2pPta 4+ 2kapt— 20y + ) phat' + 4pkA/f]5w, (2.59d)
604 = {ﬁkB,(SA’B’ taap)— (Y + D) pkasp® + kakP0p — k204
+ 25 Ear + 2kapt — 2y + 1) Phart + 45k f] 6w, (2.59¢)
and
Star = (kak®'tp — k) dw, 5t = Pkt — k%) dw, (2.59f)
St a = (kakPtp — k¥ a) dw, 5t = (pk*ta — k%) dw, (2.59g)
5t = [kA’ (ptar +ptar) — k%’} dw. (2.59h)

For the dilaton perturbation f, we have
1 / / !
of = {— Z’y [(’}’ + 1)k28A/A — 2k KB SA/B’}
/ - 1
+ v kY (pta +pta) — 7 +1) k2 + (y—1) k2f} Sw. (2.591)

It is useful to rewrite the above results of beta-function (2.59) in terms of s, and a,,
together with tuA defined as follows:

1
t," 5t —1u) (2.60)

Il
N | =
—

~
=

+

~
=

SN—

~
=

—

Il

- 11 -



We also write p and p in terms of py and p; as in (2.32). Then, (2.59) becomes
(St/ = (—k2tAA + k’A/pAtA/A) (5(,;)7
ot + ot = kA/ (po tA/O — kA/tOO — pltAll -+ ]{,'A/tll) ow y
ot — 0t = k‘A/ (po tA’l — k‘A/tOl — pltA/O + k‘A/tlo) dw,
(5tA/A = (_thAIA + k4 kB/tB/A) ow,
and
5$A/B/ = _—2£§/B/ —+ 4kA’kB’ £<D — (’)/ + 1)]{14/]{73/ (2 tAA -+ SC,C/):| (S(.U R

[.c A B B
5aA’B’ = _ZI{,'C [Z’B’C’ — €EABD (kA’tB’ _kB’tA’ )i| (50.),

I
59AA’ = _EﬁA’ =+ 2pAkA/€q) + 5]433 EABE,ELA/B/

1 / 1
- 5(7 + 1) paka (2t + 55 ) + 5 Pa (thA’B - kA'tBB)] ow,

1 T 4

1 /
+-(v+ 1)poB(2tAA + SAA/):|5OJ,

4
]. / !
of = [—27 SABOR o+ (v — 1)K
1 / 1 /
_ 1('}/2 — 1)]{2 (QtAA -+ SAA/) + 5’7(]614 pAtA/A —k? tAA):| dw ,
where
Efy = — (kA/K“SA/V + :ICA/KVSA/M — k;2S,LLV — KHKVSAIA/)

{55 (Kutap — patu) + 67 (Kutap — pAtuB)}pA

— N = N

- 5 |:K,U, (pAtl/A - KVtAA) + K, (pAtp,A - K/J,tAA)} )
E;’i‘,,p = i(K“ayp + Kya,, + Kyapu) ,
1 1 /
® = a4 s
f+ ) AT+ 4SA

(2.61g)

(2.61h)

(2.61i)

(2.62a)
(2.62b)

(2.62¢)

Here, we introduced the collective notation K, = (pa, ka). Weyl invariance enforces that

all expressions in (2.61) vanish.

3 Nonrelativistic string theory in curved spacetime

In this section, we relate the Weyl transformations of the first excited vertex operators

in (2.61) to the one-loop beta-functions in nonrelativistic string theory, linearized in per-

turbations around flat spacetime. We will later covariantize this linear result to include

one-loop contributions to the beta-functions that are nonlinear in perturbations around
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flat spacetime. Setting these beta-functions to zero at the leading o'-order, we find the
equations of motion that govern the dynamics of the string Newton-Cartan background,
B-field and dilaton.

3.1 Strings in a string Newton-Cartan background

First, we review the basic ingredients of the nonrelativistic string theory sigma model in
a string Newton-Cartan background coupled to the Kalb-Ramond and dilaton field. The
free nonrelativistic string theory action in flat spacetime St in (2.7) is invariant under the
following global transformations:

! ! ! ! I
da =24 — At gaB, Sz =2V — AV g 2P 4 AN A (3.1)

accompanied by appropriate transformations of A and A. The associated generators in the
global symmetry algebra are as follows:
A .

—
—
—

longitudinal translations Hy

/ .
24" . transverse translations Py

A : longitudinal Lorentz rotation M
AYB" . transverse spatial rotations Jarpr
AAA string Galilean boosts G A
Moreover, the Poisson bracket between G 44/ and Py gives a noncentral extension Z4:

[GAAI7PB/] :5A/B/ZA. (3.2)

This extension exists because the Lagrangian associated with the action (2.7) is invariant
under the string Galilean boosts up to a boundary term [5, 6]. There are other noncentral
extensions in the full global symmetry algebra [6, 8, 16], which we are not interested for
the purpose of this paper. The global symmetry algebra that consists of the aforemen-
tioned generators, including all noncentral extensions, is dubbed the string Newton-Cartan
algebra.”

The appropriate spacetime geometry that the nonrelativistic strings coupled to is the
string Newton-Cartan geometry, which realizes the string Newton-Cartan algebra as a
gauge symmetry acting on the target space [5, 6, 8, 9].1 The string Newton-Cartan
geometry is defined as follows. Let 7, be the tangent space attached to a point p in the
spacetime M. We decompose 7, into two longitudinal directions indexed by A = 0,1 and
d — 2 transverse directions indexed by A" = 2,--- ,d — 1, respectively. We introduce the
longitudinal Vielbein fields T#A and the transverse Vielbein fields E#A/, which in the flat

9We follow the terminology introduced in [8, 25]. In older literature, for examples in [6, 9], this algebra
is referred to as the “extended string Galilei algebra”.

0NMore precisely, the full spacetime symmetry algebra realized in nonrelativistic string theory is an
extension of the string Newton-Cartan algebra originally introduced in [5]. See [8, 16] for further discussions.
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limit become TMA — 5;‘ and E“A/ — 5;‘/. The inverse Vielbein fields 7% 4 and E* 4 are
defined via the following relations:

’
Thar, B =68 AT A+ BN E 0 = 81 (3.3a)

E N Efp =64, TraBA = EF g1, =0. (3.3b)

Moreover, associated with the noncentral extension Z, we introduce a gauge field mMA,
whose flat limit is m#A — 0.

In the presence of a Kalb-Ramond field B, and a dilaton field ®, the sigma model of
nonrelativistic string theory on an arbitrary string Newton-Cartan geometry is given by [9]

S /dQU\/ﬁ(haﬁﬁax“ﬁgx” uw + ADatr, + XDx“FM)

b e%

1 o ) 1
+ / d*o €*P0px" D" By + o / d*c/~h R? @, (3.4)

where R?) is the scalar curvature of hag and

_ 0 1 — _ _0 1
Ty =Ty +Tu, Ty =Ty —Tu , (3.5a)

H#V = E#A,EVB/(SA/B/ + (TuAm,,B + TVAmuB)’I]AB . (35b)

Note that TMA and H,, are all the quantities with covariant curved spacetime indices

that are invariant under the string Galilean boosts. Further note that m#A transforms

nontrivially under the Z4 transformation, which we parametrize by o:!

om,A = Do, 3.6
i I

where the derivative D, is covariant with respect to the longitudinal Lorentz boost trans-
formations acting on the index A. In order for this ¢ transformation to be a gauge
symmetry of the action in (3.4), first, one has to transform A and \ as

N =Da"D,7, 6A =Dz"D,0o, (3.7)

where ¢ = ¢° 4+ ¢! and @ = 0¥ — ¢'; second, one also has to impose the hypersurface

orthogonality condition in the two-dimensional foliation structure on M [8, 9],'2
D[MTV]A =0 — (%Tl,]A = Q[HAB TVB > (3.8)

where QMAB denotes the spin connection associated with the longitudinal Lorentz rotation
symmetry. There are d components in (3.8) that can be used to solve for QuAB in terms
of TMA. The remaining d(d — 2) equations can be rewritten in a compact form,

e(AC T[#B) (‘9”7',)]0 =0. (3.9)

" This o shall not be confused with the worldsheet coordinates o®.
12This is an analogue of the hypersurface orthogonality condition in spacetime with a one-dimensional
foliation sturcture.
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This Z4 symmetry prohibits the A\ operator from being generated in (3.4). Otherwise,
the A\ operator would have deformed nonrelativistic string theory towards relativistic
string theory.

The path integral for the action (3.4) is given by

Z= / DNDX D"V G exp(— / DNDX Dt exp(—Sa), (3.10)

where
(d) @ B
G = det(H,,) det(r,"H1,"), (3.11)

and the effective action S¢ is defined to be

S = d20\/ﬁ( h“ﬁﬁax“agx”HW + ADz*1, + A D27, )

4o/

Ao

d?o P ot dpa” B+ - /d2 vV—h R® <<1> — ima) . (312

Note that A and X play the role of a Lagrange multiplier in (3.12). These Lagrange
multipliers are not uniquely defined; their redefinitions generate symmetry transformations
that relate different string Newton-Cartan geometries. Indeed, apart from the target space
gauge symmetries in string Newton-Cartan gravity without any Kalb-Ramond or dilaton
field, we observe additional Stiickelberg-type symmetries in (3.12) by also allowing the

Kalb-Ramond and dilaton field to transform as follows:'?
A= C ' (A=DatT,), X—=C (A =Dz"C,), (3.13a)
together with
Ty =+ C 1y, H,, — Hy, — (C’ A B—|—C'1,AT#B) NAB » (3.13Db)
T — C7y, B — B + (CA71,7 — 0,47, eas, (3.13¢c)
and
c1>—><1>+%1n(06). (3.14)
We defined
c,.=c’+¢ct, C,=0L-c,t. (3.15)

Here, CHA is an arbitrary function of z* but C' and C are constrained as follows in order
to preserve the geometric constraints (3.9):

E*40,(CC) =0. (3.16)

To linear order, we simply have
Oar (Cé) =0, (3.17)

i.e., CC is independent of 24

13When C = C, the transformations in (3.13b) are the ones that keep the Buscher rules associated with
the longitudinal spatial T-duality invariant. See [9] for more details. A special form of the transformations
n (3.13b) also found use in [16].
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3.2 Linearized beta-functions from Weyl transformations

Note that the action S in (3.12) consists of the most general operators that are classically
invariant under the global Weyl transformations and carry zero winding. Moreover, Sg is
classically invariant under the local Weyl transformation except for the dilaton term, which
can be cancelled by including the quantum contributions to the Weyl transformations. In
the limit that H, is close to (5;?/51’,3/(514/3/, TMA is close to (5;?, and both B,,, and ® are small,
we take the following expansions:

@) =0 + T, (@), T, (z) = —4ng / K t,(K)eBn®™ | (3.18a)

Hy () = 6208 6 g + Spu(), Spu(z) = —dmg / A 5, (K) 507" | (3.18D)

B, (z) = —4ng / d*K a,,(K)efne" (3.18c¢)

d(z) = —dmyg / UK (K etBnt" | (3.18d)
where K, = (p?, kA"). This leads to the expansion of the path integral in (3.10),

z- /@)\ DX Db &S5 + /ddKV(K) T (3.19)

where Sy is the flat spacetime action given in (2.3) and V(K) is given by (2.42) with u = 0.
The Weyl transformation of Z gives the Weyl anomaly

1
W2 =5 /d%\/ﬁaw (T%), (3.20)
m
where the trace of the stress-energy tensor 7,4 is given by
1 — _ _
T% =55 (8L, + 85) DXPDX” + g ADat + FLADat + /BT R) (3.21)

This defines the beta-functions for the background fields. Here, for example, ﬂﬁ{, denotes
the beta-function of H,,,. Define

1
= —ZT'MATVB(HABH/“, — eABB,“,) , (3.22a)
— 1 m v B B
O = 57 BEY 4 (65 Hyuw + €a” By) (3.22Db)
1 (d) @ o B
F=&— 2l |det (Hpuw) det (7, H 157) | . (3.22¢)
Note that
F(z) = —4ng / UK f(K)etBne" (3.23)
where f matches the one introduced in (2.52). We further define
1 1 v
B;‘B = 5(7'”14 B;B + TMB ,8;14) N BI?A/ = §TMBE A’ ((SE ,U,HV + EAB EV) s (324&)
T T 1
Bha=E"1 B4, 89 =—; K p(nABBl — BBl ) (3.24D)
5114[/3/ = EMA’EVB/nyy BE’B/ = E“A/EVB/ﬁfy, (3.24C)
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where B; 4 is given by

T 1 T T T 1 T T
Buo = _Q(ﬁu + Bu) ’ Bin 5(5u - Bu) : (3.25)
It is also convenient to adopt a renormalization scheme with v = —1. Using the above
definitions, from (2.58) we read off the beta-functions to linear order in 7, (z), S, (z),

B (x) and ®(x),

Bap ~ —Z/CP’A, (OarTaB — OaTarp) + (A B), (3.26a)
Bara= —O;aB/ (OB Tara —OarTpra) (3.26b)

and
Blhip = o (Lip +20,059), (3.27a)
BB~ —02" [6C'HC/A/B/ +eap (00,7 - aAaB,TA,B)} : (3.27b)

Oé/

1 / 1
51?A’ =~ 5 |:L§A’ + 26A8A’(I) - 5 EABaB HA’B’B + 5 8A(8BTA/B - 8A/TBB):| s (327C)

B9 ~ —‘i (nABLiB +20%0,® + ;GABaA’HA,AB> , (3.27d)
g ~ g — {aA,aA@ + iéA/B'Lf},B, + %aA’ (B4 — aA,rAA)] , (3.27¢)
where
Lf = %(aA’a,LHA/V + 040, Hary — 0% 0u Hyy — 8,0, HY 1)
+ % [558‘4 (OyTaB — 0aTuB) + 6BoA (OutaB — OaTuB)
+0,(0a7, A — By7a™) + 0, (0aT, — um!“)} : (3.28a)
Huwp = 0uBup + 0y By + 0,8, . (3.28Db)

When a spacetime index is contracted with the spacetime index of an (inverse) Vielbein
field with no derivatives acting on it, we replace this spacetime index with the flat index
of this (inverse) Vielbein field. For example,

aBHAA/ = T‘uA TpB EVA/ apr,. (3.29)

Since we are focusing on the linear order terms, a contraction of an index p with 7# 4 or
E* 4 is usually reduced to a contraction with §% or 5i,.

The central charge ¢ in (3.27¢) comes from the flat spacetime anomaly, which contains
a contribution cirans. = d — 2 from the d — 2 transverse fields xA/, a contribution cjong, = 2
from the longitudinal commuting 37 system and cghost = —26 from the bc ghost system
just as in relativistic string theory. In total,

C = Ctrans. T Clong. + Cghost = d—26. (330)
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This is the same information that we already learnt from the BRST quantization in sec-
tion 2.2, which simply declares that the critical dimension is 26.

It is important to note that, due to the path integral identities (2.46), (2.47) and (2.51),
not all background field perturbations introduced in (3.18) are nontrivial, as they are multi-
plied by a vanishing on-shell renormalized vertex operator. The only nontrivial background
field perturbations are given in (2.52). Therefore, it is only physically meaningful to define
beta-functions for these background fields. As a result, the only beta-functions that we
can define are for TAB, TA’A, HA’B’a BA’B’a @, eAA’ and F' as in (326) and (3.27), which
are invariant under the transformations given in (3.13).

3.3 Geometric constraints and Weyl invariance

In this subsection, we study the Weyl invariance requirement from setting the beta-functions
of (components of) the longitudinal Vielbein field 7, in (3.26) to zero, which results in
the following geometric constraints:

o (aA/TAB — aATA/B) + (A< B)=0, or (BB/TA/A — (MTB/A) =0. (3.31)

We will show that the constraints in (3.31) are equivalent to the linearization of the hy-
persurface orthogonality condition in (3.9).

First, using (3.18a), we take the Fourier transform of the equations in (3.31), which
gives

kAl(kArtAB —pAtA/B) +(A«+< B)=0, kB/(kB/tA/A—kA/tB/A) =0, (3.32)

i.e. the equations that follow from setting §t' = §t = 6t = ot 4 = 0 in (2.61). Note that
these equations hold for all k4 and, in particular, k4 # 0 for off-shell intermediate zero
winding string states that mediate (string) Newtonian gravitational force among winding
strings. Due to the rotational invariance in the transverse sector, without losing generality,
we are free to choose a coordinate system in which

kA’:(kZaOa"’)O)a k#o (333)
d—3

In these coordinates, (3.32) becomes
ko(tap +tpa) = patep +pptea,  kite* =kot/*, I=3,4,---,d—1. (3.34)
The inverse Fourier transform of (3.34) gives
(0aTaB — Oatarp) + (A< B) =0, OpiTara —OaTpia=0. (3.35)

Another way to put this is that, in order to preserve the rotational symmetry in the trans-
verse sector in (3.31), the expressions on the left hand side of the equations in (3.35) cannot
be constant vectors with respect to the index A’ and hence have to vanish. Therefore, by
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requiring rotational invariance in the transverse sector, we see that (3.31) leads to (3.35).1
Finally, we note that the equations in (3.35) are linearized expressions for

c“Aomo,7,0 =0, (3.36)

i.e. the constraint equation (3.9). This implies that the hypersurface orthogonality con-

A

dition (3.8) leads to the vanishing beta-function for 7,7 at linear order (and higher,

see below).

3.4 Extension to higher order terms

In principle, the method used to calculate the linear order terms in the equations of motion
can also be applied to higher order perturbations in 7, MA, Sy, By and @ introduced
in (3.18). We will still focus on the contributions to the beta-functions that are linear in
o'. To calculate the second order terms in THA, Sy, Buy and @, one needs to keep the
following quadratic term in the path integral (3.19),

z@ = % / d'K d*K'V(K)V(K'). (3.37)
The Weyl transformation of Z(2) contributes to nonlinear terms in beta-functions. This
calculation is straightforward by evaluating various OPEs. However, since we already
understand the underlying gauge symmetries of the target spacetime, it is more efficient to
determine higher order terms in the equations of motion by requiring that all ingredients
are covariant.

First, we collect all combinations of string Newton-Cartan fields that are invariant
under the string Galilei boosts, namely, E* 4/, TMA, H,, and N*” where

N}LV ET“ATVA— (E'U'A/’TVA-‘rEVA/T'uA)m)\AE)\A/. (338)

In string Newton-Cartan geometry, there is a unique Christoffel symbol'®

1 1
I = 5B (QuHoy + 0y Hoy — 0o Hyw) + 5N (OuToy + 0o — Ormn) - (3.39)

where we defined
EM = EM 4 EY 648 T = TMAT,,BUAB . (3.40)

With respect to the Christoffel symbol (3.39), we define the covariant derivative V,, and
the Riemann tensor,

Rpa;u/ = 8urp1/a - aurpua + Fp,uAFAVU - Fpl/)\r)\ua . (341)

We also define the Ricci tensor R, = R, . One can show that Lfy defined in (3.28a) is
nothing but the linearized R,,. These constitute all the covariant ingredients once we also

" This argument does not apply to (3.17): since a scalar CC automatically preserves the transverse
rotational symmetry, at the linear order, (3.17) only constrains CC to be a constant in 2" instead of
identically zero.

15To write the Christoffel symbol in the form of (3.39), one has to make a special choice of the variable
Wapas in [8]. These extra variables in Wapa/ drops out in the final equations of motion [8].
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include D[MT,,}A that appears in the hypersurface orthogonality condition in (3.8). Note
that V,7,, = V,E"? = 0.
Next, we consider the equations of motion from the vanishing beta-functions of TMA.
At linear order, these are the geometric constraints (3.35), whose covariantization takes
the form
D[MTI,]A =0, (3.42)

i.e. the hypersurface orthogonality condition in (3.8). One might wonder whether higher
order contributions to the beta-functions of TMA sabotage the hypersurface orthogonality
condition. If true, this would make the Z 4 symmetry anomalous. To address this question,
instead of working directly with (3.37), we take the conformal gauge and the following
expansions around x* = 0 (or, equivalently, around any other point xf)‘ ):

gi(x) = gi(0) + 2" (Ougi(w)

where g; denotes any of the couplings {TM H,,,B,,,F}. It is sufficient to focus on the

)4 (3.43)

zv=0

contributions to the Weyl transformations dyg; that take the form of 0,g; 9,g;, which
requires analyzing the terms cubic in {z#, A, A} in the action. We can also set all higher
derivative terms (containing two or more derivatives) of g; to zero in the calculation. Then,
the full nonlinear expressions can be constructed by covariantization.

We first collect all terms cubic in {z#, A, A} in the action,

SG) = ﬁ /dz dz [(’Lm“@%x”xpﬁp(HW + B)
+ A Ozt (ZL‘VQ,,T”) + X0aH (x”&,?u) — 4a’8z65w(:n“6#F)} . (3.44)

Using integration by parts, we rewrite S () n (3.44)

1

5(3) — /dZdZ |:8 P Ozx” x <8 H’wj—i— HM”P) 40{8 Ozw 2 8 F
1
2
(922

o/

+ 5)\ Ozata” (81,7'“ 0 Ty) O xha” (8,,?“ — 8“?V)

+
1 Ta =\ g
35 Ty + 00,7, )zt a” | . (3.45)

Note that we already omitted a term that contains 9,,0,7, here. This S (3) contributes to

the path integral via

1

2
20 = 5 (595D, (3.46)

Then, we consider the contributions to dw, (dw7,) from Z(Eu%m,

contain A (\). These contributions necessarily involve the operator A dzz*z" or A d,zHz"
n (3.45). For example, z®

cubic

in front of operators that

contains

2@

cubic

D /dZZ A Ozt Ty /d2w s O O™ P O0pH o

1 ’ ’
D) /dQZ dQQUm . )\(Z) %x“(w,@) : 8[B/TA/18A HB e (347)
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Cutting the integral by an invariant distance e such that |z — w|e¥ > € introduces a scale
dependence of the metric, In |z — w|pmin = —w + In€ [23]. Hence, we obtain a contribution
to Sy, from (3.47),'6

Swry D O HY . (3.48)

Note that the coefficient in front of A dzz*z" in (3.45) is proportional to J;,7,), whose covari-
antization is D,7,). The analogy of this observation also holds for the operator A d,x#z"
in (3.45). Hence, contributions to 5wTMA from the operators A Osz*x” and X\ d,a*z”, such
as the one in (3.47), necessarily contain components in D[MT,,]A, and these contributions
vanish when DW',,]A = 0 is imposed. Therefore, we conclude that any contribution to
(SwTMA that involves 0,9;0,9; has to vanish when D[#TV]A = 0 is imposed. This demon-
strates that the equations from vanishing B(TA B) and 7, 4 are solved by the hypersurface
orthogonality condition D[MT,,]A =0.

In the last line of S in (3.45), there are terms that contain 9:A and 9,X. These terms

contribute to the dilaton beta-function. For example, Z @)

cubic contains the following term:

2@

cubic

) /d2Z 0PNl A aﬂ#/d% : Oz’ Oz TP 0pHgy)\
1 ! !
D /d22 dz’u)m : 83)\(2) x“(w,@) : aA/TB/a/_LHA B . (349)

Taking a Fourier transform of the path integral identity in (2.56b), we obtain that in
position space,
[&2)\(2) m“(w,@)]r o WR@)((%L + 1), (3.50)

applying which to (3.49) generates a contribution to dy F' that is dependent on the renor-
malization scheme. We will come back to this issue at the end of this section.
In section 2.4, we set the coupling

= —4ng / dUK u(K) eEn” (3.51)

in front of the operator A\ to zero and then showed that this operator is not generated at
linear order. However, if D[#TV]A = 0 were not imposed a priori, the operator A\ would
have received nontrivial quantum corrections from the following higher order contribution
: )

in Z :

cubic”

e

cubic

D /dzz : )\85:6“:13”8[”7“] : /d2w : X@wxpa:"a[ﬁp] :
1 - / !
> /dQZ d*w (e : A (2) MW) = OarTry oB'FAT, (3.52)

Note that the covariantization of Jj4/7p B FA ig prv E?? Dy, 7 D, To), which vanishes
identically once D[MTV]A = 0 is imposed, as required by the Z, gauge symmetry. This
shows explicitly that the operator A\ is not generated at loop level, in consistency with
the fact that U = 0 is protected by the Z4 symmetry.

160ne also needs to impose the path integral identity (2.51) to write down the final contribution.
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We already showed that B(TAB) = B4 = 0 is solved by D[#TV]A = 0.17 In the following,
we will once for all set D[MT,,]A = 0, which significantly simplifies the remaining beta-
functions. Under this condition, we collect all the ingredients that contain two covariant
derivatives as follows:

R =Rupw, VoHouw, ViVi®, HupHior, Vu@PHupe, V2V, 0. (3.53)

Following the standard treatment in [23], by evaluating the associated terms in (3.46) and
then covariantizing the results using the Riemann tensor R’ and the covariant derivative
V., we find that (3.27) becomes

Bl =o' Py +0(a'?), (3.54a)
Bh g =o' Qup +0(a”), (3.54b)
Bia = C;/ (Pan +€4”Qpar) + 0(a’), (3.54c)
89 = _Z(nABPAB —eABQap) +0(?), (3.54d)

gr— =26 _ <vA,vA/<1> — VA0V, P + %RA,A’ - 4187-[A/B/C,7-[A/B/C/>
+0(a?), (3.54¢)

where

P = RW+2VN,,<I>—%HM apHAE (3.55a)
Qu = —%VA’HAIWWA’@HA/W. (3.55b)

We point out one shortcut in the derivation of the beta-functions (3.54). Earlier
in (3.50), we found that there are renormalization scheme dependent contributions to
that involve T#A. Moreover, the evaluation of the coefficient of the last term H 4/ g HA B¢
in (3.54e) requires applying the renormalization scheme with the choice v = —1 made
in (3.27). Regardless of these subtleties, there is an elegant way of fixing the coefficient of
HA’B’C’HA/B/C/
at the same time. On a locally flat worldsheet, the dilaton is inaccessible, and conformal

and demonstrating that there are no extra contributions from TMA to B

invariance only requires ﬁf, B = BB ap = Bg = 3® = 0, in addition to the geometric
constraints that we already enforced to preserve the Z4 symmetry. These conditions are
also sufficient for maintaining conformal invariance on a curved worldsheet. Therefore,
B =0 has to be dependent of other vanishing beta-functions — the central charge is the
only additional contribution from the curvature of the worldsheet, which we set to zero by
requiring d = 26.!® The ®-dependent terms in (3.54e) determine the consistency equation

171t is impossible to have solutions other than D[uTV]A = 0 without breaking the Z4 gauge symmetry. We
have shown that, without the Z4 symmetry, one would have to turn on the AX operator in the Lagrangian to
have enough counterterms to absorb all the divergences, which generates a deformation towards relativistic
string theory. This is beyond the scope of this paper.

18 As in relativistic string theory, there also exist other solutions with, for example, O(z) = vuxt, with
o'vA vy = (26 — d) /6.
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to be [26]

! 1 ! ! !
VEBHE = —2Vapt + 3 BEcHAPC 288 VP D (3.56)
Applying the Bianchi identities,
! 1 !
VB Rup = §VA/RB/B , (3.57a)
! !’ / ! ! / 1 el /
VB (HB’C’D’HA’C D ) = VB HB’C’D’HA’C b + EVA/ (HB/C/D’HB ¢'p ) B (357b)

we find that the beta-functions in (3.54) satisfy (3.56). This procedure not only fixes the co-
efficient in front of H 4 prcHA B¢ in (3.54e) but also excludes any additional contribution
from 7,4 in (3.54e).

In summary, we collect the independent classical equations of motion for the back-
ground string Newton-Cartan geometry, B-field and dilaton:

e T[HB) 0, TP]C =0, (3.58a)
Py =Qup = Pan +ea”Qpa ="’ Pap — e"PQap =0, (3.58b)
’ ’ 1 / 1 1 »Yrall d - 26
VuVA® - VADV 4 + ZRA/A — @’HA/B,C/HA BCr — o (3.58¢)
«

4 Conclusions and discussions

In this paper, we studied the worldsheet quantum consistency of the classically Weyl in-
variant sigma model of nonrelativistic string theory. Requiring that the worldsheet theory
is Weyl invariant at quantum level, we derive at one-loop the background equations of
motion together with the hypersurface orthogonality condition D[MTV]A = 0, in string
Newton-Cartan gravity coupled to the Kalb-Ramond and dilaton field. Such equations of
motion determine the backgrounds on which nonrelativistic string theory can be consis-
tently defined. In a companion paper [8], it is shown that the same set of equations of
motion can be derived as a subtle limit of relativistic beta-functions.

It is intriguing to note that the combinations of the string Newton-Cartan geometry,
Kalb-Ramond and dilaton field in (3.22) that have nontrivial beta-functions are reminiscent
of ingredients in double field theory formalism. For example, it has been shown in [27-29]
that nonrelativistic string theory in flat space can be embedded in the double field theory
formalism. A more thorough study of these connections may in turn deepen the under-
standing of T-dualities in nonrelativistic string theory, which was recently formulated using
a first principles method in [9].

Another important question to ask is whether there exists a target space effective
action whose variation gives the equations of motion in string Newton-Cartan gravity.
The action principle is usually unavailable for (string) Newton-Cartan gravity theories.
Nevertheless, exceptions exist. For examples, actions for extensions of Newton-Cartan
gravity?? have been constructed in three dimensions in [30-33], and in general dimensions

19This condition is required by the Z4 gauge symmetry.
20In Newton-Cartan gravity, there is only one “longitudinal” dimension, i.e. the temporal direction. In
contrast, in string Newton-Cartan gravity, there are two longitudinal dimensions.
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for a novel nonrelativistic algebra in [34].2! More recently, an action for the so-called four-
dimensional extended string Newton-Cartan gravity was constructed in [25], paying the
price of introducing an extra vector field associated with a central extension in the string
Newton-Cartan algebra. One possibility is that this extra vector is responsible for some
extra anyonic strings in the spectrum. A similar mechanism was realized in relativistic
string theory in three spacetime dimensions [36]: the spectrum contains anyonic particles
that are absent in higher dimensions.

The string Newton-Cartan geometry arises from the condensate of zero winding in-
termediate states that meditate instantaneous gravitational forces among on-shell winding
closed strings. It would be interesting to explore the possibility of introducing nonzero
winding numbers in the analysis in section 2.4, which may allow us to probe more general
geometries and shed light on spacetime (string) field theory.

We close the paper with a few more open questions. First, it would be useful to de-
velop a reliable background field method which is helpful for extracting contributions from
higher loop corrections to the beta-functions, and hence higher derivative corrections to
string Newton-Cartan gravity. Second, it would be interesting to derive the beta-functions
in the presence of either longitudinal or transverse D-branes, which should add nonrela-
tivistic twists to the usual Dirac-Born-Infeld effective field theory on D-branes. Finally, it
is also natural to generalize this framework to incorporate worldsheet or spacetime super-
symmetries and look for solutions with a non-trivial horizon, which may bare interesting
applications to holography.
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