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Abstract. We investigate nonequilibrium steady-state dynamics in both
continuous- and discrete-state stochastic processes. Our analysis focuses on
planar diffusion dynamics and their coarse-grained approximations by discrete-
state Markov chains. Using finite-volume approximations, we derive an approx-
imate master equation directly from the underlying diffusion and show that this
discretisation preserves key features of the nonequilibrium steady-state. In par-
ticular, we show that the entropy production rate (EPR) of the approximation
converges as the number of discrete states goes to the limit. These results are
illustrated with analytically solvable diffusions and numerical experiments on
nonlinear processes, demonstrating how this approach can be used to explore
the dependence of EPR on model parameters. Finally, we address the problem
of inferring discrete-state Markov models from continuous stochastic trajectories.
We show that discrete-state models significantly underestimate the true EPR.

" Authors to whom any correspondence should be addressed.

Original content from this work may be used under the terms of the Creative Commons Attribution
5v 4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the
title of the work, journal citation and DOI.

© 2026 The Author(s). Published on behalf of SISSA Medialab srl by IOP Publishing Ltd


https://orcid.org/0000-0003-0396-5783
https://orcid.org/0000-0002-0583-4595
https://orcid.org/0000-0002-6436-8483
mailto:nartallokalu@maths.ox.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1088/1742-5468/ae4f7d&domain=pdf&date_stamp=2026-3-31
https://stacks.iop.org/JSTAT/2026/033205
https://doi.org/10.1088/1742-5468/ae4f7d
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Coarse-graining nonequilibrium diffusions with Markov chains

However, we also show that they can provide tests to determine if a station-
ary planar diffusion is out of equilibrium. This property is illustrated with both
simulated data and empirical trajectories from schooling fish.

Keywords: coarse-graining, stationary states, stochastic processes
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1. Introduction

Many physical processes can be described by the interplay of deterministic forcing
and random fluctuations. Such processes are typically described as diffusive and have
been used to model a plethora of systems including Brownian motion [1], cell motility
2], climate dynamics [3], neural systems [4], and financial markets, amongst others.
Mathematically, they can be formulated as 1t6 stochastic differential equations (SDEs),
taking the form

dX (1) = f(X(#)) dt+ X (X (1)) AW (t), (1)

where X () represents the state of the process at time ¢, f(z) represents the deterministic
forcing, and ¥(z) determines the random fluctuations as W (t) is the standard Wiener
process [5].

It has been argued by Schrodinger that biological systems stave off decay by burning
energy to maintain themselves in a NESS [6], which has since led to the development
of a range of techniques for analysing the properties of a NESS directly from observed,
stochastic trajectories of a diffusion [7—10]. Central to many of these techniques, is a
discretisation of phase-space into discrete vozels, where the evolution of a trajectory in
a continuum can be approximated as a sequence of discrete states, as shown in figure 1.
These methods, and their derivatives, have been used to analyse the nonequilibrium
dynamics of many biological systems [7, 8, 11-14]. Nevertheless, such approaches rep-
resent a coarse-graining, where much of the underlying continuous information is lost.
More specifically, it is known that coarse-graining can obscure the properties of a NESS
in a complex, and somewhat unpredictable, manner [15]. For example, coarse-graining
in both space and time implies that the entropy produced can only be lower bounded
from observations of the coarse-grained dynamics [15]. Moreover, coarse-graining intro-
duces memory effects, rendering the dynamics non-Markovian [16]. In turn, Markovian
estimates of the entropy produced are also lower-bounds on the true value [17]. Within
statistical mechanics, coarse-graining has long been a powerful technique to simplify
and reduce complex models through techniques like the renormalisation group [18], or
hydrodynamics [19]. In fact, the stochastic formulation of Brownian motion is itself an
abstraction that is obtained by coarse-graining molecular dynamics at a finer scale [20].
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Stochastic trajectory
from a diffusion Spatial coarse-graining Sequence of discrete-states
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Figure 1. Coarse-graining a stochastic trajectory. A stochastic trajectory from a
diffusion can be modelled as a sequence of discrete states by performing a discret-
isation of state space.

Here, we shed light on the particular problem of coarse-graining a nonequilibrium dif-
fusion with a set of discrete states. Moreover, we focus our work on the properties of the
NESS in both the original diffusion and its discrete-approximation. We begin by intro-
ducing the mathematical frameworks for both continuous- and discrete-state stochastic
processes and their NESS. Following this, we use a finite-volume approximation (FVA)
to derive an effective discrete-state Markov process from a coarse-grained nonequilib-
rium diffusion in the plane. We show, analytically, that the entropy production rate
(EPR) of a continuous diffusion and its discrete-state approximation converge in the
limit, which we confirm with solvable examples. Next, we use our approach to investig-
ate NESS in unsolvable diffusions, including the stochastic van der Pol and frustrated
Kuramoto oscillators. We then discuss the statistical inference of a discrete-state process
from observed trajectories and show that the underlying distribution of a process can be
well-approximated with a simple inference scheme. However, our results show that the
EPR of an inferred process is a weak approximation of the true value. Nevertheless, we
employ discrete-state models to perform ‘testing’ of trajectories to indicate if they ori-
ginate from a process in a NESS. We illustrate this statistical approach on both sampled
paths and real-world trajectories from schooling fish, where we determine that the sta-
tionary dynamics underlying their movement are not out of equilibrium. Our results
provide a general framework for deriving coarse-grained, discrete-state models from an
underlying nonequilibrium diffusion. In particular, we show how coarse-grained models
can preserve particular features of a NESS, and how such models may be inferred from
observed, stochastic trajectories, which has implications for the analysis of biological
and physical systems.

2. Stochastic processes and NESSs

We begin by introducing the mathematical frameworks for defining NESSs in both
continuous- and discrete-state spaces.

https://doi.org/10.1088/1742-5468 /aedf7d 4
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2.1. Diffusions in continuous-space: SDEs and the Fokker—Planck (FP) equation
A continuous-space diffusion, {X () € R?:¢ > 0}, is defined as the solution to the SDE
dX (1) = f (X (2)) dt+X(X (1)) dW (1), (2)
where f:R?— R? is a vector field that defines the deterministic forcing, known as
the drift, and D(z) = 1E(2)S7 (z) : R? = R is the diffusion matriz, which is positive
definite [5]. When using spatially-dependent diffusion, we will use the It6 convention
for stochastic integration [5]°. The density of the process, p(x,t), is defined as the

probability density of the process attaining a value of = € R? at time ¢ > 0. Its dynamics
are given by the FP equation

J(x,t) = f(x)p(z,t) = V- (D (z)p(z,1)), (4)
where J(z,t) : R? x R — R? is known as the probability fluz.

When the process is ergodic, it attains a unique stationary density, m(z), which
satisfies that the stationary flux is divergence-free, i.e. V- Ji =0, where

Jos (@) = f(2) 7w (2) =V - (D (2) 7 (2)). (5)

The process is said to be in a steady-state. Such a steady-state can either be in or out of
thermodynamic equilibrium. If Jg = 0, then the process is in an equilibrium steady-state
(ESS), otherwise, it is in a NESS.

Diffusions in a NESS admit the Helmholtz—Hodge decomposition (HHD)

f :frev+firr7 (6)
frev (@) = D (x) (Viogm (z) = V- D (z)), (7)
fin (x) = Jss (z) /7 (), (8)

where f.., and fj, represent the time-reversible and time-irreversible drift respectively
[23]. Figure 2 illustrates the HHD and NESS of an Ornstein-Uhlenbeck process in 2D.
This implies that they are even and odd under time-reversal respectively.

In keeping with the second law of thermodynamics, NESS thus have time-irreversible
dynamics that lead to the production of entropy. The EPR is a key quantity determining
the distance of a stationary process from thermodynamic equilibrium. For a diffusion
in a NESS, it is given by

[ @D @)
‘D_/Rd o dz, (9)

which is only zero if the process is in a ESS, and is positive otherwise [24]. Using the
HHD, the EPR can be alternatively written as

¢ = [ [0 D @) funle) 7 (0) do (10)

31t is worth noting that the choice of convention for stochastic integration can lead to important differences in nonequilibrium
properties like time-reversibility [21, 22].

https://doi.org/10.1088/1742-5468 /aedf7d 5
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Figure 2. Nonequilibrium steady-state. Processes in a NESS are characterised by
the presence of stationary probability flux. A process can be decomposed using
the HHD into a reversible component where the drift balances the diffusive fluc-
tuations to maintain the process at stationarity, and the irreversible component
drives rotation around the stationary density.

which makes it clear that the EPR only depends on the irreversibility of the process, a
central result in stochastic thermodynamics [25].

2.2. Discrete-state processes: continuous-time Markov chains (CTMC)

Discrete-state processes are typically modelled as Markov chains, which can evolve in
either continuous or discrete time-steps. We will focus on CTMC. A CTMC, {X (t) € Q:
t > 0}, is a stochastic process taking values in the discrete support  which, without loss
of generality, can be assumed to be 2 C N. Transitions between states occur according to
exponentially-distributed waiting times*. The distribution of the process, p;(t), describes
the probability that the process is in state i at time ¢. The vector of such probabilities,
p(t) = (pi(t),...), evolves according to the master equation (ME)

dp
P (1) = Lp, (11)
where L is the Laplacian matrix [26]. The off-diagonal entries, L;; > 0, represent the
transition rates from states j to i. The diagonal entries are then defined to be L; =
—_j2i Lji, which enforces that _;p;i(t) =1 as L3> pi(t)) = 0. Moreover, the waiting
distribution in each state is defined to be Exp(—L;;) [27].

If a CTMC is irreducible and aperiodic, then it is ergodic and will converge to a
unique stationary distribution (see reference [28] for definitions), which satisfies L7 = 0.
We can define a discrete counterpart to the probability flux vector field

Jij == Ljiﬂ—i — Lijﬂ'ja (12)

thus the steady-state is in equilibrium if and only if the flux between all pairs of states
vanishes [24]. This is more commonly known as the detailed balance condition

Lijﬂ-j == sz'ﬂ'i. (13)

4 One can define a stochastic process with arbitrary, non-exponential waiting time distributions. Later on, we define such processes
to be semi-Markov processes.

https://doi.org/10.1088/1742-5468 /aedf7d 6
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When this condition is violated, the EPR of the NESS can be computed with the
Schnakenberg formula® [29],
1 Lijﬂ' j

(14)

51704

Similarly, the dynamics of the steady-state are reversible in an ESS and irreversible in
a NESS [30].

3. Discrete-state approximations of diffusions

In this next section, we focus on developing and analysing a coarse-grained model of a
nonequilibrium diffusion. We will do so by approximating it with a discrete-state Markov
chain. Whilst it is important to note that such a coarse-grained model would be non-
Markovian, deriving a model with arbitrary waiting-time distributions remains intract-
able for general multivariate diffusions. Instead, we focus on developing a Markovian
approximation of the coarse-grained dynamics using a FVA, thus approximating the FP
equation with a ME.

3.1. Non-Markovian approaches

Coarse-graining a Markovian diffusion with discrete-states leads to both memory effects
and non-Markovian dynamics, in the same way that coarse-graining a Markov chain via
state-aggregation induces memory in discrete-state dynamics [17, 31]. This typically
leads to both non-exponential waiting times, as well as non-Markovian transitions®.
Previous approaches have used first-passage time analysis and asymptotic expansions
in an attempt to obtain the waiting-time distributions of a discrete-state approxima-
tion of prototypical, univariate diffusions [32-35]. Such an analysis is closely linked to
approaches for estimating the EPR from semi-Markov processes’ using waiting-time
distributions [36, 37]. Whilst such approaches more accurately describe the coarse-
grained dynamics, they are typically limited in the complexity of the dynamics that
they can be applied to. Moreover, the statistical inference of semi-Markov processes
from experimental data is more involved, hence data analytic methods typically use a
Markovian model [7, 11, 12]. In discrete-time, it is simple to infer higher-order Markov
models from sequence data, and thus reveal the effects of memory in real stochastic
dynamics [38, 39].

5 At first glance, the discrete and continuous forms of the EPR may not appear to have much in common. However, both are defined
as the relative entropy between the forward and backward path-space measures. This can be derived both measure-theoretically,
and more heuristically by taking the derivative of the Shannon entropy of either the distribution, in the case of the CTMC, or of
the entropy along a stochastic trajectory, in the case of the diffusion. For further details see references [23, 24].

6 Tt is important to note that these are separate phenomena. Whilst non-exponential waiting times imply a semi-Markov process,
coarse-graining can also induce more disruptive memory effects where transition rates between states depend on the trajectory at
large.

T A semi-Markov process is a discrete-state process with arbitrary waiting-time distributions [28].

https://doi.org/10.1088/1742-5468 /aedf7d 7
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Other related works include the coarse-graining of a microscopic Markov process
with an SDE in the continuum, or ‘diffusion’, limit, where the convergence of the EPR
has also been studied [40].

3.2. A Markovian approximation

To develop our Markovian approximation, we will consider 2-dimensional diffusions with
independent sources of noise,

dz (t) = f*(z,y) dt+ 0" (z,y) AW (1),
dy(t) = ¥ (z,y) dt + 07 (z,y) AW (1), (15)

which leads to a diagonal diffusion matrix with entries

D= ("5 i) =3 (TG ) 09

This, in turn, leads to a FP equation of the form

oJ* (x,y,t) 0JY(x,y,t
o (2,y,t) = — gxy ) _ gyy ), (17)

where the flux field is given by

10 = (D)

_ ([ (z,y) = 0. D" (x,y) D (z,y) 0up (2,y,t)
- (fy(x,y) —9,D¥ (way))p(m’y’t) a (Dy x,y)@yp(w,y,t)) (18)

~—

First, we discretise R? into a grid of rectangular cells of dimension Az x Ay. We
denote the midpoint of each cell to be (x;,y;), thus its boundary is the rectangle
R;j = [xi_%,xH%] X [yj_%,yﬁ%], as shown in figure 3. As described in section 1, the dis-
cretisation of a trajectory is performed by assigning a discrete-state to each voxel in the
discretised space. In this case, the process is in state k= (i,j) at time ¢ if the under-
lying diffusion is in the corresponding cell i.e. (z(t),y(t)) € Bj;. The corresponding ME
describes the evolution of p; ;(t), the probability that the process is in state (3, j).

A FVA of equation (17) yields

£, =JF . 4 4

Jr Coo—dJ
dpi i+1.] i3] ity ij—3
(19)

dt Ax Ay ’

where the subscript k,l implies the function is evaluated at (z,y;). The expressions on
the right of equation (19) represent the discrete flux along the bounding edges of the
rectangle. In practice, we assume zero-flux at the boundary, which is chosen sufficiently
far from the centre of mass of the stationary density, to simulate an infinite domain.

https://doi.org/10.1088/1742-5468 /aedf7d 8
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Figure 3. Approximating a diffusion as a Markov process. We aim to derive an
approximation of a continuous diffusion as a discrete-state Markov chain using a
finite-volume approximation. We use a rectangular grid to coarse-grain R? into a
set of volumes, where we approximate the flux across the boundary, resulting in a
CTMC.

It remains to derive expressions for the numerical flux which ultimately leads to a
ME of the form

dpz',j
d_t7 = %L(m),(k,l)pk,l : (20)

A numerical scheme yields a valid ME if L; ;) ;) > 0 for all off-diagonal entries ((k,[) #
(1,7)), and probability is conserved i.e. the columns of L sum to 0. In reference [41],
Strang considered the centred-difference approximation for the FP equation in 1D,
which only yields a valid ME under step-size conditions. As a result, the problem of
deriving a valid approximation is closely related to that of developing a structure-
preserving scheme for the FP equation [42, 43]. We will adopt Scharfetter—Gummel
(SG) discretisation [44], which alleviates step-size conditions.

3.3. The SG discretisation

The SG discretisation is a structure-preserving scheme for the FP equation that yields
the following approximation for the flux across the boundary,

. =f*iy B8/ Dl
Frivsg (pm' Ty
J' = : - 21
i+30 1_ e_le%JAl./Di:%.j ’ ( )

with analogous expressions for the remaining flux terms [44] (for a derivation, see
appendix A). This naturally leads to a ME equation of the form

dpi
dj_ J)(%J—‘_ZLJ k]+ZL»J ik)> (22)
=i£1 k=j+1

https://doi.org/10.1088/1742-5468 /ae4f7d 9


https://doi.org/10.1088/1742-5468/ae4f7d

Coarse-graining nonequilibrium diffusions with Markov chains

with off-diagonal transition rates given by

fa f 7+1 ]Ax/D*
L(Zv.}) Z+17.7 ASB (1 L+1 ]A.I/D > (23)
fricy,
Liigy. 1) ey Ae/Dr (24)
Aaf: (1 . 7‘2]>
Ay/ D! 1
f il 7J+ 17+
Liij).(i.g+1) . N (25)
Ay( Pk f)
7J_7
Liigyij-1) = TV (26)
Ay(l—e "V -2
which are necessarily positive®. Moreover, the diagonal rates are given by
—f* Az DI 1
fﬁl;z’+lj f'/rz”je d T2 / =g
L(y’JL(ZJ) - —fe. 21’ Az/D* N 7 —fe. 1 Ax/Dz
se (P a1 )
—fY. . _1Ay/DY
fy- 1 fY _1e W2 =3
_ ,7+2 B J=3 — . (27)
It is simple to check that the sum
Liir1g). i)+ L)) T Liagrn ) + Lig-n.6.0) + Lag.ag) = 0 (28)

by replacing 7 by ¢£+1 and j by j+1 into the derived rates. As a result, this scheme
yields a valid ME as it has non-negative rates between states and conserves probability.

It is well-known that FVA conserve probability” [45]. Moreover, the SG discretisa-
tion preserves the stationary distribution and many thermodynamic properties of the
continuous solution [46, 47], hence it is well-suited to this application.

3.3.1. Entropy production in the SG discretisation. In this section, we will show that
the EPR of the discrete approximation converges to that of the underlying diffusion

8 In cases, where the denominator vanishes, which occurs when the drift vanishes, then we can re-derive the SG discretisation to
obtain L j i1, = D} 1 j/Aa:27 and analogous terms for the other transitions [44].

9 L
0.

i.e. the numerical solution at every time integrates to 1. This is equivalent to the derived Laplacian having columns that sum to

https://doi.org/10.1088/1742-5468 /aedf7d 10
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process. We begin by assuming that the discrete process is stationary with distribu-
tion w. As each cell only receives transitions from the four adjacent cells, the EPR of
equation (14) reduces to

@ = Z ¢(i7j)7(i+1’j) + ¢(ivj)7(i717j) + (p(zj)/(lvj""l) + Q(i’j)v(ivjflb (29)
i,J
where each contribution is defined by

L ) i+1,5)Tit1,5

Li+1,5).6.5) i

B jyi41) = (D)1 Tirrg = Liivrg). ) Tig) 10g ; (30)

with analogous expressions for the remaining terms. Substituting in the expressions
derived from the SG discretisation, we obtain

fml'_;’_lj 7fT 1 AI/DT X
Dij)it1g) = “ie, AejDr (e o TR —Wi,j)
Azx (1 e H f+%d’>
f i+l jAQZ it
,+2 ] 2¥)

Next, we use the approximation 7,11 ; = m; j + Az[0,7]; j + O(Ax?) and perform a Taylor
expansion, which yields

2
T o x
[T gmig t DH%J [aﬂ?ﬂ—]i,j)
Lig)i+1d) = D'
Z+§7] bl

+0(Ax). (32)

Using that the stationary distribution will converge ie. m; = AzAyn(x;,y;)+
O(AzAy), where m(z,y) is the stationary density of the diffusion, we have that

2
J.’E
(I)(i,j)(prl?j) + (I)(i,j)(i—l,J) ASIJAy éx ) +0 (A:C) +0 (AJJAy) y (33)
i, T,
where J is the probability flux associated with the stationary density 7. Thus, the EPR

18

Jl ) (Jg{j)2
o = AmAyZ e o7 +O0(Az)+O(Ay). (34)
(Zj) Zj 7/.7 ’L',jﬂ-l]

Finally, we can take the limit as A:I;,Ay go to zero,
. (J* (z y (JY (z,y))°
1 OJES dzrd 35
0= [ [ D Baayate %)

which is precisely equation (9) in the case of a 2D process with diagonal diffusion matrix
i.e. the EPR of the CTMC converges to that of the underlying diffusion process.
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3.3.2. Recovering the drift and diffusion coefficients.  Given the Laplacian matrix,
L, we can recover the drift and diffusion at discrete points in the grid. To show this
explicitly, we consider the rates

f$i+%-,jeig fx”%vj

L(i,j),(i—i—l,j) = ma L(i+1,j),(i,j) - ma (36)

where { = f7;,1 Az/D? ;- These are the transition rates from (i+1,7) to (4,5) and
I 57

its reverse, respectively. We momentarily drop the subscript for convenience, and take

the difference in the rates to obtain,

fr— fret [
Liiv1) i) — L i+19) = Ar(l-e )~ Az’

(37)

thus we recover the drift with
Fliery = Ar (Liragig) — Legyeg)) - (38)

The remaining drift terms can be obtained analogously. To recover the diffusion, we
take the log-ratio of the rates to obtain

Lii)ag ) _ f"Az
¢ =log ( ) = (39)
L j)(i+1) D

We then use our previous expression for the drift to write the diffusion as

DY, = Az’ (L(”LJ')(M) _L(iyj)(iJrLj)).
i+3.J log (L(z'+1,j)(’i7j)/L(i,j)(z'+1,j))

The remaining diffusion coefficients can be recovered in a similar way.

(40)

Remark 3.1 (A variational perspective on convergence from Markov chains to
diffusions). Tt is not immediately obvious that the NESS properties of a CTMC con-
verge to that of the SDE, even when the CTMC is derived from the drift and diffusion
of the SDE. In the former, fluctuations have Poissonian statistics stemming from the
exponentially-distributed waiting times between transitions, whilst in the latter the
fluctuations are driven by Gaussian noise. In order to develop further intuition on this
convergence, we consider the wvariational approach to characterising a NESS, which
combines macroscopic fluctuation theory [48], and the large deviation principle [49].

It is useful to define the dissipation potential and its complex conjugate (¥,¥"),
which capture the thermodynamic cost of observing a given fluctuation in the flux J.
Moreover, at steady-state the EPR is given by ® = U 4+ ¥" [50-53]. It is well-known that
the dissipation potential for a diffusive process is quadratic in the flux, leading to the
characteristic quadratic form for the EPR, as in equations (9) and (10). This implies a
‘linear response’, which, in turn, arises from the Gaussian nature of the fluctuations. On
the other hand, the dissipation potential of a CTMC is non-quadratic [50, 53]. However,
as discussed and illustrated in appendix C, in the continuum limit the potential, and
therefore the EPR, is approximately quadratic in the flux. This argument provides a
further intuition for the convergence in section 3.3.1.
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4. Example processes and numerical experiments

In this section, we consider our scheme applied to both solvable and unsolvable nonequi-
librium diffusions. In the first instance, we confirm with numerical experiments that
the stationary distribution and EPR of the discrete process converges for the Ornstein—
Uhlenbeck (OU) process and stochastic Hopf oscillator HO, which have solvable steady-
states. Next, we apply our method to investigate the stationary distribution for the
stochastic van der Pol oscillator and a pair of coupled, frustrated, stochastic Kuramoto
oscillators, for which there is no analytical form for the steady-state.

4.1. Solvable models

4.1.1. The OU process. The OU process is a multivariate diffusion process that models
interacting degrees of freedom under both friction and fluctuations [54]. It is given by
the SDE

dX (t) = —BX (t)dt+ 2 dW (t), (41)

where B € R? x R? is the friction matriz and D = %EZT is the diffusion matriz. If all
eigenvalues of B have positive real-parts, the process converges to a zero-mean Gaussian
stationary density given by!"

1
m(x) = (27'&')_61/2 (det S)l/2 exp <—§scTSlx> ) (42)
which corresponds to the multivariate normal distribution N;(0,S), where S is the
covariance matrix satisfying the Lyapunov equation
BS+SB" =2D. (43)

In general, steady-states of the OU are out of equilibrium. More specifically, the
steady-state is in equilibrium if and only if BD = DB' which implies S = B~1D [55].
Otherwise, the stationary probability flux is given by

Jss () = parm (), (44)

where ;1 = DS~! — B, which then allows for an explicit calculation of the EPR. We first
define Q = BS — D, which implies that ;= —QS~! and Q = —Q' from the Lyapunov
equation, equation (43). With equation (9) and basic results for Gaussian variables, we
can obtain ® = Tr(B'TD~1Q) [23, 54].

In particular, we will consider the 2D system,

d (z g;) __ <Z _29> (‘5) dt + (g 2) dw (1), (45)

which has covariance S = %ZI and & = 62.

10°As we denote the stationary density as 7, we use 7 to denote the mathematical constant.
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4.1.2. The stochastic Hopf oscillator. The Hopf oscillator'' (HO) is a nonlinear pro-
cess given by the equations

dz (t) = (a— 2 —y*) 2 —wy dt + odW, (1),
dy (t) = (a — 2” —y*) y +wa dt + odW, (1), (46)

where w is the natural frequency and o is the noise intensity. In the absence of noise, for
a <0 the system decays to the origin which is an attracting fixed point. At a =0, the
system goes through a Hopf bifurcation, resulting in limit-cycle oscillations for a >0
[57]. This system has become a useful model of neural dynamics [58], and hair-cell
bundles [59].

To study the NESS of this process in the presence of additive noise, we consider the
FP equation in the alternative form

0.2
6tp=—(V'f)p—(f~Vp)+7V2p, (47)

and replace V,V-, and V? with their expressions in polar coordinates i.e. & = rcos @
and y = rsin 6. We obtain

Op wap o (0’ 10p 10%
(A2 . 2, 9P  wWOop o~ (op 1op 107p
O (r,0,t) = (4r* —2a) p ((a r)r—+ ) +3 <8r2 oo T age ) (48)

In order to solve for the steady-state, we use that the limit-cycle behaviour of the
deterministic system is radially symmetric, and thus assume that the stationary density

is also i.e. % = % = 0, which implies the distribution takes the form
1
m(r,0) =g _m(r), (49)

where 7(r) satisfies

2 2 12
R o 3 dm  o*d*w
0—(4T —2(1)71'4—(%-1—7” —a7’>5—|—?m,

which is solved by a Boltzmann—Gibbs density'?

W(T,G):%exp (2—2 <a—%2>> (51)

where Z is the normalising factor'

7z %exp (%) 72, <1 +erf <%>) | (52)

1 Also known as the Stuart-Landau oscillator [56].

12Tt is not immediately obvious why a solution of the form of equation (51) solves equation (50). However, it is intuitive that the
irreversible, oscillatory circulation is driven by the # dynamics, which are absent here. This suggests that the dynamics in r may
be the negative-gradient of a scalar potential. We can see that f" = —% for a potential U = %rz (a— %rz). All that remains is to
check that m(r) = exp (—2U/o?) solves equation (50). Whilst the stationary density is a Boltzmann-Gibbs density, the steady-state
is in nonequilibrium.

13 An alternative approach to solving for the stationary density can be found for the case a = w = 1 in reference [60].
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Figure 4. Discrete-approximation of NESS in the OU. For a fixed value of 8 =5,
o =>5, and a range of discretisation step-sizes, we calculate the stationary distri-
bution of a coarse-grained OU process using the SG discretisation. Even for large
step-sizes, the symmetry of the stationary density is preserved, converging to the
true density as the step-size decreases.

Given the stationary density, we can perform the HHD to obtain

Frev (2,9) = ("” §“ T y2§ ) , (53)

y(a—a?—y?

it = (2), (54)

wx

where the irreversible component is driving circular rotation around the stationary dens-
ity. Moreover, the irreversibility of the process is driven by the frequency of oscillation,
and is in equilibrium only when w=0. To confirm this, we can use equation (10), to
calculate the EPR to be,

o = 7;—22 (20—|— V2maet (1 +erf(é)>) , (55)

which scales quadratically in w. Figure 7 shows examples of the Hopf oscillator in a
NESS for a = —1 and a =2. Moreover, it shows the EPR as a function of w and a for
a fixed value of o.

4.1.3. Numerical experiments. We begin our numerical experiments by calculating the
stationary distribution for the OU process defined in equation (45) for fixed values of
6 =5 and o =5, whilst varying the discretisation size Az = Ay in a finite domain'*. In
figure 4, we see that the stationary distribution of the coarse-grained dynamics preserves
the symmetry of the underlying Gaussian distribution, even for larger step-sizes. As the
step-size decreases, the distribution converges to the exact density®.

Next, by varying the parameter , we can vary the EPR, ® = 02, of the underlying
OU process. Figure 5 shows the EPR of the coarse-grained process for a range of Ax
values as a function of §. Whilst all the coarse-grained dynamics follow the correct
trajectory, increasing the EPR with 6, the smaller step-sizes more closely approximate

14 Tn this case, we use the domain [—10,10]> which we regard as sufficiently far from the centre of mass of the distribution that
the no-flux boundaries do not significantly alter the behaviour of the discrete process. For a discussion of boundary conditions and
their implementation see appendix A.1.

15 To compare between a discrete distribution that must sum to 1, and a continuous density that must integrate to 1, we normalise
the discrete distribution 7 by the area of each volume Ax? i.e. the density in cell 4 can be approximated discretely as m;/Az?.
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Figure 5. EPR in a coarse-grained OU process. We see that the EPR of the discrete-
state approximation also increases approximately quadratically with @, as in the
exact solution. Moreover, we can see that the EPR converges as the step-size goes
to 0.
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Figure 6. Discrete-approximation of NESS in the Hopf oscillator. For fixed values
of ae{-1,2}, w=2, 0=0.5, and a range of discretisation step-sizes, we calcu-
late the stationary distribution of a coarse-grained Hopf oscillator using the SG
discretisation. Even for large step-sizes, the symmetry of the stationary density is
preserved, converging to the true density as the step-size decreases.

the true EPR. Moreover, we notice that the EPR of the coarse-grained dynamics may
exceed the true EPR. Unlike the EPR of a diffusion observed at a coarse-grained level,
the Markov process derived here is not subject to the inequality proved by Esposito in
reference [15], where it would necessarily lower-bound the true EPR.

We then turn to the Hopf oscillator, where we perform similar experiments. In
figure 6, we consider the stationary distribution of the coarse-grained Hopf oscillator
for fixed values of a =2 (top row) and a = —1 (bottom row), across a range of step-
sizes. As before, the coarse-grained process preserves the symmetry and shape of the
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Figure 7. EPR in the coarse-grained Hopf oscillator. For fixed values of a and o, we
can increase w to increase the EPR of the Hopf oscillator. We show that the EPR
of the underlying diffusion is closely approximated by the coarse-grained process.
For a = —1, we see that the EPR converges as Az goes to 0. For a =2, we use
larger step-sizes, and appear to be outside the asymptotic regime. Moreover, we
note that for some parameters, calculating the steady-state distribution numerically
can induce another source of error not accounted for in the analysis (see appendix
A.2). Moreover, for a fixed step-size Az, we show that the EPR shows the same
qualitative behaviour as the true EPR of the underlying diffusion, shown in figure 7.
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Figure 8. Hopf oscillator in a NESS. The stationary density and flux show that
the Hopf oscillator converges to a NESS. For a <0, this is a distribution peaked
at the origin. For a >0, this is a ‘Mexican-hat’ distribution. Both show rotational
probability flux due to the oscillatory dynamics. The EPR varies as a function of w
and a. Both w and g drive irreversible dynamics, whilst ¢ drives reversible diffusion.

stationary distribution even for larger step-sizes, for both the peaked and Mexican hat
distributions, converging in the limit.

As shown in equation (55), the EPR of the Hopf oscillator increases quadratically
in w. In figure 7, for fixed values of a =2,—1 and o =0.5, we show that the EPR of the
coarse-grained process closely approximates that of the underlying diffusion, converging
as the step-size decreases, as expected. Moreover, for a fixed step-size of Ax =0.125,
we explore the EPR of the coarse-grained process as a function of a and w, showing the
same qualitative behaviour as the exact solution in figure 8.

4.2. Unsolvable models

4.2.1. The stochastic van der Pol oscillator (VDP). The VDP is a nonlinear, non-
conservative oscillator that converges to an asymmetric limit-cycle in the absence of
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Figure 9. Discrete-approximation of NESS in the VDP. For a fixed value of § =1,
un=2 and o =1, we calculate the stationary distribution of a coarse-grained VDP
oscillator using the SG discretisation. Even for small step-sizes, the limit cycle
behaviour is present. Moreover, unlike the Hopf oscillator, the rotation is not of
uniform speed leading to a build up of probability at the apexes. We consider the
domain [—4,4]%.

noise (see figure 9) [57]. We consider a modified, stochastic VDP of the form

da (t) =0y dt + o dW, (1),
dy(t) = =0z +py (1 —2%) dt+ o0 dW, (1), (56)

where p is a parameter that controls the nonlinearity and damping. The typical form
of the VDP takes 6 =1, which has been added here as a free parameter to control the
level of irreversible rotation in the drift field. There is no closed form for the stationary
distribution of the VDP, thus we investigate it numerically with our coarse-grained
dynamics.

We begin by calculating the stationary distribution for the typical VDP with 6 =1
and =2 for a range of decreasing step-sizes, shown in figure 9. We can see that, even
for very coarse dynamics, the limit cycle behaviour is present. Moreover, unlike the Hopf
oscillator, rotation around the stationary density does not occur uniformly quickly, thus
the distribution is not rotationally invariant around the distribution, with a build up of
probability along the apexes of the cycle.

For models without an exact stationary density, it is worth additionally verifying that
this is the stationary behaviour seen in the long-time-limit, by numerically integrating
the FP equation directly. Using the Crank-Nicholson scheme

Py =B AP, (57)

where B=1—45'L and A=1+4'L for a time-step At [45]. We begin with a initial
Gaussian density with zero mean and isotropic deviation ¢ =1 and integrate up to
T =1.4 with At =0.2 and Ax = 0.05. As shown in figure 10, we see that the FP solution
converges to the stationary distribution calculated directly.

The shape and nature of the stationary distribution shifts with variations in para-
meters. In figure 11, we show three different parameter settings. Increasing u increases
the nonlinearity of the oscillation spreading the distribution over a larger limit cycle,
whilst increased 6 promotes circular rotation around the origin leading to a concentra-
tion of trajectories near the sinusoidal oscillation. Increasing o increases the diffusivity
of trajectories and leads to a wider distribution. Finally, we use our coarse-grained
dynamics to investigate the behaviour of the EPR as a function of p and 6. We sweep
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Figure 10. Time-integration of the VDP FP equation. Using the Crank—Nicholson
scheme, we integrate the FP equation over time, using our discretised Laplacian.
Starting from a Gaussian initial density centred at (0,0) with standard deviation
o =1 in each direction, we step through with At=0.2 up to T =1.4, we can see
that the distribution equilibrates to the same distribution calculated directly in
figure 9.
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Figure 11. NESS of the VDP oscillator. The shape and nature of the stationary
distribution shifts in response to changes in parameters. We illustrate this by calcu-
lating the stationary distribution of the VDP for an increased value of u=3, =5
and o =2 respectively. An increased value of u promotes nonlinearity in the oscil-
lation, whilst # promotes circular rotation around the origin. Finally, ¢ increases
the diffusivity of the process, leading to a less peaked distribution. Additionally, we
can investigate how the EPR varies with 1 and 6 in the coarse-grained dynamics.
We find that 6 increases the EPR whilst p decreases it.

between p € [0,2] and 0 € [1,4] as shown in figure 11. The EPR decreases as a func-
tion of p, which promotes nonlinearity in the oscillations. On the other hand, the EPR

increases as a function of 6, which promotes irreversible, circular rotation in the drift
field.

4.2.2. A pair of frustrated Kuramoto oscillators. The Kuramoto oscillator is a model
that described the phase of interacting limit-cycle oscillators [61], and is typically used to
model synchronisation. It has found a range of applications describing neural dynamics
[58], the flashing of fireflies, or the voltage oscillations of Josephson junctions [57].
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Figure 12. Drift field of coupled Kuramoto oscillators. We consider the drift field
of a pair of Kuramoto oscillators. When the model is symmetric, the synchronised
state is the only stable equilibrium, but this can be disrupted with asymmetry in
the frequencies, interaction strengths or through frustration.

We first consider the case of a single, isolated Kuramoto oscillator
df(t) =wdt+o dW (1), (58)

oscillating at a natural frequency of w > 0 where 6(t) € [0,27). More explicitly, we arrive
at the FP equation

2
g
Op = —wOyp + 75319, (59)

which yields the constant stationary density 7(6) = 1/27m, and stationary flux J(6) =
w/2m (Recall that we defined 7 to be ratio of a circle’s perimeter to its diameter, whilst
7 is the stationary density). This leads to an EPR of ® = 2w?/0?, from equation (9), but
constraining the integral to the domain [0,27r). This indicates that a single Kuramoto
oscillator is in a NESS, with irreversibility driven by oscillation and mitigated by
diffusion.

Next we focus on a system with a pair of Kuramoto oscillators with additive noise.
In addition, their interaction is frustrated, a feature that can lead to nonequilibrium
behaviour [62]. We consider

do; (t)
d6s (t)

w1+ A12 sin (92 - 91 + Oé) dt +o dW1 (t) y
wy + Agysin (61 — 02 + o) dt + o dWs (), (60)

where 6; € [0,27) are the phases, w; > 0 are the natural frequencies, « is the frustration
parameter, and (Ajz, Ag1) are the coupling strengths. Figure 12 shows the drift field for
a range of different values. In the symmetric case, we see that the synchronised state is a
stable equilibrium, which can be disrupted with asymmetry in the natural frequencies,
interaction strengths or through frustration'®.

When coarse-graining this Kuramoto model with discrete states, we must enforce
the periodic boundaries into our dynamics. Unlike the ‘no-flux’ boundaries that we con-

sidered for the other models, we now enforce a periodic boundary on the discrete lattice

16 Tn fact, for A1 = As and a = /2, the NESS is explicitly solvable. The stationary distribution is uniform, 7 = 1/47r2 and the
EPR is given by ® = 2(w? + w? + 432,)/0?. This shows that frustration can lead to a NESS, even in the case of symmetric coupling
and no internal oscillations.
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Figure 13. NESS in the Kuramoto model. For a range of different parameter values,
we can compute the stationary density, discrete flux and continuous flux field in
the NESS. We can see that the coupled Kuramoto system is in a NESS with most
of the flux aligned along the synchronised oscillation. Nevertheless, the shape of
the stationary distribution depends on the parameters.

such that it approximates T? = [0,27)2. Our coarse-grained dynamics still preserve prob-
ability and therefore still yield a valid ME. Figure 13 shows the stationary distribution,
discrete probability flux, and continuous probability flux field for the Kuramoto model
in a range of NESS. The parameters can shift the shape and nature of the station-
ary distribution, and both the density and flux are predominantly aligned with the
synchronised oscillation.

Finally, we investigate the EPR as a function of the various parameters. In the first
panel of figure 14, we calculate the EPR as a function of various values of the coupling
strengths. Whilst the system remains out of equilibrium for symmetric coupling, due to
the internal oscillations, asymmetry in coupling strength drives the system further from
equilibrium, in keeping with previous results on non-reciprocity in collective dynamics
[63, 64]. On the other hand, from the second panel, we see that only the absolute
value, not the asymmetry, of natural frequencies drives the system from equilibrium,
by increasing the speed of the collective oscillation. Finally, in the third panel, we
investigate the effect of frustration and noise. Unsurprisingly, noise reduces the EPR by
increasing reversible motion. Interestingly, the effect of frustration does not appear to
be constant with respect to noise, with the EPR-maximising value of a varying slightly
with the noise intensity, o.

5. Statistical inference for discrete-state processes

When analysing NESS in physical and biological systems, we typically do not have
access to the function forms of the drift or diffusion. Instead, we must analyse a diffusive
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Figure 14. EPR in coarse-grained Kuramoto oscillators. We investigate how the
EPR varies as a function of the parameters. We find that coupling asymmetry
increases the EPR, whilst the absolute value of the natural frequencies drives the
EPR, regardless of asymmetry. Finally, we find that the EPR-maximising value of
the frustration depends on the noise-intensity.

process from observations of stochastic trajectories. In order to analyse the observed
trajectories of a diffusion, it is common to infer a stochastic model. Whilst some methods
attempt to directly infer a SDE [9, 65-67], we will instead focus on the inference of a
discrete-state Markov process from coarse-grained observations, which is relevant to a
number of applied methods [7, 11-14]. In this case, data takes the form of a sequence
of coarse-grained states, but bifurcates into two possible situations.

In the first, we have information about K ‘jumps’ and data takes the form, {(Xj, ;) :
ke{l,...,K}}, where X is the state the process jumped into at ‘jump time’ #;. Given
this knowledge about the exact jump times, the mazimum likelihood estimator (MLE)
of the transition rate from state j to state ¢ is given by

. N .

Lij = %—;L? (61)
where N;_,; is the observed number of jumps from state j to state ¢ that occurred during
the K steps, and 7T} is the holding time i.e. the total time the process spent in state j
during the trajectory [68].

In the second, more typical, case, data comes in the form {X;:t=FkAtk¢€
{1,...,K}}, where we observe the process at a series of discrete snapshots, typically
equispaced. Given such observations in discrete time, equation (61) is no longer the
MLE of the transition rate of the CTMC, but instead an approximation whose accur-
acy depends on the time-step. Instead, we must infer a discrete-time Markov chain
(DTMC). In discrete time, the MLE of the transition probability matriz'” (TPM), P, is
given by

A N

P = A 62
! ZkNj%k ( )

17 A TPM, P, defines a DTMC, where the entry Pj; is the probability that the process will transition from state j to state ¢ in a
single time-step [28].
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where N,_,; is the number of observed transitions from state j to state k'[68].

The inference of a CTMC from P is known as the embedding problem for Markov
matrices [69]. When monitoring a CTMC, with Laplacian L, at discrete time-steps, with
interval At, the observation is a DTMC with TPM

P =exp(LAY). (63)

Given P, the embedding problem is to find L such that equation (63) is satisfied [69]'.

Importantly, if L solves the embedding problem for P, then it is the MLE for the CTMC.
However, it need not be unique as the matrix exponential is not injective. One simple
condition that guarantees the existence and uniqueness of L is

1
inf () > 5. (64)
A looser condition is that
inf (P;;) - det (P) > exp (—m) HPZ-Z-, (65)

where L can be calculated using the unique logarithm of P (see reference [68] and ref-
erences therein). The embedding problem has significant implications for applications
with coarse temporal observations including in sociology [70], economics [71], and evol-
utionary biology [72], where direct ezpectation maximisation algorithms are a sensible
approach [68]. In the case of a diffusion and its coarse-graining, temporal granularity is
typically high, thus we opt to use the approximate MLE of equation (61), which proved
more numerically robust than computing the matrix logarithm.

When inferring the transition rates with equation (61), we only count transitions
between adjacent states, discarding transitions between non-adjacent states. In practice,
we choose time and spatial resolution parameters such that at least 70% of observed
transitions are valid. In appendix E.1, we consider an alternative optimisation-based
approach to the embedding problem, which uses all transitions, but show that the
results are comparable, whilst the method is significantly less efficient.

5.1. Numerical estimation of the EPR

We sample trajectories from the OU and HO processes (see appendix D.1 and D.2
for sampling methods). Figure 15 shows the stationary distributions of the inferred
CTMCs, which are a close approximation of the true density (see section 3). Moreover,
we investigate the EPR estimates using trajectories of increasing length and decreasing
grid-size. We find that longer trajectories and finer grid-sizes give more accurate estim-
ates of the EPR, which are very stable over 100 iterations. However, in both cases, the
inferred EPR is a substantial underestimate of the true EPR, highlighting the challenge
of estimating the EPR from finite data, even for fine-grids.

18 Tn practice, we must also avoid singularities, thus we employ a Bayesian prior. This means we add a ‘pseudo-count’ for all valid
transitions [39].
19 Tn our case, P = P is calculated from the observations using equation (62).
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Figure 15. Inferring NESS with Markov chain approximations. Using samples from
the OU process in equation (45), we infer a CTMC and calculate the stationary
distribution, which is a good approximation of the true density. We also compute
the EPR for trajectories of different lengths and using different grid-sizes. We find
that using longer trajectories and smaller grids leads to higher accuracy, but that
the inferred EPR is substantially lower than the true value.

5.2. Determining if trajectories are from a NESS

A key drawback of inferring the EPR from sampled trajectories is that, by only consid-
ering finite data, we may obtain an unreliable estimate of the true EPR. In particular,
we may naturally overestimate the irreversibility and flux in the stochastic process,
and incorrectly determine that a reversible stationary process is out of equilibrium.
For example, if we witness an odd number of transitions between two states, we will
naturally observe an asymmetry, even if the true flux between the states is zero. As
a result it is necessary to perform ‘surrogate testing’ to determine if the measured
irreversibility and EPR is a genuine statistical feature, or an artefact arising from the
‘noise-floor’, the level of irreversibility that exists due to finite data. A typical approach
to surrogate testing for time-irreversibility and entropy production is to shuffle traject-
ories in time, breaking the temporal order, and then re-inferring the EPR to obtain
an estimate of the noise-floor [7, 11, 58]. Whilst this approach works for some direct
measures of time-irreversibility, it is unsuitable for this Markov inference approach. This
is because during the inference, we only consider transitions between adjacent cells—
choosing the resolution of our grid such that this accounts for a sufficient number of
time-points. When the trajectory is randomly shuffled, transitions between neighbour-
ing cells become extremely rare, thus there are not enough valid transitions to infer the
surrogate model.

Instead, in order to test if the dynamics of the stochastic data are in fact from
a NESS, we analyse the trajectory as before, with one crucial difference. For each
valid transition in the trajectory, we flip the direction of the original transition with
probability 1/2, thus erasing the net flux in the system that results in entropy production
and irreversibility. Then, the EPR of the genuine trajectory can be compared to a
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Figure 16. Surrogate testing for NESS. Using the shuffling procedure we can create
surrogate Markov models from observed sequence data, and use this to perform
testing to identify if real-world trajectories are from an ESS or a NESS. We illustrate
this with trajectories from the OU process at 6 =5, a NESS with & = 25, and 6§ =0,
an ESS. Using a one-sided t-test, we find that at # =5 the process has significant
(""", p < 0.0001) entropy production, thus is in a NESS, whilst at § =0, the process
does not have significant entropy production, thus is not, as expected.

surrogate distribution obtained from different realisations of the surrogate model. Under
the null hypothesis that the genuine trajectory is from an ESS, we can test if the
trajectory is from a NESS using a one-sided t—test. We illustrate this approach on
trajectories from the OU process with # =5, an irreversible process with ® = 25, and
0 =0, a reversible process. Figure 16 shows a comparison between the EPR of 100
trajectories sampled from the OU process compared with 100 surrogate models. At
0 =5, we find that the EPR of the original trajectories is significantly higher (one-
sided independent t-test; , p < 0.0001), than the surrogate trajectories, thus we can
conclude that the original trajectories are sampled from a NESS. On the other hand,
at =0, we find that the original trajectories are not significantly higher than the
surrogate models (one-sided independent t—test; ns, p > 0.05), thus we must conclude,
correctly, that the original process is reversible?".

5.2.1. An application to real-world trajectories: group-polarisation in schooling fish.
Finally, we apply this approach to a real-world case of a stationary diffusion, the polar-
isation trajectories of schooling fish, and determine that such a process is not in a NESS.
We follow the analysis of Jhawar et al [73], who analyse populations of N = 15,30 and 60
fish moving in a tank. In particular, the positions, x;(t), and velocities, v;(t), of the fish
can be extracted from video recordings. The group polarisation is an order parameter
describing their collective alignment given by

M(1) = 1 90, (66)

20 We note that in this case, the surrogate trajectories appear to have a significantly higher EPR than the original time-series.
In theory, this shuffling approach should bring a NESS closer to detailed balance. On the other hand, if a trajectory is genuinely
reversible, flipping a number of transitions is likely to increase the EPR. Although this effect should dissipate as the number of
transitions increases.
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Figure 17. Stationary dynamics in schooling fish. We consider the group polarisa-
tion vector M = (M, M,)) for populations of schooling fish of size N =15,30 and
60. We find that the degree of collective alignment increases as group-size decreases,
which can be seen by computing the mean and standard deviation of ||M(t)|| over
time. Additionally, we can infer a discrete-state Markov process from the traject-
ories and calculate its stationary density, which again illustrates the higher level of
collective alignment for smaller populations of fish.

where v; =v;/||v;||, is the normalised velocity of fish i. A value of ||[M]| close to 1
represents a coherent collective direction, whilst ||M|| & 0 implies no collective direction,
and isotropic individual moment. As M € D;(0) C R?, by inferring an SDE, Jhawar et al
show that the group polarisation vector can be modelled as a stationary planar diffusion
[73]. Figure 17 shows an example trajectory of the group polarisation vector. Moreover,
using our discrete-state approach, we can infer the stationary densities for different grids
and population sizes. In particular, the results shown in figure 17 align with the findings
of Jhawar et al indicating that ‘schooling’, collective alignment, increases as population
size decreases. This can be illustrated by both the mean value of ||M(¢)|| over time, as
well as the higher densities at the boundary of the unit disk (or its approximation with
a square grid) in the steady-state solution of the inferred Markov chain.

Next, we investigate if the stationary dynamics of the schooling fish are best
described as a NESS or an ESS. For each of the population sizes, we infer the EPR
of the original trajectory as well as the EPR of 100 surrogate models, obtained using
the shuffling procedure. Figure 18 shows that, across population size, the EPR is not
significantly higher for the original trajectories when compared to the surrogate model,
from which we conclude that the process is not in a NESS. This result supports a well-
known phenomenon in collective dynamics and active matter. Whilst collective dynam-
ics are inherently active at a local level [74], as they dissipate energy in order for agents
to adjust their states dynamically, their collective behaviour can be described by ESS
dynamics respecting time-reversal symmetry [75] and maximum-entropy distributions

[76, 77].
6. Discussion

NESSs are ubiquitous phenomena in physical and biological systems [8, 58, 78].
Approximating the continuous-state dynamics of these diffusions with discrete-state
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Figure 18. EPR for populations of schooling fish compared to surrogate models.
Using the discrete-state model, we can measure the EPR of the trajectories of
schooling fish. This is represented by the single orange dot in each panel. Using
the surrogate model procedure, we obtain a ‘null’ distribution (the violin plot) of
the EPR in the surrogate model. We perform hypothesis testing to compare the
single empirical trajectory with 100 surrogate models and find that the result is
not significant across all population sizes.

models is a simple and effective way to analyse their dynamics, and has found applic-
ations to physical and biological data at multiple scales [7, 10-12]. Nevertheless, the
consistency of the properties of the NESS between the continuous and discrete spaces
was not well understood. Moreover, these approaches suffer the complex and obscurant
effects of coarse-graining which can hide probability flux leading to underestimates of
the EPR [15] as well as induce non-Markovian effects that lead to artefactual scaling
relationships [17].

In this paper, we presented a new approach to analytically derive a discrete-
state Markov process from stationary planar diffusion, using finite-volume methods.
Moreover, we showed that the EPR of the approximation converges in the infinite-state
limit, which we illustrated with both solvable and unsolvable examples of stationary dif-
fusions. In the case of unsolvable processes, this approximation gives an accurate way to
investigate the behaviour of the EPR under changes to the parameters, which we illus-
trated with the stochastic van der Pol and Kuramoto models. Finally, we considered the
problem of statistical inference from trajectory data. Using sampled paths, our results
show that discrete-state models significantly underestimate the EPR of a NESS, even
for long trajectories and fine grids. Nevertheless, discrete-state models can be used to
define a hypothesis test that can be used to determine if a trajectory is from a NESS
or not, which we, again, illustrated with sampled trajectories. Finally, we considered
an illustrative application to real-world trajectories by analysing the group-polarisation
trajectories from schooling fish [73].

Our theoretical analysis and data-analytic methods offer a much needed framework
to investigate the intersection and the consistency of discrete and continuous nonequi-
librium stochastic processes. This approach has applications to both theoretical invest-
igations of stochastic processes, as well as the data analysis of nonequilibrium stochastic
trajectories.
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Appendix A. The Scharfetter—-Gummel (SG) discretisation

To derive the SG discretisation in equation (21), we follow the analysis of reference [44],
extending to the 2D case with non-constant drift. We begin with the FVA of the FP
equation

_Jr Y _ 7Y
dpL,j — 7,—}—%,‘] JZ’*%J Ji,j"'% Jivjf (67)
dt Ax Ay ’

NI

which is equation (19) of the main text. Next, we assume that the flux J” ., drift f*; 1
2

and diffusion DY, , are constant over the interval [z;, z;11]. As a result, P (x) = p(z,y;)
2
satisfies the first-order ODE with constant coefficients

J;ur%J =f i+%,ﬂ9j (z) — D;Jr%,ja (), (68)

with boundary values p’(z;) = p; j and p/(z;41) = pi+1,j. For readability, we now drop the
sub- and superscripts. We can solve this boundary value problem using an integrating
factor,
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o dp\ _ra—m
Je—fla—z)/D _ (fp(a;) _DE) e flo—m)/D (69)
d -
=D (e ( —(: ,7,)/Dp(x>> . (70)

We then integrate this over the range [x;,x;;1] where Ax = z;11 — x;. This yields

zi+Ax Tiv1
/ Je-fa—2)/D _ _p <p(x)e—f<x—wi>/0) 7 (71)
D —fAz/D —fAz/D
J7 (1 — € ) = D <p¢7j —pi+17je ) . (72)
Reintroducing the subscripts, we obtain
x n 7*’7 J / lr+ J
Frivij\pig— PP
Jz+2’] _jr 1 AI/D 9 (73)
l—e = 727 b3

as in equation (21). A similar derivation can be made for the flux terms

Jf” i +1,J‘/ . These can then be substituted into equation (17) where the coeffi-
’ 2

cients of Pit1,j,Pi-1,:Pij+1,Pij—1 and p;; can be derived.

Whilst not reported here, we found that other structure-preserving schemes such as
the Chang-Cooper discretisation [79] yielded valid MEs for these diffusions, whilst the
centred-difference scheme only did so under step-size conditions. A number of structure-
preserving schemes for the FP equation can be parametrised as a single family as
described in reference [43].

A.1. Boundary conditions

The derivations of the transition rates in section 3.2 assume an infinite grid that approx-
imates R2. In practice, this is not possible and we must instead enforce a finite boundary
condition. There are three kinds of boundaries we can enforce with this grid-based set
up: 1) absorbing 2) reflecting 3) periodic. In the first case, there is a net flux out of the
grid, thus the process does not conserve probability. This creates significant problems
when attempting to solve for the stationary distribution. In the second case, a reflective
boundary implies ‘no-flux’ at the border. This does preserve probability and is the most
sensible choice for unbounded processes on R?. For a cell at the boundary, a transition
(or two for the corner cells) is not possible, thus we must correct the diagonal entry of
the Laplacian correspondingly in order to conserve probability. In all cases except the
Kuramoto oscillator, we opt for this boundary condition. In the case of the Kuramoto
oscillator, we have a periodic domain, thus we mirror this with a periodic boundary
condition. This preserves probability and transitions are possible from one side of the
grid to the other side. The transition rates must be amended accordingly.
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A.2. Solving for the stationary distribution

Solving for the stationary distribution involves solving the equation L7t = 0. Whilst for
small number of discrete-states this can be calculated numerically in an efficient and
exact way, for large state spaces (fine grids) this calculation becomes prohibitively slow.
Instead, we solve

in ||Lx||? 74
&jﬁf}:l” il (74)

using LSQR [80], which capitalises on the sparsity of L. Whilst our theoretical deriva-
tions confirm that entries of 7 should have the same sign, numerical instabilities may
occur. For extremely fine grids, the discretisation error can be comparable to the error
incurred through this approximation, thus convergence analysis becomes challenging.

Appendix B. Non-diagonal diffusion

In this paper we focus on the case of diagonal diffusion, and use the SG discretisa-
tion with a five-point stencil. This implies that the dp; ;/dt depends only on the four
adjacent neighbours {pjy1;,pi—1,j,Dij+1,Pij—1}. Here we will show that using a non-
diagonal diffusion matrix requires a nine-point stencil, including the additional terms
{Pi+1,j+1,Pi-1j+1,Pi+1,j-1,Di—1,j—1}. However, we show that this discretisation does not
yield a valid ME. Finally, we consider the use of shifted grids for coarse-graining pro-
cesses which are diagonal under a coordinate transform, which includes the case of
constant diffusion.

B.1. Discretising non-diagonal diffusion with a nine-point stencil

For simplicity, we will consider an SDE with no drift and non-diagonal, spatially-
dependent diffusion, where D(z,y) is given by

_ ( D*(z,y) D™ (z,y)
D (z,y) = <D‘Ey(:1:,y) Dy(l‘,y)) ) (75)

where D is positive definite. The FP flux is then given by J = —V - (dp). This process
cannot be discretised with a generalisation of the SG discretisation due to these off-
diagonal entries producing cross derivatives. We first note that

0. (D*p)+ 0, (D™
V@)= (5 (0 b o)) (70

To obtain an expression for the discrete flux, we will use traditional centred differences
[45], for example we have

Dz’+1,jpz+1,3 Di,jpw
Ax ’

02 (D*p) i1, =~ (77)
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T _ x . .
Dz‘+%,j+1pi+%7j+1 Di+§,j—1p1+%7j—1

Oy, (D"p)|.. 1.~ 78
y( p)|z+%,] QAy ) ( )
N Dii1in (Pit1j+1 +Pij1) — D1 (Piv1j-1+pij1) (79

4Ay .

Repeating this calculation at each boundary, we can obtain the transition rates between
states,

zy Py
Dy Di+17j+% D

i+1,j i+1,5—3
Liparn =—xz + AAy (80)
g DM =D
L N — Dl_l/] _ Z_la]+§ 1—17]—5 (81)
(4,5)(i=1,5) A$2 4A$Ay ,
pw. DY, -D,
4,j+1 i+5.+1 i—1,5+1
Liijyigrn = Ajyz t— 4AzAy o (82)
w DY, D"
L Ny . P DZJ_I _ 7/+§7]_1 Z—§,j—1 (83)
Y idely
Yy Ty
L _ gt +Di+1,j+% o
Y Ty
L _ Di*%,jﬂ +Di71,j+% .
I _ Di+%,j71 +Di+1,j7% w6
DY, 4D
Liiji-15-1=— 41AzAy 2 (87)

Examining these rates we see that the positivity constraint is violated e.g. if
L jy(i+1,j+1) > 0 then Ly jyij+1) < 0. As a result, we cannot define a valid Markov
chain with this rectangular grid unless D*¥ = 0.

B.2. Diffusion which is diagonal under a coordinate transform

Whilst we have showed that any process with non-diagonal diffusion does not yield
a valid ME, we now consider the special case of diffusion which is diagonal under a
coordinate transform. Consider a process where the diffusion matrix can be written as,

D(z,y)=VA(x,y) V7, (88)

where V € R%? is a matrix whose columns are the eigenvectors of D and A(x,y) =
diag(A1(z,y),..., A\a(z,y)) is the diagonal matrix of eigenvalues i.e. the eigenvalues may
change with space, but the eigenvectors remain constant. Clearly such a matrix-valued
function can be diagonalised, A(x,y) =V ~tD(x,y)V, where the original approach can
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Figure 19. Approximating processes with non-diagonal diffusion. (a) We can apply
the original approach, using a square grid, in the transformed space where the
diffusion is diagonal. We can then return to the original coordinates where the
grid is then rotated. (b) We illustrate this with the stationary distribution of the
approximation and the exact density in both the transformed and original space.

be applied in the transformed coordinates, which we call (v,7) in R?. This is equivalent
to constructing a grid of rotated rectangles where the nodes are placed at

(xia y]) = VliAV =+ V2jA777 (89)

where vq, vy are the columns of V.

Ezample: OU process. We illustrate this coordinate transform approach on an OU pro-

cess with
2 —1 4 2
B:(l 2), D:(l 2), (90)

i.e. where the diffusion is not diagonal, but diagonalisable and constant. We transform
into the coordinate system where the diffusion is diagonal, and apply the SG discret-
isation with a square grid. The transition rates can then be considered as acting on a
rotated grid in the original coordinates. Figure 19 illustrates the transition rates (Panel
(a)), and stationary distribution (Panel (b)) compared to the exact density in both the
original and transformed coordinates.

For a diffusion matrix which does not have constant eigenvectors, it would be best
approximated with an adaptive, irregular grid. However, this severely complicated both
theoretical and numerical analysis.
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Appendix C. A variational approach to nonequilibrium steady-states

Here, we will briefly consider the energy dissipation principle, which is central to vari-
ational approaches to NESS [48-53].

We begin with a diffusive process of the form in equation (1), and define the ther-
modynamic force,

F(z)=x""(z)J (x) = D" (2) fi (), (91)

where x(z) = D(x)p(x) is the mobility. This force is the conjugate variable to the flux,
allowing us to write the EPR at stationarity in the form & = f Jss - Fis dz. Crucially,
the variational structure is defined by two convex conjugate functionals. First, we define
the dissipation potential W(J), which captures the thermodynamic cost of observing a
given fluctuation in the flux J [48],

1
()= / J(@) (@) J (2) da. (92)
Second, we define the dual dissipation potential, \I/*(F ), which acts on the forces,
* 1 1
U (F) = §/F(:U)Tx(x)F(a:) dz = 5/p(:c)F(a;)TD(a;)F(;c) dz.  (93)

The central result of the energy dissipation principle is that the physical steady
state minimizes the functional W(J) +¥"(F) — [ J- Fdx. Consequently, at the physical
steady state (where Jy = x Fy), the total entropy production decomposes symmetric-
ally into the sum of the potentials i.e. ® = W(J)+ U'(F,). It is clear that the EPR
has a quadratic relationship with the flux, stemming from the quadratic nature of the
dissipation potential.

On the other hand, the dissipation potential of a CTMC is non-quadratic [50, 53].
To show this, we consider a CTMC and write the discrete flux, equation (12), as

_F‘Z. .
Jij = ALJ sinh (7]> s (94)
where A;; =2./L;jmjL;m; is the discrete analogue of the mobility, and Fj; =

log (Ljim;/Lijmj) is the discrete force [53]. At stationarity, we have that ® =
%Zu JijFi;*'. To derive the dissipation potential and its conjugate, we note that

ov,.
Jij = 87,;’ thus

x F;
W, =24 (cosh <7j) - 1) . (95)

Via the Legendre transform, we have that

Ww(JU)ZS;P(JﬁFb——@Z(Fb))a (96)

J

21 The factor of é stems from double counting each directed edge (4,j) which has the same contribution to the EPR.
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which is achieved at Fj; = 2arcsinh <A]—1Jj), thus we have that??

‘I/,'j (J,J) = 2J,;jarcsmh ) — 2Al] 1+ —2] — . (97)
Ay Aij
The EPR along a directed edge (i,7), ;;, can be written as the sum
D;; = ‘I’Z (Fij) + Wi (Ji5), (98)
= 2J;jarcsinh (ﬁ) : (99)

Clearly, this is function is not quadratic in the flux. However, in the continuum limit
that we consider in section 3.3.1, the quantity J;;/A;; — 0, as the rates increase. As a
result, we can use the expansion arcsinh(x) ~ z + O(2?), to obtain

2

0y~ (100)

where the EPR is a quadratic function of the flux, normalised by the mobility, in direct
analogy with the expression for a diffusive process.

Appendix D. Sampling methods for diffusions

D.1. Exact sampling for the Ornstein—Uhlenbeck (OU) process

In section 5, we sample from the OU process. Unlike nonlinear processes, the OU process
admits an exact simulation from its transition kernel [23]. Given an OU process

dz(t) =—Bz(t) +XdW (¢), (101)

with D = %EZT, the solution is given by,

t
z(t) = e Btz (0) + / e BU=IS AW (), (102)
0

Therefore, the transition kernel is given by

z(t) ~ N (e Pz (0),5 (1)), (103)
where,

t T
S(t) = / 2¢BU=)p <e_B(t_s)> ds, (104)
0

thus the process can be simulated exactly.

22 We use the identity cosh(arcsinh(z)) = /1 + 22.
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D.2. Splitting method for the stochastic Hopf oscillator

In section 5, we sample from the Hopf oscillator. This process does not admit exact
simulation and we must employ numerical methods to simulate trajectories. We employ
a geometric splitting integrator for the Hopf oscillator which preserves the underlying
dynamics [81]. Given an SDE,

dz = f(z) dt+ X dW (1), (105)

we split the drift term into a nonlinear and linear part where we consider the additive
noise alongside the linear drift,

dzll (¢) = Azl () dt +3 dW (1), (106)
da? (1) =@ (M (t)) dt, (107)

where f(z) = Az + G(z). The linear part, 2!, defines an OU process which can be
simulated exactly. If the splitting is chosen such that the ordinary differential equation
for 12 can be solved explicitly, then the solution of the full process can be approximated
with the Strang approximation,

h h h
z(t+h) =~ ol ool o QM (2 (1)), (108)

]

where ¢, is a simulation from the exact h-time transition kernel of zl,

For the Hopf oscillator, we use the decomposition,

w a
(22
dz? (t) = (_ E‘Z’;Q Ejﬁ; ’;7) dt, (110)

where 22 = (z,y). The nonlinear part can be solved easily in polar coordinates.

dzl! (t) = (“ _“’) () dt+ S dW (1), (109)

Appendix E. Statistical inference

E.1. Solving the embedding problem without discarding transitions

As mentioned, the embedding problem aims to find a Laplacian, L, whose observation
in discrete-time has TPM,

P =exp(LAY). (111)

Whilst L is assumed to only admit certain transitions, P can have non-zero entries in
any position. We can formulate a solution to the embedding problem as a non-convex
optimisation problem,

L' = argmin;_.||P — exp (LAt) ||, (112)
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Optimisation approach Exact density

Ornstein-Uhlenbeck

b)

Hopf oscillator

Figure 20. Maximum-likelihood vs. optimisation for the embedding problem. We
compare the MLE estimator of equation (61) with the non-convex optimisation
approach in equation (112). We reconstruct the Laplacian matrix, and then solve
for the stationary distribution, which we compare with the exact density for the
(a) Ornstein—Uhlenbeck process, and (b) Hopf oscillator.

where L is the set of valid Laplacian matrices which conserve probability, and only have
non-zero transition rates for valid transitions. Due to presence of the matrix-exponential,
this problem is non-convex.

We can compare this approach to the MLE in equation (61), infer the Laplacian,
and solve for the stationary distribution. In practice, we use the standard L-BFGS-B
method from scipy.optimize, but we find that this approach is far more inefficient
than the direct estimation using equation (61).

Figure 20 shows the result of a numerical experiment comparing the direct MLE
with the optimisation-based approach for a trajectory from a) the OU process, and b)
the Hopf oscillator, compared to the exact stationary density. We find that the methods
yield comparably accurate stationary distributions.

E.2. Taking the time-step to zero

In section 5, we show that as we increase the length of the stochastic trajectory, or
increase the spatial resolution of the grid, our estimate of the EPR improves (increases),
as shown in figure 15 . It is tempting to assume that a similar behaviour will occur when
we take the limit of the time-step in the stochastic trajectory to zero. However, as shown
in figure 21, this is not the case. Whilst we would expect convergence when taking both
the time and spatial resolution to the limit, taking the time resolution to the limit
whilst keeping the spatial resolution is a more complex scenario. It is true that as the
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EPR of CTMC inferred from trajectories
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Figure 21. EPR for decreasing time-steps. We infer a CTMC from a trajectory
sampled from the Hopf oscillator and measure the EPR, for a series of decreasing
time-steps and a fixed spatial resolution. We find that the EPR does not converge
as the drift to diffusion ratio goes to zero.

time-step decreases initially, the transition rates are better estimated leading to an
improved estimate of the EPR. However, beyond a certain point, this process begins
to introduce increasingly prevalent non-Markovian effects. As a result our Markovian
estimator becomes increasingly inaccurate.

It is also worth noting that drift scales as O(At), whilst diffusion scales as O(v/At),
thus, as the time-step decreases, reversible diffusion dominates irreversible drift leading
to increased number of reversible transitions i.e. the per-step drift to diffusion ratio goes
to zero.
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