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Abstract

Applied category theory provides powerful mathematical tools for modelling processes

and their composition. Symmetric monoidal categories, which involve series and parallel

composition, are particularly well-suited for describing the composition of processes in space

and time. Also called process theories, they admit string diagrams, which constitute a

visually intuitive, mathematically rigorous, expressive and flexible syntax that is applicable

to wide-ranging scientific domains.

In this thesis, we employ string diagrams to investigate a selection of topics in the

areas of quantum foundations, computing, and natural language processing. We report

three main contributions:

• We formalise constructor theory as a process theory. In the context of quantum physics,

we also demonstrate the conflict between constructor-theoretic principles of locality and

composition. Moreover, we argue that if the principle of locality is rejected, categorical

quantum mechanics (CQM) can be conceived as a constructor theory of quantum

physics.

• We develop a formalism for wave-based logic circuits with phase encoding. We motivate

the formalism using the example of spin-wave circuits, and then demonstrate its utility

in design, analysis and optimisation of Boolean logic circuits.

• We investigate the elimination of inter-language grammatical bureaucracy in the

distributional compositional circuits (DisCoCirc) framework. In particular, we develop a

hybrid grammar for a restricted fragment of the Urdu language, and show that Urdu

text endowed with this hybrid grammar maps surjectively to DisCoCirc text circuits.

Furthermore, we show that for the same language fragment, Urdu and English text

circuits become the same up to gate-level translation.

The aforementioned work supports the view that a process-relational outlook in science

is well-supported by applied category-theoretic tools, particularly string diagrams.
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1
Introduction

‘... the aim of science is not things themselves... but the
relations between things; outside those relations there is no
reality knowable.’

Henri Poincaré,
Science and Hypothesis [1, p. xxiv]

Relationalism and process ontology

Mainstream Western science subscribes to the metaphysical doctrine that reality is fun-

damentally a collection of static objects whose dynamic aspects are ontologically deriva-

tive [2]. The origins of this worldview can be traced back to the pre-Socratics, especially

Democritus and Parmenides.

According to Democritus, things are essentially clusters of indivisible, eternal particles

called ‘atoms’ [3]. Democritus’s doctrine is still reflected today in different forms of reduc-

tionism. Some of its examples are reducing physical phenomena to elementary particles;

dividing biological systems into organs, tissues, and cells; and describing mathematical

structures using set-theoretic foundations.

Democritus’s atomism was a response to—or, more precisely, a refinement of—Parmenides’s

teaching [3] according to which reality is static; any change or motion in it is illusory [4].

Democritus taught that the properties of things are determined by how their constituents (i.e.

atoms) are arranged. While the atoms are unchanging, their spatial rearrangements result in

changing the appearance and properties of things. In this sense, all change is essentially the

rearrangement of atoms in space. At any moment, a particular atomic arrangement constitutes

the now. Stacking these nows in a sequence yields (the illusion of) temporal change.

1
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It is worth noting that theories in physics more or less follow the aforementioned

conceptual paradigm. First, they describe the state of a physical system at a particular

instant; then, they track its time-evolution. The former is kinematics, and the latter is

dynamics. A state is a particular arrangement of all the constituent entities that make the

system. A dynamical law1 characterises how the states are stacked up in time.

According to Heraclitus, a contemporary of Parmenides, everything in nature undergoes a

constant flux. Reality is essentially composed of processes instead of static things [5]. This

is in stark contrast to the stasis of Parmenides. Heraclitus is considered the founding father

of process ontology in the Western philosophical tradition.

In modern philosophy, Leibniz’s relational approach presents a perspective in which

the relations between things in space and time are considered more fundamental than

the spatio-temporal properties of things [6]. Heraclitus’s process ontology and Leibniz’s

relationalism inspired Whitehead’s research programme [7], the aim of which was to describe

all natural phenomena in terms of processes and their relations, rather than objects or

entities that are independent of one another [8]. Schrödinger refined this approach by

pointing out that some relationships give rise to novel phenomena that cannot be strictly

reduced to the properties of relata [9].

For over 2000 years, developments in science have been underpinned by a worldview that

is Parmenidean and Democritean in spirit. Even though this approach has been remarkably

successful, quantum physics has exposed its limitations. In particular, it has long been well

known that it is hard to reconcile the following two aspects of quantum theory with the

prevailing outlook: (1) the existence of two distinct dynamical laws that depend on the

presence or absence of interaction (i.e. the measurement problem); and (2) the impossibility

to reduce all phenomena to the properties of individual entities (i.e. entanglement). Merely

philosophical problems for around a century, the advent of quantum computing and quantum

technologies has breathed new life into these issues. Therefore, the time is ripe to give a fair

chance to a process-relational view of reality as advocated by Whitehead and Schrödinger;

and see how far it can take us. The mathematical foundation of this research area is provided

by a relatively new branch of mathematics called applied category theory.

1Quantum mechanics does not strictly fit into this paradigm precisely because it has two dynamical laws. This
is usually called the measurement problem of quantum mechanics.
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Applied category theory provides effective mathematical tools to model processes and

how they compose [10]. Symmetric monoidal categories, which involve series and parallel

composition, are especially relevant in the context of process-relational science [11], being

particularly well-suited for describing the composition of processes in space and time. Very

aptly called process theories, they admit string diagrams [12–14], a syntax that is not only

visually intuitive but also mathematically rigorous.

What are string diagrams?

String diagrams are two-dimensional graphical representations of morphisms (processes)

in symmetric monoidal categories [14, 15]. They are a rigorous, intuitive and completely

diagrammatic alternative to symbolic algebra that capture the compositionality of processes

(denoted by boxes) between systems (denoted by wires). They are a very expressive language—

flexible and versatile enough to be used at different levels of abstraction.

As a syntax, two-dimensional string diagrams incorporate the topology of one-dimensional

symbolic expressions, thereby turning abstract and usually complex algebraic transformations

into simple, fun, and intuitive diagram rewrite rules. An example diagrammatic calculation

of ‘sliding boxes’ is given below.

h

gf

(h⊗ id) ◦ (f ⊗ g)

h

g

f

(h⊗ id) ◦ (id⊗ g) ◦ (f ⊗ id)

h g

f

(h⊗ g) ◦ (f ⊗ id)

= =

= =

The diagrams in this chapter must be read from bottom to top and left to right. The algebraic

expression corresponding to each diagram is written below it.

When moving from a symbolic algebraic syntax to string diagrams, some essential and

non-trivial equations between algebraic expressions become redundant. In other words,

these equations come for free in the string-diagrammatic universe and, therefore, there is

no need to explicitly impose them. For instance, associativity, (h ◦ g) ◦ f = h ◦ (g ◦ f) and

(f ⊗ g)⊗ h = f ⊗ (g ⊗ h), is implicit in string diagrams. The algebraic expressions on both
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sides of each equation map to the same diagram, resulting in a tautology.

f

g

h

(h ◦ g) ◦ f = h ◦ (g ◦ f)

f g h

(f ⊗ g)⊗ h = f ⊗ (g ⊗ h)

Another equation that becomes redundant in string diagrams is the (middle-two-)interchange

law: (h⊗ i)◦(f⊗g) = (h◦f)⊗(i◦g). Both left- and right-hand sides map to the following dia-

gram.

f

h

g

i

In short, string diagrams not only provide simpler and more intuitive counterparts to

algebraic calculations, but also phase out some algebraic equations altogether.

String diagrams for the sciences

A precursor to string diagrams appeared in the work of Richard Feynman in 1949 [16, 17].

String-diagrammatic notation was invented by Roger Penrose [12] in order to keep track of

indices of tensors. Günter Hotz independently invented string diagrams in a categorical setting

to model series and parallel composition of digital circuits [18]. Hotz’s thesis [18] appeared

earlier than Penrose’s paper [12], but Penrose was reportedly already using string diagrams

during his graduate studies in the late 1950s [19]. The connection between categories and

string diagrams was formalised by André Joyal and Ross Street in the 1990s [13]. Since

then, they have been applied in a wide range of scientific domains.

Particularly in the last two decades, string diagrams have been used as a syntactic

foundation for wide-ranging research domains of science, engineering, and technology [15].

For example: quantum physics [20, 21], quantum computing [22–24], electrical circuit

theory [25], digital circuits [26, 27], photonics [28, 29], linguistics [30–32], control

systems [33, 34], causal models [35], probability theory [36, 37], machine learning [38, 39],

game theory [40–42] etc. Moreover, the string diagrammatic approach to quantum theory,
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dubbed Quantum Picturalism [43], has found success in education both at university [22]

and high school [23] levels. In fact, the results of a pedagogical study [44] demonstrate

that the Quantum Picturalism approach is particularly effective in teaching university-level

quantum theory to high school students [45].

To sum up, a process-relational outlook goes hand in hand with a mathematical lan-

guage that is applicable to wide-ranging scientific areas. Additionally, by replacing sym-

bolic reasoning with diagrammatic reasoning, this language makes science much more

intuitive and accessible.

This thesis

This thesis is an exercise in applied process-relational philosophy with string diagrams as

the tool of choice. It aims to add to the growing body of evidence supporting the view

that there is a great deal of mileage in using string diagrams as the standard mathematical

formalism in the sciences. Reported here are three strands of research, revolving around

the following questions.

• The relatively new research area of constructor theory [46] bears family resemblance

with the now well-established area of process theories. How are these two programmes

related? Are the principles of constructor theory consistent with one another? Do these

principles agree with the physical theories that they aim to characterise? Can quantum

physics be formulated as a constructor theory? Can categorical quantum mechanics

(CQM)—a full-blown process-theoretic formulation of quantum theory—be conceived

as a constructor theory?

• Wave-based computation involves encoding information in some property of waves and

performing computation via wave interference [47]. How can string diagrams be used

to develop a formalism for this computing paradigm? How can this formalism be used

for design, analysis and optimisation of logic circuits in wave-based technologies?

• Distributional compositional circuits (DisCoCirc) is a framework for modelling the

grammar and meaning of natural languages in process-theoretic terms [31]. For a

particular language, how can an arbitrary piece of text be mapped to DisCoCirc text
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circuits? Does DisCoCirc eliminate grammatical differences between different natural

languages?

It is hoped that this thesis makes some progress towards answering—or at least elucidating

the nuances of—the above questions.

1.1 Main Results

The main contributions to the field described in this thesis are as follows. Except where

explicitly mentioned, all the work is solely that of the author.

• Section 3.2 presents constructor theory as a process theory. It shows that if the theory

of conceivable tasks is taken to be Rel, then for a given choice of substrates, the set of

possible tasks forms a sub-SMC of Rel.2

• Section 3.3 gives an overview of the principle of locality and how it is instantiated in the

Deutsch-Hayden formulation of quantum theory [49]. Then it uses the Deutsch-Hayden

approach to demonstrate the conflict between the principles of locality and composition.

• Section 3.4 discusses the overlap between constructor theory and process theories with

reference to quantum physics. It argues that if the principle of locality is rejected,

CQM can be conceived as a constructor theory of quantum physics. This argument is

supported by multiple examples of constructor-theoretic ideas in quantum physics and

computation.

• Section 4.3 develops a string-diagrammatic formalism for representing and reasoning

with wave-based logic circuits that use phase encoding. Using spin-wave systems as

an example of wave-based computation platform, Section 4.4 shows how to apply this

formalism for design, analysis, and optimisation of Boolean logic circuits.3

2This work is in collaboration with Stefano Gogioso, Vincent Wang-Maścianica, Carlo Maria Scandolo, and Bob
Coecke. It was originally published as a part of the article Constructor Theory as Process Theory [48]. The author
of this thesis is the third author of that publication. The specific contributions made by the author to this work are
detailed in this thesis.

3This work, in collaboration with Alexy Karenowska, was originally published in the article Wave-based
Computation with String Diagrams [50]. The author of this thesis is the first author of the publication and played
a leading role in all aspects of the work.
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• Section 5.5 develops a hybrid grammar for a restricted fragment of Urdu language.4

• Section 5.6 describes text diagrams and text circuits for Urdu, and shows that there

exists a surjective map from the set of all Urdu text endowed with hybrid grammar

to the set of all Urdu text circuits. Moreover, for the restricted language fragment

considered in this thesis, a clear isomorphism between the hybrid grammars for English

(developed in [32]) and Urdu is demonstrated. Using this isomorpism, it is shown that

the text circuits for English and Urdu become the same, up to translating the labels on

the gates.5

Apart from the aforementioned contributions and publications, the author of this thesis

co-authored the following two papers and a book as well. These publications are:

• Quantum Picturalism: Learning Quantum Theory in High School [44]

• Making the Quantum World Accessible to Young Learners through Quantum Picturalism:

An Experimental Study [45]

• Quantum Mechanics in the Single-Photon Laboratory [52] (and its second edition [53])

4This work is in collaboration with Vincent Wang-Maścianica, Jonathon Liu, and Bob Coecke. It first appeared
in the article Language-independence of DisCoCirc’s Text Circuits: English and Urdu [51]. The author of this thesis
is the first author of the publication and played a leading role in all aspects of the work.

5This work is in collaboration with Vincent Wang-Maścianica, Jonathon Liu, and Bob Coecke. It first appeared
in the article Language-independence of DisCoCirc’s Text Circuits: English and Urdu [51]. The author of this thesis
is the first author of the publication and played a leading role in all aspects of the work.



2
Quantum Theory from Processes and

Composition

‘I would like to make a confession which may seem immoral:
I do not believe absolutely in Hilbert space any more.’

John von Neumann,
letter to Garrett Birkhoff, 1935 [54, p. 1]

This chapter provides the necessary background for the thesis, beginning with process theories

and string diagrams, and leading into categorical quantum mechanics.

2.1 Introduction

Categorical quantum mechanics (CQM) is a process-theoretic framework to represent, char-

acterise and reason about quantum processes, their composition and their interaction [22,

55]. It was introduced in 2004 [55]. There are a number of ways to think of CQM. Initially,

it was conceived as a high-level language [22] on top of Hilbert space [56], analogous to a

high-level programming language, with the matrices of Hilbert space being the analogue to

machine code. Alternatively, it can be seen as a new quantum formalism [57], as desired

by von Neumann [54, 58], but one that takes compositionality as its first-class citizen—

something that had been advocated for by Schrödinger in 1935 [9, 59]. There is also a

reconstruction theorem supporting this view [57]. Finally, thanks to an equivalence between

diagrams and categories [12–14], CQM can be seen as an intuitive graphical substitute for

the Hilbert space formalism [24, 43, 60] that transparently reveals new aspects of quantum

theory that are deeply buried in the traditional formalism. Since diagrams, foregrounding

8



2. Quantum Theory from Processes and Composition 9

the composition and interaction of quantum processes are at the heart of CQM, it is also

called Quantum Picturalism (QP) [43, 44].

This diagrammatic turn in quantum physics has become very successful in quantum

technologies. For example, it has bridged research disciplines like quantum computation

and computational linguistics [61–64], and led to advances in quantum circuit optimisa-

tion [65, 66] and compilation [67, 68], quantum error correction [69, 70], quantum natural

language processing [62], quantum machine learning [71, 72], measurement-based quantum

computing [73, 74] and optical quantum computing [28, 29].

Within the education sector, the QP approach has been used to teach a university

level postgraduate course at the University of Oxford for the last 10+ years [22]. More

recently, with the publication of the book Quantum in Pictures [23], the QP approach has

made the teaching and learning of quantum theory accessible to a wider audience with

very few mathematical prerequisites. A recent educational experiment [44] showed that

quantum theory can be successfully taught to high schoolers (i.e. students aged 16-18)

using the QP approach.1

The aim of this chapter is to provide background material for the remainder of the thesis.

It serves as a self-contained introduction to CQM.2 Since CQM is a process theory, we begin

by introducing process theories and string diagrams before presenting the key components of

CQM. This material lays the foundation for the chapters that follow. This chapter is organised

as follows. Section 2.2 introduces process theories from both category-theoretic and string-

diagrammatic perspectives. Sections 2.3, 2.4 and 2.5 provide a gentle introduction to CQM.

2.2 Process Theory

Definition 2.2.1 (Definition 3.1 in [22]). A process theory is defined to consist of:

• a collection of systems (or system-types, or interfaces) S represented by wires,

• a collection of processes P represented by boxes, and where each process in P has a

number of input wires and a number of output wires taken from S, and

154 randomly selected students from the UK attended two-hour online classes, along with tutorials, weekly for
eight weeks, and were then assessed using Oxford postgraduate quantum physics exam questions. The results
showed that over 80% students passed, with about half earning a distinction. See Ref. [45] for more details.

2For a more detailed exposition, the reader is referred to the textbook [22]; most of the definitions and
explanations in this chapter are based on that text.
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• a means of composing processes, represented by wiring boxes together, and the result

of doing so should again be a process in P .

In other words, a process theory is a collection of processes that can be composed in

a meaningful sense; i.e. the composition of processes in the process theory should be a

process in the same theory.

From a category-theoretic perspective, a process theory is a strict symmetric monoidal

category. Essentially, this is a symbolic way to axiomatise series composition ◦ and parallel

composition ⊗. First we define a strict monoidal category.

Definition 2.2.2 (Definition 3.45 in [22]). A strict monoidal category C consists of:

• a collection ob(C) of objects

• for every pair of objects A, B, a set C(A, B) of morphisms

• for every object A, a special identity morphism: 1A ∈ C(A,A)

• a sequential composition operation for morphisms: ◦ : C(B,C)× C(A,B)→ C(A,C)

• a parallel composition operation for objects: ⊗ : ob(C)× ob(C)→ ob(C)

• a unit object: I ∈ ob(C)

• and a parallel composition operation for morphisms:

⊗ : C(A,B)× C(C,D)→ C(A⊗ C,B ⊗D)

satisfying the following conditions:

• ⊗ is associative and unital on objects: (A⊗B)⊗C = A⊗ (B ⊗C);A⊗ I = A = I ⊗A

• ⊗ is associative and unital on morphisms: (f ⊗ g)⊗h = f ⊗ (g⊗h); f ⊗1I = f = 1I ⊗f

• ◦ is associative and unital on morphisms: (h ◦ g) ◦ f = h ◦ (g ◦ f); 1B ◦ f = f = f ◦ 1A

• ⊗ and ◦ satisfy the interchange law: (g1 ⊗ g2) ◦ (f1 ⊗ f2) = (g1 ◦ f1)⊗ (g2 ◦ f2)
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Compare the above definition with the definition of process theory (Definition 2.2.1).

Types or system-types in process theory correspond to objects in category theory; processes

correspond to morphisms. The set C(A, B) therefore should be considered the set of all

processes with input type A and output type B. A member of this set can be denoted by

either f ∈ C(A,B) or f : A→ B. A collection of such sets with sequential composition gives

a category. A monoidal category is a category with both sequential and parallel composition.

The ‘strict’ part of the above definition will be explained shortly. Adding a swap morphism

to a monoidal category makes it symmetric.

Definition 2.2.3 (Definition 3.46 in [22]). A strict symmetric monoidal category is a strict

monoidal category with a swap morphism: σA,B : A⊗B → B ⊗A defined for all objects A,

B, satisfying:

σB,A ◦ σA,B = 1A⊗B σA,I = 1A

(f ⊗ g) ◦ σA,B = σB′,A′ ◦ (g ⊗ f)

(1B ⊗ σA,C) ◦ (σA,B ⊗ 1C) = σA,B⊗C

A monoidal category is called strict when ⊗ is associative and unital exactly. On

the other hand, in the non-strict monoidal category, associativity and unitality of ⊗ are

isomorphisms rather than identities.

Definition 2.2.4 (Definition 3.47 in [22]). An object A is isomorphic to an object B, denoted

A ∼= B if and only if there exists a pair of morphisms:

f : A→ B f−1 : B → A

such that:

f−1 ◦ f = 1A f ◦ f−1 = 1B

The morphism f is then called an isomorphism.

Non-strict monoidal categories are the more common species of monoidal categories. Their

unitality and associativity of parallel composition are isomorphisms rather than identities:

(A⊗B)⊗ C ∼= A⊗ (B ⊗ C) A⊗ I ∼= A ∼= I ⊗A
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These are called structural isomorphisms and must be included in the definition of a category

in order to define non-strict monoidal category. Additionally, a number of equations called

coherence equations must be added to the definition to ensure that the behaviour of structural

isomorphisms is sensible when they are composed. The following theorem gives the relation

between strict and non-strict (symmetric) monoidal categories.

Theorem 2.2.5 (Coherence theorem; Theorem 3.48 in [22]). Every (symmetric) monoidal

category C is equivalent to a strict (symmetric) monoidal category C′.

Equivalence between two categories mean that they are the same for all practical purposes.

The above theorem justifies considering (A⊗B)⊗ C, A⊗ (B ⊗ C) and A⊗B ⊗ C the same.

In other words, we do not need to worry about parentheses in associativity of ⊗. Likewise,

the theorem justifies considering A ⊗ I, A and I ⊗ A the same.

Definition 2.2.6. String diagrams are two-dimensional graphical representations of mor-

phisms (processes) in symmetric monoidal categories.3

The following theorem justifies using string diagrams for symmetric monoidal categories.

Theorem 2.2.7 (Theorem 3.49 in [22]). [String] diagrams are sound and complete for

symmetric monoidal categories. That is, two morphisms f and g are provably equal using the

equations of a symmetric monoidal category if and only if they can be expressed as the same

[string] diagram.

2.2.1 Processes and Composition

Definition 2.2.8. A process can be defined as anything that has zero or more inputs and zero

or more outputs. A process is diagrammatically represented as a box with wires.

process

. . .

. . .
3In the literature, the term string diagrams is used for various kinds of diagrams corresponding to different

notions of monoidal categories with some additional structure [14, 15]. For instance, in the book [22], the
term circuit diagrams is used for symmetric monoidal categories to disambiguate from the term string diagrams,
reserved for symmetric monoidal categories with some additional structure. In this thesis, to avoid potential
confusion and to maintain consistency, we use the term string diagrams for symmetric monoidal categories.
Specifically, we adopt the following correspondence:

string diagrams↔ process theory↔ symmetric monoidal category

When needed, we shall introduce additional structure to the string diagrams.
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The wires represent the input and output systems or system-types. The input types are

below the box while the output types are above the box.

Convention 2.2.9. Throughout this thesis—except in Chapter 5—all diagrams should be read

from bottom to top and left to right.

Example 2.2.10. A single-input, single-output process can be represented as

process

Composition is an important part of process theory. Once there are two or more processes,

how are they to be composed? Diagrammatically, the series composition of n single-input,

single-output processes is given by

process n

...

process 2

process 1

This kind of composition usually corresponds to composition in time.

For a process theory to be non-trivial, there must be at least one process f that is

non-separable (in time):

f 6=
ψB

ψA

This equation means that the single-input, single-output process f is not equal to a series

composition of single-input, zero-output (ψA) and zero-input, single-output (ψB) processes.

In other words, the whole f is not completely describable in terms of its parts composed

in series. This is called a non-trivial series composition.
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If this condition is not satisfied by a process theory, there can be no interesting behaviour

in it since each process gives the same output regardless of the input.

The parallel composition of n single-input, single-output processes is given by

process nprocess 1 · · ·process 2

This kind of composition usually corresponds to composition in space. A simpler example of

parallel composition would be that of two zero-input, single-output processes

ψBψA

These two processes could, for example, be wavefunctions of two quantum systems. Following

Schrödinger’s observation that entanglement is ‘the characteristic trait of quantum mechan-

ics’ [9],

|ψAB〉 6= |ψA〉 ⊗ |ψB〉 ,

we get a non-trivial parallel composition: a situation in which the whole cannot be completely

described in terms of the parts composed in parallel.

6=
ψBψAψ

2.2.2 Diagrams

As described earlier, a process is diagrammatically represented by a box with wires. Com-

position of these boxes results in bigger diagrams. To put it differently, diagrams com-

prise boxes and wires, labelled by processes and system-types respectively [22]. For in-

stance, the three processes

f

A B

C D

, g

F

ED
, and h

G

C

can be composed to form the diagram

h

G

C

f

A B

C D

g

F

E

D
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When composing processes, system-types should match. Otherwise, the diagrams are

not defined. For example, for the processes f

A B

C D

and h

A

C
, the following diagrams are de-

fined:

h

A

C

f

A B

C D ,

h

A

C

f

A B

C D
whereas the following are undefined:

h

A

C

f

A B

C D 6= ,

h

A

C

f

A B

C D

6=

Generally, we shall skip wire labels unless there is an ambiguity.

There are two ways to get new diagram equations from old ones. First, two diagrams are

equal as long as they contain the same processes that are connected in the same way, and

have the same order of input and output wires. In other words, deforming a diagram while

retaining its connectivity and the order of its wires results in the same diagram. For example,

h

fg i
=

h

f

g

i

Convention 2.2.11. This property of diagrams—only connectivity matters (OCM)—will be

frequently used in this thesis. In this context, the retention of the order of input and output

wires is considered part of OCM.

Second, diagrams can be substituted like algebra. For example,

f = j k =⇒

h

f

g

i

=

h

g

i

j k
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2.2.3 Special Processes

Some special kinds of processes appear a lot in process theories; these include states,

effects and numbers [22].

Definition 2.2.12. A state is a process with no input. For example, the state

ψ

has no input and a single output. This diagram is interpreted as the preparation of a system

in a particular state, in a context in which we are not interested in what came before the

preparation.

Definition 2.2.13. An effect (or a test) is a process with no output. For example, the effect

φ

has a single input and no output. This diagram is interpreted as a test of whether the system

is in a particular state, in a context in which we are not interested in what happens after the

test.

Definition 2.2.14. A number (or a scalar) is a process with no input and no output.

λ

A number can be obtained by composing a state ψ and an effect φ.

ψ

φtest

state
number

This is known as the generalised Born rule.

In the context of quantum theory, diagrams of states, tests and numbers have the following

correspondence with the Dirac notation:

ψ ←→ |ψ〉 , φ ←→ 〈φ| ,
ψ

φ

←→ 〈φ|ψ〉



2. Quantum Theory from Processes and Composition 17

2.2.4 Separability

Definition 2.2.15 (Definition 4.5 in [22]). A process f is ◦-separable if it can be expressed as

the series composition of a state φ and an effect π:

f =
φ

π

When this process is applied to any state ψ, the same state φ (up to a scalar) is obtained as

the output:

f

ψ

=

φ

π

ψ

=
π

ψ
φ

In Dirac notation, the above calculation is f |ψ〉 = |φ〉 〈π|ψ〉 = 〈π|ψ〉 |φ〉.

States can be in one or more than one system, denoted by the number of wires:

π , ψ , φ

· · ·

Definition 2.2.16 (Definition 4.2 in [22]). A two-system or bipartite state ψ is called ⊗-

separable if it can be expressed as the parallel composition of two one-system states ψ1 and

ψ2:

= ψ1 ψ2ψ

In Dirac notation, this equation corresponds to |ψ〉 = |ψ1〉 ⊗ |ψ2〉. This is the case if ψ1 and ψ2

are completely independent of each other, which is always the case in classical physics.

States that are not ⊗-separable are called non-separable states.

Definition 2.2.17. A two-system state ψ is called a cup state if there is a two-system effect φ,

called a cap effect, such that the following equations hold.

=
ψ

φ
=

ψ

φ
(2.1)
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Convention 2.2.18. For each system-type, we fix a specific pair of cup state ψ and cap effect

φ satisfying Eq. (2.1). Using the notation := ψ , := φ ,

Eq. (2.1) becomes:

= =

These are sometimes called the snake equations.

In diagrams, the symbols and always denote the chosen cup and cap for

the type of the wires they are attached to; they are not intended to range over all possible

cup and cap morphisms.

We additionally assume that every system-type is self-dual, so both legs of each cup or

cap carry the same type. Under this assumption, we impose the further structural choice that

cups and caps are symmetric:

= , =

Remark 2.2.19. Process theories that have cup states and cap effects may have diagrams in

which wires connect outputs to inputs of the same process.

f

g

h

The equations characterising cup states and cap effects

= , = , =

are called the yanking equations.

Definition 2.2.20. In string diagrams with cups and caps satisfying yanking equations,

there exist states that are duals of processes and vice versa. This bijective correspondence

between processes and states is called the process-state duality. For example, for single-input,

single-output processes and bipartite states:

f 7→ f , ψ 7→ ψ
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Applying the process-state duality twice, we get back the original states and processes,

thanks to the snake equations:

f 7→ f 7→ f = f

ψ 7→ ψ 7→ ψ = ψ

Convention 2.2.21. In the above diagrams, we have used asymmetrical shapes—not rectan-

gles and triangles anymore—for the process and state diagrams. This convention will help

visually distinguish between a process and its transpose, adjoint and conjugate processes,

described below.

Definition 2.2.22 (Definition 4.23 in [22]). The transpose fT of a process f

f

is defined by bending the input and output wires in the opposite directions.

f := f (2.2)

In other words, a cup-and-cap pair are needed to obtain the transpose of the process

f . Another way to think of the transpose is that it is a process rotated by 180◦, as is also

implied by the notation on the left-hand side above.

B

A

f
T7→ f

B

A

Examples 2.2.23. The transpose of a state is obtained by bending its output wire to make it

an input wire.

ψ
T7→ ψ

The transpose of an effect is obtained by bending its input into an output.

φ
T7→ φ
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Boxes can be slid along wires and along cups and caps [22].

f = f (2.3)

f = f (2.4)

Remark 2.2.24. There is an operational way to think of a process and its transpose. Consider

a cup state shared between two parties Alice and Bob that are at different spatial locations.

Alice Bob

Suppose Alice applies the process f to her system. The diagram becomes

Alice Bob

f

Using Eq. (2.3), we have

Alice Bob

f =

Alice Bob

f

This equation can be interpreted as follows: Alice applying the process f to her system is

operationally the same as Bob applying the process fT to his system.

As another example, suppose Alice applies an effect to test whether her system is in the

state
φ

Alice Bob

φ
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Using Eq. (2.3) again, we have

Alice Bob

φ =

Alice Bob

φ

This equation implies that if Alice and Bob share a cup state, Alice successfully testing her

system to be in the state
φ

is operationally the same as Alice having no system and Bob’s

system being in the state φ .

Definition 2.2.25 (Definition 4.34 in [22]). For a process f

f

with the same input and output type, the trace is defined as

f

The trace maps a process to a number.

Definition 2.2.26 (Definition 4.34 in [22]). For a process g

g

with one of the inputs (say, the first one) having the same type as one of the outputs (say, the

first one), the partial trace is defined as

g

Definition 2.2.27. [22, p. 104] The adjoint f † of f is given by its vertical reflection

B

A

f 7→ f

A

B

The adjoint of a state is the effect that tests for it.
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Example 2.2.28. The adjoint of the state ψ yields the effect that tests for ψ.

ψ

†7→ ψ

In Dirac notation, it is (|ψ〉)† = 〈ψ|.

Definition 2.2.29. [22, p. 143] The conjugate f̄ of f is given by its horizontal reflection

B

A

f 7→ f

A

B

Remark 2.2.30. The conjugate can be obtained by taking the transpose of the adjoint of f ,

f
†7→ f

T7→ f

where

f := f

or by taking the adjoint of the transpose of f ; i.e. f̄ = (f †)T = (fT )†.

Using adjoints of processes, the inner product can be defined.

Definition 2.2.31 (Definition 4.48 in [22]). If two states ψ and φ have the same type, their

inner product is given by
ψ

φ

. The states are orthogonal if
ψ

φ

= 0 . A state ψ is

normalised if
ψ

ψ

= .

The empty diagram, denoted by a dashed box, represents the number 1.

In Dirac notation, the inner product of states |ψ〉 and |φ〉 is given by the ‘Dirac braket’

〈φ|ψ〉. For orthogonal states, 〈φ|ψ〉 = 0 and for a normalised state |ψ〉, 〈ψ|ψ〉 = 1.

The diagram
ψ

φ

represents testing ‘whether the state ψ is the state φ’. In other

words, the inner product gives the overlap between the states ψ and φ in the form of a

number. If there is no overlap, the inner product is 0 and the states are orthogonal. For

a normalised state, the inner product with itself is 1.
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Definition 2.2.32. An orthonormal basis (ONB) is a set of states

A :=
{
i

}
i

that is orthonormal, i.e., the states obey the equation

i

j

= δji

and form a basis—the minimal set of states such that for all processes f and g:∀ i :
i

g =
i

f

 =⇒ f = g

In terms of any ONB

{
i

}
i

, the identity wire decomposes as follows:

=
∑
i

i

i

and from this decomposition, we can obtain the decomposition of cups and caps, respectively,

as

=
∑
i

i i and =
∑
i

i i
.

Definition 2.2.33 (Definitions 4.54 and 4.56 in [22]). A process U is an isometry if it obeys

the left equation only, and is a unitary if it also obeys the right equation:

=
U

U
, =

U

U

(2.5)

Algebraically, the left equation is U †U = I whereas the right equation is UU † = I.

The inverse of a unitary process U is U .

2.3 Towards a Quantum Process Theory

Having discussed process theories and the various string-diagrammatic definitions of ‘quantum-

like’ concepts, one may be tempted to formulate quantum theory as a process theory of linear

maps.
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2.3.1 Linear Maps

Consider the process theory of linear maps in which system-types are finite-dimensional

Hilbert spaces and processes are complex linear maps.

In this process theory, the numbers are complex. This implies that the generalised Born

rule in this theory yields complex numbers.

ψ

φ

∈ C

Therefore, the ‘Born rule’ for linear maps does not give a probability, since a probability must

be a real number. This problem can be resolved by multiplying the number with its conjugate.

ψ

φ

 
φ

ψ

φ

ψ

In Dirac notation, this is 〈φ|ψ〉  〈φ|ψ〉 〈φ|ψ〉 = | 〈φ|ψ〉 |2.

For normalised states ψ and φ,

0 ≤
φ

ψ

φ

ψ
≤ 1

thereby giving the standard Born rule of quantum theory.

Fixing the numbers by ‘doubling’ leads to a discrepancy since the states and effects were

described with respect to ‘un-doubled’ numbers.

ψ

φtest

state

number

We need a new process theory in which doubling is consistently incorporated rather than

introduced at the end in an ad hoc manner.

2.3.2 Doubling

Doubling all the processes in the theory of linear maps,

:=f̂ ff
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we get the process theory of pure quantum maps. In this process theory, states and

effects are respectively given by

ψψ:=ψ̂ , φφ:=φ̂

and they are related to probability by the Born rule as follows:

test

state

probability

ψψ

φφ:=

:=ψ̂

φ̂

Definition 2.3.1 (Definition 6.8 in [22]). The process theory of pure quantum maps has

doubled finite-dimensional Hilbert spaces Ĥ = H⊗H as system-types

:=

and doubled linear maps (called pure quantum maps) as processes

:=f̂ ff

In this process theory, there are doubled cups and caps, related to single cups and caps as fol-

lows:

:= , :=

Definition 2.3.2 (Definition 6.15 in [22]). An entangled state is a pure quantum state that is

not ⊗-separable. A bipartite entangled state is given by

ψ
6=

ψ̂1 ψ̂2

Example 2.3.3. A well-known example of an entangled state is the Bell state |00〉+|11〉√
2 ,

diagrammatically given by a doubled cup multiplied by a scalar.

1
2

The corresponding Bell test is given in terms of a doubled cap.
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Remark 2.3.4. [22, p. 630] Doubling in a process theory preserves diagrams and diagram-

matic equations

f

g

h

=
i

j

=⇒
ĝ

ĥf̂

=
î

ĵ

but it does not preserve global phases

double

 λ f

 = f λ λ f = f f = f̂

since

λ λ =

where λ = eiθ, the global phase.

Definition 2.3.5 (Definition 6.29 in [22]). Using doubling, we can define a process called

discarding, by connecting the two single wires in a doubled wire.

:=

Notice that the discarding map is actually a cap in disguise, which means it has the same

decomposition in terms of an ONB:

=
∑
i

i i =
∑
i

i (2.6)

The discarding operation gets rid of a system. For instance, for a normalised state ψ̂, it gives

ψ̂
=

ψ ψ

=
ψ

ψ
=

The discarding operation is a linear map but it is not a pure quantum map, since it cannot be

obtained by doubling a linear map. It is a useful process to have in a quantum process theory.

It is particularly important when we want to ignore or destroy (a part of) a system.
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2.3.3 Quantum Maps

Definition 2.3.6 (Definition 6.44 in [22]). The process theory of quantum maps includes

doubled finite-dimensional Hilbert spaces as system-types, and diagrams of pure quantum

maps and discarding as processes.

. . .

. . .

f̂

In this theory, we get the maximally mixed state by taking the transpose of the discarding pro-

cess.

:=

Definition 2.3.7 (Definition 6.34 in [22]). The maximally mixed state |0〉〈0|+|1〉〈1|2 is given by

1
2

Any impure quantum map can be described in terms of a bigger pure map and discarding.

This is achieved through a technique called purification.

Definition 2.3.8 (Definition 6.47 in [22]). Any quantum map Φ, which may or may not be

impure, can be expressed as a combination of a pure map f̂ and discarding :

Φ = f̂ (2.7)

If such a relation exists between the processes f̂ and Φ, f̂ is called a purification of Φ.

Example 2.3.9. The Bell state is a purification of the maximally mixed state.

1
2 =

1
2

This equation implies that if one of the systems of the Bell state is discarded, the other system

becomes a maximally mixed state.
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2.3.4 Causality

Causality is defined in terms of the discarding operation.

Definition 2.3.10 (Definition 6.52 in [22]). A process φ is causal if it obeys the equation

Φ =

i.e., performing a process and then discarding it is essentially the same as plain discarding.

That is, if the output of a process is discarded, it is as if the process never happened.

Here, a causal process means one that can be deterministically realised in the physical

world. Discarding is the only causal quantum effect [22], others are non-deterministic.

Theorem 2.3.11 (Theorem 6.61 in [22]). For every causal quantum map Φ, there exists a

purification by an isometry Û :

Φ =
Û

This is known as Stinespring dilation.

Remark 2.3.12. Another version of Stinespring dilation is as follows. For any causal quantum

map φ, there exists a unitary V̂ that has a pure causal quantum state ψ̂ as one of its inputs

and one of its outputs is discarded [22].

Φ =
V̂

ψ̂

(2.8)

This version of Stinespring dilation is sometimes used to argue that the only physical processes

in the real world are the pure, unitary processes, and what we observe are impure processes

because we can access only a small part of the complete process.

Definition 2.3.13. A quantum instrument is essentially a collection or list of quantum maps

Φ1 , Φ2 , ... , Φn also denoted as

 Φi

i (2.9)
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for which the following (generalised) causality condition holds:

∑
i

Φi = (2.10)

The quantum maps Φi in list (2.9) are called branches. If the quantum instrument includes

only one branch, it is deterministic. If it includes more than one branch, it is non-deterministic.

When a system is subjected to a quantum instrument, one of the branches is realised.

Remark 2.3.14. Note that the abovementioned quantum instrument is more precisely

qualified as uncontrolled, because it does not depend on any outcome of earlier processes [22].

When a system ρ is subjected to a quantum instrument, the probability of occurrence of

each branch Φi is given by the Born rule.

P (Φi|ρ) := Φi effect

stateρ

(2.11)

2.3.5 Classical Systems

Most discussions of quantum theory involve not only quantum systems but also classical

systems and how quantum systems interact with classical data. This is especially the case

when measurement or a controlled process is involved. In many accounts of measure-

ment, classical data are obtained as a result of the measurement of quantum systems. In

controlled processes, classical data control which quantum processes are applied, thereby

affecting quantum systems.

To recap, doubling linear maps—the process theory of finite-dimensional Hilbert spaces

and complex linear maps—resulted in the process theory of pure quantum maps. Introducing

the discarding operation yielded impure quantum maps, leading to the theory of quantum

maps. Now, adding single (i.e. non-doubled) wires/systems to quantum maps adds classical

data to the process theory. The doubled wires denote finite-dimensional quantum systems

while the single wires denote finite-dimensional classical systems/data. quantum :=

 6=

 classical :=


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Definition 2.3.15. Classical states are defined by fixing an ONB

{
i

}
i

and then taking the

basis states as classical values of data. A classical state
i

denotes ‘providing the classical

value i’.

Definition 2.3.16. The corresponding classical effects are given by i which represents

‘testing for the classical value i’.

This definition of classical states and effects is consistent with orthonormality:

j

i = δji

Convention 2.3.17. All the definitions in this section from this point onwards will be with

respect to the same fixed ONB A :=
{

i

}
i

.

Example 2.3.18. For a classical bit, the ONB can be fixed as

B :=
{

0 , 1

}

and the two basis states give classical values of data.

Definition 2.3.19. A probability distribution {pi}i can be associated with the state

p :=
∑
i

pi
i

The states
i

then represent probability distributions called point distributions.

The state p can be thought of as the most general state of a classical system, whose

value is not exactly known and hence a probability distribution is needed to describe it.

Definition 2.3.20 (Definition 8.17 in [22]). The copy and delete operations are defined

respectively as

:=
∑
i

i i

i

:=
∑
i

i



2. Quantum Theory from Processes and Composition 31

One can verify that

i

=
i i

i

=

Note that the copy map works only for the ONB states. In other words, a state can be

copied by the copy operation if and only if it is a basis state [22]. The general probability

distribution state p cannot be copied.

Other important classical maps are as follows.

:=
∑
i

i

i i

:=
∑
i

i

:=
∑
i

i i
:=

∑
i

i i

The first map is called matching. It takes two ONB states as input; if they are equal, it

gives the same state as its output. Otherwise, it gives a zero. The second map gives a

uniform probability distribution. The last two maps are the cup and cap in disguise (as

can be checked from their ONB expression; they give the state and effect for two classical

systems that are perfectly correlated).

Definition 2.3.21 (Definition 8.16 in [22]). The uniform probability distribution is defined as

the state

1
D

where D represents the dimension of the ONB.

Definition 2.3.22. Perfect classical correlations are defined as the state

1
D

where D represents the dimension of the ONB.

The aforementioned classical maps are special cases of a ‘spider’.

Definition 2.3.23 (Definition 8.31 in [22]). A spider is defined as

m

n

...

...

:=
i

i i

ii

i

∑
i

n

m

...

...
(2.12)
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In Dirac notation, the right hand side of the equation corresponds to
∑
i |i · · · i︸ ︷︷ ︸

n

〉 〈i · · · i︸ ︷︷ ︸
m

|. Spiders

can be composed using the following rule.

... ...

... =

... ...

...

...
(2.13)

A spider can be thought of as a ‘generalised wire’. A wire has a single input and a single

output. A spider can have multiple inputs and outputs. The spider in the definition above

has m inputs and n outputs.

2.3.6 Classical-quantum Interaction

Doubling classical spiders yields quantum spiders:

...

...
:=

...

...

Key examples of quantum spiders are the Bell state and the Greenberger–Horne–Zeilinger

(GHZ) state, respectively given by

= = double

(∑
i

i i

)
, = double

(∑
i

i i i

)

In Dirac notation, these states are |00〉+|11〉√
2 and |000〉+|111〉√

2 respectively.

Just as classical spiders are used to represent and reason about classical systems, so

quantum spiders do for quantum systems. Classical and quantum spiders combine to give

rise to a more general form of a spider, called the bastard spider [22]:

... ...

......
:=

...

...

...

...

(2.14)

Remark 2.3.24. It is pertinent to note that, due to the subtle differences between classical and

quantum spiders in diagrams, some extra care is warranted. Classical spiders are represented

by thin wires and dots, whereas quantum spiders are depicted using thicker wires and dots.

For instance, consider the bastard spider on the left-hand side of Eq. (2.14). The wires on the

left are thick, and therefore quantum, while the wires on the right are thin, indicating they

are classical. The dot is also classical.
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Bastard spiders are important for representing and reasoning about interactions between

classical and quantum systems. Three important examples in this regard are the encode,

measure and decoherence processes.

Definition 2.3.25. The encode process encodes classical data into a quantum system.

:= =
∑
i

i i

i

=
∑
i

i

i

In other words, it takes a classical state as an input and gives a quantum state as an output.

For instance, a probability distribution, which is a general classical state, is encoded as

p
= ∑

i p
i i

=
∑
i

pi
i i

=
∑
i

pi
i

Note that the encode process is actually the copy process in disguise. Measuring is the adjoint

of encoding and is therefore matching in disguise.

Definition 2.3.26. The measure process

:= =
∑
i

i

i i

=
∑
i

i

i

measures the state of a quantum system with respect to the basis{
i

}
i

and the outcome (classical data) of the measurement is a probability distribution.

For example, consider the general quantum state

ρ =
∑
ij

pij
i j

that is measured as follows:

ρ
=

i j
∑
ij p

ij

=
∑
i

pii
i

where the probabilities {pii}i are given by the Born rule:

P (i|ρ) := pii =
ρ

i

=
i

ρ
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Definition 2.3.27 (Definition 8.61 in [22]). Decoherence can be defined as a measurement

followed by encoding:

:=

To illustrate, consider the general quantum state

ρ =
∑
ij

pij
i j

that undergoes decoherence:

ρ

=

i j
∑
ij p

ij

= ∑
i p

ii i

=
∑
i

pii
i i

=
∑
i

pii
i

2.4 Categorical Quantum Mechanics

Armed with all of the diagrammatic tools we have discussed so far, we are now ready to

jump into full-blown diagrammatic quantum theory.

2.4.1 Quantum Processes

First, we describe a process theory that incorporates both quantum and classical maps.

Definition 2.4.1 (Definition 8.3 in [22]). The process theory of classical-quantum maps

(abbreviated as cq-maps) comprises finite-dimensional Hilbert spaces and doubled finite-

dimensional Hilbert spaces as system-types and the processes are diagrams composed of

quantum maps, the encode process, and the measure process:

. . .

. . .

Φ

Requiring the processes in this theory to be causal gives us quantum theory.
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Definition 2.4.2 (Definition 8.10 in [22]). The theory of quantum processes, which is

quantum theory, comprises cq-maps

Φ

that are causal:

=Φ

If we restrict this theory to processes with no classical inputs and outputs

Φ

we get the process theory of causal quantum maps. Conversely, if we restrict to processes

with no quantum inputs and outputs,

f := Φ

we get the process theory of causal classical maps. This theory is also called classical

processes or stochastic processes.

2.4.2 Quantum Measurement

Having finally described a quantum process theory, we are now ready to look at the different

notions of measurement that show up in standard quantum theory. Previously, we mentioned

the simplest form of measurement, given by the process

:= (2.15)

defined with respect to a fixed ONB. A more general version of this process is obtained

by composition with a unitary.

Definition 2.4.3. A demolition ONB measurement is given by

Û
(2.16)

where Û is a unitary quantum process.
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The measure process (2.15) is a special case of demolition ONB measurement in which

the unitary process is the identity.

The eigenstates of ONB measurements are given by doubled ONB states. The ONB

measurement (2.15) has eigenstates

 i


i

, whereas the more general measurement

(2.16) has eigenstates

 i

Û


i

. The role of the unitary Û is to obtain an arbitrary ONB

measurement from the ONB measurement (2.15). Any state that is not an eigenstate of the

measurement is called a superposition state with respect to that measurement [22].

These measurements are called demolition measurements because the quantum state is

destroyed as a result of these processes. A non-demolition measurement is one in which the

quantum state is not destroyed. An example of a non-demolition measurement is

(2.17)

Remark 2.4.4. We get a demolition measurement by discarding the quantum output of a

non-demolition measurement.

==

Conversely, discarding the classical outcome results in decoherence:

= =

In other words, a non-demolition measurement followed by discarding the outcome of the

measurement has the same effect on the quantum state as decoherence.

Definition 2.4.5. A non-demolition measurement is defined as

Û

Û

(2.18)

where Û is a unitary. The process (2.17) is a non-demolition measurement in which the

unitary is the identity.
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What happens to a quantum state after a non-demolition measurement, say the process

(2.17), is performed and the classical outcome i is obtained? Diagrammatically, this non-

demolition measurement of the quantum state ρ is given by

i

=
i

i

ρ ρ

The measurement results in changing the state ρ to the state i. This is usually called a collapse:

ρ 7→ i

Measurements based on spiders and unitaries only are known as degenerate [75]. There

exists a more general variant of measurement, called a von Neumann measurement or projective

measurement.

Definition 2.4.6. [75, p. 23] A (non-demolition) von Neumann measurement is defined as a

quantum process P̂ that obeys the equation

P̂

P̂

P̂
= .

In other words, making a von Neumann measurement twice is equal to making the

measurement once and then copying the outcome of the measurement. This implies that

once a von Neumann measurement is made, making the same measurement again will result

in the same outcome, and the quantum state will stay the same. This characteristic of von

Neumann measurements is commonly known as the von Neumann projection postulate. One

can verify that measurements defined by processes (2.18) and (2.17) obey the projection

postulate and are hence von Neumann measurements. If the quantum output of the von

Neumann measurement is discarded, a demolition von Neumann measurement is obtained.

More generally, a demolition quantum measurement can be defined as a quantum process

from a quantum input to a classical output.

Definition 2.4.7. A demolition positive operator-valued measure (POVM) measurement is

defined as

Φ (2.19)
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where Φ is a quantum process with pure quantum maps as branches. A non-demolition POVM

measurement is obtained by purifying (2.19):

Û (2.20)

Here Û is an isometry.

Remark 2.4.8. In fact, every non-demolition POVM measurement is obtained by composing

one output of an isometry Û with an ONB measurement [22]:

Û Û
=POVM

ONB measurement

isometry

This is known as Naimark dilation.

So far, we have defined measurements and processes/operations that are independent of

the earlier measurement outcomes. We can also define processes controlled by measurement

outcomes or classical inputs; for instance, we can define controlled unitaries.

Definition 2.4.9. A controlled unitary is a quantum-classical process

Û

satisfying the equations:

Û

=

Û

Û

=
Û

2.4.3 Mixtures

There are situations in which we are not certain about which one of a known set of possible

quantum processes actually took place. In such a case, we can represent the set of processes

as a single quantum process controlled by a classical input. This classical input is supplied

by a probability distribution to take into account our ignorance.
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Definition 2.4.10. A mixture of quantum processes is defined as

Φ

pprobability distribution

collection of quantum processes

In fact, we can represent any mixture of quantum processes like this [22]:

∑
i

pi Φi =
Φ

p

where {pi}i represents a probability distribution.The components of the mixture can be

obtained by plugging ONB states into the classical input [22]:

Φ

i

= Φi

Remark 2.4.11. For a mixture (Definition 2.4.10), it is known that one of the processes

from a certain collection occurs, but it is not known which one. The probability distribution

supplied to the classical input reflects our lack of knowledge about which process actually

took place. On the other hand, a quantum instrument with multiple branches (as described

in Definition 2.3.13) is inherently non-deterministic—that is, the non-determinism does not

stem from our ignorance.

2.5 The ZX-calculus

We have discussed most of the key concepts in quantum theory using our diagrammatic

formalism. What is left is a description of phases and complementarity. Incorporating these

aspects of quantum theory requires us to look inside the boxes of the process theory we have

described. This granular description of quantum processes involves spiders corresponding to

two complementary ONBs and ‘decorated’ with phases. In this section, we restrict the

core of our discussion to qubits.
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2.5.1 Complementarity

We saw that spiders were described with respect to a fixed ONB. For two complementary

bases, we shall need spiders of two colours.

...

...

...

...

We fix the complementary bases {|0〉 , |1〉} and {|+〉 , |−〉} for the white and gray spiders

respectively. This gives us

...

...

:=
0 · · · 0

0 · · · 0
+

1 · · · 1

1 · · · 1
= |0 · · · 0〉〈0 · · · 0|+ |1 · · · 1〉〈1 · · · 1|

...

...

:=
+ · · · +

+ · · · +
+

− · · · −

− · · · −
= |+ · · ·+〉〈+ · · ·+|+ |− · · · −〉〈− · · · −|

Since the chosen bases lie on the Z- and X-axes of the Bloch sphere, these are called Z and X

bases; this is where the Z and X of the ZX-calculus come from. The corresponding spiders are

called Z and X spiders. The diagrams made of Z and X spiders are called ZX-diagrams.

How do we make sense of complementarity using these two kinds of spiders? Intuitively,

complementarity is the idea that if the information is encoded in one basis and measured

in a complementary basis, there must be no transfer of information. It can be checked

that this is the case for the Z and X spiders:

= = (2.21)

This is interpreted as follows: encoding in one basis and then measuring in a complementary

basis allows for no flow of information.

In the last step of Eq. (2.21), the symbol = should be read as equality up to a non-zero

global scalar factor. As we shall be mostly concerned with how the processes are composed

and not with the exact numbers, we ignore such global scalars in diagrammatic calculations.

Convention 2.5.1. In diagrammatic equations and calculations in what follows, all equalities

are up to non-zero global scalars.
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A more general version of the complementarity of Z and X spiders is given by

... ...

=

... ...

... ...

... ...

(2.22)

2.5.2 Phases

A decorated spider is a spider decorated with a phase. A general Z spider with the phase α is

given by

α

· · ·

· · ·
:=

0 · · · 0

0 · · · 0
+ eiα

1 · · · 1

1 · · · 1
= |0 · · · 0〉〈0 · · · 0|+ eiα |1 · · · 1〉〈1 · · · 1|

(2.23)

For instance, the decorated spider
α

corresponds to the state |0〉 + eiα |1〉, and its con-

jugate is
−α

= |0〉 + e−iα |1〉.

The old spider fusion rule (2.13) does not apply to decorated spiders, for which there

is the following fusion rule:

α

β

= α+β

...

...
...

...

... ...

...
(2.24)

Roughly speaking, phase is the information in the quantum system that gets lost when a

quantum state is measured. This can be verified for decorated spiders using the fusion rule

(2.24):

α

=
−α α

=

A general X spider with the phase α is given by

α

· · ·

· · ·
:=

+ · · · +

+ · · · +
+ eiα

− · · · −

− · · · −
= |+ · · ·+〉〈+ · · ·+|+ eiα |− · · · −〉〈− · · · −|

(2.25)

and it has a fusion rule similar to rule (2.24).

Remark 2.5.2. Representing spiders with round dots — rather than asymmetric boxes —

makes intuitive sense, since spiders exhibit symmetries such as ‘leg-swapping’ and ‘leg-

flipping’.
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α

· · ·

· · ·
= α

· · ·

· · ·
, α

· · ·

· · ·
= α

· · ·

· · ·

α

· · ·

· · ·
= α

· · ·

· · ·
, α

· · ·

· · ·
= α

· · ·

· · ·

2.5.3 Rules of the ZX-calculus

We have seen some rules about how spiders of the same colour and different colours interact.

Adding few more rules, we get the complete set for the stabiliser fragment of ZX-calculus [76]:

α

β

= α+β
(f)

−α=
π

π

α
π(π)

α =
(c)

=
(h) (id)

==
(hh)

(b)
=

α α

...
...

......

...

... ...

...

...

...
...

...

... ...

...

,

,

, ,

The letters above the equality signs are shorthand notation for the rule names and stand for spi-

der (f)usion, (π)-commute, (c)opy, (b)ialgebra, (h)adamard, (hh)-cancellation and (id)entity.

All these rules hold up to a global scalar factor and for phases α, β ∈ {0, π/2, π,−π/2}. The

Hadamard process is a convenient notation for a frequently-used ZX diagram:

=

π
2

π
2

π
2

and, as illustrated in the (h) rule above, changes spider colour. The (h) and (hh) rules imply

that the above rules also hold for spiders with their colours inverted.

Complementarity (Eq. (2.21)) can be derived using the (f), (id), (b), and (c) rules. The
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decorated-spider version of the general complementarity rule (Eq. (2.22)

α

β

=
...

...
...

...
α

β

...

...
...

...

(2.26)

can be derived using Eq. (2.21) and the (f)-rule. Another rule we shall use later is derived as

follows:

=

π

...

π

...
π π...

= ...= π π ...=
π π

(f) (f)(π) (c)
(2.27)

A reader interested in a more thorough exposition of the ZX-calculus is referred to the

comprehensive tutorial [76] or the textbook [77]; a high-level crash course for professionals

can be found in Ref. [24]. Since 2023, there has been a book on the ZX-calculus targeted

to the general public [23] as well!

It has been a century since the inception of quantum theory, whereas the ZX-calculus

was proposed only in 2007 [78, 79]. When presenting the ZX-calculus as an alternative

to the standard Hilbert space formalism, three desirable criteria are typically considered:

universality, soundness and completeness. Universality requires that any linear map between

qubits be representable as a ZX-diagram. Soundness means that any equality derivable in

the ZX-calculus also holds in the Hilbert space formalism. The ZX-calculus is indeed both

universal and sound for qubit quantum theory [78, 79].

Theorem 2.5.3. The ZX-calculus is universal and sound for linear maps between qubits.

Completeness of the ZX-calculus means that its rules are sufficient to derive any equality

that can be derived using the Hilbert space formalism in qubit quantum mechanics. Proving

completeness was a non-trivial task and it was achieved in multiple stages, starting with a

small fragment of quantum theory and gradually increasing its size [80–83]. This culminated

in the proof of completeness of the ZX-calculus for qubit quantum theory in 2017 [84–86].

Theorem 2.5.4. The ZX-calculus is complete for linear maps between qubits.

In other words, the ZX-calculus is as expressive as the Hilbert space formalism and hence

is a viable substitute of the latter for qubit quantum theory. Research aimed at proving

completeness of ZX and similar graphical calculi (such as ZW [87], ZH [88] and ZXW [89,
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90]) for bigger fragments of quantum theory is in full swing. In fact, very recently, there

has been a presentation of finite-dimensional ZX-calculus and its completeness for finite-

dimensional Hilbert spaces [91].

The ZX-calculus has been extensively employed in quantum computing and technology re-

search [77].4 Some examples of research topics include quantum circuit optimisation [65, 66,

92, 93], quantum error correction [69, 94–96], measurement-based quantum computing [74,

97, 98], and fusion-based quantum computing [99, 100].

4As of writing this chapter, the website https://zxcalculus.com/publications.html lists 300+ papers
related to the ZX-calculus.

https://zxcalculus.com/publications.html
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Constructors, Processes, and Quantum Theory

‘How often have I said to you that when you have eliminated
the impossible, whatever remains, however improbable, must
be the truth?’

Sherlock Holmes to Dr Watson,
The Sign of Four [101, p. 93]

The novel contributions of this chapter are presented in Sections 3.2, 3.3 and 3.4. Section 3.2

is adapted from the publication [48], based on work carried out in collaboration with Stefano

Gogioso, Vincent Wang-Maścianica, Carlo Maria Scandolo, and Bob Coecke. The author of this

thesis is the third author of the publication [48]. Only the parts of this work to which the author

directly contributed are described here. Sections 3.3 and 3.4 are unpublished and represent

original work carried out solely by the author of this thesis.

3.1 Introduction

Constructor theory [46, 102, 103] is a framework to formulate fundamental scientific theories

in terms of the possibility and impossibility of tasks. It particularly aims to provide an alterna-

tive to the prevailing approach in physics that characterises physical phenomena in terms of

initial conditions and dynamical laws. While the prevailing approach formulates theories by

specifying a dichotomy between what happens and what does not happen, constructor theory

seeks to do so by specifying a dichotomy between what can happen (i.e., what is possible)

and what cannot happen (i.e., what is impossible) [102].1

1The eponymous popular science book [103] dubs constructor theory ‘the science of can and can’t’.

45
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In constructor theory, tasks are defined as transformations between systems. Auxiliary

systems may also be required as inputs by these transformations. For instance, consider

the task of transforming black shoes into brown shoes. This task of painting shoes requires

an amount of brown paint in addition to black shoes that are to be painted. The paint

plays the role of a catalyst.

Tasks transform states of systems into other states, and attributes of systems, like the

blackness of a shoe, into other attributes. In the physical world, the amount of brown

paint is limited and the aforementioned task can be performed only a finite number of

times before one runs out of brown paint. Ideally, if an unlimited amount of brown paint

were available, the painting task could be performed as many times as needed. Such

inexhaustible catalysts are called constructors.

A task is called possible if there is a constructor that makes the task performable an arbitrary

number of times. Otherwise, the task is called impossible. Even though constructors and tasks

are abstract, they offer explanatory value. The aim of constructor theory is to characterise

physical theories in terms of which tasks are possible and which are impossible. Constructor

theory has been described as a deeper (meta)theory than other theories of physics.2 In the

seminal article by David Deutsch, it is pitched as ‘the ultimate generalisation of the theory of

computation’ [46, p. 12] and also a theory that could ‘underlie all other theories including

relativity and quantum theory’ [46, p. 5]. The relationship between constructor theory and

other theories (called subsidiary theories by Deutsch [46]) was described as follows:

“Other theories specify what substrates and tasks exist, and provide the multiplication

tables for serial and parallel composition of tasks, and state that some of the tasks are

impossible, and explain why. Constructor theory provides a unifying formalism in which

other theories can do this, and its principles constrain their laws, and in particular, require

certain types of task to be possible.” [46, p. 5]

Being a metatheory, constructor theory is implementation-agnostic. That is, the user of

constructor theory is free to pick a formal system of mathematics of their liking as a concrete

language to interpret it. One such language is that of process theories. We contend that

process theories represent a good choice of mathematical language to formally incarnate

2In an article in Quanta Magazine, it was called ‘a master theory—a set of ideas so fundamental that all other
theories would spring from it.’ [104]
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constructor theory because they are especially suitable for describing the composition of

processes in space-time. Furthermore, they are expressible as string diagrams, enabling the

user to work at an abstraction-level of their choosing.

This chapter is organised as follows. It comprises three main sections, briefly summarised

below.

In Section 3.2, the ideas and jargon of constructor theory are formally interpreted using

the string-diagrammatic language of process theories. The aim is to use string diagrams to

bridge work between the research areas of constructor theory [46, 102, 105–107] and process

theories [14, 22, 108–110]. The target is to provide a rigorous and intuitive mathematical

language for constructor theory, which may help constructor theorists develop, express and

communicate their ideas. This work is also intended to invite constructor theorists to the

research area of process theories—potentially an extremely fruitful arena within which the

ramifications of constructor theory can be explored.

In Section 3.3, it is argued that a constructor-theoretic formulation of non-relativistic

quantum theory is afflicted with a fundamental problem: there is an inconsistency between

the restrictions imposed by principles of locality and composition. Unless there is a fully

compositional and local formulation of quantum theory (which, to the best of our knowledge,

does not exist), either the principle of locality or the composition principle must be discarded

from constructor theory.

Finally, in Section 3.4, it is demonstrated via examples that categorical quantum me-

chanics (CQM) is a viable constructor theory of non-relativistic quantum physics—one that

is completely compositional but non-local.

Section 3.5 concludes the chapter.

3.2 Constructor Theory as a Process Theory

This section is adapted from our publication [48]. The expository presentation of this section

is intended for those, particularly constructor theorists, who are not familiar with process

theories. But it serves another purpose as well: it offers a dictionary to understand the

mathematics of constructor theory, transliterated into diagrams with the fewest possible

interpretational choices and without any bells and whistles.
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3.2.1 Conceivable Tasks

From a constructor-theoretic point of view, a physical theory is characterised by answering

the question ‘which tasks can be performed within this physical theory?’. There are two

notions of tasks in constructor theory: the abstract conceivable tasks, and the concrete possible

tasks. Conceivable tasks are independent of particular scientific theories. They provide

a formal setting for formulating principles or deriving constraints. Possible tasks, on the

other hand, are dependent on the particular theory under discussion and are induced by

constructors physically available to implement the tasks.

According to the seminal paper on constructor theory [46], it is required of conceivable

tasks that they be composable in parallel and sequence (series).3 In other words, conceivable

tasks form a symmetric monoidal category (SMC). In the same paper, Deutsch used relations

between sets to model tasks in constructor theory. The literature of constructor theory [46,

102, 105–107] has followed this modelling choice ever since. In our formalisation of

constructor theory as a process theory, we also stick to this choice.

Remark 3.2.1. In this chapter, monoidal categories are taken to be strict.4 Particularly, it is

assumed that in a monoidal category C, the objects obj(C) form a strict monoid. For SMC

Rel, this means a choice of a singleton set 1 := {∗} that acts as a strict unit for the Cartesian

product, i.e., X × 1 = X = 1×X.5

This also implies that we can write tuples without worrying about using parentheses or

nesting. For instance, we can write triples as X × Y × Z = {(x, y, z) | x ∈ X, y ∈ Y, z ∈ Z}.

It must be noted that strictness does not apply to symmetry isomorphisms; i.e., for symmetry

isomorphisms, we have X × Y ∼= Y ×X but this does not imply X × Y = Y ×X

Definition 3.2.2 (Definition 4.97 in [22]). A dagger symmetric monoidal category (†-SMC)

is a symmetric monoidal category with a dagger functor † that

• does not alter objects: A† := A

• reverses morphisms: (f : A→ B)† := f † : B → A

3“... first constructor-theoretic law of physics, which I shall call the composition principle – that every regular
network of possible tasks is a possible task.” [46, p. 4]

4Strict monoidal categories are defined in Definition 2.2.2.
5SMCs are defined in Definition 2.2.3.
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• is involutive: (f †)† = f

• and respects the symmetric monoidal category structure:

(g ◦ f)† = f † ◦ g† (f ⊗ g)† = f † ⊗ g† σ†A,B = σB,A

In this work, the theory of conceivable tasks is taken to be Rel, which is the †-SMC of sets

and relations. The components of this theory are described below.

A task or relation A ⊆ X × Y is denoted by A : X → Y where sets X and Y comprise

legitimate input and output states respectively of the task. In order to avoid confusion, the

pair or tuple notation is used for pairs or tuples of a Cartesian product, and the maplet

notation is used for pairs of domain and codomain elements in a relation.

x 7→ y :≡ (x, y) x
A7→ y :≡ (x, y) ∈ A

The A symbol is omitted from A7→ when there is no ambiguity and the context is clear.

Diagrammatically, this task can be represented as

A

X

Y

The arrow shape of the box represents the direction of the task from input to output.

As mentioned before, conceivable tasks can be composed in sequence and parallel.

The sequential composition of tasks A : X → Y and B : Y → Z, denoted by B◦A : X → Z,

is defined as B◦A :=
{
x 7→ z

∣∣∣ ∃y ∈ Y. x A7→ y and y B7→ z
}

. Here task A happens first, followed
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by B. Diagrammatically, this sequential composition is represented as

B

A

X

Y

Z

Using two sets of states X and Y , a composite set of states can be obtained using the

Cartesian product X × Y , as X × Y := {(x, y) | x ∈ X and y ∈ Y }. The parallel composition

of two tasks A : X → Y and B : Z → W , denoted by A × B : X × Z → Y × W , is

defined as A ×B :=
{

(x, z) 7→ (y, w)
∣∣∣ x A7→ y and z B7→ w

}
. Diagrammatically, the parallel

composition is given by

A B

X

Y

Z

W

The transpose of a task A : X → Y , denoted by A† : Y → X, is defined as A† :={
y 7→ x

∣∣∣ x A7→ y
}

and diagrammatically represented as

A

X

Y

Symmetry isomorphisms, which are also known as swaps, are denoted by σX,Y : X × Y
∼=→

Y × X and defined as σX,Y := {(x, y) 7→ (y, x) | x ∈ X and y ∈ Y }. Diagrammatically,
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swaps are represented as

X Y

Y X

Swaps are a structural feature of the category and have the following properties.

∀X,Y =

X Y

X Y

XY
X Y

∀W,X, Y, Z

∀A : X → Y

∀B : Z →W BA

B A=

X

Y

Z ZX

YWW

Thanks to swaps and their nice properties shown above, relations can be composed into

acyclic networks, in which outputs of relations can be connected to inputs of other relations.

Remark 3.2.3. The sets X and Y are taken to be distinct for the sake of generality. Restricting

these sets to be always equal means restricting the theory of conceivable tasks to be the †-SMC

EndoRel of sets and endo-relations R : X → X, which is a sub-†-SMC of Rel.

The copy map, denoted as δX : X → X ×X, is defined as follows on a set X:

δX := {x 7→ (x, x) | x ∈ X}
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Diagrammatically, the copy map is given by

X

X X

δX

The discarding map, denoted as εX : X → 1, is defined as follows on a set X:

εX := {x 7→ ∗ | x ∈ X}

diagrammatically represented as

εX

X

Copy and discarding maps have some useful properties. Copies are indistinguishable under

swaps

=

and under repeated copying

=

Moreover, copying and then discarding one of the copies results in the identity:

=

The transpose δ†X : X×X → X of the copy map is a partial function that gives the common

value of its inputs as the output when the inputs are equal, and is not defined otherwise.

δ†X := {(x, x) 7→ x | x ∈ X}
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It is called the match map. Diagrammatically, it is represented as

X

X X

δ†X

It is important to distinguish between states and attributes: considering the set X, its

elements x ∈ X are referred to as states while its subsets S ⊆ X are referred to as attributes..

Relations S : 1 → X can be identified with all possible attributes of states in X, i.e.,

with all possible subsets S ⊆ X: S ∼= {∗ 7→ x | x ∈ S}.

In diagrams, states and attributes are represented by the same notation. This is because

states x ∈ X can be identified with singleton sets {x} ⊆ X. Thus, states or attributes

are diagrammatically given by

S

X

The transpose ε†X : 1 → X of the discarding map is the trivial attribute, correspond-

ing to the subset X ⊆ X. It is defined as ηX := ε†X = {∗ 7→ x | x ∈ X} and is repre-

sented diagrammatically as

ηX

X

Tasks can be conditioned to specific input states using attributes.
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Definition 3.2.4. Let A : X × Z → Y be a task and let S ⊆ Z be an attribute on states in Z.

The task obtained by forgetting all information about the Z input of task A except the fact

that the input state has attribute S is the following pre-conditioned task.

A

X

Z

S

Y

A◦(idX×S)

=
{
x 7→ y

∣∣∣ ∃z ∈ S. (x, z) A7→ y
}

As a special case, the Z input can be discarded completely. This is obtained by pre-conditioning

against the trivial attribute ηZ , as follows:

A

X

Z

Y

A◦(idX×ηZ)

=
{
x 7→ y

∣∣∣ ∃z ∈ Z. (x, z) A7→ y
}

The relations X → 1 are exactly the transposes S† : X → 1 of the attributes S : 1→ X.

Explicitly, they are the constant partial functions with the attribute S as their domain:

S† := {x 7→ ∗ | x ∈ S}. The transposes of attributes are called tests. Tasks can be conditioned

to specific output states using tests.

Definition 3.2.5. Let A : X → Y × Z be a task and let S ⊆ Z be an attribute on states in Z.

The task obtained by forgetting all information about the Z output of task A except the fact
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that the output state has attribute S is the following post-conditioned task.

A

Y

Z

S

X

(idY ×S†)◦A

=
{
x 7→ y

∣∣∣ ∃z ∈ S. x A7→ (y, z)
}

As a special case, the Z output can be discarded completely. This is obtained by post-

conditioning against the trivial attribute ηZ , as follows:

A

Y

Z

X

(idY ×εZ)◦A

=
{
x 7→ y

∣∣∣ ∃z ∈ Z. x A7→ (y, z)
}

Remark 3.2.6. A task A : X × Z → Y ×W can simultaneously be pre-conditioned against

an attribute P ⊆ Z and post-conditioned against an attribute Q ⊆W as follows:

A

P

Q

X

Y

Z

W

(idY ×Q†)◦A◦(idX×P )

=
{
x 7→ y

∣∣∣ ∃z ∈ P,w ∈ Q. (x, z) A7→ (y, w)
}

3.2.2 Possible Tasks

As mentioned earlier, conceivable tasks are theory-independent whereas possible tasks

are theory-dependent. A choice of substrates within a theory of processes is needed to

determine possible tasks.
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Definition 3.2.7. A choice of substrates, represented as (C,Σ,Γ), consists of the following

components:

1. A reference theory of processes, in the form of a strict SMC C with monoidal product ⊗

and unit I.6 This specifies the theory of conceivable tasks.

2. A choice of substrates, in the form of a subset Σ ⊆ obj(C) of systems in the theory of

processes.

3. A choice of sets of substrate states, in the form of a family Γ = (ΓH)H∈Σ where ΓH ⊆

statesC(H) is a set of states in C for each substrate H ∈ Σ.

The choice of substrates is required to be closed under parallel composition: I ∈ Σ and

H⊗ K ∈ Σ for all H, K ∈ Σ. Moreover, the set of substrate states is required to respect parallel

composition of substrates: ΓI = 1 and ΓH⊗K = ΓH × ΓK for all H, K ∈ Σ.7

For two substrates H, K ∈ Σ, considering the tasks ΓH → ΓK, one is interested in the

question ‘which of these tasks are possible within the given theory of processes?’. A task is

possible if there exists a constructor that can enable the task to be performed. To elaborate

and make this statement precise, we need the following definitions.

Definition 3.2.8. Let (C,Σ,Γ) be a choice of substrates and consider two substrates H, K ∈ Σ.

A process f : H→ K that maps states in ΓH to states in ΓK is called a task-inducing process:

∀ρ ∈ ΓH. f(ρ) ∈ ΓK

The task induced by f is denoted by bfc:

bfc := {ρ 7→ f(ρ) | ρ ∈ ΓH}

Definition 3.2.9. Let (C,Σ,Γ) be a choice of substrates and consider a task A : ΓH → ΓK. The

task A is possible if there are:

6For instance, this could be the theory of finite-dimensional quantum systems and unitary transformations.
However, as far as we know, the literature on constructor theory only considers Rel, in which the tensor product
⊗ is the Cartesian product. In contrast, quantum theory requires the tensor product to be the Kronecker product
of Hilbert spaces.

7This requirement states that the state of a combined system is the ordered set of the subsystem states. This
requirement on substrate states to be ‘Cartesian’ is called ‘the principle of locality’ [46, 102] in the literature
of constructor theory. This requirement ensures that there is explicitly no entanglement arising out of parallel
composition of substrates.
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(i) a substrate C (acting as a constructor for the task),

(ii) an attribute P ⊆ ΓC (singling out the relevant constructor states), and

(iii) a task-inducing process f : H⊗ C→ K⊗ C (actually performing the task)

such that the following two conditions are satisfied:

1. The task A is obtained from the induced task bfc by requiring that the input constructor

state has attribute P and discarding the constructor output:

A =

P

bfc

ΓH

ΓK

ΓC

ΓC

(idΓK×εΓC )◦bfc◦(idΓH×P )

=
{
ρ 7→ ρ′

∣∣ ∃γ ∈ P, γ′ ∈ ΓC. f(ρ⊗ γ) = ρ′ ⊗ γ′
}

2. The attribute P is preserved by the induced task bfc. While a particular constructor

state γ ∈ P may be modified to become γ′ by the underlying process of the induced

task bfc, γ′ remains a constructor state for the same induced task bfc, i.e. γ′ ∈ P . In

Rel, this constraint is equivalently expressed as the induced task bfc sending the set of

constructors P to a subset of itself, regardless of the input and output on the substrates

H, K:

bfc

ΓK

ΓH

ΓC

ΓC

P

⊆
P

(εΓK×idΓC )◦bfc◦(ηΓH×P ) ⊆ P

The set of possible tasks under the given choice of substrates is denoted by (C,Σ,Γ)X.



3. Constructors, Processes, and Quantum Theory 58

We give the main result of this section in the following proposition. The result shows for

a given choice of substrates with Rel as the theory of conceivable tasks, the set of possible

tasks forms a sub-SMC of Rel. In other words, the set of possible tasks is closed under

composition in arbitrary (acyclic) networks.

Proposition 3.2.10. For a given choice of substrates (C,Σ,Γ) with C = Rel, the set of possible

tasks (C,Σ,Γ)X forms a sub-SMC of Rel.

Proof. The identity tasks for all systems are made possible with the identity isomorphisms of

Rel:

ΓH

ΓH

enabled by the trivial constructor C := I.

Likewise, the swap tasks for all systems are made possible by the symmetry isomorphisms

of Rel, using the trivial constructor C := I:

ΓH ΓK

ΓK ΓH

For two possible tasks A and B, having constructors C and D respectively, the sequential
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composition B ◦ A is made possible with the constructor C ⊗D, as follows:

AB

A

B

ΓK ΓD

ΓL ΓD

ΓH

ΓK

ΓC

ΓC

◦ = ΓK

ΓD

ΓC

ΓC

ΓH

ΓL

ΓC × ΓD

ΓC × ΓD

For two possible tasks A and B, having constructors C and D respectively, the parallel

composition A×B is made possible with the constructor C ⊗D, as follows:

A B

ΓL ΓD

ΓM ΓD

ΓH

ΓK

ΓC

ΓC

× =

ΓH × ΓL

ΓK × ΓM

ΓC × ΓD

ΓC × ΓD

A B

This concludes the proof.

To recap, taking the theory of conceivable tasks to be Rel, we showed that, for a given

choice of substrates, the set of possible tasks forms a sub-SMC of Rel. Our choice of Rel

aligns with the constructor theory literature, wherein tasks are modelled by relations between

sets [46, 102, 105–107]. While the result may not be surprising, it constitutes, to the best of

our knowledge, the first process-theoretic formalisation of constructor theory.
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3.2.3 Attributes as states

As originally proposed, constructor theory defined tasks as transformations of states [46].

Later literature defined tasks as acting on the attributes of states instead of on the underlying

states [102, 105–107]. This was motivated by the idea that the abstract specification of

(possible) tasks should be based on the observable ‘macrostates’ (i.e., attributes, or subsets

of a set) of a physical system, instead of on the unobservable ‘microstates’ (i.e., states, or

elements of a set) that constitute them. In Ref. [48], it was shown that the attribute-focused

perspective is derivable from the state-focused perspective in a compositionally sound way

via a suitable coarse-graining. We summarise the main insights here.8

A notion of ‘coarse-graining’ is defined for tasks. This coarse graining is in order to obtain

tasks transforming attributes (macrostates) from tasks transforming states (microstates). The

attributes are allowed to have non-trivial overlap. More specifically, the attributes do not

need to form a partition, but nesting of attributes is not allowed. That is, no attribute can

be a proper superset of another attribute.9 With these requirements, coarse-grained tasks

are defined and the following results are obtained.

First, it is proved that for any process theory of tasks, the coarse-grained tasks can also be

arranged into a process theory. This implies that the tasks defined on attributes are just as

compositionally sound as those defined on states. Second, the tasks defined on states can

be compositionally embedded into the universe of coarse-grained tasks. This proves that

coarse-grained tasks are a sound generalisation of the tasks originally defined on states. Third,

the coarse-grained tasks can be embedded back into the universe of ordinary tasks. This shows

that the ordinary tasks—i.e. those defined on states—are as expressive as coarse-grained tasks.

To summarise, a distinction between states (microstates) and attributes (macrostates) is

made in the constructor theory literature for dealing with theories such as thermodynamics

and information theory [102, 107]. In categorical semantics, as discussed above, this

corresponds to the distinction between ordinary tasks defined on states and coarse-grained

tasks defined on attributes. The distinction may or may not make sense in a physical setting.

However, mathematically speaking, there is no distinction between the two approaches since

they are equivalent as far as their expressivity is concerned.

8We do not include all details and provide only a summary, as the author of this thesis was not much involved
in this part of the work.

9This ensures that the attributes are distinguishable in a strong sense, as required by constructor theory [102].
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3.3 Locality in Quantum Theory

There is an overlap between the research areas of constructor theory and process theories as

applied to quantum theory i.e. CQM. However, there also exists a bone of contention between

the two areas: the principle of locality, which lies at the core of constructor theory [46, 102]

but is rejected by CQM. In this section, we discuss the principle of locality and how it appears

in the Deutsch-Hayden approach to quantum theory [49]. We also argue that Deutsch-Hayden

locality is not compositional. This means that employing Deutsch-Hayden locality leads to a

conflict between two main principles of constructor theory: composition and locality.

Constructor theory, since its conception, has stuck by ‘the principle of locality’ [46],

according to which the state of a joint system is the ordered set of the states of its subsystems.

This is implemented in categorical semantics by imposing the ‘Cartesian’ requirement on

substrate states: ΓH⊗K = ΓH × ΓK for all H, K ∈ Σ in Definition 3.2.7. The need for keeping

locality in a physical theory is debatable. However, from a mathematical point of view,

the generic tensor products for symmetric monoidal categories conservatively and very

fruitfully generalise Cartesian products of sets. This is especially important in physical

theories like quantum theory.

Below we provide more background on the principle of locality, and how it is made

to work in quantum theory. Finally, we show how implementing the principle of locality

renders quantum theory non-compositional.

3.3.1 The Principle of Locality

Constructor theory takes seriously Einstein’s notion of locality [111], which comprises two

components as described by Don Howard:

“The first, which I call the ‘separability principle’, asserts that any two spatially separated

systems possess their own separate real states. The second, the ‘locality principle’ asserts that

all physical effects are propagated with finite, subluminal velocities, so that no effects can

be communicated between systems separated by a space-like interval.” [112, p. 3]

The separability condition in constructor theory is stronger than the one in the passage

quoted above. According to this condition, the whole is separable into independent parts,

and these parts when combined make the whole. In other words, ‘the whole is not more

than the union of the parts’ [113, p. 15].
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Focusing on the separability part of Einstein’s notion of locality, Deutsch posits that it is ‘a

necessary condition for tasks to be composable into networks’ [46, p. 24] according to the

composition principle [46]. In constructor-theoretic terms, separability means that the joint

state of any two substrates can always be expressed as an ordered pair of individual states

of the two substrates; in Definition 3.2.7, this was imposed as the following requirement

on substrate states: ΓH⊗K = ΓH × ΓK for all H, K ∈ Σ.

Einstein locality (read: separability) is uncontroversial in classical physics. However,

in the standard formulation of quantum theory, there are entangled states that are non-

separable by definition. Deutsch and Hayden came up with a formulation of quantum theory

that is arguably consistent with Einstein locality [49]. The existence of this so-called ‘local’

formulation [49, 114] is offered as an evidence of the compatibility of quantum theory with

constructor theory. Below, we give a brief overview of this formulation [49].

3.3.2 Deutsch-Hayden Descriptors

The Deutsch-Hayden formulation of quantum theory describes qubits not in terms of states

but in terms of descriptors. Roughly speaking, a descriptor of a qubit is a set of operators

that determines all the observables of that system. Since the Deutsch-Hayden descriptors are

based on the Heisenberg picture of quantum theory, we first describe how it differs from the

more commonly used Schrödinger picture. Our exposition follows that of Ref. [115].

Consider a pure state |ψ〉. Such a state could be prepared by applying a unitary operation

U to the state |0〉, where the latter is deemed an initial state. In standard quantum theory,

the expectation of measurement outcomes is computed using the formula

〈0|U †OU |0〉

whereO ≡
∑
i λi |φi〉 〈φi| represents a general observable. The set of vectors {|φi〉}i represents

the measurement basis and λi are the corresponding eigenvalues. The Schrödinger picture

reads the above formula as the evolution of states while the observable does not change:(
〈0|U †

)
O (U |0〉). In other words, the state |0〉 evolves to the state U |0〉 while O does not

evolve. In contrast, the Heisenberg picture views the observable as evolving whereas the state

remains fixed: 〈0|
(
U †OU

)
|0〉. That is, O changes to U †OU while the state remains fixed

to |0〉. As the state remains fixed, it is called the reference vector.
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In short, the Heisenberg picture describes quantum systems not in terms of the evolution

of their states but in terms of the evolution of their observables.

The Deutsch-Hayden approach describes a qubit via a mathematical object that encapsu-

lates information about all the evolved observables [49, 115]. This task is made tractable by

the fact that observables are linear operators, and linear operators form a vector space. As the

evolution of the general observable O to U †OU is linear, one needs to track the evolution of

only the basis operators of O. That is, if O =
∑
k akAk where {Ak}k are the basis operators

of O, we have U †OU =
∑
k akU

†AkU . Therefore, it is sufficient to track evolution of each

basis operator Ak to determine the evolution of any observable by U .

Descriptor of a Single Qubit

Observables of a single qubit are given by 2×2 matrices, for which a suitable basis is provided

by the Pauli matrices along with the identity:

σ = (σx, σy, σz) =
([

0 1
1 0

]
,

[
0 −i
i 0

]
,

[
1 0
0 −1

])
and σ0 = 1 =

[
1 0
0 1

]
The evolution of 1, i.e., U †1U = 1 is trivial and can be ignored. Hence, one needs to keep

track of the evolution of σ to determine any evolved observable of the single qubit. So, the

descriptor of the single qubit after unitary evolution U is given by

q = U †σU

Example 3.3.1. [115] Consider a circuit in which a state is initialised as |0〉 and then subjected

to a Hadamard gate:

|0〉

H

We consider the state |0〉 to be fixed and give a description of the quantum system in terms of

the evolution of its descriptor. The unitary of the Hadamard is given by H = 1√
2

[
1 1
1 −1

]
.

The descriptor is initially q0 = σ = (σx, σy, σz), which after the application of the Hadamard

becomes q1 = H†σH = H†(σx, σy, σz)H = (σz,−σy, σx). The evolution of the observable

|0〉 〈0| can be determined using the descriptors. After the Hadamard is applied, the observable

becomes

H† |0〉 〈0|H = H†
[

1 0
0 0

]
H = H†

(
1 + σz

2

)
H = H†

(
1 + q0

z

2

)
H = 1 + q1

z

2 = 1 + σx
2
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The expectation of this observable can be calculated using the reference vector |0〉 as follows:

〈0|H† |0〉 〈0|H |0〉 = 〈0| 1 + σx
2 |0〉 = 1

2

which is the probability of obtaining the measurement outcome |0〉.

Descriptor of n Qubits

Consider n qubits prepared in the state |0〉⊗n and subjected to a unitary operation U . We are

interested in describing the evolution of all the observables of this quantum system. For n

qubits, the observables are given by 2n × 2n = 4n dimensional complex matrices. A suitable

basis for these is given by products of Pauli operators

A ≡ {σµ1 ⊗ σµ2 ⊗ · · ·σµn | µi ∈ {0, x, y, z}},

which are linearly independent and 4n in number. This implies that by tracking the evolution

of each operator in the basis A from σµ1 ⊗ σµ2 ⊗ · · ·σµn to U †σµ1 ⊗ σµ2 ⊗ · · ·σµnU , one

can determine the evolution of any observable.

Instead of tracking all the 4n basis observables, one may track the evolution of the

following set of observables

q0
i = 1i−1 ⊗ σ ⊗ 1n−i, i = 1, · · · , n,

where 1k represents the tensor product of k copies of the 2× 2 identity matrix. q0
i has three

components for each i. These 3n observables defined above can be multiplied to obtain

any of the 4n basis observables [113, 115]. q0
i is the descriptor of qubit i at time 0. The

time-evolved descriptor at time t after unitary evolution is given by

qti = U †q0
iU

The n-tuple with q0
i as components is denoted as q0. It is the joint descriptor of n qubits.

The operators in q0 satisfy the Lie algebra su(2)⊗n:

[q0
iw, q

0
jw′ ] = 0 (i 6= j and ∀w,w′ ∈ {0, x, y, z})

q0
ixq

0
iy = iq0

iz (and its cyclic permutations)

(q0
iw)2 = 1 (∀w ∈ {0, x, y, z})
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which is preserved by unitary evolution. These algebraic relations imply that for any i,

there is a redundancy in the observables. That is, to completely determine any triple of

observables (q0
ix, q

0
iy, q

0
iz), one needs only two components as the third can be calculated

from the other two using the algebraic relations. Therefore, one may avoid tracking the

y component of each descriptor. Hence, one needs to track evolution of 2n observables to

completely determine the evolution of an n-qubit system.

To summarise, for an n-qubit system, the Deutsch-Hayden approach focuses on tracking

the evolution of all the observables from O to U †OU . This is achieved by tracking the

evolution of 2n basis observables (each of dimension 2n × 2n) from q0 to qt = U †q0U , from

which the 4n observables of the basis A can be determined. The 4n observables can, in turn,

be used to determine the evolution of any observable.

Example 3.3.2. Consider again the circuit of Example 3.3.1

|0〉

H

where a state is initialised as |0〉 and then subjected to a Hadamard gate.

Based on the foregoing discussion, after fixing |0〉 as the reference vector, one needs

to track evolution of only two basis observables (σx, σz) to fully characterise the circuit.

In other words, q0 = (σx, σz) represents the descriptor for the single qubit before the

application of the Hadamard gate. After the Hadamard is applied, the descriptor becomes

q1 = H†(σx, σz)H = (σz, σx).

Example 3.3.3. Consider the following circuit, which is usually used to create the Bell state

|00〉+|11〉√
2 :

|0〉

H

|0〉

.

In this circuit, two qubits are initialised in the |00〉 state. The first qubit is subjected to a

Hadamard gate. This is followed by an application of a CNOT gate to the two qubits, where

the first qubit acts as the control and the second the target.
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We fix |00〉 as the reference vector, and track evolution of two descriptors initially given by

q0
1 = (q1x, q1z) = (σx ⊗ 1, σz ⊗ 1) and q0

2 = (q2x, q2z) = (1⊗ σx, 1⊗ σz). The joint description

of the two systems is given by the Cartesian product of the descriptors of the two qubits q0
1 and

q0
2, i.e., q0 = (q0

1, q
0
2). After the application of the Hadamard but before that of the CNOT, the

descriptors are given by q1
1 = (H ⊗ 1)†(σx ⊗ 1, σz ⊗ 1)(H ⊗ 1) = (σz ⊗ 1, σx ⊗ 1) = (q1z, q1x)

and q1
2 = (H⊗1)†(1⊗σx,1⊗σz)(H⊗1) = (1⊗σx, 1⊗σz) = (q2x, q2z). As expected, there is

no change in the descriptor of the second qubit because the Hadamard acts on the first qubit

only. At this point, the joint description of the two systems is given by q1 = (q1
1, q

1
2). After

the application of the CNOT gate, the unitary of which is UCNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

, the qubit

descriptors are given by q2
1 = (H⊗1)†U †CNOT(σx⊗1, σz⊗1)UCNOT(H⊗1) = (σz⊗σx, σx⊗1) =

(q1zq2x, q1x) and q2
2 = (H ⊗ 1)†U †CNOT(1 ⊗ σx,1 ⊗ σz)UCNOT(H ⊗ 1) = (1 ⊗ σx, σx ⊗ σz) =

(q2x, q1xq2z). The joint descriptor of the two-qubit system is q2 = (q2
1, q

2
2).

3.3.3 Locality and Compositionality

Here, we see how locality as implemented in the Deutsch-Hayden approach interacts with

the composition of circuits.

Remark 3.3.4. In Examples 3.3.2 and 3.3.3, we characterised qubits in terms of their

descriptors. Example 3.3.2 involved a single qubit and thus required only one descriptor, the

unitary evolution of which was tracked. Example 3.3.3 was about two qubits and hence there

were two descriptors to be tracked. Moreover, the descriptor of the joint two-qubit system

was obtained by taking the Cartesian product of the individual descriptors of the two qubits.

Consider the parallel composition of the circuits from Examples 3.3.2 and 3.3.3.

|0〉

H

|0〉

H

|0〉

.

If we want to characterise this circuit in terms of qubit descriptors, we cannot use those from

Examples 3.3.2 and 3.3.3. The above circuit is a three-qubit system and requires that all the
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descriptors be of dimension 23 × 23 whereas the descriptors in Examples 3.3.2 and 3.3.3 are

of dimensions 2× 2 and 22 × 22 respectively.

More explicitly, from Example 3.3.2, we have the evolved descriptor of the first qubit

after the application of the Hadamard gate: q2
1 = (σz, σx). From Example 3.3.3, we have the

descriptor of the joint system comprising the second and third qubits after the application of

the Hadamard and CNOT gates: (q2
2, q

2
3) = ((σz⊗σx, σx⊗1), (1⊗σx, σx⊗σz)). The descriptor

of the joint system comprising the three qubits after the application of all the unitary gates is

not given by the tuple (q2
1, q

2
2, q

2
3) = ((σz, σx), (σz ⊗ σx, σx ⊗ 1), (1 ⊗ σx, σx ⊗ σz)). Instead,

it is given by ((σz ⊗ 1⊗ 1, σx ⊗ 1⊗ 1), (1⊗ σz ⊗ σx,1⊗ σx ⊗ 1), (1⊗ 1⊗ σx,1⊗ σx ⊗ σz)),

which is not the Cartesian product of the descriptors from Examples 3.3.2 and 3.3.3. In this

sense, the descriptors of the Deutsch-Hayden approach are not compositional.

Example 3.3.3 and Remark 3.3.4 show that the descriptors of two systems can be composed

using the Cartesian product only if they are defined with reference to the same circuit. If two

circuits, the descriptors of which we have individually tracked, are composed in parallel, the

Cartesian product of their descriptors does not give the descriptor of the overall circuit. In

fact, as soon as the two circuits are put together in parallel, the old descriptors no longer

apply to the individual circuits. Instead, one needs to define and track new descriptors.

This shows that the descriptors are not compositional.

Remark 3.3.5. The presence of another circuit, or even just a qubit, changes the descriptors

of the original circuit even if there is no interaction between the two circuits. In this sense,

the Deutsch-Hayden descriptors are not local.

Remark 3.3.6. Two key principles of constructor theory are the composition principle and the

principle of locality [46, 102]. The composition principle states that every regular network

of possible tasks is a possible task, whereas the principle of locality states that the complete

description of the system is given by the Cartesian product of the description of its parts. For

the latter principle to be applicable to quantum theory, the Deutsch-Hayden formulation [49,

114] is quoted as a supporting framework. Our analysis in Example 3.3.3 and Remark 3.3.4

has shown that there is a clash between the two principles if the Deutsch-Hayden approach is

used. In quantum theory, preparing qubits in |0〉 states and applying unitary operations on

them, like we did in Examples 3.3.2 and 3.3.3, are possible tasks. The parallel composition
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of these tasks, like the one in Remark 3.3.4, is a regular network and, hence, a possible task

according to the composition principle. However, the example in Remark 3.3.4 shows that

the locality principle is violated—the descriptor of the joint system is not obtainable by the

Cartesian product of the descriptors of its parts.

Remark 3.3.7. Another way to describe the tension between composition and locality is as

follows. Preparing circuits like those in Examples 3.3.2 and 3.3.3 are possible tasks. The

‘states’ of these tasks are given by the descriptors. The principle of locality states that the

ordered tuple of these ‘states’ gives the ‘state’ of the joint task obtained by composing the

individual tasks in parallel. However, taking the ordered tuple of the ‘states’ does not result in

any legitimate ‘state’.

The foregoing discussion shows that constructor theorists need to reject either of the

two key principles, namely locality or composition, or find a completely local formulation of

quantum theory that is compatible with the principle of composition. Otherwise, the claim that

constructor theory is a deeper or more fundamental theory than quantum theory does not hold.

3.4 Constructors in Categorical Quantum Mechanics

The central idea in constructor theory is that of possibility, understood as what could happen.

Constructor theory and process theories are alike in the sense that they have a common

lineage of counter-factual reasoning, which can be traced back to the distinction between

‘actuality’ and ‘potentiality’ by Aristotle [116].

In constructor theory, theories are characterised by defining the dichotomy between

possible and impossible tasks. The impossibility of cloning a general state has been suggested

to yield quantum theory, at least in a broad sense [102]. In CQM [22, 23, 55], back in at

least 2006, classicality was indeed defined by the ability to clone [117]. This led to the

development of spiders [118] and the ZX-calculus [78, 79]. As discussed in Chapter 2,

the latter is now a prominent formalism in quantum computing and technologies10 as well

as in quantum science education [44, 45].

When it is formulated as a concrete SMC, a process theory is about possible and impossible

processes that obey the axioms of the corresponding category. The reconstructions of quantum
10The website https://zxcalculus.com/publications.html lists 300+ publications related to the ZX-

calculus in some way.

https://zxcalculus.com/publications.html
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theory in terms of process theories convert these categorical axioms into physical postulates

that are considered reasonable [57, 119].

In the previous section, we showed that the Deutsch-Hayden formulation of quantum

theory obeys Einstein locality at the expense of compositionality, thereby weakening the

claim to fundamentality of constructor theory. Dispensing with the principle of locality in

constructor theory, one can formulate quantum theory in constructor-theoretic terms. In this

section, we show that CQM achieves just that. Here, we conceive CQM as a fully compositional

theory of possible tasks in which parallel composition is given by the Kronecker product.

We present examples and constructor-theoretic explanations of possible tasks in quantum

theory and quantum computation within the diagrammatic language of CQM. Some of these

examples correspond to those found in the literature of constructor theory.

Convention 3.4.1. The notation for CQM/ZX-diagrams in this section follows that introduced

in Chapter 2. In diagrammatic equations and calculations, all equalities are up to non-zero

global scalars.

Remark 3.4.2. As discussed in Section 3.2.3, state-based and attribute-based approaches to

constructor theory are equally expressive. Here, we stick to the state-based perspective.

3.4.1 Tasks with Trivial Constructors

We start with examples that involve trivial constructors. In Ref. [102], swapping two states

is mentioned as an example of a reversible computation task.

Example 3.4.3. Swapping two quantum states is a possible task. Such a task comes for free

in a process theory such as CQM. It is represented by

Applying this task to any two states ψ̂ and φ̂ gives

ψ̂ φ̂

=

ψ̂φ̂

This task requires two substrates that are the two quantum systems whose states are to be

swapped, but does not require any explicit constructor. In other words, this task is made

possible by the trivial constructor I.
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Example 3.4.4. Transforming a 0̂ state into a 1̂ state or vice versa is a possible task, performed

by a NOT gate, represented by

π

This task requires no explicit constructor. That is, this task is made possible by the trivial

constructor I.

The Deutsch-Hayden approach [49] was originally introduced to provide a local formula-

tion of scenarios involving entangled states, such as the Einstein-Podolsky-Rosen (EPR) exper-

iment and the quantum teleportation protocol. In these scenarios, a Bell state is generated by

preparing two systems, each in the 0̂ state, and applying the Hadamard and CNOT gates to

them. It is another example of a possible task that does not require an explicit constructor.

Example 3.4.5. The task of transforming two states 0̂ and 0̂ into the Bell state is given by

(3.1)

where the first system undergoes a Hadamard transformation. This is followed by the

application of a CNOT gate to the two systems. The first system is the control whereas the

second is the target. Supplying the input states to this task, we get

(h)= (f)= (id)=

In CQM, the Bell state is non-separable and hence CQM does not obey the principle of locality.

However CQM is a completely compositional theory, unlike the Deutsch-Hayden formulation

of quantum theory [49]. This aspect shall be exemplified and further explained later.

Remark 3.4.6. Process (3.1) is itself a composite process. It is obtained by the parallel

composition of the Hadamard and identity gates, followed by a serial composition with the

CNOT gate.
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3.4.2 Tasks with Explicit Constructors

In Ref. [120], there is an example of a possible task requiring an explicit constructor, which

we revisit using CQM below.

Example 3.4.7. Consider the task of transforming a 0̂ state into a 1̂ state using a CNOT gate.

This task is made possible by the state 1̂ which acts as a constructor.

Here, the CNOT gate acts as a task-inducing process.

The first input is the target and takes the substrate state to be transformed. The second input

is the control and takes the constructor state. The task is obtained from the task-inducing

process by requiring that the input constructor state is 1̂ and discarding the constructor output.

This is given by the diagram

π

(3.2)

In agreement with the conditions of a possible task according to Definition 3.2.9, it can be

verified that this task actually transforms a substrate state from 0̂ into 1̂

π

(2.27)=
π

π
(f)=

π

and that the constructor state is preserved by the induced task:

π

(f)=

π

(id)=

π

(f)=

π

(f)=

π

(2.27)=
π

(2.27)=
π

Remark 3.4.8. Task (3.2) can be simplified as follows

π

(2.27)=
π

π
(f)= π
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which gives the NOT gate, discussed in Example 3.4.4. This shows that the task of transforming

0̂ to 1̂ using a CNOT gate requires an explicit constructor while the same task does not require

any explicit constructor when one uses a NOT gate. Once the constructor is supplied to a

CNOT gate at the input and the constructor output is discarded, we get a NOT gate.

Example 3.4.9. Consider the task of transforming a 0̂ state into the maximally mixed state.

This task can be performed by a CNOT gate

and is made possible by a maximally mixed state acting as the constructor. Here, the CNOT

gate is the task-inducing process and the required task is obtained by requiring that the input

constructor state is the maximally mixed state and discarding the constructor output. This is

given by the diagram

The conditions of a possible task according to Definition 3.2.9 can be verified. We plug

the state 0̂ at the task input and simplify

(f)= (id)= (f)=

confirming that the task performs the required transformation.

To check whether the constructor is preserved by the task-inducing process, we have

(f)= (id)= (f)=

This shows that the constructor is preserved by the process, and hence the task under

discussion is a possible task.
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3.4.3 Composition of Tasks

According to the principle of composition [46, 102], series and parallel compositions of possi-

ble tasks result in possible tasks. We provide examples of series and parallel composition be-

low.

Example 3.4.10. Consider two possible tasks: (a) that of transforming a 1̂ state into 0̂ using

a CNOT gate. This task is similar to that of Example 3.4.7, except that the input state to be

transformed is 1̂ instead of 0̂; and (b) the task from Example 3.4.9, which transforms 0̂ into

the maximally mixed state.

We are interested in the serial composition of task (a) followed by task (b). The serial

composition of the corresponding task-inducing processes is given by

The composite task is obtained by supplying the required constructor inputs and discarding

the constructor outputs.

π
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Applying the state 1̂ as the input to this task, we have

π π

(f)=

π

π

(2.27)=

π π
π

(f)=

(id)= (f)=

which shows that the composite task transforms 1̂ into the maximally mixed state.

We can also check that the constructor for this task is preserved by the induced task:

π

(2.27)=

π
π

(f)=
π

(2.26)=
π

In this example, the constructor of the composite process is the tensor product of 1̂ and the

maximally mixed state.

Example 3.4.11. Consider the parallel composition of tasks in Examples 3.4.7 and 3.4.9. The
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parallel composition of the corresponding task-inducing processes is given by

The composite task is obtained by supplying the required constructor inputs and discarding

the constructor outputs.

π

To verify that the task performs the desired transformation, we plug the states 0̂ and 0̂ at the

two inputs of the composite task and simplify the diagram as follows:

π

(f)=

π

(2.27)= π

π

(f)=

π

(id)=

π

(f)=
π
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which is the desired output: the tensor product of 1̂ and the maximally mixed state. To verify

that the constructor for this task is preserved by the induced task, we apply maximally mixed

states to the two inputs of the task and discard the task outputs.

π

(f)=

π

(2.27)= π
π

(f)=
π

(2.26)=
π

The simplified diagram is the tensor product of 1̂ and the maximally mixed state—the

constructor for this task. Hence, the constructor is preserved.

Tasks with explicit constructors can be composed with tasks with none. We give an

example of one such parallel composition below.

Example 3.4.12. Consider a parallel composition of tasks in Examples 3.4.5 and 3.4.7. The

task-inducing process for this composite task is given by

The constructor for this task is the tensor product of the trivial constructor I and 1̂ (i.e.,

I ⊗ 1̂ = 1̂). The composite task is obtained by supplying the required state to the constructor

input and discarding the constructor output. This is given by the parallel composition of

diagrams (3.1) and (3.2):

π
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Supplying states 0̂, 0̂, and 0̂ to the three inputs, we have

π

(f)=

π

(h)=

π

(f)=

π

(2.27)=
π

π
(f)=

π

which shows that the task transforms the states 0̂, 0̂, and 0̂ into the tensor product of the Bell

state and 1̂.

Remark 3.4.13. The output of the task discussed in the above example is a parallel composi-

tion of the Bell state and 1̂:

π
(3.3)

If one subscribes to the principle of locality in constructor theory [46, 102], the Bell state must

be expressible in terms of two separable parts. Using the Deutsch-Hayden formalism [49]

(which has been quoted in favour of the principle of locality [102]), one can indeed find such

an expression for the Bell state. However, as soon as another quantum state is introduced

in parallel to the Bell state (such as in diagram (3.3)), the old Deutsch-Hayden descriptors

cannot be used anymore, and one needs to use new Deutsch-Hayden descriptors for the Bell

state. In this sense, the so-called ‘local’ description of the Bell state is not compositional. In

another sense, it is also non-local: the local descriptors of a system are dependent on the

presence of other quantum systems which are not part of the local system to be described.

We discussed this in detail in Section 3.3.3.

So, if we desire a compositionally sound constructor theory of quantum physics and quan-

tum information/computation, we cannot use the Deutsch-Hayden formalism for quantum

theory as it clashes with the principle of composition [46, 102]. In contrast, CQM offers

a constructor theory of quantum physics but one which rejects the principle of locality, as

it includes non-separable states such as the Bell state as legitimate inputs and outputs of

possible tasks.
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3.4.4 Reversibility of Tasks

The tasks described in Examples 3.4.3, 3.4.4, 3.4.5, and 3.4.7 are reversible from a constructor-

theoretic point of view. That is, the reverse of these tasks (transforming outputs of the original

tasks into the corresponding inputs) are made possible by the constructors of the original

tasks. Tasks in Examples 3.4.3, 3.4.4, and 3.4.5 are trivially reversible as the processes

involved are reversible and do not require explicit constructors. The corresponding reverse

tasks are obtained by vertically flipping the diagrams. We provide two examples of reversible

tasks below: one with an explicit constructor and one with a trivial constructor.

Example 3.4.14. Consider Example 3.4.7, in which a task transforms a state 0̂ into 1̂. Its

reverse task would transform 1̂ into 0̂, and is made possible by the same constructor as the one

that enabled the original task. It is obtained by vertically flipping the task-inducing process

(which changes inputs into outputs and vice versa) and then plugging the constructor state at

the constructor input and discarding the constructor output.

π

It can be verified that the above process achieves the desired task.

Example 3.4.15. Consider Example 3.4.5 in which a task transforms the tensor product of

two states 0̂ and 0̂ into the Bell state. This task is made possible by the trivial constructor

I. Its reverse task would transform the Bell state into the tensor product of 0̂ and 0̂, and is

enabled by the same constructor I. This is obtained by vertically flipping the task-inducing

process.

We verify that this process performs the desired reverse task:

(id)= (f)= (2.26)= (h)=



3. Constructors, Processes, and Quantum Theory 79

A constructor for a task is not necessarily a constructor for its reverse task. This is

called constructor-based irreversibility [120, 121]. We provide an example of constructor-

based irreversibility below.

Example 3.4.16. In Example 3.4.9, a task transforms 0̂ into the maximally mixed state; this

task is enabled by a maximally mixed state acting as the constructor. We can check whether

the reverse task is made possible by the same constructor. We vertically flip the task-inducing

process (which gives the same process as in the original example), plug the constructor state

at the constructor input and discard the constructor output. We have

Applying a maximally mixed state as the input to this process, we have

(f)= (2.26)=

which is not the desired output: the state 0̂. Therefore, this is an example of constructor-based

irreversibility.

In the above example, the task is not reversible but the task-inducing process is reversible.

Remark 3.4.17. Note that in Example 3.4.9 and, therefore, the above example as well, the

task-inducing process is reversible. If we forget the distinction between constructors and

regular substrates, and treat 0̂ and the maximally mixed state as merely two inputs of the

task-inducing process, we get

(f)= (id)= (f)= (f)=

Now, applying this output state as the input to the vertically-flipped task-inducing process, we

have

(f)= (2.26)=
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This shows that the output of the reverse process is the input of the original process, confirming

that the task-inducing process is reversible.

In summary, constructor-based irreversibility is the idea that even if the task-inducing

process is reversible, the corresponding possible task may not be. A possible task is reversible

if its constructor also makes its reverse task possible.

Remark 3.4.18. A foundational question in physics concerns how irreversibility arises from

time-reversal symmetric physical laws. Conventional approaches to reconciling irreversibility

with reversibility involve statistical mechanical methods [122, 123]. Constructor theory

offers a fresh perspective on the emergence of irreversibility in terms of the possibility and

impossibility of tasks. Task-inducing processes correspond to time-reversal symmetric physical

laws, but that alone is not sufficient for the reversibility of tasks. If the constructor of a

possible task does not also act as a constructor for its reverse task (meaning the latter task

is impossible), then the task is irreversible—even if the underlying task-inducing process

is reversible. Unlike the statistical approaches to irreversibility, which are restricted to

macroscopic physics and rely on approximations, constructor-theoretic irreversibility is scale-

independent and exact [120, 121].

3.5 Summary and Outlook

In this chapter, we presented categorical semantics for constructor theory. Our focus was

on the desired mathematical foundations explained in Deutsch’s seminal paper [46]. We

took the theory of conceivable tasks to be Rel, and then showed that, for a given choice of

substrates, the set of possible tasks forms a sub-SMC of Rel. While the result may not be

surprising, it constitutes, to the best of our knowledge, the first process-theoretic formalisation

of constructor theory. This formalisation offers a rigorous yet intuitive language to express

and explore constructor-theoretic ideas.

We then identified a key inconsistency in the constructor-theoretic formulation of non-

relativistic quantum theory: a conflict between the principles of locality and composition. Our

analysis of the Deutsch–Hayden approach [49] demonstrated that locality comes at the cost of

compositionality. Finally, we argued that CQM can be considered a viable constructor-theory
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of quantum physics—one that is fully compositional but non-local—and illustrated this with

examples grounded in quantum theory and computation.

The string diagrammatic syntax we employed to formally represent constructor theory

can also be interpreted in other SMCs. This provides an opportunity to investigate and

explore the ramifications of constructor theory beyond Rel, which has long been the default

modelling choice in the constructor theory literature.

Our work suggests promising avenues for future research: namely, developing process-

theoretic counterparts of constructor theories of information [102], thermodynamics [107],

probability [106], and life [105], as well as exploring the connection between constructor

theory and resource theories [124].



4
Waves, Interference, and Computation

‘Civilization advances by extending the number of important
operations which we can perform without thinking about
them.’

Alfred North Whitehead,
An Introduction to Mathematics [125, p. 61]

This chapter is adapted from the publication [50], based on joint work with Alexy Karenowska.

The author of this thesis is the first author of the publication [50], and played a leading role in all

the work described in this chapter. The novel contributions are presented in Sections 4.3 and 4.4.

4.1 Introduction

The prevalent paradigm of classical computing technology is based on encoding information

in electrical voltages or currents and performing computation by manipulating the movement

of charge. The building block of classical computers is the complementary metal-oxide-

semiconductor (CMOS) transistor. CMOS transistors can be employed as switches and

amplifiers [126] with which one can physically implement logic gates to perform any

Boolean operation [127, 128].

The practical success of conventional computing has relied on the continuing minituar-

isation of the CMOS technology [47, 129], increasing the packing density of transistors in

integrated circuits (ICs). This trend of progressive miniaturisation and the corresponding

increase in the number of transistors on ICs has been famously described in an observa-

tion [130, 131] now known as ‘Moore’s law’. The original observation stated that the number

of transistors per circuit chip doubled every year.

82



4. Waves, Interference, and Computation 83

Recently, there has been a realisation that Moore’s law is not going to hold anymore

because of fundamental physical scaling limits [47, 132, 133]. Therefore, there is interest in

novel, ‘beyond-CMOS’ technologies and paradigms [134]. One such paradigm is wave-based

computation, which is based on encoding information in the phase and/or amplitude of waves

and performing computation through phase shifting and wave interference. There exist a num-

ber of physical platforms for implementing wave-based computation. These include optical

computing [135–137], neuromorphic computing [138], and spin-wave computing [47].

Wave-based computation is a form of analogue computation, and therefore inherits

the main limitations that have long affected analogue systems, such as limited precision,

challenges in miniaturisation, poor scalability, restricted programmability, lack of robust

memory, limited support for general-purpose computation, and most importantly, noise

susceptibility and the unavailability of an effective approach for fault tolerance [139–142].

While recent advances in metamaterials [139] and metasurfaces [143] offer prospects for

improving scalability and miniaturisation, these developments do not resolve the fundamental

issue of noise susceptibility.

In analogue computing, information is represented by continuous physical quantities.

These quantities are inherently sensitive to disturbances caused by thermal noise, device

mismatch, and fabrication imperfections. Unlike digital computing, which repeatedly restores

signals to well-defined states, analogue-only computing cannot remove noise in this way. As a

result, small perturbations accumulate as signals propagate and interact, leading to progres-

sively increasing errors over the course of a computation [139]. Noise therefore remains a

fundamental limitation rather than an issue that can be eliminated through engineering alone.

Nevertheless, despite these constraints, wave-based computation remains an interesting

and valuable paradigm to study. It offers potential advantages, including parallel com-

puting [144], reversible computing [145, 146], and low energy consumption [147, 148],

which may be beneficial for specific computational tasks. Recently, it was experimentally

demonstrated that classical wave-based computing (with phase encoding) can execute certain

quantum computing algorithms that do not require entanglement [149]. Although this

approach cannot compete with quantum computing, it may still provide an efficient alternative

to classical digital computing for certain computational tasks [149].
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There have been a number of implementations of Boolean logic gates and circuits

using different wave-based computing platforms. However, a general theoretical (syntactic)

framework to design, analyse and optimise these circuits has thus far been lacking.

In this chapter, we offer such a syntactic framework. We present a string-diagrammatic

formalism for wave-based computation with phase encoding. We motivate the approach and

demonstrate its application with reference to spin-wave or ‘magnonic’ circuits. However, the

same syntax is applicable to other wave-based technologies that use phase encoding [150–

156]. Through the example of spin-wave circuits, we demonstrate the usage of the formalism

in designing, analysing and simplifying Boolean logic circuits.

The remainder of the chapter is structured as follows. Section 4.2 provides a brief

introduction to spin-wave computing. Section 4.3 presents a string-diagrammatic formalism

for spin-wave Boolean circuits. Section 4.4 discusses its applications in the design, analysis,

and optimisation of wave-based logic circuits. Section 4.5 offers concluding remarks.

4.2 Spin-wave Computing

Spin wave dynamics (also known as magnonics) is the study of spin waves—collective

excitations of the electronic spin lattice of magnetic materials [157, 158]. Spin waves

behave classically at room temperature but demonstrate quantum behaviour at millikelvin

temperatures [159]. The spin-wave quantum is called the magnon. Magnonics research is

concerned with generating, manipulating and detecting spin waves in order to characterise

magnetic materials; or study interactions between magnons, other quasiparticles like photons

or phonons, and superconducting qubits [148, 159–161]. Moreover, certain magnonic

systems allow for the possibility of propagating spin waves that can be harnessed to design

logic devices [161–164].

Magnonic or spin-wave logic devices rely on propagating spin waves, instead of electronic

charges, as information carriers [47, 165]. Spin-wave computing is considered attractive for

two reasons. Firstly, it offers generation of spin waves of gigahertz frequencies at nanometer

wavelengths, leading to the prospect of miniaturised devices with high clock speeds [148].

Secondly, the propagation of spin waves through certain magnetic insulators involves relatively

low energy dissipation [165], as compared to the movement of charges in CMOS devices.
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There have been multiple implementations of spin-wave-based Boolean logic gates.1 A

NOT gate was first experimentally demonstrated in 2005 [166]. It was soon followed by

implementations of XNOR and NAND gates [167]. As the NAND gate is a universal gate,

its realisation opened the possibility of implementing any Boolean logical circuit within

the spin-wave platform. In the last few years, designs of more complex spin-wave circuits

have also been proposed [172–174], including half adders [175], full adders [176], and

a 32-bit ripple-carry adder [177].

Wave-based computing, and especially spin-wave computing, offers a very economical

implementation of the majority gate [163, 178–180]. The simplest majority gate has three

Boolean inputs and one output. The output is equal to the value which is in majority at the

input. In conventional CMOS-based computing, the implementation of a majority gate requires

a combination of AND and OR gates, equivalent to ∼ 10 transistors [148]. In contrast, (spin-

)wave computing offers the majority gate as a primitive logic gate. Additionally, controlling

one of the inputs of the majority gate results in an AND gate or an OR gate. Spin-wave comput-

ing also offers the XOR gate as a primitive. This can potentially replace the CMOS XOR gate

that usually comprises multiple AND, OR and NOT gates, or equivalently ∼ 8 transistors [148].

Although spin-wave computing shows great promise for energy-efficient and compact

logic devices and circuits, several key hurdles remain. Like other forms of analogue computa-

tion [139, 140], it is inherently susceptible to noise, signal degradation, and accumulated

errors, making reliable operation challenging [47]. Error correction is essential but difficult,

particularly because it often involves non-linear processes that can significantly increase

energy consumption, thereby undermining the benefits of spin-wave systems [181]. Cascading

gates—necessary for constructing complex circuits—requires amplitude normalisation to

preserve signal integrity. However, amplitude normalisation itself is an energy-intensive, non-

linear process [182]. While spin-wave devices are amenable to miniaturisation and scaling,

a major challenge at smaller dimensions is crosstalk noise [182]. Efforts are underway to

overcome these barriers by integrating spin-wave computing with complementary platforms,

including optics, superconducting qubits, and CMOS circuits [148, 160, 183]. Having

1Both Boolean [163, 166, 167] and non-Boolean [168–171] computing have been explored using spin-wave
systems. In this chapter, we focus on the Boolean case.
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acknowledged these experimental challenges, we now restrict our discussion to the modelling

of spin-wave circuits for the remainder of this chapter.

We use string diagrams [12–14] to develop a formalism for wave-based Boolean logic

circuits, based on the architecture of the spin-wave majority gate. However, the formal-

ism can be applied to other physical platforms and technologies that are based on wave-

based computation or majority gate networks [184–186], including quantum-dot cellular

automata [150, 187], single-electron circuits [151], nanomagnet logic [154], graphene

spin circuits [155], spin torque majority gates [152], molecular scale electronics [156],

and DNA logic circuits [153, 188].

In wave-based computation, information is encoded in any measurable property of the

wave. The encoding one chooses has a bearing on the physical structures one can use to

perform computation, and on the robustness of signals [47]. In our work, we choose phase

encoding as it allows composition of logic gates to form more complex circuits without

requiring any components that are not wave-based. That is, phase-encoded wave-based

circuits are compositional. Moreover, phase also tends to be favoured over the other common

candidate, amplitude, because it is often more robust to noise [47]. The phase information of

the waves is extracted either from time-domain measurements obtained using oscilloscopes

with high sampling rates [178, 189], or from frequency-domain measurements performed

with vector network analysers [47].

To illustrate phase encoding, consider a sinusoidal signal of the form A sin(ωt+ φ), where

A denotes the amplitude, ω the angular frequency, t the time, and φ the phase. Phase φ = 0

can be defined to represent the logical bit 0 and, likewise, φ = π to represent the logical bit 1.

As an example, if a computation is performed in which two waves corresponding to the bit 1

and one wave corresponding to the bit 0 are superposed, the resultantA sin(ωt+π)+A sin(ωt+

π) +A sin(ωt) = A sin(ωt+ π) corresponds to a logical 1. Note that each wave has the same

amplitude A. If the output had a non-zero amplitude which was not A, it would be normalised

to A before using it as an input to another gate. Amplitude normalisation is performed using

devices like directional couplers [173] that exploit non-linear wave interactions [47].

In order to ensure the compositionality of circuits, situations involving total destructive

interference must be prevented. For example, one configuration to avoid is a circuit that

superposes the wavesA sin(ωt) andA sin(ωt+π), as it produces an output with zero amplitude
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and an undefined phase, making it unsuitable as an input to another circuit. Essentially,

since inputs are normalised and only two phases are allowed in Boolean computation, total

destructive interference can arise only if an even number of waves interfere. This is why,

in majority gates, it is generally preferable to use an odd number of inputs, ensuring that

interference of an even number of waves never occurs [47, 190].

In this work, we restrict ourselves to using only three-input majority gates for interfering

waves. AND and OR gates are derivatives of the majority gate and thus also involve

interference of three waves—more on this in Section 4.3.1. Because input amplitudes

are always normalised, three-input majority gates preclude total destructive interference.

4.3 Wave-based Computation with String Diagrams

4.3.1 Logic Gates and Circuits

The basic structures through which waves or signals propagate in wave-based circuits are

called waveguides. We denote a waveguide string-diagrammatically by a wire:

(4.1)

The wave is transmitted through the wire from bottom to top. A wire is essentially an identity

gate.

Convention 4.3.1. In the remainder of the chapter, a wave sin(ωt) (with amplitude A = 1

and phase φ = 0) is assumed to enter each circuit from the bottom and exit at the top. If the

exiting wave has the phase π, this corresponds to the logical output 1; if it is 0, to the logical

output 0.

A waveguide may impose a phase shift, say θ, on the wave that is transmitted through

it. This is denoted by a wire with the phase shift θ:

θ (4.2)

The phase shift has a single parameter θ ∈ {0, π} where θ = pπ (θ = π corresponds to p = 1

and θ = 0 corresponds to p = 0). A single phase shift along a wire initialises a Boolean logic
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variable. Note that, in accordance with Convention 4.3.1, this initialisation of the variable is

with respect to the reference wave sin(ωt), which enters the circuit with phase 0. If θ = π,

the wave becomes sin(ωt + π), and therefore bit 1 is initialised; conversely, if θ = 0, bit 0

is initialised. Logical bits 0 and 1 are respectively represented as

0 ≡ ≡ , π

More complex circuits can be created by composing copies of circuits (4.1) and (4.2). For

example, series or sequential composition of two copies of circuit (4.2) with phase shifts

α (= aπ) and β (= bπ) respectively gives the diagram

α

β

(4.3)

This circuit modifies the phase of the input wave by the shift α followed by the shift β.

Setting the second phase shift to 0, the circuit becomes

α

0
=

α

which is the series composition of the initialised variable α and an identity gate. This

means that the circuit outputs α.

Conversely, setting the second phase shift of circuit (4.3) to π yields

α

π

which is the series composition of the variable α and phase shift π. It is instructive to

determine the input-output relations of this logic gate. Input α = 0 gives the output π while

input α = π yields the output 0. Therefore, the truth table for this gate is

a out

0 1
1 0
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which means that it is a NOT gate [166]. Symbolically, it can be denoted by a′. In other

words, a′ is the Boolean algebraic interpretation of this diagram. The NOT gate gives

the complement of the input variable. An abbreviated version of the diagram for the

complement (Comp) of the variable a is

≡α
α

π

Let’s consider circuit (4.3) again

α

β

and find its truth table. It has two input variables α and β. Setting both inputs to

0 or π yields the output 0. Complementary inputs give the output π. Therefore, this

circuit has the truth table

a b out

0 0 0
0 1 1
1 0 1
1 1 0

which is that of an exclusive OR (XOR) gate [167].

Composing a NOT gate (which is a π phase shift) in series with an XOR gate gives the dia-

gram

α

β

π

which has the truth table

a b out

0 0 1
0 1 0
1 0 0
1 1 1

and therefore is an XNOR gate.
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So far, we have discussed only the series composition of circuits. One can compose circuits

in parallel too. For instance, two wires having phase shifts α and β can be composed in parallel

as

βα

This circuit initialises two Boolean variables.

In phase-encoded wave-based computation, a wave signal may be required to be split

or copied into multiple waveguides. For a wave copied into three waveguides, the copy

operation is represented as

For an input wave entering the bottom wire, three copies are produced at the output.

Interference of waves is performed by combining signals from multiple waveguides into

a single waveguide. Diagrammatically, it is given by the merge operation:

The output of a merge is obtained by adding the waves entering the three input wires and

then normalising the resultant amplitude to 1.

We use only one-to-three copy and three-to-one merge operations here because, in addition

to phase shifts, they are all we need to create all other standard logic gates. Three phase

shifts (α, β, and γ) taken in parallel, along with a copy and a merge, give the circuit

βα γ (4.4)

In keeping with Convention 4.3.1, sin(ωt) enters the input wire at the bottom, and is copied

into three wires. The three waves are phase shifted by α, β, γ (corresponding to the logical



4. Waves, Interference, and Computation 91

inputs a, b, c) and are then merged into the single output wire. The output is obtained by

normalising the amplitude of the sum sin(ωt + α) + sin(ωt + β) + sin(ωt + γ). An output

wave sin(ωt) corresponds to logical 0 whereas sin(ωt + π) corresponds to logical 1. The

truth table for this gate is as follows:

a b c out

0 0 0 0
0 0 1 0
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1

i.e., it is a majority (MAJ) gate [163, 178, 179]. In Boolean algebra, it is interpreted

as (a ∧ b) ∨ (b ∧ c) ∨ (c ∧ a).

If one of the inputs, say c, is set to 0, the following truth table is obtained:

a b out

0 0 0
0 1 0
1 0 0
1 1 1

That is, the resultant is effectively an AND gate [185].

Setting the input c to 1 yields the truth table of an OR gate [185]:

a b out

0 0 0
0 1 1
1 0 1
1 1 1

In string diagrams, these gates are given by

α β ≡ α β , πα β
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which are interpreted in Boolean algebra as a ∧ b and a ∨ b, respectively. Note that we have

reordered the phases using the commutativity rule (CM):

βα γ = γα β

Convention 4.3.2. We follow the convention of drawing the input phase shifts of AND and

OR gates on the sides. This helps to visually keep track of the input variables, especially in

more complex diagrams.

More complex circuits can be obtained by composing logic gates. For instance, an AND

gate and an OR gate can be composed such that the output of the AND gate is used as an

input of the OR gate. Consider an AND gate a ∧ b the output of which is used an input of

an OR gate to implement the circuit (a ∧ b) ∨ c. Diagrammatically, this circuit is obtained by

plugging the a ∧ b gate in as an input inside an ∨ gate with c as the other input:

α β γπ

Another example of composing logic gates is as follows. A NOT gate can be composed

with an AND gate a ∧ b to yield a circuit that inverts the output of the AND gate: (a ∧ b)′.

This is actually a NAND gate. In diagrams, it is generated by composing a NOT gate (i.e.
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a π phase shift) in series with the AND gate:

α β

π

4.3.2 Diagrammatic Reasoning

For diagrammatic reasoning, we need to define a notion of equality and then a set of diagram

substitution or rewrite rules based on this notion of equality. In this chapter, two diagrams

are considered to be (operationally) equal if they represent the same logical operation, i.e.

produce the same truth table. Using this notion of equality, we define rewrite rules as follows.

Two definitional rules were already discussed in the previous section: the identity (ID)

rule and the complement (Comp) rule:

0 ≡ ≡ (ID)

≡α
α

π
(Comp)

The remaining rules are the fusion (F) rule, the copy (C) rule, the commutativity (CM)

rule, the distributivity (D) rule, the majority (M) rule, the associativity (A) rule, and

the chopping (CH) rule:

α

β

= α+ β (F)

· · ·

φ

=

· · ·
φφ

,

· · ·

φ

=

· · ·
φφ

(C)
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βα γ = γα β = · · · = αγ β (CM)

β =γα α γφα βφφ θ θ (D)

φ αα = α (M)

β =γα α β γφ φ φ φ (A)
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πφ = φ (CH)

where α, β, γ, φ, θ ∈ {0, π}, φ 6= θ, and + is the sum modulo 2π.

As an example of diagrammatic reasoning, we shall now use the rules defined above to

derive another chopping rule (CH2) that will be of use later.

Proposition 4.3.3. For all φ, α ∈ {0, π},

αφ α = φ (CH2)

Proof.

αφ α
(Comp)=

α
φ α

π
(C)= π

φ α

α

α

α

(F)= π
φ

2α

α

α
= π

φ
0

α

α

(ID)= π
φ

α

α

(CH)=

φ

α

α
(F)=

φ

2α
=

φ

0

(ID)= φ
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An important question to ask is whether this string-diagrammatic formalism is universal,

sound and complete for Boolean algebra. Here, universality means that the string diagrams

can represent every valid Boolean algebraic expression; soundness means that any derivation

in string diagrams is correct when interpreted as Boolean algebra; and completeness means

that any valid Boolean algebraic equation can be derived using string diagrams.

Any Boolean algebraic expression comprises Boolean variables connected by ∧, ∨ and ′

operations. String diagrammatic formulae for these variables (phase shifts) and operations

(logic gates) have already been demonstrated. Taking the ∧ or ∨ of a Boolean expression

with another one diagrammatically means nesting the corresponding diagrams in an AND

or OR circuit. Taking the ′ (negation) of an expression corresponds to composing the circuit

with a NOT gate (i.e. a π phase shift). Our string-diagrammatic formalism is therefore

universal by construction.

Proving soundness and completeness of this formalism for Boolean algebra will be the

subject of future work. However, we offer some remarks below.

The axioms of Boolean algebra are

(a) ∀x, y ∈ B, x ∧ y = y ∧ x

(b) ∀x, y ∈ B, x ∨ y = y ∨ x

(c) ∀x ∈ B, x ∨ 0 = x

(d) ∀x ∈ B, x ∧ 1 = x

(e) ∀x ∈ B, x ∨ x′ = 1

(f) ∀x ∈ B, x ∧ x′ = 0

(g) ∀x, y, z ∈ B, x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)

(h) ∀x, y, z ∈ B, x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)

where B = {0, 1}.

Axioms (a) and (b) correspond diagrammatically to the (CM) rule, (c) and (d) to the

(CH) rule, (e) and (f) to the (CH2) rule, and (g) and (h) to the (D) rule. The (CH2) rule is

derived string-diagrammatically using the (CH) rule. Notice that associativity is not one of
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the algebraic axioms since it can be derived from the eight above. In fact, its corresponding

rule, (A), is derivable string-diagrammatically as well—see Appendix A for details. The rest of

the rewrite rules are purely string-diagrammatic, i.e. they come for free with the formalism.

4.4 Application to Wave Logic Circuits

One can use the diagrammatic formalism for design, analysis and optimisation of wave-logic

circuits. Some examples are presented below.

4.4.1 Design

Example 4.4.1. A half adder is characterised by the truth table:

a b carry sum

0 0 0 0
0 1 0 1
1 0 0 1
1 1 1 0

The implementation of an AND gate has already been discussed. Hence the design of the

carry circuit is straightforward. The algebraic expression of the sum circuit is that of an XOR

gate, which (as discussed before) is implemented by composing phase shifts (corresponding

to the input variables) in series. This means the complete half adder circuit is given by

α β

α

β

carry sum

Example 4.4.2. For a slightly more complex example, consider a full adder. Its truth table is

as follows:
c_in a b c_out sum

0 0 0 0 0
0 0 1 0 1
0 1 0 0 1
0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1
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The truth table shows that the c_out output is equal to that of the MAJ gate, whose

implementation has already been discussed. On the other hand, the first half of sum (when

c_in = 0) is the output of an XOR gate for inputs a and b whereas the second half (when

c_in = 1) is its complement. This means that the sum circuit can be obtained by composing

the XOR of a and b with the phase shift c_in in series. Hence, the full adder is given by the

diagram

α γi

α

ββ

γi

carry sum

where we represent the phase shift corresponding to c_in by γi.

Remark 4.4.3. In diagrams such as the half adder and full adder, a Boolean parameter may

appear in more than one location. This repetition is represented at the level of the diagram’s

interface: several phase shifts may carry the same label, indicating multiple uses of the same

external Boolean input.

We do not realise these repetitions via the internal copy operation, because they do not

correspond to any physical splitting of a wave inside the device; only to multiple references

to the same external parameter, exactly as in ordinary Boolean algebraic syntax.

This light form of external bookkeeping does not affect the universality of the diagram-

matic language. Universality here concerns the ability to represent any Boolean algebraic

expression diagrammatically, and repeated variables in such expressions are realised by

repeated labels.

Whenever internal duplication of a wave is required, the calculus already provides a copy

operation; its absence in the half adder and full adder examples is simply a modelling choice

that keeps the diagrams faithful to the physical architecture of those specific circuits.
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4.4.2 Analysis

Example 4.4.4. Considering the circuit α β γπ , perhaps we are interested

in its behaviour if the input a is 0. This corresponds to replacing α by in the circuit.

The resulting circuit can then be simplified using the rewrite rules, as follows:

β γπ
(M)= γπ

(CH)= γ

This shows that if input a is set to 0, the output of the circuit is given by the variable c,

corresponding to the phase γ.
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4.4.3 Optimisation

Example 4.4.5. Consider the circuit αβα β π απ

π

π

π for which an

optimal implementation is desired. Such an implementation would achieve the same logical

operation with the simplest possible circuit and the minimum possible number of logic gates.

The above circuit can be simplified using the diagram rewrite rules as follows.

αβα β π απ

π

π

π
(C)= αβα β π αππ

π π

π

π

(F), (ID), (Comp)=
αβα β π απ

(D)=
βα α απ α β π
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(CH2)=
βα π α β π

(CH)= βα π α β

(D)= β α βπα α β
(A), (CM)= β β απα βα

(M), (A)= β απα β β
(M)= β απα β

(CM)= α βπα β
(M)= α β

Remark 4.4.6. When a logic circuit is required to be simplified, the conventional approach is

to translate it into its corresponding symbolic algebraic expression, simplify the expression,

and then translate the resultant expression back into the circuit.

Circ1 −→ Alg1 −→ Alg2 −→ Circ2
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The string-diagrammatic formalism introduced in this chapter can be exploited to simplify

circuits without translation into algebraic expressions. This means that the diagrams offer an

alternative method for simplifying Boolean circuits.

Circ1 −→ Circ2

Remark 4.4.7. In fact, it is, in principle, possible to use the diagrams as an alternative to

Boolean algebra: by mapping the expressions to diagrams, performing graphical simplification,

and then converting the simplified diagrams into algebraic expressions again.

Alg1 −→ Circ1 −→ Circ2 −→ Alg2

Although as a syntax, Boolean algebra is more concise as compared with string diagrams, the

latter are more amenable to visual intuition which is useful for a circuit designer or analyst.

4.5 Summary and Outlook

In this chapter, we introduced a string-diagrammatic formalism for wave-based computation

with phase encoding. Through the example of spin-wave circuits, we demonstrated the usage

of the formalism in designing, analysing and simplifying Boolean logic circuits. The approach

is device-independent and hence useful as a visual, intuitive aid to design, optimise and

analyse circuits in different physical platforms that are based on wave-based or majority-

logic-based computation [47, 135–138].

A key advantage of the approach lies in its immediate applicability to spin-wave logic

circuits [47, 163], in the sense that the components of the circuit diagrams map directly to

their physical counterparts. In other words, ‘what you see is what you get’. The formalism,

moreover provides a theoretical framework to represent and characterise spin-wave logic

implementations such as those in Refs. [163, 166, 167, 178, 179].

In addition, diagrammatic rewrite rules allow graphical simplification of circuits which

potentially lend themselves to automation and/or software-based optimisation. Indeed,

broadly, the approach is very expressive in the flexibility it lends to circuit design and

implementation. For instance, one may tweak a particular circuit to obtain the desired design

(possibly subject to hardware constraints) by moving the phase shifts along the wires and

across other phase shifts, and using copy and merge operations (applying the corresponding
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rules). More concretely, if one is to compose a NOT gate with a circuit, it may be cascaded

at the top or the bottom of the circuit (or the circuit may be modified internally in a more

elaborate manner), giving the same logical outcome in either case.

α β

π

=
α β

π π
π = α βπ

= α β

π π
π

= α β

π

= α β

π

An obvious avenue for future work is providing formal semantics for the string diagrams

presented here, and proving that the formalism is sound and complete for Boolean algebra.

Another line of research is to conceive of the formalism as a diagrammatic alternative

to the traditional symbolic approach, wherein lies the possibility of a new axiomatisa-

tion of Boolean algebra.

This study focuses on the theoretical modelling of spin-wave circuits and introduces a

formalism that abstracts away many hardware-level challenges. However, since spin-wave

computing inherits key limitations of analogue systems—such as noise sensitivity, signal

degradation, error accumulation, and energy-intensive error-correction mechanisms—these

factors are not fully captured in the current framework. In particular, future extensions

of the formalism may need to incorporate models for error correction, which often relies

on non-linear processes that can compromise energy efficiency [181]. Similarly, cascading

gates requires amplitude normalisation to maintain signal integrity, yet this too is a non-

linear and energy-intensive operation [182]. Modelling these aspects—along with crosstalk
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noise at small scales and potential integration with complementary platforms such as optics,

superconducting qubits, or CMOS circuits [148, 160, 183]—will be crucial for improving

the practical relevance of the formalism. Doing so would enhance its applicability to

real-world implementations and support the development of more robust, scalable spin-

wave computing systems.



5
Distributional Compositional Circuits for English

and Urdu Text
‘A sentence is not a state, but a process.... Text is a process
that alters meanings of words.’

Bob Coecke,
The Mathematics of Text Structure [31, pp. 198–199]

This chapter is adapted from the publication [51], based on work carried out in collaboration

with Vincent Wang-Maścianica, Jonathon Liu, and Bob Coecke. The author of this thesis is the

first author of the publication [51], and played a leading role in all the work described in this

chapter. The novel contributions are presented in Sections 5.5 and 5.6.

5.1 Introduction

Distributional Compositional Circuits (DisCoCirc) is a framework that incorporates both

distributional (i.e. vectorial) and compositional aspects to model the meaning of natural

languages [31]. DisCoCirc gives a process-theoretic account of language and builds further

on the earlier work on the Categorical Distributional Compositional (DisCoCat) model for

combining grammar and meaning [191, 192]. An important distinction between the two is

that DisCoCirc is able to model not only the meaning of individual sentences, but also the

interaction of sentences giving rise to the meaning of texts generally. The central idea is that

the information associated with noun entities appearing in the text (encoded in circuit wires)

is updated by sentences (modelled as gates) as the text progresses.

DisCoCirc admits a two-dimensional string-diagrammatic formalism, inspired by quantum

circuits/networks, and therefore offers prospects for quantum-computational natural language

105
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processing for texts comprising multiple sentences or paragraphs [193, 194]. It also has been

applied to a number of problems including spatio-temporal models of language meaning [195],

logical and conversational negation in natural language [196, 197], and solving logical

puzzles [198, 199]. The relationship between DisCoCirc and discourse-representation

theory [200] has also been briefly explored [32].

Recently, Wang-Maścianica, Liu and Coecke proposed a method for generating DisCoCirc

diagrams for a significant fragment of English [32]. They started by creating a hybrid

grammar for English text, incorporating phrase structure, pronominal links, and phrase

regions.1 It is called a hybrid grammar because it integrates key ideas from different

grammatical formalisms. The main structure is based on transformational phrase structure

grammars [201], with modifications inspired by pregroup grammars [202]. Pronominal

links are derived from discourse representation theory [200], whereas phrase regions are

based on dependency grammars [203].

These hybrid grammar representations of text were translated into DisCoCirc text circuits,

via an intermediate structure called text diagrams that involve string diagrams. The entire

translation process preserves the compositionality and connectedness of text meaning.

The same work describes how in the reverse direction, text circuits can be used as a

generative grammar. For each freely generated text circuit, we can write some corresponding

text. In this chapter, we use ‘text’ to refer not only to a string of words forming sentences, but to

this string of words further endowed with a hybrid grammar structure. The text corresponding

to a given text circuit is not unique owing to the loss of grammatical ‘bureaucracy’ [32] in the

passage from one-dimensional syntax to two-dimensional text circuits.2 Here, grammatical

bureaucracy is used in a broad sense to refer to all of the stylistic choices one must make when

communicating some desired meaning in the form of a text. That is, whenever two different

texts communicate what is essentially the same meaning, we attribute the differences in

1To provide some intuition for these linguistic concepts, here are a few examples.
Consider the sentence “Alice likes Bob”. The phrase structure provides a breakdown of the sentence into its

basic constituents: “Alice” and “Bob” are noun phrases, while “likes” is a verb phrase.
If we have two sentences, “Alice likes Bob” and “Bob hates Charlie”, with “Bob” referring to the same person, a

pronominal link keeps track of this information. When the two sentences are combined into “Alice likes Bob who
hates Charlie”, the pronominal link resolves the reference of the relative pronoun “who”, establishing a clear link
back to its antecedent “Bob” and ensuring semantic coherence.

Finally, phrase regions help show how groups of words belong together. For instance, in the sentence “Dan sees
Eve laugh”, they make it clear that “Eve laugh” falls within the scope of “sees”. In other words, the region headed
by “sees” includes both “Eve” and “laugh”, showing that Dan is observing the entire action of Eve laughing.

2Some of this was already observed in Ref. [204].
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the structure of these texts to grammatical bureaucracy. Thus, grammatical bureaucracy

includes syntactic rules like those governing word order, but also choices like the use of

pronouns, whether to use a single long sentence with multiple clausal constructions or

multiple short sentences, etc.

It was, in particular, suggested that because of eliminating grammatical bureaucracy

and stylistic choices embedded in a particular natural language, text circuits are to some

degree language-independent [32]. We take this suggestion seriously in this chapter, and

show how DisCoCirc does indeed undo the grammatical bureaucracy related to word and

phrase order for restricted fragments of English and Urdu. English and Urdu are both Indo-

European languages and share similarities in grammatical rules and idioms. While they

both follow the noun-verb distinction, they differ in sentence structure due to differences

in word order. For instance, English uses a subject–verb–object (SVO) order, whereas Urdu

follows a subject–object–verb (SOV) order.

Our main argument is structured as follows.

• In Ref. [32], a hybrid grammar was developed for English. A surjection from the set of

all English text generated with the English hybrid grammar to the set of all English text

circuits was demonstrated:

English text� English text circuits

• In a similar vein, in this chapter, we describe how the hybrid grammar can be adapted

for Urdu. We then provide rules for its translation into text diagrams and text circuits,

which is essentially the same as in Ref. [32].3 We show that this gives a surjective map

from the set of all Urdu text generated with Urdu hybrid grammar to the set of all Urdu

text circuits:

Urdu text� Urdu text circuits

• For these restricted fragments, there is a clear isomorphism between the hybrid

grammars for English and Urdu:

English hybrid grammar ' Urdu hybrid grammar
3We expect texts in other Indo-European languages to be amenable to translation into text diagrams and

circuits. However, our approach may not be directly applicable to languages like Arabic, which lie outside this
language family. We will return to this point later.
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• Given the above correspondence, it turns out that text circuits for English and Urdu

become the same, up to translating the labels on the gates. In other words, the following

diagram commutes:

English text English circuits

Urdu text Urdu circuits

DictionaryGrammar & Dictionary

Now, formally speaking, our texts consist of a hybrid grammar structure with labels

(words) provided by a dictionary. If we restrict to just the grammatical structures and

forget the language-specific word labels, the circuits for English and Urdu become

literally the same. In this case, the above diagram reduces to:

English text

Circuits

Urdu text

The chapter is organised as follows. The hybrid grammar, text diagrams and text circuits

for English are introduced in Sections 5.2, 5.3 and 5.4 respectively. A hybrid grammar for

Urdu is introduced in Section 5.5, followed by the main results related to Urdu text diagrams

and circuits in Section 5.6. Section 5.7 concludes the chapter.

5.2 A Hybrid Grammar for English Text

In this section, we introduce the hybrid (generative) grammar for English developed in

Ref. [32]. We focus on modelling the language fragment that includes nouns, adjectives, verbs

(intransitive and transitive), adverbs (modifying verbs), adpositions (for intransitive verbs),

verbs with sentential complements, conjunctions, and pronominal links (subject relative

pronouns and object relative pronouns). The technical terms will be explained later.

Disclaimer 5.2.1. For ease of analysis, the modelled language fragment is limited to

propositional statements in a single tense. It is also assumed that adverbs and adjectives can

be stacked indefinitely and appear to the left of their respective nouns and verbs. Additionally,

determiners are not explicitly modelled.
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In Ref. [32], first, simple sentences were modelled, containing verbs, adverbs, adjectives

and adpositions. Then, pronominal links were introduced to account for recurring nouns

and pronoun-referent pairs. Rewrite rules were introduced that allowed for the fusion of

simple sentences into more complex ones, and the introduction of relative pronouns. Rules

for modelling verbs with sentential complement and phrase scope boundary were introduced

to accommodate compound sentences formed of components that are themselves sentences.

We shall provide detailed descriptions and examples later.

The hybrid grammar begins with a standard phrase structure grammar that generates the

simple sentences, based on a string rewrite system with finitely many production rules of the

form α 7→ β [205]. These are valid transformations of strings of symbols represented by α

and β. Individual symbols may be phrase components or entire words of the language we

are modelling. In the latter case, the symbol is terminal, meaning no more rewrite rules can

be further applied. In a grammar such as ours, a particular language comprises all strings

of terminal symbols—forming grammatically correct sentences—that can be generated by

applying finitely many production rules (associated with that language) to a start symbol,

S. Only those productions that yield grammatical sentences are considered valid. For

example, using the rules:

S 7→ NP1 · TVP · NP2

NP1 7→ John

TVP 7→ reads

NP2 7→ books

where NP and TVP represent noun phrase and transitive verb phrase respectively, under-

lining denotes terminals, and · denotes string concatenation; we can generate the sen-

tence John reads books.:

S 7→ NP1 · TVP · NP2

7→ John · TVP · NP2

7→ John · reads · NP2

7→ John · reads · books
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The rewriting of strings can be represented as two-dimensional tree diagrams, read from

top to bottom. Our example sentence can be represented as

S

John reads books

Convention 5.2.2. In this chapter, generative production rules α 7→ β are depicted from top

to bottom.

Disclaimer 5.2.3. We restrict to a version of hybrid grammar [32] generated by the explicitly

context-free rules. A context-free rule is one that applies to an individual non-terminal symbol

without depending on the surrounding symbols. We also exclude reflexive pronouns.

Symbolic labels can be dropped for intermediate edges and, instead, a colour coding can

be used. See Table 5.1 for the colour coding employed in this chapter.

Grammatical type Symbol/word Colour code

Noun phrase NP

Intransitive verb phrase IVP

Transitive verb phrase TVP

Sentential complement verb SCV

Adjective ADJ

Adverb ADV

Conjunction CNJ

Adposition ADP

Copula is (English), hai (Urdu)

Phrase scope boundary (, )

Table 5.1: Colour coding for grammatical types

In this section, a phrase structure grammar is introduced by providing the tree fragments

for various grammatical types. We start with simple sentences, which include single verbs

that do not take sentential complements.

5.2.1 Simple Sentences

The verb in a simple sentence may be intransitive or transitive. If the verb is intransi-

tive, the sentence comprises a noun phrase followed by an intransitive verb phrase. For
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example, Bob laughs. The production rule for generating this sentence is S 7→ NP · IVP

and the tree fragment is

NP IVP

S

(5.1)

On the other hand, if the verb is transitive, the sentence comprises a noun phrase, followed

by a transitive verb phrase and another noun phrase. For instance, Alice loves Bob. The

production rule for this case is S 7→ NP1 · TVP · NP2 and the tree fragment is

NP1 TVP NP2

S

(5.2)

Remark 5.2.4. In the language fragment considered here, we require the subject and object

of a transitive verb to be distinct.

Apart from the aforementioned production rules, there are terminal rules for each verb

type: IVP 7→ IV and TVP 7→ TV, respectively, where terminals are denoted by underlining.

IVP

IV

TVP

TV

Convention 5.2.5. From here onward, we do not explicitly show the terminal rules in the

diagrams. The terminal symbols can be directly inferred from the finished derivations.

A simple sentence may consist of adjectives in two ways: adjectives can appear to the left

of the noun phrase that they are modifying, for example, tall Bob; alternatively, a single

adjective can appear to the right of a noun phrase after the copular verb is, for example,

Bob is tall. The corresponding production rules are NP 7→ ADJ · NP and NP 7→ NP · is · ADJ,

respectively. The tree fragments are as follows:

ADJ

NP

NP ADJNP is

S

(5.3)
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In simple sentences, adverbs can appear to the left of verbs. An example sentence is:

Alice happily talks. For intransitive and transitive verb phrases, the adverb production

rules are IVP 7→ ADV · IVP and TVP 7→ ADV · TVP respectively. The tree fragments are:

IVP

IVPADV

TVP

TVPADV

A simple sentence may contain an adposition that appears to the right of an intransitive

verb phrase, followed by a noun phrase. For example, adding an adposition to the sentence

Alice smiles., we can get Alice smiles at Bob. The production rule for an adposition

is IVP 7→ IVP · ADP · NP, with the tree fragment given by

IVP ADP

IVP

NP

(5.4)

Example 5.2.6. Using the IVP-production rule yields NP · IVP, corresponding to the grammat-

ical structure of Alice laughs.

Alice laughs

Applying the ADP-production rule to IVP—before the application of the terminal rule—gives

the grammatical structure of Alice laughs at Bob.

Alice laughs at Bob

5.2.2 Compound Sentences

Compound sentences contain more than one verb. Compound sentences can be obtained

by joining two simple sentences using relative pronouns. Pronoun information is modelled
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using pronominal links identifying nouns in the same or different sentences. These are

represented by arrows pointing at the identified nouns drawn below the trees. For instance,

the two instances of Bob in the sentences Bob is kind. and Bob smiles at Alice. can

be identified as follows:

Bob kindis Bob smiles at Alice

If there is a pronominal link, the later occurrences of a noun can be replaced by pronouns

referring to the earlier occurrence.

Bob kindis He smiles at Alice

In certain settings of pronominal links, two consecutive sentences (i.e., their parse trees) can

be joined together using relative pronouns. Consider the configuration in which the subject

noun of the second tree S2 points to the object noun of the first tree S1. Then, a subject relative

pronoun can be used to replace the subject noun in the second tree S2, and the two sentences

can be fused. Diagrammatically, it can be represented by the rewrite rule:

S1 S2

N · · ·· · · N SRP · · ·· · · N

⇒ S1 S2 (5.5)

On the right hand side, the big triangle denotes the single sentence formed by the fusion

of the two sentences. The above rewrite rule modifies phrase structure trees and hence

is an example of a transformational grammar rule.
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Example 5.2.7. In the sentences Bob likes Alice. and Alice hates Eve., the two occur-

rences of Alice can be identified using a pronominal link.

Bob likes Alice Alice hates Eve

The two trees can be joined by replacing the second occurrence of Alice with who. This

results in the following diagram:

Bob likes Alice who hates Eve

A subject relative pronoun can also be used to relate subject nouns of two sentences in

the following way. If the subject noun of the second parse tree S2 refers to the subject noun

of the first parse tree S1, the transformation rule yields: the noun phrase of S1, followed

by S1 with its noun phrase replaced by the relative pronoun, followed by S2 without its

subject noun. Diagrammatically, it can be denoted as

S1 S2

N · · ·· · · N

⇒NP

· · ·

S1 S2

SRP · · ·· · · N

NP

· · ·
(5.6)

where the multiarrow identifies the pronominally linked nouns.

Example 5.2.8. Consider the following example again.

Bob kindis Bob smiles at Alice
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Applying the transformational rule, we get the sentence

Bob kindis smiles at Alice

!

who

The artefacts ! (denoting isolated nouns) and (denoting blank labels) will be eliminated in

the setting of text diagrams, introduced in Section 5.3.

If the object noun of the second sentence S2 refers to the object noun of the first sentence

S1, the two sentences can be fused using an object relative pronoun. The transformational

rule gives S1, followed by the object relative pronoun, followed by S2 with its object noun

removed. Diagrammatically, it can be represented by

S2S1

N· · · N

⇒NP

· · ·

S1 S2

ORP· · · N

NP

· · ·
(5.7)

Example 5.2.9. Consider the sentences: Bob likes Alice. and Eve hates Alice. We

identify the two occurrences of the object noun Alice using a pronominal link.

Eve hates AliceBob likes Alice

Applying the transformational rule, we have

whom

!

Eve hatesBob likes Alice
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Remark 5.2.10. The language fragment considered in this chapter does not include reflexive

pronouns. Therefore, we do not discuss intra-sentence pronominal links, introduced in

Ref. [32].

Compound sentences can also be obtained by including in sentences phrases that are

themselves sentences. Two such kinds of compound sentences are introduced here.

A compound sentence can be formed using a verb with a sentential complement. Examples

of such verbs are sees and thinks. The compound sentence includes a noun phrase, followed

by a verb, followed by a sentence that is the sentential complement of the verb. For example,

in Alice sees Bob laugh., the sentential complement is Bob laughs. The production rule

is given by S 7→ NP · SCV · ( · S · ) where the types ( and ) represent the boundaries of

the phrase scope. Its tree fragment is as follows.

NP SCV S

S

( )

Example 5.2.11. The tree diagram of the sentence Alice sees Bob laugh. is given by

Alice sees ( )Bob laugh

A compound sentence can also be formed by joining two sentences using conjunctions.

The production rule is S 7→ ( · S · ) · CNJ · ( · S · ) and its tree fragment is given by.

CNJ

S

S( )S( )

Example 5.2.12. The phrase structure of the sentence Alice laughs and Bob cries. is as
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follows.

and ( )( ) Bob criesAlice laughs

5.3 Text Diagrams

Text diagrams were introduced in [32] as an intermediate representation between hybrid

grammar and text circuits. In a single mathematical framework, text diagrams capture the

connectedness of meaning or grammatical structure, including not just the grammatical

relations of simple sentences but also pronominal links as well as phrase scope.

Text diagrams do away with artefacts such as those handling pronominal links. Based

on string diagrams [14, 22, 206], text diagrams offer a structural framework for boxes with

inputs and outputs that allow for parallel and sequential composition.

Convention 5.3.1. In this chapter, all string diagrams must be read from top to bottom and

left to right.

5.3.1 Simple Sentences

When moving from hybrid grammar to text diagrams, the phrase structure rules of the

previous section are modified in the following way: each S-type is replaced by NP-types, the

number of which depends on the sentence. It is ensured that every rule that includes NP-types

has the same number of input and output NP-types. The modified rules, corresponding

respectively to rules (5.1), (5.2), (5.3), and (5.4), are given below:

NP IVP

NP

NP1 TVP NP2

NP1 NP2

ADJNP is

NP

IVP ADP NP

IVP NP

Convention 5.3.2. To guide the eye, we vertically align the ends of input wires with those of

the corresponding output wires in text diagrams (and, later, in text circuits as well). Moreover,
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we bend the wires to make them point upward or downward, reflecting their roles as inputs

or outputs string-diagrammatically. We also drop labels that appear more than once.

NP IVP NP1 TVP NP2 ADJNP is IVP ADP NP

The copular verb is can be eliminated via the rewrite

is

⇒

NP ADJ ADJNP

converting the postpositonal adjective into a prepositional one.

Example 5.3.3. The sentence Alice laughs at Bob. has the following grammatical struc-

ture

Alice laughs at Bob

which, in text diagrams, is given by

laughs at BobAlice

This modification allows composition of tree fragments (while respecting the grammatical

types). In text diagrams, pronominal links and phrase scope constructions are part of the same

unified mathematical framework. Moreover, unlike in the hybrid grammar tree diagrams,

wires in text diagrams may cross one another.
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5.3.2 Compound Sentences

In the passage from hybrid grammar to text diagrams, the (multi)arrows become wires

linking the pronominally-linked noun wires.

S2 Sn

· · · · · ·

· · · · · ·

S1

· · ·

· · ·

· · ·7→
S1

· · ·

S2

· · ·

Sn

· · ·
· · ·

· · ·

(5.8)

The pronominal link wires can be eliminated using the diagram rewrite rules:

⇒ ⇐

This implies that for two text diagrams D1 and D1, we have the following rewrite rules.

D1 D2 ⇒

· · · · · ·

· · · · · ·

D1

D2

· · · · · ·

· · · · · ·

(5.9)

D1 D2 ⇒

· · · · · ·

· · · · · ·
D1

D2

· · · · · ·

· · · · · ·

(5.10)
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Example 5.3.4. Consider the following hybrid grammar text.

Bob likes Alice Alice hates Eve

Each tree can be replaced with the corresponding text diagram.

Bob likes Alice Alice hates Eve

The pronominal link arrow can be replaced by a wire.

Bob likes Alice hates Eve

Notice that there is only one available output wire corresponding to Alice, and it is not

labelled by the pronoun who. Using the rewrite rule for pronoun wire elimination, we get the

following diagram.

Bob likes Alice hates Eve

Example 5.3.5. Consider the following example sentence again.

Bob kindis smiles at Alice

!

who
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The artefacts ! and were required in the hybrid grammar to account for relative pronouns.

In text diagrams, these artefacts are eliminated in the following way. Replacing the grammar

trees with the corresponding text diagrams

Bob kindis smiles at Alicewho

and replacing the multiarrows with pronominal link wires, we get

Bobkindis smiles at Alice

which can be rewritten as follows.

Bob

kindis

smiles at Alice

Moving from hybrid grammar to text diagrams, the sentence type S was replaced by

a sentence-dependent number of NP wires. Therefore, string diagrams with regions [32]

are needed to accommodate phrase scope.

Convention 5.3.6. Phrase regions delineate phrase scope in text diagrams. These regions act

as planar obstacles to everything except NP wires and pronominal link wires. This means that

only NP and pronominal link wires can enter or exit the phrase regions. NP labels must always

be placed outside the phrase regions.
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The text diagrams corresponding to verbs with sentential complements and conjunctions

are respectively given by

NPi

S

NP× i

SCVNP

NP

S1 S2

CNJNPi

NP× i NP× j

NPj

where i and j denote the number of NP wires.

Example 5.3.7. The sentence Alice sees Bob laugh. corresponds to the following text

diagram.

seesAlice Bob laugh

Example 5.3.8. The text diagram of the sentence Alice laughs and Bob cries. is as

follows.

Bob criesAlice laughs and

5.4 Text Circuits

Text circuits are composed of wires (or types), boxes (or first-order gates), and boxes with

holes (or second-order gates). Nouns are represented by wires with labels:

A B C

Here, each wire represents a distinct noun.
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Adjectives are represented by single-input-single-output boxes or gates that update

or act upon noun wires:

ADJ

Like adjectives, intransitive verbs are also represented by single-input-single-output gates,

whereas transitive verbs are given by double-input-double-output gates as they act on

subject and object noun wires:

IV TV

Adverbs modify verbs, which are themselves boxes. Hence, adverbs are represented by

second-order gates, which are boxes with holes that are to be filled with verb boxes. The

shape of the expected verb box is denoted by the wires inside the holes.

ADV(IV) ADV(TV)

When the holes in the adverb boxes are filled, gates are obtained.

ADV(IV) ADV(TV)

IV TV

Adpositons also act upon verbs and add another noun wire to the right of the circuit.

An adposition acting on an intransitive verb is given by a box with a hole expecting an

intransitive verb circuit.

ADP(IV)
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Verbs with sentential complements are represented by second-order gates that add a noun

wire to the left of the circuit. Since the sentential complement can have an arbitrary number

of noun wires, these gates form a class of boxes to account for the different number of wires.

· · ·

· · ·

SC.V

· · ·

· · ·

For conjunctions as well, there is a class of second-order gates. The conjunction boxes have

two holes that accept boxes/gates that may have some overlapping noun wires.

CNJ

· · · · · ·

· · · · · ·

· · ·

· · ·

· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

As special cases, the conjunction boxes may have disjoint or completely shared noun wires.

CNJ

· · · · · ·

· · · · · ·

· · · · · ·

· · · · · ·

CNJ

· · ·

· · ·

· · ·

· · ·
· · ·

· · ·

Gates can be composed in parallel or series/sequence to form text circuits. If no noun

labels are shared between the gates, they are composed in parallel. Conversely, if the noun

labels are shared, the gates are composed in sequence with the shared noun wires matched.

Example 5.4.1. The text Alice likes Bob. Bob hates Eve. can be drawn as the follow-
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ing circuit.

likes

Alice Bob

hates

Eve

Convention 5.4.2. In text circuits, nouns are represented by wires, which may cross or twist

past one another. Two circuits are considered the same if they have the same connectivity of

gates. This allows us to eliminate unnecessary wire twists to work with simpler diagrams. An

example is as follows.

likes

Alice Bob

hates

Eve

loves

Chi

=

likes

Alice Bob

hates

Eve

loves

Chi

Example 5.4.3. The text Dan knows Bob likes Alice whom Eve smiles at. can be drawn

as the following circuit.

knows

Dan Bob Alice Eve

likes

smiles at

Thesis 5.4.4 (Text Circuit Thesis; Thesis 5.17 in [32]). Equal text circuits correspond to equal

text meanings.
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Theorem 5.4.5 (Text Circuit Theorem; Theorem 5.1 in [32]). Let E denote the set of generators

of the hybrid English grammar.4 Let TE denote the set of all English text constructed with grammar

E, and let CE denote the set of all text circuits for English. Then, there exists a surjection TE � CE.

Remark 5.4.6. The significance of Theorem 5.4.5 stems from Thesis 5.4.4. Theorem 5.4.5

implies that the text corresponding to a given text circuit may not be unique. According to

Thesis 5.4.4, all texts corresponding to the same text circuit share the same meaning. In

this sense, DisCoCirc text circuits eliminate differences between texts that convey the same

meaning.

When two different texts express essentially the same meaning, we attribute their

structural variation to grammatical bureaucracy. This includes stylistic choices such as

the use of pronouns, the preference for a single long sentence with multiple clauses versus

several shorter ones, and similar considerations. This grammatical bureaucracy is eliminated

in the transition from the linear syntax of text to the two-dimensional structure of text circuits.

Example 5.4.7. Consider the following hybrid grammar text.

studies with LucasMaria admires Clarawho

Replacing the grammar trees with the corresponding text diagrams, we have the following

4In this chapter, for the sake of simplicity, we focus on a restricted version of the hybrid grammar developed
in Ref. [32]. We do not include reflexive pronouns. Moreover, the following three hybrid grammar rules are
excluded from our analysis.

TVP ADP

TVP

NP2

NP1

NP1 NP (

NP( NP )

NP)

The first rule on the left involves an adposition (ADP) and a transitive verb phrase (TVP), while the remaining
rules allow noun wires to exit phrase scope. Note that these rules are context-sensitive and do not apply to
individual non-terminal symbols.
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diagram.

studies with LucasMaria admires Clara
Composing the pronominal link wires, we get

studies with

LucasMaria admires Clara

which can be expressed as gates and boxes to yield a circuit.

Maria

studies with

Lucas

admires

Clara

5.5 A Hybrid Grammar for Urdu Text

It was shown in Ref. [32] that English text generated from the English hybrid grammar is

surjective to text circuits. In this chapter, we demonstrate a similar result for Urdu.

First, we develop a hybrid grammar for Urdu text. The language fragment we consider

for Urdu is the same as that for English discussed in the previous sections.

Since a language is specified by set of production rules, different production rules lead to

different languages. In English, the sentence John reads books. has the following structure.

S

John reads books

Translating to Urdu, John reads books. becomes:
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It can be transliterated5 into English as

John kitabein parhta hai (Urdu)

John books reads

Using the production rules

S 7→ NP1 · NP2 · TVP

NP1 7→ John

NP2 7→ kitabein

TVP 7→ parhta hai

we can generate the sentence under discussion:

S 7→ NP1 · NP2 · TVP

7→ John · NP2 · TVP

7→ John · kitabein · TVP

7→ John · kitabein · parhta hai

Its tree diagram is given by

S

John parhta haikitabein

From this example, we can immediately spot an obvious difference between English and

Urdu—the order of subject, verb and object: in Urdu, the verb is placed at the end of the

sentence. This contrast plays a significant role in differentiating Urdu and English grammars.

We now develop production rules and tree diagrams for the fragment of Urdu text (includ-

ing verbs, adjectives, adverbs, adpositions, pronominal links, phrase scope) corresponding to

that of English discussed in Section 5.2. In so doing, we realise that many of the rules and

tree fragments are in fact the same. The ones that are different differ mainly in the relative

placement of the verb. See Table 5.2. The differences are summarised as follows:
5Urdu script is written from right to left. Throughout this chapter, for ease of readability and linguistic

analysis, we shall use English transliteration of Urdu text. However, to dispel any ambiguity which may arise from
transliteration, we shall provide the Urdu script and the respective phrase meanings in English as well.
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• In contrast to subject-verb-object (SVO) as in English, Urdu has the subject-object-verb

(SOV) order.

NP1 NP2 TVP

S

• The placement of adpositions differs from that in English; in Urdu, the verb simply

comes last.
IVP

IVPADPNP

• Sentential complements precede verbs in Urdu.

S

NP SCVS( )

• In Urdu, the copula hai in the postpositional adjectival construction appears to the right

of the adjective. On the other hand, in English, the copula is appears to the left of the

adjective.

NP ADJ

S

hai

The transformational grammar rules for pronominal links are the same for English and

Urdu in terms of the sentence-order, and the connectivity of pronominal links. However, there

are differences arising from the different word order within individual simple sentences.

The counterpart of rewrite (5.5) for subject relative pronoun in Urdu is as follows.

S1 S2

N · · ·· · · N SRP · · ·· · · N

⇒ S1 S2

· · · · · ·
(5.11)

Example 5.5.1. Consider the Urdu sentences
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transliterated as:

Bilal Anam (ko) pasand karta hai. Anam Erum (se) nafrat karti hai. (Urdu)

Bilal Anam likes. Anam Erum hates.

The two occurrences of Anam can be identified using a pronominal link.

Bilal pasand karta haiAnam (ko) Anam nafrat karti haiErum (se)

The two trees can be joined by replacing the second occurrence of Anam with jo. This results

in the following diagram:

Bilal pasand karta haiAnam (ko) jo nafrat karti haiErum (se)

corresponding to the Urdu sentence

transliterated as:

Bilal Anam (ko) pasand karta hai jo Erum (se) nafrat karti hai. (Urdu)

Bilal Anam likes who Erum hates.

The counterpart of rewrite (5.6) for subject relative pronoun in Urdu is given by

S1 S2

N · · ·· · · N

⇒NP

· · ·

S1 S2

SRP · · ·· · · N

NP

· · ·
(5.12)
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Example 5.5.2. Consider the Urdu sentences

transliterated as:

Bilal khush hai. Bilal Anam ki taraf muskurata hai. (Urdu)

Bilal happy is. Bilal Anam at smiles.

The two occurrences of Bilal can be identified using a pronominal link.

Bilal khush hai Bilal muskurata haiki tarafAnam

Applying the transformational rule, we get the sentence

Bilal khush hai muskurata haiki tarafAnam

!

jo

corresponding to the Urdu sentence

transliterated as:

Bilal jo khush hai Anam ki taraf muskurata hai. (Urdu)

Bilal who happy is Anam at smiles.

The counterpart of rewrite (5.7) for object relative pronoun in Urdu is as follows.

S2S1

N· · · N

⇒NP

· · ·

S1 S2

ORP· · · N

NP

· · ·· · ·· · · · · ·· · ·
(5.13)
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Example 5.5.3. Consider the Urdu sentences

transliterated as:

Bilal Anam (ko) pasand karta hai. Erum Anam (se) nafrat karti hai. (Urdu)

Bilal Anam likes. Erum Anam hates.

The two occurrences of Anam can be identified using a pronominal link.

Erum nafrat karti haiAnam (se)Bilal pasand karta haiAnam (ko)

Applying the transformational rule, we get the sentence

jis (se)

!

Erum nafrat karti haiBilal pasand karta haiAnam (ko)

corresponding to the Urdu sentence

transliterated as:

Bilal Anam (ko) pasand karta hai jis (se) Erum nafrat karti hai. (Urdu)

Bilal Anam likes whom Erum hates.

Remark 5.5.4. Moving from the hybrid grammar to text diagrams (using (5.8), (5.9) and

(5.10)), the connectivity of pronominal links is retained, and is the same for English and

Urdu.
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5.6 Text Diagrams and Circuits for Urdu Text

5.6.1 Main result

Let E denote the set of generators of the hybrid English grammar, summarised in Table 5.2.

Let TE denote the set of all English text constructed with grammar E, and let CE denote the

set of all text circuits for English. Then, there exists a surjection TE � CE [32].

We have created a set of generators for Urdu grammar U which closely correspond with

the English generators E; see Table 5.2. Let TU denote the set of all Urdu text generated

with U. Let CU denote the set of all text circuits for Urdu. Then,

• there exists a surjection TU � CU, and

• CU is isomorphic to CE, i.e., CU
'−→ CE (up to word translations at the gate level).

5.6.2 Urdu Text Surjects onto Circuits

The method of turning hybrid grammar trees into text diagrams is the same in English and

Urdu: each component of a hybrid grammar tree is modified so that the number of NP wires

for inputs and outputs is equal, and sentence types S are eliminated.

Table 5.2 illustrates the similarities and differences between Urdu and English grammar,

as reflected in the hybrid grammar trees and text diagrams.

The same text diagram reductions hold in Urdu as those in English. The following

is the reduction of a postpositional adjectival construction using a copula hai(' is) to a

prepositional adjective that does not require a copula:

hai

⇒

NP ADJ ADJNP

Just as in the case of English hybrid grammar, in the passage to text diagrams, the

pronominal-link (multi)arrows become wires (5.8) that can be eliminated using the diagram

rewrite rules (5.9) and (5.10) (see Remark 5.5.4).

Lemma 5.6.1. Let U denote the set of generators of the hybrid Urdu grammar. Let TU denote

the set of all Urdu text constructed with grammar U, and let CU denote the set of all text

circuits for Urdu. Then, there exists a surjection TU � CU.
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Rule English grammar English diagram Urdu grammar Urdu diagram

Intrans.Verb

NP IVP

S

NP IVP

NP

NP IVP

S

NP IVP

NP

Trans.Verb

NP1 TVP NP2

S

NP1 TVP NP2

NP1 NP2

NP1 NP2 TVP

S NP1 NP2

NP1 NP2 TVP

Adjective(Pre.)

ADJ

NP

NP ADJ

NP

NP ADJ

NP

NP ADJ

NP

NP

Adjective(Post.)

ADJNP is

S

ADJNP is

NP

NP ADJ

S

hai NP ADJ

NP

hai

Adverb(IV)

IVP

IVPADV

IVP

IVPADV

IVP

IVPADV

IVP

IVPADV

Adverb(TV)

TVP

TVPADV

TVP

TVPADV

TVP

TVPADV

TVP

TVPADV

Adposition(IV)

IVP ADP

IVP

NP IVP ADP

IVP NP

NP

IVP

IVPADPNP

IVP

IVPADPNP

NP

Sent.Comp.Verb

NP SCV S

S

( )
NPi

S

NP× i

SCVNP

NP
S

NP SCVS( )
NPi

S

NP× i

SCVNP

NP

Conjunction

CNJ

S

S( )S( )

S1 S2

CNJNPi

NP× i NP× j

NPj CNJ

S

S( )S( )

S1 S2

CNJNPi

NP× i NP× j

NPj

Table 5.2: Generators for hybrid Urdu and English grammar and the corresponding diagrams. Note
the different constructions for English and Urdu in the rules labelled red: Trans.Verb, Adjective(Post.),
Adposition(IV) and Sent.Comp.Verb.
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Proof. Table 5.2 shows the generators of English and Urdu grammar, four of which are

different for the two languages. Viewing the generators as rooted labelled trees (vertices are

labels like NP or hai, and the root is the initial sentence type S), the generators of English

and Urdu for each rule are isomorphic in the graph-theoretic sense.

• Transitive verb

NP1 NP2TVP

S

∼=

NP1 NP2 TVP

S

• Postpositional adjective (where hai(∼= is))

NP ADJis

S

∼=

NP ADJ hai

S

• Adposition

IVP NPADP

IVP

∼=

IVPNP ADP

IVP

• Verb with a sentential complement

SNP SCV

S

)(

∼=

SNP SCV

S

)(

The transformational grammar rules for Urdu (5.11, 5.12, 5.13) and English ((5.5, 5.6, 5.7)

are the same in terms of the connectivity of pronominal links and sentence-order. They differ

with respect to the intra-sentence word orders. These differences are eliminated due to the

isomorphisms of generators described above. Therefore, essentially the same transformational

grammar rules and diagram rewrites apply to English and Urdu.

The aforementioned modifications translate the formal claim of Theorem 5.4.5 [32] for

Urdu; the hybrid grammar text for Urdu surjects onto text circuits.
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Remark 5.6.2. The graph-theoretic isomorphism of the generators of English and Urdu

grammars is not surprising, as both languages belong to the Indo-European language

family [207]. For all the grammatical rules considered, the generators of both languages

have the same types, although they may appear in different orderings. For contrast, consider

null-subject languages, in which subjects can be omitted [208]. One example is Arabic,

where pronouns are dropped because they can be inferred from verb morphology [209].

Therefore, the generators of Arabic grammar—or those of other null-subject languages—are

not isomorphic to those of English and Urdu, even for the limited fragment of language

considered in this chapter.

5.6.3 English and Urdu Give the Same Circuits

In the case that we only consider context-free generators, the desired isomorphism between

English and Urdu circuits essentially follows from the isomorphism between the trees

generated by the English and Urdu hybrid grammar.

Lemma 5.6.3. Let TE denote the set of texts generated by the English production rules E, and

let TU denote the set of texts generated by the Urdu production rules U. Viewing the syntax

trees as rooted labelled trees (vertices are labels like NP or hai, and the root is the initial

sentence type S), there is an isomorphism TE ' TU in the graph-theoretic sense.

Proof. Essentially, the Urdu generators U correspond exactly to the English generators E,

except some of them have the order of their outputs switched around.

So, given an English syntax tree generated by some sequence of applications of production

rules in E, to translate this to an Urdu syntax tree we simply apply the corresponding rules in

U to the appropriate symbols. The exact proof of this is a simple induction. Note that in order

to ‘apply the right rule to the right symbol’, we must track the identities of different symbols,

e.g. distinguishing between different instances of NP in our string. This tracking can be done

by numbering the symbols with indices.

Refer to Table 5.2. For the base case, the intransitive verb, the transitive verb, the adjective

(postpositional), the sentential complement verb or the conjunction rule can be applied. Of

these rules, two are exactly the same for English and Urdu. The rest of the rules generate

syntax trees that when viewed as rooted labelled trees are isomorphic graph-theoretically.
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• Transitive verb

NP1 NP2TVP

S

∼=

NP1 NP2 TVP

S

• Postpositional adjective (where hai(∼= is))

NP ADJis

S

∼=

NP ADJ hai

S

• Verb with a sentential complement

SNP SCV

S

)(

∼=

SNP SCV

S

)(

The inductive hypothesis is that each pair of English and Urdu syntax trees generated by n

applications of corresponding pairs of production rules is isomorphic.

TE1

S

∼= TU1

S

For the induction step, we apply another production rule to the syntax trees generated by

the inductive hypothesis. Any of the possible production rules from Table 5.2 can be applied.

All except four rules are different for English and Urdu. Of the four, three were shown to be

isomorphic in the base case. The last one is also isomorphic in the same sense.

Adposition

IVP NPADP

IVP

∼=

IVPNP ADP

IVP

Then, using the inductive hypothesis, English and Urdu syntax trees generated by n + 1
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applications of production rules are isomorphic.

TE1

S

TE2

∼=
TU1

S

TU2

Lemma 5.6.4. CU is isomorphic to CE, i.e., CU
'−→ CE (up to word translations at the gate level).

Proof. According to Lemma 5.6.3, there is an isomorphism TE ' TU between individual syntax

trees. We introduce pronominal links and the rewrite rules ((5.5, 5.6, 5.7) for English;

(5.11, 5.12, 5.13) for Urdu) that allow us to adjoin pronominally-linked trees into single

sentences, thus attaining the full-blown hybrid grammar. The transformational rewrite rules

for English and Urdu are the same in terms of the connectivity of pronominal links. The

rewrite rules differ with respect to the word order in individual syntax trees. This difference

is eliminated by Lemma 5.6.3. Therefore, the isomorphism between trees lifts to a kind of

isomorphism between these full hybrid grammar structures.

Next, we convert hybrid grammar to text diagrams. We apply the rules in Table 5.2 for

resolving the S type into the constituent NP wires and converting phrase scope into phrase

regions. Then we turn the pronominal links into dashed wires (5.8) in preparation for

composition. After performing the composition using the rewrite rule (5.9), we recover text

diagrams.

The isomorphism of hybrid grammar structures simply lifts to an isomorphism of the

structures at each intermediate step. At the step where we reach the level of text diagrams,

the isomorphism becomes an exact equality (modulo the different word labels, and allowing

a certain degree of topological deformation as we usually do in string diagrams).

With the (topologically) identical structure of the English and Urdu diagrams, we simply

apply the same conversion map from text diagrams to text circuits to obtain the same text

circuit up to word-translations at the level of individual gates.

Example 5.6.5. Consider the English sentence The young student who sees the honest

teacher passionately teach smiles at him. which we translate into the Urdu sentence
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transliterated as:

nojawan talib-e-ilm jo imandar ustad (ko) shauq se parhate huwe (Urdu)

(the) young student who (the) honest teacher passionately teach

dekhta hai us ki taraf muskurata hai (Urdu)

sees him at smiles

We start with the hybrid grammar structure of the English and Urdu sentences.

student(The) young who sees (the) honest teacher passionately teach smiles at him( )

nojawan dekhta haishauq se parhate huweimandar muskurata haiki taraftalib-e-ilm ustad (ko)jo us( )

We replace the individual tree diagrams with the corresponding text diagrams, and the

pronominal link (multi)arrows with dashed wires.

young sees honest passionately teach smiles atstudent teacher
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nojawan dekhta hai ki taraftalib-e-ilm ustad muskurata haiimandar shauq se parhatay huwe

Eliminating the dashed wires with diagram rewrite rules, we obtain text diagrams for the the

whole sentences.

young

sees

honest
passionately

teach

smiles atstudent teacher

nojawan
dekhta hai

imandar
shauq se

parhatay huwe

muskurata haiki taraftalib-e-ilm ustad

At this point, we can see that the text diagrams for English and Urdu have the same topological

structure. We, therefore, apply the same conversion map to express text diagrams in terms of

gates and boxes, resulting in the same text circuits, up to gate-level translations.

student teacher

smiles

young

at

sees passionately

honest

teach

talib-e-ilm ustad

muskurata hai

nojawan

ki taraf

dekhta hai shauq se

imandar

parhatay huwe

Remark 5.6.6. The process from text to circuits can be (non-deterministically) reversed. This

makes text circuits generative formalisms for English and Urdu text. Note that we are only

concerned here with the fragment of language described in this chapter.
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5.7 Summary and Outlook

In this chapter, we demonstrated how DisCoCirc text circuits eliminate grammatical bureau-

cracy based on word or phrase order for restricted fragments of English and Urdu. Building

on Ref. [32], which established a surjection from English hybrid grammar to English text

circuits, we adapted the hybrid grammar for Urdu and defined translation rules into text

circuits that mirror those for English. This yields a surjective map from Urdu hybrid grammar

to Urdu text circuits. For the language fragments considered, the English and Urdu hybrid

grammars are isomorphic. Using this isomorphism, we show that their corresponding text

circuits are structurally identical, differing only in gate labels.

A major difference between grammars in different natural languages arises from different

word orderings for, for example, subject, verb and object. For instance, in English the usual

ordering is subject-verb-object (SVO), whereas in Urdu, it is subject-object-verb (SOV).

These differences, in turn, exist because human verbal communication is restricted to

one dimension and different cultures and demographics made different stylistic choices

as languages evolved [32]. But there is no such restriction on machines. Two-dimensional

grammars such as ours may be a suitable abstraction of text for computers, particularly

quantum computers [193, 194], and may prove advantageous for natural language processing

tasks, such as machine translation. This chapter takes a step forward in this direction. Our

work represents a first step, and there is work to be done to expand the fragments of

natural language that we can handle.

A limitation of this work is that both English and Urdu belong to the Indo-European

language family and share similar grammatical structures, including a clear noun–verb distinc-

tion [207]. While they differ in word order—English follows SVO and Urdu follows SOV—the

generators of their grammars are graph-theoretically isomorphic for the fragment considered,

making the main results of this work somewhat unsurprising. In contrast, extending this

framework to typologically distinct languages, such as null-subject languages like Arabic [208,

209], presents a greater challenge. These languages allow subject omission due to rich verb

morphology, resulting in grammatical generators that are not isomorphic to those of English

or Urdu. Addressing such structural differences is an important direction for future work.
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Conclusion

‘The compartments into which human thought is divided are
not so water–tight that fundamental progress in one is a
matter of indifference to the rest.’

Arthur Eddington,
The Philosophy of Physical Science [210, p. 8]

In this chapter, we summarise the key contributions described in this thesis and discuss

avenues for future research. At the end of this chapter, we make a case for the prospects of

process-relational philosophy in science.

A process-theoretic approach to constructor theory and quantum
physics

In Chapter 3, we describe three main contributions.

Firstly, we present categorical semantics for constructor theory while adhering to the

desired mathematical foundations described in the seminal article [46] on constructor theory.

Taking the theory of conceivable tasks to be the symmetric monoidal category (SMC) Rel, we

show that, for a given choice of substrates, the set of possible tasks forms a sub-SMC of Rel.

Secondly, we argue that in the constructor-theoretic formulation of non-relativistic

quantum theory, there is an inconsistency between the restrictions imposed by the principles

of locality and composition. Constructor theorists argue that there exists a local formulation

of quantum theory: the Deutsch-Hayden approach [49]. We demonstrate, using concrete

examples, that this approach is not compositional.

Thirdly, we discuss that a key difference between constructor theory and process theories

concerns the principle of locality. We argue that categorical quantum mechanics (CQM) can

142



6. Conclusion 143

be conceived as a constructor theory of quantum physics that is compositional but non-local.

Future work

We recommend several directions for future research:

• A key future direction is to develop process-theoretic formulations of constructor theories

in domains such as information [102], thermodynamics [107], probability [106], and

life [105]. This will clarify their foundational principles and interconnections, enabling

a unified understanding of processes across these fields.

• We also propose investigating the relationship between constructor theory and resource

theories [124, 211]. Exploring this connection could yield new insights into how

resources are transformed and conserved in physical and informational processes,

enriching both frameworks and opening new avenues for application.

• The string-diagrammatic syntax of process theories can also be interpreted in SMCs

other than the one discussed in this thesis. This provides an opportunity to investigate

and explore the ramifications of constructor theory beyond Rel, which has been the

default modelling choice in the constructor theory literature so far [46, 121].

Wave-based computation in diagrams

In Chapter 4, we develop a string-diagrammatic formalism for wave-based logic circuits

with phase encoding. The formalism is motivated with reference to spin-wave or ‘magnonic’

circuits. Through the example of spin-wave circuits, the usage of the formalism in designing,

analysing and simplifying Boolean logic circuits is demonstrated.

Future work

Some directions for future research are outlined below:

• To extend this work, we would anticipate developing formal semantics for the string

diagrams presented here, and proving that the formalism is sound and complete for

Boolean algebra.
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• Another avenue for future work is to conceive of the formalism as a diagrammatic alter-

native to symbolic Boolean algebra, wherein lies the possibility of a new axiomatisation

of Boolean algebra.

• This work has proposed a formalism for the theoretical modelling of spin-wave circuits,

which abstracts away many hardware-level complexities. However, spin-wave comput-

ing inherits core limitations of analogue systems, such as noise susceptibility, signal

degradation, error propagation, and energy-intensive error correction. These issues are

not fully addressed in the current framework. Future extensions may need to incorporate

error-correction mechanisms—typically involving non-linear operations [181]—and

amplitude normalization for cascaded logic gates, which is also non-linear [182].

Additionally, modelling crosstalk noise at smaller scales and integrating with platforms

such as optical systems, superconducting qubits, or CMOS technologies [148, 160, 183]

will be crucial for improving the framework’s practical applicability. Addressing these

aspects will enhance its relevance to real-world applications and contribute to more

scalable and resilient spin-wave computing architectures.

DisCoCirc beyond English text

In Chapter 5, we show how word- or phrase-order-based grammatical bureaucracy is

eliminated by DisCoCirc text circuits for restricted fragments of English and Urdu.

We describe a restricted version of the hybrid grammar, text diagrams and text circuits for

English developed in Ref. [32]. According to Ref. [32], there is a surjection from the set of all

English text generated with the English hybrid grammar to the set of all English text circuits.

In a similar vein, in this thesis, we describe how the hybrid grammar can be adapted for

Urdu. We then provide rules for its translation into text diagrams and text circuits, which are

essentially the same as those in Ref. [32]. We show that this gives a surjective map from the

set of all Urdu text generated with Urdu hybrid grammar to the set of all Urdu text circuits.

Furthermore, for the language fragments considered in this thesis, there is a clear

isomorphism between the hybrid grammars for English and Urdu. Using this isomorpism, we

show that text circuits for English and Urdu become the same, up to translation of gate-labels.
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Future work

Our work can be extended in several directions:

• This thesis focused on a limited fragment of English and Urdu. Future work can extend

this to broader language fragments by incorporating additional grammatical features

such as multiple tenses, reflexive pronouns, determiners etc.

• The primary syntactic variation in the language fragments studied lies in word order:

English follows SVO, while Urdu follows SOV.1 Any language that differs from English

or Urdu only in the word order of simple sentences can potentially be modelled using

DisCoCirc. Hybrid grammars for such languages can be constructed to fit within the

DisCoCirc framework. Future research can pursue both a theoretical characterisation

of all possible DisCoCirc languages and an empirical investigation into which of them

correspond to real-world languages. DisCoCirc, as a two-dimensional framework,

abstracts away from the linear order of words and thus supports language-independent

grammatical modelling.

• A limitation of this work is that both English and Urdu are Indo-European languages

with comparable grammatical structures, such as clear noun-verb distinctions [207].

Although they differ in word order, their grammatical generators for the studied

fragment are graph-theoretically isomorphic, resulting in English and Urdu texts

mapping to the same circuits. Extending DisCoCirc to typologically distinct languages,

such as null-subject languages like Arabic [208, 209], presents additional challenges.

These languages allow subject omission due to rich verbal morphology, leading to non-

isomorphic grammatical structures. Addressing such typological variation is essential

for broadening the applicability of the DisCoCirc framework.

• The relationship between DisCoCirc and other linguistic formalisms—especially dis-

course representation theory [213], which shares conceptual similarities—requires

further exploration. Some initial work in this direction appears in Ref. [32].
1Different natural languages can share the same grammatical structure, including word order. For instance,

Hindi and Urdu have nearly identical grammars but different vocabularies [212]. The results obtained for Urdu
in this thesis directly apply to Hindi for the considered fragment.
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An invitation to process-relational philosophy

As mentioned in Chapter 1, this thesis can be considered a proof of concept of applied

process-relational philosophy.

CQM, reviewed in Chapter 2, is a process-theoretic formulation of quantum physics. It

suggests that the most natural ontology for quantum physics centres on processes and their

interactions, rather than on states and their dynamics.

Chapter 3 shows how constructor theory is essentially process-theoretic, from both a

conceptual and a mathematical point of view. This implies that constructor theories of

information [102], thermodynamics [107], probability [106], and life [105] are potential

process theories as well. Concrete details of this claim will be the subject of future work.

With regards to quantum theory, Chapter 3 argues how the principles of locality and

compositionality cannot coexist. Furthermore, discarding the principle of locality, CQM

achieves the desiderata of a constructor theory for quantum physics—which is, of course,

process-theoretic by construction.

Chapter 4 develops a formalism for wave-based logic circuits in which processes are

primitive. Logic variables are initialised as phase-shifting processes. Composing these

phase shifting processes gives rise to different logic gates depending on the topological

structure of the composite processes.

Chapter 5 describes two-dimensional circuits to model grammar, meaning, and their

interaction in natural languages. The key assumption underlying DisCoCirc is that the

meaning of a piece of text is determined by how it updates the meanings of the words

within it. In DisCoCirc, this assumption is implemented process-theoretically using text

circuits. The meanings of nouns (denoted by wires) are updated by processes like verbs and

adjectives (represented by gates), the meanings of which are in turn altered by processes like

adverbs and adpositions (represented by higher order gates). DisCoCirc offers prospects in

quantum natural language processing [193, 194], where the work on quantum processes

and computation discussed in Chapters 2 and 3 is of immediate relevance.

The person most notably associated with process philosophy in recent history is Alfred

North Whitehead. Whitehead’s treatise Process and Reality [214] was published in 1929,

but was based on his 1927-28 lectures at the University of Edinburgh. Quantum mechanics,
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as we know it today, was born in the mid-1920s and undoubtedly influenced Whitehead’s

work. Whitehead was a mathematician first and a philosopher later; however, he did

not have access to the tools of applied category theory—which are arguable particularly

well-suited to process ontology, relationalism and compositionality. The absence of an

appropriate accompanying mathematical framework may be one reason process philosophy

has not yet caught on in scientific research.

Category theory, developed in the mid-1940s [215, 216], was initially of interest in

pure mathematics only and was considered very abstract. In the last two decades, it has

found application in scientific domains as wide-ranging as quantum physics and quantum

computing [20–24, 217], chemistry [218–220], information theory [221], electrical circuit

theory [25, 222], photonics [28, 29], linguistics [30–32], game theory [40–42], control

theory [33, 34], thermostatics [223], cryptography [224, 225], probability theory [226],

functional programming [227], machine learning [38, 228] etc. This recent surge of interest

in applied category theory [10] is perhaps due to the development of graphical calculi like

string diagrams that marry visual intuition with mathematical rigour.

String diagrams are a boon not only to professional scientists but also to high school

students. In a recent study [44], students aged 16 to 18 were taught quantum physics

and quantum computing using the ZX-calculus [23]. The excellent performance of the

students (over 80% pass-rate and around half the number of students earning a distinction)

on a postgraduate-level quantum theory exam [45] underscores the potential impact of the

string-diagrammatic formalisms on science education.

The author of this thesis invites you to the research area of process-relational philosophy

and its application to the sciences. A powerful mathematical toolbox is available to support

the accompanying conceptual change of worldview. At best, this research area will help make

concrete progress by solving problems or making discoveries. At worst, it will provide a new

perspective to understand our existing scientific theories and thereby also learn something

about nature. There is nothing to lose.



A
Wave Logic Circuits: Derivation of the

Associativity Rule

Proposition A.0.1. For all α, β ∈ {0, π}, α βα π = α .

Proof.

α βα π
(CH)= α βα π π

(D)= βα π

148
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(M)= α π
(CH)= α

Proposition A.0.2. For all α, β ∈ {0, π}, α βα π = α .

Proof.

α βα π
(CH)= α βα π π

(D)= βα π π

(M)= α π
(CH)= α
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Proposition A.0.3. If β α = γ α and γ α = β α ,

then β = γ .

Proof. Assume β α = γ α and γ α = β α . Then, we have

β
(CH)= β π

(CH2)= α αβ π
(D)= β αβ α π

= γ αγ α π
(D)= α αγ π

(CH2)= γ π
(CH)= γ
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Proposition A.0.4. For all α, β, γ ∈ {0, π},

β =γα α β γπ π π π

Proof. In Proposition (A.0.3), replace β by β γα π π and γ by α β γπ π .

Now, we need to show:

(a) α β γ απ π = γα β αππ
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and (b) α β γ απ π = γα β αππ

(a) L.H.S. = α β γ απ π
(CM)= α β γα π π

Prop. (A.0.1)= α

R.H.S. = γα β αππ
(CM)= γα βα ππ
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(D)= βα π γαα π
Prop. (A.0.1)= α γα π

Prop. (A.0.2)= α

(b) L.H.S = α β γ απ π
(CM)= α β γα π π

(D)= α β γπα α π
(CH2)= α β γππ

(CH)= α β γπ
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R.H.S. = γα β αππ
(CM)= γα βα ππ

(D)= α βα π γαπ
(D)= βα γαπαα π

(CH2)= βα γαππ
(CH)= βα γαπ

(D)= α β γπ
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Proposition A.0.5. For all α, β, γ ∈ {0, π},

β =γα α β γ

Proof. Define complements of α, β and γ:

≡α

α

π

, ≡β

β

π

, ≡γ

γ

π

.

Then, from Proposition (A.0.4), we have

β =γα α β γπ π π π

Taking the complement of both sides, we get

β =γα α β γπ π π π

π π
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(C)⇐⇒ β =γα α β γπ π π π

π
π

π

π
π

π

(C)⇐⇒ β =γα α β γπ π π π

π
π

π

π

π

πππ π π

(F),(ID)⇐⇒ β =γα α β γ
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