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1 Introduction

Special Lagrangian m-folds (SL m-folds) are a distinguished class of real m-
dimensional minimal submanifolds which may be defined in C™, or in Calabi—
Yau m-folds, or more generally in almost Calabi-Yau m-folds (compact Kahler
m-folds with trivial canonical bundle). We write an almost Calabi—Yau m-fold
as M or (M, J,w, ), where the manifold M has complex structure J, Kahler
form w and holomorphic volume form €.

This is the fourth in a series of five papers [ 8, @, [[0] studying SL m-folds
with isolated conical singularities. That is, we consider an SL m-fold X in an
almost Calabi-Yau m-fold M for m > 2 with singularities at x1,...,x, in M,
such that for some special Lagrangian cones C; in T,,M = C™ with C; \ {0}
nonsingular, X approaches C; near x; in an asymptotic C! sense. Readers are
advised to begin with the final paper [I0], which surveys the series, and applies
the results to prove some conjectures.

The first paper [7] laid the foundations for the series, and studied the reg-
ularity of SL m-folds with conical singularities near their singular points. The
second paper [§] discussed the deformation theory of compact SL m-folds X
with conical singularities in an almost Calabi-Yau m-fold M.

The third paper [9 and this one study desingularizations of compact SL
m-folds X with conical singularities. That is, we construct a family of compact,
nonsingular SL m-folds N* in M for t € (0,€] with N* — X as t — 0, in the
sense of currents. In [0] we did this for simple situations, working in a single
almost Calabi—Yau m-fold (M, J, w, ), and making topological assumptions to
avoid problems with obstructions to the existence of N*.

This paper extends the results of [0 to more complicated situations, in
which there are topological obstructions to the existence of desingularizations
Nt of X, and to desingularizations in families of almost Calabi-Yau m-folds
(M, J*, w*, Q%) for s € F.

Having a good understanding of the singularities of special Lagrangian sub-
manifolds will be essential in clarifying the Strominger—Yau-Zaslow conjecture



on the Mirror Symmetry of Calabi—Yau 3-folds [I6], and also in resolving conjec-
tures made by the author [H] on defining new invariants of Calabi—Yau 3-folds
by counting special Lagrangian homology 3-spheres with weights. The series
aims to develop such an understanding for simple singularities of SL m-folds.

Here is the basic idea of [0]. Let X be a compact SL m-fold with conical
singularities z1,...,2, in an almost Calabi-Yau m-fold (M, J,w,?). Choose
an isomorphism v; : C"™ — T, M for i = 1,...,n. Then there is a unique SL
cone C; in C™ with X asymptotic to v;(C;) at x;. Let L; be an Asymptotically
Conical SL m-fold (AC SL m-fold) in C™, asymptotic to C; at infinity.

Now tL; = {tx : x € L;} is also an AC SL m-fold asymptotic to C; for
t > 0. We construct a 1-parameter family of compact, nonsingular Lagrangian
m-folds N* in (M,w) for t € (0,6) by gluing ¢tL; into X at z;. When ¢ is small,
Nt is close to being special Lagrangian, but also close to being singular. We
prove using analysis that for small ¢ we can deform N*? to a special Lagrangian
m-fold N* in M, using a small Hamiltonian deformation.

In this paper we shall study the following issues, not tackled in [9]. The
AC SL m-folds L; have topological invariants Y (L;), Z(L;) defined in §T]
which measure the relative de Rham cohomology classes of w and Im$ in
H¥(C™,Li;R). In [9) we assumed that Y(L;) = 0 for i = 1,...,n. Section
[ shows how to extend the results of [9] to the case Y(L;) # 0, so that they are
applicable to a much larger class of AC SL m-folds.

Doing this is a problem in symplectic geometry. If Y(L;) = 0 then we can
choose the Lagrangian m-folds N to coincide with X away from x;, and work
locally near z;. But if Y (L;) # 0 we cannot do this. Instead, we must define
N' away from z; as the graph of a closed 1-form on X' = X \ {z1,...,2,}
with nonzero cohomology class, and there can be topological obstructions to the
existence of N as a Lagrangian m-fold.

In J4 and 8 we extend the results to smooth families of almost Calabi—
Yau m-folds (M, J%,w®,Q°), for s € F € R? with 0 € F and (M, J,w,Q) =
(M, J% w0 Q0). Tt turns out that the cohomology classes [w®] and [Im Q°] con-
tribute to the obstruction equations involving Y (L;) and Z(L;) for the existence
of desingularizations N*.

Because of this, it can happen that a singular SL m-fold X in (M, J, w, 2) ad-
mits no desingularizations Nt in (M, J,w, ), but does admit desingularizations
N®tin (M, J*,w" Q%) for small s # 0. Thus we can overcome obstructions to
the existence of desingularizations by varying the underlying almost Calabi-Yau
m-fold (M, J,w, ).

We begin in § with an introduction to special Lagrangian geometry. Sec-
tions Bl and @] define SL m-folds with conical singularities and Asymptotically
Conical SL m-folds, and review results we need from [7]. Section [ recalls and
discusses the major definitions and theorems from the previous paper [9].

The new material of the paper is §8-§8 Section [ generalizes the results of
[9) to the case when Y (L;) # 0, and §llto families of almost Calabi—Yau m-folds
(M, J*,w*, Q%) when Y(L;) = 0. Finally §§ considers the most complicated
case, in families (M, J®, w®, Q%) when Y (L;) # 0.

For simplicity we generally take all submanifolds to be embedded. However,



all our results generalize immediately to immersed submanifolds, with only cos-
metic changes.

Other authors have also desingularized SL m-folds using gluing techniques.
Those known to me are Salur [T4] 15|, Butscher [2] and Lee [H], which were
discussed in [9, §1]. They all involve connect sum constructions in Calabi-Yau
m-folds or C™, rather than the more general kinds of singularities we consider.
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2 Special Lagrangian geometry

We introduce special Lagrangian submanifolds (SL m-folds) in two different geo-
metric contexts. First, in 211 we define SL m-folds in C™. Then 22 discusses
SL m-folds in almost Calabi—Yau m-folds, compact Kahler manifolds equipped
with a holomorphic volume form, which generalize Calabi—Yau manifolds. Some
references for this section are Harvey and Lawson [3] and the author [6].

2.1 Special Lagrangian submanifolds in C™
We begin by defining calibrations and calibrated submanifolds, following [3].

Definition 2.1 Let (M, g) be a Riemannian manifold. An oriented tangent
k-plane V on M is a vector subspace V of some tangent space T, M to M with
dim V = k, equipped with an orientation. If V' is an oriented tangent k-plane on
M then g|y is a Euclidean metric on V, so combining g|y with the orientation
on V gives a natural volume form voly on V, which is a k-form on V.

Now let ¢ be a closed k-form on M. We say that ¢ is a calibration on M if
for every oriented k-plane V on M we have p|y < voly. Here ¢|ly = a - voly
for some a € R, and ¢|y < voly if @ < 1. Let N be an oriented submanifold
of M with dimension k. Then each tangent space T, N for z € N is an oriented
tangent k-plane. We say that N is a calibrated submanifold if o|p, Ny = volp, N
for all x € N.

It is easy to show that calibrated submanifolds are automatically minimal
submanifolds [3, Th. 11.4.2]. Here is the definition of special Lagrangian sub-
manifolds in C™, taken from [B, §I11].

Definition 2.2 Let C™ have complex coordinates (z1,...,2m), and define a
metric ¢’, a real 2-form «’ and a complex m-form ' on C™ by

g =|dz1P 4+ |dem?, W =L(de AdE 4+ de AdZEg),
and Q' =dz; A--- Adzy,.

Then Re§) and ImQ are real m-forms on C™. Let L be an oriented real
submanifold of C™ of real dimension m. We say that L is a special Lagrangian



submanifold of C™, or SL m-fold for short, if L is calibrated with respect to
Re €Y, in the sense of Definition EZ11

Harvey and Lawson [3, Cor. III.1.11] give the following alternative charac-
terization of special Lagrangian submanifolds:

Proposition 2.3 Let L be a real m-dimensional submanifold of C™. Then L
admits an orientation making it into an SL submanifold of C™ if and only if
W' =0 and Im Q| = 0.

An m-dimensional submanifold L in C™ is called Lagrangian if «'|;, = 0.
Thus special Lagrangian submanifolds are Lagrangian submanifolds satisfying
the extra condition that Im |, = 0, which is how they get their name.

2.2 Almost Calabi—Yau m-folds and SL m-folds

We shall define special Lagrangian submanifolds not just in Calabi—Yau mani-
folds, as usual, but in the much larger class of almost Calabi—Yau manifolds.

Definition 2.4 Let m > 2. An almost Calabi-Yau m-fold is a quadruple
(M, J,w, Q) such that (M, J) is a compact m-dimensional complex manifold,
w is the Kéahler form of a Kahler metric g on M, and €2 is a non-vanishing
holomorphic (m, 0)-form on M.

We call (M, J,w, ) a Calabi—Yau m-fold if in addition w and Q) satisfy

W™ /m! = (=1)™m=D/2(;/2)m O A Q. (2)

Then for each x € M there exists an isomorphism 7, M = C™ that identifies
gz, wy and Q, with the flat versions ¢’,w’, Q' on C™ in (). Furthermore, g is
Ricci-flat and its holonomy group is a subgroup of SU(m).

This is not the usual definition of a Calabi—Yau manifold, but is essentially
equivalent to it.

Definition 2.5 Let (M, J,w, Q) be an almost Calabi—Yau m-fold, and N a real
m-~dimensional submanifold of M. We call N a special Lagrangian submanifold,
or SL m-fold for short, if w|y = ImQ|y = 0. It easily follows that ReQ|y is a
nonvanishing m-form on N. Thus N is orientable, with a unique orientation in
which Re Q|y is positive.

Again, this is not the usual definition of SL m-fold, but is essentially equiv-
alent to it. Suppose (M, J,w,?) is an almost Calabi-Yau m-fold, with metric
g. Let v : M — (0, 00) be the unique smooth function such that

PPW™ Iml = (—1)™m D22 QA Q, (3)

and define § to be the conformally equivalent metric 1/2g on M. Then Re () is a
calibration on the Riemannian manifold (M, g), and SL m-folds N in (M, J, w, )
are calibrated with respect to it, so that they are minimal with respect to g.



If M is a Calabi-Yau m-fold then » = 1 by @), so § = g, and an m-
submanifold N in M is special Lagrangian if and only if it is calibrated w.r.t.
ReQ on (M, g), as in Definition ZZ2 This recovers the usual definition of special
Lagrangian m-folds in Calabi-Yau m-folds.

The deformation theory of special Lagrangian submanifolds was studied by
McLean [13, §3], who proved the following result in the Calabi—Yau case. The
extension to the almost Calabi—Yau case is described in [6] §9.5].

Theorem 2.6 Let N be a compact SL m-fold in an almost Calabi—Yau m-fold
(M, J,w, ). Then the moduli space My of special Lagrangian deformations of
N is a smooth manifold of dimension b'(N), the first Betti number of N.

We shall often consider families of almost Calabi—Yau m-folds.

Definition 2.7 Let (M, J,w,) be an almost Calabi-Yau m-fold. A smooth
family of deformations of (M, J,w, ) is a connected open set F C R? for d > 0
with 0 € F called the base space, and a smooth family {(M, Jows Q%) s € ]:}
of almost Calabi-Yau structures on M with (J° w% QY) = (J,w, Q).

If N is an SL m-fold in (M, J, w, ), the moduli spaces of deformations of N
in each (M, J*,w®,Q°) for s € F fit together into a big moduli space M.

Definition 2.8 Let {(M,J*,w® Q) : s € F} be a smooth family of defor-
mations of an almost Calabi—Yau m-fold (M, J,w, ), and N be a compact SL
m-~fold in (M, J,w, ). Define the moduli space M% of deformations of N in
the family F to be the set of pairs (s, N) for which s € F and N is a compact SL
m-fold in (M, J*,w®, Q%) which is diffeomorphic to N and isotopic to N in M.
Define a projection 7% : M7 — F by n7(s, N) = 5. Then MZ has a natural
topology, and 77 is continuous.

The following result is proved by Marshall [I1, Th. 3.2.9], using similar
methods to Theorem 20l

Theorem 2.9 Let {(M, Jw Q%) s € .7-'} be a smooth family of deforma-
tions of an almost Calabi-Yau m-fold (M, J,w,Y), with base space F C RY.
Suppose N is a compact SL m-fold in (M, J,w,Q) with [w*|n] = 0 in H?(N,R)
and [ImQ°|n] =0 in H™(N,R) for all s € F. Let MY, be the moduli space of
deformations of N in F, and 7 : M, — F the natural projection.

Then MZ is a smooth manifold of dimension d+b'(N), and 7 : M% — F
a smooth submersion. For small s € F the moduli space M3, = (77)~1(s) of
deformations of N in (M, J% ,w® Q%) is a nonempty smooth manifold of dimen-
sion b1 (N), with M = M.

This describes the obstructions to the existence of SL m-folds when we de-
form the underlying almost Calabi—Yau m-fold.



3 SL m-folds with conical singularities

The preceding papers [7, 8, 9] defined and studied compact SL m-folds X with
conical singularities in an almost Calabi—Yau m-fold (M, J,w, 2). We now recall
the definitions and results from [] that we will need later. For brevity we shall
keep explanations to a minimum, and readers are referred to [7] for further
discussion and motivation.

3.1 Preliminaries on special Lagrangian cones

Following [7, §2.1] we give definitions and results on special Lagrangian cones.

Definition 3.1 A (singular) SL m-fold C in C™ is called a cone if C' = tC for
all t > 0, where tC = {tx : x € C}. Let C be a closed SL cone in C™ with an
isolated singularity at 0. Then ¥ = CNS?™~! is a compact, nonsingular (m—1)-
submanifold of S?™~!, not necessarily connected. Let g5 be the restriction of
g’ to X, where ¢’ is as in ().

Set C" = C'\ {0}. Define ¢ : 3 x (0,00) — C™ by «(o,r) = ro. Then ¢ has
image C’. By an abuse of notation, identify C' with ¥ x (0,00) using ¢. The
cone metric on C' = % x (0,00) is ¢’ = 1*(¢') = dr? +r2gs.

For a € R, we say that a function u : C' — R is homogeneous of order
aif uot = t*u for all t > 0. Equivalently, v is homogeneous of order « if
u(o,r) = r*v(o) for some function v : ¥ — R.

In [7 Lem. 2.3] we study homogeneous harmonic functions on C'.

Lemma 3.2 In the situation of Definition B, let u(o,r) = r*v(o) be a homo-
geneous function of order o on C' = x (0,00), for v € C?>(X). Then

Au(o,r) =17 (Agv — a(a +m — 2)v),

where A, Ay are the Laplacians on (C',¢') and (X, gs). Hence, u is harmonic
on C' if and only if v is an eigenfunction of Ay with eigenvalue oo+ m — 2).

Following [[@, Def. 2.5], we define:
Definition 3.3 In the situation of Definition Bl suppose m > 2 and define

Dy = {a € R:afa+m—2) is an eigenvalue of Ay }. (4)

Then Dy is a countable, discrete subset of R. By Lemma B2 an equivalent
definition is that Dy is the set of & € R for which there exists a nonzero homo-
geneous harmonic function u of order « on C".

Define my : Dy — N by taking my(«) to be the multiplicity of the eigen-
value a(a +m — 2) of Ay, or equivalently the dimension of the vector space of
homogeneous harmonic functions u of order a on C’. Define Ny : R — Z by

Ne(@)=— > my(a) if 6 <0,and No(d) = Y ms(a) if 6 >0,

a€DxN(4,0) a€DxN[0,0]



Then Ny is monotone increasing and upper semicontinuous, and is discontinuous
exactly on Dy, increasing by my(«) at each a € Dy. As the eigenvalues of Ay
are nonnegative, we see that Dy N (2 —m,0) = @ and Ny =0 on (2 — m,0).

3.2 The definition of SL m-folds with conical singularities

Now we can define conical singularities of SL m-folds, following [, Def. 3.6].

Definition 3.4 Let (M, J,w,Q) be an almost Calabi—Yau m-fold for m > 2,
and define ¢ : M — (0,00) as in ([@). Suppose X is a compact singular SL

m-fold in M with singularities at distinct points z1,...,z, € X, and no other
singularities.
Fix isomorphisms v; : C™ — T, M for i = 1,...,n such that vf(w) = o’

and v} () = P(x;)™Y, where ', Q' are as in ([). Let Cy,...,C, be SL cones
in C™ with isolated singularities at 0. Fori =1,...,nlet ¥; = C;NS?™ !, and
let p; € (2,3) with (2, ;] N Dy, = 0, where Dy, is defined in #)). Then we say
that X has a conical singularity at z;, with rate pu; and cone C; fori =1,...,n,
if the following holds.

By Darboux’ Theorem [I2, Th. 3.15] there exist embeddings Y; : Bg — M
for i = 1,...,n satisfying Y;(0) = x;, dY¥;]o = v; and T} (w) = w’, where Bp
is the open ball of radius R about 0 in C™ for some small R > 0. Define
ti % X (0,R) — Bg by ti(o,7) =10 fori=1,...,n.

Define X’ = X\{z1,...,2n}. Then there should exist a compact subset K C
X'’ such that X’\ K is a union of open sets S1,...,S, with S; C T;(Bg), whose
closures Si, ..., S, are disjoint in X. Fori =1,...,n and some R’ € (0, R] there
should exist a smooth ¢; : ¥; x (0, R') — Bpg such that T,0¢; : ¥; x (0, R') - M
is a diffeomorphism ¥; x (0, R') — S;, and

Wk(¢i—bi)| =0(r" %) asr —0for k=0,1. (5)

Here V, | .| are computed using the cone metric ¢} (g’) on X; x (0, R).

The reasoning behind this definition was discussed in [7, §3.3]. We suppose
m > 2 for two reasons. Firstly, the only SL cones in C? are finite unions of
SL planes R? in C? intersecting only at 0. Thus any SL 2-fold with conical
singularities is actually nonsingular as an immersed 2-fold, so there is really no
point in studying them.

Secondly, m = 2 is a special case in the analysis of [7, §2], and it is simpler
to exclude it. Therefore we will suppose m > 2 throughout the paper. We will
need the following tool [, Def. 2.6], a smoothed out version of the distance from
the singular set {z1,...,z,} in X.

Definition 3.5 Let (M,J,w,) be an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,x,, and use the
notation of Definition B4 Define a radius function p on X’ to be a smooth
function p : X’ — (0,1] such that p = 1 on K and p(y) = d(z;,y) for y € S;
close to z;, where d is the metric on X. Radius functions always exist.



3.3 Homology, cohomology and Hodge theory

Next we discuss homology and cohomology of SL m-folds with conical singular-
ities, following [, §2.4]. For a general reference, see for instance Bredon [IJ.
When Y is a manifold, write H*(Y,R) for the k™ de Rham cohomology group
and HE(Y,R) for the k™" compactly-supported de Rham cohomology group of
Y. If Y is compact then H*(Y,R) = HE(Y,R). The Betti numbers of Y are
bE(Y) = dim H*(Y,R) and b¥,(Y) = dim HX (Y, R).

Let Y be a topological space, and Z C Y a subspace. Write Hy (Y, R) for the
kN real singular homology group of Y, and Hy(Y'; Z,R) for the k** real singular
relative homology group of (Y;Z). When Y is a manifold and Z a submanifold
we define Hi(Y,R) and H(Y;Z,R) using smooth simplices, as in [I, §V.5].
Then the pairing between (singular) homology and (de Rham) cohomology is
defined at the chain level by integrating k-forms over k-simplices.

Suppose X is a compact SL m-fold in M with conical singularities x4, ...,z
and cones C1,...,Cp, and set X’ = X \ {x1,...,2,} and 3; = C; N S§*™~ 1 as
in §82A Then by [, §2.4] there is a natural long exact sequence

o _’Hfs(X/vR) _’Hk(X/vR) - @Hk(EHR) _’Hferl(X/vR) o, (6)

i=1
and natural isomorphisms

Hy (X {z1,..., 20}, R) 2 HE (X R) = H,,, (X, R)=ZH™ (X' R)* (7
and HY (X' R)= Hp(X,R)* forall k> 1. (8)

The inclusion ¢ : X — M induces homomorphisms ¢, : Hg(X,R) — Hy(M,R).

If (Y, g) is a compact Riemannian manifold, then Hodge theory shows that
each class in H*(Y,R) is represented by a unique k-form o with da = d*a = 0.
Here is an analogue of this on X’ when k = 1, given in [, Th. 5.4].

Theorem 3.6 Let (M, J,w,Q) be an almost Calabi—Yau m-fold, and define
v M — (0,00) as in @). Suppose X is a compact SL m-fold in M with
conical singularities at x1,...,Tn, and let X', K, R',%;, T;, ¢;,S; and p; be as
in Definition[34), Dy, as in Definition[Z3, and p as in Definition [EA. Define

Yo ={aeC®T*X'):da=0, d*(¥™a)=0

[V¥a| = O(p' %) for k > 0}. ©)

Then m : Yy — HY (X' R) given by 7 : ar [a] is an isomorphism. Furthermore:

(a) Fiz o € Yyr. By Hodge theory there exists a unique v; € C*(T*X;) with
dy; = d*y; =0 for i = 1,...,n, such that the image of w(«) under the
map H' (X', R) — @, H'(Zi,R) of @) is ([v1],-..,[v]). There ewist
unique T; € C™ (Ei X (O,R’)) fori=1,...,n such that



(Tiodi) () =) () +dT; onX; x (0,R') fori=1,...,n, and (10)
as v — 0, for all k >0 and (11)

k vi—k
V(o) = 00" ™) vi € (0, s —2) with (0,15] N Dy, = 0.
(b) Suppose v; € C®(T*%;) with dv; = d*v; = 0 fori = 1,...,n, and the

image of ([n],...,[w]) under @;_; H(Z;,R) — HZ(X',R) in @) is
[8] for some exact 2-form [ on X' supported on K. Then there exists
a € C®(T*X') with da = B, d*(¥™a) = 0 and |VFa| = O(p~17F) for
k>0, such that () and () hold for T; € C*°(%; x (0, R')).

(c) Let f € C(X') with [V¥f| = O(p™*7%) for k > 0 and [, fdV = 0.
Then there exists a unique exact 1-form a on X' with d*(¢v™"a) = f and
|VEa| = O(p=r7F) for k > 0, such that @) and [ hold for v; = 0
and T; € C* (El X (O,R/))

3.4 Lagrangian Neighbourhood Theorems and regularity

We recall some symplectic geometry, which can be found in McDuff and Salamon
[12]. Let N be a real m-manifold. Then its tangent bundle T*N has a canonical

symplectic form &, defined as follows. Let (x1,...,2,;,) be local coordinates
on N. Extend them to local coordinates (1, ..., Zm,Y1,---,Ym) on T*N such
that (z1,...,Ym) represents the 1-form y;dxy + - + ymda,, in T N

(T15--sTm) '

Then @ = dxy Adys + - -+ + dzy, A dym.

Identify N with the zero section in T*N. Then N is a Lagrangian submani-
fold of T*N. The Lagrangian Neighbourhood Theorem [I2, Th. 3.33] shows that
any compact Lagrangian submanifold N in a symplectic manifold looks locally
like the zero section in T*N.

Theorem 3.7 Let (M,w) be a symplectic manifold and N C M a compact
Lagrangian submanifold. Then there exists an open tubular neighbourhood U of
the zero section N in T*N, and an embedding ® : U — M with ®|y =id: N —
N and ®*(w) = @, where & is the canonical symplectic structure on T*N.

In [, §4] we extend Theorem Bl to situations involving conical singularities,
first to SL cones, [0, Th. 4.3].

Theorem 3.8 Let C' be an SL cone in C™ with isolated singularity at 0, and
set ¥ = CNS*™ L Definer: ¥ x (0,00) — C™ by (o,r) = ro, with image
C\{0}. Forc e X, 7€ T%, r € (0,00) and u € R, let (o,r,7,u) represent the
point T+ udr in T(, (£x(0,00)). Identify ¥ x (0,00) with the zero section
T=u=0 in T*(X x (0,00)). Define an action of (0,00) on T*(Ex(0,00)) by

t:(o,r,1,u) — (o, tr,t>1,tu) fort € (0,00), (12)

so that t* (@) =t?w, for & the canonical symplectic structure on T* (X x (0,00)).



Then there exists an open neighbourhood U of ¥ x (0, 00) in T* (% x (0, 00))
invariant under [[A) given by

Uo = {(o,r,7,u) € T*( x (0,00)) : |(r,u)| < 2¢r}  for some ¢ >0, (13)

where | .| is calculated using the cone metric t*(g’) on X x (0,00), and an em-
bedding ®c : Uo — C™ with ®clsnx(0,00) = t, (W) =@ and ®cot =t D for
all t > 0, where t acts on Ug as in ) and on C™ by multiplication.

In [, Th. 4.4] we construct a particular choice of ¢; in Definition B4l

Theorem 3.9 Let (M, J,w,Q), ¥, X,n,x;,v;, Ci, X4, i, R, Y, and ¢; be as in
Definition[34} Theorem [Z8 gives ¢ > 0, neighbourhoods U, of ; x (0,00) in
T (Ei x (0, oo)) and embeddings ®., : Uo, — C™ fori=1,...,n.

Then for sufficiently small R' € (0, R] there exist unique closed 1-forms
ni on X; x (0,R) fori = 1,...,n written n;i(o,r) = ni(o,r) + nZ(o,r)dr for
ni(o,r) € TS and ni(o,r) € R, and satisfying |n;(o,r)| < (r and |VFn;| =
O(r#=1=%) asr — 0 for k = 0,1, computing V,| .| using the cone metric .} (g'),
such that the following holds.

Define ¢; : ; x (0, R') — Bpg by ¢;i(0, 1) = @, (0,7, n} (0,7),n?(0,7)). Then
Yio¢;: 3 x(0,R) — M is a diffeomorphism X; x (0, R') — S; for open sets
Siy.oooySn in X' with Sy,...,S, disjoint, and K = X'\ (S; U---US,) is
compact. Also ¢; satisfies @), so that R', ¢;,S;, K satisfy Definition [7-4)

In [T, §5] we study the asymptotic behaviour of the maps ¢; of Theorem B,
using the elliptic regularity of the special Lagrangian condition. Combining [7]
Th. 5.1], [ Lem. 4.5] and [7, Th. 5.5] proves:

Theorem 3.10 In the situation of Theorem [T we have n; = dA; for i =
1,...,n, where A; : ; x (0,R') — R is given by A;i(o,r) = [; nZ(c,s)ds.
Suppose pf; € (2,3) with (2, ;) Dy, =0 fori=1,...,n. Then

(VF(¢s — )| = O =17F), [WEn| = O~ 1%)  and

/ (14)
‘VkAi‘ =0 asr—0forall k>0andi=1,...,n.

Hence X has conical singularities at x; with cone C; and rate p, for all
possible rates p; allowed by Definition [F4} Therefore, the definition of conical
singularities is essentially independent of the choice of rate p;.

Next we extend Theorem B to SL m-folds with conical singularities [7,
Th. 4.6], in a way compatible with Theorems and B9

Theorem 3.11 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,T,. Let the
notation ¥, v;, Cy, 3;, wi, R, Y; and v; be as in Definition and let ¢,Ug,,
o, R\ mi,nt,n?, ¢i, Si and K be as in Theorem [Z4
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Then making R’ smaller if necessary, there exists an open tubular neighbour-
hood Uyx: C T*X' of the zero section X' in T*X', such that under d(T; o ¢;) :
T*(Ei X (O,R’)) —T*X’ fori=1,...,n we have

(d(Yi0¢:)) (Ux) = {(or,7u) € T*(Z x (0,R)) : [(r,w)| < ¢r},  (15)

and there exists an embedding @ : Uxr — M with ®x/|x, =id : X' — X’ and
Y (w) =@, where & is the canonical symplectic structure on T*X', such that

Oy od(Y;0¢;)(o,r,T,u) =T;0 P, (0, r, T+ 771»1(0, r),u+ 77?(0, T)) (16)

forall i =1,...,n and (o,7,7,u) € T*(X; x (0, R')) with ‘(T,u)| < (r. Here
|(T,u)| is computed using the cone metric v (g") on X; x (0, R').

In [0, Th. 4.8] we extend Theorem BT to families of almost Calabi-Yau m-
folds (M, J*,w®, Q%) for s € F. If w®|x/ is not exact then we cannot deform X’ to
a Lagrangian m-fold in (M,w?®). Therefore we replace the condition &%, (w) = ©
in Theorem BT by (®3,)*(w®) = &+7*(v*), where v* is a compactly-supported
closed 2-form on X'.

Theorem 3.12 Let (M, J,w,Q) be an almost Calabi—Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at x1,...,x,. Let the notation
R, Ti,C,fbci,R’,m,nil,nf,gbi,Si,K be as in Theorem [Z4, and let Ux/, Py be
as in Theorem [Z11. Suppose {(M, Jw Q%) s € f} is a smooth family of
deformations of (M, .J,w,Q) with base space F C Re. Define ¢* : M — (0, 00)
for s € F as in @), but using w®, Q°.

Then making R, R’ and Uy: smaller if necessary, for some connected open
F' ' C F with 0 € F' and all s € F' there exist

(a) isomorphisms vi : C™ — T, M fori=1,...,n with v) = v;, (v)*(wW®) =

w' and (vI)*(2) = P°(x;)™Y,

(b) embeddings Y{ : B — M for i = 1,...,n with Y9 = T;, Y(0) = z;,
dYilo = vf and (T5)*(w®) =/,

(c) a closed 2-form v® € C°(A2T*X") supported in K C X' with v° =0, and
(d) an embedding ®%,:Uyxr — M with ®%, =®y and (®5,)*(w®)=0+7*(v*),
all depending smoothly on s € F' with
%, 0d(Yj0¢;)(o,r, 7, u) = Y50 @0, (0,7, 7 + 1) (0,7), u+n7(0,r))  (17)
forall se F',i=1,....,n and (o,r,7,u) € T*(Z; x (0, R')) with ‘(T,U)‘ < (r.

The 2-forms v* in Theorem BIZ define classes [v°] in HZ(X',R). In [7,
Th. 4.9] we investigate these classes, and the freedom to choose v/*.
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Theorem 3.13 In the situation of Theorem [Z13, under the isomorphism (),
the class [v°] € HZ(X',R) is identified with the map Ha(X,R) — R given
by v — () - [w?], where v : X — M is the inclusion, v, : Ha(X,R) —
Hy(M,R) the induced map, and [w®] € H?*(M,R). Thus [v*] depends only on
X, M and [w*] € H*(M,R).

Let V =2 H2 (X' R) be a vector space of smooth closed 2-forms on X' sup-
ported in K representing H2 (X', R). Then making F' smaller if necessary, we
can choose Y3, v° and ®%, in Theorem [BIA so that v° € V for all s € F'. In
particular, if [v°] =0 in HZ (X', R) then we can choose v® = 0.

4 Asymptotically Conical SL m-folds

Let C be an SL cone in C™ with an isolated singularity at 0. SectionBlconsidered
SL m-folds with conical singularities, which are asymptotic to C' at 0. We now
discuss Asymptotically Conical SL m-folds L in C™, which are asymptotic to C'
at infinity. Here is the definition.

Definition 4.1 Let C be an SL cone in C™ with isolated singularity at 0 for
m > 2, as in Definition Bl and let £ = C N S?™1, so that ¥ is a compact,
nonsingular (m — 1)-manifold, not necessarily connected. Let gy, be the metric
on ¥ induced by the metric ¢’ on C™ in (), and r the radius function on C™.
Define ¢ : ¥ x (0,00) — C™ by ¢(0,r) = ro. Then the image of ¢ is C'\ {0}, and
t*(¢') = r?gs + dr? is the cone metric on C'\ {0}.

Let L be a closed, nonsingular SL m-fold in C™ and A < 2. We call L
Asymptotically Conical (AC) with rate A and cone C if there exists a compact
subset K C L and a diffeomorphism ¢ : 3 x (T,00) — L\ K for some T > 0,
such that

|VF(o =) =00 17%) asr —oofor k=0,1. (18)

Here V,|.| are computed using the cone metric t*(g') on X x (T, c0).

This is very similar to Definition B4l and in fact there are strong parallels
between the theories of SL m-folds with conical singularities and of Asymptoti-
cally Conical SL m-folds. We recall some results from [7, §7], including versions
of the material in §84 We continue to assume m > 2 throughout.

4.1 Cohomological invariants of AC SL m-folds

Let L be an AC SL m-fold in C™ with cone C, and let ¥ = C N S?™ 1. Using
the notation of §83 as in (@) there is a long exact sequence

Following [7, Def. 7.2] we define cohomological invariants Y (L), Z(L) of L.

Definition 4.2 Let L be an AC SL m-fold in C™ with cone C, and let ¥ =
CN&*= 1t As ', ImQ in (@) are closed forms with w'|;, = Im Q' = 0,

12



they define classes in the relative de Rham cohomology groups H*(C™; L, R)
for k =2, m. For k > 1 we have the exact sequence

0=H*'(C™ R) - H*'(L,R)—H*(C™; L,R) — H*(C™,R) = 0.

Let Y(L) € HY(X,R) be the image of [w'] in H*(C™; L,R) = H'(L,R) under
HYL,R) —» HY(X,R) in [[@), and Z(L) € H™ (X, R) be the image of [Im ']
in H™(C™; L,R) = H™'(L,R) under H™(L,R) — H™ (S, R) in ().

Here are some conditions for Y (L) or Z(L) to be zero, [0, Prop. 7.3].

Proposition 4.3 Let L be an AC SL m-fold in C™ with cone C and rate )\,
and let X =CNS* L If A<0orb (L) =0thenY(L)=0. If A\<2—-m
or b°(X) =1 then Z(L) = 0.

Here is a (trivial) lemma on dilations of AC SL m-folds.

Lemma 4.4 Let L be an AC SL m-fold in C™ with rate A and cone C, and let
t>0. ThentL = {tx:x € L} is also an AC SL m-fold in C™ with rate X and
cone C, satisfying Y (tL) = t*Y (L) and Z(tL) = t™Z(L).

4.2 Lagrangian Neighbourhood Theorems and regularity

Next we give versions of §841 for AC SL m-folds rather than SL m-folds with
conical singularities. Here [, Th. 7.4] is the analogue of Theorem B0

Theorem 4.5 Let C' be an SL cone in C™ with isolated singularity at 0, and
set ¥ = CN&*~L. Definer: ¥ x (0,00) — C™ by o(o,7) = ro. Let ¢,
U CT* (E x (0, oo)) and ®. : Uy — C™ be as in Theorem [T8.

Suppose L is an AC SL m-fold in C™ with cone C' and rate X\ < 2. Then
there exists a compact K C L and a diffeomorphism ¢ : ¥ x (T,00) — L\ K
for some T > 0 satisfying (I¥), and a closed 1-form x on X x (T, 00) written
x(o,r) = x (o, r) + x%(o,r)dr for x'(o,r) € TiE and x?*(o,r) € R, satisfying

}X(Uv ’I“)’ <(¢r, ¢(o,r) =00 (07 % (o,7), X2 (0, ’I“))

20
and ’kale(r)‘_l_k) asr — oo fork=0,1, (20)

computing V,| .| using the cone metric :*(g').

The next two theorems are analogous to Theorem BZI0l In [7, Prop. 7.6] and
[, Th. 7.7] we decompose y in Theorem B

Theorem 4.6 In Theorem [[-J we have [x] = Y (L) in H'(X x (T,00),R) =

HY(Z,R), where Y(L) is as in Definition I3 Let v be the unique 1-form on
Y with dy = d*y = 0 and [y] = Y(L) € HY(X,R), which exists by Hodge
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theory. Then x = % () + dE, where m : ¥ x (T, 00) — % is the projection and
E € C>(% x (T,00)) satisfies

[VE(o—1)| = OG> 17F), [VEx| = 0 17F), |VHHE| = 0?1 F)

o(r* A#0 21

forallk >0, and |E|= (), 70, 2
O(llogr]), A=0.

Here V.| .| are computed using the cone metric :*(g") on E x (T, 00).

Then [0, Th. 7.11] we improve the rate of convergence A.

Theorem 4.7 Let L be an AC SL m-fold in C™ with cone C and rate A. Set
Y =CNS&8? 1, and let Ds, Ny be as in Definition T3 Let 1, T, ,x be as in
Theorem |23, and Y (L),~, E as in Theorem [0 Then

(a) Suppose A\, X' lie in the same connected component of R\ Dy. Then

|Vk(<p — L)‘ = O(r)‘bl*k), ‘ka‘ = O(rxflfk) and (22)

|VkE| = O(r)‘/_k) as r — oo for all k> 0.

Hence L is an AC SL m-fold with rate \'. In particular, if A\ € (2—m,0)
then L is an AC SL m-fold with rate X' for all N € (2 —m,0).

(b) Suppose 0 < A < min(Dy N (0,00)). Then adding a constant to E if
necessary, for all X' € (max(—2,2 — m),O) we have

‘VkE‘ = O(Tx_k) asr — oo for all k > 0. (23)

Thus if Y(L) = 0 = v then L is an AC SL m-fold with rate X', and if
Y (L) #0+# ~ then L is an AC SL m-fold with rate 0.

Here is the analogue of Theorem BTl proved in [@, Th. 7.5].

Theorem 4.8 Suppose L is an AC SL m-fold in C™ with cone C. Let ¥,u,
U, @, K, T,0,x, X', x? be as in Theorem 3 Then making T, K larger if
necessary, there exists an open tubular neighbourhood U, C T*L of the zero
section L in T*L, such that under dyp : T* (X x (T, 00)) — T*L we have

(de)*(U,) = {(0, r,T,u) € T* (E x (T, oo)) : ‘(T, u)‘ < Cr}, (24)

and there exists an embedding ®, : U, — C™ with ®,|, =id : L — L and
O* (W) =, where & is the canonical symplectic structure on T*L, such that

(I)L o d%’(Uv Ty T, u) = (I)C (Uv T + Xl (Ua T)a U+ X2(Ua T)) (25)

for all (o,r,7,u) €T* (Xx(T,00)) with |(1,u)| < (r, computing | .| using .*(g’).
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In 7 Th. 7.10] we study the bounded harmonic functions on L.

Theorem 4.9 Suppose L is an AC SL m-fold in C™, with cone C. Let %, T
and ¢ be as in Theorem -3 Let | = b°(%), and £1,..., 3 be the connected
components of . Let V be the vector space of bounded harmonic functions on
L. Then dimV = I, and for each ¢ = (c,... 7cl) € R! there exists a unique
v® €V such that for all j=1,...,1, k >0 and B € (2 —m,0) we have

Vk(g)*(vc) -d)= O(|c|rﬁ7k) on ¥ x (T,00) as r — oo. (26)

Note also that V = {v° : ¢ € R'} and v} =1.

5 Review of the main results of [9]

Our goal is to generalize the results of [9] to more complicated situations. This
gave me a problem in writing this paper, as I want it to make sense on its
own without constant reference to [9], but to control the length I don’t want to
reproduce large parts of [0] as introductory material here.

The solution I have adopted is to reproduce only the three major theorems
from [9] in this section, with some supporting definitions and explanations.
However, much of §8-§ (for instance, Definitions below) has in effect
been copied from [0 §6-§7] and then modified. I hope this is more economical
and readable than reproducing long definitions from [d] unchanged, and then
explaining later how to change them.

The other way I save space is that if the proof of a result in [9] requires
only superficial changes for the new situations in this paper, then I give only
the result but not the proof here, or else make only brief comments on how to
adapt the proof in [9].

5.1 An analytic existence result for SL m-folds

The results of [9] hinged upon an existence result [9, Th. 5.3] for compact SL
m-folds proved using analysis. Here is some notation we will need.

Definition 5.1 Let (N,g) be a Riemannian manifold with Levi-Civita con-
nection V. For each integer & > 0, define C*(NN) to be the Banach space of
functions f on N with k continuous derivatives, for which the norm || f||cr =
Sk supy [V7 f| s finite. Let C°°(N) = o C¥(N).

For g > 1, define the Lebesgue space LI(N) to be the Banach space of locally
integrable functions f on N for which the norm [|f|[za = ([, |f]7dVy)'/? is
finite. For ¢ > 1 and k > 0 an integer, define the Sobolev space LY (N) to be the
set of f € LY(N) such that f is k times weakly differentiable and |V f| € LI(N)
for j < k, with norm || 3 = (55_o fyy [V fl1 dVy) V.

The following definition [9, Def. 5.2] sets up the situation we shall consider.

Definition 5.2 Let (M, J,w, Q) be an almost Calabi-Yau m-fold, with metric
g. Let N be a compact, oriented, immersed, Lagrangian m-submanifold in M,
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with immersion ¢ : N — M, so that *(w) = 0. Define h = 1*(g), so that (N, h)
is a Riemannian manifold. Let dV be the volume form on N induced by the
metric h and orientation.

Let ¢ : M — (0,00) be the smooth function given in [@Bl). Then Q|y is a
complex m-form on N, and using @) and the Lagrangian condition we find that
}Q|N’ = ¢™, calculating |.| using h on N. Therefore we may write

Qly =¢™e?dV on N, (27)

for some phase function e on N. Suppose that cosf > % on N. Then we can
choose 6 to be a smooth function 6 : N — (—%, ). Suppose that [t*(Im Q)] =0
in H™(N,R). Then [\ ¢™sin0dV =0, by (Z1).

Suppose we are given a finite-dimensional vector subspace W C C*°(N)
with 1 € W. Define 7y, : L2(N) — W to be the projection onto W using the
L2-inner product.

For r > 0, define B, C T*N to be the bundle of 1-forms o on N with |a| < 7.
Regard B, as a noncompact 2m-manifold with natural projection « : B, — N,
whose fibre at € N is the ball of radius » about 0 in Ty N. We will sometimes
identify N with the zero section of B,., and write N C B,.

At each y € B, with 7(y) = « € N, the Levi-Civita connection V of h on
T*N defines a splitting T3, = H @ V into horizontal and vertical subspaces
H,V, with H=T,N and V 2 T N. Write & for the natural symplectic struc-
ture on B, C T*N, defined using TB, =2 H ®V and H = V*. Define a natural
Riemannian metric h on B, such that the subbundles H ,V are orthogonal, and
hlg = m*(h), hlv = 7 (h~1).

Let V be the connection on TB, = H @V given by the lift of the Levi-Civita
connection V of h on N in the horizontal directions H, and by partial differ-
entiation in the vertical directions V', which is well-defined as T'B,. is naturally
trivial along each fibre. Then \Y preserves fz,cb and the splitting TB, = Ha V.
It is not torsion-free in general, but has torsion T'(V) depending linearly on the
Riemann curvature R(h).

As N is a Lagrangian submanifold of M, by Theorem B the symplectic
manifold (M, w) is locally isomorphic near N to T*N with its canonical sym-
plectic structure. That is, for some small » > 0 there exists an immersion
® : B, — M such that ®*(w) = @ and ®|x = ¢. Define an m-form 5 on B,
by 8 = &*(Im ).

If « € C®(T*N) with |a| < r, write I'(«) for the graph of « in B,. Then
P, (T'(a)) is a compact, immersed submanifold in M diffeomorphic to N.

With this notation, here is the existence result [9, Th. 5.3].
Theorem 5.3 Let k > 1 and Ai,...,As > 0 be real, and m > 3 an integer.
Then there exist e, K > 0 depending only on k, A1, ..., As and m such that the

following holds.
Suppose 0 < t < € and Definition [ZA holds with r = Ait, and

(l) me Sin9||L2m/(m+2) < Aztﬁ+m/2, me SiHGHco < Agtﬁil,
| d(x™ sin 0)|| Lam < Agt™3/2 and |7y (™ sin )] 1 < Agt™tm=1,
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(ii) ¥ > A3 on N.

(i) ||[V*B|lco < Ast™* for k=0,1,2 and 3.

The Riemann curvature R(h) satisfies || R(h)||co < Agt™2.

(v

(vi

)
)
(iv) The injectivity radius 6(h) satisfies §(h) > Ast.
)
)

If v € L3(N) with T (v) = 0, then v € L>™/(m=2)(N) by the Sobolev
Embedding Theorem, and ||v||p2m/om-2 < Az||dv]|p2.

(vii) For all w € W we have ||d*dw||p2m/mm+z < 2A7Y|dw]|pe.

For all w e W with [\, wdV =0 we have ||w||co < Agt =™/2||dw|| 2.

Here norms are computed using the metric h on N in (i), (v), (vi) and (vii), and
the metric h on Ba,, in (iii). Then there ezists f € C™(N) with Sy fdV =0,
such that ||df|jco < Kt* < At and N = ®, (T(df)) is an immersed special
Lagrangian m-fold in (M, J,w,Q).

Its proof in |9, §5] is long and technical. The basic idea is to write the equa-
tion for N = @, (I(df)) to be special Lagrangian as a second-order nonlinear
elliptic p.d.e. on f. Conditions (i)—(vii) ensure that this p.d.e. is close to being
linear, in a certain sense. We then solve the p.d.e. for f by a series method,
using facts about the solutions of second-order linear elliptic p.d.e.s.

On a first reading, Definition and Theorem B3 may look like formidably
technical abstract nonsense. We now try to explain (informally, and oversimpli-
fying a bit) what the theorem does, and the reasons behind its design.

e The theorem says that given a Lagrangian m-fold N in (M, J,w, Q) which
is close to special Lagrangian in a certain sense, we can deform N to a
nearby SL m-fold N in M by a small Hamiltonian deformation.

e A Lagrangian m-fold N has a phase function ¢, and N is special La-
grangian with some orientation if and only if sinf = 0. Part (i) of Theo-
rem requires four norms of 1" siné to be small, so it forces IV to be
close to special Lagrangian.

e We shall apply Theorem when N is an explicitly constructed desingu-
larization of a singular SL m-fold. The construction depends on t € (0, 0),
the length scale at which the singularities are resolved. Thus, we actually
construct a 1-parameter family of Lagrangian m-folds N for ¢ € (0, 6).

When ¢t is small, Nt is close to special Lagrangian, but it is also close to
singular, in that the metric h* = g|y+ on N* has large Riemann curvature
R(h') = O(t~2), and small injectivity radius d(ht) = O(t).

So the theorem is set up using a real parameter ¢ > 0. Parts (iv), (v) say
that (N, h) is not too close to singular, and part (iii) that the geometry of
M near N is not too close to singular, in terms of ¢.
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e When t is small N is close to special Lagrangian by (i), which is an advan-
tage, but (iii)—(v) allow N to be close to singular, which is a disadvantage.
The proof is a delicate balancing act between these two influences. The
advantages win, and for small ¢ < e we can deform N to an SL m-fold N.

e Roughly speaking, to solve the p.d.e. on f we need an inverse A~ of the
Laplacian A on N, which should be bounded independent of t.

However Al = 0, so A is not invertible. Also, in our applications A has
a finite number of small positive eigenvalues of size O(t™~?2), so that if it
existed A~! would be O(t>~™), and not bounded independent of ¢.

To get round this we introduce a vector space W C C*°(N) with 1 € W,
which approximates the eigenspaces of A with small eigenvalues. Part
(vi) roughly says that A=! = O(1) on W+. Part (vii) roughly says that
A=Y = O(t*~™) on the subspace of W orthogonal to 1.

To control W-components of functions in the proof although A~ is large
on W, we assume in (i) that the W-component 7y, (1) sin ) is very small.

5.2 Theorems on desingularizing SL m-folds

In [9, §6-87] we apply Theorem B3 to construct desingularizations of compact SL
m-folds X in (M, J,w, Q) with conical singularities. The first main result is [9]
Th. 6.13], which deals with the simplest case in which there are no obstructions
to desingularization.

Theorem 5.4 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,x, and cones
Ci,...,Cy. Let Ly,...,Ly, be Asymptotically Conical SL m-folds in C™ with
cones Cq,...,Cp and rates Ay, ..., \p. Suppose \; < 0 fori =1,....n, and
X' =X\ A{x1,...,z,} is connected.

Then there exists € > 0 and a smooth family {]\:7’5 1t € (0,e]} of compact,
nonsingular SL m-folds in (M, J,w,Q), such that Nt is constructed by gluing
tL; into X at x; fori=1,...,n. In the sense of currents, Nt = X ast — 0.

The second main result is [9, Th. 7.10]. It strengthens Theorem B4 by
dropping the assumption that X’ is connected. In doing this we encounter
topological obstructions, so that desingularizations Nt exist only if an equation
E]) holds on topological invariants of X and Ly, ..., L.

Theorem 5.5 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,x, and cones
Ci,...,Cy. Definetp: M — (0,00) as in @). Let L1, ..., L, be Asymptotically
Conical SL m-folds in C™ with cones C4,...,C, and rates A1, ..., \,. Suppose
XNi <0 fori=1,...,n. Write X' = X\ {z1,...,2,} and ¥; = C; N §?m~1,
Set ¢ = b°(X"), and let X1, ..., X be the connected components of X'. For
i=1,....n let l; = b°(%;), and let E}, e Eﬁ? be the connected components of
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Y. Define k(i,j) =1,...,q by T; ocpi(Eg x (0,R)) C Xp 4 fori=1,....n
and j=1,...,1;. Suppose that

S @) Z(L) - [21]=0 foralk=1,...,q. (28)
1<i<n, 1<5<s:
k(i,j)=k

Suppose also that the compact m-manifold N obtained by gluing L; into X'
at z; fori=1,...,n is connected. A sufficient condition for this to hold is that
X and L; fori=1,...,n are connected.

Then there exists € > 0 and a smooth family {Nt 1t € (O,e]} of compact,
nonsingular SL m-folds in (M, J,w,Q) diffeomorphic to N, such that Nt is
constructed by gluing tL; into X at x; fori=1,...,n. In the sense of currents
in Geometric Measure Theory, N* — X ast — 0.

When X’ is connected, so that ¢ = 1, it turns out that [Z8) holds auto-
matically and Theorem BH reduces to Theorem [E4l Theorems B4l and BH are
proved by the following method, which will also be used in 898 below.

We shrink L; by a small factor ¢ > 0 to get tL;, which is also an AC SL
m-fold in C™. Using the Lagrangian neighbourhood results of 84 and 2 we
glue tL; into X at x; using a partition of unity, to get a Lagrangian m-fold N*
n (M,w) for ¢t € (0,d). We also glue the Lagrangian neighbourhoods of X’ and
L; together to get a Lagrangian neighbourhood ® ¢ for N*.

We define vector spaces Wt C C°°(N?), using spaces of bounded harmonic
functions on L;. We then show that N¢, W?* and ®° satisfy Definition and
parts (i)—(vii) of Theorem B3 for all ¢ € (0, §), for some k > 1 and A;,..., Ag >0
independent of ¢. Theorem B3 then gives € > 0 depending on k, Ay, ..., Ag such
that Nt can be deformed to an SL m-fold Nt if ¢ < e.

Here is how the obstruction equation (28) arises. For Theorem B4l we take
Wt = (1), and then my« ()™ sinf?) = 0 for topological reasons. But for The-
orem 23 we have W' = R?, and -+ (10" sin 6') need not be zero. Calculation
shows that the leading contribution to ("™ sinf') is O(t™), and is pro-
portional to the left hand side of £8). For part (i) of Theorem B4l we need
| 7we (™ sin %) 1 < Agt®™t™=1 and this holds if and only if [28) does.

6 Desingularizing when Y (L;) # 0

In Theorems B4 and B we desingularized an SL m-fold X with conical singu-
larities using AC SL m-folds L; with rates A\; fori = 1,...,n, where we assumed
that A\; < 0, so that Y/ (L;) = 0 by Proposition E. We now explain how to relax
this to allow A\; < 0 and Y(L;) # 0. As in [I0, §6.4] there are many examples of
AC SL m-folds L with rate 0 and Y (L) # 0, so this significantly increases the
scope of the main result.

Allowing \; = 0 complicates the proofs in two main ways. Firstly, gluing
tL; into X at x; to make N’ is no longer a local matter. Instead, there is a
global condition for N* to exist as a Lagrangian m-fold, that (Y (L1),...,Y(L,))
should lie in the image of the map H'(X',R) — @, H(%;,R) in (@).
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Secondly, the modifications to the definition of N? introduce extra error
terms in Im |+, which contribute O(#*) to ||1)™ sin 0°|| 2m/m+2). But for part
(i) of Theorem B3 to hold we need [|9™ sin 6%|| ;2m/(m+2) = O(t*™/2) for k > 1,
so we must assume m < 6. Therefore our main result, Theorem .12 holds only
in dimensions m = 3,4, 5, rather than all m > 3 as in Theorem B4

6.1 Setting up the problem

We shall consider the following situation, the analogue of [9, Def. 6.1].

Definition 6.1 Let (M, J,w, Q) be an almost Calabi—Yau m-fold with metric
g, and define ¢ : M — (0,00) as in @). Let X be a compact SL m-fold in
M with conical singularities at 1, ..., z, with identifications v;, cones C; and
rates u; € (2,3), as in Definition B4l Let Ly, ..., L, be AC SL m-folds in C™
as in Definition EZIl where L; has cone C;. Define ¥; = C;NS*™ ! and Y (L;) €
HY(;,R) and Z(L;) € H" Y(%;,R) for i = 1,...,n as in Definition B2
Set ¢ = b°(X"), so that X’ has ¢ connected components, and number them
Xi,oo, Xg Fori=1,...,nletl; = b°(%;), so that ¥; has I; connected compo-
nents, and number them X1, ... Y. If T, ¢;, S; are as in Definition B4} then
T; 0 ¢; is a diffeomorphism ¥; x (0, R’) — S; C X'. For each j = 1,...,1;,
Tio¢;(2! x (0,R')) is a connected subset of X', and so lies in exactly one of
the X, for k = 1,...,q. Define numbers k(i,j) =1,...,qfori=1,...,n and
j=1,...,0;. by T;00;(X] x (0,R)) C Xk(i,j)- Suppose that:
(i) The dimension m satisfies 2 < m < 6,
(ii) The AC SL m-fold L; has rate \; <0 fori=1,...,n, and
(iii) There exists 0 € H'(X’,R) such that (Y (L1),...,Y (Ly)) is the image of
o under the map H*(X',R) — @;_, H'(Z;,R) in (@).

(iv) > W) Z(Ly) - [B]=0forallk=1,....q.
1<i<n, 1<5<l;:

(v) Let N be the compact m-manifold obtained by gluing L; into X’ at z;

for ¢ =1,...,n in the obvious way. Suppose N is connected. A sufficient
condition for this to hold is that X and L; for i = 1,...,n are connected.

We use the following notation:

e Let R,Bg, X’ and ¢;, T; for i =1,...,n be as in Definition B4l

e Let ¢ and Ug,, ¢, for i =1,...,n be as in Theorem B8

e Let R/, K and ¢;,n;,n},n2,S; fori =1,...,n be as in Theorem B
e Let Uy, @y be as in Theorem BTl

e Let A; be as in Theorem B for ¢ = 1,...,n, so that n; = dA;.

e For i =1,...,n let 7; be the unique 1-form on ¥; with dv; = d*vy; =0
and [v;] = Y(L;) in H*(3;,R), which exists by Hodge theory.
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Let m; : ¥; x (0,00) — X; be the projection, so that 7 (v;) is
on ¥; x (0,00) with |77 (v:)| = O(r~!) and d(n}(v:)) = d*(n}
computing | .| and d* using the cone metric ¢} (g’) on 3; x (0

(
Let Yy be as in @), and « € Yy the unique element with 7r(
da = d*(¢™a) =0. Fori=1,...,nlet T; € C*>(%; ><(,
part (a) of Theorem Bl Choose v; € (0,p; — 2) with (0, v
Then part (a) of Theorem B shows that

(Tiogi)* (o) =7} () +dT; on X; x (0,R') fori=1,...,n, (29)
and V*Ty(o,7) = O(r" %) asr — 0, for all k > 0. (30)
Apply Theorem EEA to L; with ¢, U, , ®., as above, for i = 1,...,n. Let
T > 0 be as in the theorem, the same for all i. Let the subset K; C L;,

the diffeomorphism ¢; : ¥; x (T,00) — L; \ K; and the 1-form y; on
¥ x (T, 00) with components x;, x? be as in Theorem

Let U,,,®,, be as in Theorem EJ for i = 1,...,n

Let FE; € C’OO(Ei X (T,oo)) be as in Theorem EEQ for i = 1,...,n. Fix
A € (max(—2,2—m), 1(2—m)). (This interval is nonempty as 2 < m < 6.)
Then Theorem ELH and part (b) of Theorem B show that

Xi =7 (vi)+dE; on¥; x (T,00) fori=1,...,n (31)
and V*Ej(o,r) = O@r**) asr — oo for all k > 0. (32)

By 3) and (BI) we see that the 1-forms o on X’ and x; on L; both have leading
term 7 (7;) in their asymptotic expansion on the cone C;. The construction
below will work by matching up these terms 7} (7;), so that we do not have to
taper them off to zero.

Here are some remarks on conditions (i)—(v) above.

(i)

It will turn out in Y62 that defining the Lagrangian m-folds Nt when
Y(L;) # 0 introduces O(t*) error terms in |9 sin 0| ;2m/(m+2). How-
ever, for part (i) of Theorem B3 to hold we need ||1)™ sin 0%|| 2m/(m+2) =
O(t"+m/?) for k > 1.

Thus we need k + m/2 < 4 and k > 1, giving m < 6, which is why
we suppose m < 6 in (i) above. We also use 2 < m < 6 in choosing
A € (max(—2,2 —m), (2 —m)). With some more work on the definition
of Nt the result can probably be extended to the case m = 6.

The point of this section is to relax the assumption A\; < 0 in Theorems
B4 and B3, and so allow Y (L;) # 0. We suppose A; < 0 so that part (b)
of Theorem B applies. Although going from A; < 0 to A; < 0 may not
seem like much of an improvement, in fact as in [I0, §6.4] there are many
examples of AC SL m-folds L with rate exactly A = 0, so allowing A = 0
will make our results much more useful.
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(iii) The condition that (Y'(L1),...,Y (Ly)) lies in the image of H*(X',R) —
@, H'(X;,R) is necessary for the existence of any Lagrangian m-fold
Nt made by gluing tL; into X at z; for i = 1,...,n. So it is clearly also
necessary for the existence of an SL m-fold N* made in the same way.

(iv) This condition was introduced in [9, Def. 7.1], to deal with analytic prob-
lems in desingularizing X when X’ is not connected. As in [9], §7.4], when
X' is connected ¢ = 1 and (iv) holds automatically since Z(L;) - [¥;] = 0.

(v) We assume this for simplicity. If N is not connected then we can apply
Theorem below to each component of NV separately.
Here is the analogue of |9, Def.s 6.2 & 6.3], constructing N* for ¢ € (0, ).

Definition 6.2 Choose a smooth, increasing F' : (0,00) — [0, 1] with F(r) =0
for r € (0,1) and F(r) =1 for r > 2, and write F’ = dF/dr. Let 7 satisfy
m+ 2 m—2

m
0< { , , i=1,..., }< <1, (33
max m+1"2u,+m—2"2v,+m—2 ! " ’ (33)

which is possible as u; > 2, v; > 0 and m > 2. For ¢+ = 1,...,n and small
enough t > 0, define P} = Y;(tK;). This is well-defined, Lagrangian in (M,w),
and diffeomorphic to K.

Fori=1,...,nand ¢t > 0 with t7 < {7 < 2t < R’ define a 1-form & on
S x (tT, R') by

&(o,r) =d[Ftr)Ai(o,r) + (1 = F(t"7r))Ei(o,t'r)]
+ 7 (i) + CA[F(t )Ty (o, )]
=F@t " r)ni(o,r) +t7TF (t7"r)A;(o,r)dr (34)
+ 2 (1=F@tr))xi(o, 7 ) = > TF' (7 Tr)E; (o, t " tr)dr
+2F(t7Tr)(Yi 0 ¢0)* () (o, 1) + 27T F'(t77r)Ti(o, r)dr,

by @) and @I). Let §3’t,§i2’t be the components of £ in T*Y and R. Then
when r > 2t™ we have & = n; + t2(Y; o ¢;)*(a), and when r < t™ we have
& o,r) = t2x;(o,t71r). Thus & is a closed 1-form which interpolates between
ni +t2(T; 0 ¢;)*(a) near r = R’ and t?y;(o,t~ ') near r = ¢T.

Choose § € (0,1] with 6T < 6™ < 26" < R/, §K;C BRCC™ and [¢!(o,7)| <
CronX¥; x (T, R') foralli =1,...,n and ¢t € (0,9). As in [0, Def. 6.2], this is
possible. Define =! : 3; x (¢tT, R') — M by

El(o,r) = Yio®e, (07,6 (0,7), 7 (0,7))

fori = 1,...,n and ¢t € (0,6). Making R’ smaller if necessary, this is well-
defined, and an embedding. Define Q! = E!(%; x (tT,R’)) for i =1,...,n and
t € (0,0). As Tj(w) = o', ¢ (W) = @ and £} is a closed 1-form we see that
(EY)*(w) = 0. Thus Q! is Lagrangian in (M,w), and is a noncompact embedded
submanifold diffeomorphic to X; x (¢T, R').

Let I'(#*a) be the graph of the 1-form t?« in T*X’. Then I'(t*a) N7*(K) C
T*K is the graph of t2a|x. Recall that Uy is an open neighbourhood of the
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zero section in T*X’. By compactness of K, making § smaller if necessary, we
can suppose that I'(t?a) N 7*(K) C Uy for all t € (0,6). Define

K'= & (T(fa)Nr*(K)) forte (0,0). (35)

Then K! is a submanifold of M with boundary, diffeomorphic to K. As « is
closed T'(t?a) is Lagrangian in (T*X’, ), and ®%,(w) = &, so K is Lagrangian
in (M,w). For t € (0,6), define N* to be the disjoint union of K*, P},..., P!
and QY,...,Q%.

Then N is Lagrangian in (M,w), as K, P} and Q! are. Moreover, N' is a
compact, smooth submanifold of M without boundary. To see this, note that
& o, 1) = t2xi (o, t1r) on X; x (¢T,t7], and so

El(o,r) =T;0 @, (o,r, )] (0.t '), txF (0,t 7))
= Ti(t @, (Uv t=tr,xi (0,67 1r), X (o, tilT))) = Ti(t vi(o, tilr))

on X; X (tT,t7], using ([Z0) and the dilation equivariance of ®. in Theorem

Thus the end Z!(X; x (¢T,t7]) of Q! is Y;(tp;(Xi x (T, t71])) C Yi(tL;),
and as p; (Eix (T, t"’l]) C L; joins smoothly onto K; C L; we see that Ei (Eix
(tT,t7]) C Q! joins smoothly onto P! = Y;(tK;). Similarly, the boundary dK*
is the disjoint union of pieces ¥; for ¢ = 1,...,n which join smoothly onto
Q! 2 %, x (tT,R') at the X; x {R'} end, as K' is the graph of t?a over K and
E=n +t2(Tio0¢i) () on X; x [2t7, R').

As X', L; are SL m-folds they are oriented, and N? is made by gluing
X', Ly,..., L, together in an orientation-preserving way, so N* is also oriented.
Let h! be the restriction of g to Nt for t € (0,6), so that (N?, ht) is a compact
Riemannian manifold, and let dV! be the induced volume form on N!. Then
Q|ye = ¢¥™e" AV for some phase function e’ on N'. Write et = ¢ sin 6,
so that Im Q|y: = et dV* for ¢ € (0, 9).

From [B4) we can explain the reason for condition (iii) in Definition
The problem is that we need to define a closed 1-form ¢! on ; x (¢7', R') which
interpolates between t2y;(o,t~1r) near r = tT and n; + t*(T; o ¢;)*(a) near
r = R'. This is possible if and only if t?x;(o,t~17) and n; + t2(T; 0 ¢;)* () have
the same cohomology class in H* (3; x (tT, R'),R) = H'(%;,R).

The cohomology class of x;(o,t71r) is Y(L;) € H'(X;,R) by Theorem FLH,
and 7; = dA; is exact. Hence the cohomology class of (T;0¢;)*(a) in H*(X;, R)
must be Y(L;). That is, the cohomology class [a] = p € H'(X’,R) must have
image Y (L;) in H*(X;,R) for all i = 1,...,n under the map H'(X’,R) —
@, H'(X;,R) in (@), which gives (iii). This is a necessary condition for N* to
exist as a Lagrangian m-fold.

Following [9, Def. 7.2] we define a vector subspace W' C C*°(N*). This
will be W in Definition It is an approximation to the eigenspaces of the
Laplacian A on N! with small eigenvalues, and is a tool to deal with some
analytic problems when X’ is not connected.

Definition 6.3 We work in the situation of Definitions and For
i = 1,...,n apply Theorem to the AC SL m-fold L; in C™, using the
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numbering Eg chosen in Definition Bl for the connected components of ¥;. This
gives a vector space V; of bounded harmonic functions on L; with dimV; = [;.
For each ¢; = (¢}, ..., cﬁl) € Rl there exists a unique v¢* € V; with

Vk(cpf(vfl) — cf) = O(|ci|rﬁ_k) on Eg x (T,00) as r — oo, (36)

foralli=1,...,n,7=1,...,0;, k> 0and 8 € (2—m,0).

We shall define a vector subspace W* C C*®(N*) for ¢t € (0,6), with an
isomorphism W' = RY. Fix d = (dy,...,d,;) € R, and set ¢/ = dy(,5) for
i=1,...,nand j = 1,...,0;. Let ¢; = (c},...,c%). This defines vectors
c; € Rl for i = 1,...,n, which depend linearly on d. Hence we have harmonic
functions v € V; € C*°(L;), which also depend linearly on d.

Let F : (0,00) — [0,1] and 7 € (0,1) be as in Definition B2 Make 6 > 0
smaller if necessary so that tT < 1¢7 for all t € (0,8). For ¢ € (0,6), define a
function w} € C*°(N*) as follows:

(i) The subset Kt C N is diffeomorphic to K, and so has ¢ connected com-
ponents K} diffeomorphic to K N Xj, for k = 1,...,q. Define w on K*
by wh =d on K} for k=1,...,4q.

(ii) Define wjj on P! C N by (Y;0t0p;)*(wh) = 0§ on K; fori=1,...,n.
(iii) Define w) on Q! C N* by

=) (wg)(o,r) = (1 — t7'r)); (i) o, tT ) + )

EH* (wh 1—F2t7 7))} (v Yy + F(2t7Tr)el (37

on ) x (tT,R'), fori=1,...,nand j =1,...,1.

It is easy to see that w} is smooth over the joins between P}, Q! and K*, so
wh € C°(N*). Also w} is linear in d, as v$* is. Thus W' = {w) :d € R?} is a
vector subspace of C°°(N*) isomorphic to R?, for all ¢ € (0, 6).

Ifd=(1,...,1) then ¢/ =1,s0¢; = (1,...,1) for i = 1,...,n, and thus
v§i = 1 for i = 1,...,n by Theorem X Therefore w(; ;) = 1 by (i)-(iii)
above, and 1 € W for all ¢ € (0,4). This corresponds to the condition 1 € W in
Definition Define my« : L2(N') — W? to be the projection onto W using
the L?-inner product, as for 7y, in Definition

Note that if X’ is connected, so that ¢ = 1, then W = (1).

6.2 Estimating Im Q|y:

We now prove estimates for ImQ|ye = e dV?, following [J, §6.2]. First we
compute bounds for ! at each point, as in [9, Prop. 6.4].

Proposition 6.4 In the situation above, making § > 0 smaller if necessary,
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there exists C > 0 such that for all t € (0,9) we have

Cr, re (tT,t7],
i CtA=4 ot mi=D 4 r oour
|(ED)*(eN](o,7) < C11-7)@=N) | o2tT(i—2) re(tT,2t7), (38)
Ctir—4, r€[2t",R),
C, re (tT,t7],
- CtA=o" 4 ot (mi=3) 4 r oour
|(ED)* ()| (o, 7) < Cp1-1@E-N-7 | cy2r(vi-3) T (t7,2t7),  (39)
Cttr=3, r€[2t",R),
lef| < Ctt,  |det| < Ct* on K, (40)
and |e'| < Ct, |de'| < C on P! foralli=1,...,n. (41)

Here | .| is computed using (ZL)*(h*) in @A) and h' in @) and EI).

Proof. As TF(Im Q) is a smooth m-form on Br and T (ImQ)|op = v;(Im Q) =
P(z;)™ Im QY by Definition Bl we see that T (ImQ) = ¢(x;)™ Im Q' + O(r)
on Bpg, by Taylor’s Theorem. Since tL; is special Lagrangian in C™ we have
ImQ'|;z, = 0. Thus

T (ImQ)|iz,| = O(r) ontL; N Bg, (42)

computing | .| using the metric Y7 (g) on Bg, restricted to tL;.
Now N coincides with Y;(tL;) on P} and =! (Ei x (T, tT]), so eldVt =
Im Q|v,(¢1,) on these regions. As h' is the restriction of g to N* we have |[dV?| =

1, computing | . | using g, so

15N = [T m Qe

on t(K Ug;(S; x (T,t7']) CtL;N Bg.  (43)

Combining @J) and @3) gives |e/| = O((T:).(r)) on P! and E{(%; x
(tT,t7]). As (Y;)«(r) = O(t) on P!, we see that

|(ED*(E|(o,7) =O(r) forre (tT,t7], and |e'| =O(t) on Pl.  (44)
A similar argument for the derivative det gives
|(E)*(de")|(o,r) = O(1) for r € (tT,t7], and |de'| =O(1) on P}. (45)

In [R, Prop. 2.10] we show that if N is a compact SL m-fold in M and N is
a nearby Lagrangian m-fold written as the graph of a C'!' small closed 1-form «
on N using Theorem B, and Im Q|5 = ¢™ sinfdV, then

Y™ sind = —d* (™) + O(]a)?) + O(|Val?)  when |a|,|Va| are small. (46)

This is extended in [8, Prop. 6.3] to the case in which X is a compact SL m-fold
with conical singularities, and « a small 1-form on X".
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Now on K and the annuli Zf(3; x [2t",R’)) for i = 1,...,n, N' is the
graph of a small closed 1-form t?cc on X’. Abusing notation, identify K* and
=t (Ei X [2t7, R’)) with the corresponding regions in X', so that v, «, p make
sense on these regions in Nt. Then [8, Prop. 6.3] shows that

el =y sin @ = —d* (Y™ t?a) + O(p~2|t*al?) + O(|t*Va|?) (47)

on K* and Zf(2; x [2t™, R')) when p~'|t?al, [t*Va/| are small. Here p : X' —
(0,1] is a radius function, as in Definition BH

Since |VFa| = p™17% by @) as a € Yy, we see that p~![t2al,[t?Va| are
O(t*727) on K" and Z!(; x [2¢7, R')), so (ED) holds, giving

e'=0(t") on K', and |(E))*(c")| = O(t"'r™*) on EL(Z; x [2t", R')), (48)
as d*(¢™a) = 0. By a similar argument for derivatives we obtain
de’ = O(t*) on K', and [(E})*(de")| = O(t*r°) on E}(Z; x [2t7, R')). (49)

On the annuli =} (Ei x (17, 2tT)) we can apply the same argument, but we
have to be rather more careful. Here N* is not the graph of t2a. over X', but
instead the graph of the 1-form (Y 0 ¢;). (¢! —n;) on the corresponding annulus
in X’. From (B4) we find that

(& = mi)(o,r) = t*(Ti0 ¢i)* (a)(o,7)

+d[(1 = Ft 7)) (PEi(o,t 7 'r) — Ai(o,r) — Ty (0,7))]. (50)
So applying [B, Prop. 6.3] again as in 1) gives
(ED* ()0 r) = O(r~2&f = mil*) + O(IV (& = m)l*) (51)

—d*(¥"d[(1 = F(t™ 1)) (PEi(o,t7'r) — Ai(o,7) — *T;(0,7))])

on ¥; x (t7,2t7), provided r~t|¢! — n;| and [V (! — n;)| are small. Here | .| and
d* are computed using the metric (T; o ¢;)*(g), and we have used d*(¢"™«) = 0
to eliminate the term —d* (™ ¢*(Y; 0 ¢;)*(ar)).

It is important that there are no linear terms in t2(Y;0¢;)* (a) or 27} (v;) in
EI). If we had applied the cruder method used in [9, Prop. 6.4] there would have
been such linear terms, which would have contributed O(t*727) to |(Z£)*(g')| on
¥ x (t7,2t7) and O(t?+7(m/2=D) 0 ||e!|| L2m/(m+2), which is too large for part
(i) of Theorem B3 to hold.

Using B4)) to write terms in (EI) in terms of v;, 4;, E;, T; and estimating
these using (@), @) and BF), we find that r~1|&f — n;| and |V(! — ;)| are
O(t*>727) on %; x (t7,2t7), as the t?7}(7;) term in () dominates, so that (&]))
holds for small ¢t and on X; x (¢7,2t7) we have

(E:)*(Et) _ O(t4747) + O(t‘l'(#i72)) + O(t(lfr)(2f>\)) + O(t2+7(vi72))' (52)
By a similar argument for derivatives we find that on ; x (¢7,2t™) we have

(Eéﬁ)*(det) _ O(t4757) + O(t‘r(,ui73)) + O(t(lfr)(2f>\)f~r) + O(t2+~r(ui73)). (53)

26



Making 6 > 0 smaller if necessary, equations (BR)—EI) now follow from (@),
ED), EY), @), &) and @B3), for some C > 0 independent of ¢. O

Now we can estimate norms of ¢! and de?, as in part (i) of Theorem

Proposition 6.5 There exists C' > 0 such that for all t € (0,9) we have

||5t||L%f2 <o (Hm/2) (t447+t(1#)(27A)_’_Z(t‘l'(#i*ﬂ+t2+ﬂ'(1/i72))>’ (54)
=1

||Et||co<Cl(t4_4T+t(1_T)(2_>\)+Z(fT(M_2)+t2+‘r(w_2))>7 and (55)
=1

||d€t||L2m<C/t7T/2 (t4747'_|_t(177')(27)\)+Z(t‘r(ll«i*2)+t2+7(l/i*2))), (56)

i=1

computing norms with respect to the metric ht on Nt.

Proof. The proof is similar to that of [0, Prop. 6.5]. Using BY), ) and EII)
we find that ||g*|| ;2m/(m+2) has contributions O(t2+7/2) from P!, O(t7(3+m/2))
from Z(¥; x (¢T,t7]), and

O(t4+7(m—6)/2)+O(t7(ui—1+m/2))+O(t2—>\+7'(>\—1+m/2))+O(t2+‘r(ui—l+m/2))

from Z¢(%; x (t7,2t7)), and O(¢*7(m=6)/2) from =¢(; x [2t7, R')) as m < 6,
and O(t?) from K*, since vol(K*) = O(1).

Now O(t™(#i=1+m/2)) dominates O(t"*+™/2)) and O(t*+™/2) as p; < 3 and
0 <7 < 1, and O(t*+7(m=6)/2) dominates O(t*) as m < 6 and 7 > 0. The
remaining terms give @4l for some C’ > 0. Equations (B3)—(BRE) follow from

BY)-ET) in the same way. O

We also need to estimate ||my¢(e?)||z:. Following |9, §7.2], which assumes
condition (iv) of Definition &l with no significant changes we prove:

Proposition 6.6 There exists C"” > 0 such that for all t € (0,d) we have
7w (€| < C"t DT - computing norms using ht on N*.

For part (i) of Theorem to hold, we want ||&t||Lom/(miz < Aat®t™/2,
llet]|lco < Agt®™1, ||det|| pom < Aot® 3/2 and || mw (€| < Agt™™ =1 for some
k> 1. Ast < 1 we see from (B that ||| p2m/omr2y < Aot®t™/2 holds with
Az = 2(n+1)C" provided

T(1+m/2)+4—47>Kk+m/2, T(1+m/2)+(1-7)2-N)=k+m/2, (57)
T(14+m/2)+7(i—2) 2 k+m/2, 7(1+m/2)+2+7(v;—2) > k+m/2, (58)
foralli=1,...,n. As 7 <1 we find from @A)-EH) that @1)-ES) also imply
llet]lco < Agt® 1 and ||det||p2m < Aot*~3/2. Similarly, Proposition B8 implies
that [|my (') p1 < Agt®™™~1 holds with Ay > C” provided

(m+1D)r>2k+m-—1. (59)
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Now (&) is equivalent to k£ < 1H1—7)(6—m)/2 and k < 14+(1—7)(1+m/2—N),
which admit a solution kK > 1 as 7 < 1, m < 6 and A < —1 —m/2. Also,
the conditions on 7 in (B3] ensure that ) for ¢ = 1,...,n and &) admit
a solution x > 1, and this is the reason for B3). Taking this x and Ap =
max(2(n + 1)C’,C"), we have proved the analogue of [9, Th. 6.6]:

Theorem 6.7 Making § > 0 smaller if necessary, there exist Ay > 0 and k> 1
such that the functions et = ™ sin " on Nt satisfy ||et|| pom/oms2y < Agt®T™/2,
llet]|co < Agt™ 1, ||det||pem < Agt® 32 and |7y (eh)|| 11 < Aot for all
t € (0,0), as in part (i) of Theorem [Z3.

6.3 Lagrangian neighbourhoods and bounds on R(h'), §(h')

It turns out that [0, §6.3-§6.5] need only minor changes to apply to the La-
grangian m-folds Nt of Definition Here is the analogue of [9, Def. 6.7].

Definition 6.8 Define an open neighbourhood Uy« C T*N? of the zero section
Ntin T*N* and a smooth map ® ¢ : Uyt — M as follows. As Nt is the disjoint
union of K* and P}, Q! for i =1,...,n we shall define Uy+ and ®y+ separately
over K' P! and Q°.

Let IT* : K* — K be the natural projection, recalling from [@H) that K is
isomorphic to the graph I'(t?a) of 2 over K. Then II' is a diffeomorphism,
so dII* : T*K* — T*K is a vector bundle isomorphism. Write m for both
projections 7 : T*N? — Nt and 7 : T*K — K.

Now let y € T*N* N 7*(K"), and define

r=n(y)e K, ¢ =dll'(y) e T*K and 2’ =n(y)=1"=xz)ec K. (60)
Define Uyt N7*(K*) and ®yt|yyenn=(xt) by

y € Uye N*(K*) if and only if v/ + t2a(z’) € Uy,

61
and then @+ (y) = © (v + t?a(2”)). (61)

Fori=1,...,n, define Uyt N7*(P}) and ®x+[yy:nre(pr) DY
Upe NT*(P}) =d(Yiot)({y € T*K; : t *y €U, }) (©2)

and @y:od(Y;0t)(y) =T ;0tod, (t2y).

Here the diffeomorphism Y; ot : K; — P} induces d(Y; ot) : T*K; — T*P},
and ~y — t~ 2+ is multiplication by t~2 in the vector space fibres of T*K; — K;.

Let F be as in Definition Now Ef : %; x (tT, R') — Q! is a diffeomor-
phism, and induces an isomorphism d=! : T*(3; x (tT,R’)) — T*Q!. As in
(@)@ and @4)-@3), define Uyt N 7*(QF) and ®yt|yyenre(qt) by

(dEH)*(Uyt) = {(0, r,qu) € T (Ei x (tT, R/)) :
(6, u) + 2F(t™7r)(T; 0 ¢1)* () (0, 7)] < ¢r} and
Dye 0 d=L(a,m,6,u) = Ti0 D¢, (0,7, + & (0,7),u+ & (0,7)) (64)

(63)
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for all (o,r,c,u) € (d=L)*(Uyt), computing V, | .| using ¢} (g’).

Careful consideration shows that Uyt is well-defined, and ® 5+ is well-defined
in @), @) and (B)) for small ¢, so making § > 0 smaller if necessary @y is
well-defined for ¢ € (0,8). Clearly ®y: is smooth on each of Uy: N * (K1),
Uyt Nm*(P}) and Uy N*(QY), but we must still show that ® 4+ is smooth over
the joins between them.

The condition |(¢,u) + t2F(t~"r)(Y; o ¢;)*(a)(o,7)| < ¢r in @J) is chosen
to ensure that the definitions of Uy+ over K*, P! and Q! join smoothly together
over K" and OP}. Therefore Uyt is an open tubular neighbourhood of N* in
T*N*. Following |9, Def. 6.4] we find that ®y¢ is smooth on Uyt, that is, the
definitions over P}, Q! and K' join together smoothly over P} and OK*.

We shall show that ®%:(w) = @. On Uy: N7*(K?) this holds as &%, (w) = ©
and a is closed. On Uyt N7*(P}) it follows from T;(w) = o', ®} (w') = &, and
the fact that the powers of ¢ in (B2) cancel out in their effect on ®%:(w). On
Une N*(Q}) it holds as T} (w) = ', ®F, (w') = @ and & is closed.

Define an m-form % on Uyt by ' = ®*.(Im ), as in Definition

Using this Lagrangian neighbourhood map ®,¢ in part (iii), we find that
that parts (ii)~(v) of Theorem B hold for N* when ¢ € (0,6), as in [9, Th. 6.8].

Theorem 6.9 Making § > 0 smaller if necessary, there exist Ai, As, ..., Ag >
0 such that for all t € (0,6), as in parts (ii)—(v) of Theorem [ we have

(ii) ¥ > Az on N*.

(ili) The subset Ba,; C T*N*' of Definition [EA lies in Uy, and |V co <
Agt™ on Ba,; for k=0,1,2 and 3.

(iv) The injectivity radius 5(h') satisfies 6(h') > Ast.
(v) The Riemann curvature R(h') satisfies ||[R(h!)||co < Agt™2.

Here part (iil) uses the notation of Definition [, and parts (iv) and (v) refer
to the compact Riemannian manifold (N, h').

Proof. This was proved in [9, Th. 6.8], but with N*, &+ defined more simply.
The changes for the new Nt, ®y+ are very minor. The main difference is that in
[9, §6.3] Nt, ®: are independent of ¢ over K, but here N¢ & . do depend on
t over K. Identifying K* with K using II" in Definition B8 we have V7 (h! —
glx) = O(t?) for j > 0. Therefore the contributions to |[V*3¢||co,d(h?) and
|R(hY)||co from K are all O(1) for small ¢, as in [9, §6.3]. O

6.4 Sobolev embedding inequalities on N*

We now prove that parts (vi) and (vii) of Theorem B3 hold for N*, W*. Here
is the analogue of [9, Th. 7.8], which gives part (vi) of Theorem B3 for N*, W*.
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Theorem 6.10 Making 6 > 0 smaller if necessary, there exists A7 > 0 such
that for all t € (0,6), if v e LI(N*) with [y, vwdV* =0 for all w e W' then
v e L2 Mm=2)(NY) and ||v]| p2m/n-2 < Az||dv]|L2.

Proof. This was proved in [0, Th. 6.12] for X’ connected and [9 Th. 7.8] for
general X', but with N, ®+ defined more simply. Here is how to modify the
proofs. First consider the case of |9, §6.4], when X’ is connected.

In [9, §6.4] we define a partition of unity function F* on N!. The new
definition is as follows. Choose a,b € R with 0 < a < b < 7. Making § > 0
smaller if necessary we have 2¢™ < t* < ¢t < min(1, R) for all ¢ € (0,6). Let
G : (0,00) — [0, 1] be a smooth, decreasing function with G(s) =1 for s € (0, q]
and G(s) =0 for s € [b,00). For t € (0,4), define a function F'* : N* — [0,1] by

1, r e K,
Fi(z) = G((logr)/(logt)), x==2o,r)eQ, i=1,...,n, (65)
0, xePl, i=1,...,n

The main point we have to deal with is that in [9, §6.4] the function F*
was supported on N* N X', and so if v € C1(N?) then we could treat F'v as a
compactly-supported function on X’. But for the new N? this no longer holds.
Instead, on the support of F* we have N' = @/ (I'(t2ct)), where I'(t?a) is the
graph of t?a in T*X".

Identifying T'(t?a) with X’ using 7 : T*X’ — X’ and N with I'(t?a) using
® . defines an identification between N* and X’ on the support of F*. Thus, if
v € CY(N?) we can regard F''v as a compactly-supported function on X’. Then
[9, Prop. 6.11] gives

||| p2m/on-2 < Da(|| d(F)||,. + | [x, FtvdV

), (66)

computing norms using g on X’, where Dy > 0 is independent of v, t.

For the proof of [9, Th. 6.12] to work for the new N*, we need (GH) to
hold computed using h! on N*. Since h! is the restriction of h! to I'(t?«) and
a=0(p™ 1), Va=O0(p~?) we find that

h' = glx +O0(t%p72) = glxs + O(7*7) (67)

on the support of F?, identifying N* and X’ there as above. Thus h' and g|x
are uniformly equivalent on the support of F* for small ¢, so increasing Dy we
see that ([BH) holds with ||. || z2m/(m-2), || . |12 computed using h’.

From (1) we have dV, = (1+ O(t*727))dV", so that

| [ FlodVy | < | [y FlodV?t| + Ct2727 [, |[Flo[dV?

68
< ‘th Ftydvt | + O/t2727||FthL27n/(7n72), ( )

for small ¢ and C,C’ > 0 independent of t. Here norms are computed using h,
and in the second line we use |[F*v| 1 < vol(N*)™ 422 || Bl 0 /m-2), and
that vol(N?) is bounded independently of ¢.
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Substituting (E8) into ([EH) gives
(1= C'Dat> ") | F']| pom/em-2 < Da(||d(F™)|| ., + | [y FlodV?]),
computing norms using h’. For small ¢ we have C'Dyt*~%7 < 3, and so
[F 0l pomsn—2 < 2D (||d(F0)|| o + | [y FrodV!]).

This is the first line of [0, eq. (79)], with 2Ds in place of Dy. The rest of the proof
of [9, Th. 6.12] then follows. This proves the theorem when X’ is connected.
For general X’ we follow the proof of [, Th. 7.8], but with F'* defined as in
ED). The modifications above extend easily, and the theorem follows. (]

The proof of [9 Th. 7.9] also holds for the new N, W with no significant
changes. This proves part (vii) of Theorem B3 for N, W*.

Theorem 6.11 Making § > 0 smaller if necessary, for all t € (0,0) and w €
Wt we have ||d*dw||p2m/oni2) < 2A7Y|dw]|p2, where A7 > 0 is as in Theorem
IO Also there exists As > 0 such that for all t € (0,0) and w € W' with
Sye wdV? =0 we have [|w]|co < Agtt=™/2||dw]| 2.

6.5 The main result when Y (L;) #0 and \; =0

Here is the first of the main results of this paper, the analogue of Theorem EH
but allowing A\; = 0 and Y (L;) # 0.

Theorem 6.12 Let (M, J,w,Q) be an almost Calabi—Yau m-fold for 2<m <6,
and X a compact SL m-fold in M with conical singularities at x1,...,x, and
cones Cy,...,Cy. Definep : M — (0,00) as in @). Let L1,..., L, be Asymp-
totically Conical SL m-folds in C™ with cones C1,...,Cy and rates A1, ..., \n.
Write X' = X \ {z1,...,2,} and ¥; = C; N S*™~L. Suppose that \; < 0 for
i=1,...,n, and that there exists o € H'(X',R) such that (Y(Ll), ce Y(Ln))
is the image of o under the map H'(X',R) — @._, H'(X;,R) in @).

Set ¢ =b°(X"), and let X1, ..., X, be the connected components of X'. For
i=1,...,nlet l; =b%(%;), and let X},... 3k be the connected components of
Y. Define k(i,j) =1,...,q by T; 0 <pi(2§- x (0,R)) C Xy fori=1,....n
and j=1,...,l;. Suppose that

S W) Z(L) - [2]=0 foralk=1,...,q. (69)
1<i<n, 1<5<l:
k(i,j)=k

Suppose also that the compact m-manifold N obtained by gluing L; into X'
at z; fori=1,...,n is connected. A sufficient condition for this to hold is that
X and L; fori=1,...,n are connected.

Then there exists € > 0 and a smooth family {Nt 1t € (0,6]} of compact,
nonsingular SL m-folds in (M, J,w,Q) diffeomorphic to N, such that Nt is
constructed by gluing tL; into X at x; fori=1,...,n. In the sense of currents
in Geometric Measure Theory, N* — X ast — 0.
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Proof. The hypotheses of the theorem imply that Definition Bl holds. Let § > 0
and Nt W for t € (0,0) be as in Definitions 2 and £33, and make § > 0 smaller
if necessary so that Theorems 7 B9 BET0 and apply. Theorem B gives
constants £ > 1 and Az > 0 such that part (i) of Theorem holds for N* for
all t € (0,0), replacing N, W, 0 by Nt Wt 0! respectively.

Let the Lagrangian neighbourhood ®y: : Uyt — M and the m-form 8¢ on
Uyt be as in Definition B8 Then Theorem B3 gives constants Ay, As, ..., Ag >
0 such that parts (ii)-(v) of Theorem B3 hold for N* for all ¢ € (0, ), replacing
N, 3,h by Nt, 3, ht respectively. Theorems [EI0 and give A7, Ag > 0 such
that parts (vi) and (vii) of Theorem B3 hold for N* for all ¢ € (0, 6), replacing
N,W by Nt,W? respectively.

We have not yet shown that the inequality cos 8 > % in Definition holds.
From parts (i) and (ii) of Theorem B3 we see that |sin 67| < A2 A3 ™"~ on N*.
Thus for small ¢ € (0,6) we have |sin 6’| < ? as k > 1, so that |cos6’| > 1.
As N is approximately special Lagrangian on K we have ¢’ ~ 1 on K, so
cosft > % on Nt as cosf! is continuous and N? connected.

Let ¢, K > 0 be as given in Theorem depending on k, A1, ..., Ag and m,
and make ¢ > 0 smaller if necessary to ensure that ¢ < § and cos ! > % on N?
for t < e. Then Theorem shows that for all ¢ € (0, €] we can deform N* to a
nearby compact, nonsingular SL m-fold N*, given by Nt = (® ), (D(df")) for
some ft € C®°(N?) with ||dft]|co < Kt* < Ajt.

Since N* and ® ¢+ depend smoothly on t, we see that f* is the locally unique
solution of a nonlinear elliptic p.d.e. on N* depending smoothly on t. It quickly
follows from general theory that f* depends smoothly on ¢, and so Nt does. We
show that N* — X as currents as t — 0 as in [J, §6.5]. O

When m = 6, the proof of Theorem shows that the bounds in part (i)
of Theorem hold with x = 1 rather than x > 1. Thus the proof only just
fails when m = 6, and with some improvements to the material of &6
Theorem T2 can probably be proved for m = 6. However, the author does not
know how to extend Theorem to the case m > 6.

If X’ is connected, so that ¢ =1, then k(i,7) = 1 and (@) becomes

n l;

> vl@)"Z(L) - Y 5] =0,

i=1 j=1

But 2221[23] = [%], and Z(L;) - [X;] = 0 as Z(L;) is the image of a class
in H™ Y(L;,R) by Definition & and %; = dL;, so [¥;] maps to zero in
H,,—1(L;,R). Therefore (63) holds automatically when X’ is connected. Also,
N is automatically connected. Thus Theorem [ET2 simplifies in this case to give
an analogue of Theorem .7k

Theorem 6.13 Let (M, J,w,Q) be an almost Calabi—Yau m-fold for 2<m <6,
and X a compact SL m-fold in M with conical singularities at x1,...,%n
and cones Cy,...,C,. Let Ly,...,L, be Asymptotically Conical SL m-folds
i C™ with cones Cq,...,C, and rates \1,...,A\n. Suppose that \; < 0 for
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i=1,...,n, that X' = X \ {x1,...,2,} is connected, and that there exists
0 € H'(X",R) such that (Y(L1),...,Y(Ly)) is the image of o under the map
HY(X',R) — @}, H (%i,R) in @), where 3 = C; N S*™ 1.

Then there exists € > 0 and a smooth family {N* : t € (0,€]} of compact,
nonsingular SL m-folds in (M, J,w,Q), such that Nt is constructed by gluing
tL; into X at x; fori=1,...,n. In the sense of currents, Nt = X ast — 0.

7 Desingularizing in families when Y (L;) =0

Next we consider a different generalization of Theorems B4 and BER to families
of almost Calabi-Yau m-folds (M, J*,w®,Q°). Let F C R? be open with 0 € F,
and {(M, J5ws Q%) s € .7:} be a smooth family of almost Calabi—Yau m-folds
with (M, J°, w® Q%) = (M, J,w, Q).

Suppose X is an SL m-fold in (M, J,w,Q) with conical singularities at
Z1,...,T, and cones C;, and that Lq,..., L, are AC SL m-folds in C™ with
cones C; and rates \;. In the rest of the paper we shall construct special La-
grangian desingularizations N** of X not just in (M, J,w, ), as in [9] and §0
but in (M, J®,w?®, Q%) for small s € F.

In this section, as in Theorems Bl and 28 but not as in §8 we shall as-
sume that A; < 0, so that Y (L;) = 0 by Proposition Then §8 combines
the new material of §8 and this section to study desingularization in families
when Y(L;) # 0.

The advantage of desingularizing in families (M, J*, w®, Q*), rather than a
single almost Calabi—Yau m-fold (M, J,w, ), is that by varying the cohomology
classes [w®] and [Im°] we can overcome obstructions to the existence of SL
desingularizations N* in (M,.J,w,Q). In this section, by varying [ImQ°] we
show how to relax equation ([E8) in Theorem B3

7.1 Setting up the problem

The next three definitions are analogues of Definitions BEIHE3l We consider the
following situation, modifying [9, Def. 6.1 & Def. 7.1] to the families case.

Definition 7.1 Let (M, J,w, ) be an almost Calabi—Yau m-~fold with metric g,
and define ¢ : M — (0, 00) as in @). Let X be a compact SL m-fold in M with
conical singularities at x1, ..., z, with identifications v;, cones C; and rates u;.
Define ¥; = C; NS*™ 1 fori=1,...,n. Let Ly,..., L, be AC SL m-folds in
C™, where L; has cone C; and rate A\; for i = 1,...,n. As in Definition EZ7 let
{(M, JSws Q%) s € .7-'} be a smooth family of deformations of (M, J,w, ),
with base space F C R%. Suppose that

(i) L; hasrate A; <0 fori=1,...,n, so that Y(L;) = 0 by Proposition EE3

(ii) [w®] - ts(y) =0 for all s € F and v € Ho(X,R), where ¢, : Ho(X,R) —
Hy(M,R) is the natural inclusion.
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(iii) Let N be the compact m-manifold obtained by gluing L; into X’ at x;
for ¢ =1,...,n in the obvious way. Suppose N is connected. A sufficient
condition for this to hold is that X and L; for i = 1,...,n are connected.

We use the following notation:

e Let R,Bgr, X' and ¢;,T; for i = 1,...,n be as in Definition B4

o Let ( and Ug,, P, for i =1,...,n be as in Theorem B3

e Let R’ and ¢;,n;,n},n? for i =1,...,n be as in Theorem B

e Let ¢ = b°(X’), and write the connected components of X’ as X7, ..., X/.

e Fori=1,...,nlet l; = b°(%;), and write the connected components of
Y as X}, ..., 0k

e Then T, o p; (Ef x (0,R’)) is a connected subset of X', and so lies in
exactly one X} . Define k(4,j) for i = 1,...,nand j =1,...,1; by T, 0
@i (2! x (0,R")) Xiig)-

e Let Uy, @y be as in Theorem BTl

e Let A; be as in Theorem B0 for ¢ = 1,...,n, so that n; = dA;.

e Apply Theorem EEA to L; with ¢, U,,, @, as above, for i = 1,...,n. Let
T > 0 be as in the theorem, the same for all i. Let the subset K; C L;,
the diffeomorphism ¢; : ¥; x (T,00) — L; \ K; and the 1-form y; on
%; % (T, 00) with components !, x? be as in Theorem ELH

o Let U,,,®,, be asin TheoremEyfori=1,...,n.

o Let F; € O™ (Ei x (T, oo)) be as in TheoremEEf for i = 1,...,n.

Note that as Y (L;) = 0 by assumption we have v; = 0 in Theorem 0l
and therefore y; = dFE; fori =1,...,n.

e Apply Theorems BT2 and B3 to X and {(M, J5we Q%) s € .7:}. By
Theorem B3 part (ii) above implies that [v°] = 0, so we can take v° = 0.
Then Theorem BT gives an open F' C F with 0 € ' and ¢*, v, T5, @3,
for s € 7’ depending smoothly on s, satisfying () and

P=vn, TP =T, 0% =0x, (0])7(Q) =9 (2:)" Y,

x' = 7

vy
Y3(0) = x;, dYS|o =0, (¥)*(w®) =, and (®%,)*(w®) = &.

3

(70)

Instead of just defining N for ¢ € (0,8) as in Definition B2 we define a
larger family {N*':s € F', t € (0,6)}, where N*' is Lagrangian in (M, w®).
Definition 7.2 In the situation of Definition [l choose a smooth, increasing
function F': (0,00) — [0, 1] with F'(r) =0 for r € (0,1) and F(r) = 1 for r > 2.
Write F for dF/dr. Let 7 € (0,1) satisfy

{ m m+ 2

0< ,
i m+1" 2u; +m—2

1=1,...,n

}<T<1, (71)
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which is possible as p; > 2 implies (m +2)/(2u; +m —2) < 1.
Fori=1,...,n,s € F' and small ¢t > 0, define Pf’t = T$(¢tK;). This is well-
defined if tK; C Bgr C C™, and is a compact submanifold of M with boundary,
diffeomorphic to K;. As K; is Lagrangian in (C™,w’) and (Y?)*(w®) = ', we
see that P' is Lagrangian in (M,w®).
Fori=1,...,nand t > 0 with 7 < {7 < 2{" < R/, define a 1-form &! on
S x (tT, R') by

&(o,r) =d[F(t™Tr)Ai(o,r) + 2 (1 = F(t™7r))Ei(o,t'r)]
=F{t "r)ni(o,r) +t TF (t7Tr)Ai(o,r)dr (72)
+ 21 = F(t7r))xi(o, t ™) = 27T F (t7Tr)Ei (o, t ™ r)dr.

Let §i1’t,§l-2’t be the components of ¢! in T*Y and R, as for 7;, x; in Theorems
B3 and 3 Note that when r > 2t™ we have F(t~"r) = 1 so that ! (o,r) =
ni(o,7), and when r < 7 we have F(t~7r) = 0, so that (o, r) = t2x;(o,t 7 1r).
Thus & is an exact 1-form which interpolates between 7;(o,7) near r = R’ and
t2xi(o,t~1r) near r = tT.

Choose ¢ € (0,1] with 6T < 6" < 26" < R’ and 6K; C B CC™ and

€ (o, r)| < ¢r on X x (1T, R') for all i = 1,...,n and t € (0,6). (73)

This is possible as in [0, Def. 6.2]. For i =1,...,n, s € ' and t € (0,6) define
200 % x (tT,R') — M by

i .

=0, 1) = 15 0 B, (o, &t (o, r), 2" (o, r)). (74)
Define Q5" = Ef’t(Zi x (tT,R')) for i = 1,...,n, s € F and t € (0,8). As
(T5)*(w*) = o', @ (W) = @ and & is closed we see that (22")*(w®) = 0. Thus
Q7" is Lagrangian in (M,w®), and is a noncompact embedded submanifold
diffeomorphic to X; x (tT, R').

Recall that K C X', and X’ is embedded as the zero section in Uy C

T*X'. Thus K C Uy, and ®%, maps Ux» — M. For s € F', define K* =

5/(K). Then K*® is Lagrangian in (M,w®), as (®3/)*(w®) = », and K C X’
is Lagrangian in (Uy/,&). For s € F and t € (0,4), define N** to be the
disjoint union of K*, Py, ... PS5t and Q5 ..., Q%% Then N*! is Lagrangian
in (M,w*), as K%, P>" and Q5" are.

Moreover, N is a compact, smooth submanifold of M without boundary.
The proof of this follows [0, Def. 6.2], with simple changes. In particular, 8Pis’t
joins smoothly onto the ¥; x {tT} end of Q" as ¢!(a,7) = t*xi(o,t~'r) near
r=1T on ¥; x (tT, R'), and both P>, Q>" are defined using Y. Similarly, the
¥; x {R'} end of Qf’t joins smoothly onto the appropriate component of 0K*
as & = n; near r = R on X; x (¢tT, R'), and because of the compatibility ()
between Y7, used to define @7, and ®%/, used to define K°.

Note that N*! depends smoothly on s, ¢, since T¢, ®3,, depend smoothly on
s. Also, when s = 0 we have Y = Y; and ®%, = &,/ by (), so we see that
PY = P! QY = Q! K° = K and N% = N*, where P!,Q! and N* are as

in [9, Def. 6.2].
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Let h*' be the restriction of g to N®! for s € F and t € (0,4), so
that (N®! h*!) is a compact Riemannian manifold, which is naturally ori-
ented. Let dV*' be the volume form on N®!. As in (Z7) we may write
Q|yer = (¥*)™e®" AVt for some phase function e on N*t. Write e%¢ =
(1*)™sin 6%, so that Im Q|ys.c = €%t dV . Then %! depends smoothly on s,
as %, T7 and @3, do.

Note that Definition does not include the terms in v;, T; and o added in
Definition 4 which were there to allow Y(L;) # 0. Here is the analogue of
Definition B3 defining vector spaces W*! which will be W in Definition

Definition 7.3 In the situation of Definitions [l and define vector spaces
Vi of bounded harmonic functions on L; and v§* € V; for ¢; € RY satisfying
@d) for i = 1,...,n, as in Definition We shall define a vector subspace
Wt C C®°(N®) for s € F' and t € (0,4), with an isomorphism W*! 2 R4,

Fix d = (di,...,dy) € RY, and as in Definition define ¢; € RY for
i =1,...,n depending linearly on d. Let F : (0,00) — [0,1] and 7 € (0,1) be
as in Definition Make & > 0 smaller if necessary so that tT" < %tT for all
t € (0,6). For s € ' and t € (0,6), define wjy" € C®°(N*!) as follows:

(i) The subset K¢ C N*' has ¢ connected components ®%,(K N X},). Define
wi' =dy on @5, (KN X}) fork=1,....q.
(ii) Define w3’ on PP' € N** by (T§ot o) (wy') =vf on K;.
(ili) Define w3’ on Q7" C N*t by
(E) (wg")(o,r) = (1= F2t77r)) @} (o) (0, ) + F(2tTr)e] - (75)

on ) x (tT,R'), fori=1,...,nand j =1,...,1.

The argument of Definition shows that wfj’t is smooth, and linear in d.
Define W** = {w5" : d € R%}. Then W' C C®(N®?) is a vector subspace
isomorphic to R?, and 1 € W*. Define my s« : L2(N*?) — W*! to be projection
onto W*? using the L2-inner product.

7.2 Estimating Im QF|ys.

We now estimate Im Q|ys.¢ as in 52 to show that Nt W*?! satisfy part (i) of
Theorem Following Proposition 54 we bound £%*! at each point in N,

Proposition 7.4 In the situation above, making F' and 6 > 0 smaller if nec-
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essary, there exists C > 0 such that for all s € F' and t € (0,0) we have

et < Cls|, |de®'| < C|s| on K*, (76)
Cr, re (tT,t7],
[(ES* (e™)|(o,r) < Q Ctrri=2) 4 ot(=1C=2) e (¢7,2t7),  (T7)
Crls|, r € 26T, R,
C, re (tT,t7],
|(E7)*(de™)|(o,r) <  Ct7m=3) 4 CtI-D@=X)=7 = p e (17 217),  (78)
Csl, r € [2t", R),

and e < Ct, |de®t| < C on PP foralli=1,...,n. (79)

Here | .| is computed using h*t or (23')*(h*1).

Proof. When s = 0 we have N%* = N* where N is as in [0, Def. 6.2]. Therefore
[9, Prop. 6.4] proves ([[@)-([™) when s = 0. Now K*® = &%, (K) is independent
of t, and so are h®!|xs and e%|gs. Also e%f|go = 0 as K = K is special
Lagrangian in (M, J° w° Q%), and %! depends smoothly on s. Therefore by
Taylor’s Theorem and compactness of K° = K we see that

le** = O(]s]), [de>*|=0O(]s|]) on K*, for small s € F'. (80)

Consider the m-form 9° (z;) ™ (Z5")* (e51AVSt) —ip(z;) "™ (EV')* (€%1dVOt)
on ¥; x (tT,R’). By (@) this is the pull-back of ¥*(z;)”"(Y7)*(ImQ°) —
Y(x;) ™Y (ImQ) on Bg under the map (o,r) — @, (o,r, & o, r), 2" (o, r)).
But since (vf)*(2) = ¢*(z;)™, by [@) we see that

() " (X5) " (Im Q%) — ¢p(ay) "™ Y7 (Im Q) = O(r|s|) on Br. (81)
Combining all these facts we see that
|E) (Y] = (L+0(ls]) - |EP)* (™| + O(r|s]) on E; x (tT,R'). (82)
A similar proof shows that

|(E2)*(de™)| = (L+0(s])) - [(E)")*(de"")| + O(|s]) on Ty x (¢T, R'). (83)

Since |(Y$)*(ImQ*)¢z,| = O(r) on tL;N Bg for small s € F', as in (@), the
proofs of {d]) and [{H) show that for i =1,...,n we have

et = O(t), |de®|=0(1) on P, for small s € F'. (84)

Finally, making ' and § > 0 smaller if necessary, for some C > 0 we see that

equation (@) follows from (B, equation @) from () with s = 0 and &2),
equation ([[¥) from (&) with s =0 and (&3)), and equation [[d) from &). O

Proposition then immediately generalizes to give:
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Proposition 7.5 For some C' >0 and all s € F' and t € (0,0) we have

||€S’tHL2m/(m+2) < C/|S| + Cltr(1+m/2) Z(tT(uifﬂ + t(177-)(27)\,;))7 (85)

i=1
le*Hloo < C'|s| +C" D (#7072 4 ¢ (1=NE=A)) (86)
i=1
and ||d€s’t||L2m < O/|S| + C't—7/? Z(t"’(#i*m 4 t(lf"')(Q*)\i)), (87)

i=1

computing norms with respect to the metric h®t on N*t.

7.3 Bounding |7y<t(¢5")||z: under conditions on s,t

Next we estlmate |7yt (51| L1, using the method of [9, §7.2]. First we bound
Jyer wi'estdV=t for all d € R%. As wjy' = dj, on @3, (K N X}) and =" (2] x
[t7,R’)) when k(i,j) = k, we see that

/ wcsi,tas,t dvs,t _ Z (/ e t dvs t / wé’tss’t st,t)
Nt — P> f ESNS x (tT,t7))

=1
) > )
+ dk (/ Es’t dVS’t / S t dVS7t) i
k=1 3 (KNXG) 1<i<n, 1<]<l 0> X[tf R’))
k(i j)=

Following the proof of [0, Prop. 7.4] with trivial modifications, we find:
Proposition 7.6 For all s€ F',t € (0,§),d€eR? and i =1,...,n we have

/ wilet vt / wg'e? AVt = O(|dje™HT). (89
Pt 2P S x (tT,t7))

Observe that the closure )7,’6 of Xj in M is an m-chain in M without

boundary, and thus defines an integral homology class [X;] € H,,(M,Z), with
[X] =>27_,[X}]. Using this we can state the analogue of [, Prop. 7.5].

Proposition 7.7 Making F' smaller if necessary, for all s € F', t € (0,9),
deR? and k=1,...,q we have

/ Es,t dvs,t Z / S t dVS t _ [Im QS} [)T]/C]
5/ (KNXY) 1<i<n, 1<]<l ((SIxtR

('L J) ‘ (90)

—t™ > (@) Z(Li) - [S1]+ O(ETT) + O(|slt™).
1<i<n, 1<l
k(i,5)=k

Here ImQ°] € H™(M,R), [X}] € Hn(M,Z), Z(L;) € H" *(Z;,R) is as in
m and [Zi] S Hm,l(Zi,Z).
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Proof. As e5tdV®t = Im Q%|ys.¢, the left hand side of (@) is the integral of
Im Q° over the m-chain

Zy =L (KNX)+ Y. ENEIx[T,R))
1<ign, 1<5<;:
Kk(i.j) =k

for k =1,...,q, which is a closed subset of N*! with boundary (m—1)-chain

0Z) = — S ENEIxA{tT)). (91)
1<ign, 1<5<;:
k(i,5)=k
For each i = 1,...,n and j = 1,...,l;, define an m-chain Ag in Bgr to be
the image of X7 x [0, 1] under the map X/ x [0,1] — Bg given by

(o,7) — &, (0, t7, 1%2)(11 (o, tTﬁl), t2x12(o, tTﬁl)).

As Yo ®g (0,7, 12X (0, t771), 2% 2 (0,17 1)) = 7' (0,t7) for 0 € ; by Defi-
nition [C2, we see that

D(Y3(Al)) = =5 (2] x {17}), (92)

regarding T$(A?) as an m-chain in M.
Define another m-chain Z; for k=1,...,¢q to be

! 31 S( AT
Z=X - S T,
1<ign, 1<5<:
k(i,5)=k

As X, is an m-chain without boundary, we see from (@) and (@) that 92} =
0Zy, and in fact it is easy to see that Z and Z; are homologous in M. Since
Im QF is a closed m-form on M, this implies that [, Im Q% = ka Im Q°.

k

From Theorem we have (v7)*(2%) = ¢°(x;)™Q’, where Q' is as in ().

K2

Thus as (Y7)*(2%) is smooth on Bpr, Taylor’s theorem gives
(05)"(2%) = " (2:)" 2 + O(r) on Bpg. (93)

Making F’ smaller if necessary, this holds uniformly in s for s € F'.

Now A} is an m-chain in Bg C C™ with boundary in the AC SL m-fold tL;,
and [0A?] € H,,_1(tL;,R) is the image of [¥/] € H,,_1(X;, R) under the map
Hm,l(Zi, R) — mfl(Li, R) dual to the map Hmil(Li, R) — Hmfl(Zi, R) of
([@). It then follows easily from Definition and Lemma B4 that

/ ImQ = Z(tL,) - [ = t™Z(L;) - [27]. (94)
A
But as 7 = O(t") on A7 and vol(A7) = O(t™) we see from (3) that

[y ame) = @) @) = o, (95)

7
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which again holds uniformly in s € F’. As the left hand side of (@) is

Sz, ImQ® = [, ImQ*, equation @) follows from [y, ImQ* = [Im Q°] - [X]],
k k

equations (@), @F) and ¥*(x;) = ¥(z;) + O(]s|). This completes the proof. O

Now we can estimate ||mys.c(e%?)| 1 under conditions on s, .

Proposition 7.8 Making F',§ smaller if necessary, there exists C" > 0 such
that for all s € F' and t € (0,9) satisfying

[m Qe - [X]] =™ Z W) Z(Ly) - [B] fork=1,...,q, (96)
1<ign, 1<
k(i,7)=Fk

we have ||Tys.e (€5)|| 1 < C"tMADT L C7|s|t™,

Proof. Let s € F' and t € (0,9) satisfy [@0). Combining equations &), &)
@) and @4) gives

/ witest AVt = 0(|d|t™ 7)) + O(|d|s|t™) foralld e R7.  (97)
Ns,t

One can show from Definition [ that [|w5|| 1> = C|d| for some C' > 0 and all
d,s,t. This and [@0) imply that ||7ye.:(e5)| 2 = O™ D) 4 O(|s|t™). But
7wt (€5 1 < VOUNSI) Y2 ||yt (€5Y) || 12, and vol(N*t) = O(1). Therefore
7wt (€5 1 = O™ D7) 4 O(|s[t™). So making F’,§ smaller if necessary,
there exists C” > 0 such that the proposition holds. O

If we do not impose equation (@Gl then the ¢ term in (@) means that we
expect ||mys.e(e%8)||r = O(t™), which is too big for part (i) of Theorem to
hold for N W#*!. We can now prove the analogue of Theorem

Theorem 7.9 In the situation of Definitions [TI{7.3, making F' and 6 > 0
smaller if necessary, there exist As > 0 and k > 1 such that for all s € F' and
t € (0,6) with |s| < t*T™/2 and

Mm Q] - (X[ =t" Y ()" Z(Li)-[2]] fork=1,....q,  (98)
1<i<n, 1<
k(i,j)=k

the functions et = (¢*)™sin 05t on NSt satisfy ||€®?|| p2m/m2 < Agtrtm/2,

le?llco < At A= am < Aate=2 and [myes (€)1 < AatH7L, as
in part (i) of Theorem [E3.

Proof. Make F’,§ smaller if necessary so that Propositions [LZHZH hold. Let
C’,C" be as in Propositions [[3 and [CY, and set As zmax((2n+1)C', QC”) >0.
Let s € F' and t € (0,0) satisfy |s| < #*+"/2 and ([@8). We seek # > 1 so that
the four bounds on £%¢ hold.
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Ast < 1,|s| <t*+™/2 and Ay > (2n+ 1)C’, equations (8H)—(&Z) imply that
||€S’t||L2m/(m+2) <A2t”+m/2, ||€s’t||co <A2tﬁ_1 and ||d€s’t||L2m <A2tn_3/2 if
T(14+m/2)+7(pi—2) =2 k+m/2, 17(14+m/2)+(1—-7)2—X;)=r+m/2, (99)
F(i—2) > -1, (1-7)(2=N\)=k—1, (100)
—7/247(n;i—2) > k—3/2, and —7/24+(1-7)(2—X\;) = k—3/2 (101)

for all ¢ = 1,...,n. As Ay > 2C" and t < 1, by Proposition we have
[ Twse (5] 1 < Aat® ™1 provided

(m+1)1>2rk+m—1. (102)

Since 0 < 7 < 1 and p; > 2 the first equation of (@) admits a solution
x > 1 provided 7 > (2 +m)/(2p; — 2 + m), which holds by [l). Since A\; < 0
by Definition [l we can suppose A; < %(2 —m) by part (a) of Theorem ET
applied to L;, and then the second equation of (@) admits a solution £ > 1.
Also (@) implies () and (@) as 7 < 1. Equation (2 admits a solution

k> 1as 7> -t by [[). Thus (having decreased A; if necessary) we can
choose k > 1 satisfying ([@9)—([[12), and the theorem is proved. O

Here we have restricted to pairs s € F' and t € (0,6) with |s| < t*7™/2, This
is so that the contributions C’|s| in (85)—(7) can be absorbed into Agt*<+tm/2
Aot"~1 and Ast®~3/2. Basically, Theorem [Zd says that if s is not too large
compared to t, and (@) holds, then part (i) of Theorem B3 holds for Nt W,

7.4 Parts (ii)—(vii) of Theorem

Next we carry out the programme of 63 and §64 for families. Here is the
analogue of Definition ER and [9, Def. 6.7].

Definition 7.10 For each s € F' and t € (0,9), we define an open neighbour-
hood Uys.: C T*N**t of the zero section N*! in T*N**! and a smooth map
Dot : Uyse — M. Let m: T*N*t — Nt be the projection. Define

Uyer N5 (K*) = d(% |1) (Ux N 7*(K))  and

103
Dyst (103)

Unsitrme(k5) © AP k) = @/ Uy nme (k)

where ®%,|x : K — K* is a diffeomorphism and d(®%/|x) : T*K — T*K?* the
induced isomorphism.
Following (62), define Uys.: N7*(P*") and Puetlyyenms ety BY

Uyer NTH(P) =d(T5ot)({a € T*K; 1t 2a € Uy, })

) (104)
and Pyscod(Yjot)(a) =T;0tod, (t ).

Modifying [@3) and @), define Uys.e N 7*(Q;") and @yect|y . iare(gety DY

(AZP)* (Uyet) = {(o,r,c,u) € T*(Z; x (tT, R")) : |(s,u)| < ¢r} and (105)
Do 0 dZP (0,7, 6,u) = T o D, (o,r, ¢ + & o, 1), u+ 7o, r)).  (106)
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The proof in |9, Def. 6.7] shows that making F’,6 smaller if necessary,
Uyt and ®ye: are well-defined for all s € F and ¢ € (0,6), and Uys.t is
an open tubular neighbourhood of N*! in T*N*%*. Since (T{)*(w®) = v’ and
(@5,)* (w®) = & we also find that ®%...(w®) = ©. Define an m-form £ on Uys.¢
by %t = &%, (Im Q°).

Here is the analogue of Theorem B0

Theorem 7.11 Making F', & smaller if necessary, there exist A1, As, ..., Ag >
0 such that for all s € F' and t € (0,6), as in (ii)—(v) of Theorem 23 we have

(ii) ¥* > Az on N5t

(iti) The subset Ba,; CT*N*t of Definition B4 lies in Uys.t, and ||V* 55| co
< Agt™" on Ba,t for k=0,1,2 and 3.

(iv) The injectivity radius 5(h*?) satisfies 6(h**t) > Ast.
(v) The Riemann curvature R(h®?) satisfies |R(h*!)|co < Agt~2.

Here part (iil) uses the notation of Definition 24, and parts (iv) and (v) refer
to the compact Riemannian manifold (N**, h%?).

Note that here we do not require s to be small compared to t, as we did
in Theorem [C3 but instead parts (ii)—(v) hold uniformly over s € F'. The
proof is a straightforward extension of that of Theorem B3 to families. For
any given s € F’ the previous proof gives 0, Ay, As, ..., Ag > 0, which can be
chosen to depend continuously on s. Then making F’ smaller, we can take
0, A1, As, ..., Ag to be independent of s.

Making F’ smaller if necessary, we find that all of [9, §6.4 & §7.3] can be
extended to (M, J*,w®, Q%) for s € F', and applies uniformly for s € F'. Thus
with only minor modifications we prove versions of Theorems 10 and

Theorem 7.12 Making F' and § > 0 smaller if necessary, there exists A7 > 0
such that for all s € F' and t € (0,0), if v e LI(N®') with [y, , vwdV>" =0
for all w € W=t then v € L>™/(m=2(N*Y) and ||v||p2m/m-2 < A7|dv||p2.

Theorem 7.13 Making F' and § > 0 smaller if necessary, for all s € F', t €
(0,0) and w € W*! we have ||d*dw|| pam/(miz < 2A7"|dw| 12, where A7 >0 is
as in Theorem[T.13 Also there exists Ag > 0 such that for all s € F', t € (0,9)
and w e Wt with [y, , wdV" =0 we have ||w|co < At =™/2||dw]| 1.

7.5 The main result for families when Y (L;) =0

Here is our first main result for desingularization in families, the analogue of
Theorem B, when we do not assume that X’ is connected.
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Theorem 7.14 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,x, and cones
Cy,...,Cy. Definep: M — (0,00) as in B). Let L1,..., L, be Asymptotically
Conical SL m-folds in C™ with cones C4,...,C, and rates A1, ..., \,. Suppose
N <0 fori=1,...,n. Write X' = X\ {z1,...,2,} and ¥; = C; N S?™~L.

Set ¢ =b°(X"), and let X1,...,X] be the connected components of X'. For
i=1,....nlet l; =0°(%;), and let B}, ..., Eﬁi be the connected components of
Y. Define k(i,j) =1,...,q by T; 0 cpi(Eg x (0,R)) C Xp 4 fori=1,....n
and j = 1,...,1;. Suppose the compact m-manifold N obtained by gluing L;
into X' at x; fori =1,...,n is connected. A sufficient condition for this to
hold is that X and L; fori=1,...,n are connected.

Suppose {(M, Jws 0% s € .7-"} is a smooth family of deformations of
(M, J,w, ), with base space F C R Let 1, : Ha(X,R) — Hao(M,R) be the
natural inclusion. Suppose that

W] ts(y) =0 for all s € F and v € Hy(X,R). (107)

Define G C F x (0,1) to be the subset of (s,t) € F x (0,1) with

MmQ*] - [X7] =" Y ()" Z(Li)-[2]] fork=1,....q.  (108)
1<i<n, 1<5<l;:
k(i,j)=Fk

Then there exist € € (0,1) and k > 1 and a smooth family
{N*t:(s,t)€G, te (0, |s]<tvTm/2Y (109)

such that N*' is a compact, nonsingular SL m-fold in (M, J*,w*®, Q%) diffeo-
morphic to N, which is constructed by gluing tL; into X at x; fori=1,...,n.
In the sense of currents in Geometric Measure Theory, N*' — X as s,t — 0.

Proof. The hypotheses of the theorem imply that conditions (i)—(iii) of Definition
LT hold. Let F’,§ and N**! for s € F' and t € (0,0) be as in Definition [[2 and
WSt as in Definition [ and make F’ and § > 0 smaller if necessary so that
Theorems [, [ZTT], and [LT3 apply. Theorems [9, [CTT], and [LT3 now
give K > 1 and Ay,..., As > 0. We show that cos6*’ > 1 on N** for small s, ¢
as in the proof of Theorem

Let ¢, K > 0 be as given in Theorem B3 depending on &, A1, ..., Ag and m,
and make € > 0 smaller if necessary to ensure that ¢ < §, and that if s € F
with [s| < €"7™/2 then s € F and cosf*! > 1 on N*! for t € (0,¢]. Let G
be as in the theorem, and suppose (s,t) € G with t € (0,¢] and |s| < t5t™/2,
Then s € F/, as |s| < t"Hm/2 L evtm/2,

Theorem [0 shows that part (i) of Theorem holds for Nt Wt as
|s| < t*t™/2 and (@R) holds by choice of s,t. Theorems LTI, [T and
show that parts (ii)—(v), (vi) and (vii) of Theorem B3 hold for N** Wt Thus
as t < €, Theorem B3 shows that there exists a nearby compact, nonsingular SL
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m-fold N5 in (M, J,w*,Q*), as in (™). The remaining conclusions follow as
for Theorem O

Putting d = 0 and F = {0} = R¢, Theorem [T reduces to Theorem
Equation ([[7) is a necessary condition for the existence of any Lagrangian
m-fold N*t in (M, J* w*, Q) desingularizing X. However, [[I8) cannot be
justified in the same way, and actually it’s sufficient for [Im Q°]- [X] = 0 to hold
exactly (this follows from the sum of () over k = 1,...,q) and for (II¥) to
hold only approximately, that is, up to terms of order O(t*+m~1).

If X’ is connected, so that ¢ = 1, then as for Theorem the right hand
side of (1Y) is zero automatically. Then the theorem simplifies to give:

Theorem 7.15 Let (M,J,w,Q) be an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,x, and cones
Ci,...,Cy. Let Ly,...,Ly, be Asymptotically Conical SL m-folds in C™ with
cones Cq,...,Cp and rates Ay, ..., \p. Suppose \; < 0 fori =1,....n, and
X' =X \{z1,...,2,} is connected.

Suppose {(M, Jws Q%) s € f} is a smooth family of deformations of
(M, J,w,Q), with base space F C R%. Let 1, : Ho(X,R) — Ho(M,R) be the
natural inclusion. Suppose that

W] ts(y) =0 forall s€ F and v € Hy(X,R), and

110
MmQ°]-[X]=0 forall se€F, where [X]| € Hy,(M,R). (110)

Then there exist € >0 and k > 1 and a smooth family
(N*t:seF, te(0,¢, |[s|<t™tm/2) (111)

such that Nt is a compact, nonsingular SL m-fold in (M, J*,w*, Q%), which is
constructed by gluwing tL; into X at x; fori=1,...,n. In the sense of currents
in Geometric Measure Theory, N*t — X as s,t — 0.

Putting d = 0 and F = {0} = R?, Theorem [[TH reduces to Theorem 71
When s = 0 the SL m-fold N9 in Theorem [T coincides with the SL m-
fold N* in (M, J,w, ) constructed in Theorem B4l Now given the compact,
nonsingular SL m-folds N* in Theorem 4] we can apply Theorem 2 to prove
the existence of SL m-folds N** in (M, J*,w* Q*) for s small compared to ¢.

Thus, much of Theorem follows from Theorems 2O and 4l The new
feature is that when ¢ is small |s| < t°7™/2 is sufficient for the existence of N,
whereas Theorems X0 and B4l give no quantitative restrictions on s, t.

However, Theorem [.T4] does not follow from Theorems and B0l This
is because Theorem [ZI4] can prove the existence of desingularizations N in
(M, J*,w*,Q°) for s # 0 in cases when there do not exist desingularizations N'*
in (M, J,w,Q) because [Z8) does not hold, so Theorem BH does not apply. Ef-
fectively, by deforming (M, J,w, Q) in a family F we can overcome obstructions
to desingularizing X in the single almost Calabi—Yau m-fold (M, J,w, Q).
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8 Desingularizing in families when Y (L;) # 0

Finally we extend the material of §f to families of almost Calabi—Yau m-folds
(M, J*,w*, Q%) for s € F. There are topological obstructions to defining a La-
grangian m-fold N in (M,w?®) by gluing tL; into X at z;, as [w®|ys+] may
be nonzero in H2(N*! R). Because of this, we can only define Nt as a La-
grangian m-fold for (s, ) in a subset G of F x (0, 1), satisfying an equation ([Z0)
involving [w?], t and Y'(L;) for i =1,...,n.

8.1 Setting up the problem
We shall consider the following situation, combining Definitions and [CT1

Definition 8.1 Let (M, J,w,Q) be an almost Calabi-Yau m-fold, and X a
compact SL m-fold in M with conical singularities at x1,...,x, with identi-
fications v;, cones C; and rates ;. Let Ly,..., L, be AC SL m-folds in C™,
where L; has cone C; and rate \; for ¢ = 1,...,n. As in Definition 27 let
{(M, J5w 0% s € f} be a smooth family of deformations of (M, J,w, ),
with base space F C R<.
Set ¢ = b°(X"), so that X’ has ¢ connected components, and number them
Xi,oo, Xg Fori=1,...,nletl; = b0 (%), so that ¥; has I; connected compo-
nents, and number them X1, ... Y. If T, ¢;, S; are as in Definition B4} then
T; 0 ¢; is a diffeomorphism ¥; x (0, R’) — S; € X'. For each j = 1,...,1;,
Tio0¢;(2! x (0,R')) is a connected subset of X', and so lies in exactly one of
the Xj for k=1,...,q. Define numbers k(i,j)=1,...,qfor i =1,...,n and
J=1,...,li. by Tiopi(X] x (0,R')) C Xj(; ;). Suppose that:
(i) The dimension m satisfies 2 < m < 6, and

(ii) The AC SL m-fold L; has rate \; <0 fori=1,...,n.
) Im Q] [Xx] =0 for all s € F and k = 1,...,q, where [X;] € H,,,(M,R).
) > W) Z(Ly) - [B]=0forallk=1,....q.

1<i<n, 1<5<;:
k(irj)=k

(iii

(iv

(v) Let N be the compact m-manifold obtained by gluing L; into X’ at x;
for i =1,...,n in the obvious way. Suppose N is connected. A sufficient
condition for this to hold is that X and L; for i = 1,...,n are connected.

Let g, 1/17 R7 BR7 Eia Li, Tiu Ca UCﬁ(I)CiuR/a Ku ¢i7 Mis 77117 77127 Siu UX’u (I)X’7 Ai7 Vi,
7, T, Kiy 01y Xis Xo > X3, Ur,, @1, B; and X be as in Definition GBIl Define

e Let V= H2(X',R) be a vector space of smooth closed 2-forms on X’
supported in K representing H2 (X', R).

e Let Y(L;) € H'(X;,R) be as in Definition Then by Hodge theory
there exists a unique v; € C°°(T*%;) with dvy; = d*y; = 0 and [y;] =
Y(L;) € H'(Z;,R). Let m; : 3; x (0, R') — ; be the projection.
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e Define w € HZ(X’,R) to be the image of (Y(L1),...,Y(Ly)) under the
map @;_, H'(Z;,R) — HZ(X',R) in @). Let 3 € V be the unique
element with [§] = w.

e Choose v; € (0, p; —2) with (0,15]N Dy, =0 fori=1,...,n.

e Apply part (b) of Theorem Bf with 7; and 3 as above. This gives o €
C>(T*X') with da = 3, d*(¢¥™a) = 0 and |Via| = O(p~177) for k > 0,
and T; € COO(Ei X (O,R’)) fori =1,...,n with

(Tiodi) (o) =7} (5) +dT; on¥; x (0,R) fori=1,...,n,and  (112)
ViTi(o,7) = O(r*"9) asr — 0, for all j > 0. (113)

e Apply Theorems and to X and {(M, Jws Q%) s € ]—"}
with V' as above. This gives an open set 7/ C F with 0 € F' and
P v, T2 v 0%, for s € F' with v® € V depending smoothly on s, sat-
isfying () and
v =, Y=7T;, 0=0, &% =, (v5)*(Q) = *(z;)™ Y,

Y3(0) = zi, Y700 =], (1) (w") =o', (%) (w*) =& +7"(1°).

K2

(114)

e Define a function f* € C®°(X’) for s € F' by (®%,)*(ImQ%)|x = f5dV.
As in (BI), we can show that V7 f* = O(p'™|s|) for all j > 0, where
p: X' — (0,1] is a radius function, as in Definition BEHl Part (iii) above
implies that fX;Q ffdV=0forallse F/and k=1,...,q.

e Using V/f* = O(p'*™|s|) and [y, f*dV = 0 we can apply part (c) of
k

Theorem B8 to f° on X, for s 6_}" and k = 1,...,q. This gives exact
1-forms on X}, and functions on ¥} x (0, R') for k(i, j) = k.
Put these 1-forms and functions together for all £ to give an exact 1-form
0° on X’ with d*(¢™ ;) = f* and functions Z; € C>(%; x (0, R')) with
(Yiog;)*(0°) = dZf on X;x (0, R) fori =1,...,n. AsVIf® = O(p1+j|s|),
we find that

IV70* | =O0(p~'|s|]) and V/Zi(o,r) =O(r"|s|) forall j>0. (115)

Observe that parts (iii) and (iv) above are equivalent to requiring that both
sides of ([0Y) are zero. To prove a more general result, we would prefer to replace
(iii) and (iv) with the single condition ([[I¥). However, part (iii) is necessary
for the existence of p* and Z7 above, and this together with ([08)) implies part
(iv). We will discuss this further after Theorem

Next we define m-submanifolds N* in M for s € ' and t € (0, ), adapting
Definitions and It will turn out that N** is only Lagrangian in (M,w®)
if [w] - Li(y) = t?w -y for all ¥ € Ha(X,R). However, we still define N*¢ for
all s,t, as it will be useful that N*! depends smoothly on s, t.
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Definition 8.2 We work in the situation of Definition Fori=1,...,n,
s € F' and small t > 0, define P’* = Y$(tK;). Then P is Lagrangian in

K3 2

(M,w?®), as in Definition Let F' and 7 be as in Definition Modifying

B, for i =1,...,n and t > 0 with tT < ™ < 2t™ < R/, define a closed 1-form

€' on X x (tT, R') by

& o) = d[F(t™7r)Ai(o,r) + t2(1 — F(t77r)Ei(o,t™'r)]
+ 27 (i) + PA[F(t ) Ti(o,7)] + d[F (™) Z; (o,7)]
=F{t "r)ni(o,r) +t TF (tr)Ai(o,r)dr

+2(A=Ft7r))xi(o,t7 ) = 2T F (t7Tr)Ei (o, t T r)dr
+2F(t7r)(Ti 0 ¢)* () (o, ) + 2" F (t7r)Ti(o,7)dr
+ F({t77r)(Yi00:)*(0°)(o,7) +t TF' (t7r)Z; (o,r)dr.

(116)

Let /%' £*" be the components of £** in T*% and R. Then when 7 > 2¢7
we have €77 = n; + t2(T; 0 ¢y)* () + (T 0 ¢:)*(¢°), and when r < t7 we
have & (0,7) = t2xi(o,t~'r). Choose § € (0,1] with 6T < 67 < 267 < R/,
6K;CBrCC™ and |&"(o,r)| < {ron % x (T, R') foralli=1,...,n, s € F'
and t € (0,6). Making F’ smaller if necessary, this is possible. Following ([Zd),
fori=1,...,n,s€ F and t € (0,d) define Ef’t : 2 x (tT,R') — M by
=50, 7) = 15 0 @, (0,1,6% (0,7), 67" (0, 7). (117)

K3

Define Q7" = Z9'(%; x (tT, R')) fori = 1,...,n, s € 7 and t € (0,6). As in
Definition [ we find that Qf’t is Lagrangian in (M, w®).

Modifying Definition 2 let T'(t2ac+ ¢°*) be the graph of the 1-form t2a + o°
in T7*X’. Then I'(t*a + ¢°) N7*(K) C T*K is the graph of (t*a + ¢°)|k. By
compactness of K, making F' and § > 0 smaller if necessary, we can suppose
that T'(t?a + ¢°) N7*(K) C Uy for all s € 7 and t € (0,6). Define

K*' = @5, (T(tPa+ 0®) Nm*(K)) for s€ F and t € (0,6). (118)

Then K*! is a submanifold of M with boundary, diffeomorphic to K.

We calculate when K** is Lagrangian in (M, w®). Write (%! for the natural
diffeomorphism K — K%t given by ®%, o (t?a + 0°)|x. Now (®%,)*(w®) =
@+ 7*(v*) by ([[Id). Pushing down by 7 : ['(t?a + ¢°) — X' gives

() (%) = 7 (@lrate) + 17 = —d(Pa+g®) + 1" = =28 +0, (119)

by some standard symplectic geometry, and as da = § and p° is exact.

Hence K*! is Lagrangian in (M,w?®) if and only if v* = t23. But v*,3 €V
and V = H2(X’,R) by Definition Bl so K*! is Lagrangian if and only if
[v¥] = t?w in HA(X',R), as [8] = @w. Now Theorem identifies [1*] as the
unique class in H (X', R) with [1°] -y = [w®] -t (7) for all v € Ha(X,R), where
tx » Ho(X,R) — Hz(M,R) is induced by the inclusion ¢ : X — M. Therefore
K*tis Lagrangian in (M,w?®) if and only if

(W] tu(y) = t?w -y for all v € Hy(X,R). (120)
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Define G C F’ x (0,6) to be the subset of (s,t) satisfying ([20). Then K**
is Lagrangian in (M,w?®) if and only if (s,t) € G. For s € F" and t € (0,9),
define N** to be the disjoint union of K=, P>' ... Pt and QF,..., Q%"
Then N*! is a compact, smooth m-submanifold of M without boundary, which
depends smoothly on s, t. The proof of this follows Definitions £ and [[2 with
simple changes. Also N*! is Lagrangian in (M, w®) if and only if (s,t) € G.
Let h%t, dVt, " and et = (4)*)™sin 65" be as in Definition 2

Here equation ([Z0) is a weakening of the combination of part (iii) of Defini-
tion Bl and part (ii) of Definition [ZIl For by exactness in (@) and the definition
of @, we see that part (iii) of Definition admits a solution p if and only if
w = 0. But if @ = 0 then ([20) becomes part (ii) of Definition [Tl Thus part
(iii) of Definition Bl and part (ii) of Definition [l together imply (20), but
not vice versa.

It is not difficult to see that (I20) is a necessary condition for the existence
of a Lagrangian m-fold N*! in (M,w®) made by gluing tL; into X at x; for
i =1,...,n, just as part (iii) of Definition Bl and part (ii) of Definition [l
were necessary for the existence of Lagrangian m-folds Nt and N** in §8 and
g The definition shows that [I2Z0) is also a sufficient condition for small s, t.

In Y72 we saw that Im Q°| .. is O(|s|) on K*. The condition |s| < t*+™/2
in Theorem [ZTH is there to control these O(|s|) error terms. However, in this
section we will need to allow |s| = O(t?), so we cannot require |s| < t<t™/2,
Therefore, an O(|s|) contribution to Im Q°|xs.c on K*! is unacceptably large in
this section.

This is the reason for using the exact 1-form ¢® and functions Z7 to construct
N#t. They will have the effect of cancelling out the O(|s|) contributions, so
that Im Q°| =+ = O(|s[?) on K*'. We could have used ¢° and Z{ in the same
way in §0 and so relaxed the condition |s| < t**"/2 in Theorem [CT3

Here is the analogue of Definitions and

Definition 8.3 In the situation of Definitions and define vector spaces
Wet C C°(N*t) for s € F' and t € (0,6), elements wj;* € W** for d € RY,
and the projection mys.t, exactly as in Definition [[3 except that in (i) we

replace K¢ by K**!, and define wfi’t = d;, on the k" connected component of
K** diffeomorphic to K N X}.

8.2 Estimating Im Q°|ys.

We now bound &*¢ on N*¢ which yields estimates of Im Q°| s+ as Tm Q| ys.e =
estdVst. As this still makes sense if N* is not Lagrangian, we do it for all
s € F andt € (0,9), rather than for (s,¢) € G. Then we can exploit the smooth
dependence of N*! on s,t, including at (0,0) in a certain sense. Here is the
analogue of Propositions [£4] and [C4]

Proposition 8.4 In the situation above, making F' and 6 > 0 smaller if nec-
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essary, there exists C > 0 such that for all s € F' and t € (0,0) we have

e < Cls]* + Ct*, e[ < Cls]* + Ct* on K™, (121)
Cr, re(tr,t],

Csft™ =D+ Opt=17 4 0702
+ 0= | o2t (ni=2),
C|s2r=4 + Cttr—, re[2tT, R,
C re tTa tT]a

, (
Cls t‘r(ui—3)+Ct4—5T+CtT(;M—3) . .
_i_|C|vt(l~r)(2—>\)~r+Ct2+‘r(ui_3) re(t,2t™), (123)

C|s|?r= + Ct*r=>, re(2t™, R,
and e < Ct, |de*t| < C on PP foralli=1,...,n. (124)

re(t,2tT), (122)

[(E)"(de*")[(0,7) <

3

Here | .| is computed using h** or (25")*(h*1).

Proof. The proof combines those of Propositions and [Z4 so we will be brief.
Identify K*' and Z5"* (Z; x [2t7, R')) with the corresponding regions in X’ in
the natural way, so that we can regard f° as a function, «, o* as 1-forms and h
as a metric on these regions in N*! rather than X’. Generalizing the proof of
(ED) and @) we find that on K*! and Z*(X; x [2¢7, R)) we have

et = fo—di (V°)" (Pat0%)) +O0(p *[tPa+0°|*) +O(|t*Va+V°|?)

125
() (et o) + O s + p~ ) (125)

when p~![t2a+ 0|, [t?Va+ V| are small. Here d}, is d* calculated using h*,
and we use |[V/a| = O(p~179) and [V7*| = O(p~'77|s|) in the second line.
Now h*t = h+ O(t*p~2 + |s|p2) and V(h*! — h) = O(t*p™% + |s|p™3) in
these regions, and ¢* = ¢ + O(|s]), V(¢* —¢) = O(p~*[s|), so we find that
di ()" (Pat 0®)) = d" (v (FPa + %) + O (p*(Is] + £°)[t2a + 0°)
—|—O(p72(|s| +t2)|V(t2a+gS)|) (126)
=[P+ 0(p~s|? +p~ MY,
estimating as in ([2H). Here d* is calculated w.r.t. h, and we use d*(¢v"«) = 0
and d*(¢™ %) = f° on X’. Combining ([2H) and ([ZH) gives
et =0(ps*+pM*) on K*' and (S x [2t7, R)). (127)
A similar proof for derivatives shows that

|de®t| = O(p75|s|2 + p75t4) on K%' and Ef’t (Ei X [2t7, R’)). (128)

As p7! = O(1) on K*! equations ([Z7) and ([ZX) imply (ZI) for some
C > 0, making F’,d smaller if necessary. Also, (IZ7) and ([[Z8) prove the
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bottom lines of [[2Z) and ([[ZJ) for some C' > 0. On P and = (X; x (t7,17])
the definition of N** coincides with Definition Thus, equation ([24]) and
the top lines of ([ZA) and [[Z3) follow from Proposition [

The middle lines of (IZA) and ([[Z3)) are proved as in Propositionm adapted
to the families case as in Proposition 74 The additional terms C|s[t™~2) and
C|s[t™*=3) which do not appear in [B8) and (BJ) are there to bound terms in
g%t coming from terms in Z¢ in ([[IH), in particular ¢t =7 F'(t~"r)Z$ (o, r)dr and
its derivatives. This completes the proof.

The purpose of including the Z7 and p® terms in Definition B2 was to arrange

for the f* terms in ([ZH) and ([[26]) to cancel, so that the estimate ([27) has
no O(|s|) terms, but only O(|s|?) terms. Propositions EA and [ZH immediately
generalize to give:

Proposition 8.5 For some C' >0 and all s € F' and t € (0,0) we have

65| Lamimsn < CltT(l+m/2)(|S|2t—4‘r+t4—47’+t(1—7’)(2—)\)

n (129)
Z t‘r(uz 2) t2+7’(w—2) + |S|tT(Vi—2))>’
t

||ES tHCU < O/(| | 47 —|—t4 41 —I—t(l 7)(2—X)
- (i —2) 2+471(v;—2) T(vi—2) (130)
+) +t +|slt )),

i

and  ||de®t||pem < Clt—7/2(|s|2t—4r T I CEL ) [CEPY)

=

0 (131)
+ Z(t‘r(lli—m _|_t2+7'(1/i—2) + |S|tT(Vi_2))),

i=1
computing norms with respect to the metric h®t on N*t.
Note that putting s = 0 in Propositions B4 and gives Propositions

andEH Parts (iii) and (iv) of Definition Bdlimply that [@H) holds, and therefore
Proposition generalizes to give:

Proposition 8.6 Making F',§ smaller if necessary, there exists C"” > 0 such
that for all s € F' and t € (0,8) we have || Ty (€Y)]| 1 < Ot DT L.C"|s|t™.

Here is the analogue of Theorems and [[3

Theorem 8.7 Making F' and 6 > 0 smaller if necessary, there exist Ay > 0,
k > 1 and Y € (0,2) such that for all s € F' and t € (0,8) with |s| < t°
the functions e3>t = (V)™ sin@>t on Nt satisfy ||e®?|| pzm/mray < Agthtm/2,
e5|co < Agtt™L, ||de®?t|| pom < Aot 3/2 and || mys (%) || < Aot 1 as
in part (i) of Theorem [23.
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Proof. Choose k > 1 as in the proof of Theorem B, but requiring that strict
inequality hold in (&) and ([B8). This is clearly possible. Then all the terms in
([9), ([30), [C3) not involving |s| are bounded by multiples of t#+7/2 ¢s=1
t=3/2 respectively, as in the proof of Theorem B2
For the term C’t7(7/2) . |52¢=47 in (I29) to be bounded by a multiple of
"+ m/2 when |s| < t7, it is enough that ¢7(Fm/2) . 420 =47 < prtm/2 - Gince
€ (0,1), this holds if 7(1 +m/2) + 29 — 47 > k + m/2. In the same way, for
all the terms in ([Z9), [30), [3) involving |s| to be bounded by multiples of

grtm/2 =1 45=3/2 regpectively, it is enough that for i = 1,...,n we have
T(14+m/2)+29—41 2k+m/2, 71(1+m/2)+9+7(v;—2) Zk+m/2, (132)
20 —41 2 Kk — 1, Y4+7(i —2) 2 k-1, (133)
—7/24+29 —41 > Kk — 3/2, —7/2494+7T(v; —2) 2 Kk —3/2. (134)

As 7 < 1, equations ([33) and (B4 follow from [3J). Thus, we need to
choose ¥ € (0,2) such that [[32) holds for ¢ = 1,...,n. This is possible as k
was defined to satisfy the first equation of (7)) and the second equation of (BS])
with strict inequalities. With these values of k and ¢, the theorem follows from
Propositions BH and B8 with Ay = max(3(n + 1)C’,2C"). O

The inequality ¥ < 2 in Theorem BT is important for the following reason. If
@ # 0 then ([Z) implies that ¢* < D|s| for some D > 0 and all small (s,t) € G.
Combining this with |s| < ¥ gives |s| < DY/?|s|?/2. If 9 > 2, or ¥ = 2 and
D < 1, then this fails for all small nonzero s.

That is, if we had 9 > 2 in TheoremBZand @ # 0 then the condition |s| < ¢V
would have ezcluded all small (s,t) € G, so the construction would produce no
compact SL m-folds N**. But as 1 < 2 the condition |s| < ¢ includes all small
(s,t) € G with |s| = O(t?), which will in general be a nonempty subset of G.

We may extend Definition [ZT0 and Theorems [CTIHZTA to the situation of
this section in a straightforward way, by including the modifications introduced
in Definition 8 and Theorems EXOHETT], and there are no significant new issues.
Thus we prove:

Theorem 8.8 Theorems[TIIH7 I3 hold in the situation of DefinitionsEIHEA

8.3 The main result for families when Y (L;) # 0

Here is our main result, the analogue of Theorem for families.

Theorem 8.9 Let (M, J,w,Q) be an almost Calabi—Yau m-fold for 2 <m <6,
and X a compact SL m-fold in M with conical singularities at x1,...,x,
and cones Cy,...,Cy. Define v : M — (0,00) as in @). Let Lq,...,Ly,
be Asymptotically Conical SL m-folds in C™ with cones C1,...,Cy, and rates
My .oy An. Suppose Ny < 0 for i =1,...,n. Write X' = X \ {21,...,2n}
and X; = C; N S2m—1,
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Set ¢ =b°(X"), and let X1,...,X] be the connected components of X'. For
i=1,....nlet l; =0°(%;), and let B}, ..., Eﬁi be the connected components of
Y. Define k(i,j) =1,...,q by T; 0 cpi(Eg x (0,R)) C Xj 5 fori=1,....n
and j=1,...,1;. Suppose that

S W) Z(L) - [21]=0 foral k=1,...,q. (135)
1<ign, 1<5<;:

Suppose also that the compact m-manifold N obtained by gluing L; into X' at
x; fori=1,...,n is connected. A sufficient condition for this to hold is that
X and L; fori=1,...,n are connected.

Suppose {(M, Jws 0% s € f} is a smooth family of deformations of
(M, J,w,Q), with base space F C R, satisfying

MmQ*]- [X/]=0 foralls€F andk=1,...,q. (136)

Define w € HL(X',R) to be the image of (Y (L1),...,Y(Ly) ) under the map
@, H' (X, R) —» HZ(X',R) in @). Define G C f x (0,1) to

G={(s,t) e Fx(0,1): [w*] tu(y) =t?w - for all v € Hy(X,R)}, (137)

where 1y @ Ho(X,R) — Ho(M,R) is the natural inclusion.
Then there exist € € (0,1), k > 1 and 9 € (0,2) and a smooth family

{N*':(s,t)eG, te(0,¢, |s]<t"}, (138)

such that Nt is a compact, nonsingular SL m-fold in (M, J*,w*, Q%) diffeo-
morphic to N, which is constructed by gluing tL; into X at x; fori=1,...,n
In the sense of currents in Geometric Measure Theory, N>t — X as s,t — 0.

The proof follows that of Theorem [ZIH but using Theorems BT and
to prove parts (i)—(vii) of Theorem B3 for N*! and W*!, for (s,t) € G. Here
the restriction to (s,t) € G is because N*' is only Lagrangian in (M,w®) if
([20) holds, from Definition B2, and Theorem applies only when N*? is
Lagrangian.

When @ = 0 the SL m-fold N%* above coincides with the SL m-fold N*
of Theorem More generally, as in §8 when @ = 0 much of Theorem
B3 follows from Theorems and However, when @w # 0 there exist
no desingularizations N%! of X in (M, J,w, ), but Theorem can still give
desingularizations N*' in (M, J%,w*, Q%) for s # 0. That is, by deforming
(M, J,w,Q) to (M, J*,w*, Q%) we can overcome the topological obstructions to
desingularizing X in (M, J,w, Q).

Theorem is essentially a combination of Theorems and [LT4 How-
ever, Theorem [T assumes the [Im Q°] and Z(L;) satisfy ([08]), whereas The-
orem B assumes the stronger ([33) and ([[3H), which together imply ([[OX). It
is natural to ask whether Theorem still holds with the weaker assumption

(@) in place of (ZH) and ([3ZG).

92



The answer to this ought really to be yes, as ([30) was a technical condition
introduced to ensure that p° and Z? exist in Definition Bl and with some more
work one should to be able to do without it. However, such a revised theorem
would suffer from the following problem.

Suppose s, t satisfy both (I8) and equation [w®]- i, (y) = t?w - in (3D). If
@ # 0 then ([ZD) implies that t2 = O(]s|), and we expect |s| ~ t2. If the right
hand side of ([[I8) is nonzero then it gives t™ = O(|s|), and we expect |s| ~ t™.
These conditions are not compatible, as m > 2. The two kinds of obstruction
need to be resolved at different length scales.

Actually this is not a serious problem, provided the family F has large
enough dimension. There could still exist a family of solutions (s,t) to ([0
and (D) with |s| ~ t? and Im Q?] - [X;] = O(|s|™/?) = O(t™) for k =1,...,q.

If X’ is connected then ([3H) holds automatically as in §6H and ([30)
simplifies to [Im£2°] - [X] = 0, giving an analogue of Theorem for families:

Theorem 8.10 Let (M, J,w,Q) be an almost Calabi—Yau m-fold for 2<m <6,
and X a compact SL m-fold in M with conical singularities at x1,...,x, and
cones Cp,...,Cyn. Let Lq,..., Ly, be Asymptotically Conical SL m-folds in C™
with cones C1,...,Cy and rates Ay, ..., A\p. Suppose A; < 0 fori =1,...,n,
and X' = X\ {x1,...,2,} is connected.

Suppose {(M, J5wt Q%) s € .7:} is a smooth family of deformations of
(M, J,w,Q), with base space F C R?, satisfying

MmQ°]-[X]=0 forall se€F, where [X]| € Hy,(M,R). (139)

Define w € HZ(X',R) to be the image of (Y (L1),...,Y(Ly)) under the map
@, H' (X, R) — HZ(X',R) in @). Define G C F x (0,1) to be

G={(s,t) e Fx(0,1): [w*] tu(y) =t for all v € Hy(X,R)}, (140)

where 1y : Ho(X,R) — Ho(M,R) is the natural inclusion.
Then there exist € € (0,1), K > 1 and ¥ € (0,2) and a smooth family

{N*':(s,t)eG, te(0,¢, |s]<t"}, (141)
such that Nt is a compact, nonsingular SL m-fold in (M, J*,w®, Q%), which is
constructed by gluing tL; into X at x; fori=1,...,n. In the sense of currents

in Geometric Measure Theory, Nt — X as s,t — 0.

When d = 0 and F = {0} = R? equations ([ZH) and (3J) hold automat-
ically, and G in (31) and (@) is nonempty if and only if w = 0. But by
exactness in (@), @ = 0 is the necessary and sufficient condition for the exis-
tence of ¢ in Theorems and Therefore, when d = 0 Theorems and
reduce to Theorems and respectively.

References

[1] G.E. Bredon, Topology and Geometry, Graduate Texts in Mathematics 139,
Springer-Verlag, Berlin, 1993.

93



2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

A. Butscher, Regularizing a Singular Special Lagrangian Variety,
math.DG /0110053, 2001.

R. Harvey and H.B. Lawson, Calibrated geometries, Acta Mathematica 148
(1982), 47-157.

Y .-1. Lee, Embedded Special Lagrangian Submanifolds in Calabi—Yau Man-
ifolds, to appear in Communications in Analysis and Geometry.

D.D. Joyce, On counting special Lagrangian homology 3-spheres, pages
125-151 in Topology and Geometry: Commemorating SISTAG, editors
A.J. Berrick, M.C. Leung and X.W. Xu, Contemporary Mathematics 314,
A.M.S., Providence, RI, 2002. hep-th/9907013.

D.D. Joyce, Lectures on Calabi—Yau and special Lagrangian geometry,
math.DG /0108088, 2001. Published, with extra material, as Part T of M.
Gross, D. Huybrechts and D. Joyce, Calabi-Yau Manifolds and Related
Geometries, Universitext series, Springer, Berlin, 2003.

D.D. Joyce, Special Lagrangian submanifolds with isolated conical singular-
ities. I. Regularity, math.DG /0211294, version 3, 2003.

D.D. Joyce, Special Lagrangian submanifolds with isolated conical singular-
ities. II. Moduli spaces, math.DG /0211295, version 3, 2003.

D.D. Joyce, Special Lagrangian submanifolds with isolated conical singu-
larities. III. Desingularization, the unobstructed case, math.DG /0302355,
version 2, 2003.

D.D. Joyce, Special Lagrangian submanifolds with isolated conical singular-
ities. V. Survey and applications, math.DG /0303272, 2003.

S.P. Marshall, Deformations of special Lagrangian submanifolds, Oxford
D.Phil. thesis, 2002.

D. McDuff and D. Salamon, Introduction to symplectic topology, second
edition, OUP, Oxford, 1998.

R.C. McLean, Deformations of calibrated submanifolds, Communications
in Analysis and Geometry 6 (1998), 705-747.

S. Salur, A gluing theorem for special Lagrangian submanifolds,
math.DG /0108182, 2001.

S. Salur, On constructing special Lagrangian submanifolds by gluing,
math.DG /0201217, 2002.

A. Strominger, S.-T. Yau, and E. Zaslow, Mirror symmetry is T-duality,
Nuclear Physics B479 (1996), 243-259. hep-th/9606040.

54


http://lanl.arXiv.org/abs/math/0110053
http://lanl.arXiv.org/abs/hep-th/9907013
http://lanl.arXiv.org/abs/math/0108088
http://lanl.arXiv.org/abs/math/0211294
http://lanl.arXiv.org/abs/math/0211295
http://lanl.arXiv.org/abs/math/0302355
http://lanl.arXiv.org/abs/math/0303272
http://lanl.arXiv.org/abs/math/0108182
http://lanl.arXiv.org/abs/math/0201217
http://lanl.arXiv.org/abs/hep-th/9606040

	Introduction
	Special Lagrangian geometry
	Special Lagrangian submanifolds in Cm
	Almost Calabi--Yau m-folds and SL m-folds

	SL m-folds with conical singularities
	Preliminaries on special Lagrangian cones
	The definition of SL m-folds with conical singularities
	Homology, cohomology and Hodge theory
	Lagrangian Neighbourhood Theorems and regularity

	Asymptotically Conical SL m-folds
	Cohomological invariants of AC SL m-folds
	Lagrangian Neighbourhood Theorems and regularity

	Review of the main results of Joyc5
	An analytic existence result for SL m-folds
	Theorems on desingularizing SL m-folds

	Desingularizing when Y(Li)=0
	Setting up the problem
	Estimating Im"026A30C Nt
	Lagrangian neighbourhoods and bounds on R(ht),(ht)
	Sobolev embedding inequalities on Nt
	The main result when Y(Li)=0 and i=0

	Desingularizing in families when Y(Li)=0
	Setting up the problem
	Estimating Ims"026A30C Ns,t
	Bounding "026B30D Ws,t(s,t) "026B30D L1 under conditions on s,t
	Parts (ii)--(vii) of Theorem ??
	The main result for families when Y(Li)=0

	Desingularizing in families when Y(Li)=0
	Setting up the problem
	Estimating Ims"026A30C Ns,t
	The main result for families when Y(Li)=0


