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1 Introduction

The relativistic field equations describing the propagation of massless particles —

Einstein’s, Yang-Mills’s and Dirac’s equation — beautifully emerge in (relativistic) string

theory by demanding consistency of the quantum field theory (QFT) living on the string

worldsheet. The spacetime fields, including the spacetime metric, B-field and dilaton, are

classically marginal couplings of the two-dimensional quantum field theory on the world-

sheet. The fundamental principle determining the spacetime equations of motion is Weyl

symmetry of the string worldsheet theory, whereby the spacetime background fields are

tuned to define a two-dimensional conformal field theory. It is the absence of a Weyl

anomaly on the worldsheet that determines the spacetime dynamics in string theory.

Nonrelativistic string theory in flat spacetime was formulated in [1] as a two-dimensional

relativistic QFT on the worldsheet with a nonrelativistic global symmetry. This string the-

ory is unitary, ultraviolet complete and has a spectrum of string excitations with a (string)-

Galilean invariant dispersion relation, and a characteristic string perturbation theory [1].1

Building on a series of works [4–8], it was shown in [9] that the appropriate spacetime ge-

ometry that nonrelativistic string theory couples to is the so-called string Newton-Cartan

geometry.2 In string Newton-Cartan geometry, there is a two-dimensional foliation that

1The nonrelativistic spectrum was first obtained by taking a limit in [2] (see also [3]).
2For other recent work on nonrelativistic strings, see [10–20]. In [13, 14, 16], for zero torsion, a specific

truncation of the string Newton-Cartan gravity (with zero B-field and dilaton) in the target space was

considered, which leads to Newton-Cartan gravity in one dimension lower, supplemented with an extra

worldsheet scalar parametrizing the spatial foliation direction. A more thorough examination of this relation

is later explored in [21].
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naturally splits the target space into a longitudinal and transverse sector. These two sec-

tors are related to each other by (string)-Galilean boosts, which are nontrivially realized on

the worldsheet fields of [1]. In particular, there is no Riemannian, Lorentzian metric in the

target space. Nonrelativistic string theory provides a quantization of string Newton-Cartan

gravity in as much as relativistic string theory provides a quantization of Einstein’s gravity.

String theory in a curved background is constructed by deforming the worldsheet the-

ory in flat spacetime by appropriate vertex operators. The fact that the worldsheet fields

and vertex operators of relativistic string theory are different than those of nonrelativis-

tic string theory is what endows these string theories with physically distinct spacetime

geometries: a Lorentzian Riemannian metric and a string Newton-Cartan structure, respec-

tively. Relativistic string theory deformed by massless vertex operators which represent a

condensate of the graviton, B-field and dilaton defines the relativistic string sigma model.

Nonrelativistic string theory deformed by suitable vertex operators gives rise to strings

propagating in a string Newton-Cartan geometry, B-field and dilaton background. This

deformation defines the nonlinear sigma model for nonrelativistic string theory [9].3

In this paper, we derive the equations of motion that the string Newton-Cartan ge-

ometry, B-field and dilaton must obey for nonrelativistic string theory to be quantum

mechanically consistent. Our main result is given in (3.58). These equations follow by de-

manding that nonrelativistic string theory in nontrivial backgrounds fields is Weyl invariant

quantum mechanically, that is by imposing that the beta-functions for the worldsheet cou-

plings of nonrelativistic string theory vanish. We determine the background equations of

motion by computing the linearized equations that follow from Weyl invariance

Tαα = 0 (1.1)

of the vertex operators around flat space, where Tαβ is the energy-momentum tensor on

the worldsheet, and then going to higher orders in the background. This procedure is

rather straightforward and makes the origin of the spacetime background equations of

motion physically transparent. These equations are to nonrelativistic string theory what

the supergravity equations of motion are to relativistic string theory. The vanishing of the

Weyl anomaly of the worldsheet QFT defining nonrelativistic string theory determines the

consistent nonrelativistic string backgrounds.

The paper is organized as follows: in section 2 we recall nonrelativistic string theory

in flat spacetime. We define the renormalization of any given operator on a curved world-

sheet by generalizing the normal ordering of composite operators in the conformal gauge.

Then, we study the tachyonic and first excited vertex operators and study their quantum

Weyl transformations. In section 3 we study nonrelativistic string theory in curved string

Newton-Cartan background with a Kalb-Ramond and dilaton field. After a brief review

of the basic ingredients in section 3.1, we relate in section 3.2 the Weyl transformations

of the vertex operators derived in section 2.4 to beta-functions for the background fields.

3The BRST cohomology of physical states of nonrelativistic string theory requires that the vertex op-

erators carry nonzero winding number. One could in principle deform both relativistic or nonrelativistic

string theory using vertex operators with winding number. This would be akin to defining the string field

theory geometry. This would be interesting to investigate.
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In section 3.4, we extend the linearized beta-functions to include higher order terms and

present the full beta-functions in (3.58), at the leading α′-order. In section 4 we conclude

the paper and discuss a few future directions.

Note added. In the final stages of this work, we heard from Domingo Gallegos, Umut

Gursoy and Natale Zinnato of their study of Weyl invariance of sigma model in a torsional

Newton-Cartan background [22].

2 Nonrelativistic string theory in flat spacetime

2.1 The classical action

Nonrelativistic string theory is described by a sigma model defined on a Riemann surface

Σ, parametrized by σα, α = 1, 2. The worldsheet metric is denoted by hαβ . We introduce

the Zweibein field eα
a, a = 1, 2 on Σ such that

hαβ = eα
aeβ

bδab . (2.1)

The worldsheet fields of nonrelativistic string theory consist of worldsheet scalars

parametrizing the spacetime coordinates xµ, µ = 0, 1, · · · , d− 1 and two additional world-

sheet fields, which we denote by λ and λ. We take the decomposition xµ = (xA, xA
′
), with

A = 0, 1 and A′ = 2, · · · , d− 1. In terms of the light-cone coordinates,

X ≡ x0 + x1 , X = x0 − x1 , (2.2)

the sigma model action is given by [1, 9]

Sf =
1

4πα′

∫
d2σ
√
h
(
hαβ∂αx

A′
∂βx

B′
δA′B′ + λDX + λDX

)
, (2.3)

where α′ is the Regge slope, h = dethαβ and hαβ is the inverse of hαβ . We defined

D ≡ i√
h
εαβeα∇β , D ≡ i√

h
εαβeα∇β , (2.4)

where ∇α is the covariant derivative compatible with hαβ . The Levi-Civita symbol εαβ sat-

isfies ε12 = −ε21 = 1. Moreover, we introduced the (Euclideanized) light-cone coordinates

for the flat index a on the worldsheet tangent space,

eα = eα
1 + ieα

2 , eα = −eα1 + ieα
2 . (2.5)

In the conformal gauge, we take

e1
1 = e2

2 = 1 , e1
2 = e2

1 = 0 , (2.6)

and the string action (2.3) becomes

S0 =
1

4πα′

∫
d2z

(
2∂zx

A′
∂zx

B′
δA′B′ + λ ∂zX + λ ∂zX

)
, (2.7)

– 3 –
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where we introduced the complex coordinates,

z = σ1 + iσ2 , z = σ1 − iσ2 . (2.8)

The equations of motion are

∂z∂zx
A′

= ∂zλ = ∂zX = ∂zλ = ∂zX = 0 , (2.9)

which imply that λ and X are holomorphic and λ and X are anti-holomorphic.

We now show that λ and λ are worldsheet (1, 0) and (0, 1) forms, respectively, af-

ter fixing the conformal gauge. First, consider the infinitesimal local transformations of

worldsheet fields in the action Sf in (2.3),

δeα = ξβ∂βeα + eβ∂αξ
β +

(
ω + γ

)
eα , δλ = ξβ∂βλ−

(
ω + γ

)
λ , (2.10a)

δeα = ξβ∂βeα + eβ∂αξ
β +

(
ω − γ

)
eα , δλ = ξβ∂βλ−

(
ω − γ

)
λ , (2.10b)

δxµ = ξβ∂βx
µ , (2.10c)

where ξα parametrizes worldsheet diffeomorphisms, and ω and γ parametrize the Weyl

transformation and the Lorentz boost, respectively. We adopt the conformal gauge eα
a=δaα.

Then, δeα = δeα = 0 implies that

ω + γ = −∂zξ , ω − γ = −∂z ξ , ∂zξ = ∂zξ = 0 . (2.11)

Using the equations of motion

∂zλ = ∂zλ = ∂zX = ∂zX = 0 , (2.12)

we derive

δxA
′

= ξ ∂zx
A′

+ ξ ∂zx
A′
, δX = ξ ∂X , δX = ξ ∂zX , (2.13)

and

δλ = ξ ∂zλ+ λ ∂zξ , δλ = ξ ∂zλ+ λ ∂zξ . (2.14)

This concludes the proof that λ and λ are worldsheet one-forms.

The worldsheet action (2.7) was shown in [1] to lead to a unitary, ultraviolet finite

string theory with a well-defined perturbative expansion.

2.2 Renormalized operators and Weyl transformations

In this subsection, we define how a given operator constructed out of the worldsheet fields

in nonrelativistic string theory is renormalized and study the Weyl transformations of these

renormalized operators. We will follow closely the techniques and conventions in [23].

The nontrivial operator product expansions (OPEs) among the various worldsheet

fields in the nonrelativistic string action (2.7) are given as follows:

xA
′
(z, z)xB

′
(w,w) ∼ −1

2
α′δA

′B′
ln |z − w|2 , (2.15a)

λ(z, z)X(w,w) ∼ − 2α′

z − w
, (2.15b)

λ(z, z)X(w,w) ∼ − 2α′

z − w
. (2.15c)
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Then, the normal ordering of a given operator O can be compactly written as

:O : = exp

[
α′

4

∫
d2z d2w ln |z − w|2 P̂ (z, z;w,w)

]
O , (2.16)

where

P̂ (z, z;w,w) =
δ

δxA′(z , z)

δ

δxA′(w ,w)

− 8

[
∂z

δ

δλ(z , z)

δ

δX(w ,w)
+ ∂z

δ

δλ(z , z)

δ

δX(w ,w)

]
. (2.17)

The normal ordering defined in (2.16) guarantees that the equations of motion in (2.9) hold

as operator equations.

Further note that the path integral of a total derivative is identically zero. For example,

for S0 in (2.7), from

0 =

∫
DλDλDxµ

δ

δxA′(z, z)
exp(−S0) , (2.18)

we derive the following equation of motion that holds as an operator equation:

〈∂z∂zxA
′〉 = 0 . (2.19)

Similarly, we have

〈∂zλ〉 = 〈∂zλ〉 = 〈∂zX〉 = 〈∂zX〉 = 0 . (2.20)

The normal ordering defined in (2.16) is compatible with the above Ehrenfest theorems,

i.e. the following operator equations hold:

:∂z∂zx
A′

: = :∂zλ : = :∂zλ : = :∂zX : = :∂zX : = 0 . (2.21)

With the normal ordering defined in (2.16), we proceed to the BRST quantization

of (2.7). The gauge fixed action is

SBRST =
1

4πα′

∫
d2z

[
2∂zx

A′
∂zx

B′
δA′B′ + λ ∂zX + λ ∂zX + 2α′

(
b ∂zc+ b ∂zc

) ]
. (2.22)

Note that the bc ghost system is exactly the same as in relativistic string theory. The

BRST transformations are4

δBx
A′

= iε(c ∂z + c ∂z)x
A′
, δBX = iε c ∂zX , δλ = iε

(
c ∂zλ+ λ ∂zc

)
, (2.23a)

δBb = iε
(
Tm + T g

)
, δBc = iε c ∂zc , (2.23b)

where

Tm = − 1

2α′
(
2:∂zx

A′
∂zx

A′
: + :λ ∂zX :

)
, T g = :∂b c : −2 ∂ :bc : . (2.24)

The BRST current is in form the same as in relativistic string theory,

JBRST = c Tm+ :bc ∂c : +
3

2
∂2c , (2.25)

4We only present the transformations for the unbarred fields; the barred ones follow accordingly.
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but with the matter stress energy tensor given by Tm in (2.24). Requiring that the as-

sociated BRST operator be nilpotent constrains the matter central charge cm to be 26.

Furthermore, note that cm receives a contribution ctrans. = d− 2 from the d− 2 transverse

fields xA
′

and a contribution clong. = 2 from the longitudinal commuting βγ system. In

total, we have cm = ctrans. + clong. = d. Therefore, the nilpotence of QBRST requires the

critical dimension to be 26 [1], akin to relativistic string theory.

In order to define normal ordering on a curved worldsheet in a diffeomorphism invariant

way, we need to invoke the geodesic distance d(σ1, σ2) between two points σ1 and σ2 on Σ.

The renormalized operator [O]r for an operator O is given by

[O]r = exp

[
α′

4

∫
d2σ1 d

2σ2 ln
[
d(σ1, σ2)

]2
P̂ (σ1, σ2)

]
O , (2.26)

where

P̂ (σ1, σ2) =
δ

δxA′(σ1)

δ

δxA′(σ2)
− 4

[
Dσ1

δ

δλ(σ1)

δ

δX(σ2)
+Dσ1

δ

δλ(σ1)

δ

δX(σ2)

]
. (2.27)

In the flat worldsheet limit, (2.26) gives back (2.16).

While the renormalized operator (2.26) is diffeomorphism invariant, it is not necessarily

Weyl invariant; the renormalization of the operator may lead to a Weyl anomaly. Under

the Weyl transformations generated by

δW eα
a = δω eα

a , δWλ = −δω λ , δWλ = −δω λ , (2.28)

the renormalized operator
[
O
]
r

transforms as5

δW
[
O
]
r

= [δWO]r + exp

[
α′

2

∫
d2σ1 d

2σ2

(
δW ln d(σ1, σ2)

)
P̂ (σ1, σ2)

]
O . (2.29)

It is useful to note the coincidence limit of Weyl transformations of ln d(σ, σ′) [23]:

δW ln d(σ, σ′)
∣∣
σ′=σ

= δω(σ) , (2.30a)

∂αδW ln d(σ, σ′)
∣∣
σ′=σ

=
1

2
∂αδω(σ) , (2.30b)

∂α∂
′
βδW ln d(σ, σ′)

∣∣
σ′=σ

=
1

2
(γ + 1)∇α∂βδω(σ) , (2.30c)

∇α∂βδW ln d(σ, σ′)
∣∣
σ′=σ

= −1

2
γ∇α∂βδω(σ) . (2.30d)

The constant γ parametrizes the renormalization scheme.

2.3 Tachyon vertex operator

In nonrelativistic string theory, the string spectrum is empty unless one compactifies the

longitudinal spatial x1 direction on a circle of radius r, and all states in the Hilbert space

necessarily have nonzero windings. Scattering amplitudes of tachyonic winding states in

5It is easy to show that P̂ (σ1, σ2) in (2.26) is Weyl invariant.
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nonrelativistic string theory were computed in [1]. Consider the vertex operator for a closed

string tachyon with winding number w,6

Vt = gt : ei` : , ` ≡ kA′xA
′
+ pX + pX + q

∫ z

λ+ q

∫ z

λ , (2.31)

where kA′ is the transverse momentum and p, p are the longitudinal momenta, with

p =
1

2
(p0 + p1) , p =

1

2
(p0 − p1) . (2.32)

The “momenta” q and q encode the windings,

q = q = −wr
4α′

. (2.33)

The conformal weight of Vt is

h =
1

4

(
α′k2 − 2wr p

)
, h =

1

4

(
α′k2 − 2wr p

)
, (2.34)

where k2 ≡ kA′kA
′
.

Integrated over a curved worldsheet, Vt gives rise to

Vt = gt

∫
d2σ
√
h
[
ei`
]
r
, (2.35)

where

` ≡ kA′xA
′
+ pX + pX + q

∫ σ

λ iεαβ eα dσ
β + q

∫ σ

λ iεαβ eα dσ
β . (2.36)

Here, εαβ ≡ εαγhβγ . The analyticity condition on λ becomes

iεαβeα
1 ∂βλ = εαβeα

2 ∂βλ . (2.37)

With respect to the Weyl transformations (2.28), applying (2.29) to (2.35) gives the Weyl

transformation of Vt,

δWVt = gt

∫
d2σ
√
h δω

[
2− 1

2
α′k2 +

1

2
wr (p+ p)

]
. (2.38)

Requiring that δWVt vanish gives rise to the tachyon on-shell condition

p0 =
α′k2 − 4

wr
. (2.39)

This is the same as requiring that Vt be a (1, 1)-form by setting h = h = 1 in (2.34), which

also sets p1 = 0.

In general, the four tachyon amplitude has poles corresponding to intermediate excited

closed string states carrying nonzero windings. However, in the special case in which the

6The expression of the vertex operator involving λ can be given an explicit representation in terms of

its mode expansion.
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winding number is not exchanged among strings, the four tachyon amplitude also gains a

contribution from exchanging off-shell states in the zero winding sector. The leading long-

range contribution is proportional to 1/k2, with kA′ the off-shell transverse momentum

of the intermediate state, which gives rise to the (string) Newtonian potential after a

Fourier transform. Note that, in the zero winding sector, all on-shell strings have kA′ = 0.

Therefore, these zero winding intermediate states become of measure zero as asymptotic

states; but they nevertheless mediate an instantaneous gravitational force between winding

strings [1, 24].

2.4 Vertex operators for string Newton-Cartan backgrounds

In this subsection, we consider the vertex operators corresponding to the zero winding

states that mediate Newtonian forces between winding strings, for which we compute the

Weyl transformations. These determine the string Newton-Cartan background fields on

which nonrelativistic strings can consistently propagate.7

First, we classify the first excited vertex operators that are (1, 1)-forms as follows:

:∂zx
µ ∂zx

ν ei` : , :λ ∂zx
µ ei` : , :λ ∂zx

µ ei` : , :λλ ei` : . (2.40)

On the curved worldsheet, these operators become, respectively,[
DxµDxν ei`

]
r
,

[
λDxµ ei`

]
r
,

[
λDxµ ei`

]
r
,

[
λλ ei`

]
r
. (2.41)

Including the contribution from the dilaton and integrating over the worldsheet, we obtain

the worldsheet diffeomorphism invariant vertex operator,

V =
g

α′

∫
d2σ
√
h
{

(sµν + aµν)
[
DxµDxν ei`

]
r

+ tµ
[
λDxµei`

]
r

+ tµ
[
λDxµei`

]
r

+ u
[
λλ ei`

]
r
+ α′fR(2)

[
ei`
]
r

}
. (2.42)

Here, R(2) is the worldsheet Ricci scalar, sµν is a symmetric tensor and aµν is an anti-

symmetric tensor. Turning on the λλ operator in (2.42) with a nonzero u generates a

deformation towards relativistic string theory.8 To focus on nonrelativistic string theory

(with zero winding), we set u = 0, which does not receive quantum corrections at linear

order or higher in fluctuations as shown later in (2.58) and in section 3.4. This is protected

by the string Newton-Cartan symmetry that will be introduced in section 3.1.

Next, we set the winding number to zero but allow the transverse momentum kA′ to

take any nonzero value. Then, we have in ei`

` = kA′xA
′
+ pX + pX . (2.43)

Setting the winding number to zero brings significant simplifications. Importantly, note

that some of the terms in (2.42) are now trivially zero. Starting with the path integral

7One could extend the analysis to the geometric structure that describes the theory when a condensate

of string states with winding number is nontrivial.
8This can be seen by integrating out λ and λ in the deformed action.
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identity,

0 =

∫
DλDλDxµ

δ

δλ(z, z)

[
exp(−S0) ∂wx

µ(w,w) ei`(w,w)
] ∣∣∣∣

(w,w)→(z,z)

, (2.44)

it follows that

0 =
〈
∂zX ∂zx

µ ei`
〉
, (2.45)

which on the curved worldsheet is regularized to be[
DX Dxµei`

]
r

= 0 . (2.46)

Similarly, we have [
DX Dxµei`

]
r

= 0 . (2.47)

There is another more subtle identity: from

0 =

∫
DλDλDxµ

δ

δλ(z, z)

[
exp(−S0)λ(w,w) ei`(w,w)

]
,

0 =

∫
DλDλDxµ

δ

δλ(z, z)

[
exp(−S0)λ(w,w) ei`(w,w)

]
, (2.48)

we obtain 〈
λ(w,w) ∂zX(z, z) ei`(w,w)

〉
=
〈
δ(2)(z − w, z − w) ei`(w,w)

〉
, (2.49a)〈

λ(w,w) ∂zX(z, z) ei`(w,w)
〉

=
〈
δ(2)(z − w, z − w) ei`(w,w)

〉
. (2.49b)

In the coincidence limit (w,w)→ (z, z), (2.49) gives〈
λ(z, z) ∂zX(z, z) ei`(z,z)

〉
=
〈
λ(z, z) ∂zX(z, z) ei`(z,z)

〉
. (2.50)

On the curved worldsheet, we have[
λDXei`

]
r

=
[
λDXei`

]
r
. (2.51)

Finally, taking (2.46), (2.47) and (2.51) into account, we find the worldsheet diffeomor-

phism invariant vertex operator that describes the zero winding intermediate states and

the background fields on which nonrelativistic strings propagate,

V =
g

α′

∫
d2σ
√
h
{(
sA′B′ + aA′B′

)[
DxA′DxB′

ei`
]
r

+ θ
[
DX DXei`

]
r

+ θA′
[
DX DxA′

ei`
]
r

+ θA′
[
DX DxA′

ei`
]
r

+ tA′
[
λDxA′

ei`
]
r

+ t
[
λDXei`

]
r

+ tA′
[
λDxA′

ei`
]
r

+ t
[
λDXei`

]
r

+ t′
[
λDXei`

]
r

+ α′fR(2)
[
ei`
]
r

}
. (2.52)
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Note that now ` = kA′xA
′
+ pX + pX and

t′ =
1

2

(
t0 + t1 + t0 − t1

)
, θAA′ =

1

2

(
sAA′ + εA

BaBA′
)
, (2.53a)

t =
1

2
(t0 − t1) , θA′ ≡ θ0A′ + θ1A′ , (2.53b)

t =
1

2
(t0 + t1) , θA′ ≡ θ0A′ − θ1A′ , (2.53c)

θ = −1

4

(
sA

A − εABaAB
)
. (2.53d)

Here, the Levi-Civita symbol εAB satisfies ε01 = −ε10 = 1. The index A is raised (lowered)

by ηAB (ηAB) with

ηAB =

(
−1 0

0 1

)
. (2.54)

In section 2.2, we derived the operator equations (2.21). One may also insert in the

normal orderings an arbitrary local operator

: · · · O(w,w) : (2.55)

at a point w in the worldsheet other than z, without affecting any of the above equations. If

the equations of motion (2.21) are multiplied with another operator at the same point, there

are sometimes additional divergences to be regularized. In particular, if this insertion is the

tachyon vertex operator ei`, the divergences can be absorbed into the dilaton counterterm.

For example, on the curved worldsheet, we have (see also [23])

[
DDxA′

ei`
]
r

=
i

4
α′γ kA

′
R(2) [ei`]r , (2.56a)[

Dλ ei`
]
r

=
i

2
α′γ pR(2) [ei`]r , (2.56b)[

Dλ ei`
]
r

=
i

2
α′γ pR(2) [ei`]r . (2.56c)

The coefficients on the right hand side of the above equations are parametrized by the

renormalization scheme dependent factor γ such that the Weyl transformations of (2.56)

are consistent with (2.30). This γ dependence is, however, absent in
[
DDxAei`

]
r
. Note

that, in the zero winding sector, ` is independent of λ and λ. Therefore,

[
DDxAei`

]
r

= 0 . (2.57)

Collecting the relations (2.29), (2.56) and (2.57), it is a lengthy but straightforward

exercise to derive the Weyl transformation of V in (2.52). Recall that, to focus on nonrel-

ativistic string theory, we already set u = 0 in (2.42), and the associated operator λλ is

not generated at linear order or higher in quantum fluctuations (also see section 3.4). The

– 10 –



J
H
E
P
1
0
(
2
0
1
9
)
1
0
1

resulting Weyl transformation is

δWV =
g

2

∫
d2σ
√
h
{(
δsA′B′ + δaA′B′

)[
DxA′DxB′

ei`
]
r

+ δθ
[
DX DXei`

]
r

+ δθA′
[
DX DxA′

ei`
]
r

+ δθA′
[
DX DxA′

ei`
]
r

+ δtA′
[
λDxA′

ei`
]
r

+ δt
[
λDXei`

]
r

+ δtA′
[
λDxA′

ei`
]
r

+ δt
[
λDXei`

]
r

+ δt′
[
λDXei`

]
r

+ α′δfR(2)
[
ei`
]
r

}
, (2.58)

where

δsA′B′ =
[
kA′kC

′
sB′C′ + kB′kC

′
sA′C′ − k2sA′B′ − (γ + 1)kA′kB′sC′C

′

+
(
p kA′tB′ + p kB′tA′

)
+ (p kB′tA′ + p kA′tB′)

− 2(γ + 1)kA′kB′t′ + 4 kA′kB′f
]
δω , (2.59a)

δaA′B′ =
[
− kA′kC

′
aB′C′ + kB′kC

′
aA′C′ − k2aA′B′

+
(
p kA′tB′ + p kB′tA′

)
− (p kB′tA′ + p kA′tB′)

]
δω , (2.59b)

δθ =
[
− (γ + 1) p p sA′A

′ − k2θ + p kA
′
θA′ + p kA

′
θA′

+ 2 (p2t+ p2t)− 2(γ + 1) p p t′ + 4 p p f
]
δω , (2.59c)

δθA′ =
[
p kB

′
(sA′B′ − aA′B′)− (γ + 1) p kA′sB′B

′
+ kA′kB

′
θB′ − k2 θA′

+ 2 p2 tA′ + 2 kA′p t− 2(γ + 1) p kA′ t′ + 4 p kA′f
]
δω , (2.59d)

δθA′ =
[
p kB

′
(sA′B′ + aA′B′)− (γ + 1) p kA′sB′B

′
+ kA′kB

′
θB′ − k2 θA′

+ 2 p2 tA′ + 2 kA′p t− 2(γ + 1) p kA′ t′ + 4 p kA′f
]
δω , (2.59e)

and

δtA′ =
(
kA′kB

′
tB′ − k2tA′

)
δω , δt =

(
p kA

′
tA′ − k2t

)
δω , (2.59f)

δtA′ =
(
kA′kB

′
tB′ − k2tA′

)
δω , δt =

(
p kA

′
tA′ − k2t

)
δω , (2.59g)

δt′ =
[
kA

′
(p tA′ + p tA′)− k2t′

]
δω . (2.59h)

For the dilaton perturbation f , we have

δf =

{
− 1

4
γ
[
(γ + 1)k2sA′A

′ − 2kA
′
kB

′
sA′B′

]
+ γ kA

′
(p tA′ + p tA′)− 1

2
γ(γ + 1) k2t′ + (γ − 1) k2f

}
δω . (2.59i)

It is useful to rewrite the above results of beta-function (2.59) in terms of sµν and aµν ,

together with tµ
A defined as follows:

tµ
0 ≡ 1

2

(
tµ + tµ

)
, tµ

1 ≡ 1

2

(
tµ − tµ

)
. (2.60)
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We also write p and p in terms of p0 and p1 as in (2.32). Then, (2.59) becomes

δt′ =
(
−k2tA

A + kA
′
pAtA′A

)
δω , (2.61a)

δt+ δt = kA
′(
p0 tA′0 − kA′t0

0 − p1tA′1 + kA′t1
1
)
δω , (2.61b)

δt− δt = kA
′(
p0 tA′1 − kA′t0

1 − p1tA′0 + kA′t1
0
)
δω , (2.61c)

δtA′A =
(
−k2tA′A + kA′ kB

′
tB′A

)
δω , (2.61d)

and

δsA′B′ =
[
−2`RA′B′ + 4 kA′kB′ `Φ − (γ + 1)kA′kB′

(
2 tAA + sC

′
C′
)]
δω , (2.61e)

δaA′B′ =
[
ikC

′
`HA′B′C′ − εAB pA

(
kA′tB′

B − kB′tA′
B
)]
δω , (2.61f)

δθAA′ =

[
−`RAA′ + 2 pAkA′`Φ +

i

2
kB

′
εA

B`HBA′B′

− 1

2
(γ + 1) pAkA′(2 tBB + sB

′
B′) +

1

2
pA
(
pBtA′

B − kA′tB
B
)]
δω , (2.61g)

δθ =

[
1

2
ηAB`RAB − pApA`Φ +

i

4
kA

′
εAB`HA′AB

+
1

4
(γ + 1) pBpB

(
2tAA + sA

′
A′
)]
δω , (2.61h)

δf =

[
−1

2
γ δA

′B′
`RA′B′ + (γ − 1)k2`Φ

− 1

4
(γ2 − 1)k2

(
2tAA + sA

′
A′
)

+
1

2
γ
(
kA

′
pAtA′A − k2 tA

A
)]
δω , (2.61i)

where

`Rµν ≡ −
1

2

(
kA

′
KµsA′ν + kA

′
KνsA′µ − k2sµν −KµKνs

A′
A′
)

− 1

2

[
δBµ
(
KνtAB − pAtνB

)
+ δBν

(
KµtAB − pAtµB

)]
pA

− 1

2

[
Kµ

(
pAtν

A −KνtA
A
)

+Kν

(
pAtµ

A −KµtA
A
)]
, (2.62a)

`Hµνρ ≡ i
(
Kµaνρ +Kρaµν +Kνaρµ

)
, (2.62b)

`Φ ≡ f +
1

2
tA
A +

1

4
sA′A

′
. (2.62c)

Here, we introduced the collective notation Kµ ≡ (pA, kA′). Weyl invariance enforces that

all expressions in (2.61) vanish.

3 Nonrelativistic string theory in curved spacetime

In this section, we relate the Weyl transformations of the first excited vertex operators

in (2.61) to the one-loop beta-functions in nonrelativistic string theory, linearized in per-

turbations around flat spacetime. We will later covariantize this linear result to include

one-loop contributions to the beta-functions that are nonlinear in perturbations around
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flat spacetime. Setting these beta-functions to zero at the leading α′-order, we find the

equations of motion that govern the dynamics of the string Newton-Cartan background,

B-field and dilaton.

3.1 Strings in a string Newton-Cartan background

First, we review the basic ingredients of the nonrelativistic string theory sigma model in

a string Newton-Cartan background coupled to the Kalb-Ramond and dilaton field. The

free nonrelativistic string theory action in flat spacetime Sf in (2.7) is invariant under the

following global transformations:

δxA = ΞA − Λ εABx
B , δxA

′
= ΞA

′ − ΛA
′
B′ xB

′
+ ΛA

A′
xA , (3.1)

accompanied by appropriate transformations of λ and λ. The associated generators in the

global symmetry algebra are as follows:

ΞA : longitudinal translations HA

ΞA
′

: transverse translations PA′

Λ : longitudinal Lorentz rotation M

ΛA
′B′

: transverse spatial rotations JA′B′

ΛAA
′

: string Galilean boosts GAA′

Moreover, the Poisson bracket between GAA′ and PA′ gives a noncentral extension ZA:

[GAA′ , PB′ ] = δA′B′ZA . (3.2)

This extension exists because the Lagrangian associated with the action (2.7) is invariant

under the string Galilean boosts up to a boundary term [5, 6]. There are other noncentral

extensions in the full global symmetry algebra [6, 8, 16], which we are not interested for

the purpose of this paper. The global symmetry algebra that consists of the aforemen-

tioned generators, including all noncentral extensions, is dubbed the string Newton-Cartan

algebra.9

The appropriate spacetime geometry that the nonrelativistic strings coupled to is the

string Newton-Cartan geometry, which realizes the string Newton-Cartan algebra as a

gauge symmetry acting on the target space [5, 6, 8, 9].10 The string Newton-Cartan

geometry is defined as follows. Let Tp be the tangent space attached to a point p in the

spacetime M. We decompose Tp into two longitudinal directions indexed by A = 0, 1 and

d − 2 transverse directions indexed by A′ = 2, · · · , d − 1, respectively. We introduce the

longitudinal Vielbein fields τµ
A and the transverse Vielbein fields Eµ

A′
, which in the flat

9We follow the terminology introduced in [8, 25]. In older literature, for examples in [6, 9], this algebra

is referred to as the “extended string Galilei algebra”.
10More precisely, the full spacetime symmetry algebra realized in nonrelativistic string theory is an

extension of the string Newton-Cartan algebra originally introduced in [5]. See [8, 16] for further discussions.
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limit become τµ
A → δAµ and Eµ

A′ → δA
′

µ . The inverse Vielbein fields τµA and EµA′ are

defined via the following relations:

τµAτµ
B = δBA , τµ

AτνA + Eµ
A′
EνA′ = δνµ , (3.3a)

Eµ
A′
EµB′ = δA

′
B′ , τµAEµ

A′
= EµA′τµ

A = 0 . (3.3b)

Moreover, associated with the noncentral extension ZA we introduce a gauge field mµ
A,

whose flat limit is mµ
A → 0.

In the presence of a Kalb-Ramond field Bµν and a dilaton field Φ, the sigma model of

nonrelativistic string theory on an arbitrary string Newton-Cartan geometry is given by [9]

S =
1

4πα′

∫
d2σ
√
h
(
hαβ∂αx

µ∂βx
νHµν + λDxµτµ + λDxµτµ

)
+

1

4πα′

∫
d2σ εαβ∂αx

µ∂βx
νBµν +

1

4π

∫
d2σ
√
−hR(2) Φ , (3.4)

where R(2) is the scalar curvature of hαβ and

τµ = τµ
0 + τµ

1 , τµ = τµ
0 − τµ1 , (3.5a)

Hµν = Eµ
A′
Eν

B′
δA′B′ +

(
τµ
Amν

B + τν
Amµ

B
)
ηAB . (3.5b)

Note that τµ
A and Hµν are all the quantities with covariant curved spacetime indices

that are invariant under the string Galilean boosts. Further note that mµ
A transforms

nontrivially under the ZA transformation, which we parametrize by σA:11

δmµ
A = Dµσ

A , (3.6)

where the derivative Dµ is covariant with respect to the longitudinal Lorentz boost trans-

formations acting on the index A. In order for this σA transformation to be a gauge

symmetry of the action in (3.4), first, one has to transform λ and λ as

δλ = DxµDµσ , δλ = DxµDµσ , (3.7)

where σ ≡ σ0 + σ1 and σ ≡ σ0 − σ1; second, one also has to impose the hypersurface

orthogonality condition in the two-dimensional foliation structure on M [8, 9],12

D[µτν]
A = 0 =⇒ ∂[µτν]

A = Ω[µ
AB τν]B , (3.8)

where Ωµ
AB denotes the spin connection associated with the longitudinal Lorentz rotation

symmetry. There are d components in (3.8) that can be used to solve for Ωµ
AB in terms

of τµ
A. The remaining d(d− 2) equations can be rewritten in a compact form,

ε(AC τ[µ
B) ∂ν τρ]

C = 0 . (3.9)

11This σA shall not be confused with the worldsheet coordinates σα.
12This is an analogue of the hypersurface orthogonality condition in spacetime with a one-dimensional

foliation sturcture.
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This ZA symmetry prohibits the λλ operator from being generated in (3.4). Otherwise,

the λλ operator would have deformed nonrelativistic string theory towards relativistic

string theory.

The path integral for the action (3.4) is given by

Z =

∫
DλDλDxµ

√
G exp(−S) =

∫
DλDλDxµ exp(−SG) , (3.10)

where

G ≡
(d)

det
(
Hµν

) (2)

det
(
τρ
AHρστσ

B
)
, (3.11)

and the effective action SG is defined to be

SG ≡
1

4πα′

∫
d2σ
√
h
(
hαβ∂αx

µ∂βx
νHµν + λDxµτµ + λDxµτµ

)
+

1

4πα′

∫
d2σ εαβ∂αx

µ∂βx
νBµν +

1

4π

∫
d2σ
√
−hR(2)

(
Φ− 1

4
lnG

)
. (3.12)

Note that λ and λ play the role of a Lagrange multiplier in (3.12). These Lagrange

multipliers are not uniquely defined; their redefinitions generate symmetry transformations

that relate different string Newton-Cartan geometries. Indeed, apart from the target space

gauge symmetries in string Newton-Cartan gravity without any Kalb-Ramond or dilaton

field, we observe additional Stückelberg-type symmetries in (3.12) by also allowing the

Kalb-Ramond and dilaton field to transform as follows:13

λ→ C−1
(
λ−DxµCµ

)
, λ→ C

−1(
λ−DxµCµ

)
, (3.13a)

together with

τµ → C τµ , Hµν → Hµν −
(
Cµ

Aτν
B + Cν

Aτµ
B
)
ηAB , (3.13b)

τµ → C τµ , Bµν → Bµν +
(
Cµ

Aτν
B − CνAτµB

)
εAB , (3.13c)

and

Φ→ Φ +
1

2
ln
(
C C

)
. (3.14)

We defined

Cµ = Cµ
0 + Cµ

1 , Cµ = Cµ
0 − Cµ1 . (3.15)

Here, Cµ
A is an arbitrary function of xµ but C and C are constrained as follows in order

to preserve the geometric constraints (3.9):

EµA′∂µ
(
CC
)

= 0 . (3.16)

To linear order, we simply have

∂A′
(
CC
)

= 0 , (3.17)

i.e., CC is independent of xA
′
.

13When C = C, the transformations in (3.13b) are the ones that keep the Buscher rules associated with

the longitudinal spatial T-duality invariant. See [9] for more details. A special form of the transformations

in (3.13b) also found use in [16].
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3.2 Linearized beta-functions from Weyl transformations

Note that the action SG in (3.12) consists of the most general operators that are classically

invariant under the global Weyl transformations and carry zero winding. Moreover, SG is

classically invariant under the local Weyl transformation except for the dilaton term, which

can be cancelled by including the quantum contributions to the Weyl transformations. In

the limit that Hµν is close to δA
′

µ δ
B′
ν δA′B′ , τµ

A is close to δAµ , and both Bµν and Φ are small,

we take the following expansions:

τµ
A(x) = δAµ + Tµ

A(x) , Tµ
A(x) ≡ −4πg

∫
ddK tµ

A(K) eiKµx
µ
, (3.18a)

Hµν(x) = δA
′

µ δ
B′
ν δA′B′ + Sµν(x) , Sµν(x) ≡ −4πg

∫
ddK sµν(K) eiKµx

µ
, (3.18b)

Bµν(x) = −4πg

∫
ddK aµν(K) eiKµx

µ
, (3.18c)

Φ(x) = −4πg

∫
ddK φ(K) eiKµx

µ
, (3.18d)

where Kµ ≡ (pA, kA
′
). This leads to the expansion of the path integral in (3.10),

Z =

∫
DλDλDxµ e−Sf +

∫
ddK V(K) + · · · , (3.19)

where Sf is the flat spacetime action given in (2.3) and V(K) is given by (2.42) with u = 0.

The Weyl transformation of Z gives the Weyl anomaly

δWZ = − 1

2π

∫
d2σ
√
h δω 〈Tαα〉 , (3.20)

where the trace of the stress-energy tensor Tαβ is given by

Tαα = − 1

2α′

[
(βHµν + βBµν)DXµDXν + βτµ λDxµ + βτµ λDxµ + α′βFR

]
. (3.21)

This defines the beta-functions for the background fields. Here, for example, βHµν denotes

the beta-function of Hµν . Define

Θ ≡ −1

4
τµAτ

ν
B

(
ηABHµν − εABBµν

)
, (3.22a)

ΘAA′ ≡ 1

2
τµBE

ν
A′
(
δBAHµν + εA

BBµν
)
, (3.22b)

F ≡ Φ− 1

4
ln

[
(d)

det
(
Hµν

) (2)

det
(
τρ
AHρστσ

B
)]
. (3.22c)

Note that

F (x) = −4πg

∫
ddK f(K) eiKµx

µ
, (3.23)

where f matches the one introduced in (2.52). We further define

βτAB ≡
1

2

(
τµA β

τ
µB + τµB β

τ
µA

)
, βΘ

AA′ ≡
1

2
τµBE

ν
A′
(
δBA β

H
µν + εA

B βBµν
)
, (3.24a)

βτA′A ≡ EµA′ βτµA , βΘ ≡ −1

4
τµAτ

ν
B

(
ηABβHµν − εABβBµν

)
, (3.24b)

βHA′B′ ≡ EµA′EνB′βHµν , βBA′B′ ≡ EµA′EνB′βBµν , (3.24c)
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where βτµA is given by

βτµ0 ≡ −
1

2

(
βτµ + βτµ

)
, βτµ1 ≡

1

2

(
βτµ − βτµ

)
. (3.25)

It is also convenient to adopt a renormalization scheme with γ = −1. Using the above

definitions, from (2.58) we read off the beta-functions to linear order in Tµ
A(x), Sµν(x),

Bµν(x) and Φ(x),

βτAB ≈ −
α′

4
∂A

′(
∂A′τAB − ∂AτA′B

)
+ (A↔ B) , (3.26a)

βτA′A ≈ −
α′

2
∂B

′(
∂B′τA′A − ∂A′τB′A

)
, (3.26b)

and

βHA′B′ ≈ α′
(
LRA′B′ + 2 ∂A′∂B′Φ

)
, (3.27a)

βBA′B′ ≈ −
α′

2

[
∂C

′HC′A′B′ + εAB
(
∂A∂A′τB′

B − ∂A∂B′τA′
B
)]
, (3.27b)

βΘ
AA′ ≈

α′

2

[
LRAA′ + 2 ∂A∂A′Φ−

1

2
εA

B∂B
′HA′B′B +

1

2
∂A
(
∂BτA′

B − ∂A′τB
B
)]
, (3.27c)

βΘ ≈ −α
′

4

(
ηABLRAB + 2∂A∂AΦ +

1

2
εAB∂A

′HA′AB

)
, (3.27d)

βF ≈ c

6
− α′

[
∂A′∂A

′
Φ +

1

4
δA

′B′
LRA′B′ +

1

4
∂A

′(
∂AτA′

A − ∂A′τA
A
)]
, (3.27e)

where

LRµν ≡
1

2

(
∂A

′
∂µHA′ν + ∂A

′
∂νHA′µ − ∂A

′
∂A′Hµν − ∂µ∂νHA′

A′
)

+
1

2

[
δBµ ∂

A
(
∂ντAB − ∂AτνB

)
+ δBν ∂

A
(
∂µτAB − ∂AτµB

)
+ ∂µ

(
∂Aτν

A − ∂ντAA
)

+ ∂ν
(
∂Aτµ

A − ∂µτAA
)]
, (3.28a)

Hµνρ ≡ ∂µBνρ + ∂ρBµν + ∂νBρµ . (3.28b)

When a spacetime index is contracted with the spacetime index of an (inverse) Vielbein

field with no derivatives acting on it, we replace this spacetime index with the flat index

of this (inverse) Vielbein field. For example,

∂BHAA′ = τµA τ
ρ
B E

ν
A′ ∂ρHµν . (3.29)

Since we are focusing on the linear order terms, a contraction of an index µ with τµA or

EµA′ is usually reduced to a contraction with δµA or δµA′ .

The central charge c in (3.27e) comes from the flat spacetime anomaly, which contains

a contribution ctrans. = d− 2 from the d− 2 transverse fields xA
′
, a contribution clong. = 2

from the longitudinal commuting βγ system and cghost = −26 from the bc ghost system

just as in relativistic string theory. In total,

c = ctrans. + clong. + cghost = d− 26 . (3.30)
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This is the same information that we already learnt from the BRST quantization in sec-

tion 2.2, which simply declares that the critical dimension is 26.

It is important to note that, due to the path integral identities (2.46), (2.47) and (2.51),

not all background field perturbations introduced in (3.18) are nontrivial, as they are multi-

plied by a vanishing on-shell renormalized vertex operator. The only nontrivial background

field perturbations are given in (2.52). Therefore, it is only physically meaningful to define

beta-functions for these background fields. As a result, the only beta-functions that we

can define are for τAB, τA′A, HA′B′ , BA′B′ , Θ, ΘAA′ and F as in (3.26) and (3.27), which

are invariant under the transformations given in (3.13).

3.3 Geometric constraints and Weyl invariance

In this subsection, we study the Weyl invariance requirement from setting the beta-functions

of (components of) the longitudinal Vielbein field τµ
A in (3.26) to zero, which results in

the following geometric constraints:

∂A
′(
∂A′τAB − ∂AτA′B

)
+ (A↔ B) = 0 , ∂B

′(
∂B′τA′A − ∂A′τB′A

)
= 0 . (3.31)

We will show that the constraints in (3.31) are equivalent to the linearization of the hy-

persurface orthogonality condition in (3.9).

First, using (3.18a), we take the Fourier transform of the equations in (3.31), which

gives

kA
′(
kA′tAB − pAtA′B

)
+ (A↔ B) = 0 , kB

′(
kB′tA′A − kA′tB′A

)
= 0 , (3.32)

i.e. the equations that follow from setting δt′ = δt = δt = δtA′A = 0 in (2.61). Note that

these equations hold for all kA′ and, in particular, kA′ 6= 0 for off-shell intermediate zero

winding string states that mediate (string) Newtonian gravitational force among winding

strings. Due to the rotational invariance in the transverse sector, without losing generality,

we are free to choose a coordinate system in which

kA′ = ( k2, 0, · · · , 0︸ ︷︷ ︸
d−3

) , k 6= 0 . (3.33)

In these coordinates, (3.32) becomes

k2

(
tAB + tBA

)
= pAt2B + pBt2A , kI t2

A = k2 tI
A , I = 3, 4, · · · , d− 1 . (3.34)

The inverse Fourier transform of (3.34) gives(
∂A′τAB − ∂AτA′B

)
+ (A↔ B) = 0 , ∂B′τA′A − ∂A′τB′A = 0 . (3.35)

Another way to put this is that, in order to preserve the rotational symmetry in the trans-

verse sector in (3.31), the expressions on the left hand side of the equations in (3.35) cannot

be constant vectors with respect to the index A′ and hence have to vanish. Therefore, by
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requiring rotational invariance in the transverse sector, we see that (3.31) leads to (3.35).14

Finally, we note that the equations in (3.35) are linearized expressions for

ε(AC τ[µ
B) ∂ν τρ]

C = 0 , (3.36)

i.e. the constraint equation (3.9). This implies that the hypersurface orthogonality con-

dition (3.8) leads to the vanishing beta-function for τµ
A at linear order (and higher,

see below).

3.4 Extension to higher order terms

In principle, the method used to calculate the linear order terms in the equations of motion

can also be applied to higher order perturbations in Tµ
A, Sµν , Bµν and Φ introduced

in (3.18). We will still focus on the contributions to the beta-functions that are linear in

α′. To calculate the second order terms in Tµ
A, Sµν , Bµν and Φ, one needs to keep the

following quadratic term in the path integral (3.19),

Z(2) =
1

2

∫
ddK ddK ′ V(K)V(K ′) . (3.37)

The Weyl transformation of Z(2) contributes to nonlinear terms in beta-functions. This

calculation is straightforward by evaluating various OPEs. However, since we already

understand the underlying gauge symmetries of the target spacetime, it is more efficient to

determine higher order terms in the equations of motion by requiring that all ingredients

are covariant.

First, we collect all combinations of string Newton-Cartan fields that are invariant

under the string Galilei boosts, namely, EρA′ , τµ
A, Hµν and Nµν , where

Nµν ≡ τµAτνA −
(
EµA′τνA + EνA′τµA

)
mλ

AEλA′ . (3.38)

In string Newton-Cartan geometry, there is a unique Christoffel symbol15

Γρµν =
1

2
Eρσ

(
∂µHσν + ∂νHσµ − ∂σHµν

)
+

1

2
Nρσ

(
∂µτσν + ∂ντσµ − ∂στµν

)
, (3.39)

where we defined

Eµν ≡ EµA′EνB′δA
′B′

, τµν ≡ τµAτνBηAB . (3.40)

With respect to the Christoffel symbol (3.39), we define the covariant derivative ∇µ and

the Riemann tensor,

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ . (3.41)

We also define the Ricci tensor Rµν ≡ Rρµρν . One can show that LRµν defined in (3.28a) is

nothing but the linearized Rµν . These constitute all the covariant ingredients once we also

14This argument does not apply to (3.17): since a scalar CC automatically preserves the transverse

rotational symmetry, at the linear order, (3.17) only constrains CC to be a constant in xA
′

instead of

identically zero.
15To write the Christoffel symbol in the form of (3.39), one has to make a special choice of the variable

WABA′ in [8]. These extra variables in WABA′ drops out in the final equations of motion [8].
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include D[µτν]
A that appears in the hypersurface orthogonality condition in (3.8). Note

that ∇µτνρ = ∇µEνρ = 0.

Next, we consider the equations of motion from the vanishing beta-functions of τµ
A.

At linear order, these are the geometric constraints (3.35), whose covariantization takes

the form

D[µτν]
A = 0 , (3.42)

i.e. the hypersurface orthogonality condition in (3.8). One might wonder whether higher

order contributions to the beta-functions of τµ
A sabotage the hypersurface orthogonality

condition. If true, this would make the ZA symmetry anomalous. To address this question,

instead of working directly with (3.37), we take the conformal gauge and the following

expansions around xµ = 0 (or, equivalently, around any other point xµ0 ):

gi(x) = gi(0) + xµ
(
∂µgi(x)

∣∣
xν=0

)
+ · · · , (3.43)

where gi denotes any of the couplings {τµA , Hµν , Bµν , F}. It is sufficient to focus on the

contributions to the Weyl transformations δW gi that take the form of ∂µgi ∂νgj , which

requires analyzing the terms cubic in {xµ, λ , λ } in the action. We can also set all higher

derivative terms (containing two or more derivatives) of gi to zero in the calculation. Then,

the full nonlinear expressions can be constructed by covariantization.

We first collect all terms cubic in {xµ, λ , λ } in the action,

S(3) =
1

4πα′

∫
dz dz

[
∂zx

µ∂zx
νxρ∂ρ(Hµν +Bµν)

+ λ ∂zx
µ
(
xν∂ντµ

)
+ λ ∂zx

µ
(
xν∂ντµ

)
− 4α′∂z∂zω

(
xµ∂µF

)]
. (3.44)

Using integration by parts, we rewrite S(3) in (3.44) as

S(3) =
1

4πα′

∫
dz dz

[
∂zx

µ∂zx
νxρ

(
∂ρHµν +

1

3
Hµνρ

)
− 4α′∂z∂zω x

µ∂µF

+
1

2
λ ∂zx

µxν
(
∂ντµ − ∂µτν

)
+

1

2
λ ∂zx

µxν
(
∂ντµ − ∂µτν

)
− 1

2

(
∂zλ ∂ντµ + ∂zλ ∂ντµ

)
xµxν

]
. (3.45)

Note that we already omitted a term that contains ∂µ∂ντρ here. This S(3) contributes to

the path integral via

Z(2)
cubic =

1

2

〈
S(3)S(3)

〉
. (3.46)

Then, we consider the contributions to δW τµ (δW τµ) from Z(2)
cubic, in front of operators that

contain λ (λ). These contributions necessarily involve the operator λ ∂zx
µxν or λ ∂zx

µxν

in (3.45). For example, Z(2)
cubic contains

Z(2)
cubic ⊃

∫
d2z : λ ∂zx

µxν : ∂[ντµ]

∫
d2w : ∂wx

σ∂wx
λxρ : ∂ρHσλ

⊃
∫
d2z d2w

1

|z − w|2
: λ(z) ∂wx

µ(w,w) : ∂[B′τA′]∂
A′
HB′

µ . (3.47)
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Cutting the integral by an invariant distance ε such that |z − w| eω > ε introduces a scale

dependence of the metric, ln |z − w|min = −ω + ln ε [23]. Hence, we obtain a contribution

to δW τµ from (3.47),16

δW τµ ⊃ ∂[B′τA′]∂
A′
HB′

µ . (3.48)

Note that the coefficient in front of λ ∂zx
µxν in (3.45) is proportional to ∂[µτν], whose covari-

antization is D[µτν]. The analogy of this observation also holds for the operator λ ∂zx
µxν

in (3.45). Hence, contributions to δW τµ
A from the operators λ ∂zx

µxν and λ ∂zx
µxν , such

as the one in (3.47), necessarily contain components in D[µτν]
A, and these contributions

vanish when D[µτν]
A = 0 is imposed. Therefore, we conclude that any contribution to

δW τµ
A that involves ∂µgi∂νgi has to vanish when D[µτν]

A = 0 is imposed. This demon-

strates that the equations from vanishing βτ(AB) and βτA′A are solved by the hypersurface

orthogonality condition D[µτν]
A = 0.

In the last line of S(3) in (3.45), there are terms that contain ∂zλ and ∂zλ. These terms

contribute to the dilaton beta-function. For example, Z
(2)
cubic contains the following term:

Z(2)
cubic ⊃

∫
d2z : ∂zλx

µxν : ∂ντµ

∫
d2w : ∂wx

σ∂wx
λxρ : ∂ρHσλ

⊃
∫
d2z d2w

1

|z − w|2
: ∂zλ(z)xµ(w,w) : ∂A′τB′∂µH

A′B′
. (3.49)

Taking a Fourier transform of the path integral identity in (2.56b), we obtain that in

position space, [
∂zλ(z)xµ(w,w)

]
r
∝ γR(2)(δµ0 + δµ1 ) , (3.50)

applying which to (3.49) generates a contribution to δWF that is dependent on the renor-

malization scheme. We will come back to this issue at the end of this section.

In section 2.4, we set the coupling

U ≡ −4πg

∫
ddK u(K) eiKµx

µ
(3.51)

in front of the operator λλ to zero and then showed that this operator is not generated at

linear order. However, if D[µτν]
A = 0 were not imposed a priori, the operator λλ would

have received nontrivial quantum corrections from the following higher order contribution

in Z(2)
cubic:

Z(2)
cubic ⊃

∫
d2z : λ ∂zx

µxν∂[ντµ] :

∫
d2w : λ ∂wx

ρxσ∂[στρ] :

⊃
∫
d2z d2w

1

|z − w|2
: λ(z)λ(w) : ∂[A′τB′] ∂

[B′
τA

′] . (3.52)

Note that the covariantization of ∂[A′τB′] ∂
[B′
τA

′] is EµνEρσD[µτρ]D[ντσ], which vanishes

identically once D[µτν]
A = 0 is imposed, as required by the ZA gauge symmetry. This

shows explicitly that the operator λλ is not generated at loop level, in consistency with

the fact that U = 0 is protected by the ZA symmetry.

16One also needs to impose the path integral identity (2.51) to write down the final contribution.
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We already showed that βτ(AB) = βτA′A = 0 is solved by D[µτν]
A = 0.17 In the following,

we will once for all set D[µτν]
A = 0, which significantly simplifies the remaining beta-

functions. Under this condition, we collect all the ingredients that contain two covariant

derivatives as follows:

Rµν = Rρµρν , ∇ρHσµν , ∇µ∇νΦ , HµρκHνσλ , ∇µΦHνρσ , ∇µΦ∇νΦ . (3.53)

Following the standard treatment in [23], by evaluating the associated terms in (3.46) and

then covariantizing the results using the Riemann tensor Rρσµν and the covariant derivative

∇µ, we find that (3.27) becomes

βHA′B′ = α′PA′B′ +O(α′
2
) , (3.54a)

βBA′B′ = α′QA′B′ +O(α′
2
) , (3.54b)

βΘ
AA′ =

α′

2

(
PAA′ + εA

BQBA′) +O(α′
2
) , (3.54c)

βΘ = −α
′

4

(
ηABPAB − εABQAB

)
+O(α′

2
) , (3.54d)

βF =
d− 26

6
− α′

(
∇A′∇A

′
Φ−∇A′

Φ∇A′Φ +
1

4
RA′A

′ − 1

48
HA′B′C′HA′B′C′

)
+O(α′

2
) , (3.54e)

where

Pµν ≡Rµν+2∇µ∇νΦ− 1

4
HµA′B′HνA

′B′
, (3.55a)

Qµν ≡−
1

2
∇A′HA′µν+∇A′

ΦHA′µν . (3.55b)

We point out one shortcut in the derivation of the beta-functions (3.54). Earlier

in (3.50), we found that there are renormalization scheme dependent contributions to βF

that involve τµ
A. Moreover, the evaluation of the coefficient of the last termHA′B′C′HA′B′C′

in (3.54e) requires applying the renormalization scheme with the choice γ = −1 made

in (3.27). Regardless of these subtleties, there is an elegant way of fixing the coefficient of

HA′B′C′HA′B′C′
and demonstrating that there are no extra contributions from τµ

A to βF

at the same time. On a locally flat worldsheet, the dilaton is inaccessible, and conformal

invariance only requires βHA′B′ = βBA′B′ = βΘ
AA′ = βΘ = 0, in addition to the geometric

constraints that we already enforced to preserve the ZA symmetry. These conditions are

also sufficient for maintaining conformal invariance on a curved worldsheet. Therefore,

βF = 0 has to be dependent of other vanishing beta-functions — the central charge is the

only additional contribution from the curvature of the worldsheet, which we set to zero by

requiring d = 26.18 The Φ-dependent terms in (3.54e) determine the consistency equation

17It is impossible to have solutions other than D[µτν]
A = 0 without breaking the ZA gauge symmetry. We

have shown that, without the ZA symmetry, one would have to turn on the λλ operator in the Lagrangian to

have enough counterterms to absorb all the divergences, which generates a deformation towards relativistic

string theory. This is beyond the scope of this paper.
18As in relativistic string theory, there also exist other solutions with, for example, Φ(x) = vµx

µ, with

α′vA
′
vA′ = (26 − d)/6.
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to be [26]

∇B′
βHA′B′ = −2∇A′βF +

1

2
βBB′C′HA′B

′C′
+ 2βHA′B′∇B

′
Φ . (3.56)

Applying the Bianchi identities,

∇B′
RA′B′ =

1

2
∇A′RB′B

′
, (3.57a)

∇B′(HB′C′D′HA′C
′D′)

= ∇B′HB′C′D′HA′C
′D′

+
1

6
∇A′

(
HB′C′D′HB′C′D′)

, (3.57b)

we find that the beta-functions in (3.54) satisfy (3.56). This procedure not only fixes the co-

efficient in front of HA′B′C′HA′B′C′
in (3.54e) but also excludes any additional contribution

from τµ
A in (3.54e).

In summary, we collect the independent classical equations of motion for the back-

ground string Newton-Cartan geometry, B-field and dilaton:

ε(AC τ [µ
B) ∂ν τρ]

C = 0 , (3.58a)

PA′B′ = QA′B′ = PAA′ + εA
BQBA′ = ηABPAB − εABQAB = 0 , (3.58b)

∇A′∇A′
Φ−∇A′

Φ∇A′Φ +
1

4
RA′A

′ − 1

48
HA′B′C′HA′B′C′

=
d− 26

6α′
. (3.58c)

4 Conclusions and discussions

In this paper, we studied the worldsheet quantum consistency of the classically Weyl in-

variant sigma model of nonrelativistic string theory. Requiring that the worldsheet theory

is Weyl invariant at quantum level, we derive at one-loop the background equations of

motion together with the hypersurface orthogonality condition D[µτν]
A = 0,19 in string

Newton-Cartan gravity coupled to the Kalb-Ramond and dilaton field. Such equations of

motion determine the backgrounds on which nonrelativistic string theory can be consis-

tently defined. In a companion paper [8], it is shown that the same set of equations of

motion can be derived as a subtle limit of relativistic beta-functions.

It is intriguing to note that the combinations of the string Newton-Cartan geometry,

Kalb-Ramond and dilaton field in (3.22) that have nontrivial beta-functions are reminiscent

of ingredients in double field theory formalism. For example, it has been shown in [27–29]

that nonrelativistic string theory in flat space can be embedded in the double field theory

formalism. A more thorough study of these connections may in turn deepen the under-

standing of T-dualities in nonrelativistic string theory, which was recently formulated using

a first principles method in [9].

Another important question to ask is whether there exists a target space effective

action whose variation gives the equations of motion in string Newton-Cartan gravity.

The action principle is usually unavailable for (string) Newton-Cartan gravity theories.

Nevertheless, exceptions exist. For examples, actions for extensions of Newton-Cartan

gravity20 have been constructed in three dimensions in [30–33], and in general dimensions

19This condition is required by the ZA gauge symmetry.
20In Newton-Cartan gravity, there is only one “longitudinal” dimension, i.e. the temporal direction. In

contrast, in string Newton-Cartan gravity, there are two longitudinal dimensions.
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for a novel nonrelativistic algebra in [34].21 More recently, an action for the so-called four-

dimensional extended string Newton-Cartan gravity was constructed in [25], paying the

price of introducing an extra vector field associated with a central extension in the string

Newton-Cartan algebra. One possibility is that this extra vector is responsible for some

extra anyonic strings in the spectrum. A similar mechanism was realized in relativistic

string theory in three spacetime dimensions [36]: the spectrum contains anyonic particles

that are absent in higher dimensions.

The string Newton-Cartan geometry arises from the condensate of zero winding in-

termediate states that meditate instantaneous gravitational forces among on-shell winding

closed strings. It would be interesting to explore the possibility of introducing nonzero

winding numbers in the analysis in section 2.4, which may allow us to probe more general

geometries and shed light on spacetime (string) field theory.

We close the paper with a few more open questions. First, it would be useful to de-

velop a reliable background field method which is helpful for extracting contributions from

higher loop corrections to the beta-functions, and hence higher derivative corrections to

string Newton-Cartan gravity. Second, it would be interesting to derive the beta-functions

in the presence of either longitudinal or transverse D-branes, which should add nonrela-

tivistic twists to the usual Dirac-Born-Infeld effective field theory on D-branes. Finally, it

is also natural to generalize this framework to incorporate worldsheet or spacetime super-

symmetries and look for solutions with a non-trivial horizon, which may bare interesting

applications to holography.
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