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STRING GRADIENT WEIGHTED MOVING FINITEELEMENTS FOR SYSTEMS OF PARTIAL DIFFERENTIALEQUATIONSAbigail Wa
her, Ian Sobey & Keith MilleryMoving �nite element methods resolve regions 
ontaining steep gradients usinga manageable number of moving nodes. One su
h implementation is GradientWeighted Moving Finite Elements (GWMFE). When applied to a single PDE withone spa
e variable x, the solution u(x; t), is viewed as an evolving parameterizedmanifold, u = [x(�; t); u(�; t)℄, where � is a parameter along the manifold. Miller(1997) derived the \normal motion" of the manifold in [x; u℄ spa
e and dis
retisedin spa
e by making the manifold pie
ewise linear. For systems of PDEs, he used aseparate manifold for ea
h dependent variable but with shared nodes.However, Miller also proposed a \se
ond GWMFE formulation for systemsof PDEs". In the 
ase of two dependent variables u(x; t) and v(x; t), insteadof determining the separate normal motion of two manifolds, [x(�; t); u(�; t)℄ and[x(�; t); v(�; t)℄, using shared nodes, he suggested examining the normal motion of asingle manifold [x(�; t); u(�; t); v(�; t)℄, a \string" embedded in [x; u; v℄ spa
e . Thismethod, 
alled String Gradient Weighted Moving Finite Elements (SGWMFE),has not previously been implemented and tested.In this paper we revisit the SGWMFE method, deriving a general form ofthe equations for normal motion using a proje
tion matrix and implementing themethod for the one dimensional shallow water equations and for Sod's sho
k tubeproblem.yMathemati
s Department,University of California at Berkeley

Oxford University Computing LaboratoryNumeri
al Analysis GroupWolfson BuildingParks RoadOxford, England OX1 3QD November, 2003



21 Introdu
tionA Se
ond Gradient Weighted Moving Finite Element formulation for systems of PDE's wasoriginally proposed by Miller (1997). The formulation is a variation of the Gradient WeightedMoving Finite Element (GWMFE) method whi
h was developed in detail in Carlson and Miller(1998a) and Carlson and Miller (1998b) for one and two dimensional problems. The one-dimensional version of the se
ond formulation is 
alled the String Gradient Weighted MovingFinite Element Method (SGWMFE). This method has not previously been implemented ortested.In this paper we develop the SGWMFE for a system of PDE's in one dimension using aproje
tion matrix in a way whi
h 
an be easily generalized to arbitrary number of equations andmultiple spa
e dimensions, although all the results presented in this paper are for one spa
edimension. We �rst des
ribe the general stru
ture of the gradient weighted �nite elementmethod, then we develop the ne
essary details of applying the SGWMFE method to twoparti
ular systems of partial di�erential equations, the shallow water equations and the Eulerequations for a sho
k tube, the example we 
onsider being Sod's Sho
k Tube problem.For both systems we use an added di�usion in the PDE's, with a small di�usion 
oeÆ
ient,�. We emphasize that the PDE's without di�usion are in
omplete. No 
lassi
al solution exists;it is di�usion (no matter how small the 
oeÆ
ient �) whi
h prevents in�nite gradient, preventsmultivalued fold over, transmits 
ux and dissipates energy in the steep portions and essentially
auses the sho
ks as �! 0 (see se
tion 2.5 and �gures 6.3 and 6.10 of Carlson and Miller (1998a)for example). Moreover, even within the setting of \weak solutions" additional informationinvolving "entropy" or the "zero di�usion limit" must be invoked to avoid non-uniqueness.Thus we 
ompute with very small � (as small as we 
an handle numeri
ally be
ause of theresulting ex
eedingly thin sho
ks) in order to approximate the desired "zero di�usion limit"weak solution.2 Gradient weighted, moving �nite elements2.1 GWMFE for a single PDE in one dimensionConsider a single time evolving PDE, ut = L(u); (2.1)where L is a �rst or se
ond order nonlinear di�erential operator on the one dimensional spatialinterval 
. This is the equation for the verti
al motion ut of the graph of the solution u(x; t).GWMFE instead treats the solution graph as an evolving one-dimensional parameterized man-ifold embedded in two dimensions based on the equations for the normal (rather than verti
al)
omponent of the motion of that manifold.Consider any parameterization of the evolving solution manifold byu(�; t) = (X(�; t); U(�; t)); (2.2)where � is a one dimensional parameter. Here X(�; t) is any smoothly in
reasing fun
tion of� and the 
orresponding U(�; t) is given in terms of the original u(x; t) byU(�; t) = u(X(�; t); t): (2.3)



3Thus u represents the two-dimensional position on the evolving manifold of the parameterizedpoint with �xed parameter � and _u(�; t) = ( _X(�; t); _U (�; t)); (2.4)represents the two-dimensional motion (or velo
ity) of that parameterized point, where thedots denote time di�erentiation with � �xed. By the 
hain rule in (2.3), we have_U = ux _X � ut; (2.5)and thus obtain the familiar formula for ut,ut = _U � ux _X: (2.6)To avoid proliferation of notation (as is 
ommon when using the 
hain rule and 
hanges ofparameterization) we repla
e the U and X in (2.1)-(2.6) by simply u and x. Thus we repla
ethe notation in (2.1)-(2.6) respe
tively byu(x; t); x(�; t); u(�; t) � u(x(�; t); t); u(�; t) = (x(�; t); u(�; t));so that _u(�; t) = ( _x(�; t); _u(�; t)); and ut = _u� ux _x:Moreover, we will just speak of 'the evolving solution manifold u' whether it is in fun
tionform u(x; t) or parameterized form (2.2).At ea
h point on the evolving manifold we divide the motion ve
tor _u = ( _x; _u) into itstangential part, [ _u℄T and its normal part [ _u℄N . Sin
e the tangential part of this motion makesno 
hange to the manifold itself, we are interested only in getting the 
orre
t normal motion,[ _u℄N . Note that [u℄N = ( _u � n)n; (2.7)where n(�; t) = 1p1 + u2x (�ux; 1);is the upward normal to the graph at ea
h point and P (�; t) = nnT is the orthogonal proje
tionmatrix onto the normal dire
tion.The original PDE, (2.1), was the equation for the verti
al motion (0; ut) of the manifold,� 0ut � = � 0L(u) � : (2.8)Note that be
ause (x; u(x; t)) is one parameterization of the solution manifold (with x = �un
hanging in t), we automati
ally have the same normal motion� _x_u �N = � 0ut �N ; (2.9)



4for any other parameterization. Thus the equation for the normal motion is� _x_u �N = � 0L(u) �N ; (2.10)or ( _u � n)n = K(u)n; (2.11)where ut=p1 + u2x = ( _u � n) and K(u) = L(u)=p1 + u2x. These, (2.10) or (2.11), are a systemof two PDE's whi
h must be satis�ed by the two unknown fun
tions, u(�; t) and x(�; t) of ourparameterization. Of 
ourse this system is degenerate be
ause the tangential motion [ _u℄T isleft 
ompletely free by these equations.The GWMFE method is a dis
retisation of the normal motion equations, (2.10) or (2.11).On
e again, to avoid proliferation of notation, we use the same symbols for the numeri
alsolution as for the exa
t solution. The GWMFE approximation is allowed to be an evolvingpie
e-wise linear one-dimensional manifold with its two-dimensional nodal positions,uj(t) = (xj(t); uj(t));all treated as unknowns and with the natural linear parameter � , 0 � � � 1, on ea
h 
ell.The position u(�; t) and motion _u(�; t) of the parameterized points are thus given by linearinterpolation from nodal positions, uj(t) and nodal motion, _uj(t), that isu(�; t) =Xj �j(t)uj(t); _uj(t) =Xj �j(t) _uj(t); (2.12)where �j(t) is the usual jth "hat fun
tion" whi
h falls linearly from one at the jth node to zeroat adja
ent nodes.Miller (1997) introdu
ed a me
hani
al interpretation for the derivation of the GWMFEODEs for the motion _uj of the nodes. He interpreted the normal motion equations, (2.10)or (2.11), as being a balan
e of distributed vis
ous drag for
es and applied for
es per unitar
length on the manifold, all in the normal dire
tion. The GWMFE manifold 
annot satisfythat for
e balan
e at every point; instead it 
on
entrates those distributed for
es onto thenodes by the law of leverage and requires that the 
on
entrated for
es in (2.11) balan
e at thenodes. This yields Z ( _u � n)n�jds = Z K(u)n�jds; (2.13)at the jth node, where s is ar
 length along the manifold and where the hat fun
tions �j 
anbe re
ognised to be the leverage fa
tors for this 
on
entration onto the nodes.Hen
e equation (2.13), a system of ordinary di�erential equations for the nodal positionsuj(t), states that the GWMFE manifold 
hooses its nodal motions _uj(t) at ea
h instant su
hthat the distributed vis
ous drag for
es ( _u �n)n and applied for
es K(u)n, when 
on
entratedonto the nodes by the law of leverages, exa
tly balan
e at ea
h node.GWMFE 
an also be 
onsidered to be a 
onventional pie
ewise linear Galerkin dis
retisationof the degenerate system (2.10) or (2.11) for the unknown fun
tions x(�; t) and u(�; t), but withthe important distin
tion that we do not integrate with respe
t to measure d� in parameter



5spa
e as would be 
onventional but with respe
t to the ar
 length measure ds on the evolvingpie
ewise linear manifold.The original variational interpretation for the GWMFE ordinary di�erential equations wasalso des
ribed in Miller (1997) and Carlson and Miller (1998b). One sees easily that theequations, (2.13), are the variational equations obtained by requiring that the nodal motionsf _ujg be 
hosen at ea
h instant so as to minimise the fun
tional = Z ��������� _x_u �N �� 0L(u) �N ��������2 ds � Z j _u � n�K(u)j2ds; (2.14)where this L2 integral of the residual in the normal motion of the PDEs, (2.10 or(2.11), istaken over the GWMFE manifold.The me
hani
al interpretation, (2.13), seems somewhat more natural than the variationalinterpretation, (2.14) for PDEs whose operator L(u) involves se
ond order terms su
h as uxx.In that 
ase the se
ond derivative of our pie
ewise linear approximation is singular at the nodesand hen
e the L2 residual fun
tion  in (2.14) is in�nite. This diÆ
ulty was resolved in earlierpapers, Miller and Miller (1981), Miller (1997), Carlson and Miller (1998b) by the te
hnique ofmolli�
ation or smoothing of the pie
ewise linear approximation near the nodes and the takingthe limit in the variational equations for this minimisation as the molli�
ation radius tendsto zero. However the me
hani
al interpretation, starting from the 
on
entrated for
e balan
eequations, (2.13), seems more natural here be
ause one is used to handling 
on
entrated delta-fun
tion type for
es in me
hani
al situations.At the jth node where the adja
ent unit normals nj�1 and nj are non-parallel, the vis
ousdrag for
es ( _u � n)n on the left in (2.13) resist motion of the node in both these normaldire
tions and hen
e somewhat resist motion in all the two-dimensional dire
tions. However,when adja
ent normals are parallel there is absolutely no resistan
e to tangential motion ofthe node. Provided adja
ent 
ells are not parallel and provided the 
ell ar
 length remainsnon-zero, the symmetri
 mass matrix of the system (2.13) remains positive de�nite. To removepossible degenera
ies of the mass matrix one adds 'internodal vis
osity' for
es whi
h penaliseagainst relative motion of the nodes and whi
h are suÆ
iently small that they essentially 
omeinto play only in the 
ase of adja
ent nodes whi
h are nearly parallel.2.2 GWMFE for systems of PDEs in one dimensionConsider the example of a system of PDE's,ut = L1(u; v); vt = L2(u; v); (2.15)for the two unknown fun
tions u(x; t) and v(x; t) on a one-dimensional spatial interval 
. Here,as in (2.1), L1 and L2 are �rst or se
ond order nonlinear di�erential operators.Our GWMFE approximants, u; v will be pie
ewise linear fun
tions with moving nodes. Fora great variety of reasons (whi
h were dis
ussed at length in Miller (1997), Carlson and Miller(1998a) and Carlson and Miller (1998b), one uses a 
ommon grid for the two fun
tions. Wetherefore have three unknowns (xj ; uj ; vj) at the jth node.The usual GWMFE method for systems (whi
h is used in all previous 
odes, and whi
hMiller in Miller (1997) 
alls the �rst GWMFE formulation for systems) involved treating the uand v graphs as two independent evolving two-dimensional manifolds evolving in three dimen-sions, that is as (x; u(x; t); 0) and (x; 0; v(x; t), as shown in �gure 1(a). Under reparameter-



6ization with a shared moving x(�; t) these two manifolds have parameterized representationsu(�; t) = (x(�; t); u(�; t); 0) and v(�; t) = (x(�; t); 0; v(�; t)).The u manifold has 'verti
al' for
es F1 = (0; f1; 0) and the v manifold has 'verti
al' for
esF2 = (0; 0; f2) from the PDEs where f1 = L1�ut and f2 = L2�vt. One then forms the normalparts [F1℄N and [F2℄N of these two for
es. These represent normal for
es per unit ar
lengthds1 =p1 + u2xdx and ds2 =p1 + v2xdx upon the two manifolds. An exa
t manifold solutionof the system ( 2.15) would then satisfy the three-dimensional for
e balan
e equationsF = [F1℄N + [F2℄N = 0; (2.16)at every parameterized point (�; t).It is these for
e balan
e equations (analogous to (2.10) and (2.11)) whi
h GWMFE dis
re-tises. On
e again, one 
on
entrates these for
es onto the nodes, integrating times the leveragefa
tors �j to yield 
on
entrated for
es F1;j and F2;j on the jth node of the u and v PDEsrespe
tively. Then, sin
e these two jth nodes are rigidly 
onne
ted at that xj 
oordinate, weget the GWMFE for
e balan
e equationsFj = F1;j + F2;j = 0; (2.17)at every jth node.It is easily seen that (2.17) are variational equations for 
hoosing the nodal motionsf _xj ; _uj ; _vjg at ea
h instant so as to minimise =  1 +  2; (2.18)where  1 and  2 are the L2 residuals for the u and v normal motion equations, 1 = Z k[F1℄Nk2 ds;  2 = Z k[F2℄Nk2 ds: (2.19)2.3 String gradient weighted moving �nite elementsThis is the se
ond GWMFE formulation for systems, introdu
ed and sket
hed out in Miller(1997) on one and two spa
e dimensions, but never investigated in detail or implementednumeri
ally. Now we treat the solution graphs for the system (2.15) as a single evolving onedimensional manifold (a 'string') immersed in three dimensions, that is as (x; u(x; t); v(x; t)),as shown in �gure 1. Here �gure 1(a) and 1(b) should make abundantly 
lear the distin
tionbetween the �rst and se
ond formulations.Under reparameterization with a moving x(�; t), our string be
omes an evolving parame-terized one dimensional manifold immersed in three dimensions with the representationu(�; t) = (x(�; t); u(�; t); v(�; t)); (2.20)for the evolving reparameterized points.At ea
h parameterized point on the evolving manifold we divide the motion ve
tor _u =( _x; _u; _v) into its tangential, [ _u℄T , and its normal, [ _u℄N , parts. The original system (2.15) wasthe equation for the 'verti
al' motion (0; ut; vt) of the manifold0� 0utvt 1A = 0� 0L1(u; v)L2(u; v) 1A : (2.21)
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(a) (b)Figure 1: Sket
h of pie
ewise linear representation (a) using GWMFE (b) using SGWMFENote that be
ause (x; u(x; t); v(x; t)) is one parameterization of the solution manifold we au-tomati
ally have the same normal motion0� _x_u_v 1AN = 0� 0utvt 1AN ; (2.22)for any other parameterization. Thus the equation for the normal motion is0� _x_u_v 1AN = 0� 0L1L2 1AN ; (2.23)whi
h is a system of three PDEs for the three unknown fun
tions x(�; t); u(�; t); v(�; t) (adegenerate system sin
e the tangential 
omponent of the motion is left 
ompletely free).It is 
onvenient to use here the proje
tion matrix P whi
h proje
ts any given ve
tor, F, intoits normal part, [F℄N at a given point on the 'string', (x; u(x); v(x)). The tangential proje
tionis given by [F℄T = ttTF; (2.24)where t = (1; ux; vx)=p1 + u2x + v2x is the unit tangent ve
tor to the manifold at this point.Hen
e [F℄N = F� [F℄T = (I� ttT)F = PF; (2.25)where P = 11 + u2x + v2x 0� (u2x + v2x) �ux �vx�ux (1 + v2x) �uxvx�vx �vxux (1 + u2x) 1A (2.26)



8 On
e again we interpret these equations, (2.23) me
hani
ally, as a balan
e of vis
ous dragfor
es and applied for
es per unit ar
 length of the string, all in the normal dire
tion. We dis
re-tise the for
e balan
e equations, (2.23), by letting our SGWMFE approximant be an evolving,pie
ewise linear manifold with its three dimensional nodal positions uj = (xj(t); uj(t); vj(t)) asunknowns. We pro
eed as in (2.12) and (2.13), 
on
entrating these distributed normal for
esonto the nodes and thus arriving at the balan
e of three dimensional for
esZ 0� _x_u_v 1AN �jds = Z 0� 0L1L2 1AN �jds; (2.27)at ea
h node, mu
h as in (2.13)This, (2.27), is a system of ODEs for the nodal positions uj(t). On
e again, one sees easilythat these ODEs are the variational equations obtained by requiring that the nodal motionsfujg be 
hosen at ea
h instant so as to minimise = Z 





0� _x_u_v 1AN �0� 0L1L2 1AN





2 ds; (2.28)where this is the L2 integral of the residual of the normal motion PDEs, (2.23).Thus at a jth node where the adja
ent unit tangent ve
tors are parallel there is no resistan
ein the left sided for
es of (2.27) to tangential motions of the node, but absent this parallelismand absent 
ells of zero ar
 length then the symmetri
 mass matrix of the ODEs (2.27) remainspositive de�nite. On
e again, to remove su
h possible degenera
ies of the mass matrix one adds'internodal vis
osity' for
es whi
h penalise against relative motion of the nodes and whi
h aresuÆ
iently small that they essentially only 
ome into play in the 
ase of nodes with nearparallelism.3 ImplementationIn implementing SGWMFE, as with GWMFE, we repeatedly use the result that after pie
ewiselinear dis
retisation, spatial derivatives ux and vx are 
onstant on ea
h 
ell. In addition, valuesof the manifold on a 
ell are found by linear interpolation between the ends of the 
ell. Thus, forexample, on the �rst 
ell, let u0; u1 be the position ve
tors on the manifold at the 
orrespondingleft and right end points of the 
ell. Further we have the 
orresponding velo
ity ve
tors atthese same points: _u0; _u1. Then intermediate values of u and _u on the 
ell are obtained usingthe hat fun
tions �0 and �1 together with the values at either end of the 
ell. In applyingleverage fa
tor �i to 
on
entrate for
es onto the ith node one naturally has integrals whi
hrange over two adja
ent 
ells, 
elli and 
elli+1. In the following we des
ribe the part of the
on
entrated for
es for the ith node from 
elli; there will be an analogous part from 
elli+1 onthe ith node.



93.1 Time derivative termsUsing equation (2.27) the time derivatives (the left hand side of our PDE system) in 
elli are
on
entrated onto the ith node by:Z
elli0� 0utvt1AN�ids = Z
elli P0� _x_u_v1A�ids: (3.1)The resulting `for
e' from the 
ell onto it's ith node is obtained exa
tly by using Simpson'squadrature as, Z
elli P _u�ids = P(13 _ui + 16 _ui�1)�si; (3.2)where �si = kui � ui�1k2 =p(xi � xi�1)2 + (ui � ui�1)2 + (vi � vi�1)2: (3.3)3.2 Flux termsAt this point we restri
t the non-linear operators L1 and L2 to have a parti
ular form, that of a
ux fun
tion 
ombined with an arti�
ial di�usivity term, so that in the 
ase of two dependentvariables, ut = �fx(u; v) + �uxx;vt = �gx(u; v) + �vxx; (3.4)and � determines the magnitude of the arti�
ial di�usion (and note that this is applied equallyto both equations).It will be useful to de�ne the following notation. For a s
alar fun
tion f(x; u(x); v(x)) wedenote by fi its value at the ith node and by [f ℄i, the average over the 
ell. Thus fi = f(xi; ui; vi)and [f ℄i = 1�xi R
elli fdx:The for
e 
ontributions from the 
ux terms in 
elli onto the ith node are obtained usingds = p1 + u2x + v2xdx so that the 
ontribution from the �rst of the 
onve
tive terms 
an bewritten Z
elli P 0� 0�fx0 1A�ids = P 0� 010 1AZ
elli �fx�ids (3.5)= 0� �ux1 + v2x�vxux 1A R
elli �fx�idxp1 + u2x + v2x (3.6)= 0� �ux1 + v2x�vxux 1A [f ℄i � fip1 + u2x + v2x (3.7)Similarly the 
ux 
ontributions from the �gx term:
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i−1 iFigure 2: Molli�
ation: the value of ux on 
elli is mi, the value of ux on 
elli�1 is mi�1 andthe value of ux on 
elli+1 is mi+1. The value of ux is assumed to vary smoothly in a smallneighborhood of ea
h end of the 
ell of width 2Æ and then Æ ! 0.
Z
elli P 0� 00�gx 1A�ids = 0� �vx�uxvx1 + u2x 1A [g℄i � gip1 + u2x + v2x (3.8)3.3 Di�usion termsUsing pie
ewise linear basis fun
tions means that di�usive terms vanish in the interior ofany 
ell but are unde�ned at nodes. One way of dealing with this problem is to use formalintegration by parts but an equivalent and easily understandable way is to use the mathemati
alte
hnique of molli�
ation. The �rst derivative, while being 
onstant over the main body of the
ell, is assumed to vary smoothly between 
ell values in a small neighborhood of width 2Æ atea
h node (see �gure 2). Then we take the limit Æ ! 0. Thus in any integral involving di�usionterms we only need to take into a

ount the small neighborhoods near ea
h node sin
e uxxand vxx are still identi
ally zero for most part of ea
h 
ell. The details are presented below forSGWMFE but see also Carlson and Miller (1998a), Miller (1997) or Baines (1994) for furtherdetails on how molli�
ation has been 
arried out for the MFE and GWMFE methods in onedimension.Denote the values of ux, vx on 
elli as mi, ~mi respe
tively. For the present method wemollify by de�ning a variable �(x) and then, for instan
e at the right end of the 
ell, map aneighborhood of width 2Æ of xi to �1 � �(x) � 1, map ux to mi � ux � mi+1, and map vx to~mi � vx � ~mi+1. Then the normal for
e on the ith node due to di�usive terms is:
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�Z Æ�Æ P 0� 0uxxvxx 1A�ids = �Z Æ�Æ 1p1 + u2x + v2x 0� �uxuxx � vxvxx(1 + v2x)uxx � uxvxvxx�vxuxuxx + (1 + u2x)vxx 1Adx + O(Æ); (3.9)where the term of order O(Æ) is due to repla
ing �i by 1 in the neighborhood of xi,The integral is now rewritten using the mappingsux = m
 +�m
�(x) (3.10)vx = ~m
 +�~m
�(x); (3.11)where m
 = mi +mi+12 , ~m
 = ~mi + ~mi+12 , �m
 = mi+1 �mi2 and � ~m
 = ~mi+1 � ~mi2 .In the �rst 
omponent of (3.9), letIA = Z Æ�Æ uxuxx + vxvxxp1 + u2x + v2x dx (3.12)It is important that we have molli�ed the jumps in ux and vx equally, that is using the samefun
tion �(x) for both.Substituting equations (3.10)-(3.11) into (3.12), so thatuxxdx = dd�ux d�; vxxdx = dd�vx d�;then under 
hange of variable for the integral, the neighborhood size falls out and we have thefollowing expression for IA in terms of the parameter �:IA = Z 1�1 (m
 +�m
�)�m
 + ( ~m
 +�~m
�)� ~m
p1 + (m
 +�m
�)2 + ( ~m
 +�~m
�)2 d�: (3.13)Let a0 = 1 +m2
 + ~m2
 ; (3.14)b0 = 2m0�m
 + 2 ~m
�~m0; (3.15)
0 = �m
2 +�~m
2; (3.16)then IA = b02 Z 1�1 d�pa0 + b0� + 
0�2 + 
0 Z 1�1 �d�pa0 + b0� + 
0�2 : (3.17)If we make further substitutions we may write IA in a more 
ompa
t form.Letting 
0 = b0a0 , �20 = 
0a0 , we have:IA = b02pa0 (R1(
0; �0) +R1(�
0; �0)) + 
0pa0 (R2(
0; �0)�R2(�
0; �0)): (3.18)



12where R1(
; �) = Z 10 d�p1 + 
� + �2�2 (3.19)= 1� log(2�p1 + 
 + �2 + 2�2 + 
2� + 
 ) (3.20)and R2(
; �) = Z 10 �d�p1 + 
� + �2�2 (3.21)= 1�2 [p1 + 
 + �2 � 1℄� 
2�2R1(
; �) (3.22)Despite knowing analyti
 expressions for these integrals, they 
an be subje
t to severe roundo�errors and great 
are has to be taken in their evaluation.3.4 Regularisation termsAs we have explained, in moving �nite element methods it is ne
essary to prevent the massmatrix from be
oming singular. This 
an be avoided by adding small terms to the matrixwhi
h have a negligible e�e
t on the solution but whi
h prevent the mass matrix being trulysingular. This is 
alled regularisation and has an asso
iated parameter whi
h s
ales the addedterms. As in the GWMFE approa
h, we add similar regularisation terms using internodalvis
osities as suggested in Miller (1997). These terms remove any degenera
ies whi
h o

ur inthe original system of ODE's whi
h may arise when the solution has two 
onse
utive 
ells withthe same slope or when two nodes run into ea
h other or overlap. Ea
h of these 
ases wouldresult in at least two rows of the mass matrix to be linearly dependent and hen
e the matrixbeing singular, see Miller (1997) for a detailed explanation of the possible degenera
ies. Inorder to remove the possibility of this happening, Miller and Miller (1981) show that adding aparti
ular positive de�nite matrix to the mass matrix removes the degenera
ies.As in GWMFE, see equation (3.11) Miller (1997), we add for
es on the ith node whose
omponent in the x; u; v dire
tions are:A2Xj 
ij _xj ; (3.23)A2Xj 
ij _uj ; (3.24)A2Xj 
ij _vj : (3.25)The 
ij 
oeÆ
ients used are:
ij = 0BBB� �1�xi for j = i� 11�xi + 1�xi+1 for j = i�1�xi+1 for j = i+ 1 1CCCA ; (3.26)



13In the 
al
ulations that follow, we use a regularisation parameter A of relative size suggestedin Miller (1997), that is, we use a value that is of the size 2 to 5 times the size of the relativelo
al trun
ation error toleran
e for the non-linear integrator, whi
h in pra
ti
e has been set to10�3.4 De�nition of model problemsIn order to illustrate implementation of the SGWMFE method in one spa
e dimension we
onsider two model problems. One is Sod's sho
k tube problem, see for instan
e Sod (1978),whi
h involves three dependent variables; while our dis
ussion has fo
ussed on two dependentvariables, as explained, the results generalise to more dependent variables in an easy andobvious manner. The se
ond problem is shallow water 
ow, where there are two dependentvariables. We de�ne the two model problems in this se
tion and dis
uss 
omputed results inthe next se
tion.4.1 Sod's sho
k tube problemThe sho
k tube problem we 
onsider was introdu
ed as a model problem by Sod (1978) andtakes a �xed length of 
losed tube in whi
h the gas at one end is at one pressure and the gasat the other end is at a di�erent pressure. At time zero the gas in the two halves is allowedto 
ome into 
onta
t. If the left end is at higher pressure, a sho
k propagates to the right andan expansion wave propagates to the left. The solution is 
ompli
ated in that a se
ond sho
kforms in the density pro�le, 
alled the 
onta
t dis
ontinuity. An aim of a 
omputed solutionis to 
apture the various sho
k strengths and their propagation speed 
orre
tly.The system of equations whi
h we solve areut + fx = �uxx; (4.1)vt + gx = �vxx; (4.2)wt + hx = �wxx; (4.3)where 0 � x � 1, time t � 0 and u; v; w; f; g; h are de�ned in terms of the primitive variablesfor density, �, velo
ity 
, pressure p = (
 � 1)(e � 12�u2) and total spe
i�
 energy e byu = �; v = �
; w = e; p = (
 � 1)(w � 12 v2u );and f = v; g = p+ v2u ; h = (w + p)vu :Sod's sho
k tube problem asks for the \zero di�usion limit" weak solution of (4.1)-(4.3)with the initial 
onditions(u; v; w) = � (1:0; 0:0; 2:5); if x � 0:5;(0:125; 0:0; 0:25); if x > 0:5: � (4.4)This is a Riemann problem with a well known similarity solution until su
h time as thedisturban
es re
e
t o� the boundary. As in Carlson and Miller (1998a) we use 
 = 1:4 andre
e
tion boundary 
onditions, ux = 0, v = 0, wx = 0 imposed at both ends of a tube.



144.2 Shallow water equations model problemThe shallow water equations provide a se
ond model problem to test SGWMFE. For theseequations the \dam-break problem" is another Riemann problem with an analyti
 similaritysolution for the \zero di�usion limit" weak problem. We 
hoose instead to study a problemwith smooth initial 
onditions and observe the stru
ture develop. In this problem a 'hump' ofstationary water is released at time zero, as the hump subsides under gravity, a wave propagatesaway and the wave front steepens, forming a sho
k in the absen
e of vis
osity. In this problema simulation should 
apture the sho
k formation, wave height and front speed.The shallow water equations (with addition of arti�
ial di�usion) in one dimension for the
ow of a 
uid with density � = 1 and a gravitational 
onstant of 1 over a 
at bottom 
an bewritten as follows: ut + fx = �uxx; (4.5)vt + gx = �vxx; (4.6)where 0 � x � 1, time t � 0, u is the height of the 
uid from the 
at bottom, and v is the
uid momentum in the x dire
tion.The initial 
onditions 
onsidered for this model problem are given by:u = 0:2 + e�x2 ; (4.7)v = 0: (4.8)(4.9)The boundary 
onditions are ux = 0 and v = 0 at both boundaries(x = 0 and x = 1).In this 
ase f = v; g = (v2u + u22 ):5 ResultsWe now 
onsider results from applying SGWMFE to the two model problems. For ea
h problemthe time integrator is a 'simpli�
ation' (with the diagonal pre
onditioning and other spe
ialtreatment of the mass matrix eliminated) of that des
ribed in Carlson and Miller (1998a),but extended to handle the residual and Ja
obian of the '2-
ell' terms required by the more
ompli
ated SGWMFE di�usion expressions.For the Shallow Water equations we 
ompute with rather a large � = 5(10)�3 be
ause forsmaller � we have to use tiny inverse quadrati
 pressures in the 
ells to regularize the nodalpositioning, mu
h as des
ribed in Se
tion 2.7 of Carlson and Miller (1998b) for GWMFE. ForSod's sho
k tube problem we also 
ompute with a relatively large � = (10)�3, though we 
ana
hieve � = O((10)�4) if we use these added pressures. For SGWMFE these added pressurefor
es in ea
h 
ell are in the outward tangential dire
tion and of magnitude C2=ds2 whereds is the length of the 
ell and C is a tiny 
onstant. If we need to make 
omputations forsmaller � the 
oeÆ
ient C needs to be 
hosen mu
h as des
ribed in the order of magnitude typeargument presented in Se
tion 2.5 of Miller (1997) and in earlier GWMFE papers. For larger� ,su
h as 5(10)�3 for the Shallow Water Equations and (10)�3 for Sod's sho
k tube problem,



15su
h internodal pressures were not needed at all. We also note that it is important to havea good initial distribution of nodes to resolve stru
ture whi
h develops near steep gradients.This is dis
ussed to some extent in earlier GWMFE papers and is a key issue 
urrently underinvestigation.With a �xed mesh (and re�nements of a �xed mesh), 
omparison between solutions isstraight forward at predetermined set of spa
e points. Unfortunately, with moving meshes thesituation is not so simple sin
e the solution is 
omputed at di�erent spa
e points and so theonly way to 
ompare results is to interpolate, either from one moving mesh onto another orfrom moving meshes onto �xed, predetermined points. This, of 
ourse, means an interpolationerror will o

ur but when we have interpolated solutions, we have used high enough orderinterpolation for any errors introdu
ed to be of smaller order than errors in the solution.For this study we 
hoose evenly spa
ed points and use pie
ewise 
ubi
 Hermite interpolation.We found that using interpolation for visualizing the error of exa
t solution and numeri
alsolution for Sod's sho
k tube problem to be useful when graphing one solution on top of theother. However, we obtain the same results both when interpolating the moving mesh solutiononto a given �xed mesh as we do when 
omparing values at the moving mesh points.To examine behavior of the 
omputed solution as � and the number of nodes are variedusing the SGWMFE method we start by using Sod's sho
k tube problem and 
omparing withthe 'zero di�usion limit' solution. We then look at the results for the shallow water equationsusing ideas suggested from the study of the Sod sho
k tube problem.5.1 Sho
k Tube ProblemThe �rst system of PDEs, Sod's sho
k tube problem in one dimension, gave results as expe
ted,see �gure 3. It is well known that di�usion results in a sho
k of width of O(�) and a 
onta
tdis
ontinuity of width O(p�t) and both features are reprodu
ed in the 
omputed solution.A solution to the 'zero di�usion limit' using the 
ode from Anderson (1984) has been usedto monitor the behavior of the SGWMFE solution as � is varied, see �gure 4, where thedi�eren
e between the SGWMFE solution with arti�
ial di�usion, �, and the 'zero di�usionlimit' solution is plotted as � is varied at a �xed time, t = 0:1. This shows that the SGWMFEsolution approximates the 'zero di�usion limit' solution as � de
reases. Note that we wouldexpe
t the di�eren
e to be dominated by the O(p�t) spreading of the �nite di�usion solutionnear the 
onta
t dis
ontinuity.This is a problem where a 
ompli
ated stru
ture arises immediately out of nothingness(parti
ularly the immediate spike in the momentum). Thus the initial pla
ement of nodes inthe initial ramp is 
riti
al; there must be nodes in the right pla
es to resolve the immediatestru
ture. We have used an initial pla
ement similar to that shown in �gure 7.3 of Carlsonand Miller (1998a) for this same test problem.5.2 Shallow Water EquationsExample results for the se
ond problem, shallow water 
ow, are shown in �gure 5 and areas expe
ted from published solutions using other methods. As the initial hump of water fallsunder gravity, a jump o

urs and is propagated to the right boundary where it is re
e
ted.One method to examine the 
onvergen
e of solutions for moving mesh methods has been tooverlay the solution using varying number of points and redu
ing � until the di�eren
e on thegraphs is smaller than some toleran
e. Often \
onverged" means that there is no di�eren
e
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Figure 3: SGWMFE solutions for Sod's sho
k tube problem using 72 
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e between SGWMFE solution for Sod's sho
k tube problemat time t = 0:1 and the zero di�usion limit problem as arti�
ial di�usion, �, is varied.



17
0 2 4 6 8 10

0

0.5

1

1.5

x

u

0 2 4 6 8 10
−0.2

0

0.2

0.4

0.6

x

v

Figure 5: SGWMFE solutions for the Shallow Water Equations. Solution using 80 
ells fortimes t = 0; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14. � = 5(10)�3
0 2 4 6 8 10

0.1

0.2

0.3

0.4

0.5

x

u

160 cells with ε = 5E−3

80 cells with ε = 5E−2

0 2 4 6 8 10
0.1

0.2

0.3

0.4

0.5

x

u

160 cells with ε = 5E−3

80 cells with ε = 5E−3

Figure 6: SGWMFE solutions for shallow water equations at t = 0:7. Bottom: 160 
ells versus80 
ells for the same arti�
ial di�usion, � = 5(10)�3; thus the solution for this �xed � seemsquite a
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ells. Top: the solutions (both probably quite a
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Figure 7: Shallow water equations at t = 0:7: L1 di�eren
e between solution using 160 
ellsand � = 5(10)�3 and solutions using 80 
ells and varying �.in graphs to the naked eye. For example, in the lower part of �gure 6 we show the numeri
alsolution using 80 nodes and the solution with 160 nodes for �xed arti�
ial di�usion,� = 5�10�3.In the upper part of 6 we show the e�e
t of varying the arti�
ial di�usion, with � = 5� 10�2and � = 5� 10�3. Both solutions are thought to be a

urate solutions.In the 
ase of the shallow water equations, we show in �gure 7 the L1 norm of the di�eren
ebetween the solution for � = 5�10�3 with 180 nodes and solutions using 80 nodes and varying�, all at �xed time t = 0:7, showing that for this 
ase, where the sho
k is of thi
kness O(�),linear de
rease in di�eren
e as � de
reases.6 SummaryIn this paper we have set out the string or se
ond gradient weighted �nite element methodfor one spa
e dimension using a very general formulation in terms of a proje
tion matrix.All of the ideas presented generalise straightforwardly to multiple equations. In a subsequentwork, we will examine the generalisation to multiple spa
e dimensions, but that too followsthe ideas outlined here. The SGWMFE method is an alternative formulation to the GWMFEmethod. While it is simpler and more elegant for extension to larger numbers of equations,we 
annot say that it has signi�
ant 
omputational advantages for the model problems we
onsider here beyond perhaps being able to a
hieve solutions for smaller arti�
ial di�usion.We have examined 
onvergen
e as the number of nodes in
reases (for �xed arti�
ial di�usion)and then as the arti�
ial di�usion tends to the zero limit. However the initial distributionof nodes is also extremely important for 
ertain problems. Moving �nite element methodsremain te
hniques where 
onsiderable tuning, parti
ularly of the initial mesh, is required:but for 
lasses of problems des
ribed as 
onve
tion-di�usion like, implementing the SGWMFEmethod is straightforward and provides 
onsiderable �delity using remarkably few mesh nodes.A
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