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Abstract

Let O be a closed geodesic polygon in S2. Maps from O into S2 are said to satisfy tangent boundary
conditions if the edges of O are mapped into the geodesics which contain them. Taking O to be an octant
of S2, we evaluate the infimum Dirichlet energy, E(H), for continuous tangent maps of arbitrary homotopy
type H. The expression for E(H) involves a topological invariant – the spelling length – associated with
the (nonabelian) fundamental group of the n-times punctured two-sphere, π1(S

2−{s1, . . . , sn}, ∗). These
results have applications for the theoretical modelling of nematic liquid crystal devices.

Résumé: Soit O un polygone géodésique fermé dans S2. On dit qu’une application de O dans S2

satisfait conditions aux limites tangentes si elle associe à chaque côté de O la géodésique qui le contient.
Au cas où O serait un octant de S2, nous calculons l’infimum d’énergie Dirichlet, E(H), pour applications
tangentes continues avec une type d’homotopie arbitraire, H. L’expression pour E(H) implique d’utiliser un
invariant topological, le longeur d’orthographe, lié au groupe fondamentel (nonabélien) de la 2-sphère percée
n fois, π1(S

2 −{s1, . . . , sn}, ∗). Ces reultats ont applications pratiques pour la modélisation théorétique des
dispositifs de cristal liquide nématique.

Version francaise abrégée : Soit O un polygone géodésique fermé dans S2. On dit qu’une application
ν : O → S2 satisfait conditions aux limites tangentes si ν associe à chaque côté de O la géodésique qui
le contient. Soit CT (O,S2) l’espace des applications continues ν : O → S2 qui satisfait conditions aux
limites tangentes. L’espace CT (O,S2) peut être partitionné en classes équivalences H sous homotopie;
ensembles des invariants classifiants sont qualifiés dans [10, 8]. Pour une classe d’homotopie donnée, on
peut considérer l’infimum d’énergie Dirichlet, que nous notons E(H). Si O est le premier octant {e =
(e1, e2, e3) ∈ S2 | ej ≥ 0}, nous obtenons une formule explicite pour E(H). Cette expression implique
d’utiliser un invariant topological, le longeur d’orthographe, lié au groupe fondamentel (nonabélien) de
S2 − R, où R est un ensemble de huit points, un de chaque octant de S2. La démonstration que E(H) est
minoré utilise la théorie combinatoire des groupes et la démonstration que E(H) est majoré utilise estimats
de l’énergie Dirichlet pour applications représentatives explicites. Cettes applications représentatives sont
conformes ou nonconformes partout sauf dans un sous-ensemble de O d’aire arbitrairement petite.
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Selon la théorie d’Oseen et Frank, un cristal liquide nématique dans un domaine polyédrique fermé
P ⊂ R

3 est décrit par une application dans S2, n : P → S2. On utilise souvent les conditions aux limites
tangentes pour modeler tels systèmes confinés tel que, à chaque face de P , n tient valeurs qui sont tangentes
à cette face. Selon certaines approximations, l’énergie libre de n est donnée par l’énergie Dirichlet. Notre
formule pour E(H) fournisse la borne supérieure et la borne inférieure pour l’infinum d’énergie Dirichlet
comme fonction de type d’homotopie et de géométrie.

1 Statement of Results

Let O be a closed geodesic polygon in S2 ⊂ R
3, and let C(O,S2) denote the set of continuous maps

ν : O → S2. A map ν ∈ C(O,S2) is said to satisfy tangent boundary conditions if ν maps each edge
of O into the geodesic which contains it. Let CT (O,S2) denote the set of maps in C(O,S2) which satisfy
tangent boundary conditions. Then CT (O,S2) can be partitioned into homotopy classes, for which classifying
invariants are described in [10, 8].

We compute the infimum of the Dirichlet energy in each homotopy class of the admissible space CT (O,S2).
This is a harmonic map problem. Harmonic map problems are amongst the most celebrated in the calculus of
variations [1, 3]. In particular, it is well known that continuous S2 → S2 maps are classified up to homotopy
by their degree, and the infimum of the Dirichlet energy,

∫

S2 |∇φ|2dA, for maps φ of given degree d is equal
to 8πd [3]. However, tangent boundary conditions introduce non-trivial topological features which are not
described by existing theory.

We first summarize the relevant results on homotopy classification [10, 8]. We take the domain O to be
the positive coordinate octant

O = {r = (rx, ry, rz) ∈ S2, rj ≥ 0}, (1)

with vertices given by the coordinate unit vectors x̂, ŷ and ẑ. The first set of homotopy invariants are the
edge signs e = (ex, ey, ez), which are associated with the values of ν at the vertices of O. Tangent boundary

conditions imply that ν(ĵ) = ej ĵ, where ej = ±1. The second set of invariants are the kink numbers, which
are associated with the values of ν on the edges of O. Consider, for example, the yz-edge; its image under ν

is a curve on the yz-coordinate circle with endpoints ey ŷ and ez ẑ. The corresponding kink number, denoted
kx, is defined to be the integer-valued winding number of this curve relative to the shortest geodesic between
its endpoints. The kink numbers ky and kz are defined similarly. The third invariant, the trapped area Ω, is
defined to be the oriented area of the image of the interior of O under ν, given for ν differentiable by

Ω = −

∫

O

ν
∗ω, (2)

where ω is the area two-form on S2 normalised so that
∫

S2 ω = 4π. For given (e, k), the allowed values of Ω

are given by 4πm + 2π
∑

j kj −
1
2πexeyez, where m is an integer. The invariants (e, k,Ω) collectively classify

the homotopy classes of CT (O,S2), and all allowed values can be realised.
The homotopy classes can also be characterized by generalised degrees, called wrapping numbers, asso-

ciated with the open coordinate octants of the unit sphere. We label the coordinate octants Σσ ⊂ S2 by a
triple of signs σ = (σx, σy, σz) such that

Σσ = {s = (sx, sy, sz) ∈ S2, σjsj > 0}. (3)

The corresponding wrapping number wσ is defined to be a signed count of the number of pre-images of a
regular value sσ ∈ Σσ, taking orientation into account. For ν differentiable,

wσ = −
∑

x∈ν
−1(sσ)

sgn det ν
′(x) (4)
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(by convention, we take wσ ≤ 0 for orientation-preserving ν). The wrapping numbers can be expressed in
terms of the edge signs, kink numbers, and trapped area, and vice versa, so that the wrapping numbers
constitute an alternative set of classifying invariants for CT (O,S2).

We introduce some terminology and notation. We say that a homotopy class in CT (O,S2) is conformal
if wσ ≤ 0 for all σ, anticonformal if wσ ≥ 0 for all σ, and nonconformal otherwise. Also, we say that the
octants Σσ and Σσ′ are adjacent, denoted σ ∼ σ′, if Σσ and Σσ′ have a common edge, or equivalently, if σ

and σ′ have precisely two components the same.
Given maps ν ∈ CT (O,S2) ∩ W 1,2(O,S2) and a homotopy class H ⊂ CT (O,S2), let E(H) denote the

infimum Dirichlet energy in H, defined by

E(H) = inf
ν∈H

E(ν) = inf
ν∈H

∫

O

|∇ν|2 dA. (5)

Our main result is an explicit formula for E(H).

Theorem 1. Let H be a homotopy class in CT (O,S2). Then

E(H) = π

(

∑

σ

|wσ| + ∆(H)

)

, (6)

where

∆(H) =

{

0, H conformal/anticonformal,

2max
(

0, wσ+
−
∑

σ∼σ+

Φ(wσ) − χ, |wσ−
| −
∑

σ∼σ
−

Φ(−wσ) − χ
)

, H nonconformal,

(7)
Σσ+

and Σσ−
are the octants with the largest positive and smallest negative wrapping numbers respectively,

Φ(x) = 1
2 (x + |x|) and χ = 1 if kxkykz < 0 and is zero otherwise.

The formula (6) follows from a delicate analysis of the minimal number of pre-images for a set of regular
values, one in each octant of S2. The minimal number of pre-images is captured by a topological invariant,
the spelling length, associated with the non-abelian fundamental group of S2 with a set of regular values
removed (see Section 2 for details). The minimum spelling length, as can be seen from (6), consists of two
contributions -

∑

σ |wσ|π, which can be derived from standard degree arguments, and an additional term,
∆(H)π, which reflects the fact that the minimal number of pre-images may necessarily exceed the absolute
value of the wrapping number (degree) for certain nonconformal homotopy classes.

Theorem 1 follows from two propositions, the first giving a lower bound for E(H) and the second giving
a matching upper bound.

Proposition 1.1.

E(H) ≥
∑

σ

|wσ|π + ∆(H)π. (8)

Proposition 1.2.

E(H) ≤
∑

σ

|wσ|π + ∆(H)π. (9)

Our work is motivated by the theoretical modelling of nematic liquid crystals in confined polyhedral
geometries. The Oseen-Frank theory describes the configuration of a nematic liquid crystal (i.e., the preferred
orientation of the constituent molecules) by a unit-vector field n(r) [2]. Under certain approximations (one-
constant approximation), the Oseen-Frank energy reduces to the standard Dirichlet energy [2]. For a right
rectangular prism P ⊂ R

3 with edge lengths Lx ≥ Ly ≥ Lz and reflection-symmetric tangent unit-vector
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fields (a reflection-symmetric unit-vector field is invariant with respect to reflections across the midplanes of
the prism), the bounds (8) and (9) directly translate into analytic bounds for the 3D-Dirichlet energy in a
given homotopy class H ⊂ CT (P, S2) i.e. for n ∈ H ∩ W 1,2(P, S2), we have that

4Lz E(H) ≤ inf
n∈H

∫

P

|∇n|2 dV ≤ 4
√

L2
x + L2

y + L2
z E(H), (10)

where E(H) is as stated in (6). These results have implications for the characterization of multistability in
prototype bistable liquid crystal devices [4].

2 Lower bound for E(H)

In [6], we established that smooth maps, satisfying tangent boundary conditions, are dense with respect
to the Sobolev norm, in the space CT (O,S2) ∩ W 1,2

(

O,S2
)

. Therefore, it suffices to compute the infimum
energy E(H) for differentiable maps. Let ν ∈ CT (O,S2) be differentiable, with boundary map ∂ν : ∂O → S2.
Let Rν denote the set of regular values of ν (by convention, Rν does not include points in the image of ∂ν).
By Sard’s theorem, Rν is of full measure [11]. Let S = {s0, s1, . . . , sn} ⊂ Rν be a set of (n + 1) - regular
values of ν with n > 0. For a given sj ∈ Rν , we define the algebraic degree, dν(sj), and its absolute version,
Dν(sj), as follows -

dν(sj) =
∑

x∈ν
−1(sj)

sgn det ν
′(x), (11)

Dν(sj) =
∑

x∈ν
−1(sj)

1. (12)

Clearly, |dν(sj)| ≤ Dν(sj) and for sσ ∈ Σσ ∩Rν , dν(sσ) = −wσ from (4).
The proof of Proposition 1.1 consists of three main steps (refer to [9] for details). Firstly, we show that

the quantity
∑n

j=0 Dν(sj) has a lower bound in terms of a topological invariant - the minimum spelling length

over a product of conjugacy classes in the (non-abelian) fundamental group of S2 with a set of excluded
regular values S = {s0, s1, . . . , sn} ⊂ Rν , see Proposition 2.1. Secondly, we compute explicit lower bounds
for the minimum spelling length using combinatorial-group-theoretic arguments in Proposition 2.2. Finally,
in Lemma 2.1, we show that the Dirichlet energy E (ν) has a lower bound in terms of the Dν(sσ)’s where
sσ ∈ Σσ ∩Rν , leading to an explicit lower bound for E(H) in Proposition 1.1.

We define the spelling length as follows. Let π1

(

S2 − S;u
)

denote the fundamental group of the (n+1)-
times punctured unit sphere, based at u ∈ S2, where u is contained in the image of ∂ν. Then we can identify
π1

(

S2 − S;u
)

with the free group of n generators, F (c1, . . . , cn) [5]. We take the generator cj to be the
homotopy class [δj ] of a loop δj in S2 − S based at u which encloses sj once, separates sj from the other
sk’s and is positively oriented with respect to sj . Let δ0 be a loop in S2 − S based at u which encloses s0

once, separates s0 from the other sj ’s and is positively oriented with respect to s0. Then c0 = [δ0] may be
expressed as a product of positive and negative powers of the cj ’s (with 1 ≤ j ≤ n) in which the sum of the
exponents of each of the cj ’s is equal to −1.

Given g ∈ F (c1, . . . , cn), we define a spelling to be a factorisation of g into a product of conjugated
generators and inverse generators, e.g.

g = h1c
ǫ1
i1

h−1
1 · · ·hrc

ǫr

ir
h−1

r , (13)

where hj ∈ F (c1, . . . , cn) and ǫj = ±1. The number of factors in a spelling of g, i.e. r in (13), is not uniquely
determined. We define the spelling length of g, denoted Λn(g), to be the smallest possible number of factors
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amongst all spellings of g. Given g ∈ F (c1, . . . , cn), let 〈g〉 denote the conjugacy class of g, i.e.

〈g〉 = {g′ ∈ F (c1, . . . , cn) | g′ = hgh−1 for some h ∈ F (c1, . . . , cn)}. (14)

Also, given subsets V and W of F (c1, . . . , cn), we define their set product, denoted V W , to be the subset of
F (c1, . . . , cn) given by

V W = {vw | v ∈ V,w ∈ W}. (15)

Let V n denote n-fold set product of V with itself.
The main results are -

Proposition 2.1. [9] Let P = 1
2 (Dν(s0) + dν(s0)) and N = 1

2 (Dν(s0) − dν(s0)) denote the number of pre-
images in ν

−1(s0) with positive and negative orientation respectively. Let 〈c0〉 denote the conjugacy class of
c0 in F (c1, . . . , cn), and let VP,N ⊂ F (c1, . . . , cn) be the set product given by

VP,N = {[∂ν]}〈c0〉
P 〈c−1

0 〉N (16)

where [∂ν] is regarded as an element of F (c1, . . . , cn). Then

n
∑

j=1

Dµ(sj) ≥ min
g∈VP,N

Λn(g). (17)

Thus, Proposition 2.1 implies that

n
∑

j=0

Dν(sj) ≥ Dν(s0) + min
g∈VP,N

Λn(g). (18)

For our applications, we encounter two different set products depending on whether kxkykz < 0 or

otherwise i.e. VP,N = {ckz−1
3 ckx−1

1 c
ky−1
2 }〈c3c1c2〉

P 〈(c3c1c2)
−1〉N if kxkykz < 0 and

VP,N = {ckz−1
3 ckx−1

1 c
ky−1
2 }〈c2c1c3〉

P 〈(c2c1c3)
−1〉N otherwise. Then the minimum spelling length in (17) can

be explicitly estimated using the following result.

Proposition 2.2. For g ∈ {AiBjCk}〈ABC〉p〈(ABC)−1〉n ⊂ F (A,B,C) with i, j, k, n, p ≥ 0,

min
g

Λ3(g) ≥ i + j + k − (p + n) − 2. (19)

For g ∈ {AiBjCk}〈CBA〉p〈(CBA)−1〉n ⊂ F (A,B,C) with i, j, k, n, p ≥ 0,

min
g

Λ3(g) ≥ i + j + k − (p + n). (20)

Finally, we have that -

Lemma 2.1. For any ν ∈ CT (O,S2) ∩ W 1,2
(

O,S2
)

and a set of regular values {sσ} ∈ Σσ ∩Rν ,

E(ν) ≥ π inf
{sσ}

∑

σ

Dν(sσ). (21)

Proposition 1.1 now follows from Lemma 2.1 and Propositions 2.1 and 2.2.
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3 Upper bound for E(H)

Let H ⊂ CT (O,S2) be a nonconformal homotopy class. We prove Proposition 1.2 by constructing a sequence
of maps νǫ ∈ H whose Dirichlet energies saturate the upper bound (9) (for conformal and anticonformal
homotopy classes, (9) was established in [7]). The maps νǫ ∈ H are conformal or anticonformal except on a
set whose area vanishes with ǫ. In terms of complex coordinates on O and S2, νǫ is rational away from the
vertices of O, with zeros and poles subject to constraints imposed by tangent boundary conditions. Near
the vertices of O, νǫ is modified to describe an alternating sequence of rational conformal and anticonformal
maps, each of whose image covers a pair of adjacent octants. As is implied by the following, νǫ can be
constructed to realise the minimum absolute number of preimages consistent with Proposition 1.1.

Lemma 3.1. [9] For every ǫ > 0, there exists a νǫ ∈ H such that

E(νǫ) ≤ π

(

∑

σ

|wσ| + ∆(H)

)

+ f(ǫ)

where f : R
+ → R

+ and f(ǫ) → 0 as ǫ → 0.

Acknowledgment

AM is supported by Award No. KUK-C1-013-04 , made by KAUST to the Oxford Centre for Collaborative
Applied Mathematics. We thank Ulrike Tillmann for stimulating discussions and we thank Cameron Hall
for help with the French summary.

References

[1] H. Brezis, J. M. Coron & E. H. Lieb, Harmonic maps with defects, Communications in Mathematical Physics 107 (1986),
649–705.

[2] P. G. De Gennes, The physics of liquid crystals, Oxford, Clarendon Press, 1974.

[3] J. Eells & J.H.Sampson, Harmonic mapings of Riemannian Manifolds, American Journal of Mathematics 86 (1964) 109–
160.

[4] S. Kitson & A. Geisow, Controllable alignment of nematic liquid crystals around microscopic posts: Stabilization of
multiple states, Applied Physics Letters 80 (2002) 3635 – 3637.

[5] W. Magnus, A. Karras & D. Solitar, Combinatorial group theory, Dover, 1976.

[6] A. Majumdar, J. M. Robbins & M. Zyskin, Lower bounds for energies of harmonic tangent unit-vector fields on convex
polyhedra, Letters in Mathematical Physics 70 (2004) 169–183.

[7] A. Majumdar, J. M. Robbins & M. Zyskin, Elastic energy of liquid crystals in convex polyhedra, Journal of Physics A -
Mathematics and General 37 (2004), L573–L580.

[8] A. Majumdar, J. M. Robbins & M. Zyskin, Elastic energy for reflection-symmetric topologies, Journal of Physics A -
Mathematics and General 39 (2006), 2673 – 2687.

[9] A. Majumdar, J. M. Robbins & M. Zyskin, Tangent unit-vector fields: nonabelian homotopy invariants and the Dirichlet
energy, in preparation (2009).

[10] J. M. Robbins & M. Zyskin, Classification of unit-vector fields in convex polyhedra with tangent boundary conditions,
Journal of Physics A - Mathematics and General 37 (2004) 10609-10623.

[11] M, Spivak, A Comprehensive Introduction to Differential Geometry, Vol. 2, 2nd ed.,Berkeley, CA: Publish or Perish Press,
1990.

6





RECENT REPORTS

2009

01/09 A Mass and Solute Balance Model for Tear Volume and Osmolar-
ity in The Normal And The Dry Eye

Gaffney
Tiffany
Yokoi
Bron

02/09 Diffusion and permeation in binary solutions Peppin

03/09 On the modelling of biological patterns with mechanochemical
models: insights from analysis and computation

Moreo
Gaffney
Garcia-Aznar
Doblare

04/09 Stability analysis of reaction-diffusion systems with timem-
dependent coefficients on growing domains

Madzvamuse
Gaffney
Maini

05/09 Onsager reciprocity in premelting solids Peppin
Spannuth
Wettlaufer

06/09 Inherent noise can facilitate coherence in collective swarm motion Yates et al.

07/09 Solving the Coupled System Improves Computational Efficiency
of the Bidomain Equations

Southern
Plank
Vigmond
Whiteley

08/09 Model reduction using a posteriori analysis Whiteley

09/09 Equilibrium Order Parameters of Liquid Crystals in the Laudau-
De Gennes Theory

Majumdar

10/09 Landau-De Gennes theory of nematic liquid crystals: the Oseen-
Frank limit and beyond

Majumdar
Zarnescu

11/09 A Comparison of Numerical Methods used for Finite Element
Modelling of Soft Tissue Deformation

Pathmanathan
Gavaghan
Whiteley

12/09 From Individual to Collective Behaviour of Unicellular Organisms:
Recent Results and Open Problems

Xue
Othmer
Erban

13/09 Stochastic modelling of reaction-diffusion processes: algorithms
for bimolecular reactions

Erban
Chapman

14/09 Chaste: a test-driven approach to software development for phys-
iological modelling

Pitt-Francis et al.



15/09 Block triangular preconditioners for PDE constrained optimiza-
tion

Rees
Stoll

16/09 From microscopic to macroscopic descriptions of cell migration on
growing domains

Baker
Yates
Erban

17/09 The Influence of Gene Expression Time Delays on Gierer-
Meinhardt Pattern Formation Systems

Seirin Lee
Gaffney
Monk

18/09 Analysis of a stochastic chemical system close to a sniper bifurca-
tion of its mean field model

Erban et al.

19/09 On the existence and the applications of modified equations for
stochastic differential equations

Zygalakis

20/09 Pebble bed: reflector treatment and pressure velocity coupling Charpin et al.

21/09 A finite difference method for free boundary problems Fornberg

Copies of these, and any other OCCAM reports can be obtained
from:

Oxford Centre for Collaborative Applied Mathematics
Mathematical Institute

24 - 29 St Giles’
Oxford

OX1 3LB
England

www.maths.ox.ac.uk/occam


