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Abstract

In intensive care units (ICU), besides routinely collected admission data, a daily moni-

toring of organ dysfunction using scoring systems such as the Sequential Organ Failure

Assessment (SOFA) score has become practice. Such updated information is valuable

in making accurate predictions of patients survival. Few prediction models that in-

corporate this updated information have been reported. We used follow-up data of

ICU patients who either died or were discharged at the end of hospital stay, without

censored cases. We propose a joint model comprising a linear mixed effects submodel

for the development of longitudinal SOFA scores, and a proportional subdistribution

hazards submodel for death as end point with discharge as competing risk. The two

parts are linked by shared latent terms. Since there was no censoring, it was straight-

forward to fit our joint model using available software. We compared predictive values,

based on the Brier score and the Area Under the Receiver Operating Characteristic

Curve (AUC), from our model with those obtained from an earlier modelling approach

by Toma et al. (2007) which relied on patterns discovered in the SOFA scores over a

given period of time.

Keywords: Competing risks; Dynamic prediction; Joint models; Longitudinal data;

Survival data.

1 Introduction

In intensive care units (ICU), the prediction of survival status amongst patients at the end of

hospital stay commonly rely solely on data collected during the first 24 hours of admission to

the ICU. Besides this admission related data, a daily monitoring of information on patients’
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organ dysfunction using different scoring systems such as the Sequential Organ Failure

Assessment (SOFA) score (Vincent and Ferreira, 2000) has recently gained attention. It

is important to be able to update prognosis using the most recent (daily) information.

Hence models that make use of these updated scores to characterize the evolving mortality

prediction during the ICU stay are advocated.

The SOFA scores comprise 6 individual organ system scores, each ranging from 0 to 4

(Vincent and Ferreira, 2000). In the literature, in order to predict mortality amongst ICU

patients, most authors either used; (i) only the SOFA scores at admission or at a fixed time

point after admission (Khwannimit, 2007; Ho et al., 2007), (ii) aggregates such as the mean

or the maximum SOFA score in a prespecified time interval (Ho et al., 2007; Kajdacsy-

Balla et al., 2005) or (iii) models which rely on patterns discovered in the SOFA scores

over a given period of time (Toma et al., 2007, 2008). Some studies combined SOFA score

aggregates with other baseline covariates (Kajdacsy-Balla et al., 2005; Cabr et al., 2005),

and sometimes only one of the 6 components of the SOFA score were used (Khwannimit,

2007; Moreno et al., 1999). For a review on the use of SOFA-based models for predicting

mortality amongst ICU patients see Minne et al. (2008).

We looked at ICU data from the study by Toma et al. (2007). Patients’ demographic

information as well as physiological and laboratory information were collected at admission,

and summarized as the severity-of-illness-score SAPS-II (hereafter SAPS in short). The

SOFA score was used for daily monitoring of organ dysfunction. Using data of patients

under follow-up at a given day, Toma et al. (2007) compared two logistic regression models

with respect to predicting the probability of dying at the end of hospital stay; (i) a static

model that included only the SAPS scores and (ii) a temporal model that included the SAPS

scores and updated information from the SOFA scores called aligned episodes. Aligned

episodes refer to patterns of SOFA score categories that are observed from the day at which

prediction is made (for instance, day 3), down to the previous days (day 2 and day 1). First,

three categories of the SOFA scores were created (low L, medium M, high H). If a patient

recorded M, H and H on the first 3 days respectively, then his or her aligned episodes would

be MH for day 2 and MHH for day 3. Thus, the possible number of aligned episodes for

a given day k equals
∑k

j=1 3
j which is large for day 5 (363) and huge for day 10 (88,572).

For each day, the data was mined to identify the most common and most predictive aligned

episodes. The selected episodes were then included as a categorical covariate in the model

for the given day. Toma et al. (2007) derived the best aligned episodes only until day 5.

Although a better predictive performance was observed with these temporal models (here-
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after Toma approach), the fact that the SOFA scores were summarized in categories may

have led to loss of information. Also, the model construction procedure became too com-

puter intensive if we desired to search for aligned episodes beyond day 5. A remedy would

be to rely on the observed best episodes until day 5 to make predictions for patients still

at risk after day 5, even though this may be unreliable. We could also consider the past 5

days as time goes on. However, this is out of the scope of this paper.

As an alternative approach, we propose to use the joint modelling of survival and longi-

tudinal data framework(Faucett and Thomas, 1996; Wulfsohn and Tsiatis, 1997; Xu and

Zeger, 2001; Tsiatis and Davidian, 2004; Rizopoulos, 2011; Njagi et al., 2013; Geskus, 2014;

Musoro et al., 2015). The joint modelling approach uses the data more efficiently since the

time-to-event and longitudinal subprocesses are modeled simultaneously. Furthermore, it

may attain unbiased parameter estimates if dropout is informative. Finally, by modelling

the longitudinal SOFA scores, we account for the fact that the SOFA scores may be mea-

sured with error. The fitted joint model can be used to calculate and dynamically update

individual predictions using information that is available at new time points.

In recent years, the application of joint models has extended beyond the traditional single

longitudinal response and single event type setting. For instance, our data presents a com-

peting risks scenario where the occurrence of the event of interest, death in the hospital, is

prevented by live discharge from hospital. We considered death in the hospital as endpoint

since it allowed us to compare our findings with those from the Toma approach. Joint

models for longitudinal data and competing risks event times have been addressed in the

literature (Gueorguieva et al., 2012; Li et al., 2010; Elashoff et al., 2008). With respect to

applications in an ICU setting, Deslandes and Chevret (2010) used a proportional subdis-

tribution hazards submodel for competing risks in a joint modelling approach to estimate

the effect of a treatment on SOFA scores. To the best of our knowledge, this modelling

approach has not been previously used as a tool to perform dynamic predictions of the

probability of dying amongst ICU patients.

We fitted a joint model for the time updated SOFA scores and mortality risk, while handling

discharge as a competing event. Our joint model comprises the following two parts which

are linked by shared latent terms. (i) A linear mixed effects submodel for the development

of longitudinal SOFA scores and (ii) a proportional subdistribution hazards submodel for

death in the hospital as end point with discharge as competing risk (Fine and Gray, 1999).

The subdistribution hazard is the hazard that corresponds to the cause specific-cumulative

incidence. As opposed to the commonly used proportional cause-specific hazards formula-
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tion, it directly translates to event-specific survival probabilities. There was no censoring,

nor late entry that induced left truncation in our data, making it easy to fit our joint model

using the JM package(Rizopoulos, 2010) within the R statistical software(R Core Team,

2013). Since patients with the competing event remain in the risk set when estimating

the subdistribution hazards, the prediction as implemented within JM(Rizopoulos, 2011)

mimics the standard survival setting by calculating the probability given that you are alive,

also including discharged individuals. But for the discharged individuals, it is implausible

to calculate the probability of dying in the hospital after time of discharge, although we

could also argue that their death probabilities are zero after time of discharge. Additional

routines were developed to calculate the probability of dying in the hospital given that the

patient is alive and has not been discharged.

We compared the performance of our joint model to that of the Toma approach for the

first 20 days of ICU stay. Comparisons were based on Brier scores and the area under the

receiver operating characteristic curve (AUC), which were calculated using the estimated

probability of dying in the hospital from both the joint modelling and Toma approaches.

Once we have obtained the individual probabilities, calculating the Brier scores and AUC

was straightforward since there was no censored data.

The rest of this paper is organized as follows. First we present the study data, followed

by a description of the submodels and their joint likelihood function. Next we present

results from the joint model as well as from the dynamic predictions. We also compare the

predictive performance of the joint model and the Toma approach.

2 Data

We looked at ICU data from the OLVG, a teaching hospital in Amsterdam. Patients were

admitted between July 1998 and February 2007. The same data was used by Toma et al.

(2007) except that we have additional data for patients seen between September 2005 and

February 2007. In this paper, we considered 3697 patients who had been admitted for at

least 24 hours in the ICU. SAPS scores were calculated for all patients within 24 hours of

admission. Patients’ organ dysfunction was monitored daily using the SOFA scores (integers

ranging from 0 to 24). Larger SOFA scores correspond to worsening organ dysfunction. In

the case where patients were readmitted to the ICU (which occurred in about 6% of the

cases), only information from their last readmission was considered. At the end of follow-

up, patients were either dead (797 deaths) or had been discharged alive from the hospital

4



(2900 discharged cases). Figure 1 shows the estimated cumulative incidence curves for the

competing failure types. The number of SOFA score measurements within the ICU ranged

from 1 to 85 (mean=10) and 1 to 144 (mean=8) measurements, respectively, for patients

who died and who were discharged. The SOFA scores ranged from 2 to 21 (median=9) for

those who died and 2 to 20 (median=7) for discharged cases. The SAPS score ranged from

22 to 111 (median = 57) for patients who died and from 9 to 96 (median=43) for those who

were discharged. For an elaborate description of the data see Toma et al. (2007).

Figure 2 shows the longitudinal trajectories of the SOFA scores. For clarity, we show only

the profiles for 500 randomly selected subjects. The lower panel of figure 2 illustrates the

trajectory of a patient (Patient A), with a SAPS score of 46, who was discharged from the

hospital after 17 days, and another (Patient B), with a SAPS score of 35, who died 16 days

after admission. We observe that Patient A had a decreasing trajectory in his or her SOFA

score levels and therefore is expected to have higher survival probabilities. Patient B on the

other hand had an increasing pattern, which was indicative of a worsening condition.

3 Method

3.1 Model definition

For patient i (i = 1, ..., n), let Yij be the jth SOFA score at time tij, (j = 1, 2, ..., ni). Yij

is only available while staying in the ICU. Let (Ti, Ei) represent the event data for patient

i, where Ti is the event time and Ei is the event type. The number of competing events is

equal to 2 for our data (l=1 in case of death and l=2 in case of discharge from hospital). If

a competing event occurs, then we can say that the event of type l happens at time infinity,

hence we can define:

T l
i =







Ti if Ei = l

∞ if Ei 6= l
(1)

The joint model comprises the following two submodels.

(1) A linear mixed effects (LME) model specified as

Yij = (β0 + b0i) + (β1 + b1i)tij + αXi + ǫij (2)

where β0 is the intercept and β1 is the slope, and b0i and b1i are respectively the subject

specific intercepts and slopes which are assumed to follow a zero-mean bivariate Gaussian
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distribution with covariance matrix Σ. Xi is the baseline SAPS score with fixed effect α.

The error term ǫij ∼ N(0, σ2
ǫ ) is assumed to be independent of b0i and b1i.

(2) A proportional subdistribution hazards model specified as

λl
i(t|Xi, Y

∗
i (t)) = lim

∆t↓0

Pr(t ≤ T l
i < t+∆t|T l

i ≥ t,Xi, Y
∗
i (t))

∆t

= λl
0(t)exp

{

αlXi + βlY
∗

i (t)
}

(3)

where Y ∗
i (t) is the expected SOFA score given (b0i, b1i) for subject i at time t according to

equation 2. Since there was no right censoring in our data, individuals who had the compet-

ing event remained in the risk set with a weight of 1 when estimating the subdistribution

hazards.

3.2 The Likelihood Function

Let bi = (b0i, b1i) and let θ = (β0, β1, α, σ
2
ǫ ,Σ, α

l, βl) be a vector containing all parameters

from (2) and (3). We postulate that the subprocesses represented by (2) and (3) are con-

ditionally independent given bi and the covariate (Xi). Consider death (l = 1) to be the

event of interest. The joint likelihood of the longitudinal and the competing risks submodel,

based on all observed data, is given by

L(θ) =
n
∏

i=1

∫

bi

[{

ni
∏

j=1

f1(Yij|Xi,bi,θ)

}

× f2(T
1
i |Xi,bi,θ)× f3(bi|θ)

]

dbi (4)

f1(.) is the univariate normal density of the SOFA score given bi and f3(.) is a bivariate

normal density of the random effects. f2(.) is the subdistribution density, which can be

written as

f2(T
1
i |Xi,bi,θ) = λ1

i (Ti|Xi,bi,θ)
I(li=1) × S1

i (Ti|Xi,bi,θ) (5)

λ1
i (.) is given by (3) and S1

i (.) is the probability to be alive, also outside the hospital, which

is defined as

S1
i (Ti|Xi,bi,θ) = exp

{

−

∫ Ti

0

λ1
i (u|Xi,bi,θ)du

}

(6)

When evaluating (4), all patients who were discharged remain in the risk set forever.
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3.3 Dynamic prediction of conditional survival probabilities

Using the fitted joint model, we wanted to calculate predictions for a new subject k who is

alive in the hospital at t and has SOFA scores history D(t) = {Ykj; 0 ≤ tkj ≤ t}. For any

time u > t we were interested in the conditional probability πk(u|t) that the new subject k

will not die in the hospital at least up to u, given that he or she has not been discharged

and is still alive at t. This can be written as

πk(u|t) = Pr(T 1
k ≥ u|T 1

k ≥ t, T 2
k ≥ t,D(t), Xk) (7)

Since the probability of dying in the hospital and the probability of discharge cannot both

occur, then the probability of either occurring is the sum of the probabilities of each occur-

ring. We can then rewrite (7) as

Pr(T 1
k ≥ u|T 1

k ≥ t, T 2
k ≥ t,D(t), Xk) =

∫

1− F1(u|bk, Xk)− F2(t|bk, Xk)

1− F1(t|bk, Xk)− F2(t|bk, Xk)
p(bk|T

1
k ≥ t, T 2

k ≥ t,D(t), Xk)dbk

(8)

where F1(.|bk, Xk) is the cumulative death probability, given the random effects of patient

k. F2(.|bk, Xk) is the cumulative discharge probability. The density function p(bk|T
1
k ≥

t, T 2
k ≥ t,D(t), Xk) is the distribution of the random effects given the SAPS score and

observed SOFA scores up to day t, and given alive in the hospital:

p(bk|T
1
k ≥ t, T 2

k ≥ t,D(t), Xk) =

L(D(t)|bk, Xk)× (1− F1(t|bk, Xk)− F2(t|bk, Xk))× f3(bk|θ)
∫

L(D(t)|bk, Xk)× (1− F1(t|bk, Xk)− F2(t|bk, Xk))× f3(bk|θ)dbk

(9)

where L(D(t)|bk, Xk) is the likelihood of D(t) according to the linear-mixed effects submodel

of the joint model given the random effects bk. Because the SOFA scores are independent

given bk, this likelihood is a product of the likelihoods of each available SOFA score. This

univariate likelihood is according to the normal distribution with mean (β0 + b0k) + (β1 +

b1k)tkj + αXk and the residual standard deviation σǫ according to (2). Notice that 1 −

F1(u|bk, Xk) = S1
k(u|bk, Xk) from (6), suppressing θ. Now (8) can be written as

Pr(T 1
k ≥ u|T 1

k ≥ t, T 2
k ≥ t,D(t), Xk) =

∫

bk

S1
k(u|bk)× L(D(t)|bk)× f3(bk)dbk −

∫

bk

F2(t|bk)× L(D(t)|bk)× f3(bk)dbk
∫

bk

S1
k(t|bk)× L(D(t)|bk)× f3(bk)dbk −

∫

bk

F2(t|bk)× L(D(t)|bk)× f3(bk)dbk

(10)
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suppressing Xk. We used Gauss-Hermite quadrature to approximate the integrals in (10).

In order to compare predictive performance, a data set of 2683 patients who were seen

between July 1998 and August 2005 was used to estimate the parameters in the joint

model. The same data was used to search for the best aligned episodes for each of the first

5 days of ICU stay, as described by Toma et al. (2007). The performance was quantified

using the test data of 1014 patients who were seen after August 2005 up till February

2007. The AUC was used to evaluate the discriminative performance, that is, how well

patients who died were distinguished from those who were alive at the end of hospital

stay, using the predicted probabilities. We also used the Brier score, i.e. the mean of

the squared difference between the observed outcome and the predicted probability, which

reflects both discrimination and calibration (the agreement between the observed outcome

and the predictions). Both performance measures were evaluated for each of the first 20 days

after entry into the ICU, using only patients remaining in the hospital up till the particular

day. In the Toma approach, since the best aligned episodes were derived only until day 5,

the predicted probabilities for patients who were followed-up till day 6 and onwards were

based on their best aligned episodes at day 5.

4 Results

Parameter estimates from the joint model, with death as the event of interest, are shown

in table 1. We provide estimates for the longitudinal and the proportional subdistribution

hazards submodel. We observed an overall downward trend in the SOFA score trajectories

(βtime = −0.3504 with 95% CI: -0.3535,-0.3473). The probability of dying in the hospital was

significantly higher for larger SOFA and SAPS scores. A unit increase in SOFA score was

associated with an increase in the estimated hazard of death by exp(0.3679) = 1.445(95% CI:

1.419, 1.471), after adjustment for the effect of the SAPS score. In figure 3, we illustrate how

predicted survival probabilities for Patient A and B are dynamically updated based on new

SOFA scores that became available every day. The plots show the observed and fitted SOFA

score trajectories on the left, and the probability to be alive in the hospital on the right.

Notice that we use different time scales for the SOFA scores and the survival probability.

As expected, for Patient A who had lower SOFA scores, higher survival probabilities were

observed compared to Patient B who showed worsening conditions (increasing SOFA scores)

over time.
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In figure 4 we present the predictive values (Brier scores and AUC’s) from the joint modelling

and the Toma approach. First, for days 1 to 5, we observe that both approaches performed

similarly well. Then for day 6 and later, for both the Brier score and AUC, the joint

modelling approach outperformed the Toma approach. The Toma approach did not use

updated information after day 5, and apparently it was insufficient to rely on the best

aligned episodes at day 5 to make accurate predictions after day 5.

5 Discussion

When analyzing IC data to predict the risk of dying in the hospital, besides the commonly

used admission related information, it is important to also exploit information contained

in daily SOFA scores. This helps to improve prognosis on the basis of the latest available

information (Toma et al., 2007). Few models have been reported in the literature that

incorporate the updated SOFA score trajectories to make new predictions despite the fact

that the SOFA scores are routinely collected nowadays.

We looked at ICU data that was previously studied by Toma et al. (2007). We proposed to

use the joint modelling framework to efficiently study the relationship between the SOFA

score development and the probability of dying at the end of hospital stay. Discharge

from the hospital was seen as a competing event. Our joint model comprised a linear

mixed effects submodel for the development of longitudinal SOFA scores and a proportional

subdistribution hazards submodel for death in the hospital. Both approaches performed

similarly well during the first 5 days of hospital stay. Probably a more elaborated fixed effects

structure in the longitudinal submodel (i.e including more covariates that are prognostic of

patients’ state of health), would have yielded a better discriminative ability of the SOFA

scores. However, compared to the Toma approach, it was more straightforward to fit our

joint model using freely available software.

Cause-specific hazard submodels have been commonly used in the literature because the

time-varying variables can be handled in a standard way (Gueorguieva et al., 2012; Li

et al., 2010; Elashoff et al., 2008). In our data, all patients were observed to have died or

discharged. This made it easy to estimate a subdistribution hazard model with time-fixed

covariates by having patients that are discharged stay in the risk set with a weight of 1; we

did not have to use weighted risk sets (Geskus, 2011). Furthermore, there were no censored

cases, making it straightforward to fit our model within the JM package(Rizopoulos, 2010).

Patients’ current fitted SOFA score values from the random effects model were included as
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a time-varying covariate. Inclusion of time-varying covariates in a subdistribution hazard

model is not straightforward, but Deslandes and Chevret (2010) showed in a simulation

study that this approach yielded accurate estimates. It remains a subject for discussion

whether or not it is correct to use a subdistribution hazard submodel with time-varying

covariates(Beyersmann and Schumacher, 2008). One may question the interpretability of

a fitted value of the longitudinal outcome for subjects who remained in the risk set in the

analysis despite already experiencing the competing event. With our data for instance, we

could argue that with a non-lethal competing event like discharge, the SOFA score values

are measurable in theory although there is no guarantee that the true SOFA score values

after discharge are the same as what is predicted. But judging by the predictions from our

joint model, this seems to work well at least for our data. On the other hand, if we were

interested in discharge, then we can not measure SOFA scores for patients who died and

so their predicted values will be highly speculative. Beyersmann and Schumacher (2008)

suggested to carry forward the last observed value of the time-varying covariate when the

competing event has occurred. Since time-varying covariates are handled in the standard

way in a cause-specific hazards model, for future research it would be interesting to compare

predictions from a joint model that uses a subdistribution hazards submodel to one with a

cause-specific hazards submodel.

For the dynamic predictions within JM, it was straightforward to calculate the probability

that a patient will die in the hospital at certain moments in time given his or her history of

SOFA scores, and given her or she is still alive in or outside the hospital Pr(T 1
k ≥ u|T 1

k ≥

t,D(t), Xk). This does not take into account that discharged patients are no longer at risk

of dying in the hospital after their time of discharge. So we developed extra routines to

calculate the probability that a patient will die in the hospital given he or she has not yet

been discharged Pr(T 1
k ≥ u|T 1

k ≥ t, T 2
k ≥ t,D(t), Xk).

A possible extension of our joint model would be to specify separate longitudinal submodels

for each of the 6 organ system scores. In this way the prognostic value of each score can

be assessed, which might provide additional information to help decision-making. However,

currently within the JM package, only one organ system score can be handled at a time

and so it is impossible to account for likely associations between the different scores. Some

applications of the joint modelling technique to analyze multiple longitudinal outcomes

simultaneously have been discussed in the literature (Chi and Ibrahim 2006, Musoro et

al.,2014, Hof et al.,2016).

We implemented the standard parameterization used in joint modelling which assumes that

10



the hazard at a given time point t depends on the expected SOFA score at the same time

point t. Alternative parameterizations have been discussed in the literature (Rizopoulos

2012 and Rizopoulos et al., 2013 ). For instance, it can be assumed that the hazard depends

on the rate of change of the SOFA scores via a slope term that is calculated using the

available SOFA scores up till time point t or the area under the SOFA score trajectory up

to t. In future work it will be interesting to examine how these different parameterizations

may influence the predictive ability of the SOFA score.

Another popular approach for calculating dynamically-updated predictions of survival prob-

abilities with time-dependent covariates is by landmarking (Van Houwelingen, 2007; Yingye

and Heagerty, 2005; Van Houwelingen and Putter, 2012). This approach has also been

applied to data with competing risks (Nicolaie et al., 2013, 2012; Cortese and Andersen,

2010). Here, at every landmark time point ts, a survival model is fitted using data of in-

dividuals who are at risk at landmark s. This model includes the marker history until ts

as a time-fixed covariate. Survival probabilities can be computed at the desired prediction

horizon thor conditional on updated information at ts. This approach can be easily extended

to accommodate several markers. But in a setting that involves only a single longitudinal

marker, it was observed that there was a substantial gain in predictive performance from

using a joint model instead of landmarking for a situation in which the joint model was cor-

rect (Rizopoulos et al., 2013). In conclusion, the joint modelling framework offer clinicians

with a valuable additional predictive tool to better understand and quantify the severity of

illness and risk of death amongst IC patients.
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Figure 1: The cumulative incidence function for death and discharge. We use the alternate

display format where the plot of the cause-specific probability of dying starts at 1 and

decreases, while that for discharge starts at 0 and increases.
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Figure 2: Individual SOFA score profiles for 500 randomly selected subjects (upper panel).

The lower panel shows the trajectory of Patient A who was discharged from the hospital

and Patient B who died in the ICU.

Table 1: Parameter estimates from the joint model with death as event.

Coefficients standard error

Longitudinal submodel

Intercept 4.6754 0.0940

βtime -0.3504 0.0016

βSAPS 0.1023 0.0019

Survival submodel

βSAPS 0.1053 0.0014

βSOFA 0.3679 0.0092

All parameters had p value <0.0001
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Figure 3: Dynamic survival probabilities for patients A (upper panel) and patients B (lower

panel) based on SOFA scores available up till days 2, 5 and 10 respectively. Notice that we

use different time scales for the SOFA scores (left) and the survival probability (right).
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Figure 4: Test performances, AUC’s (left panel) and Brier scores (right panel), from Toma’s

approach (solid lines) and the joint modelling approach (broken lines).
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