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Abstract

Amorphous lithium metal alloys (LixM, with M=Si, Ge, Sn, ...) are attractive anode

materials for lithium-ion batteries owing to their high energy-storage capacity and safety

characteristics. However, repeated insertion of lithium often leads to chemo-mechanical

degradation of the alloy, which can severely reduce the battery capacity and cycle life.

Better understanding of the chemo-mechanical response of lithium alloys is needed to

guide the design of damage-resistant anode microstructures. In this work, we propose

a constitutive theory that couples large, viscoplastic deformations to the insertion and

extraction of lithium in amorphous electrode materials. The theory relies on the concept

of Shear Transformation Zone as carrier of plastic flow in the amorphous material, and

accounts for microstructural evolution via an internal ”free volume” variable. The model

is used to gain insight into several features of the plasticity of amorphous alloys dur-

ing lithiation, including rate-dependency, pressure-dependency, and structural evolution.

Model predictions are also compared to experimental data for amorphous silicon.
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1. Introduction1

Lithium metal alloys (LixM, with M=Si, Ge, Sn,...) are promising anode materials for2

lithium-ion batteries owing to their high energy-storage capacity (Scrosati and Garche,3

2010; Zhang, 2011). For example, the theoretical specific capacity of silicon is 4200 mAh/g,4

about ten times higher than the capacity of conventional graphite anodes. However, inser-5

tion of lithium into the host alloy results in large volume change (up to 300% for silicon),6
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which can lead to chemo-mechanical degradation of the electrode and rapid capacity de-7

cay of the battery (Deshpande et al., 2012; Nadimpalli et al., 2012; Zhang et al., 2017).8

Predicting the stresses generated in lithium metal alloys is important to guide the design9

of anodes with high capacity and long cycle life. In this work, we propose a constitutive10

model for large deformations coupled to lithium insertion in amorphous lithium alloys,11

building on previous theories for metallic glasses. We focus on amorphous lithium-silicon12

alloy as a model system, which has been intensively studied in recent years. However, the13

proposed constitutive framework is applicable to other amorphous alloys.14

The deformation behaviour of a-LiSi displays a number of interesting features during15

lithiation-delithiation cycles:16

1. Insertion of lithium is accommodated by large plastic deformations. Several authors17

have measured the stresses generated during cyclic lithiation of amorphous silicon18

thin films (Sethuraman et al., 2010a,b; Soni et al., 2012; Pharr et al., 2013, 2014;19

Bucci et al., 2014). For a constant lithiation rate, stress-concentration curves exhibit20

an elastic-plastic transition, with yield stress decreasing as lithium concentration in-21

creases. The stress-limiting role of plasticity has been recognised as a key element22

in preventing fracture of small-size electrodes (Zhao et al., 2011b). The composition23

dependence of the elastic modulus and hardness has been confirmed by nanoinden-24

tation studies (Hertzberg et al., 2011; Berla et al., 2015; Sitinamaluwa et al., 2017;25

de Vasconcelos et al., 2017), and further investigated using atomistic simulations26

(Shenoy et al., 2010; Zhao et al., 2011c; Cui et al., 2012). Recent molecular dynam-27

ics studies suggest that plastic deformation of a-LiSi involves local rearrangements of28

atoms in Shear Transformation Zones (STZs) involving mostly lithium atoms (Yan29

et al., 2017; Darbaniyan et al., 2020). STZs have been recognised as the plasticity30

carriers in other amorphous metals (Schuh et al., 2007).31

2. Plastic flow of a-LiSi is rate-dependent. Lithiation-rate dependence was observed in32

thin film experiments, although reported measures of rate sensitivity are somewhat33

contradictory. For example, Pharr et al. (2014) carried out rate-jumps experiments34

on silicon thin films and observed a marked increase in flow stress following an35

increase in lithiation rate. The relationship between strain rate and stress was well36

described by a power law with stress exponent in the range 2.6-4. In contrast,37

Bucci et al. (2014) conducted lithiation/deliathion steps at varying rates and found38
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a much larger stress-exponent value (about 50), suggesting a much weaker strain-39

rate sensitivity. Recent operando nanoindentation creep tests confirmed the rate-40

dependent flow behaviour over a broad range of compositions, with a sharp increase41

in strain-rate sensitivity of a-Si upon the start of lithiation, followed by a constant42

strain-rate sensitivity for compositions over Li0.5Si (de Vasconcelos et al., 2017).43

Strain-rate dependency is also consistent with the STZ-mediated plasticity picture.44

3. Plastic flow of a-LiSi is pressure-dependent. Some (but not all) thin film experiments45

suggest a tension-compression asymmetry in the flow stress of a-LiSi (Sethuraman46

et al., 2010a; Bucci et al., 2014). Pressure-dependent plastic flow was confirmed in47

atomistic simulations (Zhao et al., 2013; Fan et al., 2013; Sitinamaluwa et al., 2017).48

Pressure-dependency has also been reported in the context of the plasticity of bulk49

metallic glasses (Schuh and Lund, 2003; Schuh et al., 2007).50

4. Cyclic lithiation induces microstructural evolution and permanent volume change51

(Ghassemi et al., 2011; McDowell et al., 2013; Chen et al., 2016; Jerliu et al., 2017).52

For example, in-situ TEM studies showed that a-Si nanostructures have a larger53

volume (up to 25%) following a complete lithiation-delithiation cycle (Ghassemi54

et al., 2011; McDowell et al., 2013), which was attributed either to trapped Li55

or to the formation of nanovoids during delithiation. Using STEM, Wetjen et al.56

(2018) confirmed that dealloying reactions induce severe morphological changes in57

Si nanoparticles during lithiation-delithiation cycles. These morphological changes58

include the transformation of solid Si particles into porous networks with high sur-59

face area, as well as a permanent volume change of up to 700% after 60 cycles. The60

formation of a spongelike network due to dealloying reactions during electrochem-61

ical cycles was also reported in Li-Ge alloys (Liu et al., 2011) as well as in Li-Sn62

alloys (Chao et al., 2011; Chen and Sieradzki, 2013). Structural evolution during63

lithiation-delithiation cycles was also observed in atomistic simulations, including64

nanopore formation (Zhao et al., 2012) and increased disorder in the microstructure65

(Sitinamaluwa et al., 2017). Kim et al. (2017) simulated the delithiation process us-66

ing molecular dynamics simulations and found that the density of delithiated silicon67

was always smaller than the density of equilibrated structure of the same composi-68

tion. While nanopores formed at slow delithiation rates can be partially recovered69

by structural relaxation, nanopores formed at high rates have no time to shrink and70
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lead to significant volume change.71

Several constitutive theories have been proposed in order to capture the deformation72

behaviour of amorphous silicon during lithiation-delithiation cycles. Phenomenological73

models have relied on J2 (visco)plasticity, wherein chemo-mechanical softening is captured74

via composition-dependent material parameters, including the elastic moduli and the yield75

stress (Zhao et al., 2011a; Brassart et al., 2013; Bower et al., 2011; Cui et al., 2012; Pharr76

et al., 2014; Bucci et al., 2014; Di Leo et al., 2015; Karami and Nayebi, 2020). In addition,77

a defect-based viscoplastic model has been proposed, recently (Li et al., 2019a,b). How-78

ever, using first-principles calculations, Zhao et al. (2012) showed that chemical reaction79

enables plastic flow at a level of stress significantly lower than under mechanical load-80

ing alone. This observation suggests a coupling between insertion of lithium and stress81

that cannot be captured using conventional plasticity theory with composition-dependent82

parameters. Motivated by this observation, Brassart and Suo (2012, 2013) developed a83

phenomenological theory of ”reactive flow”, according to which plastic flow occurs when84

a combination of deviatoric stresses and chemical potential reaches a critical value. Lev-85

itas and Attariani (2013, 2014) adopted a different point of view and postulated that86

lithiation-induced softening is due to anisotropic swelling under deviatoric stress, rather87

than conventional plasticity. Both approaches qualitatively reproduce the observations of88

Zhao et al. (2012). However, neither of these models explicitly rely on micromechanisms89

of deformation in the amorphous host. Also, they do not account for microstructure evo-90

lution during lithiation-delithiation cycles. The latter limitation was addressed by Bower91

et al. (2015), who proposed a thermodynamic theory for lithium insertion and transport92

in amorphous silicon by extending the Larché-Cahn model (Larché and Cahn, 1978) to ac-93

count for irreversible distortion of the random lattice and for the creation and annihilation94

of unoccupied atomic sites. The model predicts irreversible volume change after lithiation95

cycles, as well as a tension-compression asymmetry in flow stress. The model is sophisti-96

cated and requires keeping track of Si, Li and atomic sites concentrations. Khosrownejad97

and Curtin (2016) proposed an alternative approach whereby the microstructural state,98

or structural disorder of the system is described by an internal variable. Using molecu-99

lar dynamics simulations, these authors showed that structures delithiated at a fast rate100

have an excess energy as compared to a fully-relaxed structure of the same composition.101

The excess energy (associated with structural disorder) in turn enables flow at a lower102
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stress. These authors developed a constitutive theory assuming that the excess energy103

evolution has three contributions: insertion/extraction of lithium, STZ-mediated plastic104

flow and thermally-activated structural relaxation. However, the model does not predict105

irreversible volume change nor pressure-dependency.106

Recently, Li et al. (2020a) developed a free volume-based viscoplastic model for amor-107

phous silicon electrodes. Their model was built on the physical concept of individual108

atomic jumps rather than STZs involving the collective motion of several atoms. This109

contribution analysed stress, deformation and concentration in an amorphous thin-film110

Si electrode on a rigid substrate. However, the effect of pressure dependency and struc-111

tural evolution was not investigated. In another contribution from the same group, the112

coupling effects of self-limiting lithiation, reaction front evolution and free volume evolu-113

tion on the stress was investigated in amorphous wire-based electrodes (Li et al., 2020b).114

Regarding pressure-dependency, an analysis of deformation and failure of electrode with115

layered structure was proposed by Zhu et al. (2019), where the electrode response was116

described by the Drucker-Prager/Cap plasticity model.117

In this work, we propose a physically-based constitutive model for amorphous electrode118

materials that can describe rate-dependency, pressure-dependency and structural evolu-119

tion during lithiation-deliathiation cycles. Following Khosrownejad and Curtin (2016), we120

describe the state of the system at a given composition by an internal variable ξ describ-121

ing the deviation of the structure from its fully-relaxed configuration of lowest energy.122

We assume the following three contributions to the evolution of the structural disorder123

ξ: 1) insertion/extraction of lithium, 2) STZ-mediated plastic flow and 3) structural re-124

laxation. The latter is driven by the excess energy associated with structural disorder.125

Different from Khosrownejad and Curtin (2016), we associate inelastic volumetric strain126

to structural disorder evolution. It then follows from thermodynamics that the mean127

stress contributes to the driving force for structural disorder creation and annihilation.128

We propose a yield surface and flow rules that couple the deviatoric stresses, mean stress129

and driving force for structural relaxation. The viscoplastic flow rule is based on STZ130

dynamics and also includes a pressure-dependency. The model is written in a consistent131

thermodynamic framework that identifies the driving forces for the various kinetic pro-132

cesses and ensures that kinetic models satisfy a thermodynamic inequality. To focus on133

the essential ideas, we focus on homogeneous states, and use a finite strain formulation in134
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principal stretches. We illustrate the model capabilities in several examples and compare135

model predictions to available experimental data for thin films.136

The paper is organised as follows. Section 2 presents the constitutive model in a137

thermodynamically-consistent framework. Section 3 illustrates the model capability under138

several loading conditions, and explores the effects of material parameters. In Section 4,139

model predictions are compared to experimental data from the literature for the cyclic140

lithiation of a thin film electrode.141

2. Constitutive theory142

2.1. Kinematics143

We consider a small piece of amorphous electrode material evolving through a sequence144

of homogeneous states. In the reference state, the piece is stress-free and lithium-free.145

Following Khosrownejad and Curtin (2016), we describe the structural disorder of the146

amorphous material with an internal variable ξ, which quantifies the excess energy of147

the system relative to a hypothetical, fully-relaxed state with minimum of free energy,148

corresponding to ξ = 0. The precise relationship between the internal variable and the149

excess energy will be described in Section 2.3. In the reference state, the internal variable150

is ξ0. In the current state at a particular time, subject to applied stresses and in contact151

with a reservoir of lithium, the stretches of the piece are λ1, λ2 and λ3, the concentration152

of lithium is C (number of Li atoms in the current state per unit reference volume) and153

the structural disorder variable is ξ. We define J = λ1λ2λ3 > 0 the ratio of volume of the154

piece in the current state to that in the reference state.155

We adopt the classical approach in finite-strain plasticity coupled to species insertion156

and decompose the stretches into elastic, inelastic (plastic) and chemical stretches (Zhao157

et al., 2011a; Bower et al., 2011; Di Leo et al., 2015):158

λk = λekλ
p
kλ

c
k, k = 1, 2, 3 (no sum on k). (1)

The elastic stretches λek correspond to a distortion of atomic bonds with no rearrangements159

of atoms. The inelastic stretches λpk represent deformations due to rearrangements of160

atoms at a fixed composition. These rearrangements include inelastic deformations by161

STZ activation and dilatation due to structural disorder evolution. The chemical stretches162

λck represent deformations due to insertion of lithium. We define Je = λe1λ
e
2λ

e
3, J

p =163
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λp1λ
p
2λ

p
3, and J c = λc1λ

c
2λ

c
3, so that164

J = JeJpJ c. (2)

The chemical volume change is related to the lithium concentration by the following165

relation:166

J c = 1 + ΩC, (3)

where Ω is the volume per lithium atom and is assumed constant for simplicity. We167

further assume that deformation due to insertion of lithium is isotropic:168

λc1 = λc2 = λc3 = (1 + ΩC)1/3. (4)

We define the elastic, plastic and chemical logarithmic strains respectively as εek =169

log λek, ε
p
k = log λpk and εck = log λck. The volumetric chemical strain is then given by:170

θc = εc1 + εc2 + εc3 = log J c. From (3), we have the identity:171

θ̇c =
J̇ c

J c
=

Ω

J c
Ċ, (5)

where Ω/J c represents the reference volume per lithium atom. Likewise, the volumetric172

plastic strain is given by θp = εp1+εp2+εp3 = log Jp. We assume that evolution of structural173

disorder is accompanied by inelastic volume change, and introduce the following coupling:174

θ̇p =
J̇p

Jp
= αξ̇, (6)

where α is a dimensionless dilatation parameter that in general depends on concentration175

and free volume. Here, for simplicity we choose α = 1. The inelastic volume change and176

free volume are then one-to-one related by Jp = exp(ξ−ξ0). The coupling (6) identifies the177

structural variable ξ with a free volume variable, similar to previous dilatant amorphous178

plasticity theories (Anand and Su, 2005; Thamburaja and Ekambaram, 2007).179

Remark 1. In the literature, free volume concentration has been defined as the excess180

volume relative to the volume of the sample in its dense, fully-relaxed state (Huang et al.,181

2002; Yang et al., 2006):182

ξ =
Vc − Vd
Vd

, (7)

where Vc and Vd are the sample volume in the current and dense state, respectively (as-183

suming no stress and constant composition). According to this definition of free volume184
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concentration, the inelastic volume change is then given by Jp = (1 + ξ)/(1 + ξ0), which185

corresponds to the following evolution equation:186

θ̇p =
ξ̇

(1 + ξ)
. (8)

The latter evolution equation is recovered by setting α = (1 + ξ)−1 in Eq. (6). Therefore,187

the choice α = 1 is not strictly equivalent to definition (7) of free volume. However, the188

difference is expected to be small for small values of ξ.189

Free volume is probably the most widely used internal variable in phenomenologi-190

cal theories of plasticity in amorphous materials (Spaepen, 1977; Argon, 1979; Falk and191

Langer, 1998). It is however not the only possible choice, and other internal variables have192

been proposed to describe the structural state of amorphous materials, such as effective193

temperature (Langer, 2004), liquidlike fraction (Demkowicz and Argon, 2005), configura-194

tional potential energy function (Johnson et al., 2007) or excess energy (Khosrownejad195

and Curtin, 2016). Ideally, the chosen internal variable should be accessible in exper-196

imental measurements or atomistic simulations. The determination of a suitable order197

parameter that can be linked to flow behaviour in metallic or network glasses is still a198

matter of debate (Ma, 2015; Ding et al., 2016; Fan et al., 2017; Zhu et al., 2017, 2018),199

which we do not seek to address here. In the following, we will refer to ξ as ”free volume”200

for simplicity.201

Following Khosrownejad and Curtin (2016), we assume that the rate of free volume,202

ξ̇, has three contributions: 1) insertion or extraction of lithium (ξ̇c), 2) STZ activation203

under stress (ξ̇σ), and 3) structural relaxation (ξ̇r):204

ξ̇ = ξ̇c + ξ̇σ + ξ̇r. (9)

The contribution of lithium insertion/extraction to structural disorder is taken of the205

following form:206

ξ̇c = β|θ̇c| = β
Ω

J c
|Ċ|, (10)

where β is a dimensionless number that takes a different value during lithiation and207

delithiation:208

β =

 βl (Ċ > 0)

βd (Ċ < 0)
. (11)
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2.2. Thermodynamics209

Let P1, P2 and P3 be the three principal nominal stresses (force per unit area in the210

reference configuration), µ be the chemical potential of lithium in the reservoir, and W211

be the Helmholtz free energy of the piece (energy per unit reference volume). Thermody-212

namics requires that the power of the external mechanical and chemical loads should not213

be smaller than the change in Helmholtz free energy of the piece:214

P1λ̇1 + P2λ̇2 + P3λ̇3 + µĊ − Ẇ ≥ 0. (12)

Introduce the Cauchy stresses σ1 = P1/λ2λ3, σ2 = P2/λ1λ3 and σ3 = P3/λ1λ2 (force per215

unit area in the current configuration), and define the mean stress σm = (σ1 +σ2 +σ3)/3.216

Using decomposition (1) of the stretches together with the definition of the logarithmic217

strains and equation (5), the inequality becomes:218

J (σ1ε̇
e
1 + σ2ε̇

e
2 + σ3ε̇

e
3) + J (s1ė

p
1 + s2ė

p
2 + s3ė

p
3)

+Jσmθ̇
p + Jσm

Ω

J c
Ċ + µĊ − Ẇ ≥ 0,

(13)

where epk = εpk − θp/3 is the deviatoric plastic strain and sk = σk − σm the deviatoric219

stress. Using Eqs (6), (9) and (10), the inequality becomes:220

J (σ1ε̇
e
1 + σ2ε̇

e
2 + σ3ε̇

e
3) + J (s1ė

p
1 + s2ė

p
2 + s3ė

p
3)

+Ω′σmβ sign(Ċ)Ċ + Jσm(ξ̇σ + ξ̇r) + Ω′σmĊ + µĊ − Ẇ ≥ 0,
(14)

where sign(x) is the sign function and Ω′ ≡ ΩJ/J c represents the volume per lithium221

atom in the current configuration.222

We assume that the Helmholtz-free energy of the host is a function of the elastic223

strains, lithium concentration and free volume:224

W = Ŵ (εe1, ε
e
2, ε

e
3, C, ξ). (15)

Introducing expression (15) of the free energy, the inequality becomes:225

J

(
σ1 −

1

J

∂Ŵ

∂εe1

)
ε̇e1 + J

(
σ2 −

1

J

∂Ŵ

∂εe2

)
ε̇e2 + J

(
σ3 −

1

J

∂Ŵ

∂εe3

)
ε̇e3

+

(
µ− ∂Ŵ

∂C
+ Ω′σm + Ω′β sign(Ċ)ζ

)
Ċ

+J (s1ė
p
1 + s2ė

p
2 + s3ė

p
e) + Jζ(ξ̇σ + ξ̇r) ≥ 0,

(16)
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where ζ has the dimension of stress and is given by:226

ζ = σm −
1

J

∂Ŵ

∂ξ
. (17)

Inequality (16) identifies ζ as the force conjugated to free volume evolution. The mean227

stress contributes positively to the driving force as a result of the volume change associated228

with free volume evolution. The second term is the driving force for structural relaxation229

due to the reduction in free energy. We assume that ∂Ŵ/∂ξ ≥ 0, so that ζ < 0 when230

σm < 1
J
∂Ŵ
∂ξ

.231

We assume that stresses are at all times in equilibrium with the elastic strains, which232

gives the state laws for the stress:233

σ1 =
1

J

∂Ŵ

∂εe1
, σ2 =

1

J

∂Ŵ

∂εe2
, σ3 =

1

J

∂Ŵ

∂εe3
. (18)

We also assume equilibrium with respect to the insertion of lithium:234

µ =
∂Ŵ

∂C
− Ω′σm − Ω′β sign(Ċ)ζ. (19)

The first term represents the chemical driving force for lithium insertion, whereas the235

second term is a consequence of Eq. (3). The effects of this term on diffusion kinetics and236

stresses were recently investigated by Bagheri et al. (2019). The last term results from the237

coupling (10) between free volume evolution and insertion or extraction of lithium. Since238

excess disorder is created during both insertion and extraction, a positive ζ decreases the239

chemical potential when Ċ > 0, favouring insertion of lithium. Conversely, a positive ζ240

increases the chemical potential when Ċ < 0, favouring extraction of lithium.241

Accounting for the state laws (18) and (19), the inequality reduces to:242

J (s1ė
p
1 + s2ė

p
2 + s3ė

p
3) + Jζ(ξ̇σ + ξ̇r) ≥ 0. (20)

The reduced thermodynamic inequality is satisfied by prescribing a kinetic model to co-243

evolve the plastic deformation and structural disorder. A general kinetic model assumes244

that the rates of deviatoric plastic strain and structure disorder are functions of the245

thermodynamic driving forces:246

ėpk = ˆ̇epk(sl, ζ), ξ̇σ = ˆ̇ξσ(sl, ζ), ξ̇r = ˆ̇ξr(sl, ζ), (l = 1, 2, 3). (21)

The kinetic equations must satisfy the inequality for independent variations of the devi-247

atoric plastic strain and structural disorder.248
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2.3. Free energy function249

Following Khosrownejad and Curtin (2016), we assume that the free energy function250

can be additively decomposed into chemical, elastic and excess energy parts:251

Ŵ (εek, C, ξ) = W c(C) +W e(εek, C) +W xc(C, ξ). (22)

The chemical part is assumed of the following form:252

W c(C) = µ0C + kBTCmax (c̄ log c̄+ (1− c̄) log(1− c̄)) , (23)

where c̄ is a composition variable defined as the concentration divided by the maximum253

nominal concentration of lithium in the host: c̄ = C/Cmax, µ0 is a reference chemical254

potential, kB is Boltzmann’s constant and T the absolute temperature. This expression255

only accounts for the entropic contribution from mixing lithium atoms with the host atoms256

and neglects enthalpic conribution due to bonding between lithium and host atoms. A257

more elaborate description of the solution thermodynamics based on series representation258

of the enthalpic contribution to mixing has been proposed by Bucci et al. (2014), but has259

not been considered here for simplicity.260

The elastic energy is taken of the following form:261

W e(εek, C) = J c
[

1

2
λ(c̄) (εe1 + εe2 + εe3)

2 +G(c̄)
(
(εe1)

2 + (εe2)
2 + (εe3)

2
)]
, (24)

where λ and G are respectively the Lamé coefficient and the shear modulus, which depend262

on composition. They are related to Young’s modulus and Poisson’s ratio by the classical263

relations: λ = Eν
(1+ν)(1−2ν) and G = E

2(1+ν)
. The elastic constants have units of energy per264

unit volume in the swollen configuration.265

The last term W xc in Eq. (22) is the excess energy associated with free volume, or266

structural disorder. It represents the difference in free energy between the actual state and267

a (hypothetical) stress-free, fully-relaxed state (i.e. with ξ = 0) at the same composition268

(Khosrownejad and Curtin, 2016). We adopt a simple quadratic expression:269

W xc(C, ξ) = J c
k

2
ξ2, (25)

where k > 0 has the unit of energy per unit volume in the swollen configuration and is270

assumed constant for simplicity. For a given composition, Expression (25) thus establishes271

a mapping between the structural variable ξ and the excess energy.272
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Using Eqs (22), (24) and (25) in the state law for the stress (18) gives:273

σk =
J c

J
[2Gεek + λ(εe1 + εe2 + εe3)] , (26)

and the chemical potential (19) particularizes as:274

µ = µ0 + kBT log

(
C

Cmax − C

)
+
∂W e

∂C
+
∂W xc

∂C

−Ω′σm − Ω′β sign(Ċ)ζ,

(27)

where ζ is given by:275

ζ = σm − k′ξ, (28)

where k′ ≡ kJ c/J has units of energy per volume in the current configuration.276

2.4. Kinetic model277

Our kinetic model rests on the following physical picture: plastic strains results from278

thermally-activated microscopic rearrangements of atoms in STZs under an applied stress.279

Shear transformation in turn generates free volume via the contribution ξ̇σ, and is therefore280

also assumed to depend on ζ, with positive (resp. negative) ζ promoting (resp. hindering)281

shear transformation. Mathematically, we couple deviatoric plastic deformation and free282

volume creation by inspiring from the Drucker-Prager model for pressure-dependent ma-283

terials (Drucker and Prager, 1952). We postulate the existence of a yield function f(sk, ζ)284

of the following form:285

f = σe + bζ, (29)

where σe is the von Mises equivalent stress and b > 0 is a dimensionless parameter.286

The condition f < 0 defines an elasticity domain in the three-dimensional space (sk, ζ).287

Plastic flow can only occur when σe > −bζ. The threshold for flow is increased by a288

negative mean stress and by the driving force for structural relaxation, ∂Ŵ/∂ξ. Note289

that, in contrast to the classical Drucker-Prager model, we did not include a yield stress290

in expression (29). While a yield stress could easily be added to the model, we chose not291

to include it since the mechanistic origin of such a yield stress is not clear in the context292

of amorphous plasticity. In the context of the plasticity of amorphous metals described293

by the Drucker-Prager model, the parameter b has been shown to govern the inclination294

of shear bands during plastic localisation, and takes value in the range (0.045 − 0.205)295

(Zhao and Li, 2009).296
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We construct flow rules by assuming that (ėpk, ξ̇σ) is normal to the yield surface (asso-297

ciative plasticity):298

ėpk = ṗ
∂f

∂sk
= ṗ

3

2

sk
σe
, (30)

ξ̇σ = ṗ
∂f

∂ζ
= bṗ, (31)

where ṗ is the plastic multiplier, such that:299

ṗ = 0 if f ≤ 0, ṗ > 0 if f > 0. (32)

It is easily verified that the plastic multiplier is equal to the accumulated plastic strain300

rate: ṗ = {(2/3)((ėp1)
2 + (ėp2)

2 + (ėp3)
2)}1/2. The normality assumption was adopted for301

simplicity, and because it ensures positive dissipation. Alternatively, a non-associative302

plasticity model could have been used by selecting a flow potential distinct from the yield303

function in the flow rules (30)-(31). Consequences of the model (30)-(31) are the following.304

Deviatoric plastic strains are aligned with the deviatoric stresses (like in conventional J2305

plasticity) and vanish under purely hydrostatic loading. Free volume creation due to306

mechanical loading, ξ̇σ, is directly proportional to the accumulated plastic strain rate,307

and therefore also vanish under purely hydrostatic loading. Free volume can however be308

created or annihilated via insertion/extraction of lithium (ξ̇c) and structural relaxation309

(ξ̇r).310

In a rate-dependent plasticity model, the plastic multiplier is set by a viscoplastic311

function when f ≥ 0. We inspire from a successful model for amorphous plasticity312

(Argon, 1979) and adopt the following expression:313

ṗ = 2ṗ0 exp

(
−∆G

kBT

)
sinh

(
fV

kBT

)
. (33)

This expression is obtained by considering STZ activation as a thermally-activated process314

with energy barrier ∆G (Eyring, 1936). V is the apparent STZ volume (which includes315

the transformation strain) and ṗ0 a parameter proportional to the attempt frequency. In316

the original theory (Eyring, 1936; Argon, 1979), the energy barrier for STZ transformation317

under shear is lessen by the work of the applied shear stress: τV/kBT . In writing (33),318

we have extended Argon’s model to multiaxial stress states and included the effect of319

pressure on the transformation kinetics.320
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The energy barrier ∆G depends on the microstructural state and is therefore taken as321

a function of composition and free volume:322

∆G = ∆G0(c̄) + g(ξ), (34)

where ∆G0(c̄) is the energy barrier at a given composition in the fully-relaxed state. Here323

we assume that the energy barrier decreases with composition as:324

∆G0(c̄) = ∆Glith + (∆Gunlith −∆Glith) exp(−c̄/n), (35)

where ∆Gunlith is the energy barrier for flow in the unlithiated host and ∆Glith is the325

energy barrier in the fully-lithiated host. The parameter n is a fitting parameter that326

controls the rate of decrease of the energy barrier. The function g(ξ) in Eq. (34) describes327

the effect of free volume on the energy barrier and is chosen of the following form:328

g(ξ) =
m

ξ
kBT, (36)

where m is a dimensionless parameter. Expression (36) together with (34) leads to a329

contribution of free volume to the flow equation (33) that is similar to free-volume theories330

(Cohen and Turnbull, 1959; Spaepen, 1977), where the parameter m was identified as a331

geometric parameter related to the rearrangement of free volume during relaxation.332

Free volume annihilation by structural relaxation is described by a simple linear kinetic333

model:334

ξ̇r = qζ, (37)

where the kinetic parameter q in general depends on composition and free volume. As-335

suming that more free volume allows faster relaxation, and noting that no relaxation can336

take place when the free volume is at its minimum value ξ = 0, a simple expression for q337

is:338

q = q0ξ, (38)

where q0 is a positive constant. Inserting the kinetic model (30), (31), (32) and (37) into339

(20), it is readily verified that the inequality is satisfied.340

3. Numerical examples341

3.1. Uniaxial loading342

We illustrate the model capability by first considering uniaxial loading at constant343

composition. In the initial configuration, the concentration is C0, the disorder parameter344
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is ξ0, and the sample is stress free. The elastic constants are set as E = 67 GPa and345

ν = 0.3, which are representative values for Li2Si (de Vasconcelos et al., 2017). We use346

b = 0.05 in the Drucker-Prager yield criterion (29), which is within the range of values347

reported by Zhao and Li (2009). The energetic parameter k is chosen such that the order348

of magnitude of the structural relaxation contribution to ζ (second term in Eq. (28)) is349

comparable or smaller to the contribution of the mean stress. Since the order of magnitude350

of mean stress is ∼ 109 Pa, k is set equal to 5 × 1010 Pa. For the kinetic equation (33),351

we follow the work of Khosrownejad and Curtin (2016) and use ṗ0 = 5× 108 s−1 for the352

frequency parameter and V = 100 Å3 as apparent activation volume. Fixed composition353

leads to a constant value for ∆G0 in Eq. (34), which is chosen as ∆G0 = 1.8 × 10−19 J,354

similar to the value proposed by Khosrownejad and Curtin (2016) when x in LixSi is equal355

to 2. The structural parameter m in Eq. (36) is set to 0.01. Boltzmann’s constant is356

kB = 1.38×10−23 J/K and the absolute temperature is T = 300 K. The kinetic parameter357

for structural relaxation, q0, is set to q0 = 5 × 10−12 (Pa s)−1. Finally, the initial free358

volume is set equal to ξ0 = 0.001. In the following, all parameters are kept at these values,359

unless otherwise indicated for the parametric study.360

The evolution of stress and disorder during uniaxial loading at different applied strain361

rates are shown in Fig. 1. The linear part of stress-strain curves reveals that the initial362

response is mainly elastic, despite the absence of a formal yield stress in the model, cf. Eq.363

(29). During the pseudo-elastic part of the deformation, the dominant contribution to free364

volume evolution is the relaxation part, ξr. The stress then peaks and subsequently drops365

(post-yield softening), before reaching a stress plateau. The softening is attributed to the366

concurrent increase in free volume, which reduces the energy barrier for flow. Eventually,367

the disorder reaches a steady-state (e.g. the plateau of the blue curve in Fig. 1b), at which368

the creation and annihilation of disorder are equal and the material flows like a liquid.369

The time needed to reach steady-state depends on the applied strain rate, as well as on370

the material parameters. For example, at the largest applied strain rate considered here,371

a higher free volume creation rate compared to annihilation rate leads to a continuous372

increase in free volume and decrease of stress over the considered time scale (black curves373

in Fig. 1). Consequently, the model predicts increasing i) peak stress, ii) strain-softening374

and iii) steady-state stress with increasing rate of deformation, which is consistent with375

experimental observations for metallic glasses (De Hey et al., 1998; Lu et al., 2003).376
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(a) (b)

Figure 1: The evolution of a) stress and b) free volume in uniaxial tension at various strain rates.

The effect of energy barrier and apparent STZ volume on the evolution of stress and377

free volume is illustrated in Fig. 2 for a constant strain rate ε̇ = 10−5 s−1. The stress378

peak, steady-state stress and steady-state value of free volume all depend on ∆G0 and V .379

The effect of the energy barrier and STZ volume on the stress response can be understood380

in the following way. Under the condition of large stress (fV � kBT ), and noting that381

sinh(x) ≈ ex/2 for x� 1, Eq. (33) gives:382

f ≈ kBT

V
log

(
ṗ

ṗ0

)
+

∆G

V
. (39)

At T = 0K, Eq. (39) gives the zero-temperature (effective) flow stress as:383

fy0 ≈
∆G

V
. (40)

Eq. (40) clarifies the relationship between the flow stress, ∆G0 and V (Figs 2a and 2c).384

A larger ∆G0/V ratio results in a larger apparent yield stress. In other words, a smaller385

applied stress is needed to activate a larger STZ or a STZ with lower energy barrier. Figs386

2b and 2d also show that materials with larger energy barrier and smaller apparent STZ387

volume experience larger disorder and consequently larger permanent dilatation, cf. Eq.388

(6).389

The effect of the relaxation parameter q0 is illustrated in Figs 3a-3b for a constant390

strain rate ε̇ = 10−5 s−1. In the early stages of deformation (pseudo-elastic deformation),391

all stress-strain and free volume-strain curves overlap for different values of q0. In the392

softening stage, larger q0 (faster structural relaxation) leads to a reduced softening, which393

corresponds to a smaller increase in free volume. In addition, larger q0 causes faster access394

to steady-state, smaller steady-state free volume and larger steady-state stress. Figs 3c395
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(a) (b)

(c) (d)

Figure 2: Effects of energy barrier ∆G0 and apparent STZ volume V on the stress-strain response and

free volume evolution in uniaxial tension at rate ε̇ = 10−5 s−1.

-3d show the effect of the pressure-sensitivity parameter b. According to Eq. (31), the396

creation of disorder is proportional to b. This explains the more pronounced softening397

effect, as well as lower steady-state stress (via the disorder-dependent energy barrier) for398

larger b.399
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(a) (b)

(c) (d)

Figure 3: Effects of structural relaxation rate q0 and pressure-sensitivity parameter b on the stress-strain

response and free volume evolution in uniaxial tension at rate ε̇ = 10−5 s−1.
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3.2. Cyclic loading400

We now consider uniaxial tension-compression cycles. Material parameters are the401

same as in the previous section, unless otherwise indicated. A constant strain rate ε̇ =402

10−3s−1 is applied in the loading direction. Fig. 4 shows the evolution of stress and403

free volume during three cycles, for two different values of the relaxation parameter q0:404

q0 = 5 × 10−12 (Pa s)−1 (Figs 4a-4b) and q0 = 1 × 10−13 (Pa s)−1 (Figs 4c-4d). Both405

cases exhibit common features during the first cycle. In the early stages of the first cycle,406

deformation is mainly elastic and the change in free volume is negligible. As the stress407

reaches the peak yield stress, plastic deformations and free volume increase sharply, and408

the stress decreases towards its steady-state value. Upon load reversal, firstly the creation409

of free volume is zero (elastic unloading) and structural annihilation is the only active410

process in the evolution of free volume. As the material is further deformed in compression,411

creation of free volume overcomes annihilation and ξ increases again. Reversing loading412

again first leads to a decrease in free volume (elastic unloading) followed by increase due413

to plastic dilatation.414

Marked differences are seen between the two cases in subsequent cycles. For faster415

structural relaxation, q0 = 5×10−12 (Pa s)−1 (Fig. 4b), the annihilation rate is sufficiently416

fast to overcome free volume creation during the compressive portion of the loading. As417

a result, the free volume is lower in compression. The difference between the first and418

second cycles in this case is the larger value of ξ in the second cycle, which increases the419

relaxation driving force ζ (in absolute value), cf. Eq. (28). In addition, the curves for the420

second and third cycles (as well as subsequent cycles) overlap, i.e. a steady-state regime421

is reached. In contrast, for slower structural relaxation, q0 = 1×10−13 (Pa s)−1 (Fig. 4d),422

structural relaxation does not compensate for free volume creation during plastic loading,423

and the free volume keeps increasing cycle after cycle.424

Regarding the evolution of stress, both cases show a peak in the first cycle, followed425

by softening due to the increase in free volume (Fig. 4a and Fig. 4c). However, the426

softening disappears in subsequent cycles, because the considered loading rate does not427

allow the material to rejuvenate between cycles. In the case of ”fast” relaxation (Fig.428

4a), the values of stress during the second and third cycles of stress overlap, similar to the429

free volume value (Fig. 4b). For ”slow” relaxation (Fig. 4c), stress cycles do not overlap,430

since the free volume does not reach the steady-state regime (Fig. 4d). The stress plateau431
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(a) (b)

(c) (d)

Figure 4: Uniaxial tension-compression cyclic loading at applied strain rate |ε̇| = 10−3s−1, for q0 =

5× 10−12 (Pa s)−1 (a-b) and q0 = 1× 10−13 (Pa s)−1 (c-d), respectively.

value increases with the number of cycles, which seems counter-intuitive given that the432

free volume decreases the energy barrier for flow (Eq. (34)). There is however a second433

contribution of free volume in the driving force ζ, Eq. (28), which in turn increases the434

value of stress needed for flow according to the yield criterion (Eq. (29)). This second435

contribution is dominating in this case.436

3.3. Free lithiation/delithiation437

We now consider a host subjected to cycles of lithiation and delithiation under no438

stress. In this case, the yield function f ≤ 0 at all times, so that ṗ = 0 (Eq. 32) and439

ξ̇σ = 0 (Eq. (31)). The only contributions to free volume evolution are creation during440

insertion or extraction of lithium, and structural relaxation. Using Eqs (9), (10) and (37),441

we have:442

ξ̇ = ξ̇c + ξ̇r =
βΩ

J c
|Ċ|+ qζ, (41)
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where443

ζ = −k′ξ = −kJ
c

J
ξ, (42)

and q = q0ξ (Eq. (38)). For prescribed charging/discharging rate |Ċ|, Eq. (41) con-444

stitutes a nonlinear ODE for the free volume as a function of time. We consider lithia-445

tion/delithiation cycles between the unlithiated state and a state with concentration Cf .446

Let Tch be the charging time needed to reach concentration Cf : |Ċ| = Cf/Tch. The free447

volume at t = 0 is ξ0. The ODE is easily integrated numerically.448

Besides the numerical solution, it is useful to consider the analytical solution to a449

simplified linear case. Neglecting all deformations (J = J c ≈ 1) and assuming linear450

relaxation kinetics (q constant), the ODE becomes:451

ξ̇ = βΩ|Ċ| − kqξ. (43)

This expression identifies a structural relaxation time, Tr = (kq)−1. For a lithiation step452

between a time ti and current time t under constant (dis)charging, the solution to the453

linear ODE (43) is readily obtained:454

ξ − ξi
ξss − ξi

= 1− exp (−(t− ti)/Tr) , (44)

where ξi = ξ(ti) (in particular, ξi = ξ0 when ti = 0), and ξss is the steady-state solution:455

ξss = βΩ|Ċ|Tr = βΩCf
Tr
Tch

. (45)

Note that β in Eq. (45) takes different values during lithiation and delithiation, according456

to Eq. (11). The steady-state free volume is proportional to the ratio Tr/Tch, which457

illustrates the competition between free volume relaxation and free volume creation during458

charge/discharge. The steady-state solution can only be reached during a particular459

lithiation or delithiation step if Tr � Tch.460

We illustrate the homogeneous response under free lithiation/delithiation cycles using461

the full model with the following set of basis parameters: βl = 0.003, βd = 0.005, Ω =462

1.36 × 10−29 m3 and ξ0 = 0.001. We take Cf = Cmax, where Cmax is estimated from463

the volume of fully-lithiated silicon: ΩCmax ≈ 3. In analogy with the linear case, the464

structural relaxation time for the nonlinear model is expressed as Tr = (kq)−1 ≈ (kq0ξ̂)
−1,465

where ξ̂ is a reference value of free volume, set as ξ̂ = 0.005. We choose (kq0)
−1 = 0.05 h,466

which corresponds to Tr = 10 h.467
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The evolution of free volume and plastic dilatation with concentration during one468

lithiation-delithiation cycle are shown in Fig 5a for various ratios Tch/Tr. Free volume in-469

creases during both lithiation and delithiation. When Tch < Tr (fast lithiation), structural470

relaxation has not time to take place, leading to a pronounced increase in free volume,471

and hence of plastic dilatation. In contrast, when Tch > Tr, the increase of free vol-472

ume saturates as free volume creation and annihilation balance each other. In all these473

examples, a permanent inelastic volume change remains after one full cycle of lithiation-474

delithiation, which corresponds to the partial of volume occupied by lithium that was not475

able to instantaneously recover. These results show that larger plastic dilatation occurs476

at smaller ratios Tch/Tr. This is in qualitative agreement with experimental results, which477

show delithiated LixM (M=Si, Sn, Ge) has a larger volume after delithiation than before478

lithiation (Ghassemi et al., 2011; McDowell et al., 2013; DeCaluwe et al., 2015; Wang479

et al., 2015; Chen et al., 2016; Jerliu et al., 2017; Wetjen et al., 2018).480

The evolution of ξ during several free lithiation-delithiation cycles for Tch/Tr = 0.05481

and Tch/Tr = 2 is shown in Figs. 5b and 5c, respectively. Fig. 5b reveals that, when482

Tch < Tr, the material does not have time to relax and therefore the disorder increases483

monotonically from one cycle to another. In contrast, when Tch > Tr (Fig. 5c), the484

creation of disorder may overcome the relaxation in early cycles (here, the first two cycles).485

However, relaxation becomes dominant in subsequent cycles, due to the effect of free486

volume in the relaxation driving force (Eq. 28). As a result, a steady-state regime is487

gradually reached where cycles of free volume evolution overlap. Also note that free488

volume can decrease during lithiation because βl < βd.489

Figs. 6a and 6b show the effects of βl and βd for Tch/Tr = 0.1. Larger values of βl490

result in larger rate of free volume creation during lithium insertion, as expected (Fig.491

6a). Similarly, larger values of βd result in larger rates of free volume creation during492

lithium extraction (Fig. 6b).493

4. Comparison to experimental results494

In this section, we use the proposed model to describe experimental results for a-Si495

thin-film electrodes reported by Bucci et al. (2014) and Pharr et al. (2014). In both sets496

of experiments, the ratio of charging time to characteristic diffusion time is much larger497

than unity (see below), and therefore the lithium concentration is assumed homogeneous498
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(a)

(b) (c)

Figure 5: a) Evolution of free volume and plastic dilatation during free lithiation-delithiation of Si

electrode with different ratios Tch/Tr. b,c) Evolution of free volume during 5 cycles for Tch/Tr = 0.05

(b) and Tch/Tr = 2 (c).

throughout the film thickness. The state of strain and stress is thus also homogeneous,499

with zero in-plane strain and zero out-of-plane stress.500

As shown in the following, the two sets of experimental results show contrasted re-501

sponses in terms of rate sensitivity, namely a mostly rate-independent response (Bucci502

et al., 2014) and a very rate-sensitive response (Pharr et al., 2014). Assuming a homo-503

geneous lithium concentration, we hypothesise that the difference in rate sensitivity is504

due to different film microstructures resulting from different preparation conditions. In505

particular, different sputtering pressures were used in the two sets of experiments. It has506

been previously reported that the sputtering pressure impacts the density, stiffness and507

strength of sputtered films (van der Rest et al., 2017; Kumari et al., 2018). It is therefore508

possible that it also affects the rate sensitivity, since rate sensitivity and strength are509

intrinsically coupled through the micro-mechanisms of plastic deformations in amorphous510

materials.511

23



(a) (b)

Figure 6: Evolution of free volume during one free lithiation-delithiation cycle for various values of a) βl,

and b) βd.

Material parameters used in the numerical model are the following. The Young’s512

modulus was assumed to vary linearly with the lithium concentration. The linear rela-513

tion was obtained based on operando nanoindentation results obtained by de Vasconce-514

los et al. (2017). These authors found that the elastic modulus of lithiated amorphous515

silicon decreases approximately linearly from about 110 GPa to 30 GPa as lithium con-516

centration increases from zero to its maximum value in silicon. Accordingly, we set:517

E = 110− 80C/Cmax GPa. Linear relationships for the modulus as a function of concen-518

tration (”rules of mixtures”) were previously used for alloy-forming electrode materials,519

including Si, Sn and Al Shenoy et al. (2010); Qi et al. (2014). Poisson’s ratio was set520

to ν = 0.3, which is close to experimental value reported by Shenoy et al. (2010) for521

unlithiated silicon. We further neglected the dependence of Poisson’s ratio in lithium522

concentration. Parameters of the viscoplastic and insertion model used to reproduce523

each set of experimental data are listed in Table 1. Most of the parameters are iden-524

tical for both sets. The main difference is the apparent activation volume V , which is525

inversely proportional to the rate-sensitivity: V ∼ kBT
σ

∂(log ε̇)
∂(log σ)

(Caillard and Martin, 2003).526

Rate-insensitive results (Bucci’s) are reproduced using a large activation volume, while527

rate-sensitive results (Pharr’s) require a much smaller activation volume.528

4.1. Comparison to experimental data from Bucci et al. (2014)529

Fig. 7a (pink circles) shows experimental mean stress-time curve for a thin-film elec-530

trode subjected to three lithiation-delithiation cycles under constant current, with charg-531

ing times for each cycle respectively given by C/25, C/12.5 and C/8.3. The diffusion532
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Table 1: Parameters used in the numerical simulation of thin-film experiments. Set 1 is used to reproduce

the results of Bucci et al. (2014). Set 2 is used to reproduce the results of Pharr et al. (2014).

Parameter Units Value (Set 1) Value (Set 2)

V Å3 300 180

∆Glith J 4× 10−19 2.1× 10−19

∆Gunlith J 5.3× 10−19 2.8× 10−19

n - 0.1 0.25

m - 0.01 0.01

ṗ0 s−1 5× 108 5× 108

b - 0.055 0.055

k Pa 4× 109 4× 109

q0 (Pa s)−1 6× 10−15 6× 10−15

βl 0.001 0.001

βd 0.005 0.005

ξ0 - 0.003 0.003

coefficient of lithium into silicon is D ∼ 10−16 m2/s (Ding et al., 2009), and the film533

thickness is h = 127 nm, giving a characteristic diffusion time Td = h2/D of about 0.045534

h, well below the considered nominal charging times. The experimental data show the535

usual thin-film behaviour, with a compressive stress during lithiation switching to tension536

when lithium is removed. Although the rate of lithiation/delithiation is different during537

these three successive cycles, the stress does not show a significant rate sensitivity. Model538

predictions are shown in blue in the figure. Best-fit parameters for this experiment are re-539

ported in Table 1 as ”Set 1”. Note that the value of the apparent STZ volume V is 300 Å3,540

which corresponds to the value obtained by (Berla et al., 2015) based on nanoindentation541

creep experiment.542

The most significant discrepancy between numerical and experimental curves occurs543

during the early stages of the first lithiation, i.e. the elastic part of the response. The544

slope of the calculated stress-time curve is much higher than the experimentally one. The545

discrepancy in the elastic regime is attributed to parasitic side reactions and the formation546

of solid electrolyte interphase (SEI) layer, which are not described by the model. This547

is however observed in the first lithiation only, after which the model is able to capture548
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(a) (b)

Figure 7: a) Evolution of mean stress as a function of time in a thin film electrode. Lithiation rates

during the first, second and third cycles are C/25, C/12.5 and C/8.3, respectively. Experimental results

are taken from (Bucci et al., 2014). b) Corresponding evolution of free volume and accumulated plastic

strain, as predicted by the model.

the elastic and plastic response (i.e. elastic slope and flow stress) and its evolution with549

charging rate and lithium concentration. In particular, the set of fitting parameters550

reproduces the weak strain-rate sensitivity.551

The evolution of free volume and accumulated plastic strain during these three cycles552

predicted by the model are depicted in Fig. 7b. Portions of elastic loading are well553

identified by the plateau values of p. The free volume is also approximately constant554

during elastic loading, because structural relaxation is almost compensated by creation555

due to lithium insertion/extraction. Overall, free volume creation is strongly correlated556

to the accumulation of plastic deformation, which follows from the flow rule (31). The557

rate of free volume creation (black curve) is however larger during delithiation, since we558

set βd > βl.559

4.2. Comparison to experimental data of Pharr et al. (2014)560

As a second illustration, we consider the experimental measurements of Pharr et al.561

(2014). The film thickness is h = 100 nm, giving a characteristic diffusion time Td = 0.028562

h. During the first cycle, the film is galvanostatically charged and discharged at rate C/8.563

The second cycle starts at a constant C/8 rate until the concentration reaches about564

0.35Cmax. Subsequently, jumps in charging rates are applied in the following order: C/16,565

C/8, C/4, C/8, C/32, C/8, C/2, C/8, C/64, C/8, C/128, C/8. The same sequence is then566

repeated a second time. The considered charging times are all well above the characteristic567
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diffusion time, so that the assumption of homogeneous concentration throughout the film568

thickness remains reasonable. Fitted model parameters (”Set 2”) are reported in Table569

1, and the comparison between experimental and numerical results is shown in Fig. 8a.570

In contrast to the results of the previous section, experimental results of Pharr et al.571

(2014) display a significant effect of charging rate on the stress plateau value. Therefore, a572

smaller apparent activation volume V had to be used in the model in order to obtain good573

agreement. With this smaller value of activation volume, the model is able to reproduce574

the experimental results, including the stress jumps due to steps in charging rate during575

the second cycle, with an increase in lithiation rate resulting in a corresponding increase576

in the flow stress. The corresponding evolution of free volume and accumulated plastic577

strain is shown in Fig. 8b. Both free volume and accumulated plastic strain increase when578

the electrode deforms plastically, with short plateau during elastic loading and unloading.579

Fluctuations in the free volume evolution associated with lithiation rate jumps during580

the second cycle show that free volume is more sensitive to rate jumps (via its relaxation581

mechanism) than the accumulated plastic strain. According to Eq. (6), inelastic volume582

change in the electrode is 7.7% at the end of the first cycle.583

Similar to Fig. 7a, the model fails to capture the slope of the elastic response during584

the first lithiation. Furthermore, a significant discrepancy between the model and ex-585

perimental slope is also seen during the early stages of the second lithiation cycle. One586

possible reason for the discrepancy could be that the adopted linear relationship for the587

Young’s modulus as a function of lithium concentration is less accurate for the present588

film at low lithium concentration, possibly due to the different preparation conditions. A589

second possible origin of the discrepancy could be early anelasticity upon load reversal,590

similar to the Bauschinger effect. Indeed, early deviation from linearity is clearly seen in591

the experimental curve during the first delithiation in Fig. 8a, well before the yield point592

predicted by the model. Likewise, close inspection of the experimental curve during the593

second load reversal (second lithiation) shows that model and experimental curves are594

almost parallel in the early (re)lithiation stage. The experimental curve then rapidly di-595

verges from the modelling one. Bauschinger effects have been reported in metallic glasses,596

and have been attributed to back-stresses generated during the heterogeneous transfor-597

mation of STZs (Sun et al., 2014; Patinet et al., 2020). It is possible that the observed598

discrepancy between model and experimental curves during load reversal partly results599
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(a) (b)

Figure 8: a) Evolution of stress as a function of concentration in a thin film electrode lithiated at rate

C/8. Rate jumps are performed during the second cycle. Experimental results are taken from (Pharr

et al., 2014). b) Corresponding evolution of free volume and accumulated plastic strain, as predicted by

the model.

from the inability of the model to predict early yielding. Capturing such effect would600

require incorporating a description of kinematic hardening in the model, which is outside601

the scope of the present work.602

We further compare model predictions obtained with the two sets of parameters listed603

in Table 1. Fig. 9 shows numerical predictions for thin films lithiated and delithiated604

at rates C/1, C/8 and C/64, respectively. The first row shows results obtained with the605

first set of parameters, and the second row the results obtained with the second set of606

parameters. As expected, results corresponding to the lower activation volume (Set 2)607

are more sensitive to charging rate than results obtained with Set 1 parameters. They608

also show smaller values of flow stress in tension and compression at same charging rates.609

However, the trends in the evolution of free volume are comparable.610

The behaviour of thin-film electrodes during multiple cycles is illustrated in Fig. 10,611

considering Set 2 parameters and two different charging rates: C/2 (first row) and C/8612

(second row). Fig. 10a and Fig. 10c show that the values of compression and tension613

flow stresses slightly increase from one cycle to another. This is again attributed to the614

driving force for structural relaxation, which increases the magnitude of stress needed for615

flow. This effect however gradually decreases and saturates after several cycles (the inset616

in Figs. 10a and 10c). Saturation is reached earlier in the cycling history at low charging617

rate (large Tch). Similar to the stress, the increase in free volume tends towards a steady-618

state, involving a decrease in free volume at the beginning of delithiation as structural619
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(a) (b)

(c) (d)

Figure 9: Predicted lithiation-delithiation cycles for thin films at various charging rates, using Set 1

parameters (a-b) and Set 2 parameters (c-d).

relaxation overcomes free volume creation (Fig. 10d).620

29



(a) (b)

(c) (d)

Figure 10: Predicted lithiation-delithiation cycles for thin films charged at rates a-b) C/2 and c-d) C/8,

using Set 2 parameters.
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5. Conclusions621

We have proposed a constitutive theory that couples large, viscoplastic deformations622

to the insertion and extraction of lithium in amorphous electrode materials. The theory623

is based on the concept of Shear Transformation Zones as the carriers of plastic flow in624

amorphous anode materials, and accounts for microstructural evolution via an internal625

”free volume” variable. In order to focus on the essential ideas, here we have limited our626

presentation to homogeneous states described in terms of principal stresses and stretches.627

Generalization of the theory to a full tensorial representation and investigation of inho-628

mogeneous states are left to future work.629

Key features of the model are the following:630

1. Rate-dependency: The rate-dependent plastic flow of amorphous electrodes was631

captured using a STZ-based evolution equation for the plastic multiplier, Eq. (33).632

Rate sensitivity is primarily governed by the STZ apparent volume V , which is633

inversely proportional to the rate-sensitivity exponent in power-law descriptions of634

viscoplasticity: V ∼ kBT
σ

∂(log ε̇)
∂(log σ)

(Caillard and Martin, 2003). Appropriate selec-635

tion of the STZ volume allows us to reproduce the rate sensitivity (or lack thereof)636

displayed in experiments. On the other hand, the stress plateau value is primar-637

ily dictated by the ratio ∆G/V . The energy barrier ∆G was further assumed to638

decrease with both lithium concentration and free volume.639

2. Pressure-dependency: The plasticity model is based on a modified Drucker-Prager640

yield condition and associative flow rule, Eqs (29)-(31), which predicts asymmetry641

in tension-compression flow curves. The dilatant part of the plastic strain is kine-642

matically coupled to the creation of free volume (Eq. (6)). As a result, the yield643

function involves an effective pressure ζ (Eq. (28)) which depends on both the mean644

stress and the structural relaxation driving force. In particular, a large value of free645

volume negatively impacts the yield function due to large structural relaxation driv-646

ing force. The relative contribution of the effective pressure ζ to the yield function647

is governed by the parameter b, which also dictates the rate of plasticity-induced648

free volume creation according to the associative flow rule (31).649

3. Structural evolution: The microstructure of the amorphous alloy is described by a650

free volume variable, which evolves according to three mechanisms: STZ-mediated651

plastic flow (via the aforementioned kinematic coupling between dilatant plastic652
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flow and free volume), insertion/extraction of lithium, and structural relaxation.653

The parameter β governs the rate of free volume created during either insertion or654

extraction. Here, we assumed that more free volume is created during extraction655

than during insertion of lithium. The structural relaxation rate is dictated by the656

ratio qk, where k is the energetic parameter quantifying the excess energy associated657

with free volume - and thus the magnitude of the relaxation driving force - whereas658

q describes the kinetics of relaxation.659

The typical features of amorphous plasticity captured by the model are significant in660

regard of battery performance. For example, the model predicts a peak in yield stress661

followed by intrinsic softening before reaching the stress plateau. Values of both the peak662

stress and stress plateau depend on the deformation rate (Fig. 1), which is itself directly663

correlated with the lithiation rate when lithiation is constrained (Fig. 9). High stresses664

generated during fast charging are expected to be detrimental to the battery performance,665

as they may lead to fatigue and fracture. We also found that the stress and free-volume666

plateau values are reached earlier in the cycling history when the charging rate is low667

compared to the structural relaxation rate.668

The proposed model is also useful to investigate the issue of nanopore formation in669

amorphous electrodes of lithium-ion batteries. Previous experimental and numerical in-670

vestigations have linked the onset of nanopore formation to fast delithiation conditions671

(Chen and Sieradzki, 2013; Lu et al., 2015, 2016; Kim et al., 2017). Wetjen et al. (2018)672

further showed that the nanoporous structure reaches a steady state after several cycles.673

Nanopore build-up not only affects the electrode mechanical integrity, but may also break674

down the conductive network, leading to isolation of active material and hence capacity675

fading. While the present model does not explicitly describe pore formation, it may be676

hypothesised that pore formation results from the accumulation of volumetric inelastic677

strains associated with free volume. Under this assumption, model predictions are con-678

sistent with previous observations for nanopore formation, namely accumulation of free679

volume during fast (dis)charging, possibly followed by steady state during cyclic loading.680

The model further suggests that steady-state in free volume - and hence in inelastic vol-681

ume change - is reached earlier under slow charging conditions. Detailed investigation682

of the relationships between free volume evolution, dilatant plastic flow, and nanopore683

formation is suggested as a topic of future work.684
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