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Abstract

What do you do if a computational object fails a specification? An obvious approach
is to repair it, namely, to modify the object minimally to get something that satisfies
the constraints. In this thesis we study foundational problems of repairing regular spec-
ifications over strings and trees. Given two regular specifications R and T we aim to
understand how difficult it is to transform an object satisfying R into an object satisfy-
ing T'. The setting is motivated by considering R to be a restriction — a constraint that
the input object is guaranteed to satisfy — while T is a target — a constraint that we want

to enforce.

We first study which pairs of restriction and target specifications can be repaired with
a “small” numbers of changes. We formalize this as the bounded repair problem — to
determine whether one can repair each object satisfying R into 7" with a uniform num-
ber of edits. We provide effective characterizations of the bounded repair problem for
regular specifications over strings and trees. These characterizations are based on a good
understanding of the cyclic behaviour of finite automata. By exploiting these character-
izations, we give optimal algorithms to decide whether two specifications are bounded

repairable or not.

We also consider the impact of limitations on the editing process — what happens when we
require the repair to be done sequentially over serialized objects. We study the bounded
repair problem over strings and trees restricted to this streaming setting and show that
this variant can be characterized in terms of finite games. Furthermore, we use this
characterization to decide whether one can repair a pair of specifications in a streaming

fashion with bounded cost and how to obtain a streaming repair strategy in this case.

The previous notion asks for a uniform bound on the number of edits, but having this
property is a strong requirement. To overcome this limitation, we study how to calculate
the maximum number of edits per character needed to repair any object in R into T'. We
formalize this as the asymptotic cost — the limit of the number of edits divided by the
length of the input in the worst case. Our contribution is an algorithm to compute the
asymptotic cost for any pair of regular specifications over strings. We also consider the
streaming variant of this cost and we show how to compute it by reducing this problem

to mean-payoff games.
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Chapter 1

Introduction

A basic problem in data management is to ensure that data is valid — namely, satisfies all integrity
constraints associated with a schema. The validity of data with respect to a schema is crucial in any
database system; if data does not satisfy all integrity constraints, then a system cannot guarantee
that the expected output is correct. Nevertheless, there are many practical scenarios where data
management systems have to deal with invalid data. When data does not satisfy constraints an
obvious approach is to repair it. That is, to modify it minimally so that it becomes valid. We
may want to perform this transformation on the data, or we may be merely interested in knowing
how difficult it would be to perform — that is, determining how far a given collection of data is
from satisfying the specification. For example, in some applications one may accept some data as
valid even if it only contains a few errors where “few” could be defined by a user-threshold or by a
percentage of the number of errors with respect to the input size [GT04].

On relational data, this problem has been extensively studied under the notion of constraint
repair (see e.g. [ABC99, AK09]): in this case the specifications considered are relational integrity
constraints, such as keys and foreign keys, and the problems considered include determining how
much a database needs to be modified in order to satisfy a given constraint. This approach to data
integrity has been investigated for a variety of integrity constraints — beginning with classical func-
tional and inclusion dependencies [ABC99], and continuing to wider classes such as tuple generating
dependencies [AK09]. Also, a number of different modification operators have been considered in the
relational case, including inserting, changing, and deleting tuples. In addition to finding repairs of
relations, much of this line of research deals with querying inconsistent documents via their repairs.

For XML-based applications, the repair approach is even more natural and common than the
relational case. The most obvious example of this is HTML. Malformed or non-conformant HTML is
more the rule than the exception, and browsers react to invalid documents by simply changing them
to conformant ones. That is, repair is a well-accepted procedure for dealing with invalid XML-based

data. One could also argue that the tree-structure of an XML document makes them more natural



for repairing. It is more natural to insert or remove nodes in a tree rather than tuple or columns in
a relational structure.

Despite the fact that XML data seems more suitable for repairing, this problem has been studied
less extensively. In [FFGZ05], repairs are considered for an extension of classical relational con-
straints to XML such as inclusion dependencies, while in [SC06] repairs of a document with respect
to an XML schema are studied, with an emphasis on consistent querying over such documents. Quite
a different line of work deals with editing of schemas, rather than documents. For example, [FB0S|
deals with a similarity measure on schemas given by considering embeddings that preserve the DTD
structure. The notion of similarity thus depends on the syntactic presentation of the schema, not
the language of documents that it defines.

The notion of repairing strings or trees (an abstraction for XML documents) is indeed more
obvious than in the case of a relational databases: for example, we can simply consider the edit
distance between strings, a standard measure of how many basic edit operations it takes to get from
one string to the next (note that the edit distance between strings can be naturally generalized to
trees). The edit operations here consist of inserting, deleting, or modifying letters or nodes. Edit
distance can even be lifted in a natural way to give a measure dist(w, L) of the distance of a string w
to a language (collection of strings) L: the minimal distance of w to any string in L. Furthermore,
dist(w, L) can be computed efficiently when L is a regular language given by any standard regular
specification (e.g. NFA) [Wag74]. In this setting, w can be seen as the data and L as the specification.
Thus, dist(w, L) is measuring how difficult is to repair the data w in order to satisfy L.

In this thesis we take the next step in repairing — given two regular specifications R and 1" over
strings or trees we aim to calculate how difficult it is to transform an object satisfying R into an
object satisfying T. The notation is motivated by considering R to be a restriction — a constraint
that the input is guaranteed to satisfy — while T is a target — a constraint that we want to enforce.
We consider the worst-case over all object w satisfying R (denoted by w € R) of the number of edit
operations needed to move w into T: sup,,p dist(w,T). That is, we look at the worst-case number
of operations needed to get from R to T'. Of course, this number may be infinite. The main purpose
of this thesis is to study different problems related to the finiteness or asymptotic growth of this

number. Specifically, these problems are the bounded repair problem and the asymptotic cost.

Bounded repair problem. The first question that we study is whether the number of edits
needed for repairing every object satisfying R into T is bounded, that is, whether the number
SUp,,eg dist(w,T') is finite. Intuitively, a repair process is any procedure that, giving any w € R,
inserts, deletes, or modifies w producing an output that satisfies the constraints of T'. Clearly, there
is a vacuous repair process that simply deletes the data and inserts new data that satisfies the target
constraints. The unacceptability of such a repair strategy stems from the fact that the number of

changes it makes to the input is proportional to its size. Clearly, we would like a repair processor



that makes a ‘small’ number of changes to the input. We formalize this requirement via the notion
of a bounded repair process, that is, a repair process that makes a maximum number of repairs that

is finite and independent of the input data.

Example 1. Consider the reqular expressions:

R = P".S*

T = P*-D-S*.
Informally, R defines the set of documents that starts with a sequence of products P followed by
a sequence of sales S. Instead, documents satisfying T contain the same two sequences with an
extra tag D (for details) between both products and sales. Clearly, any document satisfying R can
be repaired to a document that satisfies T with at most 1 edit — by adding a D one can convert each

document from R into T'.

In the previous example, we say that the restriction specification R is bounded repairable into
the target specification T'. That is, there exists a fix number of edit operations needed to transform
every document satisfying R into T'. Furthermore, no matter how big is the input document w € R,
one can make that w satisfies T' with just one edit, that is, sup,,.p dist(w,T") is finite and equal to 1.

We argue that the notion of bounded repairability is subtle and fundamental in any study of data
repair. Intuitively, a specification R is “almost included” in a specification T' whenever R is bounded
repairable into 7. In this sense, bounded repairability is a natural generalization of containment
between specifications where containment measures whether one specification is “more general” than
another. It is well-known that containment is one of the basic notions in computer science used in

order to compare specifications, queries, or even systems.

Asymptotic cost. The previous notion ask for the finiteness of the number of edits
Sup,,cg dist(w, T'). However, having a uniform bound on the number of edits is a strong require-
ment. Instead, we look not at the absolute number of edits required to get from R to 7', but rather
at the percentage of repair operations needed. That is, we would like to measure how grows the

value dist(w,T) whenever the size of w € R tends to infinite.

Example 2. Consider the reqular expressions:

R/
TI

(P-s)’
(p-s-D)".

Here, R’ is specifying that every product P has to be paired with a sale S. Instead, T requires that
each sequence of product and sale must also be followed by details D. Roughly, for any pair of
consecutive occurrences of P and S in a document satisfying R, we will have to perform one edit
in order to ensure that a D follows after each subsequence P -S. In particular, the number of edits

required to get from a string in R to a string in T is unbounded. On the other hand, it is clear that



we need to edit approzimately half of the document in the worst case in order to produce a document

inT (i.e. we need to add 5 many D for any document w € R of size n).

We measure the gap from R to T via the worst case, over all documents w satisfying R, of the
number of edits needed to bring w into T" divided by the length of w. Since we want the definition to
be robust to a finite number of outliers, we take the limit of this quantity as the strings are of larger
and larger length — this is the asymptotic (normalized) cost in getting from R to T'. Intuitively, this
gives us a measure of the distortion needed to get from R to T, lying always between 0 and 1. In

the previous example, we argued that the asymptotic cost from R into T is 1/2.

Streaming repair. Above we considered the use of repair processes that can read the whole
document in memory. In this work, we also consider the impact of limitations on the editing process
— what happens when we require the editing to be done by a transducer, reading the input letter-
by-letter and producing the corrected output, based only on a finite amount of control state and a
fixed amount of lookahead in the string or (serialized) tree. Intuitively, a streaming repair process is
a procedure that inserts, deletes, or modifies documents while reading each document in pre-order
fashion, producing an output that satisfies the target constraints. We study the bounded repair
problem and asymptotic cost of repairing strings or trees when we are only allowed to repair our
data by using streaming repair process. One can easily see that the answer to our main questions

changes when we restrict to this streaming setting.

Example 3. Consider the reqular expressions:
R" = (Py+Py)-D"-(S}+853)
T (Py-D*-S7) + (P2-D*-S3).

Documents in R starts with a product of type Py or P, followed by a sequence of details D, and
ending with a sequence of sales of type S1 or Ss. Instead, the target specification matches sequences
starting with a product of type Py (Py) with sales of type S1 (Sa resp.). In this example, one can
easily get from R" to T" by only editing the initial letter in order to match the type of the initial
product with the type of the ending sales. That is, the cost of repairing any document from R into
T" is equal to 1. However, a streaming repair process must commit to changing the initial letter
or leaving it be. If it makes the “incorrect” choice, it will have to edit an unbounded final segment.
Intuitively, any streaming repair process will incur in an unbounded cost for repairing documents

from R into T" .

As the previous example shows, restricting the access of the repair process to the input could
vary the final repair cost. In this chapter, we study the bounded repair problem and asymptotic

cost also in this streaming setting. Moreover, we study this problem for streaming XML documents.

Strings and trees.  The previous notions of bounded repairability and asymptotic cost were

presented with examples using strings. We would like to emphasize that in this work we consider



these problems also over trees. Here, R and T are specifications over trees and we want to study
whether (1) R is repairable with an uniformly bounded number of edits into T or, if not, (2)
computing the asymptotic cost for repairing from R into T. Unfortunately, we study (2) only
over strings. In this thesis, we left the problem of computing the asymptotic cost between trees
specifications for future work (see the description of the chapters below).

The purpose of studying repair problems over strings and trees is to better understand the repair
of XML-based data as it was motivated before. Here, we only concentrate on studying the repair
of the structural part of XML documents or, in simple words, the structure of nodes given by open
and close tags. In this work we do not care of the data (e.g. PCDATA) of an XML document and
we only restrict to the study of its structure. For the sake of this goal, we concentrate on strings
and trees specifications contained in the set of regular languages (i.e. the ones define in terms of
finite state automata).

Although we have motivated our work with a database perspective, it is important to note that
the results in this thesis have also implications in other areas like verification of formal systems. For
example, a repair approach can also be applied to traces of a system where the restriction language
is defined by the potential behaviour of a program and the target language is a linear temporal
formula which specifies the constraints that the program must satisfy. A streaming process here
can be thought as an external “rectification” process that dynamically modifies the behaviour of the

program whenever is necessary.

In the following, we give a complete overview of the contributions of this thesis.

Chapter 2: Bounded repairing of strings. We begin by studying the bounded repair problem
over strings. The core of our results is an effective characterization for the bounded repair problem,
namely, to determine whether there exists an uniform bound in the number of edits needed to repair
every string in R into T for any pair of regular languages R and T given by deterministic and
non-deterministic finite state automata.

Our characterization is based on a good understanding of the cyclic behaviour of finite state
automata. Roughly, we decompose the structure of finite automata into strongly connected compo-
nents and we characterize bounded repairability by a matching relation between components of the
restriction and target language. We exploit the above characterization to give a precise map of the
complexity of the bounded repair problem given by different regular specifications (e.g. deterministic
and non-deterministic finite automata). Unfortunately, we show that even for languages given by
deterministic finite automata the bounded repair problem is intractable, namely, coNP-complete.

In Chapter 2 we also study the bounded repair problem in the streaming setting. We provide a
game-based characterization to determine which pairs of regular languages admit streaming bounded

repairing. This result is a natural extension of the non-streaming characterization in terms of



games. We use this characterization to isolate the complexity of the streaming repair problem for
any lookahead and for any representation of the languages considered in the non-streaming case.
Our main algorithmic result shows that is decidable in polynomial time whether one can streaming
repair each string in R into 7. Moreover, one can derive from this result a streaming repair process
effectively. Interestingly, this contrasts with the intractability of the non-streaming setting pointed
above.

Towards the end of this chapter we show that streaming and non-streaming repair problems
have very different flavors: the former are closely related to games played on the components of two
automata, while the latter require a more global analysis, and exhibit a close relation to distance
automata. Nevertheless, there are connections between these different problems: we show that in
the case where there is no restriction, the bounded repair problems are the same for both streaming
and non-streaming setting. We also show that the bounded repair problem in the streaming setting
is independent of the lookahead, and is robust under plausible alternative definitions.

Most of the results presented in this chapter are straightforward extensions of the results previ-

ously presented in [BPR11b, BPRa].

Chapter 3: Asymptotic repairing of strings. Next, we move from the bounded repair problem
to study how to compute the asymptotic cost of regular languages. The main result of Chapter 3 is an
algorithm that computes the asymptotic cost of repairing R into T for any pair of regular languages
R and T'. This result shows that the asymptotic cost is always rational and, furthermore, it can be
computed in double exponential time in the size of R and T'. The techniques used for the asymptotic
cost analysis relies on the connection of this problem with the theory of distance automata [Sim88],
and in particular on an application of determinization of distance automata, closely related to Mohri’s
determinization procedure [Moh97]. Similar to the bounded repair problem, we decompose the
restriction and target languages into strongly connected component and we derive a determinizable
distance automaton for each component. By applying a complex construction over this set of distance
automata, we reduce our problem to an optimization problem which is solvable in double exponential
time.

Similarly to the bounded repair problem, we also study the asymptotic repair cost in the stream-
ing setting. We measure a streaming repair processor by the number of edits per character it requires
to get from any string in R to a string in 7', again looking at the limit as the string length gets
large. We accordingly define the streaming asymptotic cost to be the optimal cost of a streaming
processor. Interestingly, we show that this quantity can also be calculated effectively, using tech-
niques from mean-payoff games. By using these techniques, we show that the streaming asymptotic
cost is always rational and can be compute in polynomial time. This radically contrasts with the
non-streaming scenario where our best algorithm runs in double exponential time.

All the results shown in this chapter were previously presented in [BPR11a, BPRb].



Chapter 4: Bounded repairing of trees. @ We turn our attention from repairing strings to
repairing trees. Namely, we consider the bounded repair problem between tree languages which can
be specified by XML schemas or, more general, by regular tree languages [Sch07]. Our main result
is that it is decidable whether or not R can be repaired into T with a uniformly bounded number of
edits where R and T are regular tree languages.

In the case of tree languages, the problem turns out to be much more complex, both in terms
of complexity and in terms of proof techniques that are needed to resolve it. We provide a char-
acterization of bounded repairability that exploits a suitable notion of component of a stepwise
tree automaton [CNTO04], i.e., a form of automaton that turns out to be particularly convenient for
analysing repairs. An additional complication for the tree case is that we need to consider structures
of connected components of stepwise tree automata that take the form of trees, rather than chains.
Our characterization of the bounded repairability of R into T" requires that every component struc-
ture of R can be “covered” by a component structure of 7. The notion of covering is subtle, and
the proof that it captures bounded repairability requires lifting the notion of edit from the level of
the individual trees to the level of the component trees associated with the automata for R and T

Once we have our characterization, we can apply it to get decidability of the bounded repair
problem, and with some additional optimization we can give tight complexity bounds. It turns
out that, in contrast with the string setting, deciding the bounded repair problem for regular tree
languages is equally complex no matter whether the finite tree automata is deterministic or non-
deterministic, or whether it is given by a DTD or even by a non-recursive DTD. We show that for all
these cases the bounded repair problem is coNEXPTIME-complete. For the sake of positive results,
we study further restrictions over tree specifications and show that bounded repairability is much
simpler to check for special classes of schemas. For example, we show that it is much less complex
for deterministic DTDs when the alphabet is fixed, and much less complex when the restriction
language R is trivial (i.e., the class of all trees).

The main characterization and most of the results presented in this chapter were included
in [PRS12]. Nevertheless, in this chapter we include unpublished results. In particular, the
coNEXPTIME-completeness result is new and was not considered in [PRS12].

Chapter 5: Streaming repairing of trees. In the last chapter we tackle the question of
which pairs of tree specifications are streaming repairable with uniformly bounded cost. Our main
result is a characterization and decision procedure for determining whether a streaming bounded
repair strategy exists, in the important case of DTD schemas, and more generally of “deterministic
top-down schemas”.

Our solution to the streaming bounded repair problem is challenging both from the point of
view of giving a characterization, and showing that it is both effective and correct. The first part

of the solution is adapted from the previous chapters: we associate a graph with each schema, and



then look at the corresponding notion of connected components. Our characterization will involve
a novel game played on stacks of components in the two graphs, with one player, called Generator,
managing the stack for the restriction, and the other player, called Repairer, managing the stack for
the target. Repairer needs to play in such a way that the “repeatable behaviour” of the components
on the top of the stacks matches. The characterization theorem says that a streaming repair with
uniformly bounded cost is possible exactly when Repairer has a winning strategy in the game. The
possible moves of Generator will be restricted in a way that ensures finiteness of this game, and thus
decidability of a winner. Both directions of the proof of our characterization are highly non-trivial.

With our characterization in hand, we are able to give an EXPTIME algorithm to determine the
existence of a streaming repair strategy of uniformly bounded cost. This algorithm is completed with
a non-trivial EXPTIME-hardness lower bound. Interestingly, this result shows that the complexity
for streaming repairing trees is lower than in the non-streaming scenario (which is shown to be
coNEXPTIME-complete in the previous chapter). Finally, we go on to isolate subcases where the
complexity decreases to PSPACE.

Most of the results shown in this chapter are an extended version of the results presented

in [BPR13].



Chapter 2

Bounded repairing of strings

In this chapter, we begin our study of repairing problems over strings. Our aim is to understand
how difficult it is to transform a string satisfying R into a string satisfying T" given two languages R
and T'. The notion is motivated by considering R to be a restriction — a constraint that the input is
guaranteed to satisfied — while T is a target — a constraint that we want to enforce. For any string
u € R we consider the worst-case of the number of edit operations needed to move u into 7. That is,
we look at the worst-case number of edits needed to get from R to T'. Of course, this number may be
infinite; the core of our results is a characterization for understanding the bounded repair problem,
namely, to determine whether the supremum above is finite. In order to solve this effectively, we
restrict our study to languages R and T specified by both deterministic and non-deterministic finite
state automata. In both cases, we use the above characterization to determine the complexity of
the bounded repair problem.

Above we considered the use of an edit/correction function that can read the whole string in
memory. In this chapter we also consider the impact of limitations on the editing process — what
happens when we require the editing to be done by a transducer, reading in the input letter-by-
letter and producing the corrected output, based only on a finite amount of control state and a
fixed amount of lookahead in the word. We refer to this as the (bounded) streaming repair problem.
Interestingly, we show that this variant of the bounded repair problem can be characterized in terms
of finite games. Furthermore, we use this characterization to isolate the complexity of the streaming
repair problem for any lookahead and for any representation of the languages considered in the
non-streaming case.

The streaming and non-streaming repair problems have very different flavors: the former are
closely related to games played on the components of two automata, while the latter require a more
global analysis, and exhibit a close relation to distance automata. However, there are connections
between the different problems: we show that in the case where there is no restriction, the bounded

repair problems are the same for both the streaming and non-streaming setting. We also show that



the bounded repair problem in the streaming setting is independent of the lookahead, and is robust
under plausible alternative definitions.

The organization of this chapter is as follows: in Section 2.1 we review the main definitions for
finite automata over words. Then in Section 2.2 we introduce the bounded repair problem for the
non-streaming and streaming setting. In Section 2.3 we give our main characterizations for the
bounded repair problem. We use these characterizations in Section 2.4 to analyzes the complexity
of the bounded repair problem in both settings. Then we show in Section 2.5 some connections of
the bounded repair problem with distance automata and games. Finally, we give some concluding

remarks and related work in Section 2.6.

2.1 Regular specifications

In this chapter we base our setting on finite words (or strings) over a finite alphabet ¥. A word
is basically a finite sequence of elements labeled in 3. We denote by ¥* the set of all finite words
over X and by € the empty word. Usually, we call a set L € X* a language.

Given w € X%, we denote by |w] its length and, given two positions 1 < i < j < |w|, we denote by
wli] (resp., w[i...j]) the i-th symbol of w (resp., the infix of w starting at position i and ending at
position j). The concatenation of two words w and w’ is denoted by w-w’ and the i-repetition of w
is denoted by w' for any i € N (i.e. w®=w--times.qy and w” = €). As usual, concatenation between

words can be extended to languages L, L’ ¢ ¥* easily as follows: L-L'={w-w' |weL A w' e L'}.

Word automata. A non-deterministic finite-state automata (shortly, NFA) is tuple of the form

A=(%,Q,E,I,F), where:

) Y. is a finite alphabet,

. Q is a finite set of states,

. E c@xXx(@ is a transition relation, and

. 1, F c @ are sets of initial and finite states.

Given a word w = wy ... w, over X, we define a run p of A over w to be a function p: {0,...,n} - Q

such that (p(i—1),w;,p(i)) € E for each i € {1,...,n}. We usually consider a run p:{0,...,n} > Q
of A over w as a path p(0) % p(1) 3 ... 28 p(n) over A viewed as a directed labeled graph. We
say that a run p of A over w is accepting if p(0) € I and p(n) € F. Thus, we define .Z(A) € ¥* to
be the language recognized by A:

Z(A) = {weX"|there exists an accepting run p of A over w}
We say that a language L € X* is reqular iff there exists an NFA A such that L = £ (A)
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We say that A is a deterministic finite-state automaton (DFA) whenever |I| = 1 and for each
g € Q and a € ¥ there exist at most one ¢’ € @ such that (¢,a,q’) € E. For any DFA A we usually
denote the unique initial state by go and turn its transition relation E into a partial function § from
QxX* to Q defined by 6(q,¢) = q and 6(q,a u) =6(¢’,u) iff (¢,a,q") € E. Throughout this thesis, we
implicitly use that DFA are equally expressive than NFA without any further reference (see [HU79]
for more details).

For technical reasons, it is convenient to assume that all finite state automaton in this work are
trimmed. Specifically, for every ¢ € @ there exist w € ¥* and an accepting run p of A over w such
that p(i) = g for some i € N. That is, all states are reachable from some initial states (i.e., they are
accessible) and they can reach some final states (i.e., they are co-accessible). It is worth noticing that,
since the decision problems we are going to deal with are at least NLOGSPACE-hard, then states
that are not accessible or not co-accessible can be pruned in NLOGSPACE (see [HU79, CLRS09]
for a survey). Then this assumption will have no impact on our complexity results.

Since automata can be viewed as directed labeled graphs, we inherit standard definitions and
constructions in graph theory. In particular, given an automaton A = (3,Q,E,I,F) and a state
q € Q, we denote by [q] the strongly connected component (SCC, for short) of A that contains all
states mutually reachable from ¢ (see [CLRS09] for a survey). Further, we denote by SCC(.A) the
set of all strongly connected components of A, that is, SCC(A) = {[¢] € Q| ¢ € Q}. We say that
a component X € SCC(.A) is final if a final state is reachable from it (possibly outside X). Given
a set X of states of A (e.g., a SCC), we denote by A|X the NFA obtained by restricting A to the
set X and by letting the new initial and final states be all and only the states in X (note that if X
consists of a single state without transitions to itself, then the language .2 (A|X) recognized by the
subautomaton A|X is equal to {€}). Finally, we denote by dag(.A) the directed acyclic graph of the
SCCs of A and by dag”(A) the graph obtained from the symmetric and transitive closure of the
edges of dag(.A).

Regular expressions. During this work, we usually use regular expressions to give examples of

regular languages. A regular expression E over a finite alphabet 3 is given by the following grammar:
E =¢€¢|acX | E-E| E+E | E*

The language Z(E) ¢ ¥* defined by a regular expression E over ¥ is inductively defined over it

syntactic tree. Specifically, for any a € ¥ and regular expressions E and E’, we define:

Z(a) = {a}

Z(e) = {e
Z(E-E) = Z(E)-Z(E)
L(E+E) = Z(E)uZ(E)

Z(E") = UZZ(E).
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It is well known that regular expressions are equally expressive than NFA and one can convert a
regular expression E into an NFA Ag such that Z(F) = Z(Ag) in polynomial time (see [HU79)
for a survey). We use this result tacitly in all our results and in examples where regular expressions

are considered.

Transducers. A (sub-sequential) transducer is a tuple Z = (X, A, Z, k, 29,)), where X is a finite
input alphabet, A is a finite output alphabet, @ is a finite set of states, k is a partial transition
function from @ x X to A* x Q, 2z is an initial state, and §2 is a partial function from @ to A*. For

every input word u =a; ...a, € X*, there is at most one run of Z on u of the form

20 /v 21 a2/Y2  an/yn Zn €/ U1

where k(z;,a;) = (v5,2i41) for all 0 < i <n and Q(z,) = v,41 [Sch77]. In such a case, we define the
output of Z on u to be the word Z(u) = v1va...v,U,11. Observe that the transducer outputs an
additional, possibly empty, word to be added on at the end of the computation.

Transducers as above produce an output word (possibly empty) immediately on reading an
input character. We will also consider transducers with a bounded amount of “delay”. A k-lookahead
transducer, with k € N, is as above, but where the transition function £ now has input in ZxXx (X L)k,
with X, =X u {1} and 1 ¢ ¥. Given an input word u and a position 1 < i < |u| in it, we denote by u;
the (k+1)-character subword of u 1* that starts at position 7 and ends at position i + k. The output
of a k-lookahead transducer Z on an input w of length n is the unique word v = v1vy...v,V,41 for
which there exists a sequence of states 2q, ..., z, satisfying x(z;,4;) = (vs, 2i41), for all 1 < i < n, and

Q(z,) = vps1- Clearly, a 0-lookahead transducer is simply a standard (sub-sequential) transducer.

2.2 The bounded repair problem

In this chapter we repair strings by using the standard set of edit operations over letters [WF74].
Let w=aj...a, be a generic word in X*. The first operation, called deletion, consists of removing
a letter at position ¢ € {1,...,|w|} from w, that is, del(w,i) = a1...a;-1 @41 ...an. The second
operation, called insertion, consists of adding a letter b € ¥ at position ¢ in w, that is, ins(w,b,i) =
aj...a;baj1...a,. The third and final operation, called relabelling, consists of modifying a letter
at position ¢ with a new label b, that is, relab(w,b,i) = a1...a-1 b @41 ...a,. Given two words
u e X* and v € A*, we denote by dist(u,v) the edit distance between u and v, which is defined as
the length of a shortest sequence s of edit operations (e.g., deleting a single character, modifying a
single character, and inserting a single character) that transforms u into v [WE74, WagT74].

We are interested in quantifying how difficult it is to edit a word in one language to obtain a
word in another language. That is, we have finite alphabets ¥ and A and regular languages R ¢ ¥*
and T ¢ A*, called the restriction and target languages, respectively. We would like to edit any

string that is known to belong to the restriction language R into a string in the target language T
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A repair strategy for two languages R and T is any function from R to T. For a repair strategy
f and a word u € R, we define the (absolute) cost of f on u, denoted cost(u, f), as the edit distance
between u and f(u).

How do we measure the cost of edits needed to get from R to 77 One method is to look at
the largest number of edit operations that are needed to get into T from strings in R, that is, the
supremum over all w € R of the minimum over all v € T' of dist(u,v):

cost(R,T) =9°" sup min dist(u,v).

weR veET

Intuitively, having a finite uniform bound on the edit distance of words in R from T, means that
the language R is “quite close to being a subset” of T' — the gap between strings in R and strings in
T is small. Note that the value cost(R,T) can be equally described as the minimum over all repair
strategies f for R and T of the worst-case cost of f: indeed, the best repair strategy for R and T is

just to output on any u € R the word in T that is closest to u with respect to the edit distance.

Example 4. Consider the reqular languages R = a* b* and T = a* ¢ b*. Clearly, any string in R
can be converted to a string in T with at most 1 edit operation, namely, cost(R,T) = 1; a repair

strategy that achieves this cost maps any word a™ b™ € R to the word a™ ¢ b™ €T

The bounded repair problem is to decide, given two regular languages R and T', whether cost(R,T')
is finite or not, namely, whether all words in R can be edited into T with at most some cost that
does not depend on the input word. A variant of the bounded repair problem, called threshold
repair problem, consists of deciding whether cost(R,T) < v for two given regular languages R and
T and for a given number v. This problem is the decision version of the problem of computing the
exact value of cost(R,T). Clearly, the regular languages R and T must be finitely specified, for
instance, in terms of finite state automata. During this chapter, we will study the complexity of
the bounded repair problem for input languages specified by means of (i) deterministic finite state

automata (DFA) and (ii) non-deterministic finite state automata (NFA).

Streaming vs non-streaming. The notion of “how much does it cost to edit a word in R to a
word in 77 assumes that a repair strategy could be any mapping from R to T (in principle, such a
mapping could even fail to be computable). However, we know from [Wag74] that there is a dynamic
programming algorithm that, given a word v and a regular target language T specified by means of
a finite state automaton 7, computes in time O(|u|-|T|) an optimal edit sequence that transforms
u into some word in T'. In particular, this shows that optimal repair strategies can be described by
functions of fairly low complexity.

Sometimes it is desirable to have repair strategies that are in even more limited classes. Perhaps
the ideal case is when we can repair R into T" with a one-pass algorithm, that is, using a real-time

sub-sequential transducer. Recall that a real-time sub-sequential transducer defines a word-to-word
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partial function; if this function happens to produce a word in T for every input u € R, then we say
that it is a streaming repair strategy for R and T'. Similarly, we can consider k-lookahead transducers,
with k& € N: this type of transducer outputs words on the basis of its current state and an input
(k + 1)-character window that represents a substring of u of the form w[¢]...u[i + k], where u[i] is
either the i-th symbol of w, if ¢ < |u|, or a dummy symbol 1, if 7 > |u|. Accordingly, we talk about a
k-lookahead streaming repair strategy for R and T

Given a k-lookahead streaming edit strategy Z for R and T and given a word u € R, we can

define the cost of Z on u in two ways:

CL1/’U1

1. letting zo 30 2 %2fy2 | an/tn

2, 25t be the run of Z on u, we define the aggregate cost of
Z on u, denoted cost3* (u), to be the length of the final output v,41 plus the sum, over all
indices 1 < i < n, of dist(a;,v;), where dist(a;,v;) is 1 if v; is empty, |v;| — 1 if a; occurs in v;,

and |v;| otherwise;

2. considering the transducer Z as a repair strategy, we define the edit cost of Z on u, denoted

costt(u), to be simply the edit distance between u and the output Z(u).

The first notion of cost considers the distortions performed in producing the input from the output
— it is equivalent to considering the transducer as producing edit sequences rather than strings and
counting the number of edits produced. The second notion of cost is global and it considers only the
output and not its production (clearly, the edit cost never exceeds the aggregate cost). These two
models of cost can be very different in general. As an example, consider a transducer Z on the input
alphabet 3 = {a,b} that converts a’s to b’s, and b’s to a’s. On the string u, = (ab)”, the aggregate
cost is 2n since Z changes each letter, but the edit distance between u and Z(u) (i.e., the edit cost
of Z on u in our sense) is only 2.

Similarly, we define the worst-case aggregate/edit cost of the k-lookahead streaming repair strat-
egy Z as follows:

costy (R) =" sup cost}(u) for \ e {aggr, edit}.
ueR

The k-lookahead streaming aggregate/edit cost cost%_bokahead(R, T) for two languages R and T and
for \ € {aggr, edit} is then defined as the minimum of cost} (R) taken over all k-lookahead streaming
strategies Z for R and T

The following example illustrates the difference between bounded repairability in the streaming

and non-streaming settings (a similar example was shown in the introduction, Chapter 1).

Example 5. Consider the languages R = (a+b) ¢* (a* +b*) and T =a ¢* a* +b c* b*. In the non-
streaming case, one can get from R to T by only editing the initial letter and thus cost(R,T) = 1.
In contrast, a k-lookahead streaming edit strategy must decide whether to leave or change the initial
letter, and then it could be forced to repair an unbounded sequence of a’s or b’s after the sequence of

; ‘ aggr — costedit -
c¢’s. In this case we have costy™5 (R, T) = costil i ahead (R, T) = 0.
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The bounded repair problem in the k-lookahead streaming setting consists of deciding whether
COStY tooranead (B, T') < oo for a given pair of regular languages R and T, a given \ € {aggr, edit}, and
a given k € N. To stress the difference between the streaming and the non-streaming settings, we
explicitly refer to the original problem as the bounded repair problem in the non-streaming case.
Even though the two models of aggregate and edit cost for streaming repair strategies can be very
different, it will turn out that for the bounded repair problem it does not matter which cost model

we choose (see Corollary 2.3.6).

Special cases. @ We are also interested in a variant of the bounded repair problem where the
restriction language is assumed to be universal, i.e., a language of the form ¥*. In this case, the
input to the problem consists of a restriction alphabet ¥ and a regular target language T'. We refer

to this variant as the unrestricted case of the bounded repair problem.

2.3 Characterizations of bounded repairability

We fix a restriction language R and a target language T and we assume, for the moment, that these
languages are recognized by two NFA R and T, respectively. Recall that dag(R) is the directed
acyclic graph of the SCCs of R and dag”(7) is the symmetric and transitive closure of dag(7T).
Moreover, recall that we assume that both R and 7T are trimmed, i.e. all unreachable and sink

states are removed from R and 7.

2.3.1 Non-streaming setting

In order to characterize the positive instances of the bounded repair problem, we need to consider
the relationships between the paths in dag(R) and the paths in dag*(7). We say that a path
m=X1...Xy of SCCs in dag(R) is covered by a path 7 =Y7...Y}, of SCCs in dag”(7T) if we have
k=hand Z(R|X;) c Z(TY;) for all indices 1 <4 < k. In other words, if the language recognized
by the i-th component along 7 is contained in the language recognized by the i-th component along
T.

The following characterization reduces the bounded repair problem in the non-streaming case to

a path coverability problem between finite directed acyclic graphs.
Theorem 2.3.1. Given two NFA R and T, the following conditions are equivalent

1. cost(Z(R),Z(T)) < oo (i.e., there is a strategy that repairs L (R) into L(T) with a uni-

formly bounded number of edits),
2. every path in dag(R) is covered by some path in dag*(T),

3. cost(Z(R),Z(T))<(1+|dag(R)|)-|T].
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Proof of Theorem 2.3.1. Let R = (X,Q,E,I,F) and T = (A,Q",E', I',F’") be two NFA. We first
prove the implication from 2. to &.; later we will prove the implication from 1. to 2. (the implication
from 3. to 1. is trivial and thus omitted).

We briefly outline the main ideas underlying the proof of the implication from 2. to 3.. In
this direction, we assume that the coverability condition is satisfied, and we repair a generic word
ue L(R) as follows. We first consider the path m of SCCs of R that is induced by a successful run
on u, and we observe that the input word u can be factorized into a bounded number of pieces, each
one realizable within a component of the path. For instance, if 7 = X7 ... X} is the considered path
inside dag(R), then we can factorize u as uy aj ug2 ... ag-1 ug, with u; € Z(R|X;) and a; € ¥ for all
1<i<kandall 1<j<k We then consider a path inside dag*(7) that covers w, say 7=Y; ...V},

and we observe that each factor u; of u is also realizable within the component Y; of 7. In particular,

no repair is needed on the factors uy,...,ur. On the other hand, the characters ai,...,ar_1 that
are interleaved with the factors of v and that induce jumps along the components Xi,..., X of 7
can be replaced by small strings inducing analogous jumps along the components Y1, ..., Y} of the

covering path 7. This is possible because there exist partial runs connecting arbitrary states in each
SCCY; to arbitrary states in the next SCC Y;,1. In the end, the repair of u is formed by interleaving
the factors uy,...,u; with small strings replacing aq,...,ar-1, and by appending a final string to
reach an accepting state of 7T .

We now turn to the technical details of this proof. Suppose that every path in dag(R) is covered
by some path in dag” (7). We have to prove the existence of a repair strategy of .Z(R) into £(T)
with edit cost uniformly bounded by (1+|dag(R)|)-|T]. Let us fix a generic word u in the restriction
language .Z(R), and let p be an accepting run of R on u. The run p of R induces a path 7 in dag(R),
which is defined as the sequence of SCCs of R visited by p. Let m = X7 X5... Xj. Accordingly, we
factorize the word u into the sequence of subwords w1, ay,us, as, ..., ug, where u; € Z(R|X;) for all
1<i<kanda;eX forall 1 <i<k-1. From the assumption of coverability of the paths in dag(R),
we know that there is a path 7=Y1Y5...Y} in dag™(7) that covers 7, namely, £ (R|X;) € Z(T|Y;)
for all 1 <4 < k. This shows that each subword u;, with 1 <4 < k, belongs to the language Z(T|Y;).

We can now construct inductively a corresponding word f(u) that has the form vy uq v1 ... ug vg
and that is accepted by 7. Recall that 7 =Y7...Y} is a path in dag”(7) and that the automaton T~
is trimmed (i.e. it does not contain useless states). This means that all states in Y7 can be reached
from some initial state of 7 and, similarly, all states in Y}, can reach some final state. In particular,
since uy € Z(T|Y1), we know that there exist an initial state ¢o of T, two states p; and ¢o in Y7,
and a word vg € A* such that 7 admits a run of the form gg 2% p; X% ¢1. Moreover, without loss
of generality, we can assume that the length of vy is bounded by the number of states of 7. As for
the inductive step, we assume that the words vg,...,v;_1, with 0 <i < k-1, are defined and that T

admits a run on vy uy ... v;_1 from the initial state qg to a state g; € Y;. Since every state in Y;,q is

16



reachable from every state in Y;, we know that there is a word v;, with |v;| < |7, and two states p;41
and ¢;41 In Y;,q1 such that 7 admits a run of the form ¢; 2% p;s1 2% ¢;+1. As for the final step, we
assume that vg,...,vr_1 are defined and that 7 admits a run on vy uq ... vx_1 ux from the initial
state gg to a state qi € Yi. Using arguments similar to the previous ones and the fact that Y, can
reach a final state, we derive the existence of a word vy, with |vg| < |T|, and a final state pgy1 of T
such that 7 admits a run of the form gy 2% pg,1. Putting this all together, we obtain the existence

of a successful run of 7 of the form
Qo 25 p1 g B pe B o S g S pra

and hence the word f(u) = v u1 v1 w2 ... ug vg is accepted by T. Moreover, since k < |dag(R)|
and |v;| < |T] for all 0 < 4 < k, we have that the edit distance between v and f(u) is at most
(1+|dag(R)|)-|T|- This proves that there is a repair strategy f for Z(R) and Z(T) with edit cost
uniformly bounded by (1 +|dag(R)|)-|7T]|, and hence

cost(Z(R),Z(T)) < (1+]|dag(R)|)-|T].

We now prove the implication from 7. to 2.. We assume that there exists a repair strategy f
for R and 7 with bounded cost and then we show that every path in dag(R) is covered by a path
in dag* (7). The general idea is to associate with any path = = X1,..., X} inside dag(R) a suitable
word u, € Z(R), called the witnessing word of 7, whose repair according to the strategy f induces
a path 7 inside dag”(7) that covers m. Intuitively, the witnessing word u, is obtained from the
path 7 by replacing every non-trivial component X; with a sufficiently large number of repetitions
of a special string in Z(R|X;), which we called the fingerprint of X;. The number of repetitions
of each fingerprint will depend on the worst-case repair cost N = max,c ¢ r){cost(u, f)}, and will
be large enough to imply that any repair of the witnessing word w, achieved by at most N edits
contains at least one copy of the fingerprint of each non-trivial component X; of m. Moreover, the
order of occurrence of the fingerprints inside the repaired string will correspond to the order of the
components in the path 7. One finally looks at some run of T that accepts f(ur): thanks to the
occurrence order of the fingerprints of f(u,), this run must induce a path 7 inside dag*(7) that
COVers .

Before constructing the witnessing word, we prove a technical lemma, which defines precisely
the concept of fingerprint of a component of R. Intuitively, the lemma shows that, for any given
component X of R, one can find a word ux that can be arbitrarily “pumped” inside the language
Z(RIX) (ie., ux-...-ux € Z(R|X)) and such that, for all components Y of T, ux € Z(T|Y) iff
ZL(RIX)c Z(T|Y). Below, we say that a word u is cyclic (for a given component X) if there is a

state ¢ € X such that R admits a run of the form ¢ % gq.
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Lemma 2.3.2. For every component X of R, there is a cyclic word ux € L (R|X) such that, for

every component Y of T,
ux € Z(TIY) iff ZL(RIX)cZ(TIY).

Proof. Let X be a component of R and let Y7,...,Y,, be all the components of 7. We construct
the cyclic word ux by exploiting an induction over the number m of components in 7. That is, we

prove that for every 1 <i <m, there is a cyclic word u; € Z(R|X) such that:
V1<j<i. ZL(RIX)cZ(TlY;) iff w; e Z(T|Y;) (%)

Clearly, the lemma follows from () when we let ux = .

For the base step i = 1, we distinguish two cases, depending on whether Z(R|X) ¢ Z(T|Y1)
or not. If Z(R|X) ¢ Z(T|Y1), then we define u; = € and (%) trivially holds. Otherwise, if
Z(R|X) ¢ ZL(T|Y1), then we let u be any word in £ (R|X) \ Z(T|Y1) and p,q € X be two states
such that R admits a run p 2% ¢. Since X is connected, there exists u' such that R admits a run
q KN p. We thus define u; = u-u’. By construction, we have that u; is cyclic. Furthermore, it is
easy to see that u; ¢ Z(T|Y1) and hence (+) holds.

For the inductive step, let ¢ < m and suppose that there exists a word u; that satisfies (x). We
prove that (x) holds for i+1 as well. Again, we distinguish between two cases, depending on whether
Z(R|X) ¢ L(T|Yir1) or not. If Z(R|X) ¢ ZL(T|Yi+1), then we define u;y; = u;, in such a way
that (x) holds trivially. Otherwise, let u be a word in .Z(R|X) \ Z(T|Yir1). Since u; is cyclic and
u € Z(R|X), there exist some states r,p,q € X such that R admits runs of the form r % r and
p % q. Let v/ and u” be some words in Z(R|X) such that R admits runs of the form r % p
and ¢ oy (clearly, v’ and w” exist since X is a component of R and r,p,q € X). Now, define

wir1 =4 -u-u” -u;. One can easily show that w;y1 is a cyclic word in £ (R|X) by following the run:

’ ” X
rip Logls r Mo

It is also easy to show that u;,q is not in Z(T|Yi41). Indeed, if u;41 € Z(T|Yi41), then there would
exist states p’, ¢’ € Y;41 such that p’%q’. This is a contradiction since u ¢ £ (T|Y;4+1). Finally, we
know from the inductive hypothesis that for every 1 < j <, if u;41 € Z(T|Y;), then u; € Z(T|Y;)
and Z(R|X) ¢ Z(T|Y;). The converse implication follows in a similar way. We conclude that,
for every 1< j <i+1, L(R|X) c Z(TY;) iff ujs1 € £L(T|Y;). This proves the inductive step for
(*)- O

We associate with each component X a word ux that satisfies Lemma 2.3.2, and we call it the
fingerprint of X.
Consider now any path m = X7 ... X} € dag(R) and the fingerprint uy, for each component Xj;.

Since each word ux, is cyclic for X; and since all states in the sequence Xj...X) are mutually
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reachable, we know that there exist some states q; € X1,...,q: € X; and some words uy,...,Ug_1
such that R admits a run of the form ¢1 “X4 ¢; 2% g0 “%2 ¢p %3 .. Y3 g X% ¢, Namely, the
words u; connects the fingerprints of Xi,..., X by going from one cyclic state to the next one.
Furthermore, we know that R is trimmed and then there exists words ug,u; such that R admits
runs ¢r2%¢q; and qp25qr for some states q; € I and gp € F. Putting everything together, we have

that, for every positive natural number n, the word

n def n n n
u( ) = Ug qu (5% qu e UXk Uk

is accepted by R. Thus, we associate with 7 the witness word u, = u™) where M = (N +1) -
(Idag(R)| + 1).

Towards the end of the proof, we use the witness word u, to extract from f(u,) a path 7’ in
dag”(T) such that ©’ covers w. First of all, recall that f(u,) is accepted by 7 and f modifies at
most N parts of u,. From this last fact and the construction of u,, one can easily show that f(u,)
is of the form vy (ux,)! v1 (ux,)! ... (ux,)! vr where I = |dag(R)|+ 1. Notice here that for each
X; we have that f(u,)=v (ux,)" v for some words v,v’. By the pigeon-hole principle, this means
that every run of 7 over f(u,) must have a subrun p; =% p; where p; and p} are contained in the
same component (i.e. [p;] = [pi]) for every 1 < i < k. This implies that f(u.) can be written as

flug) =vj ux, v ux, ... ux, v;, and there exists an accepting run of 7 over f(u,) of the form:
pr2%p Sl B opy X ph o opr o B pre

where [p;] = [p}] for every 1 < i < k. In other words, this means that ux, € £(T|[p;]) for every
1 <4 < k. From this last fact we can easily extract a path 7’ in dag®(7) that covers m. Indeed,
define the path 7’ = [p1]...[px] in dag* (7). Given that each uyx, € Z(T|[pi]), then we have by
Lemma 2.3.2 that Z(R|X;) ¢ Z(T|[p:]) and, thus, ©’ covers 7 . Finally, we conclude that every
path 7 in dag(R) is covered by path ' in dag” (7). O

2.3.2 Streaming setting

We now modify Theorem 2.3.1 to give a characterization of the positive instances of the bounded
repair problem in the streaming case, adding in a game setting. For this it is convenient to assume
that R and T are two DFA recognizing the restriction and target languages. We associate with R
and 7 a reachability game between two players, Adam and Eve, on a suitable arena Gg 7, defined
in terms of the SCCs of R and 7. The idea underlying the game is as follows: during Adam’s
construction of a path 7 in dag(R), Eve has to provide a construction of a corresponding path f ()
in dag”(7T) that covers m; moreover, the resulting function f must satisfy the following condition:
if 7- X is an extension of the path 7 in dag(R) by a single SCC, then either f(7-X) coincides with
f(m) or it is an extension of f(7) by a single SCC, i.e. f(m-X) is of the form f(7)-Y.

19



Formally, the nodes of the arena Gr 7 for Adam (resp., Eve) are the pairs of the form (X,Y)
(resp., (Y,X)), where X is a SCC of R and Y is a SCC of T. The edges of the arena connect
Adam’s nodes (X,Y) to Eve’s nodes (Y, X’) where (X,X’) is an edge of dag(R) and, similarly,
Eve’s nodes (Y, X) to Adam’s nodes (X,Y”’) where (Y,Y”) is an edge of dag*(7") and, in addition,
Z(R|X)cZ(T|Y'). The initial node is an Eve node (Yo, Xy), where Xy is the SCC of the initial
state of R and Y{ is the SCC of the initial state of 7. The last player who moves wins. Intuitively,
Adam’s objective is to reach a node (X,Y) where Eve cannot respond with any move. Conversely,
Eve’s objective is to reach a node (Y, X)) where Adam cannot respond with any move. As usual, we
say that a player has a winning strategy on the arena Gz 7 if he/she can win the reachability game
on Gr 7 independently of the choices of the other player.

The following characterization reduces the bounded repair problem in the streaming setting to

the problem of determining the winner of a reachability game.
Theorem 2.3.3. Given two DFA R and T, the following two conditions are equivalent:

1. there erists a streaming strategy with some lookahead that repairs £ (R) into L (T) with

uniformly bounded edit cost,
2. Eve has a winning strategy in the reachability game on Gr 7.

The idea underlying the proof of the direction from 2. to 1. is as follows. If we have a winning
strategy for Eve, then we can get a streaming repair strategy for .Z(R) and Z(T) by tracking
the current SCC X of the input string and maintaining the invariant that the component Y of
the current repaired string is such that (X,Y") is a position consistent with Eve’s winning strategy.
When a new letter comes in and changes the SCC in the restriction from X to X', we respond with
a repair that moves from Y to the response SCC Y’ that preserves the invariant.

For the direction from 1. to 2., we assume that there is a streaming k-lookahead edit strategy
that repairs Z(R) into .Z(7T) with uniformly bounded cost and derive a strategy for Eve. The
strategy will maintain the invariant that the position (X,Y") corresponds to some input string v and
response v consistent with the repair strategy. If, by way of contradiction, we reach a pair (X,Y")
corresponding to some string u, there is a successor SCC X’ of X corresponding to some extension
uu’, and (Y, X') is a losing position for Eve, then we can construct a single counterexample word for
every candidate SCC. Given that for every successor SCC Y’ of Y there is v' € Z(R|X )N Z(T|Y’'),
we can concatenate multiple copies of v’ together. If we make the number of copies large enough,
such a string cannot be repaired by our transducer with a bounded number of edit operations, which
yields a contradiction.

Before turning to the proof of the above theorem, it is convenient to establish two preliminary
lemmas, which will be also reused in other proofs (e.g., in the proof of Proposition 2.4.4). For the

sake of brevity, given an NFA (resp., DFA) A, a SCC X of it, and a state ¢ € X, we denote by A, X
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the NFA (resp., the DFA) obtained from the subautomaton A4|X by letting ¢ be the unique initial
state (recall that the final states of A|X are all the states in X).

Lemma 2.3.4. Let R be an NFA, let T be a DFA, and let X and Y be some SCCs of R and T,
respectively. We have that

L(RIX)c L(TIY) iff 3qe X, reY. L(R,X)c L(TY).

Proof. Let R = (X,Q,E,1,q0,F) and T = (A,Q’,¢', ¢}, F'). We first prove the right-to-left im-
plication. Suppose that Z(R|,X) ¢ Z(T|Y) for some states ¢ € X and r € Y. Let u be a
word in Z(R|X). Since ¢ € X and X is a SCC, we know that there is a word ug € ¥* such that
uy u € Z(R|gX). Since Z(R|,X) € Z(T|Y), the same word ug u belongs also to the language
Z(T|Y). In particular, this shows that u e Z(T|Y).

We now prove the contrapositive of the left-to-right implication by assuming that £ (R|,X) ¢
ZL(T|Y) for all g € X and all r € Y and deriving ZL(R|X) ¢ L(T|Y). Let Y = {r1,...,rn}. We
first prove, by exploiting an induction on ¢ < n, that there is a word u; that belongs to .Z(R|X) but
not to £ (T, Y) for all indices 1 < j <4. The base case i = 1 is trivial. As for the inductive case, we
assume that the claim holds for i < n and we prove it for ¢ + 1. Let u; be the word obtained from
the inductive hypothesis such that u; € Z(R|X) \ Z(T|,,Y) for all 1 < j <i. Moreover, let rj,; be
the state reached by T from r;,; after parsing the word w;, that is, v, = 8" (ris1,us). If 7, ¢Y,
then the claim follows trivially. It remains to consider the case r;,; € Y. Let p; and ¢; be two states
in X such that p; “5 ;. We know from the original assumption that £ (R, X) ¢ £(Tl,, Y). In

particular, we know that there is a word v;+1 € Z(R|g, X) N L (T Y). This shows that the word

i1 = u; V41 belongs to the language £ (R|X), but not to the language Z(T]

ri,Y'). Finally, since

Y is a SCC, it follows that u;,; does not belong to any of the languages .Z(7T,,Y") either, for all

1 < j <4, and this concludes the proof. O

Lemma 2.3.5. Let R and T be two DFA and let X and Y be some SCCs of R and T, respectively.
We have that

Z(RIX)cZ(T|Y) implies VgeX.AreY. L(R|,X)cL(T|Y).

Proof. Let R = (2,Q,0,q0, F) and T = (A,Q', ', ¢}, F') be two DFA, let X and Y be two SCC of R
and T, respectively, such that .Z(R|X) ¢ Z(T]Y), and ¢ be a state in X. We know from Lemma
2.3.4 that there exist two states p € X and p’ € Y such that Z(R|,X) ¢ Z(T|,Y). Moreover,
since all states in X are reachable from each other, there is a word u such that d(p,u) = ¢. Since
Z(RIX) ¢ Z(T|Y), we know that the state r = §(p,u) belongs to Y. Finally, for every word
ve Z(R|,X), we have u v € Z(R|,X) and hence, since L (R[,X) ¢ L(T|yY), uve L(T|,yY),
whence v e Z(T|.Y). This shows that £ (R|,X) ¢ Z(T|.Y). O
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Proof of Theorem 2.5.5. Let R = (X,Q,9,q0,F) and T = (A,Q’,¢',r¢, F') be two DFA and let Gr 1
be the arena obtained from R and T as described above. Below, we prove first the implication from

2. to 1. and then the implication from 1. to 2.

Suppose that Eve has a winning strategy in the reachability game over Gr 7. Since reachability
games are positionally determined, Eve’s strategy can be described by a partial function® ¢ that
maps a node of the form (Y, X), with X € dag(R) and Y ¢ dag*(T), to a successor g(V,X) =
(X,Y") (if there is any) in the arena Gg 7. We can use Eve’s winning strategy ¢ to construct a
real-time sub-sequential 0-lookahead transducer Z that implements a streaming repair strategy for
Z(R) and Z(T) having uniformly bounded aggregate cost. Intuitively, the transducer Z works
as follows. While parsing the input word u from the restriction language .Z(R) and emitting a
corresponding word v, the transducer Z mimics, at the same time, the transitions of both R and
T. Each time the restriction automaton R exits the current SCC X and enters a new SCC X', a
corresponding move (X,Y) A% (Y, X') for Adam is identified; accordingly, on the basis of Eve’s
response ¢(Y, X') = (X',Y") (recall that Eve’s strategy was assumed to be winning), the transducer
Z outputs a suitable word that makes the target automaton 7 move from the SCC Y to the SCC
Y’ (the new state in Y’ can be determined using Lemma 2.3.5 since we have Z(R|X") ¢ L (R[Y")).

The formal definition of the transducer Z is a bit more technical due to the treatment of some
special cases. First of all, we can assume, without loss of generality, that the initial state gg of R has
no entering transitions (we can always enforce this condition by introducing duplicate states). Then,
we let Xy be the SCC of g in R, Yy be the SCC of the initial state ro of T, g(Y¥p, Xo) = (Xo,Y1)
be target node in the arena Gg 7 for the first move of the player Eve (recall that ¢ is the winning
strategy of Eve), and r; be some arbitrary state in Y7 such that Z(R|sXo) € Z(T|, Y1) (note
that Z(R|Xo) € Z(R|Y1) and hence, by Lemma 2.3.5, such a state r; must exist). Accordingly,
we define vy to be the shortest word such that ¢'(rp,vg) = 71 (note that since (Yp,Y7) is an edge
in dag”(7T), the state r; is reachable from the state ). Intuitively, the word vg is the first prefix
emitted by the transducer Z at the beginning of the computation (it should be now clear why we
assumed that the initial state g¢o of R has no entering transitions). We are finally ready to define

the transducer Z = (X, A, Z, K, 29,Q):
e Z=QxQ%

. for every state z = (q,7) € Z and every symbol a € X, k(s,a) = (v,2'), where 2z’ =

(6(q,a),d'(r,v)) and v is the word over A defined as follows

1. if both states ¢ and d(q,a) belong to the same SCC of R, then we let v be either the

input symbol a or the word vy - a, depending on whether q # gy or q = qp;

IThe reason for the strategy function g to be partial is that some positions in the arena Gr,7 may have no
SUCCESSOrs.
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2. otherwise, if the states ¢ and §(q, a) belong to different SCCs, we denote by X’ the SCC
of the state §(¢,a) in R, by Y the SCC of the state r in T, by (X', Y’) the response
g9(Y,X') given by Eve’s winning strategy, by r’ some arbitrary state in Y’ such that
Z(RlsqayX") € Z(T|»Y") (we know from the containment Z(R|X') ¢ Z(R|Y’) and
from Lemma 2.3.5 that such a state v’ exists), and by v’ the shortest word such that
8 (r,v") =" (note that since (Y,Y”) is an edge in dag®(7T), the state r’ is reachable from
the state r); accordingly, we let v be either the word v' or the word vy v’, depending on

whether g # g9 or q = qqo;

° 20 = (QOJ”O);

. for every state z = (q,r) € Z, Q(z) is the shortest word v € A* such that §(r,v) € F’ (note
that the existence of such a word v is guaranteed by the assumption that every state of 7 can

reach some final state).

Using arguments similar to those used in the proof of Theorem 2.3.1 (e.g., by associating with each
successful run of R a corresponding path 7 in dag(R) and a covering path 7 in dag*(7") induced
by Eve’s winning strategy), one can show that the transducer Z maps any word u € Z(R) to a
word Z(u) € Z(T). Moreover, by construction, the output produced at each transition of Z can be
different from the input symbol only if Z is at the beginning of the computation, at the end of the
computation, or if the current SCC of the automaton R has just changed; in each of these cases,
the length of the produced output does not exceed the number of states in 7. This shows that the
the aggregate cost of Z on input u € Z(R) is at most (1 +|dag(R)|)-|T] and hence

o8ty ookahead (£ (R), Z(T)) < (1+]dag(R)[)-[T].

We now prove the implication from 1. to 2.. More specific, we assume that Z = (X, A, Z, k, 20, Q)
is a transducer with k-lookahead that implements a repair strategy for Z(R) and .Z(7) with cost
uniformly bounded by a natural number N and we construct from this a winning strategy for Eve.
More precisely, we shall specify Eve’s moves ¢g(Y, X) on those nodes (Y, X) in Gz 7, with X e dag(R)

and Y e dag”(T), for which there exist some words ux,u’y € ©* and vy € A* such that
° 0(qo,ux uy)eX,

° 8" (ro,vy) €Y,

o k(z0,ux) = (vy,2") for some 2’ € Z.

We call these nodes reachable. On the remaining (unreachable) nodes, we let the function g be
unspecified. As a preliminary remark, we observe that from the definition of the arena Gr  and

from the above properties, the domain of the function ¢ is closed under the ancestor relation. In
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other words, if g(Y,X) is defined and (Y”, X") is an ancestor of (Y, X) in Gg 7, then g(Y’, X') is
defined as well. Below, we define the moves g(Y, X) by exploiting an induction on the distance of
the SCC X from the root of dag(R), which is the SCC of the initial state go of R.

Let us consider a reachable node (Y,X) in the arena Gg 7. Since (Y,X) is reachable, we
know that there exist some words uy,u’y € ¥* and vy € A* such that (i) 6(go,ux uyx) € X,
(ii) &'(rp,vy) € Y, and (iii) k(z0,ux) = (vy,z’) for some 2’ € Z. For the sake of brevity, we let
q = 6(qo,ux uy). We claim that there is a SCC Y’ that is a successor of Y in dag*(7) (possibly
Y'" =Y) such that Z(R|X) ¢ Z(T|Y"). Indeed, suppose, by way of contradiction that this is not
the case. Let Y7,...,Y) be all the the descendants of Y, topologically ordered according to their

accessibility relation (hence Y7 =Y"). Using arguments similar to those used in the proof of Theorem

2.3.1, we can recursively construct a sequence of words wug,u1,u}, ..., up,u; over ¥ such that
w; uf . ; .
. p = pisarun of R on u; u; for all 1 <i<h,

o u; ¢ L(T|Y;) for all 1 <i < h.
In particular, the first property implies that the word

)N+1 ;L)N+1

ux u'y (up uj oo (up u

is a prefix of some word u in the language Z(R) (recall the assumption that all states in R can
reach some final states). Moreover, since u contains N +1 occurrences of the subwords w1, ..., u, and
since Z implements a repair strategy with cost uniformly bounded by N, we have that the words
uq,...,up, must occur at least once, and in this particular order, as subwords of Z(u) (observe
that having a transducer with k-lookahead does not help here). However, since vy is a prefix of
Z(u), 0(ro,vy) €Y, and u; ¢ Z(T[Y;) for all 1 <i < h, we have that Z(u) can not belong to the
target language Z(7T), which is against the assumption that Z implements a repair strategy for
Z(R) and Z(T). We must conclude that there is a SCC Y’ that is a successor of Y in dag™(7)
and that satisfies £ (R|X) ¢ Z(T|Y'). Accordingly, we define Eve’s move on node (Y, X) to be
g(Y,X) = (X,Y’) (note that this is a valid move in the arena Gr 7).

Turning to the proof of the main theorem, we argue that the above defined strategy g for Eve is

winning. This is equivalent to proving that for every partial play of the form
(Yo, Xo) B (Xo,v7) Adam . Adam (v, X))

that follows Eve’s strategy g, Eve is able to respond with an appropriate move, namely, g is defined
on the node (Y, X,,). In fact, to prove this property it is sufficient to show that the node (Y, X,,)
is reachable and this can be easily verified by exploiting an induction on n and the definition of the
strategy g given above. We thus conclude that Eve has a winning strategy for the reachability game

on Gr, 1. O
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Quite surprisingly, the above proof also shows that the bounded repair problem in the streaming
setting is not sensitive to the notions of transducer with/without lookahead and to the models of

aggregate/edit cost. Specifically, from the proof of Theorem 2.3.3 we derive the following corollary.

Corollary 2.3.6. Given two DFA R and T, there exists a streaming strategy with some lookahead
that repairs £ (R) into L (T) with uniformly bounded edit cost iff there exists a streaming strategy
without lookahead (i.e. 0-lookahead) that repairs £ (R) into ZL(T) with edit cost bounded by (1 +
|dag(R)]) - [T

2.4 Complexity analysis

In this section we analyse the complexity of the bounded repair problem and the threshold problem.
We distinguish, in both cases, between the non-streaming and streaming settings and between NFA-
and DFA-based specifications of regular languages. We will also consider special cases where the
restriction or the target languages are fixed, and when the restriction language is universal (i.e.
no restriction). Throughout this section we also assume some familiarity with complexity theory

(see [Pap94] for a survey in computational complexity theory).

2.4.1 The bounded repair problem in the non-streaming case

NFA vs NFA. Theorem 2.3.1 leads straightforwardly to a PSPACE algorithm that solves the
bounded repair problem between two NFA R and 7 in the non-streaming setting: the algorithm
first guesses universally [CKS81, Pap94] a path 7 = X;..X}, in dag(R), then it guesses existen-
tially [CKS81, Pap94] a path 7 = Y7...Y}, of the same length in dag*(7), and finally it checks the
containment of the sub-automaton R|X; in the sub-automaton T|Y; for all indices 1 < i < n. To-
gether with the PSPACE lower bound proven later in Corollary 2.4.10 (which deals with the case of

a universal restriction language), we obtain:

Corollary 2.4.1. The bounded repair problem in the non-streaming case, where both the restriction

and target languages are specified by NFA, is PSPACE-complete.

NFA vs DFA. The same characterization result can be used to solve the problem when the
restriction language is specified by an NFA and the target language is specified by a DFA. In this
case, we can take advantage of the determinism to show that the problem turns out to be coNP-

complete:

Theorem 2.4.2. The bounded repair problem in the non-streaming case, where the restriction lan-
guage is specified by an NFA and the target language is specified by a DFA, is in coNP and it is
coNP-hard already for languages specified by DFA.

25



Before turning to the proof of the theorem, we establish the following complexity result for the

coverability problem:

Lemma 2.4.3. Given two NFA R and T and a path 7 = X1... Xy in dag(R), the problem of
deciding whether w is covered by some path in dag*(T) is in PTIME with an oracle for deciding
containment between the languages of the form L (R|X;) and ZL(T|Y), where Y is a SCC of T.

Proof. The basic idea for checking whether the path 7 is covered by some path in dag*(7) is
to incrementally process larger and larger prefixes of m while keeping the frontier of the paths in
dag”(T) that cover these prefixes. Algorithm 2.4.1 below show the pseudo-code for an algorithm

that implements this idea.

Algorithm 2.4.1: PATHCOVERABILITY(R, T, =)

let 7T=X1...Xk
let dag*(7T)=(V',E")
Feg
for all Y e V’
d {if CHECKCONTAINMENT(R, T, X1, Y)
then F < Fu{Y}
for i <2 to k
F' «F
F<g
do {for all Y/ ¢ F/ and (Y',D) ¢ E’
d {if CHECKCONTAINMENT(R, T, X;, Y)
then F « Fu{D}
return (F # @)

Note that the pseudo-code uses CHECKCONTAINMENT(R, T, X;, D) as an oracle for deciding
containment between the languages Z(R|X;) and Z(T|Y). The proof of the correctness of the
algorithm is straightforward, based on the following invariant: at each iteration of the loop on i, the
set F' contains a SCC Y of T iff there is a path 7 = Y7 ...Y; in dag™(7T), with Y; = Y, that covers
m; = X7 ...X;. Clearly the described procedure runs in polynomial time with respect to the size of

the input NFA R and 7. O

Proof of Theorem 2.4.2. We first prove the complexity upper bound. Let R be an NFA and T be a
DFA. Thanks to Theorem 2.3.1, deciding whether cost(-Z(R),.Z(T)) < co amounts at first guessing
universally a path 7 in dag(R) (this can be done in coNP) and then checking whether 7 is covered
by some path in dag* (7). By Lemma 2.4.3, this can be done in PTIME using an oracle for deciding
the containment of languages recognized by SCCs of R and T .

What remains to be done is to show that containment of a language .2 (R|X) inside a language
Z(T|Y), where X (resp., Y) is a SCC of R (resp., T), is decidable in PTIME, even if the successful
runs can start from arbitrary states in T]Y. For this we use Lemma 2.3.4, which reduces the

containment problem Z(R|X) ¢ Z(T]Y) to a containment problem between a non-deterministic
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sub-automaton of R (i.e., R|,X for some ¢ € X) and a deterministic sub-automaton of 7 (i.e., T|,Y
for some r € Y). Since deterministic automata can be easily complemented, the latter containment
problem can be decided in polynomial time by reducing to an emptiness problem involving the
intersection of two automata (i.e., R|,X and the complement of 7|.Y).

Putting everything together, we have that the bounded repair problem in the non-streaming
case, where the restriction language is given by an NFA and the target language is given by a DFA,

is in coNP.

We now prove the lower bound, which follows from a reduction from the validity problem for
propositional formulas in disjunctive normal form (i.e., the dual of the SAT problem [Pap94]). The
general idea is to encode in the restriction language all the possible valuations for the propositional
variables and then restrict the target language to consist only of encodings of valuations that satisfy
at least one clause of the formula. We further allow some redundancy in the encodings of the
valuations in order to forbid the repair strategy from modifying the encoded valuations.

We consider a set X = {x1,..., 2} of propositional variables and we denote by L = {z1,...,z;}U
{=21,...,~x} the corresponding set of literals. For the sake of brevity, we identify ——-z; with z;.
A valuation for the variables in X can be viewed as a subset V' of L such that, for every literal [ € L,
we have [ € V iff =l ¢ V. Let us consider a formula in disjunctive normal form

v =V A L
1<i<m 1<j<h;
with I; ; € L for every pair of indices 1 <7 <m and 1 < j < h;. Below, we describe suitable restriction
and target languages R and T such that R can be repaired into T with uniformly bounded cost iff
¢ is valid, namely, if for every valuation V, there is an index 1 <4 <m such that [;1,...,li s, € V.

We define the restriction language over the alphabet ¥ = L to be:

R =% ({z1} v {=20}") (e} v =) oo (o)™ u {-an}).

Note that it is easy to construct a DFA R that recognizes R and that has size polynomial in
the number of variables used by . Similarly, we define the target language over the alphabet
A={ay,...,an}t UL to be:
T =% U {ai} (D~ {=lia, ooy =lin )™
1<i<m

Again, it is easy to construct a DFA T that recognizes T and that has size linear in the number of
clauses of ¢ and in the number of its variables.

We verify that R can be repaired into 7" with uniformly bounded cost iff ¢ is valid. For the
right-to-left implication, suppose that ¢ is valid and let v be a word in R. Clearly, u is of the
form (Iy...01) (la...la) ... (lg...lx), with {; € {x;,—~z;} for all 1 <7 < k. Such a word encodes

the valuation V,, = {ly,la,...,lx}. Moreover, since @ is valid, there is an index 1 < i < m such
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that l;1,...,0;n, € V. The repair strategy f for R and T could then map the word u to the word
f(u) = a; u, which clearly belongs to T. As for the converse implication, we assume that ¢ is not
valid. This means that there is a valuation V = {ly,la,...,lx}, with [; € {z;,-x;} for all 1 <4 <k,
such that for every index 1 <i <m, there is an index 1 < j < h; satisfying I; ; ¢ V. We then consider
the family of words u,, = (I1)™ (I2)" ... (Ix)". We know that for every 1 <i < m, thereis 1 <j < h;
such that the edit distance between the sub-word (-l; ;)™ of w, and any word in the sub-language
T;={a;} (L~{=l;1, ..., =lin, })* of T is at least n. This shows that any repair strategy of R into
T has unbounded cost. O

Fixed restriction or target. We briefly outline some parameterized complexity results. Quite
surprisingly, if we fix either the restriction language or the target language, then the bounded repair
problem in the non-streaming case becomes tractable.

We first consider the case where the restriction automaton is fixed and the target automaton
is a DFA provided as input to the problem. Using arguments similar to the previous coNP upper
bound (Theorem 2.4.2), one can show that the bounded repair problem between a fixed restriction

language and the target language recognized by a given DFA is in PTIME.

Proposition 2.4.4. Let R be a fixed restriction language. The problem of deciding, given a DFA
T, whether cost(R, . Z(T)) < o is in PTIME.

Proof. The proof is similar to the part of the proof of Theorem 2.4.2 related to the coNP upper
bound. Let R be a fixed restriction language and let R be a DFA that recognizes R. Moreover,
let 7 be a given DFA recognizing the target language T. From Theorem 2.3.1, deciding whether
cost(R,Z(T)) < co amounts at checking that every path « in dag(R) is covered by some path in
dag”(T). In virtue of Lemma 2.4.3 and Lemma 2.3.4, coverability of a given path in dag(R) by
paths in dag*(7) can be decided in PTIME. Since the number of paths in dag(R) is fixed, this

shows that the problem in decidable in polynomial time. O

It is more difficult to show that the bounded repair problem is tractable when we fix the target
automaton. In this case, instead of guessing a path 7 in dag(R) and then checking whether 7 is
covered by some path in dag*(7), we perform a top-down visit of dag(R) and compute, for each
SCC X of R, the set of all SCCs Y of T such that there exist a path 7 in dag(R) that ends in X
and a path 7 in dag”(7) that ends in Y and covers 7.

Proposition 2.4.5. Let T be a fixed target language. The problem of deciding, given an NFA R,
whether cost(Z(R),T) < oo is in PTIME.

Proof. The polynomial-time solution to the bounded repair problem under a fixed target language

T = 2(T) uses a dynamic programming approach and the characterization of Theorem 2.3.1 (hence

28



it is similar to the proof of Theorem 2.4.2). However, instead of guessing a path 7 in dag(R)
and then checking whether 7 is covered by some path 7’ in dag®(7), we directly compute a set
representing all instances of the coverability relation. More precisely, we compute the set P of all
pairs of the form (X, F'), where X is a SCC of the NFA R and F = {Y,...,Y,} is a set of SCCs of
the DFA T, for which there is a path 7 in dag(R) that ends in X and that is covered by n different
paths 71,...,7, in dag”(7T), with each 7; ending in Y;. We call such a path 7 a witness of the pair
(X, F). Notice that each pair (X, F') is representing a tuple (X, F, 7, 71,...,Ts), but we are blurring
all these tuples by using (X, F') in order to have only polynomially many elements in P. Clearly,
if F'# @ for all pairs (X, F') € P, then we know that every path 7 in dag(R) is covered by some
path in dag”(7) (otherwise, since R is trimmed, we know that there is a path 7 in dag(R) that
witnesses a pair (X, @) and hence 7 is not covered by any path in dag*(7)). The pairs (X, F') of
the set P can be recursively computed by exploiting an induction on the length of the witnessing

paths. Algorithm 2.4.2 below implements such an idea.

Algorithm 2.4.2: ALLPATHSCOVERABILITY(R, T)

let dag(R)=(V,E)

let dag*(7T)=(V',E")

Py

for all X eV

F<g

for all Y e V’

do do if CHECKCONTAINMENT(R, T, X, Y)

then FF <« Fu{Y}

P« Pu{(X,F)}

for k < 2 to |V]|

for all (X,F)eP and (X,X')eFE
Flg
for all Y e F and (Y,Y') e E/

do do if CHECKCONTAINMENT(R, T, X', Y')
then F/ < F/u{Y’}

P—Pu{(X',F')}

return (V (X,F)e P. F + @)

do

The proof that the algorithm is correct, namely, that it terminates successfully iff every path 7
in dag(R) is covered by some path in dag”(7), relies on the following invariant: at each iteration
of the loop on k, the set P contains all pairs (X, F') that are witnessed by a path = in dag(R)
of length at most k. Moreover, we observe that every instruction used in the pseudo-code of the
algorithm (including the calls to the subroutine CHECKCONTAINMENT(R, 7, X, Y')) requires time
polynomial in the size of the arguments (recall, for instance, Lemma 2.3.4). Finally, since the set P
has size at most |R| x 27l and T is fixed, we conclude that the algorithm runs in polynomial time

with respect to the size of R. O
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2.4.2 The bounded repair problem in the streaming case

DFA vs DFA. The characterization of Theorem 2.3.3 shows that the problem of deciding the
existence of a streaming repair strategy with uniformly bounded (aggregate or edit) cost for two
languages specified by DFA R and T amounts at solving a reachability game over a suitable (acyclic)
arena Gg 7. In particular, we observe that the arena Gg 7 can be computed from R and 7 in
polynomial time, and that checking containment of languages recognized by SCCs of automata is in

PTIME. This shows that the bounded repair problem for DFA in the streaming case is in PTIME:

Corollary 2.4.6. The bounded repair problem in the streaming case, where the restriction and target

languages are specified by DFA, is in PTIME.

NFA vs NFA. Of course, the problem becomes more difficult when the languages are specified by
NFA. In this case we are not able to provide tight complexity bounds, and we only claim that the
complexity of the bounded repair problem for NFA in the streaming setting is between PSPACE
and EXPTIME. The lower bound will follow from Corollary 2.4.10 below and the upper bound from
the standard subset construction on NFA (see [HUT9] for a survey):

Corollary 2.4.7. The bounded repair problem in the streaming case, where the restriction and target

languages are specified by NFA, is in EXPTIME and it is PSPACE-hard.

DFA vs NFA. Here we analyze the complexity of the bounded repair problem in the streaming
setting where one of the two input automata is a DFA and the other is an NFA. In these cases, we

can improve the upper bounds from EXPTIME (Corollary 2.4.7) to PSPACE:

Theorem 2.4.8. The bounded repair problem in the streaming case, where the restriction language
is specified by a DFA and the target language is specified by an NFA, is PSPACE-complete.
The bounded repair problem in the streaming case, where the restriction language is specified by an

NFA and the target language is specified by a DFA, is in PSPACE.

Proof. In both scenarios, we make use of the characterization Theorem 2.3.3.

We first deal with the case where the restriction language is given by a DFA R and the target
language is given by an NFA 7. As a preliminary remark, observe that, in this case, PSPACE-
hardness will follow again from Corollary 2.4.10 (below). As for the PSPACE upper bound, we denote
by det(7") the DFA obtained from 7 by applying the standard subset construction (see [HU79] for
more details), and we recall that, by Theorem 2.3.3, there is a streaming repair strategy for £ (R)
and Z(T) (= Z(det(T))) of uniformly bounded aggregate/edit cost iff Eve wins the reachability
game over the arena Gr qe¢(7)- The crucial observation is that the longest collection of moves of

Adam in the arena Gg ge¢(7) is linear in the size of dag(R). This implies that the length of any play
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is at most | dag(R)| and hence we can simulate the reachability game over Gg ge¢(7) by an alternating
polynomial-time procedure [Pap94]. More precisely, we can keep track of the configuration of the
reachability game by maintaining the current SCC X of R and (a symbolic representation of) the
current SCC Y of det(7) (note that a SCC of det(7) can be specified by a single state of det(7)
or, equivalently, by a set of states of 7). At each round of the reachability game, we need to check a
language containment Z(R|X) ¢ Z(det(7)|Y): this can be done using the characterization given
in Lemma 2.3.5 and a PSPACE subroutine based on symbolic reachability analysis. What we have
described is an alternating polynomial-time procedure that simulates the reachability game over
GRr det(T) using a PSPACE subroutine for language containment. Overall, the resulting complexity

is in PSPACE.

We now turn to the case where the restriction language is given by an NFA R and the target
language is given by a DFA 7. As in the previous proof, we have to simulate the reachability game
over the arena Gqer(r),7 that results from the main characterization result. However, we cannot
obtain a polynomial bound on the length of the plays since dag(det(R)) has potentially exponential
height. The idea here is that it is possible to modify the definition of the arena Guey(r),7 (and
thus the resulting reachability game) by allowing Adam to move down the graph dag(det(R)) using
shortcuts, namely, by allowing Adam to move from any SCC of det(R) to some descendant of it
(rather than simply a successor of it). On the one hand, allowing this freedom in the new reachability
game clearly makes it easier for Adam to win. On the other hand, if Adam wins in the modified
arena, then he can also win in the original arena via longer plays. We now argue that, if Adam wins
the modified reachability game, then he can do so with a polynomial number of moves. Indeed, a
winning strategy of Adam consists in pushing Eve towards a sink node; this however can be done
in at most n rounds, where n is the height of the DAG of SCCs of T, by properly choosing shortcut
moves. The above arguments show that the two versions of the reachability games are equivalent
and, furthermore, one can bound the length of the plays to a polynomial in the size of the DFA T.
Therefore, the bounded repair problem for Z(R) and Z(7) in the streaming setting can be solved
by an alternating polynomial-time procedure similar to the one described above. This shows that

the problem is in PSPACE. O

2.4.3 The bounded repair problem in the unrestricted case

We now consider the unrestricted case of the bounded repair problem, namely, the case where the
restriction language is assumed to be X* and the target language T is specified by a finite state
automaton.

The following result adapts the characterization theorems presented in Section 2.3 to give a
necessary and sufficient condition for bounded repairability in the unrestricted case. This result,

which can be viewed as a special case of both Theorem 2.3.1 and Theorem 2.3.3, also shows that
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there is no difference between the non-streaming and the streaming settings when the restriction

language is universal.

Corollary 2.4.9. Given an alphabet 3 and an NFA T, the following conditions are equivalent:
1. cost(Z*, Z(T)) < o0

2. there exists a SCCY of T such that ¥* ¢ Z(T|Y),

3. costg®& o 4(EZ*.Z(T))<2T|.

Using the above characterization, one can easily devise an NLOGSPACE algorithm that solves
the bounded repair problem for DFA in the unrestricted (streaming or non-streaming) case. Indeed,
if the target automaton 7 is a DFA and Y is a component of T, then we have X* ¢ Z(T|Y) iff
for every symbol a € ¥ and every state r € Y, T contains a transition of the form (r,a,r’), with
r’ € Y. Checking this property amounts to performing a standard NLOGSPACE reachability analysis
over T. Conversely, NLOGSPACE-hardness follows from the fact that the emptiness problem for
DFA is reducible to the bounded repair problem: given a DFA A over an alphabet X, we have that
Z(A) + @ iff ¥* is repairable into .Z(A") with uniformly bounded cost, where A’ is a DFA that
recognizes the language ¥* - Z(A) and that can be constructed from A in logarithmic space.

In a similar way, one can show that the bounded repair problem for NFA in the unrestricted
case is PSPACE-complete. This follows from Corollary 2.4.9 and from suitable reductions to/from
the universality problem for NFA [SM73]. Indeed, checking whether a target NFA 7 has a SCC
Y such that ¥* ¢ Z(T|Y) is equivalent to the problem of deciding whether ¥* is repairable into
Z(T) with uniformly bounded cost, and it is clearly reducible to the universality problem for NFA.
As for the PSPACE-hardness, we observe that a given NFA A recognizes the universal language >*
iff (X u{#})* is repairable into (Z(A) - {#})* with uniformly bounded cost and # ¢ X. Notice
that a finite automaton A’ recognizing the language (Z(A)-{#})* can be computed in linear time
from A.

We thus conclude the following:

Corollary 2.4.10. The bounded repair problem in the unrestricted case, where the target language

is specified by a DFA (resp., NFA) is NLOGSPACE-complete (resp., PSPACE-complete).

Another consequence of Corollary 2.4.9 is the following. Suppose that a target language T is
recognized by a DFA T that is complete over the target alphabet A, namely, for every symbol a € A
and every state r of T, 7 contains a transition from r labeled by a (here we do not assume that 7
is trimmed). Let us consider a restriction alphabet 3 contained in A and suppose that ¥* is not
repairable into 7" with uniformly bounded cost. Let us consider a SCC Y of T that is reachable from

the initial state and terminal, namely, with no outgoing edges. We know that Y does not contain any
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final state (otherwise, ¥ would be a final SCC and hence, by Corollary 2.4.9, cost(¥X*, . £(7T)) < o0).
In this case, however, the same component Y in the complement DFA TC would be final and hence

¥* would be repairable into Z(7C) (= A* \ T) with uniformly bounded cost. This shows that:

Corollary 2.4.11. Given an alphabet ¥ and a regular language T € A", with ¥ € A, then either
cost(X*,T) < oo or cost(X*, A*\T) < oo.

2.4.4 The threshold problem in the non-streaming case

We now consider the problem of calculating the exact repair cost in the non-streaming setting. If the
restriction and target languages are specified by DFA, then we know from Theorem 2.4.2 that we can
decide in coNP whether the worst-case repair cost is finite or infinite. Furthermore, Theorem 2.3.1
tells us that if the cost is finite it must be bounded by a polynomial in the input size. Thus, to
determine the exact repair cost in the case where it is finite, it suffices to test whether the cost
is above or below a given threshold v in unary, since then we can try every number v below the
polynomial bound. Perhaps surprising, this problem is harder than the bounded repair problem,

although still within polynomial space:

Theorem 2.4.12. The problem of determining whether cost(R,T) < v, given two languages R and
T specified by DFA and given a number v, is PSPACE-complete. The same holds when R and T are
specified by NFA.

Proof. We first give the upper bound, assuming that R and T are recognized by some NFA R
and 7. First, we recall that, by Theorem 2.3.1, we have either cost(R,T) < (1 + |dag(R)|) - |T]
or cost(R,T) = co. Thus, without loss of generality, we can assume that the threshold v ¢ N
is represented in unary notation. We can then construct in polynomial time an NFA R, that

recognizes the language
R, =% (W' e A" : JueR. dist(u,u') <v}.
The automaton R, is defined by a suitable ‘juxtaposition’ of v + 1 disjoint copies of R:
. the states of R, are the pairs (g,7), where ¢ is a state of R and 0 <i < v;
° the transitions of R, are the triples ((q7 i),b, (qﬂj)) that satisfy one of the following conditions

1. i=j,beX, and (g,b,q¢') is a transition of R,
2. i<j,beA,and ¢=¢,
3. i<j,beA, and there is a transition (¢,a,q") of R, with a € ¥,

4. i<j,beX, and there are two transitions (q,a,q”) and (¢”,a’,q") of R, with a,a’ ¢ ¥ and
be{a,a'};
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. the initial (resp., final) states of R, are the pairs (¢,%), where ¢ is an initial (resp., final) state

of Rand 0<i <.

Note that the automaton R, can be constructed in polynomial time from R and v when v is
represented in unary. Moreover, R, accepts all and only the words that are at distance at most v

from some words in R, and hence .£(R,) = R,. Finally, it is easy to see that
cost(R,T) <v iff  R,cT.

This reduces the threshold problem cost(R,T) < v to a containment problem between languages

recognized by NFA, which is known to be in PSPACE [SM73].

We now discuss the PSPACE lower bound, which holds even for languages specified by DFA. It
is via reduction from the problem of tiling a corridor of polynomial width (and unbounded height).
An instance of the latter problem is given by a number n (i.e., the width of the corridor, represented
in unary notation), a set S of available tiles, some sets H,V ¢ S x S of vertical and horizontal
constraints, and two tiles ¢, and ¢; for the bottom and top rows. A tiling of height N (for an
instance I = (n,S,H,V,t,,tr)) is a mapping g from the pairs (i,5) € [1,N] x [1,n] to the tiles in
S such that g(1,7) =t, and g(N,j) = ¢; for all 1 < 57 < n. We say that the tiling g satisfies the

constraints of I if
L. (g(i,5),g(i,j+1))eH forall 1<i<N and all 1< j <n,
2. (9(i,4),9(i+1,j)) eV forall 1<i<N and all 1 <j<n.

The corridor tiling problem is the problem of deciding, given a tiling instance I = (n, S, H,V,t,,t1),
whether there is a tiling g of some height N > 1 that satisfies the constraints in I. It is known (see,
for instance, [Boa97]) that this problem is PSPACE-complete.

Hereafter, we fix an instance I = (n,S, H,V,t,,t;) of the corridor tiling problem and a threshold
v > 1 (note that for v = 0 the threshold problem becomes a containment problem between DFA,
which is clearly solvable in PTIME). Moreover, we assume that the threshold v is represented in
unary notation (clearly this does not make the threshold problem more difficult). Below, we reduce
the corridor tiling problem for the instance I to a threshold problem for two DFA R and 7.

We let the restriction alphabet 3 consist of pairs of the form (t,j), where ¢ is a tile from S and
j is a number in {1,...,n}. The restriction language R contains “(v + 1)-redundant” encodings of

tilings, namely, words of the form

(g(1,1), )" .. (g(1,n),n)"" ... (g(N, 1), 1) . (g(N,n),n)"*

where N is a positive natural number and g: [1, N] x [1,n] = S is a tiling of height N that satisfies

the horizontal constraints and the constraints on the bottom and top rows (but possibly not the
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vertical constraints). We claim that the above language is recognized by a DFA R of size polynomial
in I and in v: indeed, the automaton R needs to check that the input word is well-formed, which
requires enforcing the horizontal constraints and the initial and final tile requirements (which clearly
can be done with a fixed number of states) and counting up to v + 1 and n (which clearly can be
done with a number of states linear in v and n).

We now turn to the definition of the target language. Its alphabet A contains all symbols of the
restriction alphabet ¥ plus marked symbols (¢,7), with ¢ € S and 1 < j7 < n. The marked symbols

(t,7) are used to highlight a violation of the vertical constraints in such a way that it becomes easy

for an automaton to certify it. Intuitively, a violation of a vertical constraint is certified on a word

v € A* when v contains a marked symbol of the form (¢, j) at some position x and a symbol (t', 5),

with (¢,¢") ¢ V, at position z + (v + 1) - n (this would imply that the tile ¢’ is adjacent to ¢ along the
vertical axis). More precisely, the target language is defined as follows:
T _def U o (t,j) (t,j)y 2(1/+1)-(n71) <t/,j) <t,,j>u n*

(t,t")¢V
1<j<n (v + 1)+ n positions

It is easy to construct a DFA T of size polynomial in |I| and v that recognizes the language T

We now argue that there there is a repair strategy for R into T with cost uniformly bounded by
v iff every tiling g : [1, N] x [1,n] - S violates the constraints in I. On the one hand, suppose that
every tiling g : [1,N] x [1,n] = S violates the constraints in I. Let us consider a word u € R of the

form
(g(1,1), )" . (g(1,n),m)" L (g(N,1),1)"" . {g(N,n),n)"*

where g is a tiling of [1, N] x [1,n] — S. From the previous assumptions, we know that g violates
the vertical constraints in I. This implies that there are 1 < ¢ < N and 1 < j < n such that
(9(i,5),9(i+1,7)) ¢ V, and hence there are two positions z (= j+ (i-1)-(v+1)-n) and 2+ (v+1)-n
(=j+@GE-1)-(v+1)-n+(v+1)-n) in u that contain the symbols (g(i,5),7) and (g(i+1,7),7),
respectively. Marking the first of these two occurrences (i.e., replacing the symbol (g(i,7),J) at
position x with the symbol (g(%,7),5)) will bring us into the target language T. This shows that
there is a repair strategy for R and T with worst-case cost at most 1 (< v).

On the other hand, suppose that there is a tiling g : [1, N]x[1,n] — S that satisfies the constraints

in I. Let u be the corresponding word:

(g(1,1), )" ... (g(1,n),n)"" ... (g(N,1),1)"*" ... (g(N,n),n)"*".

Clearly, u belongs to the restriction language R. We claim that no matter how we repair u by at most
v edits, the resulting sequence will not belong to the target language T'. Consider a word v produced
by such an edit. If there are no occurrences of marked symbols in v, then v cannot belong to T,

and similarly if there are more than one occurrence of a marked symbol. Suppose that v contains
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exactly one occurrence of a marked symbol, say v[z] = (¢, ), and let v[z+ (v + 1) -n] = (¢, j'). We

distinguish between the following cases:

1. w[z+i]#(t,7) for some 1 <i<v,

2. j#jorvfz+(w+1)-n+i]=(t, ') for some 1 <i<v,

3. j=jandv[x+i]={(tj)and v[x+(v+1)-n+i]=(t,j) forall 1 <i<w.

In the first two cases, v cannot belong to 7. In the third case, since v was obtained from u by

applying at most v edit operations, we know that u contains a sub-string of the form
<t,j)u+1 E(V+1)-(n—1) (t,,j)y+1.

Since u is an encoding of a valid tiling g, we have that (¢,¢") € V. This shows again that v cannot

belong to the target language T O

2.4.5 The threshold problem in the streaming case

For the streaming setting, if we consider 0-lookahead repair strategies with aggregate cost, the
threshold problem becomes solvable in polynomial time (hence it is as difficult as the bounded
repair problem). Indeed, one can easily reduce this threshold problem to a reachability game over
a suitable arena that is constructed in polynomial time from the restriction and target DFA R and
T and from the threshold v. It follows from this reduction that one can efficiently compute in
polynomial time a streaming repair strategy for R and 7 whose aggregate cost does not exceed the

threshold v.

Theorem 2.4.13. The problem of determining whether costg®y (R, T) < v, given two languages

R and T specified by DFA and given a numbers v, is in PTIME.

aggr

o kahead (B, T) < v, then one can compute in polynomial time a streaming 0-

Moreover, if cost

lookahead repair strategy for R and T that has aggregate cost at most v.

Proof. Let R =(3,Q,0,q0,F) and T = (A,Q", 6,10, F") be two DFA, let R and T be the recognized
languages, and let v be the threshold for the aggregate cost. As a preliminary remark, we observe
that, without loss of generality, we can assume that v is represented in unary: indeed, we know from
Theorem 2.3.3 and Corollary 2.3.6 that either there is a streaming repair strategy for R and T with
aggregate cost uniformly bounded by (1+|dag(R)|)-|7]| (i-e., a polynomial in the size of R and T),
or all streaming repair strategies for R and T have unbounded aggregate cost.

We define a reachability game over an arena Gy - that characterizes the threshold problem for
R and 7 in the streaming case. The nodes of the arena are the pairs (¢,r,¢) and (g,r,¢,a), with
ge @, reR, ce{0,...,v}, and a € 3¥. The former nodes are owned by Adam (i.e., the player

entitled to emit a word in the restriction language) and the latter nodes are owned by Eve (i.e.,
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the player entitled to repair the given word into the target language). The arena G 7 has an edge
(q,7,¢) = (q',r,¢c,a)if 6(q,a) =¢', and it has an edge (q,7r,¢c,a) — (q,r',c") if r' is reachable from
rin T and ¢ = ¢+ min{dist(a,v) : ve L(T. )} (provided that ¢/ <v). Adam plays first, starting
from the node (go,70,0). The player who cannot move loses. Infinite plays, which are feasible in
this type of game, are won by Eve.

Now, we show that Eve has a winning strategy in G  iff there is a streaming 0-lookahead
repair strategy for R and T with aggregate cost at most v. Easily, assume that Eve has a strategy
J for winning the reachability game over G 7. Without loss of generality, we can assume that the
strategy f is positional. It is then easy to construct, using Eve’s positional strategy f, a transducer
Z with at most |Q]-|Q’|- (v + 1) states that repairs R into T' with aggregate cost costz® (R,T) < v.
For the other direction, suppose that there is a transducer Z = (3, A, Z, k, z0,{2) that repairs every
word from R into 7 with aggregate cost less than or equal to v. It is straightforward to define a
winning strategy for Eve using the transducer Z. Indeed, we only need to maintain the current
state s of Z and move from each node (q,7,¢,a) to a successor node (g¢,r’,c") such that r' = 6(r,v),
¢ = c+dist(a,v), and k(z,a) = (v,2").

aggr

To conclude the proof we need show that, assuming cost)>  ..head

R,T) < v, one can compute
in polynomial time a streaming 0-lookahead repair strategy for R and 7T that has aggregate cost
at most v. However, this follows immediately from the fact that (i) given the arena Gz - whose
reachability game is won by Eve, one can construct in polynomial time a winning positional strategy

f for Eve, and (ii) using Eve’s winning strategy f, one can construct in polynomial time a repair

strategy Z for R and T such that cost®¥®' (R, T’) < v (for this we use again the above arguments). [

Note that in the above result we deal with the model of aggregate cost, which is very different the
model of edit cost (the main characterization result, however, shows that one is uniformly bounded
iff the other is). We do not know if finding the exact edit cost for two languages specified by DFA
is even tractable. Similarly, we do not know whether the threshold problem for streaming repair

strategies with k-lookahead is tractable, where the parameter k is represented in binary.

2.5 Connections to distance automata and games

Both non-streaming and streaming repair problems correspond to special cases of prior problems
studied in automata and games. The non-streaming bounded repair problem corresponds to the
limitedness problem for distance automata, while the streaming variant corresponds to energy games.
We explain the correspondences in detail now. In each case, however, we find that the results for

the more general framework do not give tight complexity bounds.

Non-streaming repairs and distance automata. Intuitively, a distance automaton is a

transducer D that receives as input a finite word u and outputs a corresponding cost D(u) in

37



N* = Nu{oo}. Formally, a distance automaton is a transducer of the form D = (X,Q, FE, I, F),
where Y is the input alphabet, () is a finite set of states, F € @ x ¥ x N* x () is the transition
relation, and I, F : Q — N* are the initial and final cost functions. The cost D(u) on input
w=ai...a, €5* is obtained by taking the minimum among the costs of the runs of D on u, where
the cost of a run ¢q a/s q azfgzan/gn qn is defined as I(qo) + ¥iv; ¢i + F(gqn). We let D(u) = oo
if D admits no successful run on w.

The main problem that has been studied for distance automata is the limitedness problem,
which consists of deciding whether the cost function computed by a given distance automaton D
is uniformly bounded on all words u € 3* with cost D(u) < oco. This problem was shown decidable
by Hashigushi [Has90] and later in [LP04] was shown to be PSPACE-complete. Distance automata
have been related to edit-distance problems in several prior works — see Section 2.6 for further
discussion of the connections. Here we note only a simple reduction of the bounded repair problem
to limitedness.

Given two NFA R = (X,Q,E,I,F) and T = (A,Q',E',I',F'), one can construct a distance
automaton D that computes the cost of repairing any word from Z(R) into a word from Z(T).
First of all, one associates with each symbol a € ¥ a matrix M(a) whose entries M (a)[p,q] are
indexed over the pairs of states p,q of 7 and give the minimum edit-distance between the symbol
a and a word v € A* such that 7 can move from p to ¢ consuming v (if ¢ is not reachable from p,
then one simply lets M (a)[p,q] = o0). One then defines the distance automaton D as the quadruple
(2,Q x Q' EM M FM) where EM is the set of all transitions of the form ((p,p’),a,c, (q,q')),
with a € 2, (p,a,q) € E, and ¢ = M(a)[p’,q']. The initial cost function I of D is defined by letting
I™(p') be the length of the minimum word that can be parsed by 7 when moving from an initial
state to the state p’ (if no such word exist, then I (p’) = o0). Similarly, F™(p) is defined to be
the length of the minimum word that can be parsed by 7 when moving from the state p to a final
state (or oo if no such word exists). It is easy to see that the cost function computed by D maps
a word u € .Z(R) to the cost of an optimal non-streaming repair of u into .£ (7). Moreover, the
distance automaton D has size polynomial in the size of R and 7. This reduces the bounded repair
problem for NFA in the non-streaming case to the limitedness problem for distance automata (see
Section 3.2 in Chapter 3 for more details of this construction). Combining this reduction with the
PSPACE upper bound for the limitedness problem, we see that the bounded repair problem for NFA
is in PSPACE.

The same reduction technique can be applied to solve the bounded repair problem for DFA. In this
case, however, the resulting complexity bound is not optimal: the bounded repair problem for DFA is
in fact in coNP (cf. Theorem 2.4.2). Roughly speaking, the reason why the bounded repair problem
for DFA is easier than the limitedness problem for distance automata is that the distance automata

emerging from bounded repair problems have a more restricted structure (specifically, they are
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deterministic on the 0-cost moves). In addition to not giving tight bounds, approaches via distance
automata give less insight into the problems. We invite the reader, for example, to compare the
PSPACE upper bound that we derive from our characterization of bounded repairability, Theorem

2.3.1, with the PSPACE upper bound given in [LP04].

Streaming repairs and energy games. Just as non-streaming repair problems can be seen
within the framework of distance automata, bounded repair problems in the streaming setting are
special cases of games on graphs with quantitative objectives. An interesting family of such games is
that of energy games studied in [CDAHS03], which are played on finite weighted arenas. The game
is played between an energy player, who wants to keep the running sum of the weights (i.e. the
energy) always positive, and her opponent. A variant of energy games allows the parameterization
by an initial credit of energy; the higher the credit the more possibility for the energy player to win.

It is well known that the problem of determining whether there is a finite initial credit so that
the energy player has a winning strategy is in NP n coNP [CD12], but the exact complexity is still
unknown. Furthermore, this problem can be solved in time polynomial in the size of the arena and
the largest weight in absolute value. As a matter of fact, the latter complexity result implies that
energy games can be solved in polynomial time with respect to the size of the arena, provided that
the weights are represented in unary.

One can easily reduce the bounded repair problem in the streaming setting, under the aggregate
cost model for languages recognized by DFA, to the finite initial credit problem for energy games.
Informally, the choice of the opponent in the energy game corresponds to the letters emitted by
the restriction, while the edits correspond to choices of the energy player. More formally, we have
a node in the arena for each pair of states of the restriction DFA R and of the target DFA T —
call this node a Restriction Player Node. We also have a node for each combination of restriction
state, target state, and letter played — call this a Target Player Node. The former represents the
pair of states reached by the restriction and target automata after parsing the unedited and edited
words, respectively; the latter adds the last letter emitted by the restriction. There is an edge of
weight 0 going from a Restriction Player Node (p,p’) to any Target Player Node (g,p’,a) whenever
(p,a,q) is a valid transition of R. Similarly, there is an edge of weight —c going from a Target
Player Node (g,p’,a) to a Restriction Player Node (q,q’) whenever there is a word v at distance
¢ from a (i.e. dist(a,v) = ¢) such that 7 can move from p’ to ¢’ consuming v. Clearly, the energy
player wins the game using some initial credit of energy if and only if the cost of repairing .Z(R)
into .Z(T) is uniformly bounded. Note that this reduction provides a PTIME upper bound on the
complexity of the bounded streaming repair problem for DFA, given that the size of the resulting
arena is polynomial in the size of the restriction and target DFA and, moreover, the weights are

bounded by the size of the target DFA.

39



R T Fixed DFA NFA
Universal | LOGSPACE | NLOGSPACE | PSPACE
Fixed Const PTIME PSPACE
DFA PTIME coNP PSPACE
NFA PTIME coNP PSPACE

Table 2.1: Bounded repair problem in the non-streaming case

Our characterization result (see Theorem 2.3.3) gives analogous (tight) complexity bounds for
bounded repairability languages recognized by DFA and, moreover, it proves that the bounded repair
problem in the streaming setting is not sensitive to the models of aggregate/edit cost. They also
provide tight bounds for special cases of the problem, which cannot naturally be captured in the
setting of energy games. It is also worth mentioning that the repair strategy that arises from our
characterization result can be seen as a special case of the notion of good-for-energy strategy, which
is introduced in [CD12] to solve energy parity games.

Despite the connections mentioned above, many concepts and problems concerning repair do not
have natural analogs in the game setting, and vice versa. For instance, in the game setting one could
allow lookahead for one player, but it is not as natural as in the repair setting. Moreover, while the
aggregate cost metric fits the game setting naturally, our usual cost function does not. Conversely,
the binary weights that are allowed in the game setting have no natural analog in the context of
edits. Our characterization finally allows us to easily isolated special cases of lower complexity that

are not easily seen from the embedding into energy games.

2.6 Conclusions

In this chapter we have investigated the problem of repairing documents between different regular
specifications. We gave a characterization of those pairs of regular languages such that one can repair
any string in the first language to a string in the second, using a uniformly bounded number of edits
and repair processors that either read the entire string offline and then edit, or have the form of
sequential real-time transducers. We then used the characterizations to provide complexity bounds
for the considered bounded repair problems. These complexity bounds are summarized in Table 2.1
and Table 2.2 — in the non-streaming setting the bounds are tight (indicated by a single class), while
in the streaming setting we have several gaps (where a cell gives lower and upper bounds). We omit
the corresponding table for computing the exact cost: in the case of non-streaming repair we can
derive tight bounds in all cases, and also in the case of streaming repair for aggregate cost. In the

latter case we also know the complexity of computing the optimal streaming repair processor.
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R T Fixed DFA NFA
Universal LOGSPACE NLOGSPACE PSPACE
Fixed Const PTIME PSPACE
DFA PTIME PTIME PSPACE
NFA PTIME-PSPACE | PTIME-PSPACE | PSPACE-EXPTIME

Table 2.2: Bounded repair problem in the streaming case

Our characterizations of bounded repairability (Theorem 2.3.1 and 2.3.3) strongly use the fact
that languages are positively defined by a specification (in our setting by traces of an NFA). It would
be interesting to study the bounded repair problem when the restriction or target languages are
given by finite automata with universal transitions or, more general, by alternating finite automata
[BL80, CKS81]. In both cases, it is not clear how to extend our characterization to these classes of

specifications and how to derive tight complexity bounds. We left this as an open problem.

Related Work. The problem of finding the minimal distance of a string to a regular language was
first considered by Wagner in [Wag74], who showed that the problem could be solved by adapting
the dynamic programming approach, giving a polynomial time algorithm. Several authors have
extended the definition to deal with distances between languages. Mohri [Moh03] defines a distance
function between two languages, and more generally between string distributions: in the case of
languages, this is the minimum distance between two strings in the two respective languages, which
is appropriate for many applications. Konstantinidis [Kon07] focuses on the minimum distance
between distinct strings within the same language, giving tractable algorithms for computing it.
Our notion of “distance” is quite distinct from this, since it is asymmetric in the two languages,
focusing on the maximum of the distance of a string in one language to the other language.

Grahne and Thomo [GT04] consider a related problem of “approximate containment” of regular
expressions. Expressions are evaluated with respect to an edge-labeled graph and are given a nu-
merical semantics by a “distortion”, a generalization of the notion of edit distance. Approximate
containment of 77 and 75 means, roughly speaking, that for every input graph R and every word w
generated by R, the distance to target T} is bounded by the distance to T5. Grahne and Thomo also
study “k-containment” (distance to Ty is at most k more than T3) and “approximate-containment”
(k-containment for some k), relying primarily on a reduction to the limitedness problem for distance
automata. Their problem differs in several fundamental respects from ours: they are interested in
bounding the difference over all words, not just the worst-case; in addition, they quantify over all
restrictions (databases, in their terminology).

An entire line of research in XML data management has dealt with comparisons and matching

algorithms between schema languages. Many of these lift edit distance between trees to the level
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of schemas (i.e. languages) — see, for example, [DR02]. However, in those cases the lifting is done
by looking at the syntactic structure of the schema description, rather than at the instance level
(distance between documents in each schema).

Property testing [AKNSO01, Fis01, FMDR10] is a new line of research that studies restricted
randomized algorithms for model-checking problems. Specifically, for a property L and an integer
e they want to study whether there exists a randomized algorithm (called e-tester) which always
accepts a structure w if w satisfies L and rejects it with high probability (namely, with probability
strictly greater than 1/2) if w has to be modified in at least € - |w| to satisfy L. Furthermore, the
randomized algorithm is restricted to query at most O(1/e) positions of w. In the particular case
when L is a regular language and w is a string, an e-tester always accepts when w € L and rejects
with high probability when dist(w, L) > € |w|. This last problem over regular languages was studied
in [AKNSO1] where a first e-tester was proposed. One can easy note that the existence of an e-tester
is different from the bounded repair problem. However, some connections can be done between both
problems. For example, if ¥* is bounded repairable into L (with L ¢ ¥*) then this trivially implies
that every e-tester never rejects with high probability for words w with length greater than 2-|.A|/e
where A is a finite automata that accepts L. Just notice that dist(w,L) < 2-|A| whenever X% is
bounded repairable into L (Corollary 2.4.9). Thus, if an e-tester wants to reject with high probability
when dist(w, L) > € |wl|, then w has to satisfy |w| < 2-|A|/e which is only fulfilled by a finite number
of words in L. This implies that if ¥* is bounded repairable into L then L is trivially e-testable for
every € > 0. We think that this connection with the bounded repair problem is of special interest if

property testing wants to be used in practice.
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Chapter 3

Asymptotic repairing of strings

In the previous chapter, we considered the basic question of whether one can get from a string in
R to a string in T" with a finite, uniformly bounded number of edits. Such a bound, when it exists,
shows that the language R is “quite close to being a subset of 7”7 — the gap between strings in R
and strings in 7T is small. However, having a uniform bound on the number of edits is a strong
requirement. In this chapter we look not at the absolute number of edits required to get from R to
T, but rather at the percentage of letters that need to be edited. More specific, we measure the gap
from a restriction language R to a target language T' via the worst case, over all strings u € R, of the
number of edits needed to bring u into T' divided by the length of u. Since we want the definition
to be robust to a finite number of outliers, we take the limit of this quantity as the strings are of
larger and larger length — this is the asymptotic repair cost in getting from R to T'. This gives us a
measure of the distortion needed to get from R to T, lying always between 0 and 1.

In Chapter 2 we have given algorithms for determining when the absolute cost of repairing R into
T is uniformly bounded. Similarly, the main result of this chapter is an algorithm that computes
the asymptotic cost of repairing R into T. The techniques used for the asymptotic cost analysis
relies on the connection of this problem with the theory of distance automata [Sim88] (presented in
Section 2.5), and in particular on an application of determinization of distance automata, closely
related to Mohri’s determinization procedure [Moh97].

Similarly to the bounded repair problem, we also study the asymptotic repair cost in the setting
where every repair is required to be done in streaming fashion, producing the edits immediately
on seeing the input letter. We measure a streaming repair processor by the number of edits per
character it requires to get from any string in R to a string in 7', again looking at the limit as the
string length gets large. We accordingly define the streaming asymptotic cost to be the optimal cost
of a streaming processor. Interestingly, we show that this quantity can also be calculated effectively,
using techniques from mean-payoff games.

This chapter is structured as follows: in Section 3.1 we define the basic problem, namely, the

asymptotic repair cost between two regular languages. Then in Section 3.2 we study the problem
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of computing the asymptotic cost in the non-streaming case, while in Section 3.3 we deal with the
streaming case. Towards the end of the chapter (Section 3.4), we give some concluding remarks and

related work.

3.1 Asymptotic repair cost

In the previous chapter, we study the pairs (R, T') of regular languages for which there exist a repair
strategy f whose absolute cost is finite and uniformly bounded (see Section 2.1 for the definition of
regular languages and regular specifications). Since the worst case of this is often infinite, we will not
always concern with the absolute cost of repairing a word. Instead, we consider a notion of repair
cost between words that looks at the percentage of symbols in a word that need to be edited. More
precisely, given a repair strategy f for R and T' and given a word u € R, we define the normalized
cost of f on u as the ratio between the cost of f on u and the length of u (see Section 2.2 for the
definition of repair strategy and cost(u, f)):

_der <Ost(u, f)
[ul

ncost(u, f)
In order to measure the asymptotic behavior of the normalized cost, we define the asymptotic cost
of f as the limit superior of the normalized cost when the length of words in the restriction language
tends to infinity:

n—00

acost(R, f) =9°" lim sup ncost(u, f).
ueR

[ulzn
Accordingly, we define the asymptotic repair cost acost(R,T) for two languages R and T as the
minimum of acost(R, f) taken over all repair strategies f for R and T. Note that acost(R,T) can

be equally defined by

dist
acost(R,T) = lim sup min w
n—ooo L. veT |u|
[u|>n

Example 6. Consider the languages R = (a+b)* and T = (ab)*. Roughly, for any pair of consecutive
occurrences of the letter a in the input, we will have to perform one edit in order to ensure alternation
in the output. In particular, the number of edits required to get from a string in R to a string in
T is unbounded. On the other hand, it is clear that, in the worst case (i.e., a®), one needs to edit
approxzimately half of the letters in order to produce a string in T — this shows that the asymptotic

repair cost is equal to 3 (i.e. acost(R,T) =1).

Remark 1. It is easy to see that the asymptotic repair cost acost(R,T) of any pair of languages
ranges over the interval [0,1] of the real numbers. Indeed, for large words in the restriction language
R, one can modify and delete the letters to create shorter words in the target language T, and thus

the resulting editing cost is always less than the length of the input word.
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Ideally, we are interested in computing the asymptotic cost acost(R,T') for any pair of regular
languages R and T, provided that this number is rational. We will indeed show that this is the case

and describe a procedure that computes the asymptotic cost.

Streaming vs non-streaming. Similar to the bounded repair problem, we also study the
asymptotic cost restricted to a streaming setting. We will mainly focus on the model of aggregate
cost (see Section 2.2), as for the model of edit cost we do not have any interesting result. Formally,
we define the asymptotic (normalized aggregate) cost of a k-lookahead streaming strategy Z for R

and 7', as

cost? (u
acostZ¥ (R, T) =4t Jim  sup costy (v)
N0 yeR |ul
lul>n

where cost#® () is defined above. Similarly, we define the asymptotic k-lookahead streaming cost of
R and T, denoted acost?® | (R, T), as the infimum of acost®* (R, T') taken over all k-lookahead
streaming repair strategies Z for R and T'.

We remark that, a priori, the infimum in the previous definition cannot be replaced by a min-
imum: it is conceivable that the asymptotic aggregate costs of the k-lookahead streaming repair

strategies for R and T are arbitrary close to acost;®§ . (R,T), but never achieve this value.

Example 7. Consider again the languages R = (a +b)* and T = (ab)* of Fxample 6 and re-

call that acost(R,T) = % We show that the asymptotic 0-lookahead streaming aggregate cost
acostot | eaq(R,T) is higher than the asymptotic cost in the nonstreaming case. Suppose that
Z is a 0-lookahead streaming repair strategy for R and T. One can inductively construct arbitrarily

long words u, = ay as ... ap € R such that if

is a partial Tun of Z on u,, then each next letter a, is equal to the last letter of the prefix
vy Vg ... Up_1 of the output of Z (if viva...v,_1 is empty, then a, can be chosen arbitrarily).
It is easy to see that the aggregate cost induced by the run of Z on wu, is at least n — 1, whence
acostg® (R, T) =1. However, if we consider the model of edit cost (see Section 2.2), then we

have acostet 1 2q(R,T) = % (in fact, any streaming strategy for R and T achieves this asymptotic

edit cost).

Observe that, in general, the k-lookahead streaming asymptotic cost acost;®5 (R, T') asso-

ciated with two languages R and T is a non-increasing function of the lookahead parameter k € N

and it is bounded from below by the non-streaming asymptotic cost acost(R,T').
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3.2 Asymptotic cost in the non-streaming case

In this section, we study the problem of computing the asymptotic cost in the non-streaming setting.
We begin by recalling some background on distance automata, which will play a key role in the main

characterization result.

3.2.1 Distance automata computing the edit cost

Distance automata were informally introduced in Section 2.5. There, it was shown the construction
of a distance automaton Dg 7 that computes the cost of repairing any string in .Z(R) into .Z(T)
for any two NFAs R and 7. Given that Dg 7 is one of the main building blocks of our algorithm,
we give here the formal definition of distance automata and also the formal construction of D 7
already presented in Section 2.5.

A distance automaton is a tuple D = (3,Q,E,I,F), where @ is a finite set of states, E ¢
QxX xNx(Q is a finite transition relation, I and F' are some initial and final conditions described by
partial functions from @ to N and representing the costs of beginning and ending a run with certain

states. A run of D on a word u € X.* is a sequence

7= (qualaclvql) (q15a27027q2) (qn—laanacnaqn)

of pairwise adjacent transitions in E (i.e. p; = p;+1 for each pair of consecutive transitions
(piyai,ciyp;) and (piv1, @ir1,Civ1, Phy1)) that spell the input word w = ayas...a,. The cost of the
run v is naturally defined by

def
cost(y) =2 > .. Ci-

We denote by D(u) the minimum value I(qg) + cost(vy) + F'(g,) among all states go in the domain
dom(T) of I, all states ¢, in the domain dom(F') of F', and all runs v of D on u that start in ¢gg and
end in ¢,. We let D(u) = oo if there are no such states qo and ¢y, or if there is no run from ¢g to g,.

When considering the edit distance of a word u € ¥* to a regular language T' € A*, it is fairly
natural to express this value in terms of the cost computed by a distance automaton. By default, we
assume that the target language T is recognized by an NFA T = (A,Q,E, I, F). Given two states
p,q of T, we let T, , be the NFA obtained from 7 by letting p be the new initial state and ¢ the
new unique final state. The distance automaton that computes the edit distance of a word u € X*

to the target language .Z(T) is defined as D = (2, Q, B4, [edit, Fedit) " where

. Eet is the set of all transitions of the form (p,a,c,q), with p,q € Q, a € ¥, q reachable from p
in 7, and ¢ = min {dist(a,v) D veE 3(7;7(1)},

T4t is the partial function that maps a state g € Q to the minimum among the values dist(e, v),
with v € Uper £(Tp.q) (if ¢ is not reachable from some initial state of 7, then I°%*(q) is

undefined),
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o Fedit is the partial function that maps a state p € Q to the minimum among the values dist(e, v),

with v € Uyer -Z(Tp,q) (if p cannot reach a final state of T, then F*%*(p) is undefined).

One can easily show that D%E“t computes exactly the edit distance of a word u € ¥* to the regular

language .Z(T):
Proposition 3.2.1. For every word u € ¥*, we have
D (y) = min  dist(u,v).
T (u) Ueglﬂl(r%’) ist(u,v)

Proof. Let T = (A,Q, E,I,F) be an NFA and let D = (5, Q, B4, 1°4, Fedit) be the corresponding
distance automaton, as defined above. For this proof, it is convenient to introduce the notion of
locally optimal run. We say that a run v = (q1,a1,¢1,92) ... (qn,an,Cn, qn+1) of D%E“t is locally
optimal if it has the minimum cost among all runs of D%E“t on the same word u = a; ...a, that start
in ¢; and end in g,1. Note that there can exist several locally optimal runs on the same word u with
different costs (and, of course, with different beginning and ending states). We have the following

characterization of the minimum cost:

Claim 1. For every word u € ¥* and every locally optimal run vy of D%git on u that starts in p and
ends in q, we have that

cost(y) = min ) dist(u,v).

vel (Tp,q

Proof. The proof of the above claim is by induction on the length of the word u. If u = ¢, then the

claim follows easily. As for the inductive step, let us assume that the claim holds for v and let us
prove it for w a, with a € 3. Let «y be a locally optimal run of D%ﬁm on u a that starts in p and ends

in q. Moreover, for every state r € @, let ~y,. be a locally optimal run of D%git on u from p to r. Since
v is locally optimal, we have that its cost is the minimum among the cost of a run ~,, with r € @,
plus the cost of an a-labeled transition from r to g. From the inductive hypothesis, we have that

cost(v;) :vegrr%iﬂp ) dist(u,v).
o

This shows that

cost(y) = (r,a,g,lql)riEedi‘ cost(v,) + ¢

= min min  dist(u,v) +c.
(ra,c,q)e Bt veZ(Tp,r)
We now look at the definition of the transition relation Ed. Tt contains all quadruples (r,a,c,q)

such that ¢ = min {dist(a, w) : we .,?(Tr)q)}. This shows that

min  min min  dist(u,v) + dist(a, w)
reQ vel(Tp,r) weZ(Trq)

= min dist(u a, v w).
vweZL(Tp,q)

cost(y)
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To complete the proof of the proposition, it is sufficient to recall that for every word u € X%,
Dt () is the minimum among the values cost(7y) + I**(p) + F¥t(q), for all states p € dom (1)
and ¢ € dom(F*4") and all (locally optimal) runs + of D" on v that start from p and end in q. We
also recall that I°%*(p) = min {dist(e,v) : p' eI, ve L(Typ)} and F*4*(q) = min {dist(e,v) : ¢ €

F, ve .Z(’ﬁlqr)} This implies that D2 (u) is the minimum among the values:
dist(e, vr) + dist(u,v) + dist(e,vp) = dist(u, v; v vF),

where vr € Uper £ (T p), v € L(Tpq)s vF € Uper Z(Tq.q), (hence vy v vp € £(T)), and p,q € Q.
This concludes the proof of the proposition. O

3.2.2 Shortcut property and determinizable components

Distance automata of the form D%Eﬁt are a proper sub-class of all distance automata. In particular,

they satisfy the shortcut property, formalized just below. Given a symbol a € ¥ and two states p, ¢
of a distance automaton D, we write p -%» ¢ to denote the existence in D of a transition (p,a,c,q)

with some cost ¢ € N.

Definition 3.2.2. A distance automaton D satisfies the shortcut property if for all symbols a,b

and all states p,q,r, p % q -2 r implies p % r and p -2 .
Lemma 3.2.3. For every DFA T, ’D%‘—“t satisfies the shortcut property.

Proof. The proof follows almost immediately from the definition of D%E“t. Let us consider two

consecutive transitions (p,a,c,q) and (¢,b,¢',r) in D%ﬁjit. We know from the definition of the tran-

sition relation of D that there exist some words v € £(T,,) and w € £(T,,). It follows that

vwe Z(Tp,). Again from the definition of D%‘-ﬁt, we derive the existence of a transition (p,a,c”,r),
edit

for some ¢" < dist(a,v w). Similarly, it follows that (p,b,c”,r) is a transition in DF", for some

" < dist(b,v w). O

As with NFA, we call a strongly connected component (SCC) of a distance automaton D any
maximal set of mutually reachable states. Given a SCC X of D, we denote by D|X the sub-
automaton obtained from D by restricting the set of states and transitions to X and by letting the
initial and final conditions map any state of X to 0. Note that the transition graph of D|X is a
clique when D satisfies the shortcut property.

A crucial property entailed by the shortcut property is the following one. Consider two runs -y
and 7' of D|X that spell the same word u, but end in different states ¢ and ¢’. If v and 4" have
optimal cost among all runs on D|X on u that end in ¢ and ¢ respectively, then one can show that
the difference in cost between v and 4" is uniformly bounded by a constant. This implies that we can
determinize D|X by using a subset construction, maintaining the difference between the optimal cost

of reaching each state ¢ and the overall optimal cost (the same idea underlies Mohri’s determinization
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procedure [Moh97]). Since this difference is always uniformly bounded by a constant, we obtain a

finite state deterministic distance automaton:

Proposition 3.2.4. For every distance automaton D that satisfies the shortcut property and every

SCC X of D, the sub-automaton D|X can be determinized.

Proof. Let D = (3,Q,E,I,F) be a distance automaton satisfying the shortcut property and let X
be a SCC of it. As a preliminary remark, we observe that, by definition, D|X = (X, X, E',I', F'),
where E’ is obtained from E by restricting the set of states to X and I'(¢) = F'(q) =0 for all g € X.
Below, we consider runs of the distance automaton D|X on a given word « that end in a given state
g and have the minimum cost among all runs of the same type. We call these runs (u,q)-optimal
(note that these are similar to the locally optimal runs used in the proof of Proposition 3.2.1, with
the only exception that the starting state is not fixed). We also say that a run is u-optimal if it is
(u, q)-optimal for some state g € X.

The basic idea underlying the determinization of the sub-automaton D|X stems from the follow-

ing property:

Claim 1. Given a word u € ¥*, the costs of any two u-optimal runs of D|X differ for at most ¢max,

where Cmax 18 the mazimum cost that appears in the transitions of D|X.

Proof. Let us fix a word u = aj...a, and let us consider two u-optimal runs of the form ~ =

(q1,a1,¢1,92) - - (Gn, @n, Cnyqne1) and v = (q1,a1,¢1,45) .- (g, an, Chy gy ) of DIX on it. Observe
that the states ¢,+1 and ¢, belong to the same SCC X of D and, in particular, there exists v € £*
such that:

!/ v
n+1 — dn+l

where % denotes the natural extension of the transition relation -2 from symbols to words (i.e.,
p Y qgifv=candp=gq, orv=0-a, p-r r -2 q, for some v/ e T* and some r € X). Using a
basic induction on |v| and the shortcut property, one can prove that D contains a transition of the
form (q),, an,c”, qn+1), for some ¢ € {0,...,cmax}. This implies that the following is also a run of

D|X on u:

" :def (lﬁaalaclhqé) (qéaahcév(Ié) (Q;L—lvan—lvcllaQ;L) (Q;manaCHaqTHl)

Using the u-optimality of +/, we derive
cost(y') < cost(y”") < cost() + Cmax-
Using symmetric arguments, one derives the inequality cost(y) < cost(Y') + ¢max- O
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We now construct a deterministic distance automaton D’ that turns out to be equivalent to D|X.
Intuitively, D’ parses an input word u and it outputs the minimal cost of an u-optimal run, keeping
track, at the same time, of the differences between this cost and the costs of the (u,¢)-optimal runs,
for any g € X. These differences are called residual costs and, in view of the previous claim, are
uniformly bounded. We formally define the deterministic distance automaton D’ equivalent to D|X

as the tuple (%, Q’, 6,70, F'), where

° Q' is the set of vectors with entries indexed by states in X and values ranging over the finite
set {0,...,Cmax}, Where cmax is the maximum cost that appears in the transitions of D|X
(intuitively, these vectors represent the residual costs of (u,q)-locally optimal runs, for each

state ¢ € X and for some fixed word u);

. 0 is the partial function from Q' x X to Nx @’ defined by §(7,a) = (¢,7"), where ¢ = min {f[p] +
!

c : peX, (p,a,c’,q)eE} and r"[q]:min{f[p]+c'—c : pe X, (p,a,c’,q)eE} (if there is

no transition (p,a,c’,q) € E on input symbol a, then we let §(7,a) be undefined);
. To is the initial vector defined by 7[¢] = 0 for all ¢ € X;

° F' is the constant function that maps any vector 7 € Q' to 0 (note that there always exist g € X

for which the corresponding residual 7[¢] in 7 is 0).

We argue that D’ is equivalent to D|X, namely, D'(u) = D|X (u) for all u € X*. Let us consider a

word u = aj ...a,. By exploiting a simple induction on the length of u, one can prove that
° there is a run of D’ on wu if, and only if, there is a run of D|X on wu,

° if p=(71,a1,¢1,72) ... (Tn, Gn, Cn, Try1) is the (unique) run of D’ on u = ay ... a, (recall that D’
is deterministic), then, for every state ¢ € X, the cost of p augmented with the residual 7,,.1[¢]

is precisely the cost of a (u,g)-optimal run of D|X on u.

We omit the formal proof of these properties. To conclude the proof, it is sufficient to observe that
the second condition implies that the cost output by the deterministic distance automaton D’ on u

is precisely the cost output by D|X on u. O

The above result allows us to denote by det(D|X ) some deterministic distance automaton equiv-
alent to D|X, namely, det(D|X)(u) = D|X(u) for all uw € £*. The automaton det(D|X) can be
computed from D|X by a direct exponential-time algorithm [Moh97].

Example 8. Consider the distance automaton D of Figure 3.1, which computes the edit distance
of any word to the target language T = (ab+ b)* a*. As D satisfies the shortcut property and
consists of two SCCs X, and X, the two sub-automata D| X, and D|Xs can be turned into equivalent

deterministic distance automata det(D|X1) and det(D|X2), depicted to the right of Figure 3.1.
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b 1 al1,bjo al1,b/1
a al0,b]1
—> \_/8
b al1,b/0
a
bj0
al0,b|1

(ab+b)*-a*

al0, b1 [0 > a0t

Figure 3.1: A distance automaton with two SCCs and its determinized sub-automata.

We remark that the above result does not imply that the entire distance automaton D is deter-
minizable. Consider, for instance, a distance automaton D that computes the edit distance of a word
u to the target language T = a* +b*. This distance is given by the symmetric difference between the
number of occurrences of a and the number of occurrences of b and hence any deterministic device
that computes dist(u,.Z (7)) must use unbounded memory.

The above result also points out a subclass of distance automata (i.e. the component of a dis-
tance automaton satisfying the shortcut property) that is determinizable. This subclass of distance
automata cannot be derived from the known determinizable subclasses for which Mohri’s algorithm
terminates. These determinizable subclasses usually have to satisfy the so-called “twins property”
(see [Moh97] for a formal definition). Interestingly, one can find distance automata satisfying the
shortcut property which components do not satisfy the “twins property”. For example, one can
easily show that the component X; of Figure 3.1 satisfy the shortcut property but does not satisfy
the “twins property”.

3.2.3 Asymptotic cost in the unrestricted case

Thanks to Proposition 3.2.1 and Lemma 3.2.3, we can reduce the problem of computing the asymp-
totic repair cost acost(X*,.Z(7)) in the unrestricted case to the problem of computing the asymp-

totic cost of a distance automaton D satisfying the shortcut property:

D
acost(D) =% lim sup (u)
N0 ex* |’LL|
Ju|>n

This section is devoted to providing an effective characterization of the asymptotic cost acost(D)
that will imply that the value is rational and computable from D.
Before turning to the characterization, we prove that, in general, it is not possible to compute

the asymptotic cost acost(D) for an arbitrary distance automaton D:

Proposition 3.2.5. The problem of deciding, given an arbitrary distance automaton D, whether or

not acost(D) < 1 is undecidable.
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Proof. We use the undecidability of the %—threshold problem for normalized costs induced by distance

automata [Kro94], which consists of deciding, given a distance automaton D, whether DIS\U < % holds
for all words u € ¥*.

Let us consider a distance automaton D = (X,Q, E, I, F). We compute a variant of the Kleene
closure of D, denoted DJ,, by introducing a fresh symbol # ¢ 3 and by adding 0-cost #-labeled

transitions from all states p e dom(F') to all states ¢ € dom(7). The new automaton D}, satisfies the

following property:

VmeN.Vup,...,upeX”. Dy(ur# ... #um) = leiSmD(ui).

Clearly, this implies that acost(D}) > sup DISIL)' As for the converse inequality, we consider a
uex*
() ) D (u™)
family of words u(") = Uy F ... F Uy, of length precisely n such that lim ———— = acost(’D;;)
n—>o00 n
and we observe that
DL(™) _ Ticiem, D) D(u)
= ) < sup .
n Yicicm, |uz [+my, -1 uess  ul
D(u)

In particular, the above inequalities imply that acost(D}) = sup and hence they reduce

the %—threshold problem for D to the problem of deciding whetﬁeei aco|gc|(D;;) < % From previous
remarks about the undecidability of the %-threshold problem, it follows that it is not possible to
compute the asymptotic cost for generic distance automata.

It is also worth remarking that the reduction we have given above does not preserve the shortcut
property — indeed, the distance automaton D}, has a single SCC, which, in general, cannot be
determinized. This suggests the fact that, even though we can compute the asymptotic cost for the
sub-class of distance automata satisfying the shortcut property, the decidability of the analogous

%—threshold problem for the same sub-class cannot be immediately devised from that (we leave open

this problem). |

Next we explain how the shortcut property helps in computing the asymptotic cost. One can
show that the problem of computing acost(D) for a distance automaton D that is deterministic is
reducible to the problem of computing normalized costs of simple cycles. Formally, a simple cycle is
a run that is a cycle (i.e., that starts and ends in the same state) but that does not contain proper

sub-cycles. Tt is then easy to show that for a deterministic distance automaton D, acost(D) coincides

cost(L)

with the maximum of 7

among all simple cycles L of D, where cost(L) denotes the cost of the
simple cycle L and |L| its length (i.e., number of transitions in it). Thus by Proposition 3.2.4,
calculation with simple cycles suffices to compute the asymptotic cost of any distance automaton
satisfying the shortcut property and having a single SCC.

We now consider the more general case of a distance automaton D satisfying the shortcut property

and having many SCCs, say Xi,...,Xk. The situation in this case is slightly more complicated, as
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acost(D) cannot be expressed as a function of acost(D|X1),...,acost(D|X}). For this we define D as
the deterministic multi-distance automaton obtained from the synchronous product of det(D|X7),
..., det(D|X},) and we denote by Ly, ..., L, the simple cycles of D. Moreover, given 1 <i <m and
1 < j <k, we denote by cost;(L;) the cost of the projection of the simple cycle L; into the j-th
component of D. Assuming that D is trimmed, we can characterize the asymptotic cost of D as

follows:

Theorem 3.2.6. For every distance automaton D satisfying the shortcut property,

acost(D) = max _ min Y1<icm i - cost;j (L)
aram20 1<jsk  ¥igigm 0 - | Lil

(3.1)

where X1, ..., X are the SCCs of the distance automaton D, Ly,..., Ly, are the simple cycles of the
multi-distance automaton D = det(D|X1) x...xdet(D|X}), and cost;(L;) is the cost of the projection

of the simple cycle L; into the j-th component of D.

The idea underlying the above characterization is that the asymptotic cost acost(D) is achieved
by repetitions of simple cycles in D. Indeed, the parameters aq,...,a,, represent a correlation
between the numbers of repetitions of the various simple cycles, and the index j represents the SCC
of D that optimizes the normalized cost of these repetitions. Before turning to the proof of this

characterization, we illustrate its use by means of an example.

Example 9. Consider again the distance automaton D of Figure 3.1, with the two SCCs X1 and
Xs. The determinized sub-automaton det(D|X1) has four different simple cycles: one spelling aa
with cost 1, one spelling ab with cost 0, one spelling b with cost 0, and one spelling aab with cost 1.
Similarly, the determinized sub-automaton det(D|X2) has two simple cycles: one spelling a with
cost 0, and the other spelling b with cost 1. Hence (aa)™ is a family of words achieving a worst-case

asymptotic cost of lim 5= = % for the sub-automaton D| X1, and b™ is a family of words achieving a

2n s not a worst-

worst-case asymptotic cost of lim > = 1 for the sub-automaton D|Xz. However, a

case for D| Xy (as it can be repaired with asymptotic cost 0) and, symmetrically, b" is not a worst-case

for D|Xy. This means that the asymptotic cost for D is achieved by a suitable combination of both

families, namely, (aab)™ (note that the parameters agq =1 and ap = 1 mazimize Equation 3.1). This
1

gives the asymptotic cost acost(D) =lim 5= = =.

The proof of Theorem 3.2.6 consists of establishing two inequalities, which are given by
Lemma 3.2.8 and Lemma 3.2.9 below.

For the first inequality, we argue that all words can be approximated in cost by repetitions of
simple cycles, and that the cost of parsing these words is at most the cost of a “homogeneous run”,
i.e., a run lying entirely inside a single component of D. The first part of the proof relies on the
following property, which is also present in [EM79]. We state it in a graph-theoretic setting, in such

a way that it can be later reused in several proofs — for the moment, the reader can understand the
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graph G as the multi-distance automaton D and the path p in G as a run of D. Intuitively, this
property eases the calculation of the cost within a SCC X of a run p of D that does not show any

particular ‘cyclic’ structure.

Lemma 3.2.7 (Simple cycle decomposition [EM79]). Let G be a finite graph and let Ly, ..., Ly, be
all the simple cycles in it. Given a path p (i.e., a sequence of connected edges) in G, one can find a

partition the domain of p into (possibly non-convex) subsets Uy, Uy, ..., Uy, such that
1. |Uo| < K, where K is the number of vertices of G,
2. for all 1 <i<m, the sub-sequence p|U; is a repetition of L;.

Proof. We find the sets Uy, Uy, ...,U,, by exploiting an induction. At the beginning we define Ug o
to be the entire domain of the path p and Up; = @ for all 1 <i <'m. At each induction step on n € N,
we subtract a suitable convex subset V,, from U, o and we add it to one of the subsets U, ;, with
1 <i <m. More precisely, if |U, 0| < K, where K is the number of vertices of G, then we terminate
the induction with the current sets Uy, 0,Un 1,...,Unm. Otherwise, we continue the induction by
specifying the sets Un+1,0, Un+1,15 - -+, Un+1,m in terms of Uy o, Un 1, ..., Uy m as follows. We first
claim that there is an interval V,, contained in U, o for which the sub-sequence p|V,, is an occurrence
of a simple cycle L;, for some 1 <4 < m. Indeed, since the length of the sub-sequence p|U,, ¢ exceeds
the number K of states of G, we know that p|U, ¢ contains two repeated occurrences of the same
state, and hence a cycle L. In its turn, the cycle L must contain an occurrence of a simple cycle
among L1, ..., Ly, (this follows from the fact that the containment relation between cycles is a well-
founded partial order). We choose such an occurrence of the simple cycle L; in p|U,, o and we denote

by V;, the set of the positions in U, ¢ that carry the chosen occurrence. Accordingly, we define
o Uns1,0=UnoVa,

° Uni1,i=Upi0Vy,

° Up+1,ir = Up i for all indices 1 <4’ < m different from i.

If n is the last step of the induction, then we define U; = Uy, ; for all 0 <i < m. Note that we have
|Uo| = |Uno| < K. Moreover, it is easy to verify (e.g., by induction on n) that each sub-sequence
p|Un.i (and hence, in particular, the sub-sequence p|U;) is a repetition of the corresponding simple

cycle L;. This concludes the proof of the claim. O

Hereafter, for the sake of brevity, we tacitly assume that X7, ..., X are the SCCs of the distance

automaton D and L, ..., L,, are the simple cycles of the multi-distance automaton D = det(D|X) x

. x det(D|Xy). Moreover, we say that a run v = (qo,a1,¢1,q1) --- (@n-1,0n,Cn,qn) of D =
(3,Q,E,I,F) is accepting if it starts in a state gg € dom(I) and it ends in a state ¢, € dom(F").
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Lemma 3.2.8. For every distance automaton D satisfying the shortcut property,

i ; - cost; (L;
acost(D) < max  min Ligicm Vi (L)
aryam20 1<jsk P 0 - | Li

Proof. Let (u(”))neN be a family of words over the alphabet ¥ such that

D™
acost(D) = limsup |(12)|)
n—oco ulmn

D)
Without loss of generality, we can assume that the limit of the sequence %, for arbitrarily
large numbers n, exists, and hence it coincides with acost(D). Indeed, if this were not the case, we

could restrict ourselves to a proper sub-family (u(")) N of words, where N is a an infinite subset

ne
. D(u™ .
of the natural numbers, in such a way that the sequence &7@') converges for n ranging over N.

D(u(n))
]

Assuming that lim is defined will allow us to further restrict, if necessary, to sub-families of
n—>00
words without compromising the above equality. To prove the lemma, it is sufficient to find some

parameters ay, ..., ayy, > 0 that satisfy the following inequality:

5 D(ul™) - Liciem @i - cost; (L)
msup ——— < min .
n—oo |u(")| 1<j<k ZlSiS'HL Qg - |LZ|

(3.2)

Let us fix n € N and denote by p(") the (unique) accepting run of D on the word u(™, and by pgn)
the projection of it into the j-th component X, for any 1< j <k.

First, we compare the cost D(u(™) with the cost D|X;(u(™) for each SCC X;. Consider an
accepting run 7(”) of D on u{™ which starts in some state p and ends in some state ¢ and that
minimizes the value cost(7(™) + I(p) + F(q). Clearly, we have D(u(™) < cost(7(™) + Imax + Finax,
where Iax is the maximum value taken by the initial condition of D and Fjax is the maximum value
taken by the final condition of D. Now, consider a run 'yJ(n) of D|X; on the same word u(™ | but
entirely inside the SCC X, which starts in p’ and ends in ¢’ and that minimizes the relative cost.
Since the initial and final conditions of D|X; map every state to 0, we have D| X, (u(™) = cost('yj(-")).
Moreover, since D is trimmed, we know that p’ is reachable from p and ¢ is reachable from ¢’. Thus,
using the shortcut property, one can easily verify that cost(y(™)) < cost(’yJ(n)) + 2Cmax, Where cpay 1s
the maximum cost that appears in the transitions of D (the additive constant 2c¢max accounts for the

cost discount in considering a run of D|X; rather than a run of D). This shows that

D(u™) < cost(7(™) + Imax + Frax
<  min COSt(’Y(-n)) + 2Cmax + Tmax + Fimax
1<j<k J
= rnin D|XJ(U(n)) + 2Cmax + Imax + Fmax
1<j<k

From Proposition 3.2.4, we also know that D|X;(u(™) = det(D|X;)(u{™). Moreover, since
det(D|X;) is a deterministic distance automaton, the projection p§n) of p(™ can be viewed as

the unique run of det(D|X;) on u(™. We thus obtain

DIX;(ut™) = det(DIX;)(u™) = cost(/’;n)).
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Below, we explicitly compute the cost of each run pg.") using the costs of the simple cycles L; in
the component X; of D. The problem is that the run p™ may not contain factors consisting of
entire repetitions of these simple cycles. We overcome this problem by viewing the multi-distance
automaton D as a finite graph and the run p(”) of D as a path in it. The simple cycle decomposition
Lemma 3.2.7 then implies the existence of a partition of the domain of p(™ into (possibly non-convex)

subsets Uén), Ul(")7 cee Uy(n") such that
1. |Ué")| is uniformly bounded by the number K of states of D,

2. for all 1 <7 <m, the sub-sequence p(")|Ui(n) is a repetition of the simple cycle L; of D.

For every index 1 < i < m, we denote by occgn) the number of repetitions of the simple cycle L; in
the sub-sequence p(")|U i(n) (by a slight abuse of terminology we say that these are also ‘repetitions’
in the run p(")). We are now ready to bound the cost of p(™ in the component X in terms of the
costs of the ‘repetitions’ of each simple cycle L; in p("™).

The first, straightforward, inequality is as follows (recall that the sets Ué"), Ul(n), ey U,Sln) form

a partition of the domain of p(™) and |Uén)| <K):

cost(p\") = Ticiem cost(p{V|US™) + cost(p{"|US™)

IN

Licism COSt(p§")|Ui(n)) + K-

max

where ¢/ is the maximum cost that appears in the transitions of D. Moreover, it easily follows

X

from the fact that the sub-sequence p(”)|Ui(”) is an occgn)—fold repetition of the simple cycle L;, that

K2

cost(p§”)|Ui(n)) = occ!™ - cost; (L;).

Now, in order to find the parameters aj,...,a,, > 0 that satisfy Equation 3.2, we consider the

(n)
asymptotic behaviour of the sequence OCCTZ' . Without loss of generality, we can assume that the limit

()
f ocjz for arbitrarily large numbers n € N exists. Indeed, we can always find an infinite set N of

(™)

natural numbers such that the sequence 2 -— converges for n ranging over N. Note that restricting

to the corresponding sub-family of words u(™® and runs v and p{™, for n € N, does not affect

)
the previously established equalities (in particular, acost(D) = lim %) For the sake of
n—oo

simplicity, we shall not explicitly mention the set N hereafter and we use, for instance, lim,, o f(n)
to denote the limit of a certain function f for arbitrarily large numbers n € N. Accordingly, for

every index 1 <7 <m, we define

occ™
Q5 :def lim L
n—oo n

Clearly, we have that

(n)

occﬁ")-costj(Li) = (n-ai+occi —n~ai)~costj(LZ-) = n-oy-costj(L;) + g ;(n)
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where g; j(n) =9¢f (occgn) -n-a;)-cost;(L;) is a function whose limit tends to 0 (hence g; ; € O(1),
using the ‘big-O’ notation).
Putting everything together, we get an upper bound on the cost of the run ~("):

D(u(")) < min D|Xj(u(”)) + 2Cmax + Imax + Fimax
1<j<k

= min cost(p(»")) + 2¢max + Imax + Fmax
1<j<k J

IA

min( > cost(pgn)|Ui(n))+K~c' ) + 2Cmax + Imax + Fmax

N max
1<i<k \1<em

= min (occgn) -costj(Li)) + 2Cmax + Imax + Finax + K+ Clay

1<i<k 1em

= min Z (n~ozi~costj(L,;) + gw'(n)) + 2Cmax + Imax + Fmax + K * Cryax

1<j<k 1<em

n~1r§1jiélk D1 cicm @i costj(Li) + O(1).

Similarly, we obtain a lower bound on the length of the word u(™:

\%

|u(n)| Yi<icm u™ |Ui(n)

Yi<icm Occ(n) “|Li|

i
= N Ligiem @it |Lil = O(1).

Towards a conclusion, we prove Equation 3.2 as follows:

n - min leiSm (a7 COStj(Li) + 0(1)

i D(ul™) i 1<j<k
msup ———— < 1m sup
n—oco |u(")| n—00 n- Zlgigm Q- |LZ| - O(l)

3 . Xicicm @ - cost; (Li)
= min
1<j<k Sicicm @i - | Lil

O

For the converse inequality, we present a large family of words for which the optimal runs are
nearly homogeneous (in the sense that they lie almost entirely inside a single component of D). The
words will consist of nested repetitions of simple cycles in such a way that any optimal run stabilizes

in the same component.

Lemma 3.2.9. For every distance automaton D satisfying the shortcut property,

Diciem Qi - costj(L;)

acost(D) > max  min

at,...,am20 1<5<k 2151'3771 (o7 |Lz|
Proof. Let us fix arbitrarily some parameters ai,...,q,;, > 0. We prove the above inequality by
constructing a family of ‘cyclic’ words u(™ that depend on ay,...,a, and n and such that the

. . . . ; ;-cost; (L;
normalized cost of any run of D on u(™ dominates, in the limit, the cost 21;‘” % ;O_S‘ jl(l i)
1<i<m it i
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We fix (i) a run o of D that starts from the initial state of D and ends in the first/last state of
Ly, (ii) a run o, of D that starts from the first/last state of L,, and ends in the first/last state of
Ly, and (iii) for all 1 <4 <m, a run o; of D that starts from the first/last state of L; and ends in
the first/last state of L;.1. Without loss of generality, we can assume that the lengths of the runs
00,01, ...,0, do not exceed the number K of states of D. Now, we think of each simple cycle L; as
a run of the multi-distance automaton D that starts and ends in the same state and we construct,

for every natural number n, a ‘cyclic’ run p{™ of D as follows:

p(n) _def oo (pglc)les)n

(n) _def Lgn'ai] o L|—n~oéi-| [n-a;]

where Peydles 5 eer Om-1 Lm Om-

Accordingly, we denote by u(™ the word spelled out by the run p(”).
To prove the claim of the lemma, it is sufficient to prove that the following inequality holds for

all n € N and for all choices of runs v(™) of D on u(™:

hmsup O Diien 0 costy (L)
n—oo |u(n)| B 1<j<k Zlgigm a7 |L2|

(3.3)

Let us now fix further a run (") of D on u("™ for each n € N. We introduce some additional notation.

Given neN, 1<i<m, and 1< j <k, we define:

U;n) to be the set of positions of v("™) that carry occurrences of transitions whose states belong

to the same SCC X, (note that U;") is an interval);

. Vj(") to be the maximal subset of U;") such that the sub-run p(")|Vj(") is a repetition of the
block p(") (note that Vj(") is also an interval);

cycles

° Wj(g) to be the maximal subset of Vj(n) such that p(")|Wj(fZ) is a repetition of the simple cycle

L; (note that the sets Wj(fll), . Wj(;g form a partition of Vj(”) and they contain possibly
non-contiguous positions).
. (n) L () (m) (M) ) _ v
occ;  to be the number of repetitions of Peydles 1 the sub-run p |V; , namely, occ; © = EON
cycles
s Toce™
(note that this implies p(")|Wj(f;) = L[-n astoce; ).

The first inequality is straightforward (the sets Wj(,?) are pairwise disjoint):

cost(y(™) > ¥ % cost(”y(")|WJ§7?)).

1<j<k 1<ism

Given an index 1< j < k, we also denote by pgn) the projection of p("™ into the j-th component (we
can think of it as a run of the deterministic distance automaton det(D|X;) on u(™). Below, we fix
some indices 1 <4 <m and 1 < j < k and we compare the cost of each sub-sequence 7(”)|Wj(?) with

the cost of the corresponding sub-run ,05")|Wj(:) of D|X;.
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We observe that 'y(”)|Wj(77;) is not necessarily a run of D|X;, since the set Wj(,?) is not an interval
of the domain of 4™ (we can still compute its cost though). We first turn 7(")|WJ(7?) into a run
:y’j(?) of D|X; on u(™ |W;§> of similar cost, as follows. Suppose that there exist two positions x < y in
Wj(’?) such that z ¢ Wj(’?) for all < z <y and the corresponding transitions v [z] = (ps, dz, €z Gz)
and v(M[y] = (py; ay,cy,qy), which are consecutive in 7(”)|W](,?), do not match (i.e., ¢, # py). We
call such a pair (x,y) of positions a gap of Wj(’?). The states ¢, and p, belong to the same SCC X;
of D and hence it follows from the shortcut property that D|X; contains a transition of the form
(Pz» @z, €y py), for some ¢}, € N, connecting p, to p,. The described operation of connecting states
through shortcuts can be applied to every gap (z,y) of W](?), thus resulting in a correct run 7(") of
D|X; on the sub-word u(”)|Wj§7?). We observe two crucial properties about this construction. First,
the number of required operations is at most occgn) (this follows from the fact that the gaps of Wj(,?)

can only appear between the positions that correspond to two non-consecutive occurrences of Ll[m”]

in p(™) and from the fact that there exist at most occ( ")

such occurrences). Second, the difference
in cost that results from one application of this operation never exceeds the maximum cost ¢max of

the transitions in D. In view of these properties, we have
cost(w(”)|W(")) > cost(v(”)) ~ Crmax* occ(").

From the fact that ”7](7;) is a correct run of D|X; on u(")|Wj(?) and the initial and final conditions of

the sub-automaton D|X; map every state in X; to the cost 0, we derive
cost(y(n)) > D|X; (u(”)|W("))
Proposition 3.2.4 then implies that
DIX; (W) = det(DIX;) (™MW D).

Now, consider the j-th projection p( )|Wj(7?) of the sub-run p(”)|Wj(f;) of the deterministic multi-
distance D. By construction, p(n)|Wj(7iL) is a run of det(D|X;) on the sub-word u(")|W]§7ZL). Note that
pj")|Wj(77;) can start from a state that is different from the initial state of det(D|X;) and hence it
is not guaranteed to have optimal cost. However, the first state of pg,")|Wj(Z) is reachable from the
initial state of det(D|X;) by a path TJ(;»L) of length at most K, where K is the number of states of
D. For the sake of brevity, we denote by xyz) be the word spelled out by T;Z) and by Z](T;) the sub-
word u(")|W-(T.L) (which is spelled out by p(")|W4(T-L)) Clearly, we have cost(p(")|W4(7?)) < cost(T(f‘)) +
cost(p(n)|W(n)) = det(D|X; )(x(n) (n)) DIX; (x(n) (n)) Let us now consider two optimal runs

;T) and B(n) of D|X,; on sz) and zj’i , respectively. Clearly, we have D|X7(x§?) = cost(a;i)) and
D|X; (z(")) = cost(ﬁj(-z)). Moreover, since D|X; satisfies the shortcut property, we have that the

juxtaposition of the two runs a(.n.) and ﬂ(-n) of D|X; can be turned into a valid run )\(-n-) of D|X;

2 ()

z;; 2;; » having cost at most cost(a(n)) + cost(ﬁ(n)) + Cmax, Where Cmax i the maximum cost of

on
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the transitions in D. This shows that D|Xj(z§z) Z](TZL)) < cost()\g.z)) < cost(a§z)) + cost(ﬁ§z)) + Cmax =

D|Xj(x§2)) + D|Xj(z§z)) + Cmax < K+ Cmax + det(D|Xj)(z§Z)) + Cmax. Overall, this shows that

det(D|X) (W) > cost(pW) — (K +1) - cmax.

(

Now, we explicitly compute the cost of pg-n) |Wj(’?) as follows. Since pjn) |Wj(’?) is an ([n-o;]-occt™)-

J
fold repetition of the simple cycle L;, we have

cost(pgn)|Wj(f;)) = [n-ai] -occgn) -cost; (L;).

(n)

Another crucial step amounts at showing that the sum of the numbers occ ;| over allindices1 <5<k

(n)

is almost equal (i.e., equal up to a constant) to the total number n of repetitions of the block Peycles

in p(") . The first inequality follows trivially by construction:
> occ§") < n.
1<j<k

As for the converse equality, we recall that each set Vj(") is defined as the maximal set of positions
of v(™ that contain states from the SCC X; and such that the sub-run p(”)|Vj(") is a repetition of
the block péyc)l o~ This implies that there exist at most k occurrences of the block pgtc)l s 11 p( that
are not entirely covered by some set Vj(”), for any 1 < 7 < k. From this and from the definition of
occyl), we derive the following inequalities:

e R L e R oM LR e

cycles cycles cycles
> Y Y Y >n-k.
(n) | (n)

(n)
cycles

> occ§") =
1<j<k 1<5<k |p

|pcycles‘ |pcyc|es|
Putting together all the inequalities (and using some basic rewriting), we obtain a lower bound on

the cost of the run ~(™:

cost(y™) > oo cost (7™ |W; ;)

1<j<k 1<i<m

> >y cost(F) = m- : (n)

> Vi) = M Cmax > occ;
1<j<k 1<i<m 1<j<k

> Y Y det(DIX) @MW) = mcmaxs 3 oce!™
1<j<k 1<izm 1<5<k

2 Z Z (COSt(pg'n)|Wj(,?))_(K+1)'Cmax) — M- Cmax M
1<j<k 1<izm

> > ([n~ai]-occ§")~costj(Li)) — m-k-(K+1)Cnax— M+ Cmax -1
1<j<k 1<i<m

> > (occ(n)m- > a~-cost»(L-)) - O(n)

E4 j i g\
1<5<k 1<i<m

> n( > occ§"))~ min > (Oli'COStj(Li)) - O(n)

1<5<k 192k 1 Sigm
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v

n(n—k) min > (ai-costj(Li)) - O(n)

1<i<k 1 Gigm

n® min Y a;-cost;(L;) — O(n).

l<j<k 1<ism

Similarly, we easily obtain an upper bound on the length of the word u(™:

W] = ne ¥ (L) + lool+ne 3 il
1<

1<i<m <i<m

< n? ¥ (ai~|Li|) +ne Y |Li]+K+n-m-K
1<ism 1<i<sm

= n?2 ¥ oLl + O(n).
1<i<m

Towards a conclusion, we prove Equation 3.3 as follows:

. min 1o 0 costy (L) - O(n)

[\

y cost(y(™) i
imsup —————~——= imsu
n—»oop |U(n)| n—><>0p n?- ZISiSm Qg - |Ll| + O(n)

_ . Dicicm @ - cost; (L;)
= min
1<j<k Y1ciem @i - | Li

O

In virtue of Lemma 3.2.8 and Lemma 3.2.9, the proof of Equation 3.1 from Theorem 3.2.6 becomes

trivial.

We make a few remarks related to the effectiveness of the characterization. First of all, we
observe that the right handside term of Equation 3.1 can be rewritten as the following instance of

a linear programming problem:

maximize Y subject to Yicicm Cij Ti 2 Y Vi<j<k
leiSmxiSL z; >0 Vi<i<m.
where, for every 1 <i<m and every 1 <j <k, ¢ ;= Coslti(_lLi). Intuitively, the variables z1,...,z,,
represent the values a - |L1], ..., & - |Lm| normalized in such a way that they sum up to 1, and the

variable y represents an under-approximation of the value of the right handside term of the equation.
It is also known [MGO6] that the optimal choices for the parameters x1, ..., %,y can be found at
the ‘corners’ of the (m + 1)-dimensional polyhedron that results from the intersection of the finitely
many half-spaces defined by the above linear inequalities. This explains why we put maxa, ... a,,>0
instead of sup,,, . >0 in Equation 3.1. Moreover, it also implies that the asymptotic cost acost(D)
is a rational number.

Regarding the complexity of the problem of computing acost(D), we observe that (i) the size
|D| of the multi-distance automaton D is exponential in |D], (ii) each simple cycle L; has length at

most linear in |D|, (iii) the number m of all simple cycles of D is exponential in |DJ, and (iv) each

cost; (L;)
[Li

constant ¢; ; = can be computed in time polynomial in |D| and |L;|. Overall, the problem
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of computing the asymptotic cost of D is reduced, in time doubly exponential, to an instance of a
linear programming problem. The latter problem is known to be in PTIME [Kar84|, which proves
that acost(D) can be computed in doubly exponential time.

The algorithm above can even be improved to single-exponential time by rewriting Equation 3.1
in terms of transitions and then reducing it to a linear programming problem. Denote by t1,...,%;
the transitions of D and by cost;(t;) the cost of the projection of the transition ¢, into the j-th
component of D. Furthermore, for each state ¢ of D let in(g) and out(q) be subsets of {1,...,1}
such that 7 € in(q) (i € out(q)) iff ¢ is the initial (final) state of ¢;. To rewrite Equation 3.1 in terms of
transitions instead of simple cycles, one can assign a number 3; > 0 to each transition ¢; that counts
the number of times each transition is taken or, in other words, how much “flow” is passing through
it. Clearly, not every combination of f1,...,; represents the number of times «; that each simple
cycle L; is taken. Nevertheless, we can force f1,...,5; to represent a valid combination of simple
cycles by adding linear constraints expressing the Kirchhoff’s Law [Diel2]. This law basically says
that “the total amount of flow into a state has to be equal the total amount of flow out of it” [Diel2].

Thus, we can rewrite Equation 3.1 as follows:

leigl 51 . COStj(ti)

acost(D) = max min

BiyesBi20 1<k B
lezgl (3'4)
subject to . Bi = > B VqeQ
i€in(q) ieout(q)

where Q) denotes the states of D. Notice that the restrictions imposed over the ingoing and outgoing
“flow” of each state allow f31,...,0; to represent a valid combination of simple cycles in D by
Kirchhoff’s law. The advantage of representing Equation 3.1 in terms of transition instead of simple
cycles stems from the fact that the number of variables 81,...,f; is polynomial in the size of D in
contrast to aq,...,q,, which is exponential.

Similar than for Equation 3.1, we can now represent Equation 3.4 with the following linear

programming problem:

maximize z subject to Picicidij yi 22 Vi<j<k
Ticia¥i <1,y 20 V1i<i<l
Ziein(q) Yi = Zieout(q) Yi VgeQ.
where, for every 1 <i <l and every 1< j <k, d; ; = costj(¢;). The linear programming problem above
is of single exponential size with respect to the size of D. Therefore, the problem of computing the
asymptotic cost of D can be reduced in exponential time to an instance of a linear programming
problem. Given that the latter problem is known to be in PTIME [Kar84], this proves that acost(D)
can be computed in single exponential time.
If we consider the threshold problem for the asymptotic cost, that is, the problem of deciding

whether acost(D) < v for a given a distance automaton D satisfying the shortcut property and a
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given rational number v, then the upper-bound that we derive with the above analysis is EXPTIME;,
namely, by computing the asymptotic cost of D and checking whether is less than v. As a conse-
quence, we have that the complexity of the threshold problem for the asymptotic repair cost for
a universal restriction language and a target language represented by a NFA is between PSPACE
and EXPTIME. Note that the PSPACE lower-bound follows directly from the lower-bound for the
bounded repair problem in the unrestricted case where acost(X*, .2 (7)) < 0 iff cost(X*, Z(T)) < o0
for any NFA 7. The latter problem was shown to be PSPACE-hard in Corollary 2.4.10.

Proposition 3.2.10. The problem of deciding, given an alphabet 3, an NFA T, and a rational
number v, whether acost(X*, Z(T)) < v is in EXPTIME and it is PSPACE-hard.

3.2.4 Asymptotic cost in the general case

Now, we show how to generalize the characterization of the asymptotic cost in the unrestricted
case to our original repair problem, which involves the presence of both a restriction and a target
language. We first modify the definition of asymptotic cost for a distance automaton to include the

presence of a restriction language .Z(R) recognized by an NFA R:

D
acost(R,D) =% lim  sup |(1r)
n—oo Leo(Rr)  |u
lu|>n

Thanks to Proposition 3.2.1, we have that the asymptotic cost acost(R,T') for two regular languages
R and T recognized by NFA R and T is equal to acost(R, Df,‘jit).

As usual, given a distance automaton D satisfying the shortcut property, we denote by D the
multi-distance automaton det(D|X) x ... x det(D|Xy), where Xi,..., X are all the SCCs of D.
Moreover, given an NFA R and a SCC Y of it, we consider the synchronized product D x (R|Y)
of the multi-distance automaton D and the sub-automaton R|Y, which is obtained from R by
restricting the set of states to Y (it does not matter which state is chosen to be initial/final in R|Y").
We then denote by LY ..., Lﬁy all the simple cycles of D x (R|Y). Finally, given a simple cycle LZY
of Dx (R|Y) and a SCC X of D, we denote by costx (L)) the cost of the projection of LY into the

component X of D x (R|Y). The generalized characterization result is as follows:

Theorem 3.2.11. For every NFA R and every distance automaton D satisfying the shortcut prop-

erty,
> af’ -costXl(Lz./l)
1<i<h
. 1<ism¥l
acost(R,D) = max min — (3.5)
7=Y1...Y), € dag(R) m=X1...X) € dag(D) » ail .|Lil|
Yy Yy 1<i<h
ayt, (xmyl >0 L<icm¥i
Y Y
a amhyh/ZO
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Proof sketch. The proof is very similar to the proof of Theorem 3.2.6. In particular, we prove two

inequalities between the asymptotic cost acost(R,D) and the right handside expression.

Let us consider first the inequality

> )t -costy, (L))

1<i<h
. 1<ism™
acost(R,D) < max min =T v
7=Y1...Y), € dag(R) 7w=X;...X), € dag(D) > O‘il .|Lil|
Yy Yy 1<i<h
1 ,,v1 20 1<ism ™1
Y; Yi 50
(11 3 5 a'rnyh_

In order to prove this inequality, one needs to fix, as in Lemma 3.2.8, a family of words (u(™),ey

from the restriction language .Z(R) such that

D™
acost(D) = limsup |(12)|)
n—»00 uln

By possibly restricting to sub-families of words, one can replace lim sup by lim in the above equation.

One new ingredient is the following. Without loss of generality, we can also assume that all words
u(™ induce accepting runs on the NFA R following the same path of SCCs of R. More precisely, we
denote by (™ some accepting run of R on u(™, and by 7(") the path in dag(R) that consists of the
sequence of SCCs visited by o(™). Then, since there are only a finite number of paths in dag(R),
we can restrict ourselves to suitable sub-families of words and runs in such a way that all paths 7(")
are the same. We denote them simply by 7=Y7...Y;,.

The proof then continues as follows. We partition the domain of each run ¢(™) of the NFA R
into some intervals Vl(n), e Vh(n) (recall that h is the number of SCCs in the path 7) in such a way
that each sub-sequence a(")|Vl(n), for 1 <1< h, is a run of the sub-automaton R|Y; on the sub-word
u(")|Vl(") (in fact the sets Vl(”)7 cee Vh(n) do not form a partition of the entire domain of ¢("), since
there can be transitions crossing different SCCs in R; however, the number of these transitions is
at most the number of SCCs in R, and thus their cost is negligible for n that tends to o0). One
then considers the (unique) accepting run p(”) of D on the word u(™. Given an index 1 <1< h
and a SCC X of D, we denote by ,ol(gg the projection of the sub-run p(”)|Vl(n) into the component
X. Every sequence pl(gg can be viewed as a run of det(D|X) on the sub-word u(")|Vl(n). This run
has cost almost equal (up to additive constants) to the cost of some optimal run ’yl(;l() of D|X on
u(")M("). Moreover, given a path m = X; ... X} in dag(D), one can construct a run vfr") of D on
u(™ by ‘concatenating’ the runs ’757))(1 Yoo ,7,(177))(’1 (this requires the use of the shortcut property to

correct the possible pairs of consecutive transitions that have unmatched states). This shows that

D(u™) cost({™) + 0(1)

IN

min
7T:X1...X;L € dag(D)

: (n)
t + O(1
px, D ) Yi<i<n cost( x,) (1)

= m cost + O(1).
reX1. X ¢ dag(D) Zrsish costlpyx, ) (1)
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Given the above inequality, the rest of the proof is similar to that of Lemma 3.2.8. That is, we

decompose each run pl(zgl into simple cycles and we approximate its cost up to additive constants.

We now turn to the converse inequality:

> )t -costy, (L))

1<i<h
. 1<ism™
acost(R,D) > max min Yi Y
T=Y1...Y, € dag(R) 7=X1...X), € dag(D) DN
- " 1<i<h
ayts o all, >0 1<ism™
Yy Y,
al, (mehZO

As in the proof of Lemma 3.2.9, the first step is to fix a path 7 = Y7 ...Y}, in dag(R) and some
parameters alYL >0 for each 1 <1< h and each 1 <i <m", where m¥* denotes the number of simple
cycles of the automaton D x (R|Y}).

One proves the inequality by defining the following family of runs of D x R:

dof (n) n (n) n
,0(”) = gy (pl,cycles) <0 Oh-1 (ph,cydeS) Th

where, for all 1 <[ < h,

Y]
(n) _def Y; nqu Y; nqu Y; [n-c Ly]
Plcycles = (Ll )[ N 01,1 (L2 )[ L O1,m¥i-1 (Lmyk) m O N
and 00,01,...,0h,011,...,0),,v are suitable runs of D of bounded length that connect the various

simple cycles LZYZ. Accordingly, one defines u(™ to be the word spelled out by the run p("). Observe
that, by construction (and under the assumption that the automaton R is trimmed), this word
belongs to the language recognized by the NFA R.

It is not difficult then to generalize the arguments used in Lemma 3.2.9 (we thus omit the

details). O

Using arguments similar to the complexity analysis of the unrestricted case, we obtain a
EXPTIME algorithm that decides whether the asymptotic repair cost acost(.-Z(R),Z(T)) (=
acost(R, 'D%Eﬁt ) associated with two NFA R and T is less than or equal to a certain threshold

veQ:

Corollary 3.2.12. The problem of deciding, given two NFA R and T and a rational number v,
whether acost(L(R),Z(T)) <v is in EXPTIME.

3.3 Asymptotic cost in the streaming case

Here we characterize the asymptotic repair (aggregate) cost in the streaming setting in terms of
the value of a mean-payoff game [EM79]. Throughout this section we assume some familiarity with

turn-based games over finite structures (see [GTWO03] for a survey).
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3.3.1 Mean-payoff games

A mean-payoff game is an infinite, turn-based game played over an arena G = (V, E,vg), where V
is the union of two disjoint finite sets of vertices, Vagam (owned by player Adam) and Vg, (owned
by player Eve), E ¢ V x N x V is a finite set of weighted edges, and vy € V is an initial ver-
tex. The game starts at vy and, at each round, the player who owns the current vertex v moves

along an edge (v,c,v") € E. The reward for Adam (resp., the penalty for Eve) in an infinite play

m = (vo,c1,v1) (v1,¢2,v2) ... is given by the value v3 ... (resp., VL), where
n n
o 2ie1G . > ie1Ci
T _def lim inf =11 v _def hmsup =1 1.
Adam Eve
n—oo n n—oo

Intuitively, Adam wants to maximize his reward v,,,, while Eve wants to minimize her penalty vg.
It is known from [EM79] that, in any mean-payoff game, the best reward that can be enforced by
Adam coincides with the least penalty that can be enforced by Eve, and, furthermore, these values

can be achieved by positional strategies:

Theorem 3.3.1 (Ehrenfeucht and Mycielski [EM79]). We can associate with each mean-payoff
game G a value vg such that Adam (resp., Eve) has a positional strategy that guarantees Vay... > Vg

(resp., VE,. <vg) for all plays m that respect his (resp., her) strategy.

In view of the above theorem, we can denote by rg the value of a mean-payoff game over the
arena G and we can restrict ourselves to positional strategies for both Adam and Eve. We will
represet a positional strategy for Adam (resp., Eve) as a function from Adam’s vertices (resp., Eve’s

vertices) to outgoing edges.

3.3.2 Characterization of asymptotic streaming cost

Let R and T be the languages recognized by two DFA R = (X, Q,d,qo, F) and T = (A, Q’, 0", ro, F'),
respectively. To compute the asymptotic cost acosty®s . (R,T) for streaming (0-lookahead)
repair strategies we construct the arena Gg 7, where Adam’s vertices are pairs of the form (g,7),
with ¢ € @ and r € @', and Eve’s vertices are pairs of the form (¢,7,a), with ¢ € @, r € @', and
a € X. The edges of the arena are triples of the form ((q,r),O, (q',r, a)), where ¢’ = §(q,a), or of
the form ((q,r,a)7c, (qﬂ“'))7 where r’ € Q' and ¢ = min {dist(aﬂ)) P veE f(ﬁ,rr)}. Recall that 7y,
is the DFA obtained from 7 by letting r be the initial state and r’ be the unique final state. The
initial vertex of the arena is the pair (go,70) (so Adam moves first). Observe that the final states
of R and 7 do not play any relevant role in this definition: this is because R and 7 are assumed
to be trimmed and the costs of moving from non-final states to final states are irrelevant for the

asymptotic behavior. Furthermore, note that the game alternates between Adam and Eve, and only

the second player can incur positive costs.
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!
1 0
R: q,T,a — 4, T [T q,’f’,b
0 1
0 1
Ar,T:
1 0

= 1 0
T: q,8,a>—— ¢,5 [——>q,s,b
3 0 1

Figure 3.2: Two DFAs and the arena for the associated mean-payoff game.

Remark 2. In order to avoid that players get stuck at some vertices of the arena Gr 1 that have no
outgoing edges, we tacitly assume that all states of the DFA R and T can reach non-transient states
(i.e., states contained in some cycles). In particular, as the automata are also trimmed, we have
that for all states g € Q and r € Q', both languages Z(Rq,r) and L (T, ') contain infinitely many
words. Note that it is safe to make this assumption when considering the streaming asymptotic cost,

as this cost is preserved when we remove the states that can only reach transient states.

Below, we show that the value of the mean-payoff game over Gz 7, multiplied by 2, coincides

with the asymptotic aggregate cost in the streaming setting.

Theorem 3.3.2. For all DFA R and T, we have
aCOSth—glc:okahead(g(R)’X(T)) = 2 Vr, 1

where vg, . is the value of the mean-payoff game over arena Gr 1. Moreover, it holds that
acostg® | J(ZL(R),Z(T)) is rational.

Example 10. Consider the restriction and target languages R = (a +b)* and T = (ab)*, whose
automata R and T and mean-payoff arena Gr 1 are shown in Figure 3.2 (diamond nodes are owned
by Eve and square nodes are owned by Adam). One can easily see that an optimal positional strategy
for Adam is to play (g,r) 9™ (q,7,b) and (q,s) A" (q,s,a). With this optimal strategy we get that
the value vg,, , of the mean-payoff game over G 7 is equal to & and thus acost?® . (R, T)=1.

This value definitely contrasts with the mon-streaming asymptotic cost between R and T, which is

equal to %

Even if it seems natural that the value of the mean-payoff game over Gr 7 determines the
asymptotic cost acostg® (L (R),Z(T)), the proof of the Theorem 3.3.2 is not trivial. Indeed,
the mean-payoff game corresponds directly to a version of the streaming repair problem where the
input to the repair strategy is a sequence of prefixes of a single infinite word spelled by a run of R.

The core of the proof is to show a correspondence between the infinitary version of the streaming
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repair problem and the original problem as stated in Section 3.1. This is done by proving two
inequalities. In one case (Lemma 3.3.3) we show that () for an optimal strategy Z of Eve in

the mean-payoff game, one can construct a streaming repair strategy Z’ for R and 7 such that
a r
acost2F (Z(R),Z(T))
2
the repair strategy £’ mimics Eve’s strategy Z until the string terminates, at which point it performs

does not exceed the penalty for Eve induced by her strategy Z. Intuitively,

additional insertions to get to a final state. For the other direction (Lemma 3.3.4) we consider a
streaming repair strategy Z’ for R and 7 with asymptotic cost acostzr (£ (R),Z(T)) and we show
acost2F' (Z(R),Z(T))

2
result from [EM79] mentioned above, this shows that Eve can enforce a penalty less than or equal

that no strategy Z for Adam can guarantee a reward of more than

. By the

to this amount. The limit on Adam’s ability is shown by combating his strategy Z using the repair
strategy Z’. Putting these two directions together, we see that the optimal streaming repair strategy
is produced by first computing Eve’s optimal strategy, and then applying the transformation (x)
described above; one can then argue that this strategy can be computed in polynomial time from R

and 7.

Lemma 3.3.3. For all DFA R and T and all streaming repair strategies Z for £ (R) and Z(T),
we have 2 - vg, . <acosty?? (L (R),Z(T)).

Proof. Let us fix two DFA R = (%,Q,9,q0,F) and T = (A,Q",d",r9, F') and a transducer Z =
(%,A,Z, K, 20,Q) that implements a streaming repair strategy for .Z(R) and .Z(T). Let us also fix
an optimal positional strategy f: Q x Q' — E for Adam, where E is the set of edges of the arena
Gr,T-

On the basis of the transducer Z and Adam'’s positional strategy f, we inductively construct (i)
an infinite play 7 on Gg 7, (ii) an infinite word u € 3¢, and (iii) an infinite run p of Z on u, as
follows. The first edge of the play 7 is given by Adam’s move f(vg) = (vg,0,v1), where vg = (qo,70)-
Accordingly, the first symbol of the word u is the symbol a; that is contained in the vertex v, (note
that v1 € @ x Q' x X). The run p of Z at the beginning is the empty sequence. As for the induction
step, we first extend p and 7, using the transducer Z, and then we extend 7 and u, using Adam’s

strategy again. Formally:

. Given a prefix (vg,0,v1) (v1,c1,v2) ... (van,0,v2,41) of 7 that ends in a vertex vo,.1 =
(gn+1,Tn, an+1) owned by Eve and given the corresponding prefix a; ... a,41 of u, we extend the
prefix of p from zq afwr anfwn g, 20 afwi an/Wn o dne1/Wnn Zn+1, Where k(2p, ani1) =

(Wn+1,2n+1)- Accordingly, we extend the prefix of 7 by adding the edge (von+1,Cns1, Van+2),
where voni2 = (Gne1,Tn+1), Tne1 18 the state of T reached from r, after consuming the word

Wn1, and ¢,41 = min {dist(an+1,w) D we f(’TTmrnH)}.

° Similarly, given a prefix (vg,0,v1) (v1,¢1,v2) ... (Van+1,Cns1,V2ns2) of T that ends in a vertex

Von+2 = (qn+1, "ns1) owned by Adam, we extend it using Adam’s positional strategy f, namely,
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by adding the edge f(van+2) = (von+2,0,v2,+3). Accordingly, we extend the prefix of u from

a1 ... Qpy1 1O A1 ... Gpy1l Gneo, Where a, o is the symbol contained in the vertex vo, 3.

It is easy to check that the above definitions lead to an infinite play

m = (v9,0,v1) (v1,c1,v2) (v2,0,v3) ...

over the arena Ggr 7, and an infinite run

of the transducer Z on the word u = ay as ... such that, for every n € N, ¢, < dist(a,,w,). The play
7 clearly respects Adam’s optimal strategy and hence, by Theorem 3.3.1, we have vg, , < Vajam-
Moreover, observe that every prefix a;...a, of the infinite word u can be extended to a word
aj ... a, w,, that belongs to the restriction language .Z(R), where w], has length at most |Q|. By

applying the various definitions and some basic rewriting, we easily obtain:

2~VgR,T < 2'V,Z‘rdam
n .
= 2.liminf Liz G
n—»o0o n
< liminf Xizy dist(an, wn)
T nooo n
< limsup Xioy dist(an, wn)
- n—oo n
~ limsup cost®® (ay ... a, w,,, 2)
n—oco n+|w;l|
< acostPE(Z(R), Z(T)).

O

Lemma 3.3.4. For all DFA R and T, there is a transducer Z, whose states are pairs of states
of R and T, that implements a streaming repair strategy for L(R) and L(T) and such that
acostZE (L (R), Z(T)) <2 vgy

Proof. We fix two DFA R = (%,Q,6,q0,F) and T = (A,Q’,0,r9, F') and an optimal positional
strategy ¢g: @x Q' xX — E for Eve, where E is the set of edges of the arena Gr 7. We then construct

from that a transducer Z = (X, A, Vadam, &, Vo, 2) as follows:
. Vadam = Q x Q' is the set of vertices of Gr 7 owned by Adam;

. k is the function that maps any pair (v,a) € Vagam x X, with v = (¢,7), to the (unique) pair

(w,v) € A* x Vadam, with w = (¢’,7"), that satisfies
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- g(vg) = (va,c,v"), with v = (§(g,a),r,a) (note that v, € Viye),

- weZ(Tr ), with dist(a,w) = ¢ (note that since (vg,c,v") is an edge in Gg 7, there exist

such a word w).
° vo = (qo, 7o) is the initial vertex of Gr T,

. Q is the function that maps any vertex v = (q,7) € Vadam to a word w from the language

Uprerr £ (Trrr) (since T is pruned, there always exists such a word).

Observe that Z implements a streaming strategy for repairing -Z(R) into £ (T ) (it basically differs
from Eve’s strategy only in the use of the final output function €2, which guarantees that the edited
words belong to the target language £ (7T)). Moreover, by definition, the states of the transducer
Z range over the set Vagam = Q x Q.

Let us now consider a family of words (u(”))neN from the restriction language .Z(R) such that

costazggr(u(”))

acostZ¥ (L (R),Z(T)) = limsup lu()]|

Moreover, let Li,..., Ly, be all the simple cycles of the transition graph of Z and let p{™ be the
run of Z on the word u(™. We use the simple cycle decomposition Lemma 3.2.7 from Section 3.2 to
find a partition of the domain of p(™ into (possibly non-convex) subsets Uén), Ul("), cey U,(,f) such

that

o |Ué")| is uniformly bounded by the number K of states of Z,

° for all 1 <i <m, the sub-sequence p(")|Ui(") is a repetition of the simple cycle L; of Z.
As usual, we denote by occgn) the number of repetitions of the simple cycle L; in the sub-sequence
D)
p(”)|Ui(")7 namely, occgn) = % We have that
) costazggr(u(”)) ) Y icicm occE")~cost(Li) + K - Crmax
lim sup — < limsup == O]
n—o0 |’lL n | n—oo ZISiSm OCC,L-n |Lz| + K

where cost(L;) denotes the sum of the costs of the transitions in the simple cycle L; and ¢max denotes
the maximum cost of a transition of Z. Note that the additive terms K - cmax and K above can be
ignored when considering the limit for n tending to infinity. Moreover, it is easy to see that the

following inequality holds

S 1cicm occE") -cost(L;) cost(L;)
< max ————

lim sup == o) < m
noee Licism 0cc; | Li tsism | Ly
For the sake of brevity, we denote by L some simple cycle among Lq,...,L,, that maximizes the
ratio cosltL(lL), namely,
cost(L; t(L
max (L) - ( )
1gism |L] |Z]|
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We now construct a strategy for Adam in the mean-payoff game over G 7 by following the
simple cycle L. We denote by uy be the word that forms the input of the simple cycle L and by
ug any word that makes the DFA R move from its initial state gg to the state that appears in the
first/last position of L (recall that the states of Z are pairs of states from R and T). Clearly, the
infinite word uo u{ induces an infinite run inside the automaton R. Adam’s strategy will follow
precisely this infinite word, choosing at each round n the edge in Ggr v that corresponds to the
correct transition that consumes the n-th symbol of ug uf.

Pairing Adam’s strategy given above with Eve’s strategy, we obtain an infinite ‘cyclic’ play

7 = (v9,0,u1) (v1,c1,v2) ... over Gr 7. By construction, the average cost incurred by Eve in
following the play 7 coincides with CO;.tl(Lf), namely,
cost(L) .
=y
9. ‘L| Eve

Finally, recall that Eve’s strategy was assumed to be optimal and hence, by Theorem 3.3.1,

T
VEve < VgR,T'

Summing up, we just proved that

cost228" (1,(")
acostz* (Z(R),Z(T)) = limsup |Z(()|)

n—oo ul™

. Zl<i<m OCCZ(.n) i COSt(Li)
< limsup — ()

n-—co Yi<iem 0€C; - |Li
. cost(L;)
T i<i<m |L;]
= 2 VITErve
< 2 Vgr 1+

We now turn to the proof of Theorem 3.3.2.

Proof of Theorem 3.3.2. Let vg, . be the value of the mean-payoff game over Gr 7. We
know from Lemma 3.3.3 that for every streaming repair strategy Z for £ (R) and Z(T),
2-vg, , < acostze (ZL(R),Z(T)). Since the asymptotic repair cost acosty?y (L (R),Z(T))
in the streaming case is defined as the infimum of acostZ* (.Z(R),.Z(T)) over all streaming repair

strategies Z, we have

2 Vgg ;< ACOSERHT ohead (L (R), Z(T)).
Conversely, we know from Lemma 3.3.4 that there is a streaming strategy Z for .Z(R) and .Z(T)
such that acost®*'(.Z(R),Z(T)) < 2-vg, , and hence, since acostg® . (Z(R),Z(T)) <

acost2¥ (£ (R),Z(T)), we have

acost® | L i(Z(R), Z(T)) < 2-vgg ;.
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We have just shown that acosty®s = (Z(R),Z(T)) = 2 Vg, O

Regarding the complexity of solving mean-payoff games, we recall that the problem of deciding
whether the value of an arbitrary mean-payoff game G = (V, E,vg) is below a certain threshold is
in coNP n NP [GTWO03]. Much recent work has focused on improving the exponential bounds on
deterministic algorithms; for example, it can be done in O(|V[*:| E|-Cmax ), Where cpay is the maximum
weight of an edge of G [ZP96]. Even though the parameter cmax is exponential when the weights are
represented in binary notation, when restricting to arenas of the form Gr 7, this value never exceeds
the total number of states of the DFA 7. This gives a polynomial time bound on the complexity of

the problem of computing the value of the mean-payoff game over Gr 7.

Corollary 3.3.5. The streaming asymptotic cost acosty®s = (Z(R),Z(T)) can be computed in
polynomial time for all DFA R and T . Furthermore, this cost is achieved by a streaming transducer

for L(R) and ZL(T) which can also be computed in polynomial time.

Proof. Recall that from the results in [ZP96] the value vg,, .- is rational and it can be computed by
a deterministic procedure that runs in time O(|V|? - |E| - ¢max), Where V is the set of vertices of the
arena Ggr 7 (hence |V| <|Q|-|Q’|- (|| + 1)), E is the set of edges of Gr 7 (hence |E| < [V]?), and
Cmax 18 the maximum weight of an edge in Gr 7. Since ¢max never exceeds the number |Q’| of states
of the target automaton 7T, this gives a polynomial time procedure for computing the value vg, -
of the mean-payoff game over Gr 7 (and hence the asymptotic cost acosty®s | (Z(R),Z(T))).

Finally, in [ZP96] it was also shown a polynomial time procedure for computing positional optimal

1E|

\V\) “ Cmax)- By the proof of Lemma 3.2.9,

strategies of mean-payoff games in time O(|V|*-|E|- log(

this positional strategy for Gr 7 can easily be converted into a streaming transducer Z such that:

acost: %8’ (Z(R),Z(T)) = acostZ8 (L (R), ZL(T)).

0O—lookahead

O

We conclude this subsection by mentioning some natural generalizations of Theorem 3.3.2 and
Corollary 3.3.5 related to streaming repair strategies with lookahead. Observe that in order to
compute the asymptotic cost of an optimal streaming repair strategy with k-lookahead, where k € N is
a given parameter, it is sufficient to modify the definition of the arena Gz 7 in such a way that Adam
plays (k + 1)-character windows representing substrings of an infinite word. This requires extending
the set of vertices of the arena Gr 7 from (@ x Q") U (Qx Q' x %) to (Qx Q' xXF) U (Q x Q' x TF+1)
and letting the game start from any vertex of the form (po, qo, ug), where pg is the initial state of R,
qo is the initial state of 7, and uy € ¥*. We denote by Qﬁj'?"kahead the new arena and by Vg -toskaneas
the value of the mean-payoff game associated with it. Following the same arguments of the proof of

Theorem 3.3.2, one shows that:

aCOStZg—gI(:okahead (X(R),X(T)) = 2. Vg%-yggkahead.

72



Following similar ideas presented in Corollary 3.3.5, one can show that acost}®5 | (Z(R),Z(T))

can be computed in polynomial time when the amount of lookahead k is fixed.

3.4 Conclusions

In this chapter, we have addressed the problem of computing the asymptotic cost of repairing regular
languages in the non-streaming and streaming settings. It is surprising that the asymptotic cost in
both settings is rational and computable.

In the non-streaming setting, we proved that the threshold problem for the asymptotic cost is
between PSPACE and EXPTIME. This result can be made stronger [BPRb] by showing that the
threshold problem for the asymptotic cost is PSPACE-hard even for regular languages specified by
DFAs. Unfortunately, we leave as an open problem whether the algorithms for computing asymptotic
cost in the non-streaming setting are optimal.

In contrast to the above results, we derive optimal online algorithms for editing one language
into another in the streaming setting, where a finite lookahead is given, which are quite distinct from
traditional edit distance algorithms based on dynamic programming. We think that this last result
could be considered in practical scenarios when an optimal strategy with respect to the streaming
repair cost could be needed.

We also left open the application of the asymptotic cost in other scenarios. Many papers (see
related work below or in Section 2.6) have proposed distance functions between two sets of strings,
which are appropriate for their own applications. These distance functions are local with respect to
the languages or, more specific, they are intrinsically affected by singular instances of the set failing
to see both languages as a whole. In our case, the asymptotic cost considers only the difference of
the two languages for very long words given an overall picture of the two sets. However, it is worth
noticing that the asymptotic cost is not a distance function and is asymmetric with respect to the
restriction and target language which restrict its application. Despite this, it will be interesting to

see further applications of the asymptotic cost in other scenarios.

Related work. The related work presented in Section 2.6 is also relevant for the asymptotic repair
cost studied in this chapter. Here, we would like to highlight some connections of the asymptotic cost
with property testing [AKNSO1, Fis01, FMDRI10]. As was previously mentioned, property testing is
a line of research that studies the existence of e-testers for model-checking problems. Recall that an
e-tester for a regular language L and an integer € is a randomized algorithm that for every word w
it only queries at most O(1/¢) positions of w and accepts with probability 1 whenever w € L and
rejects with high probability whenever dist(w, L) > € - |w|. Although the existence of an e-tester for
the model-checking problem of regular languages was solved in [AKNSO01], as far as we know no one

has pointed out whether an e-tester is always meaningful for every e. For example, one can easily
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show that if € > acost(X*, L), then every e-tester never rejects with high probability for words w
with length greater than C/(e — acost(X*, L)) where C is a constant that only depends on L and
not on the size of w. This means that if € > acost(X*, L), then any e-tester is not meaningful in the
sense that it will only reject a finite number of words with high probability. Therefore, this gives an
interval (acost(X*,L),1) for € values that should not be considered if an e-tester wants to be used
in practice.

A similar problem related to the asymptotic cost of a distance automata was studied in [CD13].
In this paper, the authors studied the problem of deciding the e-approxzimation of functions specified
by distance automata. Specifically, the paper shows a partial algorithm that, for every ¢ <1 and for

every two distance automata f and g, outputs:

. “yes” whenever f(w) < (1-¢)-g(w) for all weX*,
. “no” whenever f(w) £ g(w) for some w € X*, and
° either “yes” or “no”, otherwise.

The algorithm is a partial solution to the problem of deciding whether f < g for any distance
automata f and g (which is known to be undecidable [Kro94]). Although the algorithm presented
in [CD13] could possibly be used to compute the asymptotic cost of a subclass of distance automata,
it is not clear how to exploit this algorithm given its incomplete behaviour. Furthermore, this
algorithm is susceptible to “small” words and, in contrast, the asymptotic cost depends only on the
behaviour of the distance automata in the long run. Finally, it is worth to notice that the techniques
used in [CD13] are mostly algebraic and very different form the techniques used in this chapter.

It is important to note that some connections between online algorithm and determinization
of distance automata have been studied by Aminof et all in [AKL10]. In this paper, the authors
considers distance automata and their determinization in order to find online algorithms with a given
competitive ratio with their offline versions. This work can be seen as a more general scenario of our
streaming setting. Despite of this, in this work the authors have not considered the computation of
the asymptotic ratio of the cost of a distance automata and the connection between the streaming
setting and games.

We want to highlight that some interesting results presented in [BPRb] that relate the streaming

aggr

asymptotic cost acost; > . iea

4 with the lookahead parameter k € N where not included here. Intu-
itively, the k-lookahead streaming asymptotic cost acost;®y . (R,T) (associated with two lan-
guages R and T') is a non-increasing function of k and it is bounded from below by the non-streaming
asymptotic cost acost(R,T"). Then it will be interesting to compute the limit of the streaming asymp-

totic cost acost;®8 | (R,T) as the lookahead parameter k gets bigger. In [BPRb] we were not

able to compute the exact value of this limit, nor to prove that acost?®&’ . (R,T) stabilizes for
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sufficiently large k, as it seems reasonable. However, it was shown how to solve a simpler problem,
that consists of deciding given two DFA R and T and a rational threshold v whether there is k € N

a
such that acost3®' . (R,T)<v.
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Chapter 4

Bounded repairing of trees

In this chapter, we turn our attention from repairing strings to repairing trees. We consider the
bounded repair problem between tree languages which can be specified by XML schemas or, more
general, by regular tree languages [Sch07]. By formalizing the edit distance between unranked
ordered trees, we will define the bounded repair problem, that is, the problem of deciding bounded
repairability between two given tree languages R and 7. Our main result shows that is decidable
whether or not R can be repaired into T" with a uniformly bounded number of edits.

For regular languages of strings, the bounded repair problem was resolved in Chapter 2: there it
was shown that the problem is coNP-complete when the languages are represented by deterministic
finite state automata, and a characterization of bounded repairability was given using a coverability
relation between chains of connected components of the automata. In the case of tree languages,
the problem turns out to be much more complex, both in terms of complexity and in terms of
proof techniques that are needed to resolve it. We will provide a characterization of bounded
repairability that exploits a suitable notion of component of a stepwise tree automaton [CNTO04],
i.e., a form of automaton that turns out to be particularly convenient for analysing repairs. An
additional complication for the tree case is that we need to consider structures of components of
stepwise tree automata that take the form of trees, rather than chains. Our characterization of the
bounded repairability of R into T requires that every component structure of R can be “covered”
by a component structure of T. The notion of covering is subtle, and the proof that it captures
bounded repairability requires lifting the notion of edit from the level of the individual trees to the
level of the component trees associated with the automata for R and 7.

Once we have our characterization, we can apply it to get decidability of the bounded repair
problem, and with some additional optimization we can give tight complexity bounds. It turns
out that, in contrast with the string setting, deciding the bounded repair problem for regular tree
languages is equally complex no matter whether the finite tree automata is deterministic or non-
deterministic, or whether it is given by a DTD or even by a non-recursive DTD. We show that for all

these cases the bounded repair problem is coNEXPTIME-complete. For the sake of positive results,
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we study further restrictions over tree specifications and show that bounded repairability is much
simpler to check when the restriction language R is trivial (i.e., the class of all trees).

We organize this chapter as follows: in Section 4.1 we give all the background needed on trees
and regular tree languages. Then we use this background in Section 4.2 to define the bounded
repair problem over trees. In Section 4.3 we give the formal statement of our main result, that is, a
characterization of exactly which pairs of schemas are bounded repairable. We take up Section 4.4
to present the proof of this result. Then we use our characterization in Section 4.5 to study the
complexity of the bounded repair problem over trees, while in Section 4.6 we give a different char-
acterization of bounded repairability for the case where the restriction language is trivial. Finally,

in Section 4.7 we present our conclusions and show some related work.

4.1 Regular tree specifications

In this chapter we study the bounded repair problem over finite unranked ordered trees whose nodes
are labelled over a finite alphabet ¥ (see Chapter 8 in [CDG*07] for a survey). Formally, the set of
unranked ordered X-trees (or just trees) is inductively defined as follows: (1) every a € X is a X-tree;
and (2) ifa e ¥ and t1,...,t, are E-trees for some n € N, then a(¢y,...,t,) is a X-tree. Furthermore,
we call a sequence of o-trees ¢y -...-t, a 3-forest or just a forest. Notice that we do not impose
any a priori bound on the number of children of a node in a Y-tree or ¥-forest. As an example,
the left-hand side of Figure 4.1 shows a X-tree for X = {r,a,b,c,d}. We denote by Ts the set of all
Y-trees. We usually call a subset L ¢ Ty, a tree language over 3.

It is useful to identify nodes of an unranked tree/forest by sequences of positive natural numbers.
Formally, for every t € Ts; we define the set nodes(t) € N* recursively as follows: if ¢ = a(t1,...,t,)
with a € &, #1,...,t, € Tx, and n > 0, then nodes(t) = {e} U {i-a | = € nodes(t;) A1 <i<n}. One
can easily extend this definition from trees to forests: nodes(f) = {i-xz | € nodes(t;) A1 <i < n}
for a forest f =t1-----t, and n > 0. Notice that the roots of a forest are represented by singleton
sequences. In particular, the empty sequence does not belong to the nodes of a forest. Finally, for
any node x € nodes(t) we denote by t(z) the label of x on ¢.

Given a X-tree t and a node x € nodes(t), we highlight some particular set of nodes related to
the position of z on ¢t. We denote the parent of « by parent,(z) € nodes(t) such that = = parent,(z) -4
for some i € N. Notice that for the root node e the parent node parent,(€) is not defined. We also
denote the set of children of x by childrens(x) = {x-i € nodes(t) | i € N}. Furthermore, we denote the
first and last child of = by first-child;(x) and last-child;(x), respectively (i.e. first-child;(z) = z-1 and
last-child;(x) = = - n for n € N such that x - (n+ 1) ¢ children;(z)). We usually omit ¢ on parent,(x)
and children; () if ¢ is understood from the context. For example, in Figure 4.1 we can check that

for the d-node 2 it holds that parent(2) = ¢ and children(2) ={2-1,2-2,2-3,2-4}.
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Finally, we introduce the partial orders 3" and <{**" (also known as post-order traversal) on the
nodes of a tree t which are induced by the standard ancestor relation and post-order of t, respectively.
The ancestor relation <" is defined as the prefix order on sequences over N, that is, = <}"° y iff
r is a prefix of y for every z,y € nodes(t). In addition, we define z <?°*" y iff y is a prefix of x or
there exist prefixes ' and y’ for = and y, respectively, such that |z'| = |y/| and 2’ < 3y’ where < is

post
$t

the alphabetical order on sequences over N. Notice that is a total order over nodes(t). For

post
<
=t

example, in Figure 4.1 it holds that 1 2-1 where 1 is the only a-child of r and 2-1 is the only

b-node.

DTDs. In this chapter we consider regular tree specifications to represent tree languages. In
general, we focus in the model of finite tree automata which defines the class of regular tree languages
(see below). We also consider less expressive tree specifications such as XML Document Type
Definitions in order to study sub-classes of tree languages or just to give simple examples of regular
tree languages.

An XML Document Type Definitions (DTDs) is defined as a tuple D = (X,d,.S) where ¥ is a
finite alphabet, d is a function that maps X-symbols to regular expressions over ¥, and S € X is
the set of initial symbols [CDG*07]. A tree t satisfies D if t(e) € S and every x € nodes(t) satisfies
t(x-1)-t(x-n)e L(d(t(x))) where last-child;(z) = - n for some n € N. We denote by £ (D) ¢ Tx
the language of Y-trees satisfying D. We usually omit the initial symbol in the definition of a DTD
if this symbol is understood from the context (e.g. it is the first symbol in the list for rules). As an

example, consider the DTD:

D: r - ad
a — a-+e€
d - bce*
b - a
c — €

One can easily check that the tree at the left-hand side of Figure 4.1 satisfies D.

It is well known that DTDs defines a subclass of regular tree languages [MN07]. We assume this
result throughout this chapter. Interestingly, most of our lower complexity bounds holds for the
class of tree languages defined by DTDs (see Section 4.5 for more details).

We also consider the classes of non-recursive and deterministic DTDs that has been extensively
studied before [SV02, MNSB06]. A DTD D = (%,d,S) is non-recursive if its dependency graph
(i.e., the graph that connects a letter a to a letter b whenever b occurs in the language d(a)) is
acyclic. Similarly, a DTD D is deterministic if each d(a) is represented in terms of DFAs for all
a € 2. Deterministic DTDs are known in the literature as one-unambiguous DTDs and are the closer

formalism to the DTD-specifications considered in practice [BKW9S].

Curried trees and contexts. Throughout this chapter we use the curry encoding to represent
unranked trees. The curry encoding [CNT04, MNQ7], also known as the extension encoding, repre-

sents an unranked tree labeled with elements of ¥ as a binary tree whose inner nodes are labeled
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Figure 4.1: Curry encoding of an unranked tree.

with a distinguished symbol @ and leaves with elements of . The encoding, denoted ext, is defined

as follows (with a € X):

ext(a) = a,

ext(a(ty,...,tn)) = Q(ext(a(ty, ..., tn-1),ext(t,)))-

To simplify the notations, we write the symbol @ as an infix, left-associative operator. Figure 4.1
illustrates the encoding of an unranked tree. The inverse ext™' of the encoding is defined by
providing the symbol @ with the semantics of the extension operator on unranked tree and by
evaluating the expression in a bottom-up fashion, i.e., ext™!(a) = a and ext™!(a@t,@...Qt,) =
a(ext™(t1),...,ext™ (t,)).

We fix a special label @ not in > to be used as a placeholder in contexts. Formally, a curried
context over ¥ is a curry tree on Ty () with e occurring exactly once in a leaf. By Cx, we denote
the set of all contexts over X. The empty context is the context e having exactly one node. For a
context C' and a tree t we denote by C ot the tree obtained from the substitution of e by ¢ in C.
Similarly, the composition C; o Cy of two contexts C7 and Cs is obtained from the substitution of
the placeholder in C by Cs. (this results again in a context in Cs;).

Observe that the root node of an unranked tree corresponds to the left-most leaf in the corre-
sponding curried tree. Other remarks follow [CNT04, MNO07]. We point out that ext is a one-to-one
mapping between the set of unranked trees and the set of curried trees. We also note that there is
a one-to-one correspondence between the nodes of an unranked tree and the leaves of the curried
encoding. Moreover, the yield of a curried tree, i.e., the sequence of leaves taken from left to right,
corresponds to the standard left-to-right pre-order traversal of the unranked tree. Another observa-
tion follows from the semantics of the extension operator: the inner nodes of a curried tree, labeled
with @, correspond to the edges of the unranked tree.

By the previous discussion, in the sequel of this chapter we use the curry encoding to represent
Y-trees. Furthermore, by a slight abuse of notation we denote by nodes(t) the nodes of the curry

encoding of a Y-tree ¢ (i.e. nodes(ext(t))) and by Ty the set of all curried trees over X.
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Stepwise tree automata. We use stepwise tree automata [CNT04, MNO7] to specify regular
tree languages. These are essentially bottom-up tree automata running over the curry encodings of

trees [CDG*07]. Formally, a stepwise automaton is a tuple A = (3, Q, 0, do, F'), where:
1. Y is a finite set of labels,

2. Q is a finite set of states,

3. §:Q xQ — 29 is a transition function,

4. 5o : ¥ - 2% is an assignment of initial states to labels, and

5. F cQ is a set of final states.

We say that A is deterministic if 0y (respectively, d) can be described as a partial function from X
(respectively, @ x Q) to Q. It is often convenient to represent dy and § as a set of rules. For instance,
we write a — ¢ to indicate that ¢ € dg(a) and ¢1@Qqgy — ¢ to indicate that ¢ € §(q1,q2).

A run of a stepwise automaton A = (X, Q, 60,9, F') on a tree t € Ty is a function p : nodes(t) - Q
such that (1) for every leaf node z, p(z) € do(t(x)), and (2) for every inner node x, p(z) € §(p(x -
1), p(z-2)) (recall that we represent ¢ with its curry encoding). A run p is accepting if p(¢) € F. The
language recognized by A, denoted Z(A), is the set of all trees ¢ € Tx, on which A has an accepting

run.

Example 11. As a running ezample, consider the two DTDs:

D: r - ad D': r - dc*
a — a+¢€ d - aa
d - bce* a - a+b
b - a b - ¢
c = € c = €

The following two stepwise automata capture (modulo the curry encoding) the languages defined
by the previous DTDs (the underlined states are final and any rule using ¢ translates to two rules

using ¢ and q%):

R: r - py  pyQ@pf - pi T: r > q Q¢ - ¢
a - p§  piap! - pj d - q§ Q¢ - g

d - pi  pi@ps - pf a - q¢  qlQq - qf

b - pb  piapt - pf b - ¢ ¢lQq¢ - qf

c - q pl@p; — pf ¢ = g5 qQqf - qf
poQps - pi @Qg - qf

Figure 4.2 presents the (accepting) runs of the automata R and T on the curry encodings of

some trees t and t', respectively.
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Figure 4.2: Runs of two stepwise tree automata over curry trees.

Stepwise automata capture exactly the class of regular (unranked) tree languages [CNT04] and
they are more succinct than many other classes of tree automata [MNOQ7]. Other models that capture
the same class of languages, such as unranked tree automata are more frequently used (see [Sch07] for
asurvey). Since unranked tree automata can be converted into stepwise tree automata in polynomial
time, algorithms for analyzing stepwise automata provide the same complexity bounds for unranked
tree automata — all of our theorems will apply to unranked tree automata as well as stepwise tree
automata. The main advantage of using stepwise automata in our proofs is due to their ability of
capturing the cyclic behavior of a regular tree language, defined via a suitable notion of strongly

connected component (see Section 4.3 for more details).

In the sequel, we will work with trimmed stepwise tree automata only. We assume that every
state of an automaton appears in some accepting run. That is, a stepwise tree automaton A =
(2,Q,0,80, F) is trimmed if for every state g € Q there exist ¢ € Ty, and an accepting run p of A
over t such that p(z) = ¢ for some z € nodes(t). Observe that every stepwise tree automaton can be
trimmed in linear time [CDG*07]. Given that all problems considered in this chapter are at least
PTIME-hard, we can assume without loss of generality that all stepwise tree automata in the sequel

are trimmed.

As is usual for word automata, we extend the transition function ¢ of a stepwise automaton
to trees in Ty and to contexts in Csx. More precisely, we define the function 6* : 75 — 29 such
that ¢ € §*(¢) iff there exists a run p of A on ¢t and p(e) = ¢. Similarly, we define the function
671 QxCsx — 2% such that ¢’ € 57 (g,C) iff there exists a run p of A, = (X u{e},Q,50U{(e,q)},5,Q)
on C and p(e) = ¢’ (intuitively, we simulate some computation of A on C' under the assumption that

the placeholder is assigned state ¢). By an abuse of notation, we will denote 6* and 6 simply by J.
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Figure 4.3: Edit operations on unranked trees.

4.2 The bounded repair problem for trees

We repair trees by using the standard set of edit operations over nodes [Tai79, Bil05]. We briefly
recall the definitions of the standard edit operations on unranked trees which are extensions of the
edit operations over words (see Section 2.2). The first operation, called deletion, consists of removing
a distinguished (non-root) node x from a tree ¢t and promoting its subtrees as children of its parent.
The second operation, called insertion, consists of adding a new node x in an unranked tree ¢, with
a possible adoption of a list of subsequent children from the parent of x. Figure 4.3 gives an example
of these two operations. The last operation, called relabelling, consists of modifying the label of
a node z to a new label in ¥. These are the standard edit-operations that are used to define the
edit-distance between trees (see [Bil05] for a survey). Note that the operation of relabeling a node
in an unranked tree, which is sometimes used as a standard edit operation, is subsumed by the
insertion and deletion of nodes. We denote by dist(¢,t") the minimum number of edits operations
that are needed for transforming ¢ into ¢’ given two unranked trees t and t'.

Similar to the string case, we are interested in studying the bounded repair problem for regular
tree languages. First of all, we extend the setting presented in Chapter 4 from strings to trees.
We consider two finite alphabets ¥ and A and regular languages R € ¥* and 7" ¢ A*, called the
restriction and target languages, respectively. Furthermore, we redefine a repair strategy as any
function from trees in R to trees in T for any tree languages R and T. For a repair strategy f and
a tree t € R, we define cost(¢, f) = dist(¢, f(¢)) to be the (absolute) cost of f on t.

We study the bounded repair problem for regular tree languages, which consists of deciding, given
two regular tree languages R and T', whether there exists a repair strategy that transforms any tree
t € R into a tree t' € T using a finite and uniformly bounded number of edits. Formally, given two

regular tree languages R and T', we define
cost(R,T) =9°f sup min dist(¢,¢).
teR t'eT

to be the worst-case cost of repairing R into T. Note that cost(R,T") can be equally described as the
minimum over all repair strategies f for R and T of the worst-case cost of f. If cost(R,T) is finite,
then we say that R is bounded repairable into T and we write cost(R,T') < oo for short. During this
chapter, we will study how to decide the bounded repair problem for input languages specified by

means of stepwise tree automata and DTDs.
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Figure 4.4: Example of how to repair an unranked tree satisfying D into D’.

Example 11 (Continued). Consider the two DTDs D and D’ that were presented previously. For
the tree languages specified by D and D' one can check £ (D) is bounded repairable into £ (D’).
Figure 4./ shows how to repair a tree satisfying D into D' with only three edits. Actually, any
tree t € £ (D) can be repaired into a tree t' € L (D’) with at most three edit operations and, thus,
cost(Z (D), Z (D)) < oo. Indeed, we have to delete from t the only b- and d-nodes and then insert
a d-node over the two chain sequences of a-nodes under r. It can be checked (by also following

Figure 4./) that the result of these three operations is a tree t' € £ (D’).

Example 12. Consider the following DTDs:

R:

Q3
Vool
oS
o ot e =
VLol

1t is easy to see that R is bounded repairable into T': any tree r(a(b,...,b)) in R can be modified into
a tree in T by inserting a new c-labeled node as a right-sibling of the nodes labeled by b. However,
if we replace in both DTDs R and T the rule r — a with the rule r — a*, we obtain a new pair
of languages R’ and T' such that R’ is not bounded repairable into T'. This example suggests that
bounded repairability depends on some interplay between the rules of DTDs and, more generally,

between the specifications of the labellings of the nodes at different levels of the trees.

Note that the bounded repair relation cost(R,T) < oo satisfies some key properties that are

straightforward to prove and which will be used later on. These properties are:

1. Subset-subsumption, i.e. R < T implies cost(R,T’) < oo.

2. Transitivity, i.e. cost(R,T) < oo and cost(7T, S) < oo imply cost(R, S) < oo, and

3. Union-compatibility, i.e. cost(R,T) < oo and cost(R’,T") < oo imply cost(RU R, TUT") < oo.

This first property, subset-subsumption, is trivial to prove given that cost(R,T) = 0iff R < T. For the
transitivity property, one can easily check that function dist is a metric over trees and then satisfies
the triangle inequality (i.e. dist(¢,t") < dist(¢,t”) + dist(¢”,¢") for any ¢,¢',t” € Ts). This implies
that dist(r, s) < cost(R,T) +cost(T,.S) given that dist(r,t) < cost(R,T") and dist(¢, s) < cost(T, S) for
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Figure 4.5: Transition graphs of two stepwise tree automata.

any r € R, teT, and s € S. Thus, we conclude that cost(R,S) is also bounded and the transitivity
property is proved. Finally, the union-compatibility follows directly from the definition of worst-case
cost of repairing a restriction into a target language. Indeed, if cost(R,T') < oo and cost(R',T") < oo,
then cost(RU R/, TuT") < min{cost(R,T),cost(R',T")} and we conclude that costf(RU R, TuT")

is bounded as well.

4.3 Characterization of bounded repairability

In this section we give an effective characterization of the bounded repairability relation between
regular tree languages. Similarly to the word case in Chapter 2, this characterization is based on the
notion of strongly connected component of the transition graph of a stepwise automaton. In the word
case, a suitable coverability relation between chains of components is used to characterize bounded
repairability. Because here we work with trees, we need to generalize the notion of coverability to
a relation over the so-called synopsis trees, i.e., full binary trees with nodes labeled by strongly

connected components.

4.3.1 Components of stepwise automata

Given a stepwise automaton A = (X,Q, 9,00, F'), the transition graph of A is the graph G4 =

(Q, En U E,), where:
Ej,
E,

{(01,0) €QxQ | 3g2- g€ 6(q1,02)},
{(¢200) €@ xQ | 3q1. g€ d(q1,q2)}-

We call the edges in E, vertical and the edges in E} horizontal. Note that an edge may be both

vertical and horizontal. As an example, Figure 4.5 depicts the transition graphs of the automata
R and T of Example 11 (dashed arrows represent horizontal edges, solid arrows represent vertical
edges).

Recall that a set X of nodes of a graph G = (V, E) is a strongly connected component (or simply
a component) iff X is maximal such that for every two z,y € X, there exists a path from z to y

visiting nodes only in X. By SCC(A) we denote the set of all strongly connected components in the
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transition graph of A. Similar to the word case, we associate with each component X € SCC(.A) the

language £ (A | X) of contexts that are realizable within X:
Z(A|X) = {CeCs | Ip,qeX. qed(p,C)}.

Below, we identify particular types of components in the transition graph of an automaton. We
say that a curried context C' is horizontal if its placeholder e appears at the leftmost leaf (possibly
at the root, if the context is a singleton). Essentially, a horizontal context C' represents a forest,
i.e., a sequence of unranked trees that are encoded by the sub-trees below the leftmost branch of C.
Concatenations of forests thus correspond to compositions of horizontal contexts. For instance, given
two horizontal contexts C' and C’, C' o C' is a horizontal context that represents the concatenation
of the two forests represented by C' and C’, respectively.

A component X € SCC(A) is horizontal iff it realizes horizontal contexts only, i.e. C'is horizontal
for every C' ¢ Z(A | X). Notice that an horizontal component of A can also be seen as a sub-
automaton of A that contains horizontal transitions only. Similarly, we say that X is trivial iff it
realizes the empty context only, i.e., Z(A| X) = {e}. Note that trivial components are horizontal.

As an example, consider again the transition graphs of Figure 4.5. All components except {p¢},
{ps}, {q}}, and {¢¢} are trivial. The components {p¢} and {q}} are non-trivial horizontal, since they
both realize the contexts e, #Qc, (#Qc)Qc, ... The components {p}} and {¢{} are non-horizontal,

since they both realize the contexts o, a@e, a@(a@e), ...

4.3.2 Synopsis trees

We now introduce a suitable structure that eases the characterization of bounded repairability,
namely, a synopsis tree. This structure is the generalization of the chain of components used in
Theorem 2.3.1 to characterize bounded repairability in the word case. Formally, a synopsis tree of
an automaton A is a full binary tree whose nodes are labeled with elements of SCC(A). The tree

language [7] 4 of a synopsis tree 7 of A is the language of curried trees recursively defined as follows:

[X14

[X(m1,72)] 4

{Coa|Ceg(A|X), aex}

{co (t,@ty) | CeZ(AlX), tie[n]y tae HTQ}]A}

with X € SCC(A). Figure 4.6 contains two synopsis trees 7 and o, respectively for the automata R

and 7 of Example 11. Note that the tree language [7] 4 defined by a synopsis tree 7 of A are all

the combination of contexts in Uyenodes(r) £ (A | 7(u)) that follows the “macro” structure of 7.
Next, we identify a family of synopsis trees that captures “closely enough” the language recog-

nized by an automaton.

Definition 4.3.1. A primitive synopsis tree of an automaton R = (X, Q, 9,60, F') is a synopsis tree
7 of R such that:
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Figure 4.6: Synopsis trees for stepwise tree automata R and 7.

1. T respects the transition function of R, i.e., for all nodes x, -1, and x -2 in T, there exist

some states g€ (), q1 € T(x-1), and g2 € T(x - 2) such that g € §(q1,¢2);

2. every internal node of T has label different from the labels of its children, i.e., for all nodes x,

-1, andz-2in 7, 7(x-1) +7(x) £ 7(x-2).
PST(R) denotes the set of all primitive synopsis trees of A.

Basically, a primitive synopsis tree 7 of A follows the SCC-structure of G4 and is reduced, i.e. all
labels following a branch of 7 are different. The tree 7 depicted in Figure 4.6 is a primitive synopsis
tree. In particular, this tree respects the transitions of the run of the automaton R on the left-hand
side of Figure 4.2.

The idea underlying the notion of primitive synopsis tree is to capture the “cyclic behavior” of
the components of the restriction automaton. This cyclic behavior has to be taken into account in
the characterization of bounded repairability because it could generate arbitrary large fragments of
trees that cannot be edited with uniformly bounded cost. Moreover, the use of primitive synopsis
trees as a representation of the restriction language 2 (R) is sound because this set contains via the

previously defined tree language the language £ (R).

Lemma 4.3.2. For any stepwise tree automaton A, it holds that:

ZA) ¢ U Irls

T7ePST(A)

Before going into the technical proof of Lemma 4.3.2, we illustrate the main arguments of this
proof on the tree ¢ from Figure 4.1 and the automaton R from Example 11. For this we consider the
accepting run of R of Figure 4.2 and we use it to decompose ¢ into a binary tree of contexts, where
each context is realized by some SCC of R. We present this decomposition in Figure 4.7, where for
better visualization we place the states of the run not on the nodes but on the edges above them
and we add a virtual edge for the root.

The decomposition procedure works in a recursive manner and begins at the root node. When

executed at a node z with a state ¢ (which belongs to some component X € SCC(R)), the procedure
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Figure 4.7: Decomposition of a curry tree into contexts.

creates an empty context C' = e which spans the edge above the node. If a child of x has a state that
belongs to the same component X, then the procedure moves to this node and expands the context
C to span the edge above the node child and the whole subtree rooted at the opposite child. This
step is repeated iteratively until the procedure reaches a leaf node or a node whose both children
have states not in X. In the latter case, the procedure is called recursively on both children nodes,
creating two separate children context nodes.

Clearly, the contexts created during the decomposition are realized by some components of R
and the structure of these components takes the form of a synopsis tree. For instance, for the
decomposition of Figure 4.7 the resulting synopsis tree is 7 in Figure 4.6. Naturally, this synopsis
tree respects the transitions of the run of R on the input tree. Furthermore, since every context has
been maximally expanded, every node of the synopsis tree does not share the same label with any

of its children. This shows that the constructed synopsis tree is primitive.

Proof of Lemma 4.3.2. Fix a stepwise automaton A = (X,Q, 4,00, F), a tree t € L(A), and the
accepting run p of A on ¢t. Below, we define a primitive synopsis tree 7 from ¢ and p such that
t €[] 4. We construct 7 inductively by starting with an initial synopsis tree 7o matching ¢ and then
iteratively apply a simple contraction operation until we obtain a primitive synopsis tree. In this

process, we also maintain a matching of 7 against ¢ and p: essentially a structural proof that t € [7] 4
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that additionally shows that nodes of 7 witness the transition function of A over ¢. Intuitively, a
matching essentially represents the tree ¢ as a composition of contexts that are realized by the
corresponding nodes of 7. We shall identify a context within ¢ using two anchor nodes: one for the
root of the context and the other one for the placeholder o. Formally, a matching of T against ¢t and

p is a function 9 : nodes(7) — nodes(t) x nodes(t) that:

1. for every x € nodes(7) if ¥(z) = (y,y’), then y 2" y;

2. ()= (5v);

3. for every x,x i€ nodes(7) if J(x) = (y,y"), then 9(z i) = (v -i,y");

4. for every leaf node z of 7 if ¥(x) = (y,y’), then 3y’ is a leaf of ¢;

5. for every z € nodes(7) if ¥(x) = (y,’), then p(y), p(v') € 7(z) (recall that 7(x) € SCC(A)).

We first show that matchings are sufficient to get membership in the corresponding language, for

any synopsis tree, primitive or not.

Claim 1. If there exists a matching 9 of T against t and p, then t € [7] 4.

Proof. First, we need to introduce some notation: for a node x of ¢ by ¢, we denote the subtree of ¢
rooted at x and for another node z’ such that x <3"° 2’ by t|, ,» we denote the context obtained by
replacing in t}, the subtree rooted at the node (corresponding to) 2’ by the placeholder o. Note that
tlz . is the empty context. Clearly, for any x € nodes(7) if ¥(x) = (y,y"), then p(y) € 6(p(y'), tly.)
(Condition 1) and then t|, ,» € Z(A|7(x)) (Condition 5). This last observation allows us to prove
with an simple induction over the height of = € nodes(7) that t|, € [7],], where ¥(z) = (y,y").
Indeed, we have that 9(z-1) = (y"-1,y") and ¥(x-2) = (y'-2,y"") whenever ¥(x) = (y,y") (Condition 3).
By inductive hypothesis, we know that t},.; € [T]gz1]4 and tl,.0 € [Tlz2] 4. By the definition of
[74:] 4, we conclude that t|, € [7],], (the base case of this induction can be easily proved by
using Condition 4). Combining this last fact with Condition 2, we prove that t|. € [7}.] 4 and,
thus, t € [7] 4. O

We show next that if we match a synopsis tree 7 against ¢ and p, then 7 will automatically satisfy

the first condition to be a primitive synopsis tree (Definition 4.3.1).

Claim 2. If there exists a matching 9 of T against t and p, then T respects the transition function
of A, i.e., for all nodes x, x -1, and x -2 in T, there exist some states q € 7(x), ¢1 € 7(xz-1), and

g2 € T(x-2) such that q € §(q1,q2).

Proof. Take any x,z-1,2 -2 € nodes(7) and let 9(z) = (y,y'), ¥(x-1) = (¢’ - 1,y"), and ¥(x-2) =
(v'-2,y""). By Condition 5 of matching, we have p(y') € 7(z), p(y'-1) € 7(z- 1), and p(y'-2) € 7(z - 2).
Because p is a run of A over t, we get p(y') € 6(p(y' - 1), p(y’ - 2)). O
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Now, we have all the ingredients to derive a primitive synopsis tree 7 from ¢ such that t € [7] 4.
We start from an initial synopsis tree 7y and by iteratively applying a contraction operation over 7y,
we will derive 7. The initial synopsis tree 7y of ¢ is obtained from ¢ by relabeling every node n of ¢ to
the component X € SCC(.A) that contains the state of z in the run p (i.e. p(x) € X). The matching
of 7 against ¢ and p is simply ¥o(z) = (x,2) and it is easy to verify that it satisfies Conditions 1
through 5. By the claim above, the initial synopsis tree must respect the transition function of A. It
remains to transform the initial synopsis tree in such a way to preserve the existence of a matching
against ¢t and p, while achieving the second condition required for a primitive synopsis tree.

We present a simple contraction operation on a synopsis tree 7 and a matching 1. It is applied
to a node whose parent has the same label and it removes the parent node together with the subtree
rooted at the other child. There are two variants of this operation depending on whether the node
is the left or the right child of its parent node. We deal with the left variant only; the treatment of
the right variant is analogous. The operation is presented in Figure 4.8 (7p and 7, may be empty if

the lower X is a leaf node). Note that the child node x-1 in 7 becomes z in the new synopsis tree 7/

T

eI

Figure 4.8: Contraction operation over synopsis trees.

(analogously, the nodes of 75 and 71 need to be offset). The new matching ¢’ is obtained as follows.
If ¥(x) = (y,y') and 9(z-1) = (' - 1,y"), then ¥'(x) = (y,y"). On all other nodes 9’ is identical to ¢
except that the nodes of 7y and 7 that need to be offset after the deletion and the nodes of 5 are
dropped altogether. It is easy to verify that ¢’ satisfies Conditions 1 through 5.

We observe that every application of a contraction operation reduces the size of the synopsis tree
and so this iterative process terminates and the resulting synopsis tree 7 satisfies both conditions of

Definition 4.3.1. O

The height of a primitive synopsis tree of a stepwise automaton R is bounded by the number of
different components in Gg and hence by the number of states of R. Consequently, PST(R) is a
finite language and, moreover, it can be represented with a simple deterministic binary bottom-up
tree automaton whose size is polynomial in the size of R.

In order to represent the target language and the possible edited trees, one needs a relaxed
version of primitive synopsis trees, namely, basic synopsis trees. These synopsis trees are analogous
to the chain of components over the reflexive and transitive closure of dag(7) (i.e. dag*(7T)) used

in Theorem 2.3.1 to characterize bounded repairability in the word case.
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Definition 4.3.3. A basic synopsis tree of an automaton T is a synopsis tree o of T that respects
the transition function of T (cf. Definition 4.3.1). We denote by BST(T) the set of all basic synopsis
trees of T .

For example, the tree ¢ in Figure 4.6 is a basic synopsis tree that respects the transitions of the
run of the automaton 7 depicted on the right-hand side of Figure 4.2.

Notice that a basic synopsis tree, in contrast with a primitive synopsis tree, could have internal
nodes with the same label of one of its children. This implies that the set BST(T") of all basic synopsis
trees of T is potentially infinite. Nevertheless, the set of basic synopsis trees of an automaton 7 can
be represented by a deterministic binary bottom-up tree automaton of size polynomial in the size
of T.

The following lemma shows that the language given by the semantics of a basic synopsis tree of

T is bounded repairable into the language Z(T).

Lemma 4.3.4. For any stepwise tree automaton A= (X,Q,0,80, F), it holds that:
cost([0] 4,2 (A)) < (4-]o|+1)-21€
for any o € BST(A). In particular, cost([c] 4,-Z(A)) < oo.

The proof of this lemma is technical and is based on the following observations. Any treet € [o],
can be seen as a composition of contexts, one for every node of o and each belonging to the language
of the corresponding component. Every such context can be decorated with states from a run of
T that justifies that the context belongs to the language of its corresponding component. To make
this decoration a proper run of 7, one needs to insert additional contexts that allow the transition
from one component to the other — this is possible because the basic synopsis tree o respects the
transition function of 7 and because o is labeled with strongly connected components. Additionally,
the symbols used for substitution in the semantics of the leaf nodes of o may need to be replaced
by appropriate tree fragments. Finally, we observe that the number of inserted contexts and tree
fragments depends only on the size of o and their sizes depend only on the size of T, which means

that the number of edits that are required to repair ¢ into £ (7) is independent of the size of t.

Proof of Lemma 4.3.4. We fix a stepwise automaton A = (2, Q, 4, g, F') and a basic synopsis tree o
of A. For any ¢q € Q we denote by A9 the automaton A9 = (3, Q, d, dp, {¢}) recognizing trees having
a run with ¢ at the root node. Also, let N, , = min{|C| | ¢ € §(p,C) A C # o} for any p,q € Q such
that g is reachable from p in G 4. We aggregate these values with N = max, 4eq Np,4. Note that
N >0 by definition. Furthermore, notice that for any two p,q € @ such that ¢ is reachable from p,
there exists a context C' of size bounded by N which satisfies g € §(p,C'). For any pair p,q € Q, we

denote by C} 4 this context whenever ¢ is reachable from p.
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We show next that cost([o] 4,2 (A?)) <4-N-|o| by induction over the size of o for any q € o(e).
Clearly, this will imply that cost([0] 4,-Z(A)) < (4-|o| +1) - 29l given that N < 2@,

For the base case o = X, take any ¢t € [X] 4 and let t = C' o a for some C' ¢ Z(A|X) and a € X.
Then there exists p’, ¢’ € X such that ¢’ € 6(p’,C). Let b e X and ¢g € @ be a pair such that g € do(b)

and p’ is reachable from ¢g (such a pair exists because we assume that A is trimmed). Define a tree:
t' = Cyq0CoC4pob

which can be obtained from ¢ = C' o a by (1) deleting the leaf node a, (2) inserting the leaf node b,
(3) inserting the fragment Cy, ,r, and (4) inserting the fragment Cy 4. Naturally, t' € L(.A?) and
overall cost of transforming ¢ to ¢’ is bounded by 4- N.

Now, for the inductive case take any t € [X (01,02)] 4 and let t = C'o (t,@t3) for some C' € £ (A |
X), t1 € [01] 4, and t2 € [02] 4. Also, let p’,q" € X be two states such that ¢’ € 6(p’,C). Since a
basic synopsis tree respects the transition function of A (Definition 4.3.3), there exists a transition
p € 6(p1,p2) such that p € X, p; € o1(¢), and ps € o9(€). By inductive hypothesis, there exists
ti e L (AP) such that dist(¢;,¢;) <4- N -|oy| for i € {1,2}. Define then:

t' = CyqoCoCpyo (1) @ t5).

By following the previous construction, one can easily check that ¢ € £L(A9). Also, observe that ¢/
can be obtained from ¢ by (1) transforming ¢; into ¢} with cost less than 4-N+|o1|, (2) transforming ¢o
into t5 with cost less than 4- N -|os|, (3) inserting C, v, and (4) inserting Cy , where both insertions

have cost less than N. Together the overall cost is bounded by 2- N +4-N-(|o1|+|os|) < 4-N-|o|. O

4.3.3 Coverings

The remaining part of the puzzle is to identify how to connect each primitive synopsis tree of the
restriction automaton R to some basic synopsis tree of the target automaton 7. This is accomplished

by the notion of covering between synopsis trees.

Definition 4.3.5. Given two stepwise tree automata R and T and two synopsis trees T of R and
o of T, we say that T is is covered by o (denoted by T — o) iff there exists an injective mapping A

from non-trivial nodes of T to non-trivial nodes of o such that:

1. X maps components in a compatible manner, i.e., L(R | 7(x)) € L(T | c(A(x))) for every

non-trivial x € nodes(7);

2. X preserves the post-order of non-trivial nodes, i.e., x <P°t y iff A(x) <2°* A(y) for any two

non-trivial x,y € nodes(7);

3. X preserves the ancestorship of non-horizontal nodes, i.e., x 2" y iff AM(z) 2" A(y) for every

non-horizontal x € nodes(7) and every non-trivial node y € nodes(7).
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Figure 4.9: Covering of a primitive synopsis tree by a basic synopsis tree.

We call the mapping A a covering from 7 to o.

Figure 4.9 presents a covering of a primitive synopsis tree 7 of R by a basic synopsis tree o of T
where square boxes represent non-trivial nodes, and they have double borders when the component
is non-horizontal.

We are now able to state the main theorem of the paper:

Theorem 4.3.6. Given two regular tree languages specified by stepwise automata R and T, £ (R)
is bounded repairable into L (T) iff every primitive synopsis tree T of R is covered by some basic

synopsis tree o of T, that is,
cost(R,T)<oo iff Y7ePST(R).30ceBST(T). 7—>o0

Before turning to the proof of the above result, we explain the main ideas underlying the notion
of covering. As a first remark, we observe that, given R and 7 such that cost(-Z(R),.Z(T)) < oo,
any reasonable strategy for repairing R into 7 with a uniformly bounded number cost will apply
the edit operations only at the “junctions” of contexts realized by different components. Intuitively,
this property holds because the non-trivial components of R can realize arbitrary large repetitions
of the same context — these repetitions either do not need any editing at all, or they need an
arbitrary large amount of editing. This gives an intuitive account for enforcing containments between
languages recognized by components in the first condition of Definition 4.3.5 (not surprisingly, a
similar condition was introduced in Chapter 2 for characterizing bounded repairability between
regular languages of words).

As for the other two conditions, it is worth looking at the effect of an edit operation on the
curry encoding of an unranked tree. Let us consider an unranked tree ¢ with a distinguished node
x that has to be deleted. There exists a unique way to represent the curry encoding of ¢ together
with the node z as an expression of the form C o (' @ (C'oa)), where C' is a horizontal context
that represents the forest of subtrees under x and a is the label of . The result of the deletion of
x from t is encoded by the curried tree C o (C' ot’) (see Figure 4.10 for an example). Note that

this operation does not allow the deletion of the leftmost leaf node in the curried tree (this would
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Figure 4.10: Deleting a node in the curry encoding.

correspond to deleting the root node in an unranked tree, an operation that is typically prohibited).
The operation of inserting a new node y in an unranked tree ¢ can be described in a similar way using
curry encodings and horizontal contexts. Given an unranked tree ¢ with curry encoding C'o (C'ot"),
where C” is a horizontal context, the curried tree C'o (t'@Q(C"oa)) represents the unranked tree that
results from the insertion of a new a-labeled node y in ¢ having as children the forest represented by
C'. We now observe that the transformations on curried trees described above satisfy two crucial
properties: (i) they preserve the post-order of the nodes and (ii) they preserve the ancestorship
of non-horizontal contexts (e.g., C in Figure 4.10) with their descendants. These properties are
precisely captured by the last two conditions of Definition 4.3.5.

As a corollary of Theorem 4.3.6, we obtain the following bound on the cost of a repair strategy.

Corollary 4.3.7. Given two regular tree languages specified by stepwise automata R and T, if
Z(R) is bounded repairable into L (T), then:

cost(Z(R),Z(T)) < O(SCC(T)|- 2@

where Q and Q' are the set of states of R and T, respectively.

4.4 Proof of the main characterization

The following subsections are devoted to proving the two directions of the characterization given in

Theorem 4.3.6.

4.4.1 From covering to repair

We begin with the proof of the “if” direction of Theorem 4.3.6 by showing how to construct a repair
strategy from Z(R) into Z(T) with bounded cost, under the assumption that every primitive
synopsis tree of R is covered by some basic synopsis tree of T .

In addition to Lemmas 4.3.2 and 4.3.4, we need the following crucial property:
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Lemma 4.4.1. For any synopsis tree T of R and any synopsis tree o of T, it holds that:
cost([7]g,[o]7) < 4-|r|+4-|o]
whenever T is covered by o. In particular, cost([7]y,[o];) < oo when T is covered by o.

Before giving the proof of Lemma 4.4.1, we explain how the “if” direction of Theorem 4.3.6
follows from it. By Lemma 4.3.2, the restriction language is contained in the union of the languages
induced by the semantics of the primitive synopsis trees of R. By hypothesis, each of these trees is
covered by a basic synopsis tree of the target automaton 7. Thus by Lemma 4.4.1 their languages
can be transformed into the languages induced by the semantics of some basic synopsis trees, using
a bounded number of edits. By Lemma 4.3.4 the languages of the basic synopsis trees can be in turn
repaired into the target language. The result now follows from the fact that there are only finitely
many primitive synopsis trees and the fact that bounded repairability is a transitive relation and is
preserved under finite unions.

We now turn to the proof of Lemma 4.4.1. For a technical reason, we need to slightly extend the
definition of synopsis tree by allowing the use of a special node labeled e that represents a dummy
trivial component. The semantics is extended in the natural way by letting £ (A | €) = {e} (for
any stepwise automaton A). Because all trivial components have the same semantics (i.e., they all
recognize the language {e}), we shall often identify a trivial component of an automaton with the
dummy component €.

The first step of our proof consists of “interpolating” the two synopsis trees 7 and ¢ by a synopsis

tree 0 of R such that:

) f has the same labels (i.e., components) of 7 on the non-trivial nodes and it covers 7 via
a bijection (between non-trivial nodes) that maps any non-trivial node of 7 with label X €

SCC(R) to a non-trivial node of § with the same label X (we say that 7 strongly covered 0),

° 0 has the same domain (i.e., set of nodes) of o and it is covered by o via the identity function

between non-trivial nodes (we say that 6 is embedded in o).

Formally, we say that a synopsis tree 6 of R strongly covers 7 (1 - 0) if there exists a bijective map-
ping A from non-trivial nodes of 7 to non-trivial nodes of @ such that 7(z) = §(A(x)). Furthermore,
we say that 6 is embedded in o (6 — o) if nodes(#) = nodes(c) and 6 — o with the identity mapping
A :nodes() — nodes(c). Intuitively, 6 is a middle-step in order to bounded repair [7] into [o].

Indeed, it is not difficult to show that such an interpolating synopsis tree 6 exists.

Lemma 4.4.2. If 7 is covered by o, then there is an synopsis tree 8 of R such that T is strongly

covered by 6 and 0 is embedded in o. That is:

T—>0 then 70 and 00
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for some synopsis tree 6 of R.

Proof. Let X\ be a covering function of 7 by ¢ and recall that X is injective. The synopsis tree 6 has

the same structure as o (i.e. nodes(#) = nodes(c)) and its labels are the labels of 7:

T(A\1(z)) if 2 € Range(N),
0(x) = .
€ otherwise.

Because A is an injective function, its inverse A™'(z) is unique for z € Range()\), and therefore,
the labels of 6 are properly defined. It follows easily from the construction that ¢ embeds 6 and 6

strongly covers 7. O

The first advantage of considering an interpolating synopsis tree 6 between 7 and o is that 6 has
the same labels than 7 and they are connected through a bijective covering. In contrast, # has the
same structure than o but the set of labels are different. Despite of this difference, the language

[0] is closer to [o], than to [7],. In fact, the following result shows that [6] 5 < [o]-

Lemma 4.4.3. For a synopsis tree 0 of R and a synopsis tree o of T, if 0 is embedded in o, then:

[0] < [0]

Proof. This is proved by induction on the structure of # (which has the same structure as o). The
base case is when 6 consists a single node z. If (z) = X, o(x) =Y, and X is non-trivial, then from
the covering of § by o, we have that Z(R | X) ¢ £ (T |Y) and consequently [0]; < [o],. The
case when X is a trivial component follows from the fact that the language of every component, and
Y in particular, contains the trivial context.

For the inductive step, let 6 = X (61,02) and 0 = Y(01,02). Take any t € [0];, and define
t = C o (t:Qty), where C is a context in Z(R | X) and t; € [6;]x for i € {1,2}. By inductive
hypothesis we have that ¢; € [o;], for i € {1,2}. Moreover, we observe that from the covering
relation we have that C € Z(T |Y) (if X is trivial, then C is the necessarily the trivial context,

which belongs to the language of any component). Consequently, ¢ € [o]. O

Recall that [0]; € [o], implies cost([#]z,[c];) < oo and that the bounded repairability re-
lation is transitive. We thus reduced the proof of Lemma 4.4.1 to the problem of showing that
cost([7]», [0]x) < oo. Towards this goal, we can take advantage of the notion of strong coverability
and, in particular, of the fact that this is an equivalence relation, i.e. reflexive, symmetric, and
transitive. Note that symmetry and transitivity follow from the fact that the mapping that witness
strong coverability is a bijection between non-trivial nodes and preserves the labeling. For the sake
of simplification, in the sequel we only work with synopsis trees of the automaton R. This allows us

to remove the automaton R from the notation that follows (e.g. we write [7] instead of [7]).
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The next step is to associate with any synopsis tree ¢ (of R) a suitable normal form ¢* that can
be used as a canonical representative of the equivalence class of ¢ induced by the strong coverability
relation. In order to derive the normal form of a given synopsis tree, we will introduce generic
editing operations on synopsis trees that preserve the strong coverability relation and entail bounded
repairability. We will then prove that [7] can be repaired into [6] with a uniformly bounded number
of edits by first repairing [7] into [7*] and then repairing [6*] (= [7*]) into [#] (recall that 7 and
strongly cover each other and hence 7% = 8* by canonicity of the normal form). The repair strategy
that witnesses bounded repairability between [7] and [7*] (resp., [6*] and [#]) can be read off the
sequence of generic editing operations that takes 7 to its normal form 7% (resp., 6 to its normal

form 0%).

We describe below the structure of a synopsis tree in normal form.

Definition 4.4.4. A synopsis tree ¢ is in normal form iff one of the following cases holds:

1. ¢ =€ and ¢ consists of a single node labeled with a trivial component,

2. ¢ = X(a,¢) where X is a non-trivial horizontal component and « is a synopsis tree in normal
form,

3. ¢ =¢ela,X(B,¢)), where X is a non-horizontal component and o and 8 are synopsis trees in

normal form.

We observe that the root of a synopsis tree in normal form is a horizontal (possibly trivial) node
and that its left sub-tree is also in normal form. In particular, this means that all components along
the leftmost branch of a synopsis tree in normal form are horizontal.

The following lemma shows that synopsis trees in normal form can be used as canonical repre-
sentatives of the equivalence classes induced by the strong coverability relation. The proof of this

lemma is by simple structural induction and case analysis.

Lemma 4.4.5. If 7 and ¢ are two synopsis trees in normal form that strongly cover each other,

then T and C are isomorphic.

Proof. Let 7 and ¢ be two synopsis trees in normal form and let A be a bijection between the non-
trivial nodes of 7 and the non-trivial nodes of  that witnesses the strong coverability relationship
between 7 and (. For the sake of simplicity, in the following we shall identify the nodes of the
synopsis trees 7 and ¢ with their labelings. Below we use an induction on the structure of 7 to prove
that 7 and (¢ are isomorphic synopsis trees.

For the base case, suppose that 7 = €. Since 7 contains only trivial nodes and A is surjective over

non-trivial nodes, ¢ contains only trivial nodes too. Since ( is in normal form, it follows that ¢ =e.
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For the inductive step, we distinguish two cases depending on whether 7 is of the form X (7' ¢),
with X non-trivial horizontal component, or of the form e(7', X (7",¢)), with X non-horizontal
component.

In the former case (i.e. 7= X(7',€)), we recall that the mapping X is a bijection between non-
trivial nodes and preserves the post-order of non-trivial nodes. From this, one can easily show that A
must map the root X of 7 to the root Y of 0. Moreover, since A preserves the labels of the non-trivial
nodes, we have that Y = A\(X) = X and, in particular, Y is a non-trivial horizontal component. Since
¢ is in normal form, it follows that its right sub-tree is € and hence A must map the non-trivial nodes
of the left sub-tree 7’ of 7 to the non-trivial nodes of the left sub-tree ¢’ of ¢. Finally, since both 7’
and ¢’ are synopsis trees in normal form, we obtain from the the inductive hypothesis that 7/ = ¢’
and hence 7= X (7/,¢) =Y (¢, ¢) = C.

We now consider the latter case (i.e. 7=¢e(7/, X (7",€))) where X is a non-horizontal component.
For the sake of contradiction, suppose that the root Y of ( is a non-trivial component. Since Y is
the last non-trivial node in the post-order visit of ( and A preserves the post-order of non-trivial
nodes, we would have that the pre-image A™*(Y) in 7 would be the last non-trivial node in the
post-order visit of ¢, whence A™'(Y) = X. However, since X is a non-horizontal component, this
would be against the hypothesis that ¢ is in normal form (note that the root of any synopsis tree in
normal form is always a horizontal component). Knowing that Y is a trivial node and (¢ is in normal
form, we obtain Y =€ and hence ¢ = ¢(¢’, Z(¢"”,¢)), for some non-horizontal component Z and two
synopsis trees ¢’ and ¢” in normal form. Towards a conclusion, observe that, in the post-order
visit of 7, the non-trivial nodes of 7" are followed by the non-trivial nodes of 7", and the latter are
followed by the non-horizontal node X. As A preserves the post-order of non-trivial nodes and the
ancestorship relation with non-horizontal nodes, we conclude that A(X) = Z and that the synopsis
trees 7" and ¢’ (resp., 7" and (") strongly cover each other. Using the inductive hypothesis, we

finally conclude that 7= e(7/, X (7",€)) = (', Z(¢",€)) = C. J

Thanks to Lemma 4.4.5, we can define the normal form (* of a synopsis tree { as the unique
synopsis tree that is in normal form and that strongly covers (, provided that this tree exists.

Our next goal is to prove that the normal form (* of ¢ indeed exists, and that can be attained
by a finite sequence of generic editing operations on synopsis trees. These operations are called
promotion, demotion, and reduction, and are presented in Figure 4.11. There, € represents a trivial
component, X represents an arbitrary component, Hy, ..., Hy represent horizontal (possibly trivial)
components, and «, 31, ..., S represent arbitrary synopsis trees. Note that the figure describes the
case where the promotion, demotion, and reduction operations are applied at the root of a synopsis
tree — in general, these operations can be applied to any sub-tree of a synopsis tree. We write
C=5p € " whenever ¢’ can be obtained from ¢ by applying a finite sequence of promotion, demotion,

and reduction operations. In order to give further intuition about these operations, we remark an
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Figure 4.11: Macro-operations over synopsis trees.

analogy between the operations of promotion, depicted in Figure 4.11, and deletion, depicted in
Figure 4.10 (a similar correspondence holds between the operations of demotion and insertion of a
new root). In this case, the root X of the synopsis tree is acting as the the context C of the curried
tree, the sub-tree « is acting as the curried sub-tree t’, and the sub-tree rooted at H; is acting as
the horizontal context C’.

Notice that the editing operations on synopsis trees described above preserve the post-order of
non-trivial nodes and the ancestorship of non-horizontal nodes. From this it follows that they also
preserve the strong coverability relation. Furthermore, the following lemma shows that the normal
form of a synopsis tree exists and can be obtained via a sequence of promotion, demotion, and

reduction operations:

Lemma 4.4.6. For any synopsis tree ¢, we have ¢ =5, ¢*. Moreover, the number of operations

needed to transform ¢ into (* is bounded by 2 - |C|.

The proof goes by a structural induction on the synopsis tree ¢ that has to be normalized.
More precisely, one first normalizes the left and right sub-trees of { separately using induction.
One then completes the normalization procedure by applying suitable operations on the basis of
the component at the root of (: if this component is non-horizontal, then one applies a promotion
operation followed by a demotion operation; if it is horizontal and non-trivial, then one only applies a

promotion operation; if it is trivial, then one applies a promotion followed by a reduction operation.

Proof of Lemma 4.4.6. The proof is by structural induction on the synopsis tree . For the base
case, we can assume without loss of generality that all the leaves of the synopsis tree { are always
e-nodes. In fact, we can start our normalization procedure by hanging two e-nodes to each (-leave
without changing the equivalence class of . This reduces all base cases to the case when the synopsis
tree is a single e-node. Then we have that { = €, which means that ( is already in normal form and
hence trivially ¢ —g, ¢*.

For the inductive step, we assume that ¢ is of the form X («, 3) and later we distinguish whether

the component X at the root of ( is horizontal, trivial, or non-horizontal.
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First, we transform the left and right sub-trees of { to the corresponding normal forms a* and

B (this can be done since, by inductive hypothesis, & =% «a* and S ~op *). The resulting synopsis

p

tree is of the form:
¢" = X(a™, B%).

Moreover, since the right sub-tree 8* is in normal form, its leftmost branch consists of horizontal

components only. We can thus write:

¢" = X(a*, Hi(...Hi(e,Bk), .-, B1)),

for some horizontal (possibly trivial) components Hy, ..., H; and some synopsis trees 31, ..., 8. We

now can perform a promotion operation at the root of ¢’ and obtain the synopsis tree:

¢" = X(Hi(... He(a" i), f1),€):

Using a simple induction on i = k,...,1 and the fact that the sub-trees H;(... Hy(e, Bk),...,51) of
B* are in normal form, one can easily verify that the sub-trees H;(... Hg(a*, 8k),...,51) of (" are
also in normal form. In particular, this shows that the left sub-tree of ¢” is in normal form.

Now, we distinguish whether the component X is horizontal, trivial, or non-horizontal.

. If the component X at the root of ("’ is horizontal and non-trivial, then ¢” is already in normal
form and hence (" = (* (recall that the operations of promotion, demotion, and reduction

preserve strong coverability).

° If the component X is trivial, then we select the left sub-tree from ¢’ via a reduction operation.
This would result in the normalized tree Hy(... Hi(a*,B%),..., 1) and we are done.

° Otherwise, if the component X is non-horizontal, we apply a demotion operation to ¢” and
obtain:

C/" = e(G,X(Hl(. . .Hk(()é*,ﬂk)w . wﬂl)’e)'

Note that the sub-trees ¢ and Hy(... Hg(a*,Bk),...,51) are in normal form. Moreover, since

"

X is non-horizontal, we know that ("’ satisfies the definition of normal form and hence "’ = ¢*

is in normal form.

Finally, define #,5(¢) the minimum number of operations needed to transform ¢ into ¢*. From
the previous inductive proof, one can obtain that #qp({) < F#op(a) + #op(3) + 2 where ( is of the
form X (o, ). By solving the previous recursive equation, we can show that #.,(¢) < 2-[¢| and

Lemma 4.4.6 is shown. O

For the last ingredient of the proof, we show that if ¢ —;, ¢’, then the two languages [(] and [(']

are repairable one into each other with a uniformly bounded number of edits. In other words, the
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application of a promotion, demotion, or reduction operation to a synopsis tree { corresponds to a
small amount of edits over [(]. The proof of this result is via a simple analysis of the transformations
on languages of unranked trees that are induced by the operations of promotion, demotion, and

reduction.

Lemma 4.4.7. For any pair of synopsis trees ¢ and (', if ¢ =5, ¢', then cost([C],[¢']) < oo and
cost([¢'], [€]) < oo. In particular, cost([(],[¢*]) <4-[¢].

Proof. As a preliminary remark, we observe that it is sufficient to consider a single operation of
promotion, demotion, or reduction that takes a synopsis tree ¢ to another synopsis tree ¢’ and prove
that cost([¢],[¢']) < oo (the case of longer sequences of operations can be dealt with by a simple
inductive argument and the symmetric relationship cost([¢’], [¢]) < oo can be derived from the fact
that standard editing operations can always be reverted). In the sequel, we assume that all synopsis

trees are related to a single stepwise automaton A.

Promotion. We begin by analyzing a promotion operation that takes a synopsis tree ¢ =
X(a, Hl(...Hk(e,Bk),...,ﬁl)) to the synopsis tree ¢’ = X(Hl(...Hk(a,ﬂk),...,51)7e). Let us

consider a generic tree ¢ € [(], which can be written as:
t = Co(sQ(Cro(...Cko(aQsy)...Qsy1))),

for some C ¢ L(A| X), se[a], C; e L(A| H;), s; € [Bi], and a € 3. Let us define the horizontal

context:

C = Cio(...Cro(e@sy)...Qs1).

In this way the tree ¢ can be written as ¢t = C o (sQ(C o a)). After deleting a from t we obtain the

tree t' = C'o (C o 5) and after we insert a b-node we get:
t" = Co((Cos)@b) = Co((Cro((...Cro(sQsy)...)Qs;))Qb),

which belongs to [¢'].

Demotion. We now consider a demotion operation that takes a synopsis tree ¢ to the synopsis
tree ¢’ = €(e,(). We let t € [¢] and we denote by x the leftmost leaf in ¢ (note that this corresponds
to the root of the unranked tree ext™'(¢)). In this way we can write ¢t = C o a where a is the label
of the leftmost leaf x of ¢ and C' is the horizontal context obtained from ¢ by relabeling z with a

placeholder. By applying an insertion operation to ¢, we obtain ' = b @ (Coa) which clearly belongs
t0 [¢']-

Reduction. We finally consider a reduction operation that takes a synopsis tree ¢ = e(a,€) to
the synopsis tree ¢’ = a. We can write any generic tree t € [(] as t = s @ a where s € [a] and a € X.

Here, it suffices one deletion operation to obtain the tree t' = s which clearly belongs to [¢'].
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Towards the end of the proof, it is sufficient to observe that the repair strategies defined above
can be lifted to trees under any given context C. More specific, if a tree ¢ € [(] is transformed
with editing operations into a tree t' € [¢’], then the tree C ot can be edited into C ot’ using the
same strategy. This observation is important because the operations of promotion, demotion, and
reduction may be applied at arbitrary nodes of synopsis trees.

Finally, from the previous arguments one can check that cost([(],[¢']) < 2 whenever ¢ —qp (.

This fact, together with Lemma 4.4.6, proves that cost([¢], [¢*]) <4-|¢]- O

Proof of Lemma 4.4.1. We have all the ingredients to prove Lemma 4.4.1. Remember that by Lem-
mas 4.4.2 and 4.4.3 it only remains to show that cost([7]s,[0]z) < co. The latter claim can be
proved by combining Lemmas 4.4.5, 4.4.6, and 4.4.7. Indeed, we know from Lemma 4.4.6 that 7
and 6 can be converted into the normal forms 7° and 6*, respectively, by applying sequences of
promotions, demotions, and reductions. Lemma 4.4.7 implies that cost([7]x,[7*]) < 4-|7| and,
symmetrically, cost([6* ], [0]x) < 4-|6. Since 7 strongly covers 6, Lemma 4.4.5 implies 7* = 6*. We
thus conclude that cost([7]z,[0]z) <4-|r|+4-|0] and, thus, cost([7]z,[c];) <4-|r|+4-|o| from

the transitivity of the bounded repairability relation. O

Towards the end of this subsection, we show the upper-bound given in Corollary 4.3.7. Assume
then that R is bounded repairable into 7. Following the full repair process from .Z(R) into .Z(T)
(Lemma 4.3.2, 4.4.1, and 4.3.4), we obtain the following inequalities between R and T:

cost(f(R), UrepsT(R) [M]R) 0

cost([7] . [o] )

cost([o] .- L(T)) < (4-|o|+1)-2/€

IA

4-|7|+4 o] , whenever 7 — o

N

where Q' is the set of states of 7. Let f be a function from PST(R) to BST(T) such that 7 - f(7)
for every 7 € PST(R). Putting all the previous upper-bounds together, we can show that:

cost(Z(R),Z(T)) < max ){4.|T|+4.|f(T)|+(4.|f(T)|+1)-2lQl}.

TePST(R

As was previously pointed out, any primitive synopsis tree 7 of R is of bounded size. Furthermore,
it is straightforward to show that the size of any primitive synopsis tree 7 is bounded by 219! where
Q is the set of states in R. Indeed, any 7 € PST(R) is a full binary tree and its height is bounded
by [SCC(R)| which implies |7| < 2/9l. With respect to the size of f(7), in Lemma 4.5.1 below we will
show that there exists a basic synopsis tree ¢’ such that 7 is covered by ¢’ and |o'| < 2-|7|-|[SCC(T)|
whenever 7 is covered by some o € BST(R). Thus, without loss of generality we can assume that
f(7) <|SCC(T)|-2/9H!. Putting everything together, one can easily prove Corollary 4.3.7, that is,
cost(ZL(R), Z(T)) < O(]SCC(T)| - 2@y,
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4.4.2 From repair to covering

We now show the proof of the “only if” direction of Theorem 4.3.6. We fix for the rest of the section
two stepwise automata R = (%, Q, 60,6, F) and T = (A,Q’,dy,0", F') recognizing the restriction and
the target languages, respectively. We assume that .Z(R) is bounded repairable into .Z(7) and we
prove that every primitive synopsis tree of R is covered by some basic synopsis tree of T .

The idea of the proof is to associate with any primitive synopsis tree 7 of R a suitable tree t, €
Z(R), called a witness tree of T, such that from any optimal repair of ¢, into .Z(7T) one can extract a
basic synopsis tree o of T that covers 7. Intuitively, the witness tree ¢, is obtained from the primitive
synopsis tree 7 by replacing every non-trivial node z with a sufficiently large number of repetitions
of a special context in Z(R | 7(x)), called a fingerprint context. The number of repetitions of
each fingerprint context will depend on the worst-case repair cost N = dist(Z(R),£(T)). Using
the definition of the witness tree ¢, and the assumption that ¢, can be repaired into some tree
sy € Z(T) with at most N edits, one can then argue that s, contains at least one copy of the
fingerprint context associated with each non-trivial node x of 7 and, furthermore, the arrangements
of the occurrences of these fingerprints inside ¢, and inside s, coincide both with respect to the
post-order relation and with respect to the ancestorship of the non-horizontal components. One
finally looks at some run of 7 that accepts the tree s;: this run, together with the structure of the
fingerprints inside s,, induces a basic synopsis tree o of 7 and a coverability relation from 7 to o.
We recall that similar ideas were used in the proof of Theorem 2.3.1 and, thus, this direction can be
considered as a generalization of the word case.

Below, we illustrate the argument in more detail. We divide up the proof into construction of

the witness tree ¢, and building the cover from its repair.

Constructing the witness tree.  Before constructing the witness tree, we give the following
lemma, which defines what we call a fingerprint context of a component of R. Basically, the lemma
shows that given a component X € SCC(R), one can find a context C'x that can be “pumped” inside
the language Z(R | X) (i.e., Cxo...0Cx € Z(R | X)) and such that L(R | X)c L(T|Y) iff
Cx e Z(T|Y), for any component Y € SCC(T). We say that a context C is cyclic for a component
X if there is a state ¢ € X such that g € 6(q,C).

Lemma 4.4.8. For every X € SCC(R), there exists a cyclic context Cx € L (R | X) such that, for
every Y € SCC(T),
ZR|X)cL(T|Y) iff CxeZ(T|Y).

Proof. Let X be a component of 7 and let Y7,...,Y;, € SCC(T) be all the components of 7. We
construct the cyclic context C'x by exploiting an induction over the number m of components in T .

That is, we prove that for every 1 <4 <m, there is a cyclic context C; € Z(R | X) such that:

V1<j<i. ZL(R|X)c(T|Y;) iff CieZ(T|Y;) (%)
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Clearly, the lemma follows from (x) when we let Cx = Cp,.

For the base step ¢ = 1, we distinguish two cases, depending on whether Z(R | X) € Z(T | Y1)
or not. If Z(R|X)c Z(T|Y1), then we define C; as to be the trivial context, i.e., C; = o. We
thus have that C; € Z(T | Y1), Cy is cyclic, and (x) holds. Otherwise, if Z(R | X) ¢ Z(T | Y1),
then we let C' be any context in £ (R | X), but not in Z(7T | Y1) and p,q € Q be two states such
that g € §(p,C). Since X is a strongly connected component, there exists a context C’ such that
p€d(q,C"). We thus define Cy = C o C'. By construction, we have that C is cyclic. Furthermore,
it is easy to see that Cy ¢ Z(T | Y1) and hence (*) holds.

For the inductive step, let 4 < m and suppose that there exists a context C; that satisfies (x).
We prove that (*) holds for ¢ + 1 as well. Again, we distinguish between two cases, depending on
whether Z(R | X) € Z(T | Yiy1) or not. If Z(R| X) < Z(T | Yi1), then we define Cy1q = C;
in such a way that (x) holds trivially. Otherwise, let C be a context in Z(R | X) but not in
Z(T | Yiz1)- Since C; is cyclic and C € Z(R | X), that there exist some states r,p,q € X such that
red(r,C;) and q € §(p,C). Let C’ and C” be some contexts in £ (R | X) such that r € 6(q,C")
and p € §(r,C"") (clearly, such contexts C’ and C" exist since X is a strongly connected component
and r,p,q € X). Now, define C;11 = C; 0 (C' o (CoC")). One can easily show that C;,1 is a cyclic
context in Z(R | X) by following the transitions:

rp Sqg e S
It is also easy to show that C;iq is not in (T | Yiz1). Indeed, if Cip1 € Z(T | Yis1), then there
would exist states p’, ¢" € ;41 such that ¢’ € 6'(p’,C). This is a contradiction since C' ¢ Z(T | Yis1).
Finally, we know from the inductive hypothesis that for every 1 < j <14, if Cji1 € Z(T | Y;), then
Cie Z(TY;)and Z(R|X) < Z(T |Y;). The converse implication follows in a similar way. We
conclude that, for every 1 <j<i+1, Z(R|X) < Z(T|Y;) it Cis1 € L(T |Y;). This proves the
inductive step for (x). O

Thanks to Lemma 4.4.8, in the following we associate with each component X a context C'x that
satisfies the above lemma.

We now fix a primitive synopsis tree 7 of R and we define the corresponding witness tree ¢,
by using an induction on 7. In doing so, we will guarantee that there exists a run of R on the
witness tree ¢, that reaches a state of the component at the root of 7, namely, 6(¢,) n7(¢) + @.
We omit the construction for the base case, where 7 is a singleton, since it can be easily derived
from what follows. Thus, we assume that X is the component at the root of 7 and that 7 and 7
are the non-empty left and right sub-trees of 7. By induction hypothesis, we can denote by ¢, and
tr, the witness trees of 71 and 73, respectively. Moreover, we can fix a state ¢; (resp., g2) in the
non-empty set (¢, ) N 71(e) (resp., 6(tr,) N72(e)). The construction of the witness tree ¢, is done

in a bottom-up way using the three steps described below (the reader can also refer to Figure 4.12).
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Figure 4.12: Construction of the witness tree.

The first step consists of merging the two trees ¢, and ¢, into a single tree that can be parsed by
the automaton R ending up in the component X. We know from the definition of primitive synopsis
tree that 7 respects the transition function of R. In particular, this means that there exist some
states ¢’ € X, ¢} € 11(e), and ¢} € T2(e) such that ¢' € §(q},q5). Moreover, since ¢; and ¢ (resp.,
g2 and ¢5) belong to the same component at the root of 71 (resp., 72), there exist some contexts
C1e Z(R|7i(e)) and Oy € Z(R | m2(€)) such that ¢} € 6(q1,C1) and g5 € §(qa,C2). This allows us
to construct the tree:

(Cl Otﬁ) Q@ (C2Ot72)

and claim that R can parse it and end up in state ¢’ of component X.

The next step consists of prolonging the above tree in such a way that one can later attach
repetitions of the fingerprint context C'x. This is done by identifying a “recurrent” state ¢ such
that ¢ € 6(¢q,Cx) (this state exists since Cx is cyclic) and then connecting it to the state ¢’ using
a suitable context C' ¢ Z(R | X) such that q € §(¢’,C) (note that ¢ and ¢’ belong to the same

component X). The resulting tree is of the form:
C o ((Ciot,) @ (Cyoty,)).

In order to avoid that an editing of the witness tree ¢, could modify the ancestorship of C'x with
the nodes of the two sub-trees t,, and t.,, we further assume that, if X is a non-horizontal com-
ponent, then the context C' that is used for connecting ¢ to ¢’ is of the form Cr]]\_fh_ o C’, where
N =dist(Z(R),Z(T)), C",Con. € L(R | X), and Cpp. is a cyclic non-horizontal context. Recall
that the ancestorship of non-horizontal contexts is preserved by the editing operations.

The last step consists of plugging in a sufficiently long repetition of the fingerprint context C'x.
For this, we define k = m - (2N + 1), where N = dist(.Z(R),£(T)) and m is the number of SCCs
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of 7. We then attach the k-fold repetition C"f( of the fingerprint context C'x to the tree so far

constructed, thus obtaining the witness tree:
t; = C% o C o ((Crot,) @ (Cyoty,)).

Note that R can parse ¢, and end up in state g € X. This shows that the invariant §(¢;)n X # @ is
satisfied.

We remark that it may happen that §(¢;) n F' = @ and hence t, ¢ £ (R). Strictly speaking, this
could violate the claim that one can repair ¢, into £ (7) with at most IV edits. However, from the
assumption that R is trimmed it follows that there is a context C'r such that 6(¢q, Cr)nF # @. This
means that one can always prolong ¢, to obtain a tree inside the language £ (R). From now on, we

assume for the sake of simplicity that ¢, € Z(R).

Building the covering from a repaired witness tree. ~We now turn to deriving a covering
of 7 by looking into the repair of ¢.. We fix, once and for all, some tree s, in the target language
Z(T) that is obtained by repairing ¢, with at most N edits.

Remember that the witness tree ¢, contains k = m- (2N + 1) copies of each fingerprint context
Cx, where X = 7(z) for any non-trivial node x of 7. As a consequence, the repaired tree s,
must contain an m-fold repetition C'y of each finger context C'x. In the following, we will look at
the occurrences of these repeated fingerprint contexts inside s, and compare their post-order and
ancestor relationships with those induced by t,. For this we need some definitions.

Given a context C' and a node x of a tree t, we say that C' occurs at node x if there exist a
context C’ and a tree ¢’ such that (i) ¢ can be written as C' o C'ot’ and (ii) « is the node where
the sub-tree C ot’ of ¢t hangs from. We denote an occurrence of a context C at a node z of a
tree ¢t by the pair (C,z). Furthermore, we say that two occurrences (C,z) and (C',z") of two
contexts inside the same tree t are non-overlapping (resp., in post-order relation, ancestor relation)
if {x}-nodes(C) n {y}-nodes(C’') = @ (resp., x <y, x <" y).

The following lemma shows that the occurrences of the contexts C§ inside ¢, are in the same
post-order relation as the corresponding occurrences inside s, and similarly for the ancestor relation

when X is a non-horizontal component.

Lemma 4.4.9. One can find a mapping f from the non-trivial nodes x of the primitive synopsis

tree T to the nodes f(x) of the repaired witness tree s, such that:

o the context C'¢, where X = 7(x), occurs at node f(x) in s,, for all non-trivial nodes x of T,

. all occurrences (C, f(x)), with X = 7(x) and x non-trivial node of T, are pairwise non-
overlapping,

. x <Py iff f(x) <R f(y), for all pairs of non-trivial nodes x,y of 7,
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. <3y iff f(x) <3 f(y), for all pairs of non-trivial nodes x,y of T, with T(x) non-horizontal

component.
Proof. First we need the following technical result:

Claim 1. Let t be a generic curried tree and let t' be the curried tree obtained from t after a deletion
or an insertion of a single node. If t contains at least i non-overlapping occurrences of the same

context C, then t' contains at least i — 2 non-overlapping occurrences of C.

Proof. Given that insertion is the inverse operation of deletion, it is sufficient to prove the claim for
a deletion only. Let z be the node that is deleted from ¢. As mentioned in Subsection 4.3.3, there is
a unique way to represent the operation of deletion using composition of trees and contexts. More
precisely, ¢ can be written as an expression of the form C"” o (t”"@(C" 0 a)), where C' is a horizontal
context that represents the forest of subtrees under x and a is the label of . The result of the deletion
of node z in ext™!(t) gives the curried tree ¢’ = C"" o (C" ot”). Notice that the deletion operation
performed on curry encodings removes exactly two nodes: the a-labeled leaf that corresponds to x
and the @-labeled node y that connects ¢’ to C’ o a. All other nodes are preserved (but possibly
re-arranged) by this transformation. In particular, this means that if (C,z) is an occurrence of the
context C' in ¢ that does not overlap with the a-labeled node x nor with the @-labeled node ¥, then
C occurs in either C”, ¢, or t”. This shows that C occurs in t'. Now, suppose that there are i
non-overlapping occurrences of C' in ¢. Since the deletion operation affects only two nodes, x and
y, we have that, in the worst-case, all but two of these occurrences of C' can be found in ¢’ and '
contains at least i —2 occurrences of C. Finally, it is easy to see that the deletion operation preserve

the property of occurrences of being non-overlapping. O

Basically, the above claim shows that if C?"* occurs in a tree t, then C* occurs in any tree t’
obtained from t after applying n edit operations.

Now we continue with the proof of the lemma. Consider a non-trivial node z of 7 and let X = 7(x)
be the associated component. By construction of ¢, we know that the context C;“( occurs in t;.
Also recall that k = m - (2n +1). That is, we have (2 N + 1)-copies of the context C%¥ embedded
inside t,. As s, is obtained from ¢, by applying at most n edit operations to it, we know from the
above claim that the context C'¢ still occurs in s.. We denote by f(x) some node of s, where C'¢
occurs. We have just proved the first part of the lemma.

For second part, let  and y be two non-trivial nodes of 7 and let X = 7(x) and Y = 7(y).
Further let f(x) and f(y) be the nodes of s, where the contexts C'¢ and C§* occurs. Again, since
deletion and insertion operations preserve the property of occurrences of being non-overlapping, we
have that (C'¢, f(z)) and (C§, f(y)) are non-overlapping occurrences in s;.

Now, suppose that z <P°' . Let 2z’ and y’ be the nodes in ¢, that carry the occurrences of

C% and C%, respectively. It is routine to check, by exploiting the recursive definition of t,, that
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x! sffSt y’. In addition, we know that edit operations preserves the post-order relationships between

nodes. As previously discussed, at least one occurrence of C¢ (resp., C3*) inside C% (resp., OF) is
left untouched by the edit operations that transform ¢, into s,. This means that the corresponding
occurrences (C, f(z)) and (C{, f(y)) in s, are in the same post-order relationship as = and y,
namely, f(x) <2°* f(y). The converse implication follows from the fact that <P°* is a total order
(hence it is sufficient to swap the roles of z and y above).

We finally check the last condition. Suppose that X = 7(x) is a non-horizontal component and
that © <2 y. Let 2’ and 3’ be the nodes in ¢, that carry the occurrences of C% and C¥, respectively.
Thanks to the construction of ¢, we have ' 2" y’. Moreover, recall that during the construction
of t,, we inserted n copies of the non-horizontal context C,, immediately below C% (thus above C%).
This implies that the path in ¢, that connects the node z’ to its descendant 3’ visits at least n right
edges. Similarly, in the corresponding unranked tree ext™!(¢,), the two occurrences ext™1(C% ) and
ext’l(C{i) are far away from each other by at least n levels. Moreover, each deletion operation on
ext ! (t,) can only bring the two occurrences closer by one level at a time, and insertion operations
cannot do better. This means that after at most edit operations, the occurrence of ext™ (C%) in
ext™!(t,) is still above the occurrence of ext™'(C{"). Formally, we have that f(z) <3" f(y). The

converse implication follows by symmetric arguments. O

It only remains to show how to extract a basic synopsis tree o that covers 7 from an accepting
run of 7 on s,. Let p be a run of 7 that accepts s,, let x be a non-trivial node of 7 with label X,
and let f(x) be the corresponding node in s, induced by the mapping f, as defined in Lemma 4.4.9.
By the previous arguments, the context C% occurs at node f(x) in s,. Let y be the position of the
placeholder e in the fingerprint context C'x and observe that C'x occurs m times at nodes ¢, y, y -y,
cn Y™ of O Let yuo = F(2), Ya1 = F(2) Yy -y Yome1 = F(2) - y™ L, and yum = f(2) - y™.
Clearly, (Cx,Y2.0), ---, (Cx,Yz,m-1) are non-overlapping occurrences of the context C'x inside s, .

Consider the states that occur at the m + 1 nodes y;.0,Yz,1,---,Yz,m Of the run p. By the
Pigeonhole Principle, we know that there exist two nodes y,; and y, j, with 0 <i < j <m, and a
component Y of 7 such that both states p(y5,;) and p(y. ;) belong to Y. In fact, by the definition of
strongly connected component, we can assume j = i+1 and hence Cx € Z(T | Y'). Notice that, until
this point, we have not used the property of fingerprint contexts (Lemma 4.4.8). In particular, the
fact that Cx is a fingerprint context of X and Cx € £(7 |Y) implies that L(R | X) < Z(T|Y).

What we have just showed is that it is possible to find a mapping from any non-trivial node z of
7 to a node y, =y, ; of s; such that (R | X) < Z(T |Y), where X = 7(2) and Y is the component
of the state p(y;). Thanks to Lemma 4.4.9, we can also claim that, for all non-trivial nodes x, z’

in T,
. x # 2’ implies Yy # Yor,
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° T $E_ost 2! iff Ys <gfst Yars

. x <3 2" iff y, <3 Yo, provided that the component 7(2) is non-horizontal.

Now, we are ready to define the basic synopsis tree o that covers 7. The domain of ¢ coincides
with the domain of s., i.e., nodes(c) = nodes(s;). The labeling o(z) of a node x of ¢ is given by
the component X that contains the corresponding state p(x), where p is a run of T that accepts s .
Notice that o trivially satisfies the properties of a basic synopsis tree, as its labellings respects the
transitions of 7 given by the run p. In a similar way, we can define the mapping A\ that witnesses
the coverability of 7 by o: for this we simply let A map any non-trivial node x of 7 to the node y, of
0. The fact that X\ satisfies Definition 4.3.5 follows easily from the properties described by the three
items above (for instance, the fact that A is injective follows from the first item). This completes

the proof that 7 is covered by a basic synopsis tree of 7.

4.5 Complexity analysis

In this section we will exploit the characterization given in Theorem 4.3.6 to obtain tight complexity
bounds for the bounded repair problem. We will first consider the general case where the regular
tree languages are specified by non-deterministic stepwise tree automata and show a straightfor-
ward H§ -upperbound for the bounded repair problem than can be obtained from Theorem 4.3.6.
In order to find the precise complexity, we have to exploit Theorem 4.3.6 further. Actually, we
show an coNEXPTIME-algorithm for deciding bounded repairability. This algorithm follows from a
polynomial time reduction of the coverability problem between synopsis trees to the containment of
non-recursive context-free grammars. For this reduction the characterization given in Theorem 4.3.6
will be crucial. Later on, we will concentrate on less succinct and less expressive representations such
as non-recursive deterministic DTDs (see Section 4.1). We will show that even for these specifica-
tions the bounded repair problem is coNEXPTIME-hard. Thus, we will conclude that for all regular
specifications consider in this chapter the bounded repair problem is coNEXPTIME-complete.

We start by analysing the size of the primitive and basic synopsis trees in R and T, respectively.
It follows easily from Definition 4.3.1 that any primitive synopsis tree of R has height less than the
number of components of R, and hence size at most 2I°¢¢(R)l Ag for the minimal size of the basic

synopsis trees of T that cover a given primitive synopsis tree of R, we can prove the following;:

Lemma 4.5.1. Given two stepwise automata R and T and two synopsis trees T € PST(R) and
o€ BST(T), if o covers T, then there is o’ € BST(T) that covers T and has size at most 2:|7|-|SCC(T )|,

where |T| is the number of nodes of T and |[SCC(T)| is the number of components of T .

Proof. In this proof we abstract any primitive synopsis tree 7 of R by its set X of non-trivial nodes.

By a slight abuse of notation, we will use Z(R | 2) to denote the language of contexts realized by
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the component associated with the node x in the underlying primitive synopsis tree of R. Given a
basic synopsis tree o of T, we say that o weakly covers X via an injective function A : X — nodes(o)
if Z(R|xz)cZ(T|o(A(z))) holds for all x € X. We also say that a component Y € SCC(T) has
height h if the maximum number of distinct components visited by a path in the transition graph of
T is h. Note that the height of a component Y € SCC(T) never exceeds the number n of components

of T. We now prove the following property, which immediately implies the claim of the lemma:

Claim 1. Given a set X of non-trivial nodes of a primitive synopsis tree of R and a basic synopsis

tree o of T that weakly covers X, there is a basic synopsis tree o’ of T that weakly covers X and

such that

. the root of o’ is labelled with the same component of the root of o, i.e., o’'(e) = o(e),

. the number of nodes in ¢’ is at most 2h-|X| -1, where h is the height of the component at the
root of .

We prove the above claim by exploiting an induction on the size of the set X and the height A of
the component at the root of o. For the base case, let X’ be a singleton and h = 1. Further, suppose
that o is a basic synopsis tree that covers the set X = {x} via a function A : X - nodes(c). Let 7
be the access path of the node y = A(x) in 0. We define ¢’ as the tree obtained from o by selecting
only the nodes along the path 7 and their immediate descendants. Clearly, ¢’ is a full binary tree
of size 2|r|-1<2h-1=2h-|X|-1.

As for the inductive case, we fix a non-singleton set X of non-trivial nodes and a basic synopsis
tree o of T that weakly covers X via a function X\ : X — nodes(c), and we assume that the above
claims holds on every proper subset X’ of X and on every sub-tree ¢’ of 0. Let h be the height
of the component at the root € of o, let o1 and oy be the left and right sub-trees rooted at e,
let X1 = A!(nodes(c1)) and X, = A"} (nodes(o3)), and finally let h; and hy be the heights of the
components at the roots of o1 and o9, respectively. Note that hi,he < h. We distinguish between

the following cases:

1. If the root of o is in the range of A (i.e., € € A(X)) or both X} and X5 are non-empty, then
| X1, | Xa| < |X| follows. We can thus apply the inductive hypothesis on X; and o, for both i = 1
and ¢ = 2. From that we obtain that there exist two basic synopsis trees of and o} of T such
that (i) the component at the root of o] (resp., o5) coincides with the component at the root
of o1 (resp., 02) and (ii) the number of nodes in o] (resp., o4) is at most 2h; - |X;| - 1 (resp.,
2hg - |X2| - 1). By reconnecting the root of o to the trees o and ¢ one obtains a new basic
synopsis tree o’ of T that weakly covers X and such that (i) the component at the root of o’

coincides with the component at the root of o and (ii) the number of nodes in ¢’ is
lo'| = 1+]|oy|+]|os] < 1+2hy-|X1|=1+2he-|Xe| -1 < 2h-(|X1]+|Xa]) -1 < 2h-|X|-1.
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This proves the inductive step in the case where the root of ¢ is in the range of A and in the

case where both X; and X, are non-empty.

2. If the root of o is not in the range of A and either X} or A5 is empty, then we have X = &}
or X = X,. Assume, without loss of generality, that X = X} (a symmetric argument can be
applied to the case X = A5) and consider the left sub-tree o1 of o, which weakly covers X.
Without loss of generality, we can assume that the component at the root of o is different
from the component at the root of 0. Otherwise, we could simply reduce the tree o to o1 and
apply inductively the above arguments. As o and o7 have different components at their roots,
we know that h; < h and hence we can apply the inductive hypothesis to X and o;. This
results in a basic synopsis tree o that weakly covers X, has the same component at the root
as o1, and has size at most 2h; - |X|— 1. By reconnecting the root of o to the tree o7, and the
root Using the root of o, the tree o1, and the root of oo (without its descendants), one can

obtain a new basic synopsis tree ¢’ of T that weakly covers X and and has size

lo/| = 1+|of[+1 < 1+2hy-|X]|-1+1 < 1+2(h—-1)-|X| < 2h-|X|-1.

This completes the proof of the claim. O

The above lemma, together with Theorem 4.3.6, gives a ITI5XF

algorithm that receives two non-
deterministic stepwise automata R and 7 and decides whether .Z(R) is bounded repairable into
Z(T). The algorithm universally guesses a primitive synopsis tree 7 of R of size at most 215¢¢(R)I,
then it existentially guesses a basic synopsis tree o of T of size at most 25¢¢(RI*1.|SCC(T)| (thanks
to Lemma 4.5.1) and a function A from non-trivial nodes of 7 to non-trivial nodes of o, and finally
it checks that A is a covering of 7 by o (this amounts at deciding language inclusion, which can be
done in exponential time [Sei90]).

To find the exact complexity of the bounded repair problem between regular tree languages we
have to exploit Theorem 4.3.6 further by serializing synopsis trees and reducing the coverability
problem of synopsis trees to the containment of non-recursive context-free grammars. Specifically,
we represent the set of all primitive synopsis trees of R by a non-recursive context-free grammar Gg
and we encode all possible ways of covering primitive synopsis trees with basic synopsis trees of T by
a grammar Gg 7. Then we show that R is bounded repairable into T iff Z(Gr) ¢ Z(Gr,7), i-e.
the language represented by Gz is contained in the language represented by Gz 7. This implies that
we can decide bounded repairability between R and T by checking the containment of two context-
free grammars. This last problem can be decided in coNEXPTIME which implies a coNEXPTIME
upper-bound for the bounded repair problem. Actually, we show later that bounded repairability of
regular tree languages is coNEXPTIME-complete. In the following, we explain the reduction of the

bounded repair problem into context-free grammars.
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A context-free grammar (or just grammar) is a tuple G = (X, V, P,I) where X is a finite alphabet
(called terminals), V is a finite set of variables (called non-terminals) such that Vn¥ = @, P is
a finite set of productions, and I ¢ V is the initial set of variable. Each production in P is of
the form A — 8 where A € V and 8 ¢ (VuX)*. We say that ady - afy with A € V and
a,fB,v € (VuX)* is a derivation of G whenever there exists a production (A — ) € P . Furthermore,
we define the relation —¢ to be the transitive closure of -¢. The language defined by G is given
by Z(G)={weX* | A—-{ wand Ael}. Wesay that a context-free grammar G is non-recursive if
A +& aAB for every AeV and a, 8 € (VUX)*. In particular, non-recursive context-free grammars
define only finite languages.

In the sequel, it will be useful to represent —¢-derivations by derivation trees. A derivation tree
d of G is a finite ranked tree where internal nodes are labelled with non-terminals symbols (i.e. V),
leafs nodes are labelled with € or terminal symbols (i.e. X), and for every internal node x € nodes(d)
there exists a production (A — () € P such that d(z) = A and d(z-1)-d(z-2) - -d(x-k) = 8
where k is the number of children of z in d. We say that d is a derivation tree of G over w if d is a
derivation tree of G, d(e) € I, and the yield of d, i.e. the sequence of leaves taken from left to right,
is equal to w. Note that w € Z(G) iff there exists a derivation tree of G over w.

Now, fix two stepwise automata R = (X,Q, 0,90, F) and T = (A,Q’,d',5;, F'). In the following,
we define two context free grammars Gr and Gg 7 such that .Z(Gr) represents the serialization
of all primitive synopsis trees of R and .£(Gr,7) encodes all possible ways of covering primitive
synopsis trees of R with basic synopsis trees of 7. To serialize primitive synopsis trees of R we use the
XML-symbols ( X ), (/ X ), ( X /) for each X e SCC(R). In XML, ( X ) and (/ X ) are called open-tag
and close-tag, respectively, and ( X /) is called a leaf-tag (see [BPSM*08] for a detailed specification
of the standard). We define the set of all tags over SCC(R) by tags(R) = {{ X ), (/X },(X /)| X €
SCC(R)}.

The first step of the reduction is to represent a synopsis tree 7 with a string over tags(R).
This representation uses tags (X ) and (/ X ) to encode non-horizontal components and leaf-tags
(X /) to encode horizontal components of 7. We use nesting pairs (X ) and (/X ) to simulate
the ancestor relationship of non-horizontal components in 7 and the sequential order of a string to
naturally simulate the post-order of nodes in 7. Formally, for any synopsis tree 7 of R we define the
serialization of T (denoted by 7) inductively as follows. Suppose that 7 = X (71, 72) where 71, 72 are

synopsis trees of R and X € SCC(R), then:

° 7=711-72- (X /) whenever X is a non-trivial and horizontal component of R,
° 7=(X)-7 -72-(/ X ) whenever X is a non-horizontal component of R, and
° T =11 - To whenever X is a trivial component.
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The base case (i.e. 7= X) can be easily derived from the previous cases. Notice that by serializing
7 we are loosing some structural information of the tree. That is, there exist synopsis trees 7 and
7o such that 77 = 75 but 71 # /5. Nevertheless, 7 preserves the post-order between non-trivial nodes
and the ancestor-ship relation between non-horizontal and non-trivial nodes in 7 which is all the
structure that we need to check coverability between synopsis trees.

The next step is to represent all serialized primitive synopsis trees of R with a non-recursive

context-free grammar over tags(R). We define the context-free grammar:
Gr = (tags(R),SCC(R), Pr, SCC(R))

where tags(R) is the set of terminal symbols, SCC(R) is the set of variables and initial variables,
and Pgr are the set of productions such that, for every ¢ € §(q1,¢2) and [¢1] # [¢] # [¢2], it holds
that (we denote X = [¢] for the sake of readability):

D X - [q1] [q2] - (X /) and X — (X /) are productions in Pr whenever X is a non-trivial and

horizontal component of R,

° X > (X)) [q1] [g2] - (/X) and X - (X)-(/X) are productions in Pr whenever X is a

non-horizontal component of R, and
° X = [q1] - [g2] and X — € are productions in Pr whenever X is a trivial component of R.

It is straightforward to show that 7 € Z(Gr) for every primitive synopsis tree 7 of R. Moreover, if
w e £ (Gr), then there exists 7 € PST(R) such that 7 = w. For this last fact, notice that for every
derivation tree d of Gr over w € Z(Gr) one can easily obtain a primitive synopsis tree 74 of R such
that 75 = w. Indeed, construct 74 from d by pruning all leaves of d, i.e. nodes labelled with elements
in tags(R) or with e. Then for all nodes x € nodes(74) it holds that 74(z) € SCC(R). Furthermore,
all internal nodes x € nodes(7y) satisfy 74(z 1) # 74(z) # 74(x-2) and ¢q € 6(¢1,¢2) for some states
qgeTi(x), 1 € Tg(x-1), and g2 € 74(x-2). That is, 74 is a primitive synopsis tree of R and, thus,
74 = w. In the following, we denote by 74 the primitive synopsis tree obtained from a derivation tree
d of Gg.

We can also define a context-free grammar G 7 that represents all serialized primitive synopsis

tree of R that are covered by some basic synopsis tree of 7. Let
Gr,r = (tags(R), SCC(T), Pr,7, SCC(T))

where tags(R) is the set of terminal symbols, SCC(7) is the set of variables and initial variables,
and for all ¢’ € §'(q1, ¢5) and X € SCC(R) (we denote Y = [¢'] for the sake of readability):

D Y - [¢1]-[¢5] - (X /) and Y - (X /) are productions in Pg 7 whenever X is an horizontal
component of R and Z(R|X)c Z(T|Y),
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° Y - (X)-[¢i]-[¢5]-(/X)and Y - (X )- (/X ) are productions in Pg 7 whenever X is a
non-horizontal component of R and £ (R | X) <. Z(T|Y), and

D Y - [¢i]-[¢5] and Y — € are always productions in Pg 7.

Despite the similarities between both grammars, Ggr  uses the structure of 7 to generate all
potential primitive synopsis trees of R that are covered by some basic synopsis tree of 7. Similar to
G, we can obtain a basic synopsis tree oq € BST(7T) from any derivation tree d of Gg 7 by pruning
all its leaves. Thus, we can denote by o4 the basic synopsis tree obtained from a derivation tree d
of G 7.

Intuitively, each word w € .Z(Gg, 1) is representing a possible basic synopsis tree of 7 that can
cover a primitive synopsis tree 7 of R such that 7 = w. The following lemma makes this intuition

precise.

Lemma 4.5.2. FEvery primitive synopsis tree of R is covered by a basic synopsis tree of T iff
X(Gn) = X(GR7T).

Proof. Assume first that every primitive synopsis tree of R is covered by a basic synopsis tree of
T and consider any w € Z(Gr). We know that there exists a derivation tree d of Gg over w that
witnesses that w € Z(Gr). Let 74 be the primitive synopsis tree of R obtained from d. Then there
exists o € BST(7) and a mapping A from non-trivial nodes of 74 to non-trivial nodes of o such that
Tq is covered by o with A. In the following, we show how to construct a derivation tree of Gr 7 over
w starting from ¢ and A. Clearly, this will prove that w € Z(Gr,1)-

For the sake of simplification, we need to first introduce some notation. Given that A is an
injective mapping from non-trivial nodes of 74 to non-trivial nodes of o, we can define the unique
inverse mapping A~! : img(\) — nodes(7;) where img()) is the image of A\. Furthermore, for any
trees t,t" and function f: A - B where A ¢ nodes(t) and B < nodes(t') we denote by f|z the function
flx : Alx - B for every x € A such that Az = {y e N* |zy € A} and f|z(y) = f(zy). That is, flx is
equal to f restricted to suffixes of A with x as the common prefix.

We define the derivation tree F'(o, A) of Gr 7 over w inductively over the structure of o. From the
construction, it will easily follow that F'(o, A) is a derivation tree of Gr, 7 over w. Let 0 =Y (01,02)

where Y € SCC(T) and 01,092 € BST(T). Define the derivation tree F(o, ) inductively as follows:
. F(o,\) =Y (F(01,A1), F(02,A2)) whenever € ¢ img()),

. F(o,)\) = Y(F(01,M\1), F(02,M2),{7a(A"1(¢)) /)) whenever € € img(\) and A7'(¢) is a hori-

zontal component of R,

° F(o,\) = Y({14(A(€))), F(o1, A1), F(02,M2),{/Ta(A"*(€)))) whenever € € img()\) and

A~1(e) is a non-horizontal component of R.
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The base case 0 =Y can be easily derived from the previous cases by omitting nodes F'(o1, A|1) and
F(02,A2) from the final result. In the specific case where € ¢ img()), we define F(a,\) = Y (¢).

In order to show that F'(o,)) is a derivation tree of Gg 7 over w, recall that A preserves the
post-order between non-trivial nodes and the ancestor-ship relation between non-horizontal and non-
trivial nodes. From this last property and the construction of F(o,\), it is a routine exercise to
show that F'(o,\) is a derivation tree of Gr 7 over w.

For the only-if direction, assume that .Z(Gr) ¢ .Z(Gr,7) and consider a primitive synopsis
tree 7. We will show a tree o € BST(T) and a covering A such that o covers 7 with A. First of
all, remember that 7 € Z(Gr) which implies that 7 € Z(Gg 7) . Hence let d be a derivation tree
of Gr over 7 such that 74 = 7, i.e. d is equal to 7 by pruning all its leaves. Further, let d’ be the
derivation tree of Gg 7 over 7 and o = o4 the basic synopsis tree obtained from d’. Note that the
only difference between 7 and d (or o and d’) are the terminal nodes at the leaves of d. In particular,
we have that nodes(7) ¢ nodes(d) and nodes(c) < nodes(d’). Therefore, in the rest of the proof we
will use nodes in 7 as nodes of d and vice-versa.

We devote the rest of the proof to showing that o covers 7 by using the derivation trees d and
d'. Notice first that given two derivation trees d and d’ over the same word, we can always find
an injective mapping that maps terminal leaves of d (i.e. leaves labelled with elements in tags(R))
to terminal leaves of d’' preserving the same label and yield-order between leaves nodes. Denote
then by M the injective mapping that maps terminals leaves in d to terminal leaves in d’ that
preserves the same label and post-order between leaves, ie. x <5 y iff N(z) <77 N(y) where
d(zx),d(y) € tags(R). Now, translate the mapping A\’ between terminal leaves of d and d’ to a
mapping A between non-trivial nodes of 7 and o as follows: for every x € nodes(7) and y € nodes(o)
define A\(parent(x)) = parent(y) whenever \'(z) = y. That is, the function ) is defined by promoting
X to the parents of its domain and image which are nodes in 7 and o, respectively. From the

previous definition of A, one can easily derive the following axiom for any = € dom(\):
A(z) = parent(\ (last-childg(z))). (*)

We claim that A is a covering mapping between 7 and o which concludes this proof. To start,
notice that A is an injective mapping between non-trivial nodes of 7 to non-trivial nodes of o. Indeed,
M’ is an injective mapping and hence A is also injective. Furthermore, if x € nodes(d) or x € nodes(d’)
are labelled with elements in tags(R), then 7(parent(x)) or o(parent(z)) are non-trivial components
of R or T, respectively. This implies that A\ is an injective mapping between non-trivial nodes of
7 to non-trivial nodes of o. To conclude, we show that A also satisfies properties 1), 2), and 3) of

Definition 4.3.5:

1. For any non-trivial z € nodes(7), we know that last-childg(x) is labelled either with (/7(x))

or with (7(x) /). Without lost of generality, suppose that d(last-childg(x)) = (7(z) /). Then
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A (last-child () is defined and d’'( N (last-childg(x))) = (7(x) /). Recall that, by definition of
Gr,7, a node x in d' has a last-child labelled with (X /) for some X ¢ SCC(R) iff Z(R |
X) < Z(T |d(x)). This implies that L (R | 7(z)) € L(T | o(A(x))) whenever A(z) has a
last-child labelled with (7(z) /). By Equation (*), we have that A’(last-childs(z)) is the last
child of A(z) and is labelled with { 7(z) /). This shows the first requirement of Definition 4.3.5.

2. For any non-trivial nodes x,z’ € nodes(7), we derive the following sequence of implications

that proves the second requirement of Definition 4.3.5:

x <Pt g’ iff  last-childg(z) <5° last-childy(z")
iff N (last-childg(z)) <5 N (last-child4(z"))
iff  parent(\ (last-childg(z))) <P°* parent(\’ (last-child(z')))

i A(z) <P A (2).

3. Similar to the previous case, for any non-horizontal = € nodes(7) and any non-trivial z’ €
nodes(7) we derive the following sequence of implications that shows the last requirement of

Definition 4.3.5:

z < g’ iff  first-childg(x) <P last-childg(z") <P last-childg(x)

iff N (first-childy(z)) <57 X (last-childg(2")) <57 A (last-child4(x)) and
parent( A’ (first-childg(x))) = parent(\ (last-childg(x)))

i A(z) <2 A(2').
O

Thanks to Lemma 4.5.2, we can reduce the problem of checking coverability between synopsis
trees to deciding containment between two context-free grammars. Moreover, combining Theo-
rem 4.3.6 and Lemma 4.5.2 we can decide whether Z(R) is bounded repairable into .Z(7T) by
reducing (R, T) into (Gr, Gr,7) and then checking whether £ (Gr) € Z(Gr, 7). Thus, the decid-
ability of the bounded repair problem is reduced to the containment of two context-free grammars
over tags(R).

In general, containment of context-free languages is undecidable (see [HU79] for a survey). How-
ever, in this particular case Gx is non-recursive and, further, each word is of at most exponential
size with respect to |Gr|?. Therefore, we can decide whether Z(Gr) € £(Gr.7) by universally-
guessing a word w € Z(Gr) of size at most 20(6=I) and then check if w e Z(Gr,7). The last
step can be done efficiently in polynomial time [Ear70]. Hence, one can check containment of a
non-recursive context-free grammar into a context-free grammar in coNEXPTIME.

To summarize, we have proved the following upper-bound for the bounded repair problem be-

tween regular tree languages.
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Proposition 4.5.3. The bounded repair problem between tree languages represented by mnon-

deterministic stepwise automata is in coNEXPTIME.

It is important to notice that, although Gz and Gg, 7 are of polynomial size with respect to
R and 7T, this reduction takes exponential time in the size of R and 7. Recall that the definition
of G 7 requires checking the containment between regular tree languages, which is EXPTIME-
complete [Sei90]. Given that checking whether Z(Gr) € Z(Gr, 1) already takes more than expo-
nential time, the complexity of the reduction does not affect the running time of the full algorithm.

We now analyze the complexity of the bounded repair problem when tree languages are repre-
sented by DTDs. Recall that a DTD D = (3,d, S) contains a function d that maps any letter a € ¥
into a regular expression d(a) over ¥ (see Section 4.1). Furthermore, we call a DTD D non-recursive
if its dependency graph is acyclic and deterministic if each d(a) is given by DFAs. From results in
[CGLNO09] (in particular, from Proposition 4 and Theorem 5) it follows that any deterministic DTD
can be turned into an equivalent deterministic stepwise automaton in polynomial time.

As a first remark, we recall that the containment problem for non-deterministic DTDs is
PSPACE-complete. The lower bound follows easily from the PSPACE-hardness of containment
of regular expressions [SM73]. The upper bound is a folklore result: given two DTDs D and D’, one
can decide whether the language defined by D is contained in the language defined by D’ by first
removing useless rules and then checking that the language D(a) is contained in the language D'(a)
for every a in the alphabet of D. Although the problem is PSPACE-complete for general DTDs, the
complexity lowers to PTIME whenever deterministic DTDs are considered.

Interestingly, the next result shows that the story is different in the case of the bounded repair
problem. Proposition 4.5.4 below gives a strong result by showing that the bounded repair problem
between languages specified by non-recursive deterministic DTDs is coEXPTIME-hard. Thus, this
result collapses the complexity of the bounded repair problem to be coNEXPTIME-complete for all
regular tree specifications considered in this work. The proof of this result is done by a technical

reduction from the corridor tiling problem [Boa97].

Proposition 4.5.4. The bounded repair problem between languages represented by deterministic

DTDs is coNEXPTIME-hard, even for non-recursive DTDs.

Proof. The proof is a reduction from the problem of tiling a square grid of exponential size. An
instance of the latter problem is given by a tuple I = (n,S, H,V,s,,st) where n is a positive number
(i.e. the width of the square: 2™), S is a finite set of available tiles, H,V ¢ Sx.S are the set of vertical
and horizontal constraints, and s, and s; are the initial and final tiles. An exponential-tiling for I
is a mapping f from the pairs (i,7) € {1,...,2"} x {1,...,2"} to tiles in S. We say that a tiling f

satisfies the constraints of I if the following conditions are satisfied:

L f(1,1) =5, and £(2,2) = s,
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Figure 4.13: Encoding of a tiling function by an unranked tree.

2. (f(i,j-1),f(i,5)) e H for all 1 <i<2" and all 1 < j <27,
3. (f(i-1,5),f(i,5)) eV forall 1 <i<2" and all 1 <j < 2™

The exponential tiling problem is the problem of deciding whether there exists an exponential-tiling
f that satisfies the constraints in I given a tiling instance I = (n,S, H,V,s,,s7). It is known that
this problem is NEXPTIME-complete [Boa97].

Hereafter, we fix an instance I = (n,S, H,V,t,,tr) of the exponential tiling problem and we
construct two non-recursive deterministic DTDs R and T such that .Z(R) is bounded repairable
into Z(T) iff there is no tiling of the corridor that satisfies the constraints in I. This would imply
that the bounded repair problem for non-recursive deterministic DTDs is coNEXPTIME-hard.

We start by defining the DTD for the restriction language R. The idea is to let R represent
the set of all (redundant encodings of) exponential tilings. For the sake of brevity, we let N = 2".
We let the restriction alphabet be X = {r, Ag, Bo,..., An, B} w S w {#, 8}, where # is used as a
tile separator and $ as a row separator. The non-recursive deterministic DTD R is given by the

following set of rules:

R: r - $°4,
A - A A Vie{0,...,n—-1}

Ay - B,§$
Bi., — B;B; Vie{0,...,n-1}

B, - #*s*#* VseS
Given any exponential-tiling f:{1,..., N} x{1,...,N} > S, we can always define an unranked tree
that satisfies R and encodes f (see Figure 4.13). Notice that we repeat each tile s € S and each
separator $ and # in order to force a bounded repair strategy to keep them after the repair is done.
In the sequel, we say that a string of the form #*s*#* for all s € Su {8} is a block. For example,
each tree in .Z(R) contains at most M = 22" + 2" + 1 blocks.
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One can check that if we delete all nodes labelled with elements in {Ag, Bo, ", An, Bn} from a

tree in .Z(R), then the result is a tree rooted at r with a sequence of children of the form:
S A A I AT 8T R A A fan S %)

Notice that we can separate the above string into M blocks: 22" blocks for all tiles, 2" $-blocks for
each row, and one $-block at the beginning.

The target language T is defined in a similar way and contains all redundant encodings of tilings
that do not satisfy the constraints in I. Namely, a tree in 7" will contain M blocks hanging as leaves
but distributed in such a way that a violation of a constraint in I is pointed out following a clever
arrangement of the blocks in the tree. We first give the definition of T to later explain the main

purpose of its structure. Consider the target alphabet
A = {r,Ao,Bo,...,As,,Bon,By,..., B, } & {Errgy,Erry Errg Err Erre} w S w {#,8}.

In T, symbols A;,B;, B, are used to allocate blocks in the leaves of the tree and Err; for
1l e {HV,H,V,1,T} are used to indicate a violation of an l-constraint in I. The set of rules of

T is defined as follows:

T: r — Erry | Errp | Errgy
Ai — Ai—l Ai—l V’LE{].,,QTL—].}
A, - HEsTH Vie{0,1,...,2n -1},
Vse Su{$}
Err, — S$ #*s"#* AgA1-An_q1 Aoy VseS,s+s,
Erry - AgAiAnq Aoy #* s #*§7 Vse S, s+ st
Errgy = Asp1 Bono1 | Bono1 Aana
Bi - Ai—l Bi—l | Bi—l Ai—l Vi€ {1,,2’[7,—1}
By — Erry | Errg
Erry — # sTH#5 A, #7555 #7 V(s1,82) ¢V
EI’I’H g An—l B;l—l | B;l—l An—l
B; - Ai—l Bz{—l | B,Ll Ai—l Vi e {1,...,7’?,—1}
By - Ag# si# sy # | #5s1# s3# Ao V(s1,82) ¢ H
First of all, consider the rules for symbols Ayg,..., As,. The complete derivation of each node A;
for i € {0,...,2n} can produce a full binary tree of height 7 + 1 whose leaves are blocks of the form

#*s*#* for s € Su{$}. Hence, in the following keep in mind that each subtree starting at an
A;-node can allocate at most 2¢ blocks.

Focus now on the root node r. There one can choose between three different child-nodes rep-
resenting three possible sets of errors in a tiling: an error in the initial tile (Err,), in the final tile
(Erry), or in a vertical or horizontal constraint (Errgy ). Consider first an error in the initial tile

Err, (the case Err; is analogous). The third production in T includes two blocks of the form $* and
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#*s*4* and a sequence of sub-trees Ay, ..., An_1, As, which can allocate 2°,...,2"71 22" number
of blocks. By summing all these blocks, the number of blocks in a tree with an Err,-node can include:
2+ Z?;ol 20422 = 24(2"-1)+22" = M. Therefore, to point out an error in the initial tile, a repair
strategy can delete all the structural nodes, produce a string like (*), and then insert A-nodes to
distribute all the blocks in sub-trees Ay,..., A, 1, As,. Note that the number of repairs is bounded
for any tree-encoding of an exponential-tiling with the first tile different from s, .

In case that a violation of a vertical or horizontal constraint in I happens, we distribute the
blocks below an Errgy-node and point to the two tiles that are violating a horizontal or vertical
constraint. Suppose that a tiling f is violating a vertical constraint at tiles (i—1,7) and (%,7). Then
the two blocks:

#f(-1,5)"#" and #"f(i,5)"#"

represented in the sequence (*) have (1) 2™ blocks in between, (2) N; blocks to the left, and (3)
N5 blocks to the right for some Ny, Ny € N such that Ny + Ny = 22n _ 1 (recall that the total sum
of blocks must be M = 2" + 2+ Ny + N3). Clearly, we do not know in advance the exact positions
(i-1,7) and (4¢,7) which determine the values N; and N;. However, we know that both values
satisfy N + Ny = 22" — 1 which implies a specific pattern in the binary encoding of both numbers.
The binary representation of the value 22 - 1 is a sequence of 2n ones (i.e. 1 n 1). Then, in order
to satisfy Ny + Ny = 22" — 1, the binary representation of N; must be the opposite representation
of Ny. That is, if bin(Ny) = bgb; ...ba,_1, then bin(Ny) = bgb; ...ba,_1 where bin(-) denotes the
binary representation of a number (starting from the less significant bit), by, ...,ba,-1 € {0,1}, and
bp =0 iff b, = 1 for all k € {0,...,2n—1}. Indeed, if bin(N;) and bin(Ny) coincide in a position, then
the value of this position in bin(NN7 + Na) must be equal to 0 which is a contradiction.

Coming back to the encoding of a vertical violation in 7', we follow the binary representation of
N; and Ns to distribute the 22" — 1 blocks at both sides of (i —1,5) and (4,7). Figure 4.14 shows a
possible representation of f pointing out the vertical violation in tiles f(i—1,5) and f(7,5). Note
that the total number of blocks allocated in Figure 4.14 is equal to M. Furthermore, the tree uses
the pattern of bin(Ny) and bin(Ns) to distribute the 22" — 1 blocks at both sides of the violation at
positions (i —1,7) and (4,7). The (k)-bit of bin(Ny) (bin(Nz)) is equal to 1 iff the children of By
are equal to Ag_1Bg_1 (Bg-1Ak-1, resp.) for every k € {1,...,2n}. One can easily check that the
total number of blocks on the left-side (right-side) of Erry is equal to Ny (N, resp.). We conclude
that all M blocks can be distributed in a unique way (with respect to the structure of T') in order
to point out a vertical violation at positions (i - 1,5) and (i, 7).

A similar representation is used to point out a violation of a horizontal constraint in /. In this
case, the number of blocks on the left and right side of two consecutive tiles sums to 227 + 27 — 1.
For this representation a sequence of nodes By, ..., By, is used in addition to the previous sequence

By, ..., Bo,_1 that was considered for a vertical error.
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Figure 4.14: Encoding of a vertical error in a tiling.

Note that at most 22 + 2" + 1 blocks can be allocated inside a tree satisfying T for the four
possible scenarios (i.e. Erry, Errr, (Errgy,Erry), and (Errgy,Errg)). Hence, a bounded repair
strategy is restricted to redistribute all M-blocks in order to show a possible violation in a tiling
and it cannot cheat by either adding or removing blocks from a tree satisfying R. In fact, giving any
exponential tiling encoded in a tree t € Z(R) with a violation of a constraint in I, we can modify ¢
by deleting all nodes Ag, By, ..., Ay, B, and then inserting the necessary structure (i.e. Err,, Errr,
(Errgv, Erry)) in order to satisfy T depending on the type of violation. One can easily check that
the converse is also true. That is, if there exists an exponential tiling f satisfying I, then we can
construct a sequence of trees encoding f satisfying R such that any repair strategy will need an
unbounded number of edit-operations to satisfy T'. Finally, one can easily check that both DTDs R

and T can be defined by non-recursive deterministic DTDs. O

Combining Proposition 4.5.3 and Proposition 4.5.4 we obtain that the complexity of the bounded
repair problem for all standard specifications of regular tree languages [MNSBO06] is coNEXPTIME-
complete. Furthermore, this result holds even for non-recursive deterministic DTDs. For the sake

of completeness, we highlight this result in the following theorem.

Theorem 4.5.5. The bounded repair problem between languages represented by either (1) stepwise
tree automata, (2) deterministic stepwise tree automata, or (3) non-recursive deterministic DTDs

is coONEXPTIME-complete.

4.6 The unrestricted case

In this section we consider the so-called unrestricted case of the bounded repairability problem,

namely, a variant of the problem where the restriction language is assumed universal (i.e., equal to
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Ts) and the target language is represented by a stepwise automaton 7.

We recall the assumption that any stepwise automaton 7 is trimmed (i.e., every state of T
appears in some accepting run of A on some input tree). Under this assumption, we say that an
automaton T is complete over X if for every tree ¢ € Ty, there is a (possibly non-accepting) run of T
on t.

In this section we also make use of deterministic visibly pushdown transducers [RS08, AMO09] as
suitable devices that transform unranked trees in a streaming fashion. These devices receive the
serialized version of an unranked tree and output the serialized version of another unranked tree.
By a slight abuse of notation we identify unranked trees with their serializations (see Chapter 5 for
more details).

The following result gives equivalent conditions for bounded repairability in the unrestricted case.

Proposition 4.6.1. Given an alphabet ¥ and an automaton T = (A,Q,0,0,F), the following

conditions are equivalent:
e Tx is bounded repairable into £(T),
o T is complete over X3,

o there exist k € N and a deterministic visibly pushdown transducer that receives any unranked

tree t over ¥ and outputs an unranked tree t' such that dist(t,t") <k and ext(t') € Z(T).

Proof. First observe that the third item trivially implies the first one. Below, we prove that the first
item implies the second one, by contraposition. Suppose that T = (A,Q, 0,0, F') is a (trimmed)
stepwise automaton that is not complete over ¥. Let t; be an unranked tree over ¥ such that
d(ext(to)) = @, let a be any symbol from X, and, for every n > 1, let

tn = a(to, ey to).

[ —
n times

Clearly, ext(t,) € Ts. Moreover, at least n edit operations are required to repair the tree ¢, into the
language ext 1 (.Z(T)). This shows that 7Ty is not bounded repairable into (7).

Finally, we prove that the second item implies the third one. Suppose that 7 = (A,Q, 9, dy, F')
is a (trimmed) stepwise automaton that is complete over . It is not difficult to show that from the
fact that T is complete over X it follows that 7x is bounded repairable into .Z (7). The interesting
result is that, when we identify unranked trees with their serializations, the repair strategy of 7Ty into
Z(T) can be implemented by a deterministic visibly pushdown transducer. More specifically, the
deterministic visibly pushdown transducer outputs, at the very first step and independently of the
input, a fixed prefix of a serialized unranked tree (this represents a portion of the repaired tree); then
it copies the input ¢ as a continuation of the prefix formerly constructed, mimicking at the same

time the computation of the stepwise automaton 7 on ext(t); finally, the transducer terminates
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by outputting a suitable suffix in such a way that the corresponding repaired tree belongs to the
language ext™ (£ (T)). The difficult part of this proof is to show that there is a single prefix that,
no matter how it is prolonged, can be completed into a serialized tree that belongs to the language
ext ™1 (Z(T)). To show this, we prove the following claim under the assumption that the automaton

T is complete:

Claim 1. There are a symbol a € X2, a state p € QQ, and a sequence of unranked trees uy,...,u, over
3 such that for every unranked tree t over X, there is a sequence of unranked trees vy, ..., v, over

Y satisfying p € d(ext(a(uy, ..., Un, b, 01, .., Um))).

Proof. We prove the claim by contraposition. Suppose that (x) for every symbol a € X, every state
p € @, and every sequence u1,...,u, of trees, there exists a tree ¢ such that, for every sequence of
trees vi,...,0m, p ¢ 0(ext(a(uy, ..., Un,t,01,...,0,))). We fix an arbitrary symbol a € 3 and an
enumeration py,...,py of all states in Q. Then, by applying the hypothesis () to the symbol a, to
each state p € {p1,...,pn}, and to increasing sequences of trees uy, ..., u,, we construct a tree t’ over
% on which 7 has no valid run (this would imply that T is not complete over ). First, we let p = p;
and n = 0, and we obtain from () that there is a tree t; such that p; ¢ §(ext(a(t1,v1,...,v,))) for
all sequences of trees vy, ..., vy. Similarly, if we let p = po, n =1, and uy = t1, we know from () that
there is a tree to such that ps ¢ 0(ext(a(t1,t2,v1,...,0m))) for all sequences of trees vy,...,vm,. By
applying a simple inductive argument, we can construct a sequence of trees t1,...,ty such that for
every index 1 <4 < N, p; ¢ §(ext(a(t1,...,tn))). Since p1,...,py are all and only the states of T, we

derive that 7 has no valid run on ext(a(t1,...,tx)). This shows that 7 is not complete over ¥. [

Turning back to the main proof, we can use the above claim to construct a deterministic visibly
pushdown transducer that repairs any tree over ¥ into a tree in the language ext™ (£ (7)) with
uniformly bounded number of edit operations. Let a, p, uy,...,u, be as in the claim above. Since
T is trimmed, there is a (curried) context C' over A such that é(p,C) n F # @ and the automaton
T accepts the context C' when the placeholder is assigned the state p. From now on we identify
the unranked trees ui,...,u, over ¥ with the corresponding serializations over . Similarly, we can
represent the context C' with a pair (CPrefi* Csufix) of sequences of opening and closing tags such

that, for every tree t, CPefix.¢.CUx jg the serialization of the unranked tree ext™*(Coext(t)) (note

that the sequences CP*1* and C"* need not to be well-parenthesized). In particular, any curried
tree of the form C o ext(a(uy,...,Un,t,v1,...,0,y)) is represented by the word
CP™ (@) g -ty 01 - Uy - () - CSU

Moreover, from the previous claim and assumptions, it follows that for every tree ¢, there is a sequence
of trees vy,..., vy, such that C oext(a(uy,...,un,t,v1,...,0m)) is accepted by T. Therefore, the

deterministic visibly pushdown transducer that implements the bounded repair strategy of 7Ty into
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Z(T) can be constructed as follows. First, it outputs the prefix CP**.(g).u;-...-u,, independently
of the input; then, it copies the serialized input tree ¢ and it mimics at the same time the computation
of T on ext(t) (this is possible since stepwise automata can be translated into equivalent deterministic
visibly pushdown automata); finally, on the basis of the state reached by T after parsing ext(¢), the
transducer outputs a suitable suffix of the form vy -...- v, - (a/) - C*** in such a way that the
final output represents a tree inside the language ext™* (. (7)) (this is possible thanks to the above
claim). To conclude the proof it is sufficient to observe that the tree output by the transducer can

be obtained from its input by performing a uniformly bounded number of insert operations. O

From the above characterization one can derive a polynomial-time algorithm that decides whether
Ts is bounded repairable into Z(T), when T is given by a deterministic stepwise automaton. For
this it is sufficient to turn 7 into a trimmed deterministic automaton 7' = (X,Q’,0",d;, F') over X
and then check that (i) for every symbol a € ¥, §{(a) # @ and (ii) for every pair of states g1, g2 € @',
0'(q1,q2) #+ @. When the target language is represented by a non-deterministic stepwise automaton
T, the complexity increases to EXPTIME: one can simply determinize 7 and then use the decision
procedure for the deterministic case.

As one could expect, the above complexity bounds (i.e., PTIME for deterministic stepwise au-
tomata and EXPTIME for non-deterministic stepwise automata) are tight — hardness proofs can be
derived from reductions of the emptiness and universality problems, respectively, on the correspond-

ing classes of automata.

Proposition 4.6.2. The bounded repair problem in the unrestricted case when the target language is
represented by a non-deterministic (resp., deterministic) stepwise automaton is EXPTIME-complete

(resp., PTIME-complete).

Proof. From Proposition 4.6.1 one can derive a polynomial-time algorithm that decides whether 7Tx
is bounded repairable into .Z(7) when T is given by a deterministic stepwise automaton. For this
it is sufficient to first turn 7 into a trimmed automaton 7' = (X,Q’,d", 8}, F') over ¥ and then check
that (i) for every symbol a € 3, §)(a) + @ and (ii) for every pair of states g1,¢2 € Q’, §'(q1,¢2) # @.
For a stepwise automaton, this procedure takes polynomial time in the size of 7. On the other
hand, if 7 is non-deterministic, one can determinize 7" and then check property (i) and (i) over its
determinization. This algorithm takes exponential time for the non-deterministic case. Therefore,
we conclude that the problem is in PTIME for deterministic stepwise automata and in EXPTIME
for non-deterministic stepwise automata.

For the lower bounds, we show here that the problem is EXPTIME-hard for non-deterministic
stepwise automata by a reduction of the universality problem for stepwise automata. For the PTIME
hardness of the deterministic case, the reduction is similar but one has to use the emptiness problem

of deterministic tree automata that is well known to be PTIME-complete.
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Consider a trimmed stepwise automata T = (X,Q,d,d0, F) as an instance of the universality
problem. We define the stepwise automata 7' = (X U {#}, QU {qx,qr},0",00 U (#,q4),{qs}) where

# is a new label and gu, gy are new states. For the transition function, we define:

& = 6 u (Fx{gg}x{ar}) v ({ap} x Fx{qr}) v (g} x{az} x{as}) v
(@ xA{ar} x{ar}) v ({ar} < Q" x{ar})
where Q" = Q U {gy,qs} is the complete set of states in 7'. In the sequel we show that .Z(7T) is
universal if, and only if, 75,4 is bounded repairable into Z(7").

Suppose that T contains the universal tree language, namely, Tx € .Z (7). By Proposition 4.6.1,
we only need to show that 7" is complete over ¥ U {#}. First, notice that 7' is already trimmed
given that 7 is trimmed and one can easily check that states g4 and ¢y appear in some accepting
run. To show completeness, let ¢ € Ty 4} be any curried tree. If ¢ does not contain label #, then
there exists trivially a run of 7" over ¢ given that § € ¢’ and £ (T) is universal. Now suppose that
t contains at least one node labeled by #. If t only contains #-labels, then it is straightforward to
show a run of 7' over t. Otherwise, let ¢’ be the smallest subtree of ¢ such that ¢’ = t{@t5 and either
t1 € T{#} and ty € Ty or vice versa (one can easily show that ¢’ always exists in t). Without loss of
generality, take ty € Ty. Since Z(T) is universal, we know that there exists an accepting run of 7
over ty that reaches a final state g. On the other hand we have that g4 € §'(¢1) and then gy € §'(t').
Finally, one can easily check by the definition of 7" that for every context C' € Cs;,(43, it holds that
qr €6(qr,C). This implies that ¢; € 6(¢) and, therefore, 7 is complete over ¥ u {#}.

For the other direction, suppose that Ty ¢ .Z(7) and take a tree t ¢ £ (7). Define a new
tree t' =t @ #. By the construction of 7', one can easily check that ¢’(t') = @ and we have that
T’ is not complete over X U {#}. From this, we conclude that the bounded repair problem in the
unrestricted case for non-deterministic stepwise automata is EXPTIME-hard as well. This completes

the proof. O

It is worth remarking some similarities and differences between the considered problem and the
analogous unrestricted bounded repair problem for regular languages of words (Chapter 2). First
of all, the characterization given in Proposition 4.6.1 implies that, in the unrestricted case only, if
the universal tree language Tx; is bounded repairable into a regular tree language T', then the repair
strategy can be implemented by a deterministic visibly pushdown transducer that works directly
on serializations of unranked trees. This is reminiscent of the equivalence between the unrestricted
repair problems for regular word languages in the non-streaming and in the streaming settings. We
also remark that bounded repairability for tree languages is a much stronger property than that for
word languages. In Corollary 2.4.11, it is shown that for every alphabet ¥ and every regular word
language T', ¥* is bounded repairable into T" or into its complement 7C. When considering languages
of trees the situation is quite different: for every alphabet ¥, there are regular tree languages T such

that Ty is bounded repairable neither into T nor into its complement 7C.
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4.7 Conclusions

In this chapter we study the bounded repair problem for regular tree specifications. Specifically,
we give the first effective characterization for determining whether one regular tree language can be
repaired to another regular tree language with a finite number of edits. In contrast to the previous
chapters, understanding the bounded repair problem over trees was much more involved and most of
the machinery used in the word case was extended in order to capture the bounded repair problem
over trees. As an example, there was a clear similarity between the paths of SCCs for finite word
automata and the synopsis trees of SCCs for finite tree automata. Furthermore, the coverability
relations were very similar in both cases. Although the coverability relation between synopsis trees
was more complicated than the coverability relation between paths of components, both preserve
the idea that components have to maintain some fix order and this cannot be changed by a bounded
number of edit operations. We think that the extension of the characterization from string to
trees case is elegant and, further, it captures most of the fundamental concepts needed in order to
understand the bounded repair problem between regular tree languages.

A different story is the complexity analysis of the bounded repair problem given in this chap-
ter. As was mentioned in Section 4.5, a straightforward application of the main characterization
gives a IT5XP-algorithm for deciding whether one regular tree language can be repaired to another
regular tree language with a finite number of edits. In order to find the exact complexity of the
bounded repair problem, we have to reduce our characterization to the containment of non-recursive
context-free languages. With this final step we were able to sketch a coNEXPTIME-algorithm
for the bounded repair problem over trees. Furthermore, we provide a tight lower bound of the
bounded repair problem by showing that even for non-recursive deterministic DTDs the problem
is coNEXPTIME-hard. This last result contrasts with the word setting where the bounded repair
problem for deterministic automata has a much lower complexity than the non-deterministic case.
In some sense, the containment of non-recursive context free languages is embedded even in the
deterministic case and this produces an explosion in the complexity.

This chapter contains new results that were not included in [PRS12]. For example, the best

upper-bound for the bounded repair problem given in [PRS12] was a II5XF

-algorithm that follows
from Lemma 4.5.1 and, therefore, the coNEXPTIME-bounds given in Section 4.5 are new. Finally,
it is worth mentioning that in [PRS12] we study further restrictions over tree specifications that
were not included in this chapter. There, we show that bounded repairability is much less complex

for DTDs when the alphabet is fixed.

Related work. Edit distance between trees has been extensively studied and several polynomial-
time algorithms exist based on dynamic-programming (see [Bil05] for a survey). The edit operations

presented here was first introduce in [Tai79] as a generalization of the edit distance for strings.
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The main advantage of these operations over trees is that they preserve the ancestorship relation
and post-order between nodes, which is a desirable property in order to maintain the underlying
relations between data on an XML document. In [Sel77] a different edit distance was considered
where insertions and deletions are restricted to leaves of the trees. This edit distance is usually
called I-degree edit distance. Depending on the application, these operations are argued to be more
accurate and useful for XML documents [CAMO02, SC06].

The problem of computing the distance between a tree and a schema has also been studied
before [BAR04]. Under certain conditions, the algorithm proposed in [BAR04] returns a valid doc-
ument whose distance from the original one is guaranteed to be within a multiplicative constant of
the minimum distance. In this context it is also relevant to cite the work in [AP72]. In this paper
the edit distance of a string to a context-free language was studied and an algorithm to compute
the minimum repair was given. Clearly, if edit operations over strings are applied over the XML
encoding of a tree, then theses operations can be lifted from strings and context free languages to
XML documents and DTDs.

Regarding similarity between schemas, syntactic similarity between schemas were studied
in [FBO8] and a similarity set-based measure was proposed in [AGMNI11], but both works did
not consider edit operations between trees. Approximation of regular tree languages by single-type
regular tree languages has been studied in [GIM*13] were the setting is restricted to a particular
class of tree languages (single-type) and the approximation is modeled by language containment. To
the best of our knowledge, the problem of editing all trees in a schema to trees in another schema
has not been studied explicitly.

Distance automata over trees are a natural generalization of distance automata over words [CL10].
In contrast with the string case, in this chapter we did not study any connection between the bounded
repair problem and the boundedness for distance automata on trees. Recall that in Chapter 2 and 3
we show that, for every regular language T, one can reduce the function cost(u, T') = minger dist(u, v)
into a distance automaton over words in polynomial time. Interestingly, for the tree case it is not
clear that for every regular tree language T' one can construct (in polynomial time) a tree distance
automaton that computes the cost of repairing trees into 7. It is not even clear that distance
automata are expressible enough to compute this type of functions, that is, whether there exists a
tree distance automata Dy such that Dr(t) = cost(t,T) for every regular tree language T. We left

this question as an open problem.
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Chapter 5

Streaming repairing of trees

In this last chapter, we tackle the question of which pairs of trees specifications are streaming
repairable with uniformly bounded cost. Intuitively, a streaming repair is a procedure that inserts,
deletes, or modifies the tree structure while reading the tree in pre-order fashion, producing an
output that satisfies some constraints. Clearly, we would like a stream repair processor to make
a ‘small’ number of changes to the input. We formalize this requirement via the notion of being
bounded streaming repairable (see Chapter 2). Specifically, we study the problem of determining
whether there exists a stream processor that will (i) ensure that any tree satisfying a restriction
specification is repaired to a tree satisfying the target specification and (ii) performs a number of
edits that is uniformly bounded and independent of the input.

The previous chapter gave a characterization and decision procedure for determining whether a
bounded repair strategy exists in the non-streaming setting. In this chapter we give a characteriza-
tion and decision procedure for determining whether a streaming bounded repair strategy exists, in
the important case of DTD schemas, and more generally of ‘deterministic top-down schemas’. This
is a subclass of tree automata that subsumes not only DTDs but also XML Schemas (XSDs).

Our solution to the streaming bounded repair problem is challenging both from the point of view
of giving a characterization, and showing that it is both effective and correct. The first part of the
solution is adapted from the previous chapters: we associate a graph with each schema, and then
look at the corresponding notion of connected component; such components represent ‘repeatable
behaviours’. Our characterization will involve a novel game played on stacks of components in the
two graphs, with one player, called Generator, managing the stack for the restriction, and the other
player, called Repairer, managing the stack for the target. Repairer needs to play in such a way
that a certain relation holds between the components on the top of the stacks, corresponding to
containment of tree languages. The characterization theorem says that a streaming repair with
uniformly bounded cost is possible exactly when Repairer has a winning strategy in the game. The
possible moves of Generator will be restricted in a way that ensures finiteness of this game, and thus

decidability of a winner.
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Both directions of the proof of this characterization are highly non-trivial. In one direction, we
manufacture an effective tree repair transducer from a winning strategy for Repairer. In the other,
we use a repair transducer of uniformly bounded cost to get a winning strategy for Repairer.

With our characterization in hand, we are able to give an EXPTIME upper bound on the
complexity of determining the existence of a streaming repair strategy of uniformly bounded cost.
Finally, we complement this with a matching lower bound.

An outline of this chapter is the following: we start in Section 5.1 giving the basic definitions on
top-down tree automata and their serialization. Then in Section 5.2 we state the streaming repair
problem formally, and we give examples that explain the difficulties of the problem and motivate its
solution. Our main characterization theorem is stated in Section 5.3, which relies on defining a new
kind of game played on stacks of components. We devote Section 5.4 to explaining the first direction
of the proof, namely, from the simulation game to the bounded repair problem, and Section 5.5 for
the other direction. In Section 5.6 we consider the consequences of our characterization theorem for

complexity, while in Section 5.7 we give our concluding remarks.

5.1 Tree specifications and their serializations

We adopt the usual notations for strings and unranked trees considered in the previous chapters
(see Sections 2.1 and 4.1 for more details). Also we consider the serialized representation of trees
(or XML encoding) in order to study streaming repair problems over trees.

In this section, we implicitly use the first-child-next-sibling encoding for representing unranked
trees instead of the curry encoding considered in the previous section. Interestingly, it turns out
that the first-child-next-sibling encoding is more suitable for studying streaming repair problems
over trees and closer to top-down tree automata (i.e. the class of tree specifications used in this

section) than the curry encoding.

Top-down tree automata. In this chapter we make use of languages of unranked trees, such
as those defined by the structural components of DTDs and XSD schemas [MLMKO05, MNSBO06].
We work with ‘deterministic top-down schemas’ [MNS08, CLT05], which generalize DTDs and can
be seen as typing systems in which the type associated with each internal node of a tree depends
uniquely on the type of the parent and the type of the left sibling (if this exists). Equivalently,
one can think of these schemas as deterministic top-down binary tree automata running on the
standard first-child-next-sibling encoding of an unranked tree. Formally, a (deterministic) top-down

tree automaton is a tuple A = (3, Q, 0, qo, F'), where:
1. Y. is a finite alphabet,

2. Q is a finite set of states,
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3. §:QxXY —~QxQ is a partial transition function,
4. qo € @ is an initial state, and
5. F c @ is a set of final states.

To avoid switching every time between unranked trees and their encodings (like in Chapter 4),
we define the runs of our automata directly on unranked trees and unranked forests. Given an
unranked tree/forest ¢, we denote by nodes’(t) the extended domain of t, which is defined as the
set that contains all nodes of ¢ and all sequences 7 -j -1 € nodes*(t) and 4 - (j + 1) € nodes™ (t), with
1-7 € nodes(t). Intuitively, nodes*(t) is the extension of the domain of ¢ that results from adding a
new child to each leaf and a new sibling to each node with no right sibling. A run of Aon tis a
function p : nodes® (¢) — @ such that 6(p(f-j),t(f-j)) = (p(i-j-l),p(f- (j+1))) for all 1-j € nodes(t).
A run p is said to be accepting if p(1) = qo and p(2) € F for all nodes 7 € nodes™ () \ nodes(t). The
language recognized by A is the set £ (A) of all trees ¢ € Ty, that induce an accepting run of A.

Top-down tree automata as defined above are always deterministic. In this chapter we only
consider the deterministic version of these tree automata and, thus, in the future we refer to them
just as top-down tree automata.

Similar to previous chapters, in the sequel we will work with trimmed automata only, namely,
all states of our automata appear in some accepting run. Formally, we say that a top-down tree
automaton A = (X, Q, 9, qo, F') is trimmed if for every g € @Q there exists a tree t € Tx;, and an accepting
run p of A over ¢ such that p(z) = ¢ for some 7 € nodes” (t). Because useless states of automata can
be detected and removed in linear time [CDG'07], this assumption will have no impact on our
complexity results.

Top-down tree automata define a proper subset of regular tree languages [MNSB06, MNS08]
and then they are less expressive than stepwise-tree automata (consider previously in Chapter 4).
We switch to a less expressive specification formalism given that our characterization of streaming
tree bounded repairability works only for this restricted fragment of regular tree specifications (see
Section 5.2 for further explanations and examples). Despite of the lack of expressibility, top-down
tree automata are more expressive than DTDs or even XML Schemas [MNS08] which are the main

XML specification language consider in practical applications.

Example 13. Consider the following DTDs that are slight variations of the DTDs presented in
Chapter 4, Example 11:

D: r - ad D': r - dc*
a — a-+e€ d - aa+a
d - bce* a — a+c¢
b - a+e c - €
c — €

The left-hand side of Figure 5.1 gives an example of an unranked tree satisfying the DTDs D.
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Figure 5.1: Run of a top-down tree automaton over an unranked tree.

We can easily define top-down tree automata automata R and T that recognize the languages
defined by D and D', respectively. The following are the transitions rules of R and T such that
ZL(D)=%(R) and L (D") = L(T):

R: pp — p5 [ T: @ 5 ¢ f
Py % ptopg % 5 9@ 4
R @ - 4 4
g L g f @ S oo f
v = piopg % = [ %
5 = [ P

where pj, and qi are the initial states and the final states are underlined. Furthermore, one can easily
check that the right-hand side of Figure 5.1 is the accepting run of the automaton R on the tree t. In
this figure, black nodes correspond to elements of t, while gray nodes have no corresponding element

int (i.e. nodes” (t) \ nodes(t)).

For this model of automata, it is useful to consider a restricted type of context. Recall that
a context in Chapter 4 is a curry tree with a leaf labelled by the special symbol e. We redefine
contexts over 3 and the set of context C% motivated by the tree automata model (i.e. top-down tree
automata) considered in this chapter. Formally, a top-down context (or just a context) over X is an
unranked tree or an unranked forest labelled over X w {e}, where ® occurs exactly once in a leaf that
has no right sibling. Examples of contexts are a(b,b,e) and a(b,b) . On the other hand, a(b,e,d) is
not a valid context in our setting. Note that top-down contexts are the unranked version of contexts
for the standard first-child-next-sibling encoding of an unranked tree. Given a context C' and a tree
t, we denote by C ot the tree obtained from the substitution of e in C' by ¢. The composition C o C’
of two contexts C' and C” is defined similarly and results again in a context. In the sequel, we denote
by C% the set of all top-down contexts over the alphabet . Furthermore, all contexts considered in
this chapter are top-down contexts in C%.

The advantage of restricting contexts to have the e-node in ”a leaf that has no right sibling*

comes to light when we want to extend the transition function § from states to contexts That is, as
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is usual for finite automata on words we derive from the transition function § of a top-down tree
automaton A a transition function § on contexts. Formally, we define 5 as the partial function from
Q xC% to Q by letting 6(q, C') = ¢ iff the context C' is accepted by the automaton A where the initial
state is replaced by ¢ and the transition function § is extended in such a way that 6(q’,e) = (f, f),
with f being a new final state. Notice that the extension of § into é cannot be done if arbitrary
unranked contexts (i.e. contexts where the e-node is at an arbitrary leaf) are considered. Indeed,
we cannot choose any accepting run for a context C' whenever the e-node is put at a leaf ¢ - j that
has a right sibling - (j + 1) in C. The state at position 7 - (j + 1) is determined by the state and

label at position ¢ - j, however the label at 7 - j is e.

Trees, contexts, and their serializations. It is known that trees, and more generally forests,
can be represented by their serializations (XML Documents). Formally, given a finite alphabet X, we
introduce a disjoint copy of ¥ of the form ¥ = {@ : a € ¥}. The elements in ¥ represent the opening
tags of the serializations, while the elements in ¥ represent the closing tags. The serialization t of
a tree t is defined recursively by £ = € if t is empty, and by £ = a-t; -...-t,-a if t = a(ty,...,t,).
The serialization of a forest is the concatenation of the serializations of its trees. Clearly, every
serialization of a tree/forest produces a well-matched string over Y w3 and vice-versa. For example,

one can easily check that the serialization of ¢ in Figure 5.1 is equal to:
t=raaaaaadbaaaabcccccedr

Note that the serialization C' of a context C is a word that contains a single occurrence of
the substring es. We will denote by CPe™ (resp. C“f*) the prefix (resp. suffix) of C' that ends
immediately before the occurrence of e (resp. that starts immediately after the occurrence of ).
Observe also that the composition of contexts with trees/contexts has analogous operations on
serializations, that is, C ot = Crrefix . Csuffix and Co 7 = CPrefix. 7 . Csuffix

Given a top-down tree automaton A = (X,Q,d,qo, F'), a state ¢ of it, and a prefix u of the
serialization of a tree, we say that ¢ is the current state at the end of u iff 5((]0, C) = ¢ and Crrefix — 4,
for some context C'. We remark that this current state only depends on u, and not the context
C; indeed, due to top-down determinism, C’f’eﬁx = (Z*;”eﬁx implies 0(qo, C1) = 6(go, Cs), for any two

contexts C1, Cs.

Tree edits over serializations. Recall the definition of the tree edit operations presented in
Section 4.2 which are insertion, deletion, and relabelling. For the setting considered in this chapter,
we want to edit trees by editing their serializations — by deleting and inserting tags — in such a way
that the resulting operations implement tree edit operations. In order to reach this goal, we can code
a sequence of string edits via another string, called alignment. Formally, given two strings u € ¥*
and v € A*, an alignment of u and v is any string e over the alphabet (X w {e}) x (A w{e}) whose

projection over the first (resp. second) component gives u (resp. v). The cost of an alignment e,
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denoted cost(e), is the number of occurrences in e that are not of the form (a,a), with a € X, nor
of the form (€,€). Then the edit-distance between two strings u € ¥* and v € A* can be defined
as the minimum cost of all possible alignments of u and v [WF74]. As an example, the string
(Z)(i’ )(i)(g)( 2) is an alignment between the strings abcd and acde that achieves optimal cost 2
(hence dist(abed, acde) = 2).

As we mentioned earlier, we are interested in repairing serializations of unranked trees and, more
specifically, in alignments that can be directly translated into editing operations on the corresponding
trees with similar costs. This is captured by the notion of tree edit alignment between well-matched
words. Let us fix some well-matched words u € (Yw¥)* and v € (AwA)* and an alignment e between
them. We first define two matching relations ~, and ~, between positions of e as follows: given
1<i<j<lel, we write ¢ ~, j (resp. i ~, j) iff the infix e[4, j] projected onto the first (resp. second)
components is a well-matched word. We then say that e is a tree edit alignment if the following

implications hold:
° if e(i) = (a,a), then there is 1 < j < |e| such that e(j) = (@,a), i ~y j, and i ~, j,
° if e(j) = (a@,a), then there is 1 <14 < |e| such that e(i) = (a,a), i ~, j, and @ ~, j.

Example 14. Given two unranked treest = a(a(b),c) andt’ = a(a(c),b) and their serializations
t = aabbacca and t' = aacéabba, the following are two possible alignments between t and t':
(@)@ EEE)E)E)

e = ()(@)E)EEEE)@)E)E)-

However, only the first alignment e is a tree edit alignment. For the second one, if we choose i =2,

e

we observe that €'(i) = (a,a) and j =8 is the unique position such that e(j) = (a,a), but i +, j.

It is not difficult to see that, given two trees ¢ and ¢, there is a sequence of tree edit operations
turning ¢ into ¢’ and having cost N iff there is a tree edit alignment between the serializations ¢ and
' having cost 2N. Interestingly, the following example shows that the generic notion of alignment
between serializations is too powerful to capture the costs of edit operations on trees, even up to
multiplicative constants. There exist indeed families of trees on which the costs of alignments are

uniformly bounded, while the costs of tree edit operations get arbitrary high [Aku06].

Example 15. Consider pairs of trees of the same height and of the following forms (some labels

are in bold to mark the differences between the left-hand and right-hand side):

0N PN
a/ \a a/ \b
b b b a
N PN
a/‘\a a/‘\b
b b b a
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It is easy to see that, no matter how one chooses to transform the left-hand side tree into the
right-hand side one using tree edit operations, the cost grows at least linearly with the height of the
trees. On the other hand, there exist alignments between the serializations of these pairs of trees that

have uniformly bounded cost, e.g.

(MEEEEE) (@@ G)E(F) -
(DEOE)EEEE) - DEEEE )G ()

It is tmportant to notice that the previous alignment is not a tree edit alignment.

Transducers. A streaming repair process is a machine that consumes parts of the input and
produces edits. We capture this with the notion of transducer. We recall the definition of transducer
(defined previously in Section 2.1) for the sake of completeness. A (sub-sequential) transducer can
be described by a tuple of the form Z = (X, A, Z, k, z9,2), where ¥ is a finite alphabet for the input,
A is a finite alphabet for the output, Z is a (possibly infinite) set of states, x is a partial transition
function from Z x (X w{e}) to A* x Z, 2y € Z is an initial state, and 2 is a final output function

from Z to A*. A run of Z consists of a sequence of transitions of the form

ui /vy uz[v2 U [VUn

v
0 — 21 — ... — Zne/i;l

where u; € X w{e}, v; € A*, vpp1 = Q2zn), and k(z-1,u;) = (v, 2;) for all 1 <i <n. Given the above
run, we say that v = vy vy -... vy - Uys1 is the output of Z on input w =uy -ug-...  u,. In order
to guarantee that Z produces at most one output on each input, we forbid the possibility that both
0(z,a), with a € ¥, and 6(z,¢€) are defined on the same state z.

The above definition of run of a transducer implicitly defines an alignment between the input
and the output. Recall that the definition of an alignment refers not only to the input and output
words, but to a particular way of synchronizing them with e. Thus we will first ‘disambiguate’ the
edits induced by the run of the transducer, determining whether a given transition u/v is to be
considered as a deletion, an insertion, or a deletion followed by an insertion. Formally, given a run

p of Z such as the one described above, we define the canonical alignment of p as

align(p) = align( ) -align(%2)-...-align(%r ) -align( .5, )

where
..(lfk) ifu=a,v=>0y...bg,
and a#b; forall 1<i<k

align(ﬁf): (6,)---(5)--- () ifu=a, v=>y...b,
and i = minj<x{j : a=0b;}

..(bﬁk) ifu=ecand v=>5;1...b.
We define the cost of a run p of Z as the cost of its canonical alignment align(p). Finally, we define
the cost of Z over a word ¢ by cost(t, Z) = ¥, dist(a;, b;) where align(p) = (51)(5r) and p is a

run of Z over t.
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In general, canonical alignments of runs of transducers can be of any form. In the following,
however, we restrict ourselves to transducers that only work on serializations of trees and whose

canonical alignments are tree edit alignments. We call these transducers tree edit transducers.

Top-down visibly pushdown automata. Repairing trees in a streaming fashion requires to
process the serialization of a tree. Even though top-down tree automata are useful for reasoning
about the structure of a tree language, they are not suitable for processing the serialization of trees,
at least not in the presentation that we give in the main proofs of this chapter. In the last part of
this section we give an alternative view of a top-down tree automata running on the serializations
of trees, such that there exists a direct translation between both representations. The definitions
introduced in the rest of this section are rather technical and are mostly used in the proof of the
main characterization of this chapter. The reader could skip these definitions in a first read.

We represent top-down tree automata via a special form of visibly pushdown automata (VPA)
[AMO04, GNRO08, KMV07]. Roughly speaking, VPA run over serializations of trees by using a re-
stricted stack such that the depth of the stack is synchronized with the depth of the tree node
being read. VPA are thus a convenient processing model for streaming validation and are equally
expressive than arbitrary tree automata [KMVO07]. However, we define below a subclass that is rich
enough to capture deterministic top-down tree automata that we called top-down VPA. A top-down

VPA is a tuple A = (Zwx, Q,S,qo,F), where

1. ¥ (resp., ¥) is a set of opening (resp. closing) tags,
2. Q is a finite set of control states,

3. §6:Qx (X wX) ~ Q* is a partial transition function,
4.  pg € P is an initial control state, and

5. F c P is a set of final control states.

We assume that & is restricted depending on the input letter in ¥ or ¥. Specifically, we suppose
that 6(¢,a) € Q? whenever a € ¥ and §(q,@) = € whenever @ € . This is the “visibly” restriction
imposed to top-down VPAs [KMV07]. We use this restriction to maintain the equivalence between
top-down VPA and top-down tree automata as it will be shown later.

A configuration of a VPA A is described by a stack of control states (i.e. a non-empty string
G € Q"). The initial configuration of A is the singleton stack go. A final configuration is any stack
G such that top(g) € F. A transition of A on a € U is of the form ¢-§ % 6(q,a) -G whenever
4(q,a) is defined (otherwise there is no such transition). Note that a transition of A on a closing
tag @ €  is of the form ¢-§ -% G (called pop), provided that 6(g,a) is defined. A run of A on a

word w = wy-—w, € XWX is a sequence of transitions of the form

do =5 q1 =3 - 3 Gn.
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We say that A accepts a (serialized) tree t if it admits run on ¢ that starts from the initial singleton
stack go and ends in a final singleton stack. We denote by Z(A) the language of all (serialized)
trees accepted by A.

Similar to word automata, we can extend the transition function of a top-down VPA A= Ew
$,Q, 0,0, F) to a partial mapping 0 : Q* x (SwX)* - Q* such that (g, w) = ¢’ iff there exists a run
of A of the form § % §'. As a particular case, for every tree ¢, we have that ¢ € Z(A) iff (o, 1) is
a singleton final stack.

One can easily seen the connection between deterministic top-down tree automata and top-down
VPA. Indeed, given a deterministic top-down tree automata A = (%, Q, d, qo, F'), define the top-down
VPA A = (Dwy,Q, 8, qo, F) such that 6(q,a) = (q1,g2) iff S(q, a) = q1-qo for every a € ¥ and 6(q,a) = €
iff g € F. It is straightforward to prove that t € Z(A) iff € £ (A). We assume this result without
proof and we usually switch between the two formalism without explanation. We usually denote by
A and ¢ for deterministic top-down tree automata and A and § for top-down VPAs.

We further extend top-down VPA to its transducer version. Formally, a top-down visibly push-
down transducer is a tuple of the form Z = (BwX, A, Z, i, 20,Q) where Y w Y is a finite alphabet
for the input, A is a finite alphabet for the output, Z is a finite set of control states, x is a partial
transition function from Z x (Y w X w {€}) to Z* x A*, zy € Z is an initial state, and € is a final

output function from Z to A*. A run of Z consists of a sequence of transitions of the form

uz /v Un [V =

z, [onp1

o Uy 7
where z; € Z%, Zy = 20, u; € Yw X w {e}, v; € A*, v = Q(top(Z,)), and for all 1 <4 < n there
exists Z,Z’ € Z* such that d(top(Z;-1),u;) = (Z,v;) and Z; = Z- Z'. Given the above run, we say that
V=01 Vg ... Up- Unyst 18 the output of Z on input w=uy-us-... u,. In order to guarantee that Z
produces at most one output on each input, we forbid the possibility that both 6(z,a), with a € X,
and 0(z,€) are defined on the same state z. For the sake of simplification, we occasionally write Z
as a tuple Z= (BwX, A, Z, i, 20,1,9) such that . € A* is an initial output released before beginning
to read the input.

5.2 Streaming bounded repairing of trees

We focus in this chapter on the streaming bounded repair problem for languages of unranked trees.
Similar to the previous chapters, the setting is given by two languages R and T of unranked trees,
called restriction and target languages. Trees in R (resp. T') are labelled over a finite alphabet ¥
(resp. A), and they are encoded by serializations. The languages R and T are represented by means
of deterministic top-down tree automata or DTDs.

The goal is to decide whether it is possible to ‘repair’ any tree t € R into a tree t’ € T, using

a number of edits on serializations that is uniformly bounded by a constant. We are particularly
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interested in repair strategies that are streaming, that is, repairs of serializations of trees that are
produced in an online way, by means of tree edit transducers.

Formally, let stream(R,T) be the class of all tree edit transducers Z such that Z(f) € T for all
t € R. For a tree edit transducer Z € stream(R,T) define the worst-case aggregate cost of Z as

follows:

cost¥E (R, T) =" sup cost(t, 2).
teR

The tree streaming aggregate cost costomesm(R,T) for two languages R and T is then defined as
the minimum of cost®* (R, T') taken over all tree edit transducers Z e stream(R,T’). Note that we
could define the worst-case edit cost and tree streaming edit cost of R and T similar to Section 2.2.
However, our results in this chapter are restricted to the aggregate-case and we leave the edit-case
for future work.

The streaming bounded repair problem consists of deciding, given two regular tree languages R
and T whether there exists a tree edit transducer Z such that (i) on any input ¢, with t € R, Z
outputs the serialization ' of some tree ¢ € T, and (ii) the cost of the runs of Z are uniformly
bounded by a constant. That is, costies, (R,T) < oco. Some examples of positive and negative

instances of the streaming bounded repair problem follow.

Example 13 (Continued). Consider again the languages R = £ (R) and T = £L(T) described in
our running example. It is possible to transform every tree t € R into a tree t' € T wusing just 3
edit operations: one first deletes the d-labelled child of the root, then relabels the b-labelled node into
a, finally one inserts a new d-labelled node as a first child of the root, adopting the two chains of
a-labelled nodes as sub-trees (see, for example, Figure 4.4). This strategy can be implemented at
the level of serializations by a transducer that first copies the opening tag v from the input, then it
produces an opening tag d and copies the portion a...aa...a of the input; subsequently, it replaces
the input string db with a, it copies another portion a...aa...a of the input, it prepends ae to the

next incoming string c¢...c¢, and finally it erases the closing tag d and copies the last symbol 7.

Example 16. The following is a variant of an example from Chapter 2, which shows the difference
between mon-streaming edit strategies and streaming ones. Consider the language R of all trees
of the form r(xz,c,...,c,y,...,y), with x,y € {a,b}, and the language T of all trees of the form
r(z,c,...,c,x,...,x), with v € {a,b}. A simple way to edit a tree of R into a tree of T is to
replace the label x of the first child with the label y occurring the rightmost sibling. This strategy
has uniformly bounded cost, but it cannot be implemented by a tree edit transducer of similar cost.
Indeed, every transducer of bounded cost that parses a serialization of a tree of R has to commit to
either preserving or modifying the label x of the first child before seeing the right siblings labelled by

y. We have that the language R is not streaming repairable into T with uniformly bounded cost.
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Figure 5.2: Example of trees accepted by R and 7", and their transition graphs.

In the next section, we provide a characterization to decide the streaming bounded repair prob-
lem for regular tree languages given by deterministic top-down tree automata. Interestingly, the
techniques use so far in the previous chapters does not apply for the streaming bounded repair
problem for the class of all regular tree languages. For this reason, we leave the general case (i.e. a
characterization for all regular tree languages) as an open problem.

The following example shows that the approach of decomposing a tree into strongly connected

components does not help for solving the streaming bounded repair problem.

Example 17. Consider the set of states Q = {p%,p&, p$,p%, v, p%, p5, 1, p2} and the following tran-

sition relations for a stepwise tree automaton over the alphabet X = {x,a,b}:

do: = - p§ §: pr@p) - pi le{a,b}
a - p§ pg@pl - ph le{a,b}
b — ph ph@ph — pi le{ab}
Ph@py — ps le{a,b}

po @p2 > p1

P5Qp; - m

Using these transitions functions, define the stepwise tree automata R" = (%,Q,6,60,{q%,¢%}) and
T"=(2,Q,6,00,{q2}). The left-hand side of Figure 5.2 shows two example of trees accepted by R"
and T". Basically, trees in L(R") or ZL(T") repeat the context of the form pointed out by the
gray line with either repeating a’s or b’s. The only difference between R"” and T" is that trees in R"”
are labeled by x at the root and trees in T “complete” the tree with either an a-node or an b-node

depending if the sub-tree below the root is either of the form x(... ,a) or x(...,b), respectively.

Note that R and 7" have the same structure of states and transition functions, and they only
differ in the final states. Furthermore, graphs Gz~ and Gy~ consist of only one non-trivial SCC.
The right-hand side of Figure 5.2 shows the graph Gr» and G+~ (note that Gg» = Gy»). We omit

vertices p§, pgj, and pg from Figure 5.2 given that they are trivial. Further, one can show that
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neither R” nor 7" can be defined by a deterministic top-down tree automaton and then they are
intrinsically “bottom-up” regular tree languages.

Clearly, trees in .Z(R") can be repaired into .Z(7") with a uniformly bounded number of edit
operations. One only needs to insert either an a-node or an b-node over the root depending if the
right-child of the root is label by a or b, respectively. We can also check that cost(.Z(R"),T") < oo
by using Theorem 4.3.6 given that R” and 7" have the same internal structure. However, one can
easily check that Z(R") is not streaming bounded repairable into .Z(7"). Indeed, the serialization

of trees accepted by R” are of the form:

z)

~~
o
ol
8l
o
ol
Kl
o
ol

(x3- )

where c € {a,b}. A streaming strategy Z needs to know in advance if the sequence ends either with
a’s or b’s in order to insert the corresponding a- or b-label at the beginning. If Z inserts an a at
the beginning, then the sequence could end with (bbZ--bbZ bbz) and Z would have to edit an
unbounded number of b-labels.

Example 17 shows that, in contrast with the characterizations given in Theorem 2.3.3 or 4.3.6,
the SCC-structure of R” and T cannot help us to decide whether Z(R") is streaming bounded
repairable into Z(T"). Therefore, we are doomed to fail if we try to develop a characterization
for streaming bounded repairability based on the SCCs of the restriction and target languages. In
the next section, we show that we can find a game-characterization based on SCCs if we restrict to

regular tree languages specified by deterministic top-down tree automata.

5.3 Characterization of streaming repairability

In this section, we present an effective characterization of streaming bounded repairability for the
languages recognized by deterministic top-down tree automata (thus including those languages de-
finable by DTDs). This characterization combines ideas both from the solution of the streaming
repair problem for regular word languages (Chapter 2) and from the solution of the non-streaming
repair problem for regular languages of unranked trees (Chapter 4). For instance, in Chapter 2
streaming bounded repairability for regular word languages was characterized in terms of a simula-
tion game over the directed acyclic graphs of the strongly connected components of the automata —
similar concepts are used also in the present chapter. In Chapter 4 special conditions related to the
behaviour of tree automata along the vertical (i.e. first-child) axis were taken into account — here we
do something similar in the presence of ‘vertical’ contexts. To describe formally our characterization,

we need to first introduce some definitions and notations.
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Figure 5.3: Transition graphs of two top-down tree automata.

5.3.1 Components of automata

It is easy to see that any deterministic top-down tree automaton A = (2, Q, 4, go, F') can be equiv-
alently represented by its transition graph G4 = (@, E}, U E,) (similar than for stepwise-tree au-
tomata), where the nodes are the control states of A and the edge relations F, and E}, are defined

as follows:
E, = {(¢,01)€QxQ | 32€Q. 3aeX. (q,a) = (q1,02)},

E, = {(q,qg) €eQxQ | 31 €Q. JaeX. 6(q,a) = (ql,qg)}‘

Intuitively, the edges in F,, called vertical edges, represent transitions of A from a given node of a
tree to its first child, while the edges in E}j, called horizontal edges, represent transitions of A from
a given node to its next sibling. Figure 5.3 depicts the transition graphs of the automata R and T
of Example 13 (dotted arrows represent horizontal edges, solid arrows represent vertical edges).

Using the graph representation of an automaton A, we can derive the notion of strongly connected
component (or simply a component) of A: this is a maximal set X of nodes of G4 such that for
all ¢,q' € X, there is a directed path from g to ¢’ visiting only nodes in X and traversing edges
in E, U E. Observe that for every ¢,q" € X, there is a context C € Cl2 such that S(q,O) =4
Further, we denote by SCC(.A) the set of all components of A and we distinguish between two types
of components X € SCC(A):

. X is horizontal if all its edges are horizontal, namely, if (q,¢") ¢ E, for all ¢,¢’ € X,

. X is non-horizontal if it contains at least one vertical edge, namely, if (¢,¢’) € E, for some

q,q¢ € X.

The left-hand side graph of Figure 5.3 contains six horizontal components and only one non-
horizontal component (i.e. the one consisting of the single state p$); similarly, the right-hand side
graph of Figure 5.3 contains five horizontal components and one non-horizontal component.
Non-trivial components, namely, components that contain at least one edge, represent ‘repeat-
able behaviours’ of the automaton. Similar to the characterization in the previous chapters, these

components have to be taken into account in the characterization of streaming bounded repairability
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because they could generate arbitrary large fragments of trees (namely, contexts) that cannot be
edited with uniformly bounded cost. To make this statement more precise, we associate with each

component X of an automaton A = (3, Q, 0, qo, F') the language of contexts realizable in X:
Z(A|X) = {CeCl : 3¢,d €X. §(¢q,0)=¢}.

Recall that contexts are trees or forests with a single placeholder (e-labelled node) occurring at a
leaf with no right sibling. It is easy to see that a component X of A is horizontal iff the placeholders
of all contexts in the language £ (A | X) occur at the top level (i.e. as rightmost roots). Such
contexts are called horizontal and intuitively represent forests of trees.

As an example, the automaton R of our running Example 13 contains one non-trivial horizontal
component {p§}, which realizes contexts of the form cc ... ce. The other non-trivial component of

R is {p{}, which is non-horizontal and realizes contexts of the form a(a(...a(e)...)).

5.3.2 Prefix-rewriting systems

To understand our characterization result, it is useful to think of a deterministic top-down tree
automaton as a device that processes serializations of trees in a single-threaded left-to-right fashion,
rather than in parallel. Informally, being able to perform a bounded repair from a restriction
automaton R to a target automaton 7, one needs to respond to prefixes u of serializations of trees
in Z(R) by prefixes v of serializations of trees in .Z(7") in such a way that, at any point, if we take
the component of the current state of R at the end of u (recall that g € Q is the current state at
the end of u iff §(qo,C) = ¢ and CP®f* = for some context C), the language of contexts realized in
this component is covered by the language of contexts realized in the component of the current state
of T at the end of v. In this way, if the prefix u is repeatedly extended in a cyclic way — without
exiting the component of the current state — the repair processor can respond by just copying the
input symbols, incurring no cost. Of course, it is not feasible to look at all possible prefixes u of
serializations of trees in R. Thus our characterization of streaming bounded repairability is based
on a sort of simulation game in which abstractions of runs of R are produced by one player, and are
countered by abstractions of runs of T, produced by the other player.

The abstractions are stacks of components, representing the states at the frontier of the portion
of the tree that is represented by the prefix of the serialization. For example, extending a prefix v of a
serialization with a new opening tag a induces a transition of R from the current state p to two states
p1 and py (one associated with the new a-labelled child, the other associated with a forthcoming right
sibling). This transition is abstracted at the level of components by a corresponding push-and-swap
move that replaces the component of p at the top of the restriction stack with the components of
p1 and po. A key observation is that it is not necessary to mimic all transitions of the restriction

automaton, but only those that exit the current component and reach new components with both
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successor states. This will keep the length of the plays in the simulation game bounded, allowing us
to determine the winner effectively.

Formally, we capture the dynamics of stacks of components via prefix-rewriting systems associ-
ated with the restriction and target automata R and 7. These systems act on stacks of components
of R and T and they are naturally obtained from the ‘lifting’ of the transition rules to the strongly
connected components. Stacks of components are presented as strings under the usual convention
that the top element of a stack is listed first. Given a stack Z, we denote by top(Z) its top element
and by tail(Z) the sub-stack below this element. We will use Z,%’, 7" (resp. 4,%’,7") to denote stacks
of components of R (resp. 7).

We start with the definition of the prefix-rewriting system associated with the restriction au-
tomaton R = (3, P,d,po, F). This is the relation 5 ¢ SCC(R)* x SCC(R)* between stacks of
components of R defined by:

X2 BXiXp-d if X1#X A Xo#X A

E|p€ X,pl € Xl,pg € Xg,a ey
5(p,a) = (p1,p2)

X7 ,E T always

where X, X1, X, denote single components of R. Note that Z X #’ implies either |Z| = |7'| + 1 or

|Z| + 1 = |Z|. Moreover, according to the above definition, the component X at the top of the stack

cannot be rewritten into a copy of it (due to the condition X; # X A X5 # X). That is, the prefix
rewriting system X is non-recursive and every path in the graph defined by X is finite.

The prefix-rewriting system associated with the target automaton T = (A, Q,~, g0, G) is defined
in a similar way, with only two differences. First, we allow components of T to be rewritten into
themselves (for instance, we allow rules of the form Y L Y'Y whenever v(g,a) = (q1,42) for some
states ¢, q1, g2 € Y). This difference is required essentially because several components of R could be
covered by the same component of 7. Second, we allow rewriting rules that simulate the execution
of several transitions of 7 at once: this is done by taking the reflexive and transitive closure of a
basic rewriting relation A , which is defined just below. This corresponds to the fact that in the
target we can make multiple repairs (e.g. insert multiple symbols) in response to a single input
symbol of the restriction.

We associate with the target automaton 7 = (A, Q,7,q0,G) the relation JLoc SCC(T)* x
SCC(T)* defined by:

Vg LYz iff 3geY,qeVi,qpeYa,acA
v(g,a) = (q1,q2)
Y5 L iff gre

We denote by T+ the reflexive and transitive closure of the relation /; .
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Example 18. Consider the automata R and T of our running example (see also Figure 5.3 for a
quick reference of the transitions). The following are two valid derivations of the prefiz-rewriting

systems X and T

oy B Wiy B Uiy B i}
{a} Tx {53 (a3 {f} Br {aiH a8} {aSH {f} B (S}

5.3.3 The simulation game

Now, we have all the ingredients to characterize streaming bounded repairability for two languages
Z(R) and Z(T) in terms of a suitable simulation game between the prefix-rewriting systems R
and .Z;* associated with R and 7.

To explain the general idea we first consider the simpler case where all components of the re-
striction automaton R are horizontal. In this case, the simulation game takes place between two
players, called Generator and Repairer, who control two stacks 2 € SCC(R)* and 3 € SCC(T)* using
the prefix-rewriting relations X and T respectively. The game starts with the initial singleton
stacks Xy and Yj, where X is the component of the initial state of R and Yj is the component of
the initial state of 7. Repairer moves first by applying to his stack Y; a sequence of prefix-rewriting
rules satisfying T (this corresponds to the fact that the repair processor is allowed to insert some
initial prefix of the output, prior to any input being received). Generator responds by applying to
his stack X a single prefix-rewriting rule satisfying X . Then the game continues in a similar way
from the new pair of stacks. Some invariants have to be enforced. Every time Repairer moves, he
has to guarantee that the language Z(T | top(y)) of contexts realizable in the top component of
his stack § contains the language £ (R | top(Z)) of contexts realizable in the top component of the
stack Z of Generator. We will see later in Section 5.4 and 5.5 how this covering property between
languages of components eases the repair process. Eventually, one of the two players will not be
able to move, in which case the other player wins.

In order to correctly characterize streaming bounded repairability in the presence of non-
horizontal components of R, we need to consider a variant of the simulation game where a special
separator symbol < is prepended to the non-horizontal components of the stacks. For the sake of
presentation, it is convenient to describe the variant of the simulation game by introducing a third
player, called Referee, who handles the occurrences of the separator symbol < in the two stacks. The
game goes as before by alternating between moves of Repairer and moves of Generator. However,
if after a move of Repairer the element at the top of the stack of Generator happens to be a non-
horizontal component, then Referee comes into play: he inserts the separator symbol < just below

the top components of the stacks of Generator and Repairer and he passes the turn to Generator.

From there after, neither Generator nor Repairer are allowed to modify the parts of their stacks that
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are hidden under a separator. If after a move of Generator the top element of his stack becomes «,
then Referee comes again into play: he removes < from the top of the stack of Generator, he pops
from the stack of Repairer the top-most separator and all elements above it, and he finally passes
the turn to Repairer. We remark that in the above formulation of the game, Referee cannot choose
his moves, as these are always determined by the current configuration of the game. This makes the
game equivalent to a classical turn-based two-player reachability game, whose winner is known to
be determined.

A formal definition of the arena of the game follows. For the sake of readability, we use a
different notation (i.e. [Z,y] and {Z, y)) for the positions of the arena that belong to Generator

and Repairer; for the positions owned by Referee the notation is that of the player who moves next.

Definition 5.3.1. Let R and T be two top-down tree automata and let T,%'," (resp. 4,7 ,5")
denote generic sequences over SCC(R)w{<} (resp. SCC(T)w{«}). The arena Gr 7 for the simulation

game is defined as follows:

o the positions owned by Generator are the pairs [Z, §], where top(Z) and top(y) are components

such that Z(R | top(Z)) € Z(T |top(§)), and where top(tail(Z)) = < whenever top(Z) is non-

horizontal;
o the positions owned by Repairer are the pairs (Z, 3 ), where top(Z) # <;
. the positions owned by Referee are the pairs [T, §], where top(Z) and top(g) are non-horizontal

components, L (R | top(Z)) € L(T | top(§)), and top(tail(zZ)) # <, as well as the pairs (T, §),

where top(Z) = <;

. the initial position is the pair { Zo, §o ), which is owned by Repairer, where o (resp. o) is the

singleton stack that consists of the component of the initial state of R (resp. T );

34

o the possible moves for Generator are of the form [z -z, 4] & (Z'- 2", §), where & K

T’ is
a single prefiz-rewriting rule associated with R (in particular, 4 occurs neither in T nor in &' );

- /

. the possible moves for Repairer are of the form (Z,5-5") P [, - §"], where j Tx i is a
sequence of prefiz-rewriting rules associated with T (in particular, < occurs neither in g nor
iny');

. the possible moves for Referee are of the form [X -3",Y -4"] R [ X -<-3",Y -<a-§"], where
X is non-horizontal, and those of the form (<-&,5-<-§") " (&, 5"), where a does not

occur in .

We observe that all plays that could possibly arise from the simulation game over the arena Gr 7

are finite: this is because each position of G 7 is visited at most once during a play and the set of
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Figure 5.4: Examples of unranked trees in .£(R’) and Z(T").

all reachable positions is finite, due to the restriction on the moves of Generator. Indeed the stacks
that could be derived from the prefix-rewriting system 5 have length at most [SCC(R)|. This
allows us to define the winner of a play as the last player who moved (this must be either Generator
or Repairer).

Example 19. We continue our running example by describing a prefiz of possible play over the
arena Gr,1 (to save space and improve readability, we write the pairs for the positions of the arena

vertically):
r s Gen a a Gen
(e L8] (R ) e [ D 0] ™

<<{p‘f}{p§}{f}>>Re [[{p‘f}{pg}{f} ]]R;f[[{p‘f}«pé}{f} H
{agH {ao} {3 || =2 ey} ey} ag} {f} {ay} a{ay HacH{f}

L w0 ) (B o)

1t is easy to see that Repairer has a strategy to win the simulation game over Ggr 7.

As we explained earlier, it is more difficult for Repairer to win the simulation game when the
stack he controls contains some separator symbols — in this case he cannot apply the prefix-rewriting
rules arbitrarily deep into his stack. The purpose of the following example is to demonstrate that,
without this limitation, Repairer can win the simulation game even if the restriction language is not

streaming bounded repairable into the target language.

Example 20. Let R’ and T’ be the deterministic top-down tree automata with the following tran-

sitions (po and qo are the initial states, all other states are final):

R': po 5 p f T 90 5 o f
n o= p f o = @2 g
n > f op @ % @ f
2 > f P2 5 f o

Figure 5.4 shows examples of trees in L (R') and in L(T"). Clearly, £(R') is not bounded re-
pairable into L(T") (not even with an offline repair strategy). Accordingly, Repairer loses the
stmulation game over Grs 1+ in the presence of separator symbols: Generator has a winning strategy
that consists of first reaching the restriction stack {p1}<{f}, forcing Repairer to respond with a
target stack of the form {q2} < ... {q3} {f}, and later rewriting his stack to {p2}<{f}, thus leading
to a losing position for Repairer (the component {pa} of R’ is not covered by any component of T’

that is reachable from {q2}).
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On the other hand, Repairer can easily win the simulation game if the separators are omitted:

from any position of the arena of the form {{p2}{f}, {a2} ... {a3} {f} ), Repairer could simply pop

the top component from his stack and cover in this way the top component of the restriction stack.

We are now ready to state our main characterization result:

Theorem 5.3.2. Given a pair of deterministic top-down tree automata R and T, there exists
a streaming repair strategy from L (R) to ZL(T) with uniformly bounded cost iff Repairer has a

strategy to win the simulation game over Ggr 1.

The effectiveness of the above characterization is discussed in Section 5.6, together with tight
complexity bounds for the streaming bounded repairability problem. In the following sections (Sec-
tion 5.4 and 5.5) we show the proof of Theorem 5.3.2 in detail. First, in Section 5.4 we show that
if Repairer has a strategy to win the simulation game over Gr 7, then we can use this strategy to
define a streaming transducer with bounded cost that repairs every serialized tree from Z(R) into
Z(T). From this proof, one can effectively construct a tree edit transducer that repairs .Z(R) into
Z(T) with uniformly bounded cost whenever Repairer wins the simulation game over Gg 7. Later,
in Section 5.5 we prove the other direction of Theorem 5.3.2. We show specifically that if Generator
has a winning strategy to win the simulation game over Gr 7, then every streaming repair strategy

from Z(R) into Z(T) has to incur with an unbounded cost.

5.4 From simulation games to repairs

This section is devoted to the proof of the if-direction of Theorem 5.3.2. We assume that Repairer
wins the game over the arena Gg 7, and we show that .Z(R) is streaming bounded repairable into
Z(T). Recall that the simulation game over Gg 1 is equivalent to a reachability game: Referee
cannot really choose his moves, and one of the remaining players, either Generator or Repairer,
wins by reaching a position of the arena where the opponent cannot move. It is well known that
reachability games are positionally determined (see [GTWO03] for a survey), which means that one
of the two players can win using a strategy defined only on the basis of the current position of the
arena. Thus, we assume that Repairer has a positional strategy for winning the simulation game
over Gr 7. This strategy is described by means of a function W that maps any position (&, §)) in
Gr,7 that is owned by Repairer to a move of the form (Z, g ) ReP [, i']. We use W to construct
a transducer Z that implements a repair processor from £ (R) into £ (7) with uniformly bounded
cost.

It is convenient to construct Z incrementally from W, namely, as a cascade composition of fairly
simple transducers Z1, Z2, and Z3. Intuitively, the first transducer Z; decomposes the input tree

t into a uniformly bounded number of contexts, each one realizable within a single component of
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R which may require deleting a small number of nodes in ¢t. The output of Z; is formed in such
a way that one can easily extract a sequence of prefix-rewriting steps of the form X ~ X;X5 or
X €. The second transducer Z, receives the output of Z; and computes the responses of Repairer
to the moves of Generator induced by the output of Z;. For this purpose, we exploit the existence
of a winning strategy W for Repairer. Furthermore, Z, annotates the contexts of ¢ with partial
runs of 7. Finally, the third transducer Z3 receives the output of Z; and glues the contexts of ¢
decorated with runs of 7 in such a way that forms a complete run over a tree t' € £ (7). This
requires inserting additional contexts of uniformly bounded size, which can be extracted from the
moves of Repairer provided by Z,.

Below, we explain each sub-transducer in a different subsection and in the last subsection we
show how they work together. Given that this proof is long and technical, we give here a brief

overview of all its stages:

. In Section 5.4.1, we start by defining Z; and its output. We first introduce the concept of
R-decomposition tree of a tree t € Z(R). The idea is to decompose the serialization # into a
uniformly bounded number of contexts, each one realized within a component of R. Here, we
use the top-down determinism of R to generate this decomposition in a streaming fashion that
will be consumed by the next transducer Z,. Concurrently, Z; extracts from ¢ a sequence of
prefix-rewriting steps of the stack controlled by Generator in G 7. This is a valid sequence of
moves of Generator and, furthermore, represents a valid play of Generator over Gr 7. Both,
the R-decomposition and the sequence of prefix-rewriting steps, can be obtained from ¢ by
simulating the unique run of R over ¢ and by extracting maximal contexts realized within
components of R. This process is similar to the one given in the proof of Lemma 4.3.2 but
implemented by a streaming transducer. Note that an R-decomposition of ¢ could be seen
analogous to a primitive synopsis tree (Chapter 4) with some additional information that will

be used by the next transducers.

. In Section 5.4.2, we give a detail definition of Z,. Roughly speaking, the first task of Z,
is to transform the sequence of moves of Generator obtained by Z; into moves of Repairer.
Given that moves of Generator are produced by Z; in a streaming fashion, these moves can be
assumed to be a valid play of Generator over Gr 7. The duty of Z5 is to reply to these moves
with moves of Repairer by using the strategy W and by preserving the restriction that the top
element of Generator’s stack Z is covered by the top element of Repairer’s stack g, namely,
Z(R | top(Z)) € Z(T | top(§)). The context C' from the R-decomposition of ¢ obtained just
after a move of Generator and serialized by Z; will satisfy C € Z(R | top(Z)). Thus, the
second task of Z5 is to run T over each context C' and to find two states q,q’ € top() such

that §(q,C) = ¢’ where § is the transition function of 7. Furthermore, Z; decorates each
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serialized context C with states ¢, ¢’ € top(¢) such that (g, C) = ¢’. These states will be used
by the last transducer to glue everything together into a tree in £ (7).

° In Section 5.4.3, we finally turn to the last stage of the processing line, namely, the transducer
Z3 that repairs the output of Z5 into £ (7). The main idea is that every output w of Z5 can
be turned into a concrete tree in £ (7T) by glueing together all contexts inside w. To achieve
this it might be necessary to produce additional contexts of small size (bounded by |T]) that
connects states ¢ and ¢’ added to each context C' by Z,. This step can be seen similar to the
process explained in the proof of Lemma 4.3.4 (Chapter 4). There, components were glued
together by following the structure of a basic synopsis tree. Here, the whole synopsis tree
is not known in advance and the only guides are the moves of Repairer that are assumed to

follow a winning strategy against Generator.

. Finally, in Section 5.4.4 we show the correctness of the composition of Z1, Z5, and Z3. We
argue that for every tree t € Z(R) it holds that Z3 0 Z5 0 Z,(f) € £(T) and together this
composition performs a bounded number of edit operations. The statement that Z3 0 Z5 0 2

is a tree edit transducers will be clear from the construction of 2y, Z5, and Z3.

During this proof, we fix two top-down tree automata R = (3, P,d,po, F) and T = (A, Q,7, o, G)
that specify the restriction and target language, respectively. Recall that we denote by Z (with
upper or lower scripts) an arbitrary stack for Generator in (SCC(R) u {<})*, by 3 a Repairer stack
in (SCC(T)u{«})*, and by X and Y a component in SCC(R) and SCC(T), respectively. The
initial strongly connected component of R (7)) is denoted by Xg (Y, resp.). We denote by [¢].4 the
equivalence class or strongly connected component of a state ¢ in A, or simply by [¢] if A is clear
from the context. Finally, in some sections of the proof we need to also consider unranked forests.

We denote by Fy the set of all unranked forests over X.

5.4.1 Decomposing the input into contexts

As was explained in the introduction of this section, the main purpose of Z; within the process of
repairing the input tree t € Z(R) is to run the restriction automata R over # and to use this run
to decompose ¢ into contexts, while deleting portions of the tree. These contexts will represent the
parts of the tree that will remain untouched in the final output. Further, Z; extracts from this run
moves of Generator over the arena Gr 7 that are passed to the next transducer Z,. We devote this
subsection to explaining all these steps of Z; in detail.

First, we explain how we decompose a tree t into contexts. Consider an unranked tree ¢t and any
node 7 € nodes(t). Intuitively, 7 decomposes t into three disjoint parts: (1) the context C' that is
above 7i, (2) the forest of children h € Fx, under 7, and (3) the forest of right-siblings h’ € Fyx, at the

right of fi. For example, for a tree ¢ = a(b,c(d,d),b,b) the node ¢ decomposes t into three disjoint
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parts: the context a(b,e), the children (d,d), and the right-siblings (b,b). We can always recover
the initial tree ¢ by hanging h below 7, concatenating this result with ', and composing it with C,
that is:

t = Co(a(h)-h)

where a = t(7). We can continue this process recursively by picking a new node over h or h/,
and decomposing h or h' until we reach a leaf without right-siblings. The representation of this
recursive procedure is what we call a decomposition tree of t. Formally, a decomposition tree D is
a binary tree such that its internal nodes are labelled in CiE x 3 and its leaves are labelled in CiE
(where CY is the set of all contexts over ). We write the label of an internal node 7 € nodes(D)
by D(7) = [C,a] where we call C' the contexts and a the branching label of 7 in D. We usually
write a decomposition tree D inductively by D = [C,a](D1, Da) where [C,a] is the label of the root
and Dq, Dy are decomposition sub-trees of D. In order to reconstruct the tree represented by a
decomposition tree, we define recursively a tree, or more precise a forest, D over ¥ represented by

a decomposition tree D as follow:
) D =Coe whenever D =C is a leaf, and
. D =Co(a(D;)- Dy) whenever D = [C,a](Dy, Dy)

We say that D is a decomposition tree of ¢ if D is a decomposition tree and ¢ = D. Notice that each
branching label in D represents a node of t. We say that a node of ¢t coming from a branching label
in D is a branching node with respect to D.

Clearly, there exists many different decomposition trees for each unranked tree in Tx. However,
we are interested in a special kind of decomposition tree given a top-down tree automaton A =
(2,Q,0,q0,F). Let D = [C,a](D1,D2) be a decomposition tree and ¢ € ). Further, consider the
states q1,qo € Q such that §(6(¢,C),a) = (q1,q2) where § : Q x Cg — (Q is the extension of § from X

to Cg. Then we say that D is an (A, ¢)-decomposition tree iff:

o (q,0)¢elqla,

. [q1]a # [q]a # [¢2] 4 Whenever D; and Dy are non-empty, and

° D1 (D5) is a (A, g1)-decomposition tree (resp. (A, g2)-decomposition tree).

Furthermore, we say that D is an A-decomposition tree of ¢ if D is a (A, go)-decomposition tree
where qq is the initial state of A. Intuitively, an A-decomposition of ¢ is a maximal decomposition
with respect to the components of A.

For a tree t € Z(R) and an A-decomposition tree D of ¢, we want to indicate which are the

particular states at the branching nodes of ¢ given the unique run of A over t. Formally, a run p of
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A over an A-decomposition tree D is a function p : nodes(D) — @ such that p(e) = go and for every

internal node n of D it holds that:

3(6(p(n),C),a) = (p(7i-1),p(7-2))

where D(7) = [C,a]. Informally, p annotates D with the states that are reached by A at the
beginning of each node in the decomposition. Since A is deterministic, for every A-decomposition
tree D of t € Z(A) there always exists a unique run of A over D. Furthermore, it is straightforward
to prove from the definition that C' € £ (A | [p(7i)]4) for every node 7 € nodes(D) and D(7) = [C, a]
where Z(A | [p(7)].4) is the language of contexts of the strongly connected component of p(7)
in A.

We have all the ingredients to define the output of the first transducer Z;. The output of Z; on
a tree ¢ consists of three main elements: (1) the serialization of an R-decomposition tree D of ¢, (2) a
run p of R over D, and (3) moves of Generator over Gr 7 extracted from D and p. Before giving the
formal definition of the output of Z;, we define the serialization of these last elements; that is, the
string encoding of the rules of Generator and Repairer over Gz 7. Let K ¢ SCC(R)* x SCC(R)*

be the prefix rewriting system between stacks of strongly connected components of R defined in

Section 5.3.2 by:
RXi1Xy-7 iff X1#X#XyA

Xz
HpEX,pl €X1,p2€X27aEE
6(p,a) = (p1,p2)

Xz Rz always.

For each transition as above we associate an atomic rule of the form X ~ X;X5 whenever X -
# X X1X5-%, or X ~ e whenever X - X # for some Z € SCC(R)*. We denote by moves(R) the set
of all atomic rules associated with transitions in R. The set of atomic rules moves(7") are defined
analogously for 7 and its prefix rewriting system [+ . Notice that moves(R) and moves(T) are
finite sets. Clearly, any atomic rule of the form X — Z defines the next move of Generator from
a stack X -2’ € SCC(R)*. Then we write & /3 &’ whenever the atomic rule m € moves(R) defines
a transition 7 X 2/. We extend this notation to a sequence of atomic rules m = my...m, and we
write Z % 7' if there exists @1, ...,%,-1 € SCC(R)* such that z 7% #; 72 --- T #'. In other words,
we encode sequences of moves of Generator by words over the finite alphabet moves(R). Finally,
atomic rules in R are naturally extended to stacks in (SCC(R) u {«})*. We define X -<-2 8 7
whenever m=X ¢, or X -7 5 X7 -<4-X5 -7 whenever m = X » X1 X5 and X; is non-horizontal.
As we will show next, the output of Z; over a serialized tree in .Z(R) contains a complete sequence
of atomic rules played by Generator.

Let I' = X w X wmoves(R) w Pw{(,/, )} be the output alphabet of Z;. Namely, the output

alphabet T is the disjoint union of letters of ¥ w3, atomic rules in moves(R), states P of R, and a
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set of separators {(,/, )}. These separators are necessary to output macro-tags of the form:
(p éprefix >’ (/ Cvsuffix )’ and (p Cvprefix /)

where p € P and C € Cg. Notice that we use an XML-encoding style for the output of Z;, where
(a) denotes an opening tag, (/a) a closing tag, and (a /) a leaf tag. For the sake of abstraction for
transducers Z, and Z3, we consider these macro-tags as letters of an infinite alphabet. Formally, we
define the alphabet of opening macro-tags ®P*" = {{p-CPf*) | pe P,C ¢ Cs,}, the alphabet of closing
macro-tags 5o = {(/ X} | C' ¢ Cs}, and the alphabet of leaf macro-tags ®'Ff = {(p- Crefix [y |
p e P,C € CL}. We denote the alphabet of all macro-tags by ®'%° = &P U dSose y Pf. Note
that an opening macro-tag (p C’p'efix) contains the prefix of a context (plus a state p) and a closing
macro-tag (/ C*'fX) contains its suffix. Leaf macro-tags (p CP®* /) are for contexts coming from
horizontal components where its suffix Cffix is always empty. By an abuse of notation, for every
uel™ and v e @ we write “u = v” whenever u and v are equivalent by considering v as a word in
re.

We now define the output of Z; formally. Fix a tree t € Z(R) and let ¢ be its serialization. The
task of Z; is to determine in a streaming fashion an R-decomposition tree D of ¢t and a run p of R
over D. Then Z; outputs a serialization of D, p, and atomic rules of Generator obtained from the
structure of D and p. Formally, given an R-decomposition tree D of ¢t and a run p of R over D,

Z,(t) is defined recursively by the function O(-,-) over D and p as follows:

. If D=C is aleaf and X is non-horizontal:
O(D,p) = (p-CP™) . X s e . (] CoHifx)
. If D =Cis aleaf and X is horizontal:
O(D,p) = (p-C”™)) X e
° If D =[C,a](Dy,D3) is an internal node and X is non-horizontal:
O(D,p) = (p-C"*™) . X X1Xo - O(D1,p1) - O(D2,p2) - (| C*)
o If D=[C,a](D1, D) is an internal node and X is horizontal:

O(D,p) = (p-C”™/) . X > X1 Xy - O(D1,p1) - O(D2,p2)

where p = p(e), X = [p(€)]r, X1 = [p(e-1)]r, X2 = [p(e-2)]r, and p1 (p2) is the function p restricted
to Dy (resp. Ds). Note that for horizontal components the output data C='f has not been lost,
given that this is always empty. Therefore, the output of Z; (given t) contains all the serialized

data of an R-decomposition D and a run p of R over D, except for the branching nodes of ¢ with
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respect to D. These are exactly the nodes of ¢ that are deleted by Z; (and more generally by Z).
Furthermore, the rest of ¢ apart from its branching nodes will remain unmodified in the remaining
steps of the repair.

The first transducer Z; works as follows: Z; consumes the serialization of a tree ¢t € Z(R) and
determines in a streaming fashion an R-decomposition tree D of ¢ and a run p of R over D. Then
it outputs synchronously the function O(D, p). That is, Z, () = O(D, p) for some R-decomposition
tree D of t and a run p of R over D. We postpone the formal definition of Z; for the last part of
this subsection. Meanwhile, we define recursively when a sequence in (®'%° umoves(R))* is what

we call a Generator sequence starting from a component in SCC(R).

Definition 5.4.1. Assume that w € (®'*®° umoves(R))*. Then w is a Generator sequence starting

from X -2 € SCC(R)™ if, and only if, one of the following cases holds:
1. w=Xwreand T =€, or
2. w= (X~ X1X5) -w' and w' is a Generator sequence starting from X1 Xo -2, or

(p-é’preﬁx [)-w’ such thatpe X, S(p, C) e X, and w' is a Generator sequence starting from

w =
Xz, or

4. w={(p-CP™) . (] C Y " and X is non-horizontal such that p € X, 6(p,C) € X, and

w' (w") is a Generator sequence starting from X (% resp.).

It is obvious from the resemblance between the output of the function O(-,-) and the above
definition, that the output O(D,p) is a Generator sequence starting from the component X, =
[p(€)]r for any R-decomposition tree D and run p of R over D. In fact, by induction over the
size of D it is straightforward to show that O(D,p) is a Generator sequence starting from the

component Xj.

Lemma 5.4.2. For any tree t € Z(R), Z1(1) is a Generator sequence starting from Xo such that
Xo is the initial component of R (i.e. py € Xo).

In the sequel of this subsection we give the formal definition of Z;. This definition and its
correctness proof are rather technical. The reader could omit the rest of this subsection and assume
that Lemma 5.4.2 is correct. For the sake of completeness, we now give the full description of Z;.

Fix a tree t € Z(R) and let # be its serialization. The main idea of Z; is to run the VPA R over i,
extract from this run a R-decomposition tree D of ¢ and a run p of R over D, and output the function
O(D, p). In order to achieve these goals, Z; runs R as a top down VPA R over  and stores some
additional flags inside the stack in order to build the R-decomposition tree in a streaming fashion.
Specifically, we define a visible pushdown transducer Z; = (S w X, X w X w T, Z1, k1, 20,11, ) such
that:
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e Y wX is the input alphabet and Y w X w T is the output alphabet.

° Z1 = P x {move, -move} x ({delete(p) | p € P} u {=delete}) x { ),/)}* is the set of stack states
where P is the set of control state of R, {move, -move} is a flag where move means that this
branch of the run is following the path of a branching state, ({delete(p) | p € P} u{-delete}) is
a flag that specifies whether the closing tag @ € ¥ (that pops the state from the stack) has to
be deleted and p means the state that has to be outputted instead, and { ),/)}* is the set of

opening and closing parenthesis that are needed for the construction of a closing macro-tags,
. K11 Z1x(BwX) - Zf x (BwXwl')" is the transition function of Z; that we will define later,

. zp is the initial state of Z; defined by:
{ (po, move, —delete, )) if [po] is non-horizontal
zZ0 =

(po, move, —delete, e) if [po] is horizontal

° 11 € Xw B wT is the initial output of Z; such that 1y = (- py where py is the initial control

state of R, and

° Q01 : Z; - YwXwl is the final output function define only over states of the form (p, v, ~delete, u)
such that:
U v = -move
Q1 ((p,v,~delete,u)) =4 ) - [p]~e€-{/ - u v=moveand [p] is non-horizontal
) - [ple-u v =move and [p] is horizontal

Now, we define the transition function k; of Z; depending on whether the incoming letter is an
opening tag a € ¥ or a closing tag @ € ¥. First, assume that the incoming letter is a € X, the top
state is (p,v,v,u) € Z; and §(p,a) = (p1,p2). Recall that we denote by [p] € SCC(R) the strongly

connected component of p in R. Then we define k1 ((p,v,v,u),a) as follows.

1.  If v = =move, then:

k1((p,-move,v,u),a) = ((p1,-move, -delete,c) - (p2, ~move,v,u),a).

2. If v =move and [p] = [p1], then:

K1 ((p7 move, v, U), a) = ((pl? move, _‘delete7 6) ’ (an —Mmove, v, u)) CL).

3.  Ifv=move and [p1] # [p] = [p2], then:

K1 ((p7 move, v, U), a) = ((p1> —-move, —delete, 6) ' (p2; move, v, U), (l).
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4. If v = move, [p] is non-horizontal and [p;] # [p] # [p2], then 1 ((p, move,v,u),a) = (z1-22,0)

such that
21 = (p1,move,delete(ps), )bl)
2o = (p2,move,v, )b2 (/)
o = ) [pl=Ipdlp2] - (- m

where by (b2) is equal to 1 if the component [p1] ([p2], resp.) is non-horizontal, and 0 otherwise.

5. If v = move, [p] is horizontal, and [p1] # [p] # [p2], then k1 ((p,move,v,u),a) = (z1-22,0)

such that

(p1, move, delete(ps), )bl)

21
zo = (p2,move,v, )b2~u)

o = /) [pl=[pillp2] - (- ;1
where by (bs) is equal to 1 if the component [p; ] ([p2], resp.) is non-horizontal, and 0 otherwise.

Notice how states p,p1,p2 € P at the first component of Z; simulates a run of top-down VPA
R over the input. In each case, it holds that r((p,v,v,u),a) = ((p1,v1,v1,u1) - (p2, V2, V2, u2),0).
Now, in the first case when v = —move, no action of Z; is needed and the information is just passed
(i.e. v and u are copied to the second state) without any modification to the input. Furthermore,
cases 2 and 3 only passes the collected information to the next states and marks with the move flag
which states are in the same component (only one is chosen arbitrarily). After a branching node is
founded (cases 4 and 5), the move flag is passed to both states and the incoming letter a is deleted.
In order to delete the closing tag @ in the future, the topmost state is marked with delete(ps) (to
understand why po is also stored and how delete(ps) is used when the closing tag a is seen, we
suggest the reader to follow cases 3, 4, or 5 for @ € ). Strings )** and )*2-u (or )*2-(/-u when [p]
is non-horizontal) stored at the fourth component of Z; are needed for technical reasons in order
to be used in the output of the matching closing macro-tag when [p;] or [p2] are non-horizontal
components. Finally, the output of the last two cases shows how a prefix rewriting for Generator
of the form [p] ~ [p1][p2] is obtained from the input . After [p] — [p1][p2] is outputted, a new
opening macro-tag is opened to be filled with the prefix of a context.

On the other hand, assume that the incoming letter is @ € & and the current state at the top of

the stack is (p,v,v,u) € Z1. Then we have the following cases:

1. If v = move, [p] is non-horizontal, and v = —~delete, then:
K’l((pa movea_‘delete7u)7d) = (67 ) ' [p] =€ - (/ U d)
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2. If v =move, [p] is horizontal, and v = —~delete, then:

k1((p, move, —~delete,u),a) = (¢, /) - [p]~e-u-a)

3. If v =move, [p] is non-horizontal, and v = delete(p’), then:
k1((p, move, delete(p’),u),a) = (e, ) - [ple (/- u-(-p)
4. If v = move, [p] is horizontal, and v = delete(p), then:
r1((p, move, delete(p’),u),a) = (e, /) - [p]=e-u-(-p")

5. If v = -=move and v = —~delete, then:

k1((p, -move, ~delete,u),a) = (¢, u - a)

6. If v=-move and v = delete(p’), then:
Kfl((pv_‘movevdelete(p,)7u)7@) = (6, u - ( 'p,)

The transition function k1 over closing tags in & shows again how Z; mimics a run of R over the
input tree. In particular, when a closing tag a is seen, the top state is popped from the stack like
in R. In the first cases (1 to 4), the move flag marks the search of a branching node. Therefore,
if a closing tag is received, this marks the end of the searching phase and a popping rule [p] ~ €
is released. In contrast, if move and delete flag are off (case 5), then a is part of a context suffix,
namely, embedded in a closing macro-tag of the output. Recall that delete(p’) marks that a closing
tag has to be deleted when the current state is popped. This is exactly the behaviour defined in
item 3, 4, and 6, where @ is deleted and replaced by the beginning of an opening macro-tag (i.e.
( -p"). Finally, the elements (/ and u in the output are needed for technical reasons in order to
correctly outputted the closing macro-tags of non-horizontal components.

In the next lemma we show that Z; is correct, which means that for any tree ¢t € Z(R) there

exists a R-decomposition tree D of ¢ and a run p of R over D such that Z;(f) = O(D, p).

Lemma 5.4.3. For any tree t € £(R), there exists a R-decomposition tree D of t and a run p of
R over D such that
zi(t) = O(D,p).

Proof. The proof follows by induction on the partial order between strongly connected components
in R. Formally, we define the partial order X <z X’ between strongly connected components in
SCC(R) iff there exists p € X and p’ € X’ such that §(p,a) = (p,p”) or §(p',a) = (p”,p). It is

straightforward to check that < is effectively a partial order. Furthermore, this partial order has
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been implicitly used in most of the definition through all the paper. We use the partial order <z to
prove Lemma 5.4.3 by induction.
Let X € SCC(R) and p € X. Take a forest h € Fx (where Fx, denote the set of all forests in X)

such that there exists a run of R over h starting from p. We make the following claim.

Claim 1.

o If X is non-horizontal, then (p, move,v, )) le (f,v,v,u) and:

(p-w-Q(fv,ou)

is the serialization of an R-decomposition tree D of h and a run p of R over D.

o If X is horizontal, then (p,move,v,¢) Mgl (f,v,v,u) and:

< p-w - Ql(f,V,’U,’LL)
is the serialization of an R-decomposition tree D of h and a run p of R over D.

From the above claim and the definition of Z1, one can easily conclude that Lemma 5.4.3 holds.
Indeed, if X is the initial component in R and non-horizontal, then (pg, move, ~delete, }) is the initial
state in Z; and for any tree ¢ € .Z(R) it holds that (pg, move, —delete, )) i/—w>gl (f,v,—~delete,u) by
the above claim. The final output of Z; over t is thus equal to ¢; - w - Q;(f, v, ~delete, ) where,
by the above claim, is the serialization of an R-decomposition tree D of ¢ and a run p of R over D.
The case when X is horizontal follows the same arguments. Therefore, Lemma 5.4.3 can be shown
from Claim 1 and the definition of Z;. As was previously mentioned, we prove Claim 1 by induction
over the partial order <¢. For the sake of simplification, in each base and inductive case we only
consider the case where X is non-horizontal. The case in which X is horizontal is analogous and we
leave the proof to the reader.

For the base case, assume that X is a minimal element with respect to <z and let h be any forest
in Fy,. Furthermore, assume that h # €. Indeed, if b = ¢ we get that w=cand ( -p-)- X e (/)
is the serialization of an R-decomposition tree of h. Therefore, let h # e and let w1 =ai-a, € X7 be
the maximum prefix of i that consist of only opening tags in ¥X*. Given that h # € and h is a forest,
we know that wy # e. Consider the following partial run of Z; over w; which can be easily checked

by the definition of Z;:

(p, move, v, )) “28" z (p1, move, ~delete, €) - (pa, ~move, ~delete, €)--(py+1, -move, v, })

Denote (p2, ~move, —delete, €)---(pn+1, ~move, v, }) by zZ. By the maximality of wy, the next letter in
tis in ¥. This implies the transition (p;, move, ~delete, €)-Z aﬂ”;gl Zin Z; where w’' =)- X —¢-(/-a.

Let wo € (X w 2)* such that h = wy - @-we. Notice that all states in Z have the move flag and delete
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flag off. Then one can easily check that 3 “2/¥ z, (f,—-move, v, )) for some f € F. Putting everything

together we get that (p, move, v, }) ]l/ifgl (f,-move, v, )) where w is equal to:

w = wi-) - Xee- ([ a- w

Clearly, one can check that (-p-w;i-)- X —e-(/-a-wsy-) is the serialization of an R-decomposition
tree of h and the base case was proved.

For the inductive case, suppose that Claim 1 holds for every X’ € SCC(R) such that X' < X,
and we prove the claim for X. Let h be any forest in Fyx; such that h # €. Define w’ to be the
minimum prefix of A such that §(p,w’) = p’ - p where p’ € X and either:

o w' - a is a prefix of h with a € ¥ such that §(p’,a) = (p1,p2) and [p1] # [p'] # [p2], or
. w' - @ is a prefix of h with a € & such that p’ € F.

It is easy to show that w’ always exists by an induction over the size of h. Then assume that w’
exists and, without loss of generality, assume that there exists a € ¥ such that w’-a is a prefix of
h, d(p',a) = (p1,p2), and [p1] # [p'] # [p2]- For simplicity, we omit the second case when w’-a is a
prefix of h since it can be proved with the same ideas used in the base case. Moreover, we assume
that X7 = [p1] is non-horizontal and X5 = [py] is horizontal. All the other combinations where [p1 ]
or [p2] can be either non-horizontal or horizontal can be proved similarly. Summing up, we assume

that there exists a € ¥ and w’ € £* such that w’ - a is the minimum prefix of i and:
° 5(p,w'):p'-ﬁwherep’eX,

b 6(p',a) = (p1,p2),

. X1 = [p1] is non-horizontal,

o X5 = [p2] is horizontal, and

o X1 XX

By the previous sequence of properties, the next state and output of Z; can be derived from the

transitions of Z:

(p, move, v, )) wli’lgl (p’, move, —delete, €) - (p1, -move, —delete, €)---(p,, ~move, v, ))
for some py,...,p, € P and n € N. Since X is non-horizontal and [p;] # [p] # [p2], we know that:
k1((p',move, —delete, €),a) = ((p1,move,delete(ps), ))-(p2, move, —delete, (/), ) X = X1 Xo-(-p1).

In the following, we apply the inductive hypothesis over X; and X, over the top states
(p1, move, delete(ps), )) and (pa, move, ~delete, (/). First, let hy and hy in Fyx such that h =

158



w' -a-hy-a-hy-w for some w” € (X wX)*. Intuitively, h; is the children-forest and hy is the
right-sibling-forest of the node labelled by a in h. Coming back to the proof, we know that X; < X
and X5 < X and, thus, we can apply the inductive hypothesis over X; (X3), p1 (p2), h1 (h2), and
(p1, move, delete(pz), }) ((p2, move, ~delete, (/) resp.). By applying the inductive hypothesis, we get

the following derivation:

h
e

(p1, move, delete(pz), }) z,  (f1,v1,delete(pa),u1)

h
e

(p2, move, ~delete, €) z,  (fa,v2,~delete, us)

such that { -p; - wy - Q1(f1,v1,delete(pa), u1) and ( -py - wa - Q1 (f2, V2, ~delete, uy) are serialization
of R-decomposition trees of hy and ho, respectively. If we continue the run of Z;, we can derive

that (p, move, v, )) FL—/7>”31 (f,v,v,u) where:

w=w') X = X1 Xo - (-p1-wy - Qu(f1,v1,delete(pz), ur) - ( -pa - w2 - QU (fo, vz, ~delete, uz) - (/- w”
It is straightforward to show that { -p-w- Qi (f,v,v,u) is the serialization of an R-decomposition

tree of h. This concludes the proof of Claim 1. O

5.4.2 Playing against the input

We begin this subsection by proving a technical lemma about tree and context languages defined
over a top-down tree automaton A = (X,Q, 9, qo, F'). This lemma is fundamental for defining the
output of Z; and for the overall construction of Z. Before going into the statement of the lemma,
we need to define the parametrization of the language -Z(R | X) with respect to a state g € Q.
Specifically, given a component X € SCC(A) we parametrize the language of contexts Z(R | X) by

an initial state g € @ as follows:
LA, X)={C | §(¢,C) e X}.

Intuitively, this language consists of all contexts realized within component X starting from state q.

Clearly, we have:

ZL(A[X) = [ Z (Al X).

qeX
The following lemma is crucial for defining Z5 and for the uniform cost of Z. An analogous lemma
(Lemma 2.3.5) was presented in Chapter 2 for streaming repairing strings and, actually, both proofs

follows the same ideas.

Lemma 5.4.4. Let X e SCC(R) and Y € SCC(T) such that L(R|X) ¢ Z(T|Y). Then, for all
pe X, thereis geY such that Z(R|, X) ¢ ZL(T|Y).
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Proof. We show this lemma by contrapositive by assuming that there exists p € X such that
LR, X) ¢ Z(T|,Y) for all ¢ € Y, and proving that L(R | X) ¢ Z(T | Y). Moreover, we
prove this claim by induction over the set Y = {q1,...,q,} such that for every i < n there exists
Ci € Z(R | X) that satisfies C; ¢ £ (T |y, Y) for all j <i. Clearly, for i = n this implies that
Cn ¢ Z(T|Y) and the lemma is proved.

Fix two top-down tree automata R = (X, P,d,po, F') and T = (A,Q,7, g0, G) with X € SCC(R)
and Y e SCC(T). First of all, notice that the base case ¢ = 1 is trivially true. Indeed, take by
hypothesis the context Cy € £ (R |, X) such that C; ¢ Z(T |4, Y) and the base case is shown. For
the inductive case i < n, assume that C; satisfies the induction hypothesis. If 4(g;1+1,C;) ¢ Y, then
define Cy1 = C;. Thus, we have Ciyy ¢ Z(T |y, Y) for all j <i+1. Otherwise, given that X is
strongly connected, take two contexts C,C" ¢ CiE such that S(p, CioC)=pand C'" ¢ Z(T 4., Y)
where C" € Z(R |, X). Then define the context Cjy1 = C; 0 C o C'. Finally, it is straightforward to
prove that Cy,; satisfies the desire inductive case i+1, that is, Cj;1 € Z(R | X) but Cipy ¢ Z(T |y, V)

for all j <7+ 1. This was to be shown. O

The output elements of the first transducer Z; can be decomposed into three disjoint sets: (1)
moves of Generator on the arena Gg 7 of the form X — X;X5 or X — ¢, (2) opening and leaf
macro-tags (p CP™) and (p CP™ /) and (3) closing macro-tags (/C*f). The main goals of
Z, are related with the first and second set of output elements. The first goal of Z5 is to reply to
the sequence of moves of Generator with the corresponding moves of Repairer: Z5 receives moves
of Generator sequentially from Z; and output immediately the corresponding sequence of moves
of Repairer with respect to the strategy W. Since W is a winning strategy for Repairer, we know
that W respects the restriction imposed by Referee and, moreover, it always replies to the moves of
Generator (i.e. Repairer wins the game). The second goal of Z5 is to annotate the opening and leaf
macro-tags of the form (p Cprefix yand (p Cprefix /), respectively, with states from 7 depending on the
component at the top of Repairer stack. Formally, suppose that before (p C’P'Efix)
determines previously a component Y € SCC(T) such that (R | X) c Z(T |Y) where X = [p]r.
By Lemma 5.4.4, we know that there exists a state g1 € Y such that Z(R|,X) ¢ Z(T|,Y).

is consumed, Z5

Furthermore, we know that C'e £ (R |, X) given that (p C’P’efix) comes from a Generator sequence
(Lemma 5.4.2) and, thus, C € Z(T |4, Y). Let g2 € Y be a state such that g2 = (¢1,C). Then the
second goal of Z, is to read (p CP*) and output (g, CP*™ ¢, ). Notice that states ¢, and ¢o are
determined by the elements p € P, C € C%, and Y € SCC(T). To formalize this fact, we define the
function V : P x CiZ x SCC(T) = @ x @ such that V(p,C,Y) = (q1,q2) as it was stated above (i.e. 1
and ¢ satisfies L (R |, X) ¢ L(T |, Y) and ¢2 =4(q1,C) for g1,q2 € Y). If Z(R | [p]) ¢ Z(T | Y)
or 6(p,C) ¢ [p], then V is not defined. We use V in the definition of the second transducer Zs.

We now give the main technical definitions in order to define the output of Z5. Recall that

by assumption Repairer has a positional strategy for winning the simulation game over Gr 7. We
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describe this strategy by a function:
W :(SCC(R) w{<})" x (SCC(T) w{<})" — moves(T)*

such that if (Z,7) is the current state of the game and W (&,7) = m, then g ™ 3’ for some
7' € (SCC(T)w{a})* and (Z,7) %P [Z, 7] is the next position of Repairer in G 7. Furthermore,
we suppose that if Z = -2 and 5 = ¢ - <- ¢, then W (&,) = m such that y’ 2 €, i.e. 7 simulates
the popping sequence does by Referee for cleaning the part of the stack of Repairer that is over the
top separator <. In particular, we suppose that for every g € SCC(T)* it holds that W(e,g) = m
where 7 satisfies y ™ €. In the definition of Z, we strongly use function W for leading the actions
of Z,.

Let I'y = X w X wmoves(T)wQuw{(,/, )} be the output alphabet of Z5 such that ¥ w ¥ is the
restriction alphabet, moves(7") is the set of atomic rules of Repairer, @ is the set of states of 7, and
{(,/, )} is the set of separators. Similar to I'1, we define from I'; an infinite alphabet of opening,
closing, and leaf macro-tags that help us for abstracting the specification of the third transducer.
Hence, we define the alphabet of opening macro-tags ®5°" = {( ¢ - épreﬁxqg) | g1,92 € Q,C € Cg},
the alphabet of closing macro-tags ®5°% = {(/ C*fx) | C' e Clz}, and the alphabet of leaf macro-tags
Pkl = (g1 - CP*™ . gy /) | q1,02 € Q,C ¢ C%} Further, we define the alphabet of all macro-tags
by @58 = OP" U g U Pl Alphabet @58 together with moves(7) correspond to the macro
alphabet of the output of Zs.

Now, we have all the ingredients to give the definition of Z5. We define the second transducer
Z, formally by the tuple 25 = (O U moves(R), @5 U moves(T), Z2, k2, a2, s) such that each

component of Z5 is defined as follows.
o ®'*8° U moves(R) and 7% Umoves(T) are the set of input and output alphabet, respectively.

° Zsy is the set of control states (Z,4) € (SCC(R) u {«})* x (SCC(T) u {«})* such that:
(a) Z(R[top()) € L (T [top(y)) or (b) top(Z) = top(y) = <.

A state (Z,y) € Z5 that satisfies (@) can be seen as a Generator position [Z, 3] (see Defini-
tion 5.3.1). On the other hand, a state (Z, ) € Z5 that satisfies (b) is like a Referee position

where the top symbol « is waiting to be removed.

. L3 is the initial function defined by ¢((Zo,%)) = 7o if, and only if, W (Z, §o) = 7o and go T 7
for g € (SCC(T) u{«})*. In other words, the initial state of Z5 is the pair of stacks (Zo, %)
after Repairer does his first sequence of moves mq in order to satisfy the initial restriction
Z(R | top(zp)) € Z(T | top(y)). In fact, Z, starts by outputting the sequence mg before

receiving any input from Zj.
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Kot Zo x (B8 Umoves(R)) — Za x (958 Umoves(7)) is the transition function of Z5 defined

for every state (Z,7) € Z2 and e € ®'*° Umoves(R) such that:

Ife=X+w~ X1 X5 and ¥ = X - 7', then we define:
KQ((X 'jlag)aX = XIXZ) = ((XlXQ 'f/,ﬂ,),ﬁl)

such that W (X, X5-#',9) =m and § % 3. Informally, ko updates the stack of Generator
from X -7’ to X1 X, -7' with the incoming rule e = X = X; X5, outputs the next sequence
of rules m = W (X1 X5 - %', 4) of Repairer, and finally updates the stack of Repairer from
ij to ¢’ by following .

Ife=Xw~eand =X 7', then we define:
ro((X -7, 9), X =€) = ((2,9),m)

such that W (&#',7) = m and 3 @ 4. Notice that this case is analogous to the previous
one. Indeed, o updates the stack of Generator from X -7’ to ' with the incoming rule
e = X ¢, outputs the next sequence of rules m = W(Z', ) of Repairer, and updates the
stack of Repairer from 4 to §’ by following 7. Note that, in the particular case when
top(Z’) = <, it happen that m = W(Z',4) is the sequence of moves that cleans the top
of the stack of Repairer until the first separator. Furthermore, Z, cleans completely the

stack of Repairer whenever ' = e.

Note that until this point we have not made any direct reference to Referee in k. Moreover

we have not shown how to deal with separators in Z5. The following cases (when either

e={p-CP) or e = (/ Cfx)) deal with this issue.

If e = (p-CP*™) and (#,7) = (X -2,V -§') such that X is non-horizontal and p € X, then

we define:
KJQ((X'.’f,,Y~ﬂ,),<p'C'preﬁx>) _ ((X-<1-fﬁ’,Y~<l~17'),(q1 .Cvprefix_q2>)

such that V(p, C’p'efiX,Y) = (q1,q2) (recall the definition of V at the beginning of this
subsection after Lemma 5.4.4). This transition has mainly two goals. The first goal is to
add separators below the top elements X and Y of Z and g, respectively. As was informally
shown in the definition of Z;, opening macro-tags mark exactly the position when this
separator has to be added. The second goal of this transition is to annotate the opening
macro-tags with the states g1 and gz. Notice that the condition Z(R | X) < . Z(T|Y) is
satisfied by the definition of Z; and, thus, function V is correctly defined over p, C’pre‘cix,
and Y.
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—  Ife=(/CP) and (#,7) = (a-3,<-7), then we define:

H2((<] -f’,ﬂ-ﬂ,), (/ésuffix >) — ((j,,:lj"), (/ésuffix ) ﬁl)

such that W (z',4') = m and ¢’ % 4. Similar to the previous case, a closing macro-
tag marks the time when a top separator has to be removed. After this operation, the
next position (Z’,¢") should be a position owned by Repairer. Therefore, the transition
function ko decides the next sequence of rules m given by W, derives the next stack of

Generator 3/ [ ", and outputs the closing macro-tag (/ C**f) followed by the sequence

of rules m.

—  Ife={(p-CP™* /) and (&,4) = (X -#,Y -§) such that X is horizontal and p € X, then

we define:
(X -2,V -3f"), (p- CP*™)) = ((X-2,Y - §), (@1 - C"*™ - 2 /)

such that V(p, Cprefix. Y) = (q1,¢2). This case is analogous to the previous one when the

input was an opening macro-tag.

. Qs is the final output function defined only for the pair (¢,€) € Zy such that Qa((€,¢€)) = €.

Therefore, the only final state of Z5 is when the two stacks become empty.

We omit the full specification of transducer Z5. The complete specification is rather technical and
one can easily show from the definition of its output that this can be implemented by a sequential
transducer. Indeed, to determine states ¢; and g, when a macro-tag (p- CPe) (or (p- CPefix /})
is consumed, Z, can obtained state g; from Lemma 5.4.4. Furthermore, state g can be obtained
by running 7 starting from ¢; over CP*™. One has to notice here that to compute the function
4(q1,C) in a streaming fashion only the prefix CPefix is needed. To be more precise, one can run
T as a top-down VPA over CPefix and the top element of the stack will be exactly g2, that is,
g2 = top(¥(q1, C’p'efix)). Therefore, by the previous arguments Z, can be specified by a sequential
transducer.

In the last part of this subsection we define recursively when a sequence in (®5% Umoves(7))* is
a Repairer sequence starting from a sequence in SCC(7)* and next we show that Z, always produces

valid Repairer sequences starting from the initial component Y.

Definition 5.4.5. Assume that v € (&% Umoves(7))*. Then v is a Repairer sequence starting

from i =Y -4’ if, and only if, one of the following cases holds:
. v=Yw—eandy =¢, or

. v=(Y »Y1Y3) v and v’ is a Repairer sequence starting from Y1Ys-§', or
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o v={q LCprefix g, [)-v" such that g1,q2 €Y, 4(q1,C) = g2, and v is a Repairer sequence starting

from 4, or

o v={q .Crrefix g, y-u'-(/ C’S“ffix)-v" such that q1,q2 €Y, 4(q1,C) = g2, and v" (v") is a Repairer

sequence starting from'Y (§' resp.).

In particular, when v € moves(7)* we have that v is a Repairer sequence starting from Y iff v
is a correct sequence of atomic rules that starting from Y reaches € (i.e. Y % €). The next lemma
shows that Z5 always produces a Repairer sequence starting from Yj, the initial component in 7T .

The proof follows easily from the definition of Z,.
Lemma 5.4.6. For everyte Z(R), 22(Z1(t)) is a Repairer sequence starting from Yy.

Proof. The proof goes by induction over the length of the Generator sequence output by Z(#).
Toward this goal, we begin by pointing out some properties of W and Z5. First, we notice that one

can always assume that W satisfies the following property:
W(z,g) = W(z-<-3",g-<-7")

for every & € SCC(R)*, §j € SCC(T)*, ' € (SCC(R)u{«})*, and §’ € (SCC(T) u{<})*. Informally,
the sequence of moves for Repairer from a position {Z-<-Z', §-<- 3’ ) are determined by the prefixes
(%,7). We assume this property without giving an explicit proof. Indeed, it can be easily proved by
using the restrictions imposed by the separator < over G 7. Second, we can note that the transition
function ko of Z, directly depends on the winning strategy W. In particular, by the previous
arguments one can easily show that for every & € SCC(R)*, § € SCC(T)*, Z' € (SCC(R) u {<})*,
i’ € (SCC(T)u{«})*, it holds that:

w/v

(@25 7)) Lz, (a @0 F) it (7.9) Lz, () (5.1)

where w € (9% Umoves(R))* and v € (@5 umoves(7))*. We use Equation 5.1 for the inductive
step of this proof.

Assume that w € (@1 umoves(R))*, 7 € SCC(R)*, and g € SCC(T)*. By induction over the size
of w, we prove that if w is a Generator sequence starting from Z and [Z, §] is a winning position
for Repairer, then (Z,7) w—/fgz (e,€) and v is a Repairer sequence starting from g. For the base
case, suppose that |w| = 1. Given that w is a Generator sequence starting from Z and |w| = 1, the
only possibility is that w = X — ¢ and & = X for some X € SCC(R)*. By the definition of ko, we
have that k2((X,4), X ~ €) = ((¢,€),m) where m is the sequence of rules in moves(7") that pops all
the elements of 3. We clearly have (Z, %) w—/fgz (€,€) with v = m. Hence, we conclude that v is a
Repairer sequence starting from .

For the inductive case, suppose that the hypothesis holds for every & € SCC(R)*, 3 € SCC(T)™,
and |w| < i. We next prove that the inductive hypothesis also holds for every Z € SCC(R)*, ¢ €
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SCC(T)*, and |w| =i. Lets denote Z = X -2’ and § =Y - ¢’. The proof is shown by case analysis on
the structure of the Generator sequence w. However, we only show the most interesting cases when
w = (p-CPeix ).’ (] Cfx ) .v" . The other cases can be deduced with the same inductive argument.
Therefore, assume that w = (p- CPe) .. (/ ). " and X is non-horizontal such that p € X,
5(p,C) € X, and w' (w") is a Generator sequence starting from X (&' resp.) (Definition 5.4.5, item

(4)). For the starting macro-tag {p- C**) in w, we have the following transition:
HQ((X 'i’l,Y g/),<p C«preﬁX)) - ((X . <]~§f,,Y .4 _g/)’<q1 . C«prefix “¢o ))

We know by definition that w’ is a Generator sequence starting from X, [ X, Y] is a winning position
for Repairer, and |w'| < 4. Then by induction we have that (X,Y") w’_/;;’ZQ (e,€) and v' is a Repairer

sequence starting from Y. By Equation 5.1 we have:
(X-9-2Y-a-7) "L 2, (a-7 - 7).
The next incoming letter is a close macro-tag (/ C’sumx) and we have the following transition:

Ra((4- 9 5), (/€™ )) = (&5, (] €™ - )

=/ M

where m is the sequence of moves such that §' 5 ¢ and [Z', §"'] is a winning position for Repairer.
Now we have w"” is a Generator sequence for Z', [Z’, §"] is a winning position for Repairer, and
_— U)”/U”
Y ) e

|w"”| < i. By inductive hypothesis we get that (z z, (e,¢) and v” is a Repairer sequence

=1 m

starting from 3”. Notice that if " % ¢” and v” is a Repairer sequence starting from 4" then m - v”

is a Repairer sequence from 3’. Putting everything together, we get that:
V= <q1.C«prefix_qQ)_v/.</ésufﬁx>.m_v//

is the output of Z5 such that (Z, gj)w—/lﬁz,z (e,¢€) and v is a Repairer sequence starting from g. Thus,
we conclude that the inductive hypothesis holds for the case when w = (p-CPe )./ . (] Couffix ) .0y

For the last step of the proof we show that Z5(Z(f)) is a Repairer sequence starting from Yj
for every t € £(R). This easily follows from the above proof and Lemma 5.4.2. Indeed, the initial
function 15 of Z5 outputs mg € moves(7)* such that Yy 72 7 and [Xo, 7] is a winning position

for Repairer. By the previous result, we know that (Xo,5)“/2(¢,¢) where w = Z;(f) and, thus,

Z5(Z,(t)) = 70 - v is a Repairer sequence starting from Yj. O

5.4.3 Gluing the output

In this subsection we define the behaviour of the last transducer Z3. We suppose that Z3 receives
the output of Z5, namely, a sequence of atomic rules in moves(7) and macro-tags in <I>t;gs. The
purpose of Zs3 is to receive the context chunks of ¢ coming inside macro-tags and glues them in a
single serialized tree from £ (7). To do this, Z5 interprets the atomic rules of Repairer as guides

for pasting the output tree.
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We specify Z3 as a transducer with input alphabet ®5 Umoves(7") and output alphabet A. We
first give all the specification of Z3 and then we prove its correctness. A state of Z3 is represented
by a stack over states in Q, suffixes of contexts over A (i.e C*Ufx for C e C4), and separators (<).

Formally, we define the states of Z3 as stacks constructed from the set:
Z3=Q w {CM | CeCl} w {<}.

For example, the following is a stack in Z3: u = ¢-[aaab] - <-¢ - [b]. We write suffixes of context
over (Aw A)* between brackets to represent that they are single elements. The meaning of states
Q and {«} inside a stack Z € Z3 is to store a Repairer stack interleaved inside Z. Formally, for
any Z € Z3 we denote by [Z] the projection of Z over SCC(T) u {«} where [Z] = [z1]7[2n]T and
21+ 2, is the maximum subsequence of Z over Q U {<} and [<]7 = <. As an example, for the
stack u we have [u] = [¢]7 < [¢']7. Note that [2] does not contain any suffix in {C*f* | C'e C4}.
Additionally, suffixes of contexts in Z3 are necessary to store words that must be output in the
future. In particular, when a stack Z = [C’s“ffix] .7 and the top element is popped, Z3 outputs ",

We define the transitions of Z3 as a function k3 : Z3 x (95 U moves(7T) U {e}) — Z5 x A*.
This means that if xk3(z,a) = (Z,u) and z -2’ is the current state of Z3, then when reading a €
(5% Umoves(T) U {e}) the transducer outputs u and updates its stack to z-z’. Note that we also
allow e-moves in the transition function of Z3. Nevertheless, it would be clear from the definition
of Z3 that its behaviour is deterministic despite the existence of e-moves. In order to define k3
formally, we need to introduce some notation. For every Y € SCC(T) and every ¢1,q2 € Y we fix
a context Cy, 4, € Ck such that 4(g1,Cy,,0) = ga. Moreover, for every ¢ € Q we fix a tree t, such
that there exists an accepting run of 7 over ¢, using ¢ as initial state. We now define the transition

function k3 over Z3 x (®5% Umoves(T) U {e}) as follows.

1. ITfgeQand (Y~ Y] -Yy) emoves(T) with ge Y, let ¢ €Y, q1 € Y1, 2 € Y5 and a € A such
that v(¢’,a) = (¢1,492) (by definition of Y ~ Y7Y3). Then:

ka(q,Y = Y1-Y2) = (qu-[a]-q2- [C5a], CPe™-a)
2. TIfge@ and (Y = €) € moves(7) with g € Y, then:
k3(q,Y =€) = (e 1)
3. IfgeQand (g -CP™. gy ) € D" with g1, qo € [¢]7 and C € C, then:

ka(q, (a1 CP ™ gy )) = (qo - <. [C5ulfix], Cprefix. Crerefi

4. IfqeQ and (q-CPf*. gy /) e D with ¢y, s € [¢]7 and C € Cg, then:

:‘ig(q, < @ _éprefix “¢o /)) _ ( g - [Cﬁsufﬁx]’ Cfprefix . Cvprefix )

9,491 9,91
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5. If (/ C*ffx) e 5o with C e CL, then:

ﬁ3(<]7 (/Cwsufﬁx >) _ ( €, ésufﬁx )

6. IfCeCl, then:
Kg([évsufﬁx],e) _ ( €, Cvsuffix )

Therefore, we define Z3 formally as a tuple Z3 = (®5® U moves(7), A, Z3,K3,q0,23) such that
<I>t;gs umoves(7) and A are the input and output alphabet, respectively, Z3 is the set of states, x3
is the transition function defined as above, g is the initial stack (i.e. initial control state of 7', and
Qs : Z% —» A* is the final output function such that for every z e {Cfx | C' € CZ}* it holds that
Q3(2) = 2" where Z’ is equal to Z viewed as a word over A*.

For the last part of this subsection, we prove that Z3 outputs valid trees in £ (7). Specifically,
if v € (P5® Uumoves(7))* is a Repairer sequence starting from Y; (the initial component of 7) then
Z3(v) € Z(T). This lemma together with Lemma 5.4.2 and Lemma 5.4.6 will show that the cascade
composition of Z7, Z,, and Z3 repairs trees from .Z(R) into Z(T).

Lemma 5.4.7. For every Repairer sequence v € (958 U moves(T))* starting from Yy (the initial
component of T ):
Z3(v) € Z(T).

Proof. This lemma is proved by induction over the length of v. Towards this goal, we reformulate the
statement in two ways. First, in the rest of the proof we see T as a top-down VPA (see the definition
of a top-down VPA in Section 5.1) denoted by T and, second, we parametrize the statement for any

component Y € SCC(T). Therefore, the following claim proves our lemma.

Claim 1. Let Y € SCC(T) and g€ Y. For every Repairer sequence v € (95 u moves(T))* starting

from 'Y, it holds that q U/—>“z3 € for some ue A* and g >4 g for some g€ G.

We restate the definition of a Repairer sequence in an equivalent way but only starting from a

single element in SCC(T). It is straightforward to show that both definitions are equivalent.

Definition 5.4.8. Assume that v € (®5% Umoves(7))*. Then v is a Repairer sequence starting

from Y if, and only if, one of the following cases holds:
o v=Y €, or

o v=(Y »Y1Y2) -0 such that v' = vy -ve and vy (v2) is a Repairer sequence starting from Y;

(Y resp.), or

. v={(q - CPM™. gy /)0 such that q1,q2 € Y, 3(q1,C) = g, and v is a Repairer sequence from
Y, or
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o v={q .CPrefix. g, )-v'-(/é’s“ffix) such that q1,q2 €Y, ¥(q1,C) = q2, and v" is a Repairer sequence
starting from'Y .

In the rest of the proof, we use above definition of Repairer sequence to prove our claim.

We show Claim 1 by induction over the length of v. For the base case, for any Y € SCC(T) and
q €Y, we have that v =Y ~ € is a Repairer sequence starting from Y. By definition of Z3, we know
that k3(q,Y = €) = (€,t,) such that there exists an accepting run of 7~ over t, using ¢ as initial
state. In terms of top-down VPA, this means that ¢ if- g for some g € G and the claim holds for
the base case.

For the inductive case, we suppose that Claim 1 holds for any Repairer sequence v’ starting from
Y’ e SCC(T) of length |[v| < i and we prove it for a Repairer sequence v starting from Y € SCC(T)
of length |v| = 4. The proof follows by case analysis. For each case, let Y ¢ SCC(T) and qeY.

° Ifv=Y wYY5-v" is a Repairer sequence starting from Y, then we know by Definition 5.4.8
that v = vy - vy and v; (vg) is a Repairer sequence starting Y; (Y3 resp.) for some vy, vy €
(D% U moves(T))*. By definition of Z3 and Y = Y,Ys, we know that there exists ¢’ € Y,

@1 €Y1, g2 €Yy and a € A such that v(¢’,a) = (g1, ¢2) and:
k3(q,Y = Y1-Ya) = (a1 -[a] - g2 [C307], C'Zf;‘:ix ‘a)

For the sake of simplification, denote m =Y ~ YiY,, C = ég';fix and C = C*;f‘;f,ix. By the

definition of C' and top-down VPA T, we have 4(q,C) = ¢ -G for some G e Q* and 4(g-G,C) € G

for every g € G. Given that vy is a Repairer sequence starting from Yy, qx € Yy, and |vg| < 4
Vi /UK

for k€ {1,2}, we have by inductive hypothesis that g, 5"z, € for ux € A* and g “% 4+ gy, for

some gj, € F'. Then we have the following derivation:

Zy:oq "G gfa]g (0] Y [a]ge[C] 3 g [C] e (0] S
T: q¢ <8 q1q2-q =5 i 5 @i B gpqd S g

where g € G is a final state. We conclude that the claim holds for v =Y ~ Y7Y5 - 0"

° If v = (q-CPf™. g )0 - (] CX) is a Repairer sequence starting from Y then ¢i,qs € Y,
A(q1,C) = g2, and v’ is a Repairer sequence starting from Y by Definition 5.4.8. From the

transitions of Z3 we get that:

w3(q,{q1-C

) = (g9 [CRaF], Coar-C™)

In order to simplify the notation, let [ = (ql'é’p'efix«qQ ), 1= (/C’s“ffix ), C = Crrefix ¢ = Couffix B =
C’(’I’fg?x, and B = C’;“;fl'x Given that we see T as a top-down VPA, we know that 4(¢q1,C) = g2-¢
for some G € Q* and 4(g-q,C) € G for every g € G. The same holds for B where 4(q, B) = q1-¢’

for some ¢’ € Q* and (g’ - §', B) € G for every g’ € G. Since v’ is a Repairer sequence starting
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from Y, ¢3 € Y, and |v| < 4, we have by the inductive hypothesis that gs ﬂ?z?) € for u e A*

and gz 4 g for some g € G. Similar to the previous case, we have the following derivation:

Zy: g MY g« [B] ¥ «-[B] XS [B] £
T: ¢ 8 @qd % g3d S g7 5 g

where g € G is a final state. We conclude that the claim holds for v = (qy - CP*™ . g5 ) -0 -
( / Cvsufﬁx >

. The case where v = ( gy - CP*. g5 /) -0" is similar to the above case. The only difference is that
in this case [ is a leaf macro-tag and [ = € which implies that C' = € and 4(q1,C) = ¢2. By the

same above arguments, we get the following derivation:

Zy: g " g [B] W [B] <
T: ¢ 2 @i % gq¢q B ¢

where g’ € G is a final state. We conclude that the claim also holds for v = { gy - CP*™*. gy /) -0

For any Repairer sequence the inductive hypothesis holds and, thus, Claim 1 is proved. O

5.4.4 Correctness of the repair strategy

In this last subsection we gather all previous results for Z;, Z5, and Z3 to show that the cascade
composition Z = Z30Z90 2 is a tree edit transducer that repairs each tree in £ (R) into £(T) with
uniformly bounded cost. First of all, by combining Lemma 5.4.2, Lemma 5.4.6, and Lemma 5.4.7 we
can conclude that Z is a repair transducer from R into T, that is, Z(t) € Z(T) for every t € Z(R).
Furthermore, from the construction of Z; and Z3, one can show that the matching relation between
unmodified tags from the input is preserved. In fact, the contexts extracted by Z; from the input
tree are not modified by Z5 and, furthermore, they are connected back in Z3. Therefore, we can
conclude that the cascade composition Z = Z3 0 Z5 0 Z; is a tree edit transducer from R into 7.
To complete the proof, we show that the cost of Z is uniformly bounded for all trees in R. From
Lemma 5.4.2 we know that the output of Z; is a complete play for Generator starting from Xg. One
can easily show from the definition of Gr 7 that the numbers of moves from Generator is bounded
by O(Q'SCC(R)|). This implies that the number of nodes deleted by Z; over an input tree is bounded
by O(25CC(RI), Let [W| be the longest sequence of moves output by the winning strategy W in a
play over Gz 7. Then we have that the number of prefix rewriting steps outputted by Z5 is bounded
by O(25CCRIL|W|). Each prefix rewriting step read by Z3 implies adding a context of size bounded
by the size of the target language, in fact, it is in 0(2‘7—'). Therefore, the number of nodes added
by Z3 to the final output is bounded by O(25¢CRIHITL. [W) for any tree t € Z(R). We conclude
that the overall cost of Z is bounded by O(2SCCRIHTI. [17]). Given that R and T are fixed and
the winning strategy depends only on Gr 7, we conclude that the cost of Z is uniformly bounded

for all trees in Z(R).
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5.5 From repairs to simulation games

For this direction, we assume the existence of a tree edit transducer Z that implements a streaming
repair strategy of Z(R) into Z(T), with uniformly bounded cost, and we derive from that the
existence of a strategy for Repairer to win the simulation game over G 7. The idea of Repairer’s
strategy is to construct a sequence of prefixes wuy,...,u; of a tree t € Z(R) (i.e. prefixes of the
serialization of t) incrementally following the moves of Generator over its prefix-rewriting system in
Gr,7. That is, given the next move m; of Generator in Gr v we extend the prefix u; with a string

U, such that w1 = u; - U, and w4 is the prefix of some ¢t € Z(R). Further, after each move

m; of Generator and after defining w;,1, we use the output of Z over w;;; to decide the next move
of Repairer, i.e., we run 7 as a top-down VPA over Z(w;,1) and then check the configuration g
(i.e. the stack) of T after reaching the end of Z(w;.1). By converting § = ¢1 ...¢, into strongly
connected components Y7 ... Y, of T, we will define Yj ...Y,, to be the content of the prefix-rewriting
system for Repairer in Gg 7 and, furthermore, this will define its next move in the simulation game.
Since Z is a bounded streaming repair strategy, this will imply that the informal strategy above is
a winning strategy over the simulation game Gz 7.

A key ingredient for the previous ideas lies in the fact that, without loss of generality, one
can assume that the transducer Z satisfies the following invariant: for every prefix u of an input
serialization, if X is the component of the current state of R at the end of u and Y is the component

of the current state of 7 at the end of the corresponding output v, then the language of contexts

realized in X is covered by the language of contexts realized in Y, namely,
Z(R|X) ¢ Z(TI|Y).

Indeed, if this were not the case, then the prefix u could be expanded by an iteration of a context
that stays within the same component X and, unless the corresponding output induces a change of
component in the target automaton, each context would have to be repaired into Y, thus resulting
in unbounded repair cost (see Lemma 5.5.2 for a formal definition). Thanks to the above invariant,
one can abstract the output of the transducer Z into valid plays over the arena Ggr 7, which turn
out to be winning for Repairer.

Before going into the details of the proof, we want to point out that the ideas and structure of
this proof are similar to the ones presented in Theorem 2.3.3 and 4.3.6. For example, the idea of
extending a context inside a component in order to “stabilize” the output of Z into a component
in the target language were already presented in the proof of Theorem 2.3.3. Also, the construction
followed by the strategy of Repairer will be similar to the proof of Theorem 4.3.6 (presented in
Section 4.4.2) where fingerprint contexts where glue together in a specific way to force the repair
strategy (in this case Z) to give the desire result. We suggest the reader to keep in mind these

proofs when following the proof below.
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We first need to introduce some new terminology for representing the structure of Repairer’s
strategy. Given an alphabet ¥ and label o, we call a tree C with labels in ¥ u {e} a multi-context
whenever e occurs only at leaves that have no right sibling. An example of a multi-context is
a(b(c,e),b,e). Notice that trees and contexts are special cases of multi-contexts. We denote by My
the set of all multi-context in ¥ and by M#, the set of all multi-context in ¥ with n-placeholders. We
define the composition of a multi-context C' with a tree ¢, denoted by C ot, to be the multi-context
obtained from the substitution of the first o (following the preorder traversal of C') with ¢ in C. We
can easily extend this definition for the composition between multi-contexts C; and Cs by Cj o Cs.
In this case, the result is a multi-context with (n1+ns—1) e-nodes where n; is the number of e-nodes
in C; for i € {1,2}. Given two multi-context C; and Cs, we say that Cy is a prefiz of Cs iff there
exists a sequence of multi-contexts C1,...,Cy, such that (--«(Cy o Cy)o-) o Cf = Cy. Similar to
the serialization of a context, for a multi-context C' we denote by Crrefix the prefix of C that ends
immediately before the first occurrence of a e-node. In case that C' does not contain any e-node (i.e.
C is a tree), we have that Crrefix — C. One can easily check that the composition between multi-
contexts is in correspondence with the prefix of C' in the sense that CP® is a prefix of C'o C” prefix
for any two multi-contexts C' and C’. Furthermore, if C is a prefix of Cy then (f'lpreﬁx is a prefix of

AgpmﬁX. Usually we will use the ()P operator after serializing a context, that is, after using the
(3 operator. In order to simplify the notation, we usually omit the (\) operator before applying the
(-)Prefix operator. As an example, we write CPf* instead of CPefix where C' is a multi-context. We
can also extend the transition function § of a top-down tree automaton to a multi-context. Formally,
we define the function 6" : Q@ x M% — Q™ such that 0"(¢q,C) = (q1,...,qn) iff there exists a run p
of A on C such that p(e) = ¢, p(1;) = ¢; with 7n; the i-th placeholder of C' (following the preorder
traversal) and the final conditions are satisfied over each node 7 in ¢ such that t(72) # e. Similarly
to context, we make an abuse of notation and denote ™ by § if n is understand from the input
multi-context.

Similar to the if-direction, we denote by [¢]4 the strongly connected component of ¢ € @ in
G4 for a top-down tree automaton 4. We write [g] for [¢]4 if the tree automata is understood
from the context. Furthermore, we extend this function from states to stack of states qi---q, € Q7
by [¢1qn]a = [q1] 4 [¢n] 4. During this proof, we usually use both representations of a top-down
deterministic tree automata indistinguishable (i.e. top-down tree automata and top-down VPA).
Given a tree automaton A = (Xw¥,Q,d, qo, F), we denote by A= (2,0, 5, qo, F) the top-down VPA
equivalent to A (see Section 5.1). In particular, given a context C' we have that 3(q, C’p'efix) =q-q
for some ¢,¢’ € Q and § € Q" whenever §(q,C) =¢'.

For the rest of the proof, fix two top-down deterministic automata R = (X, P,d,po, F') and
T =(A,Q,7,90,G) where R = (E,P,S,pO7F) and T = (A,Q,7, qo,G) are the VPA-versions of R

and 7T, respectively. We have all the ingredients to define a winning strategy for Repairer over
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Gr,7- Remember that for this direction, we suppose that there exists a tree repair transducer Z
that repairs R into 7 with cost bounded by N (i.e. cost(f,Z) < N for all t € Z(R)) and we show
how to define a winning strategy for Repairer over the simulation game Gz 7.

In this proof, we consider a simplified version of the simulation game Ggr 7 where Referee is not
allowed to play. This means that only Generator and Repairer are allowed to make changes in their
own stacks and that the <-symbol does not appear in any of the two stacks. We will argue towards
the end of the proof that the winning strategy constructed for Repairer is safe in the sense that
this strategy does not take advantage on the absence of Referee and that the moves of Repairer

implicitly follow the rules of Referee. Now, given a sequence of moves:
(20, 50) ¥ [Z0, 5] B - (Facr s Gos ) S [Enm, G

over the arena Gr 7, we define inductively a sequence of multi-contexts Ci,...,C), over X such that

for every 1 <i<n and k = |Z;| it holds that:

1. C;_1 is a prefix of C;,

2. C; has the same number of e-nodes than the length of ; (C; € M%),

3. there exists p7,...py € P such that 6(po,C;) = (p¥,...,py) and Z; = [p7--p}], and
4. letting w = Z(CP*™), we have g; = [§(g0,w)].

In the previous definition we suppose that Cy is the empty context when we say that Cj is a prefix
of C1 (Cp was not formally in the sequence of multi-contexts). Intuitively, the sequence of multi-
contexts C1,...,C, are in correspondence with the stacks (Z1,%1), ..., (Zn,¥n) in the sense that for
each C; the components of the sequence §(po, C;) is equal to Z; and the components of the stack of
running 7 over the output Z(CP™) is equal to .

Let us first explain how we will define the strategy of Repairer in Gg 7 by using the multi-
contexts C1,...,C,. Suppose that the game is in position (Z,-1,%,) and Generator moves
[Zn-1, Yn] Gen {Zn,Un ). The next step of Repairer is obtained by constructing a multi-context
Chs1 from C,, and Z,, and defining the next move of Repairer by (Z,, ) % [Zn, [3(q0, w)]]
where w = Z(CP*™). We show that the move defined above is a valid move of Repairer in Gg 7
and that C,,; satisfies the four properties defined above. By showing that C,,; can always be
constructed inductively from C), and Z,, we will prove that Repairer can always reply to the moves
of Generator and, therefore, we will define a winning strategy of Repairer over Gr 7.

Before going into details, we recall the definition of a fingerprint context for a component in R
(given in the previous chapters). Similar to the proofs of Theorem 2.3.1 and 4.3.6, these fingerprint
contexts are the building blocks in the construction of the multi-contexts C1,...,C,. Basically, this

lemma shows that given a component X € SCC(R), one can find a context C'x that can be “pumped”
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inside the language .Z(R | X) (i.e., Cxo...0Cx € Z(R | X)) and such that Z(R| X)<c Z(T|Y)
iff Cx € Z(T|Y), for any component ¥ € SCC(T). Also recall that a context C' is cyclic for a
component X if there exists a state p € X such that §(p,C) = p. The proof of this lemma was given
in Lemma 2.3.2 for DFAs and in Lemma 4.4.8 for stepwise tree automata. We omit the proof in this

case given that it is trivial following the ideas in Lemma 4.4.8.

Lemma 5.5.1. For every X € SCC(R), there exists a cyclic context Cx € Z(R | X) such that, for
every Y € SCC(T),
ZL(R|X)cZ(TI|Y) iff CxeZ(T|Y).

If X is non-horizontal, then Cx is non-horizontal as well.

Next, we construct the sequence of multi-contexts inductively. Before giving this construction,
we need the following lemma that synthesizes the main technical part of the induction. This lemma
says that if we repeat a context D a specific number of times M, the tree repair transducer Z will

stabilize at some component ¥ and the language of context .Z (7 | Y") will contain D.

Lemma 5.5.2. Suppose that C € Mg and p € Q such that C is a prefix of some tree in £(R) and
d(po,C) = (p1,---,pK) with p=py. Let D be a cyclic context over the state p, i.e. §(p, D) =p. Then
there exist M € N and Y € SCC(T) such that for all k >0:

1. Z((Co DM+k)prefi><) _ Z((CO DM)prefix) . (Dk')prefix;
2. top(§(qo,w)) € Y where w=Z((C o DM+k)prefix), and

3. DeZ(T|Y).

Proof. Let w; = (C o D*)P™ for every i € N. Each w; is the prefix of a serialized tree in .Z(R).
Indeed, C is a prefix of some tree in .Z(R) and one can easily show that C o D' is a prefix of
some tree in Z(R) as well. Remember that Z is a bounded tree repair transducer for serialized
tree in R. Then there must exist some I € N such that cost(wy, Z) = cost(w;, Z) for every i > I.
Otherwise, the cost of Z over the sequence of words {w; };ex would be unbounded which would lead

to a contradiction. Given that the cost remains unchanged for every i > I, this implies that:
Z(wrer) = Z(wp) - (DPP)* for every k e N. ()

Now consider the sequence of states {g;}ien € @ such that §(qo, Z(w;)) = ¢; - ¢; for some g; € Q*.
Given that the sequence of states {g;}sen is infinite, we know by the pigeonhole principle that there
must exist 4, j such that ¢ < j <|SCC(T)| and [¢;] = [¢;]. Further, one can easily show that for every
geQ and C ¢ ClE it holds that [y(q, D)] <scc(c,) [¢]- In other words, any state reach from a state

q is in a lower or equal component than ¢ with respect to the partial order <scc(q,) of Gr. Indeed,
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this implies that [¢;] = [g;] for every ¢ > j. From this argument we deduce that [¢;] = [gi+1] for
every ¢ > I +|SCC(T)| and a run of 7 over Z(w;) stabilizes in the same component over T after
i-repetitions of D with ¢ > I +|SCC(T)|. Let us define M = I +|SCC(T)| and Y = [qar]. By the
previous arguments, we can easily check that the first and second statements of the lemma hold.
We now show that D € Z(T | Y). Considering 7 as a VPA, this is the same as showing that
there exists ¢,¢’ € Y and ¢ € Q* such that (a) 4(¢g, DP™) = ¢’ - G and (b) 4(q, D**f*) € F. Towards
this goal, define J = I +|SCC(T )|+ (N + 1) where N is the bound on the cost of Z and fix a tree
t € Ty such that C o D7 ot is the prefix of a tree in .Z(R) or, formally, there is an accepting run of

T over t starting from p. Furthermore, consider the set of words:

u;=(Co DJ)preﬁx -t (ﬁs“fﬁx)i for every 1 < N + 1.

Given that the cost of Z is bounded by N, we must have that Z(u;,1) = Z(u;) - D™ for some
j <N +1. In fact, if Z(ujs1) # Z(u;) - DX for all j < N + 1, then the cost of repairing any tree
whose prefix is C' o D/ ot with Z is greater than N, which would lead to a contradiction. Thus,
we have that Z(u;1) = Z(u; ) - DX Recall that from the above arguments we also have that
Z(wy-j) = Z(w_(j+1)) - DPefix (hy (x)). Since Z is a tree repair transducer, this implies that the
(J = j)-iteration of D remains unmodified in the output of Z. By the second proved statement of
the lemma, this implies that there exists ¢,¢' € Y and § € Q* such that 4(g, DP*™) = ¢/ - G and
5(g, D) ¢ F. This was to be shown. O

We now show how to construct the sequence of multi-context inductively. For the base case,
assume that X is the initial component of R (i.e. X =[po]) such that %o = X. By Lemma 5.5.1, we
know that there exists a fingerprint context Cx € £ (R | X) and a state p € X such that §(p,Cx) = p,
and (R | X)c L(T|Y) it Cx € Z(T |Y) for every Y € SCC(T). Since p and pg are in the
same component X, we denote by C the context that connects both states, that is, d(po,C) = p.
By considering C' as a multi-context such that §(po,C') = (p) and Cx the cyclic context over p, we
know by Lemma 5.5.2 that there exists a constant M € N and a component Y that satisfies the three

properties stated in the lemma. Thus, we define the multi-context C for the base case:
Cy=CoCy*!

It is trivial to show that C7 is a prefix of the empty context Cy = o, Cy € M%, and Zg = [p]
where d(po,C1) = p. For the last property of the induction, we denote w = Z(C’lprefix) and define
71 = [¥(q0,w)]. Notice first that g T+ ¢y is a valid prefix-rewriting rule associated with 7. Indeed,
one can easily check that if (¢ G,a) = q1-q2-G (resp. ¥(q-g,a) = q) for ¢,q1,q2 € @ and § € Q*,
then [¢-d] 5 [q1-q2-3) ([¢-3) 5 [§]) is a valid prefix-rewriting rule associated with 7. In
particular, this implies that o T [4(go,w)] = §1 is a prefix-rewriting rule associated with 7. To

show that (Zo, 5o ) & [Zo, %1] is a valid move of Repairer, it remains only to argue that .Z(R |
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top(Zg)) € L (R | top(y1)). In fact, we know by the second property of 5.5.2 that top(§(qo,w)) € Y
which implies that Y = top(g1). Furthermore, the third property of Lemma 5.5.2 tells us that
Cx € Z(T|Y). By combining this last fact with Lemma 5.5.1, we find that £ (R | X) c Z(T |Y).
We conclude that Z(R | top(Zo)) € Z (T |top(g1)) given that X =top(Zp) and Y = top(y1).

For the inductive argument, suppose that (Z,-1,%,) is the last move on the game, C,, satisfies
the inductive hypothesis, and Generator makes a move [#,_1, Jn ] & (Zn, §in ). Then we have two
cases depending on whether the last move of Generator was a push (push case) or a pop (pop-case)

over Tp_1:

° Suppose that Generator does a push prefix rewriting rule over #,_;, that is, X -Z = X, X, - &
where Z,_1 = X - Z and %, = X1 Xs - Z. First, we know by the inductive hypothesis that there
exists p7,...,p} € P such that 2,1 = [p}-...-p}] and 6(po,Cy) = (pY, ..., p}) with k = |Z,,_1].
In particular, we have that pf € X. Second, given that X -z R X1X, -7 is a valid move, we
also know that there must exist p € X, p; € X1, p2 € Xo, and a € X such that §(p,a) = (p1, p2).
Notice that p and pT" are in the same component X. Thus, we can find a context C' such that
0(pt,C) = p. Third, Lemma 5.5.1 tells us that we can find a fingerprint component C'x, and
a state p’ such that §(p’,Cx,) = p’. Similar to p and p}, we can find a context C’ such that
d(p1,C") =p’ given that py,p’ € X;.

We have all the ingredients to define the inductive step Cj.1. Let us first define the multi-
context:

w1 = CnoCo(a(Ce))

From this definition, it is straightforward to check that the result §(po,Cy) = (p7,p5,...,P})
can be extended for C,,_; to 6(po,C),,1) = (', p2,p5,...,p}) by just following the run of § over

C,, C,and C": "
! Cx ’
PSS p S p S S p
P S p % po
Furthermore, given that Cx, is a cyclic context over p’ and 6(po,C},.1) = (p',p2, 05, ..., D})s

we know that there exists M ¢ N and Y € SCC(T) that satisfies the properties stated in

Lemma 5.5.2. We can now define the multi-context C,,,1:
Chi1 = Cr,7.+l © C)](Vllﬂ

The first property that one can notice from this construction is that C,; is derived from C,, by
composing C,, with a sequence of contexts in its first e-node. This implies that C,, is a prefix
of Cp41- A second property that one can easily check is that (a(C,OC)A(/[l ), ®) is a multi-context
with two e-nodes and C, o C' is a multi-context with |Z,_1|-nodes labelled by e. Hence, C,,11 is

a multi-context with |Z,,_1|+ 1 = |%,| e-nodes, that is, Cy,+1 € M% with k = |Z,, and the second
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induction hypothesis is satisfied. The third condition was already proved when we stated that
3(po,Chiq) = (0 p2,P%,...,p}Y). Actually, this implies that §(po,Cps1) = (P/,p2,D05,...,D})
by the definition of Cj.1. Given that p' € Xi, py € Xo, and Z,-1 = [p} ... - pL], we have
Zp = [p'-p2-py-...-pp]. This shows that the multi-context C),; satisfies the first three
properties of the inductive hypothesis.

We now show that C),.1 satisfies the last property of the inductive hypothesis by combining
Lemma 5.5.1 and Lemma 5.5.2. Define w = Z(C?®™) and §,.1 = [4(qo,w)]. By the same
arguments given in the base case, one can easily show that ¥, T Yn+1 1s a valid rule of the
prefix rewriting system associated with 7. Furthermore, we know by the second and third
property of Lemma 5.5.2 that top(7,) = Y and Cx, ¢ Z(T | Y). Given that Cx, is the
fingerprint context of component X7, we get by Lemma 5.5.1 that Z(R | X1) € Z(T | Y).
We conclude that .2 (R | top(z,,)) € . Z(T | top(§n)) which shows that (Z,, Gin ) vF [Zn, Fns1]

is a valid move of Repairer.

Suppose now that Generator does a pop prefix rewriting rule over Z,_q, i.e. X -Z =X & where

Tp-1 = X -7 and T, = . Assume that ¥ # € and denote by X' the top element of Z (i.e.
X' =top(z)). If not, then 2 = ¢ and Repairer wins the game, thus X’ is well defined. Similar
to the previous case, we know by the inductive hypothesis that there exists p7,...,p; € P
such that Z,-1 = [p] -...-pi] and 6(po,Cy) = (PT,...,pR) with k = |Z,-1|. Lets t be a tree
such that there exists an accepting run of R over ¢ starting from p7 and define the multi-
context C/,, = Cp ot. One can easily check from the definition of C},; and d(pg,Cy) that
0(po,Ch1) = (p5,...,pr) and then Z, = [p5 -...-p}]. Notice that hanging ¢ from the first
e-node of (), has an analogy behavior than popping the top element of Z,,_;. Now, let Cx-
be the fingerprint context of X’ given by Lemma 5.5.1, p € @ be the state that satisfies
d0(p,Cxr) = p, and C be a context that connects pi with p by using 6 (i.e. 0(ph,C) = p).

Define the multi-context C, ., = C!

a1 © C. One can easily verify that this new multi-context

satisfies d(po,Cy 1) = (P, D%, ..., py). Given that C),,, p, and Cx satisfies the conditions of
Lemma 5.5.2, we know that there exist M € N and Y € SCC(T) that satisfy the three properties

stated in Lemma 5.5.2. Then we can define the multi-context C,,+1 from C)/,;:
Cpir=Cl o C¥H?

Similar to the arguments given in the push case, we can easily check by the construction of
Cp+1 that Cp41 is a prefix of C,,, that C,,,1 € M%‘l where |Z,|=k-1, and &, = [p-p§ -...-p}]
where 0(po, Cr+1) = (p,p5, ..., py). This means that the first three properties of the inductive
hypothesis are satisfied. For the last property of the inductive hypothesis, define w = Z (C’Zﬁ'x)

and gn41 = [§(qo,w)]. By following the same lines as in the base case or the push case, one
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can check that (Z,, jn ) [Zn, §n+1] is a valid move of Repairer in Gr 7. Therefore, Cy41

satisfies the inductive hypothesis and we are done.

We dedicate the last part of the proof to give some intuition why Referee is not needed during
the play or, in other words, why the strategy of Repairer implicitly respects the restrictions imposed
by the Referee. The first step of our argument is to relax the restrictions imposed by Referee over
Repairer in the simulation game Gr 7. Let S = g A Jo A Jn be a sequence of prefix-rewriting
rules associated with 7. We say that a position ¢ is repeatable in S if top(y;) = top(¥») and |g;| < |3
for all j <i. Let r(S) = min,{i | i is repeatable in S}. Suppose that (Z,7:) P [z, 7.] is a
move of Repairer, S = ¢ ANA i, are the sequence of rules in T associated with this move,
and suppose that top(z) and top(%y,) are non-horizontal. Then we know that the next turn is from
Referee who adds a <-symbol below the top elements of Z and %,. Strictly speaking, Referee could
put the <-symbol in any position before the (|9,| - |9, (s)|)-elements of 7, without changing the
outcome of the game. Formally, suppose that g, = Y1Y5...Y,,. Then we know that top(%,(s)) = Y1
and tail(3j,(s)) is a suffix of 3, since r(S) is a repeatable position of S. Let ¢ be the prefix of g,
such that 7, = ¥ - tail(f,(s)). Notice that 7,(sy = Y1 - tail(F,(s)) e - tail(yr(s)) = Jn- If Repairer
wants to access any element in ¢ after Referee puts the separator in ¢, then he can clearly replicate

the same moves that he did after g,.(,), by performing the following move:
Vi< Yo Y Sx§-a-Yo. .. Yy,

That is, all stack elements that stay between < and the suffix tail(¥j.(s)) of #, are still “virtually”
accessible for Repairer. Therefore, we can assume without loss of generality that during the game
Referee puts the separator in Repairer’s stack in any position below the suffix tail(3,(s)). Further-
more, we can suppose that this position can be chosen by the strategy of Repairer without changing
the outcome of the game.

We use the above relaxation on the restrictions imposed by Referee to show that the strategy of
Repairer constructed from a multi-context satisfies the restriction over non-horizontal components.
By inspecting the arguments of the above inductive proof (base case, push case, or pop case), one can
easily check that given a position of the game (Z, § ) we derive a multi-context C' and a fingerprint
context D of top(z) by Lemma 5.5.1 that satisfy the conditions of Lemma 5.5.2. Then the context
D is iterated (M +1)-times where M is given by Lemma 5.5.2 in order to construct the next multi-
context C'o DM*1. Then we define the next move of Repairer by (Z, ) Y [#, [%(q0, Z(w))]]
where w = (C o DM+1)Prefix Define the two words wq = (C o DM*O)Prefix and wy = (C o DM*1)prefix Tf

we rephrase the two first properties of Lemma 5.5.2 in terms of wg and w;, we get that:

1. Z(wy) = Z(wp) - D™,

2. [top(9(qo0, Z(wo))] = [top(¥(qo, Z(w1)))]-
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For the sake of simplification, define Wy = [§(qo, Z(wo))] and W7 = [§(qo, Z(w1))]. Looking care-
fully at these two properties, we can check that Wy is a repeatable position of the prefix rewriting
rule ¢ e W, formally, ¥ Jx Wy L+ Wy and Wy is a repeatable position of this sequence of prefix
rewriting rules associated with 7. Therefore, we can check that Wy = ¢’ - tail(Wy) for some string
3" € SCC(T)*. By the above relaxation of the game, we can always assume that whenever top(Z) is

a non-horizontal component, then Referee moves:
[2, Wy, B [[top(z) - <-tail(Z), 5 - <-tail (W), .]

In addition, if we suppose that top(Z) is non-horizontal, then D is a non-horizontal context by
Lemma 5.5.1. That is, there exists a € ¥ and a context Dy such that D=a- ljo -a. Given that
DPrefix = . DP™ then we have that Z(w1) = Z(wo) - a - DE™. Furthermore, we know that Z is a
tree repair transducer and, thus, the closing element of @ is not modified. Formally, one can easily
check from the definition of a tree repair transducer Z that for every context C, every tree ¢t and
a € Y it holds that Z(CP*™.q.1-a) = Z(CP*™ . -1)-a@ whenever Z(CP*ix.q) = Z(CP*X) . q. This
implies that tail(Wp) is a suffix of [§(qo, Z(wo - a-1)))] for every t € Tx;. Finally, we conclude that
the strategy of Repairer (as defined) does not pass the suffix <-tail(Wy) until the @ is seen, that is,

when Generator reaches tail(Z).

5.6 Complexity results

In the previous section we gave a game-theoretic characterization of streaming bounded repairability.
The effectiveness of such a characterization, and hence the decidability of the streaming bounded
repairability problem, follows from the fact that the considered simulation game can be seen as a
specific reachability game [GTWO03], whose plays are uniformly bounded in length. More precisely,
given a restriction R and a target 7, the plays that could possibly arise over the arena Ggr 7
have length at most exponential in the number of components of R. This gives a straightforward
alternating exponential-time procedure (i.e. in EXPSPACE) that exhaustively searches all plays to
determine the winner of the simulation game, and possibly synthesize a winning strategy.

Below, we improve the complexity result that we just derived to a tight EXPTIME bound.

Theorem 5.6.1. The problem of streaming bounded repairability for languages recognized by top-
down tree automata is in EXPTIME.

Proof of Theorem 5.6.1. We use our main characterization result to prove the EXPTIME upper
bound by fixing two top-down automata R = (2, P,d, po, F) and T = (A, Q, 7, g0, G) and showing how
to determine the winner of the simulation game over Gz 7 by means of an alternating polynomial-

space procedure.
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We already mentioned that the stacks controlled by Generator in the simulation game never
exceed in length the number of components of R — this follows from the fact that prefix-rewriting
rules of the form X -7 R X; X, -7 exist when X; # X # X5 and both components X; and X, are
accessible from X (i.e. d(p,a) = (p1,p2) for some p € X, p1 € X1, p2 € X, and a € X). Unfortunately,
an analogous bound on the lengths of the stacks controlled by Repairer does not hold — this is mostly
due to the existence of prefix-rewriting rules of the form Y -y LY, 9, with Y7 =Y, which can
be iterated to produce arbitrarily long stacks. To overcome this problem and be able to perform an
exhaustive search on the arena in alternating polynomial space, we consider an equivalent version
of the simulation game, obtained by modifying the prefix-rewriting rules associated with 7 in such
a way that no rule of the form Y -§ J, Y Y, is applicable.

We first describe the modified prefix-rewriting system associated with 7. For each component
Y of T, we introduce a dummy component Y*, recognizing the empty language of contexts (in
particular Y* does not cover any component of R). By a slight abuse of notation, we denote by
SCC(T") the new set of components, which includes the original components of 7 and the dummy
copies. First, we replace each rule of the form Y7 -4 LYY, yorY,-y AR y where Y7 #Y
by the rule of the form:

Vieg LYYV or Vi 5B YaYY*

respectively. In other words, we add Y* below all the rules that produce Y. Then for each (recursive)

rule of the form Y -4 [, Y Y5 -§ we replace this rule with:
Vg L YaY*g

For the special case when Y is equal to the initial component Yp, we redefine Y to be the initial

component of I; . We denote by 7,_: the modified prefix-rewriting system. Observe that the new
system does not contain rules of the form Y -y Ly Y5-4. As usual, we denote by T+ the reflexive

and transitive closure of [, . Below, we prove that the two prefix-rewriting systems 5+ and T

are essentially equivalent, according to the following definition:

Definition 5.6.2. We say that two stacks § € SCC(T)* and Z € SCC(T')* are bisimilar up to n

rounds if the following conditions hold:

1. top(y) = top(2),
2. ifn>0andj L+ i, then Z Tz for some stack z' € SCC(T')* bisimilar to §" up to n—-1

rounds,

X%

3. ifn>0andZ Lx 7, then § L § for some stack §' € SCC(T)* bisimilar to ' up to n—1

rounds.
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We say that the two systems T+ and T+ are similar up to n rounds if given the component Yy of

the initial state of T, we have that the singleton stack Yy is bisimilar to Yy up to n rounds.

It is easy to verify, e.g. by induction on the number of rounds, that the two prefix-rewriting
systems J+ and 7._;,* are bisimilar up any finite number of rounds. Furthermore, from the definition
of T+ we can easily check that stacks in T+ are of size polynomial in T Indeed, each transition
is of the form: Y -3 N Y1Yo g where Y1 # Y Yo or YV -3 N 3’ Y -4 where 3’ is a sequence
of components strictly below Y and, therefore, stacks in T+ are of size linear in the number of
components in ._;* .

Now, we denote by Gr 7+ the arena obtained by applying the usual Definition 5.3.1 to the
modified prefix-rewriting system 7,_—)'* . Clearly, using the fact that the two systems T+ and .Z’*
are bisimilar — in particular the first condition of Definition 5.6.2 — and another simple induction
on the rounds, one can deduce that Repairer wins the simulation game over Gz 7 iff he wins the
simulation game over Gg 7.

We conclude the proof of the theorem by exploiting the equivalence of the simulation games over
Gr,7 and Ggr 7 and the bounds to the sizes of the reachable stacks of Gr 7 to derive the existence

of an alternating polynomial-space procedure that simulates all possible plays in Gz 7/, eventually

determining the winniner of the game. O

In the next theorem, we show that the problem of streaming bounded repairability for top-down
tree automata is EXPTIME-hard. In fact, we show that EXPTIME-hardness holds for languages
specified by non-recursive deterministic DTDs (see Section 4.1). Given that any deterministic DTD
can be efficiently translated into an equivalent deterministic top-down tree automaton [MNSBO6],
the EXPTIME-hardness result can be transferred to languages recognized by deterministic top-down

tree automata.

Theorem 5.6.3. The problem of streaming bounded repairability for languages defined by mnon-
recursive deterministic DTDs is EXPTIME-hard.

Proof. The proof is by reduction from the problem of deciding the winner of a tiling game over a
corridor of polynomial width and exponential height. An instance of the latter problem is a tuple
I=(n,C,H,V,a,), where n is the width of the corridor to be tiled (this number is presented in unary
notation), C' is a set C of available tiles, H,V ¢ C x C are the vertical and horizontal constraints,
and a, € C is a special tile that must appear at the bottom row. For any natural number k, we
define a tiling of height k (for the instance I) to be any function g with domain [1,%] x [1,n] and

codomain C. Furthermore, we say that the tiling g is correct if it satisfies the following constraints:
1. g(1,j)=a, forall1<j<n,

2. (g(i,j—l),g(@j)) eHforalll<i<kandalll<j<n,
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(an,n)

RN

(an,n)* (an,n)*
(an-1,n-1)
AN

(an-1,m-1)" (an-1,m—-1)"
(a17 1)

RN

(a1,1)" (a1,1)"

Figure 5.5: Example of the encoding of Adam’s rows.

3. (g(i—l,j),g(@j)) eViforalll<i<kandall 1<j<n.

The tiling game is run by two players, Adam and FEve, as follows. A configuration of the tiling game
at round k is a correct tiling gi of height k (accordingly, the empty tiling of height 0 is the initial
configuration of the game). Adam moves at odd rounds (so he moves first by inserting a row of the
form a, ...a,), while Eve moves at even rounds. Given a correct tiling g at round k, the move of the
corresponding player consists of extending gi to a correct tiling gg+1 of height £+ 1. The player who
cannot move, due to the enforced constraints, loses. Moreover, without loss of generality, we can
assume that Adam wins as soon as the the height of the tiling reaches 2"*!. We know from [Boa97]
that the problem of deciding the winner of a tiling game is APSPACE-hard (hence EXPTIME-hard).
Below, we construct two DTDs R and T of size polynomial in |I| that define two languages
R and T such that R is streaming bounded repairable into T' iff Eve wins the instance I of the
tiling game. The general intuition is that the restriction DTD R will generate encodings of rows of
tiles, which represent the possible moves of Adam at the odd rounds. We allow some redundancy
in the encodings of Adam rows in order to forbid any repair processor from modifying them with
boundedly many edits. Symmetrically, the target DTD T will require “interleaving” the encodings
of rows produced by Adam with new rows, representing Eve responses to Adam. Since we cannot
guarantee that the rows generated by the restriction DTD satisfy the vertical constraints, we allow
Adam to “cheat” by producing rows that do not match with the previous ones. This freedom is
however countered by the possibility of Eve producing an ad hoc repair that “exposes” a violation
of the constraints. We now describe in detail how the restriction and target DTDs encode the rows
produced by Adam and Eve and how the target can expose a possible violation of the constraints.
We generically denote a row produced by Adam by o = aj...a, (recall that n is the width
of the corridor), and we encode such a row by a family of trees of the form shown in Figure 5.5.
We observe that, in the above encoding, the tiles aq,...,a, of o are paired with the indices of the

columns where they appear, and they are listed from bottom to top along the middle spine of the
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tree (e.g., the rightmost tile appears at the root of the spine). Moreover, to make the encoding
robust to editings of bounded cost, tiles are repeated an arbitrary number of times both to the left
and to the right of the spine (left and right arrows annotate these repetitions of tiles).

The sequence of all possible rows that could be produced by Adam is encoded inside another
tree. As Adam produces exactly 2" rows, say aji,...,agn, it is sufficient to construct a full binary
tree of height n and append to its leaves the encodings of aq,...,a9n. Moreover, for a technical
reason that will be clear later, Adam will produce a repetition of a dummy tile # at the end of
his rows. The rough intuition is that, when Adam cheats, a suitable repair process can “eat” the
dummy tile and correctly get to the target language.

The resulting structure is shown in Figure 5.6(a). For the sake of simplicity, we name the trees
that encode the rows produced by Adam with bold letters. Trees of the above form are easily defined
by a DTD of size polynomial in the instance I of the tiling game. Specifically, they belong to the

following restriction DTD (the symbols with no derivation rules are meant to be terminal):

R : o =& TN #+ ™ = U (a7n)
aeC
P .
re = ram (a,n) - (a,n)* ( U (a’,n—l)) (a,n)*
(a’,a)eH
TN [ 13+
Th-1 = TnTp (a7 1) - (a’7 1) (a’7 1)

We observe that the above DTD already enforces the horizontal constraints within the rows; the

vertical constraints will be validated during the repair process.

Before describing the target language, we formalize a canonical repair strategy that is applicable
to the serialization of a generic tree in the restriction language, under the assumption that Eve wins
the tiling game. The first step of the canonical repair strategy consists of flattening the input tree
by removing all nodes labeled with rg, r;, and (a;,%), for all 1 <4 <n. This results in a sequence of
forests 51, A1, ..., Qon, Egn, where each &; (resp. E)i) can be seen as a redundant encoding of
the i-th row «; produced by Adam, read from right to left (resp. from left to right). The next step
of the repair process consists of reconstructing another full binary tree, which spans the previously
mentioned forests (possibly modified) and groups them pairwise, leaving out just the first and the
last forest. This operation is required to induce a shift in the grouping of the forests, so that one can
later verify the vertical constraints on consecutive rows. Intuitively, at this stage of the repair process
an intermediate tree shown in Figure 5.6(b) is obtained (the nodes in bold can still be modified).
We remark that if Adam started the tiling game by inserting a row different from a, = a,...a,,
already at this stage of the repair process one could easily detect the violation of the constraints
and accordingly get into a suitable target language definable by a DTD. In the following, we will
describe further editing operations, which are performed in the case Adam did not cheat right at

the beginning.
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(a) Decomposition of a tree. (b) Intermediate stage of a repair.

Figure 5.6: Different stages of a repair strategy.

We recall that Eve plays the tiling game according to a winning strategy. Because of that, and
due to the shape of the intermediate tree, we know that Adam must produce at some point, say
at some turn ¢* of the game, a row that violates the vertical constraints. Until that moment, the
canonical repair strategy simply mimics the moves of Eve by modifying the tree as follows. Suppose
that at some turn ¢ < ¢* Adam plays the row a; = a;1...a;, and Eve responds with the row
Bi = bi1...b;n. This means that the portion of the serialized input tree disclosed so far ends with
a string of the form

+ ——

;= (m ﬁ) ((ai’n,n) (ai,n,n))

(the overlined symbols denote the matching closing tags). Accordingly, the canonical repair strategy
4
)

modifies the above string by prepending the opening tag (b; ;,j) to each factor ( (aij;,7) (aij,j) )
thus forming the output

+ +

(b ) (@D D)) v i) (o) (a1 )

(the inserted opening tags are listed in bold and will be closed at the next repair step). After that,
the input is resumed and the encoding of the next row a;41 = @i41,1...@i41,n IS consumed:

+ P —

Qi1 = ((ai+1,n,n) (ai+1,nan)) ((az’+1,1,1) (ai+1,1,1)) .

If the row ay41 is correct, namely, if ¢ + 1 < ¢*, then the canonical repair strategy appends to each

block ( (air1,5,7) (@is1,5,7) )+ of &is1 the closing tag (b; j,7), thus forming the output

((ai+1,n7n) (ai+1,n,m) )+m ((ai+1,1,1) (az‘+1,1,1))+(bi,1—,1)-

Otherwise, if the row is not correct, namely, if ¢ + 1 = ¢*, then we know that (b; j,a;+1,;) ¢ V for
some column j that witnesses the violation. In this case, the canonical repair strategy performs an

editing such as the previous one, with the only difference that the forests encoded by the j-th and
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Figure 5.7: Subtrees that could possibly arise from the repair process.

j — 1-th blocks in &,,; will be gathered under the same node labeled with b; ;, and highlighted by

R
a node with a special label ERR. This trick is used, not because the tile a;,1 ;-1 is relevant for the
violation itself, but because doing so will induce a “shift” in the tiling produced thereafter that will

propagate up to the root of the output tree, allowing in this way the validation by a target DTD.

Thus, the output produced by this repair process is:

+

((az—+1,mn)m) m

P— P ——
ERR ((ai+1,jaj) (ai+1,j7j)) ((ai+1,j—1aj) (ai+1,n7j_1)) (bij,d) ---

((ai+1,171) (aiv11,1) )+m ((ai+1,171) (ai+1,1,1))+(bi,1—,1)-

We observe that the last part of the output ends with the closing tag (b; 2,2), so the (b; 1,1)-labeled
node that was previously inserted has to be closed with the next incoming block, if ¢ < 2", or with
the last part of the input that consists of a repetition of #. It should be now clear that, when Adam
produces an incorrect row, the canonical repair strategy has the possibility of hiding the repetition
of # under a node and accordingly get into the target language. For the sake of clarity, we describe
in Figure 5.7 some subtrees that could possibly arise from the repair process. The left-hand side
tree occurred before any violation of the constraints, the tree in the middle occurred exactly at the
first violation of the constraints — a violation on column 2 —, and the right-hand side tree occurred
after a violation has been exposed. Note that at this stage it is possible to check, at least locally,
whether a violation has occurred or not; for instance, the middle tree violates the constraints because

(bi2,ai41,2) € V — this can be checked by a deterministic DTD.
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Given the explanations above, it is natural to define the following DTD for the target language:

T : o — ZL'Tl'Z# Tn — U(bal)
beC
ro - Agri-Ay (b1) > Left(b,1) - (U (¥,2)) - Right(b,1)

(b,b")eH

o = T2T2

(bn-1) - Left(b,n-1) - ( U (¥',n)) - Right(b,n-1)

(b,b")eH
Tmel = Tn Tn (b,n) — Left(b,n) - Right(b,n)
where
~ «—\+ «—\+
° A, is the language: ((al,n)) ((al,l)) ,

o Z# is the language: (ayC (GTSJr) ( U m+).#+’

aeC

. Zl is the language of the form:

(u(uza,—n>+)~--( U @n)-(Ua

1<i<n  aeC acC-{a,} aeC

~—
S—
—
~
8
[t
~
+
~—

_— _—
. Left(b, j), for 1 < j <n, is the language: U (a,j)*) u ( U (a,j+ 1)*),
c

. Left(b, j), for j =n, is the language : ( U (a7n)+) U ( U ((1,71)+)7
. Right(b, j), for 1 < j <n, is the language:

(U @) v (BRR - U (@i -Ulai-D7) v (Ulaj-1),

(b,a)eV (b,a)¢V aeC aeC

. Right(b, j), for j =1, is the language:

(U @n) v (ErrR- U @) U@ v (U@D)

(b,a)eV (b,a)¢V aeC aeC
Note that the above languages can be defined by DFAs of polynomial size, and the target DTD can
be produced in polynomial time.

We already described a canonical repair strategy that, under the assumption that Eve wins the
tiling game, transforms any tree from the restriction language into a tree of the target language
with a uniformly bounded cost. In order to prove the correctness of the above reduction, we need to
argue that, when Adam wins the tiling game, an unbounded number of edits is required to repair
trees from R to 7. This is easily proved by considering the family of all trees that encode rows
played by Adam according to his winning strategy. Within this family, each tile can be encoded with
an arbitrary amount of redundancy, which makes it impossible for any bounded repair processor to
erase or replace a tile in a row. On the other hand, forging new rows that violate the constraints
and pretending they were played by Adam does not help the repair process either, as this can be

detected in the target language by a change in the number of rows. O
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We conclude the section by recalling a result from Chapter 4 that concerns a specific case of
the streaming bounded repairability problem. From Propositions 4.6.1 and 4.6.2 of Chapter 4 it
follows that the complexity of the streaming bounded repairability problem drops to PTIME when

the restriction language contains all trees over a given alphabet 3.

5.7 Conclusions

In this chapter, we studied the streaming bounded repair problem over trees. Our main result is
a characterization of this problem in terms of a two-stack game between Generator and Repairer.
This game characterization includes most of the concepts introduces in the previous chapters. For
example, trees in the restriction and target are abstracted by using strongly connected components
(Chapter 4) and games are used to characterize the problem (Chapter 2). One can easily observe here
that this two-stack game is basically a reachability game suitably encoded into stacks: Generator is
restricted to a finite number of moves and one could easily impose a restriction in the possible moves
of Repairer. Indeed, the decidability of the streaming bounded repair problem is strongly based on
this property. We use this fact to give an alternating polynomial space algorithm (i.e. EXPTIME
algorithm) to decide the streaming bounded repair problem and, furthermore, we show that this
algorithm is optimal (EXPTIME-hard).

A weakness of our technique is that we heavily depend on the top-down determinism of the two
schemas — for the case of schemas given by arbitrary tree automata, decidability is still open. Recall
that Example 17 shows that a general characterization cannot be based on the strongly connected
components of tree automata. In this example, the restriction language is not streaming bounded
repairable into the target language regardless that both specifications have the same graph structure.
We observe that a better understanding of the cyclic behaviour of tree automata is needed in order
to effectively characterize the streaming bounded repair problem in general. In this direction, we
wants to highlight Proposition 4.6.1 which shows that the streaming bounded repair problem is
decidable when the restriction language is universal (i.e. unrestricted).

Our characterization shows that when Repairer has a winning strategy on the simulation game,
one can effectively extract a streaming repair strategy giving by the composition of three different
transducers (see Section 5.4). By composing these transducers, one can easily notice that only two
stacks are needed in order to run the restriction and target tree automata in parallel. An interesting
question is to determine whether two stacks are always needed or whether this can be done with just
one stack. Also, we do not know the exact complexity of determining the optimal repair transducer,
where optimality is expressed in terms of maximal number of repairs. Further simplifications in the
proof are required in order to better understand some open question regarding the optimality of the

streaming repair strategy.
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We left open some complexity gaps when the restriction and target are represented by non-
deterministic specifications. For example, we did not consider the case when the restriction and
target are given by general DTDs. Notice here that a DTD specification can be represented by a
deterministic top-down tree automata only after determinizing each regular expression on the head
of its rules. Thus, one can easily derive from here a double exponential algorithm to decide streaming
bounded repairability of general DTDs by applying our EXPTIME algorithm to a “determinized”
DTD. Unfortunately, EXPTIME-hardness is the best lower bound that one can get from our results
which is very far from the double exponential algorithm argued above. Recall that similar gaps were
also left open in the string case (Chapter 2). We think that new insights are required to close these
complexity gaps of the streaming bounded repair problem for non-deterministic specifications.

We want to briefly add that some complexity results presented in [BPR13] were not included in
this chapter. These results show some sub-cases where the complexity of the streaming bounded
repair problem decreases to PSPACE.

Finally, our work highlights the issue of the proper notion of edit processor for trees that have a
canonical serialization as a string, as is the case with XML. Example 15 shows that the ability to edit
tree serializations is more powerful than emitting tree edits. The example can be used to show that
there are XML schemas that can be repaired in streaming fashion with a bounded number of edits
on the serialization, but where there is no bounded repair processor of any sort (even non-streaming)
that repairs using only tree edits. We do not know if this last phenomena can occur for more limited

schemas, such as DTDs.
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Chapter 6

Conclusion

In this thesis, we take the next step in repairing strings and trees specified by regular specifications.
We study foundational problems such as deciding the bounded repair problem and computing the
asymptotic cost for regular languages over strings and trees. The main results can be summarized

as follows.

° We give an effective characterization (Theorem 2.3.1) of the bounded repair problem for regular
languages given by non-deterministic finite automata. The characterization is based on a cov-
ering relation between chains of strongly connected components. We use this characterization
to show that the bounded repair problem is PSPACE-complete for NFAs and coNP-complete
for DFAs. Table 2.1 in Chapter 2 briefly summarizes the complexity map for the bounded

repair problem in the non-streaming setting.

° We characterize the streaming bounded repair problem of DFAs in terms of finite games
(Theorem 2.3.3). Our characterization shows that the streaming bounded repair problem can
be solved in polynomial time. Furthermore, it shows that streaming bounded repairing is not
sensible to the amount of memory or look-ahead needed by the streaming strategy. Several
other related problems such as the bounded repair problem in the unrestricted case or the

threshold problem are studied and tight complexity bounds are given.

° We provide an algorithm to compute the asymptotic cost for any pair regular languages given
by NFAs (Theorem 3.2.6 and 3.2.11). The algorithm shows that the asymptotic cost is always
rational and it can be computed in double exponential time. We also connect the computation
of the streaming asymptotic cost with mean-payoff games (Theorem 3.3.2). Interestingly,
this result shows that the streaming asymptotic cost can be computed in polynomial time in

contrast to the double exponential time upper-bound given in the non-streaming case.

° We give an effective characterization of the bounded repair problem over trees in the non-

streaming setting (Theorem 4.3.6). The characterization and proof are highly non-trivial and
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Non-streaming | Streaming
Strings coNP PTIME
Trees coNEXPTIME EXPTIME

Table 6.1: Complexity of the bounded repair problem in the non-streaming and streaming case

are inspired on a generalization of the ideas of components and coverability relation used in
the string case. We exploit this characterization to show that the problem is coNEXPTIME-
complete (Theorem 4.5.5) for all the regular tree specifications considered throughout this
thesis (e.g. non-deterministic and deterministic tree automata). We also study sub-cases
of this problem over trees: we show that the non-streaming and streaming bounded repair

problems coincide when the restriction is universal.

° We show that the streaming bounded repair problem over trees can be effectively character-
ized in terms of stacks games (Theorem 5.3.2). The characterization is specifically for tree
languages given by “top-down deterministic tree automata”, a sub-class of regular tree lan-
guages that includes DTDs and XML schemas (XSD). Similar to the non-streaming case, the
characterization and proof are non-trivial and join most of the ideas used throughout this
thesis. A side-effect of the proof is the construction of a streaming repair strategy of bounded
cost whenever the pair of tree languages are streaming bounded repairable. With this char-
acterization in hand, we show that the streaming bounded repair problem for top-down tree

automata is EXPTIME-complete (Theorem 5.6.1 and 5.6.3).

A concise summary of the main results in this thesis is given by Table 6.1. All bounds in this
table are tight and for specifications given by deterministic automata (recall that for streaming trees
this was only proved for top-down deterministic tree automata). Interestingly, there is a perfect
symmetry between strings versus trees, or streaming versus non-streaming. For example, there is
an exponential blow-up in the complexity when we go from strings to trees. Furthermore, if we
compare the algorithmic complexity of the non-streaming and streaming bounded repair problem,
it is always “easier” to determine whether two languages are streaming bounded repairable rather
than non-streaming bounded repairable. We believe that this observation is of particular interest if
some of these results wants to be applied in practice.

We have already mentioned some open questions in the conclusion section at the end of each
chapter, but we highlight here the main problems that are left open and some directions for future

work.

° An interesting problem is to determine the precise complexity of the bounded repair problem

in the streaming setting for non-deterministic finite automata. The complexity of this problem
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is between PSPACE and EXPTIME. An EXPTIME-hardness proof would show that a game-
based characterization (such as Theorem 2.3.3) is only for deterministic automata. That
is, if we want to decide streaming bounded repairability for non-deterministic automata, we
are forced to determinize our finite automata before applying the polynomial time algorithm
obtained by the game-based characterization. We conjecture that the problem is EXPTIME-

complete, but we do not have any clue how to prove it.

° Another interesting open problem is to optimize the algorithm given in Chapter 3 for computing
the asymptotic cost of two regular languages. Our algorithm runs in EXPTIME and the best
lower bound is PSPACE-hard. It is quite surprising that the asymptotic cost is computable.

However, it is far from our techniques to understand the underlying complexity.

° The main open problem in this thesis is a characterization for the streaming bounded repair
problem on arbitrary regular tree languages. Recall that Example 17 shows that a general
characterization cannot be based on the techniques proposed in this thesis. In this example,
the restriction language is not streaming bounded repairable into the target language despite
that both specifications have the same graph structure. We believe that a better understanding
of the cyclic behaviour of (streaming) tree automata is needed in order to provide an effective

characterization for this problem.

. This thesis opens new research directions for future work. One possible direction is to study
whether it is decidable if there exists a streaming repair strategy that achieves the same cost
as an optimal off-line repair strategy. That is, given two regular languages R and T (over
strings or trees) whether there exists a streaming strategy Z such that cost(w, Z) = dist(w,T)
for all w e R. The idea behind Z is that one could always repair any document in R by using
Z instead of the standard dynamic programming algorithm (presented in [Wag74]). Another
possibility is to consider whether there exists a streaming strategy Z and a bound N such that
cost(w, £) < dist(w,T) + N for all w € R. In this case, we allow Z to make some uniformly
number of “mistakes” for all documents in R. The ideas presented in [AKL10] are a good

starting point towards this direction.

The hope is that this thesis sets the stage for further development on the foundations of regular
repair of specifications over strings and trees, which may ultimately help to give practical solutions

to this kind of problematic.
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