
Pre
onditioned iterative methods for impli
itequationsA. J. WathenOxford University Computing LaboratoryThese notes are about methods for �nding the solution x of the linearsimultaneous equations Ax = b (1)where A is a known real or 
omplex n�nmatrix (whi
h is assumed invertible)and b is a known n-ve
tor.The 
oeÆ
ient matrix would generally be 
onsidered to be either full,banded or sparse. For any of these types of matri
es, good numeri
al al-gorithms based upon systemati
 (Gaussian) elimination exist. (For generalsoftware, you need look no further than the NAG library. Hardware-spe
i�
routines exist on many advan
ed ar
hite
ture ma
hines.) Su
h algorithmsterminate with (in general) an a

urate numeri
al answer after a predi
tableammount of 
omputation. The basi
 diÆ
ulty is that for large n su
h pre-di
table requirements in terms of CPU time, 
omputer memory and dis
storage may be 
ompletely unavailable whether you work on a workstationor a super
omputer. (See for example the table of work estimates on page 388of [2℄). However, iterative solution methods are often available and pra
ti
a-ble for su
h large problems espe
ially when the 
oeÆ
ient matrix is sparse.In the 
ontext of dynami
 simulations su
h as arise in weather predi
tion(as well as other areas in
luding petroleum reservoir modelling, semi
on-du
tor pro
ess modelling and �nan
ial option pri
ing) su
h systems usuallyderive from an impli
it time dis
retisation method, the simplest of whi
hwould be the ba
kwards Euler method. Linearisation via Newtons methodor Pi
ard iteration might also be involved. In su
h impli
it time-dependent
omputations the 
oeÆ
ient matrix always has the form1�tI + L or I +�tL1



in the 
ase of �nite di�eren
e repla
ement of the spatial terms or1�tM̂ + L or M̂ +�tLwhere M̂ is the `mass matrix' in the 
ase of �nite element approximationin the spatial variables - the appearan
e of M̂ rather than I is of no greatsigni�
an
e sin
e it is known that simple diagonal s
aling of M̂ renders thesolution of systems involving M̂ trivial sin
e diag(M̂)�1M̂ is (spe
trally) very
lose to the identity (see [23℄). For approximations based on expansionsin terms of globally-de�ned fun
tions (su
h as arise in spe
tral methods),the orthogonality properties of the basis fun
tions are important. Here Lrepresents the spatial di�erential opertor terms.This is a simple truth, but from the point of view of solving the matrixsystem at ea
h time step it indi
ates that the 
hoi
e of time-step �t 
anhave a profound e�e
t: if �t is small then the 
oeÆ
ient matrix looks moreand more like the identity matrix whereas larger values of �t make the
oeÆ
ient matrix 
loser to a steady-state operator. For dire
t (elimination)algorithms the 
hoi
e of �t does not a�e
t the work in solving su
h systems(only the a

ura
y of the 
omputed results) however for iterative methods,solution with small �t generally takes very few iterations; many iterationsmight be required in the 
ase of a larger time-step. Of 
ourse the 
hoi
eof timestep is usually determined by the time s
ale of a simulation and anya

ura
y/stability 
onstraints.The two leading 
lasses of iterative methods are those based on the Multi-grid approa
h, and the Conjugate Gradient method and its generalisations.The multigrid method was originally derived for grid-based problems su
has arise from �nite di�eren
e or �nite element dis
retisation of partial di�er-ential equations. For 
ertain model problems extremely rapid 
onvergen
erates are proved and observed with this method. For problems with no ob-vious geometri
 sequen
e of (multi-)grids, there has been attention dire
tedtowards �nding a mimi
king algebrai
 pro
edure (Algebrai
 Multigrid), butsu
h methods are generally less rapidly 
onvergent. Mu
h resear
h on Multi-grid methods 
ontinues - I am not an expert on it! A general referen
e forMultigrid methods is [14℄.Methods of Conjugate Gradient (CG) type (so-
alled Krylov subspa
emethods) are however more widely appli
able, and 
onvergen
e rates in many
ases are fast. It is methods of this type that I mainly intend to review inthese notes. 2



In all the methods of this type, referen
e to the 
oeÆ
ient matrix, Ais only required for the 
omputation of matrix�ve
tor produ
ts, Ap (andsometimes also ATp) where p is a known n-ve
tor. For a sparse matrix theseprodu
ts 
an usually be en
oded so that only 
al
ulation on the non-zeros isrequired.In many appli
ations, pre
onditioning of the original linear system is em-ployed. Indeed after an explosion of new Krylov subspa
e methods in theearly 1990's it was realised that �nding and e�e
tive pre
onditioner is mu
hmore important in general than the spe
i�
 
hoi
e of iterative method. Theidea here is that if a pre
onditioning matrix M 
an be easily 
omputed su
hthat 
onvergen
e of the appropriate iterative method is faster for the pre
on-ditioned system M�1Ax = M�1b (2)than the original, AND systems of equations withM as 
oeÆ
ient matrix arevery rapidly solvable (su
h a solution will be required at ea
h iteration), thenthe overall solution time will be shorter. The inverse ofM is not required; theequation (2) is only s
hemati
ally equivalent to the pre
onditioned methodsthat are used. Indeed a good pre
onditioner might be a `pro
ess' su
h as asingle multigrid 
y
le whi
h only for theoreti
al purposes 
an be 
onsideredas a matrix.A simple but not ne
essary motivation for a good pre
onditioner is thatit be an easily invertible approximation of the 
oeÆ
ient matrix A. Alterna-tively one may have an approximate inverse so that pre
onditioning involvesonly a matrix�ve
tor multipli
ation at ea
h iteration.There are many approa
hes to the 
onstru
tion of pre
onditioners. Forparti
ular appli
ations problems, there is sometimes a spe
i�
 and inherentlysimpler approximation whi
h `
aptures the main physi
s' and is more read-ily invertible whi
h may be employed as a pre
onditioner. For example onemight have 
omputed a triangular fa
torisation but need solution of manylinear systems with slightly di�erent 
oeÆ
ient matri
es - the original fa
-torisation may then be used as a good pre
onditioner. This type of situationmight arise for example in nonlinear/time-dependent problems.For problems with parti
ular mathemati
al stru
ture, there are often waysto utilise that stru
ture for pre
onditioning - for example for problems with
onstraints there have been some very su

essful re
ent advan
es whi
h arebased on approximation of subproblems (see [15℄,[12℄).For self-adjoint and positive de�nite ellipti
 partial di�erential equation3



problems, su

essful pre
onditioners based on domain de
omposition are also
onveniently parallelisable. There is mu
h work on these methods - seethe sequen
e of pro
eedings of whi
h the latest is 
an be obtained fromhttp://www.gre.a
.uk/ dd11/dd11/pro
eedings.html.Popular and general pre
onditioners for sparse systems 
an be 
onstru
tedusing in
omplete triangular fa
torisation of A ([13℄,[9℄) or by (parallel) 
on-stru
tion of sparse approximate inverses ([3℄,[10℄). The quality of these pre-
onditioners varies when employed for di�erent appli
ation problems andit 
an be expensive (even prohibitive) to 
onstru
t them for very large s
aleproblems. Less generally appli
able pre
onditioners have also been suggestedwhi
h work well on 
ertain 
lasses of problems (see [25℄,[11℄,[21℄) or the spe-
ial issue of Numeri
al Linear Algebra and Appli
ations asso
iated with the
onferen
e on Pre
onditioned held last summer in Minneapolis (see [16℄).We now turn to iterative methods.For real symmetri
 (or 
omplex hermitian) and positive de�nite systems,the (Hestenes-Steifel) Conjugate Gradient method ([7℄, page 370) is to setinitial ve
tors x0 = 0; p0 = 0, and for ea
h iteration
ompute residual rk�1 = b� Axk�1
ompute 
onjugate sear
h dire
tion pk = rk�1 + �kpk�1with �k = rTk�1rk�1rTk�2rk�2update solution xk = xk�1 + �kpkwith �k = rTk�1rk�1pTkApk :The residual is usually 
omputed re
ursively asrk�1 = rk�2 � �k�1Apk�1so that only one matrix�ve
tor multipli
ation is required per iteration.The most readily obtained 
onvergen
e bound for this method is that theexa
t solution x and the CG iterates xk satisfykxk � xkA � 2  1�p�1 +p�!k kx0 � xkA (3)where � is the spe
tral 
ondition number of A (the ratio of largest to smallesteigenvalues of A), and kyk2A = yTAy. Thus rapid 
onvergen
e is guarenteed if4



� is small. This is the motivation for pre
onditioning: to redu
e �. If a betterguess for x0 is available (for example the solution at a previous time-step),then this 
an be used and (3) indi
ates that few iterations are expe
ted tore�ne the solution. Contrast this with dire
t solution pro
edures whi
h takethe same time whatever is known about the solution.For real symmetri
 (or 
omplex hermitian) inde�nite matri
es and othermatri
es whose eigenvalues all lie on a single line in the 
omplex plane, thereexist Conjugate Gradient-like methods (for example the method of Conju-gate Residuals of whi
h probably the best of the various implementations isMINRES [17℄) with similar 
onvergen
e properties but whi
h require a littlemore work per iteration. See the `taxonomy' [1℄. Similarly to ConjugateGradients, rapid 
onvergen
e 
an be guarenteed for problems with 
lustedeigenvalues - the pre
ise theoreti
al 
onvergen
e bounds/estimates are more
ompli
ated, see [8℄,[24℄.For non-symmetri
 matri
es, there are a number of 
ompetitive CG-likemethods. None has the monotoni
 error- or residual-redu
tion and 
onstantwork per iteration like in the symmetri
 
ase, and 
onvergen
e 
an be moreerrati
. Available 
onvergen
e bounds are generally not des
riptive in 
on-trast to symmetri
 problems. Numeri
al divergen
e is o

asionally seen.Nevertheless, a number of methods of this type are signi�
antly used in avariety of situations.The most longstanding of the non-symmetri
 methods is that based on(Hestenes-Steifel) CG for the normal equationsATAx = AT b;the 
oeÆ
ient matrix of whi
h is symmetri
 and positive de�nite. This ap-proa
h is not re
ommended unless �(A) is small as �(ATA) = �(A)2 andslow 
onvergen
e as suggested by (3) is usually experien
ed. There are situ-ations (su
h as impli
it 
omputations with a very small time-step or wherea high-quality pre
onditioner is available) where this method might be used.The GMRES method (Generalised Minimal Residual method) ([19℄) the-oreti
ally is error-minimising at ea
h iteration, however a Gram-S
hmidt-like(in fa
t Arnoldi) orthogonalisation of the kth `sear
h dire
tion' pk against allprevious sear
h dire
tion ve
tors p0; p1; : : : ; pk�1 is required at the kth itera-tion - thus the work per iteration in
reases as the number of iterations grows.This is generally impra
ti
al in both storage as well as 
omputation. Themethod may however be used in a 
y
li
 manner: do l steps of GMRES5



(storing and operating on l ve
tors) and then restart. This method is 
alledGMRES(l). A popular value for l is about 10. The advantage of this methodis that 
onvergen
e 
an always be guarenteed by in
reasing l. The disadvan-tage is that too large a value for l may be required! Indeed, re
ent examplesprovided by Embree ([4℄) indi
ate that it is quite possible for GMRES(l1)to require fewer iterations and less work to obtain a solution to any 
onver-gen
e toleran
e than GMRES(l2) when l1 < l2. Thus in
reasing the restartlength may not be pro�table unless it is possible to employ the non-restartedmethod GMRES(n).Restarting is generally not favoured if it 
an be helped, and in appli
ationssu
h as petroleum reservoir modelling where this method is widely employed(usually an implementation 
alled Orthomin), the time-step is often keptsmall enough that few enough iterations are required so that restating is notne
essary. In 
omputations I have been involved with, it is not 
lear thatthe adaptive time-step sele
tion me
hanism is not in fa
t responding to the
onvergen
e rate of the iterative linear solver rather than any dis
retisationerrors or non-
onvergen
e of the (outer) non-linear iteration.The BiCG method ([5℄) requires only 2 or 3 p-ve
tors, but 
omputationof both of the produ
ts Ap and ATp is needed. (The latter may be awkwardto 
ompute depending on the data stru
ture for storing A). The method 
analso stall and has been generally 
ast aside in favour of the modi�ed methodsbelow.The CGS (CG Squared) method ([20℄) is a variant of BiCG whi
h avoidsthe 
al
ulation of the transpose produ
t ATp. It exhibits rapid �nal 
on-vergen
e, though large jumps (in
reases) in the residual are usually seen atearlier stages of the iteration.A further variant of BiCG is the BiCG-STAB method ([22℄) whi
h issimilar to CGS, but has a `more monotoni
' residual redu
tion. A usefulhybrid 
ombination of a few steps of GMRES with BiCG-STAB leads to theuseful BiCG-STAB(l) method ([18℄). Both CGS and BiCG-STAB and itsvariants are widely used in semi
ondu
tor devi
e simulations.The QMR (Quasi Minimal Residual) method ([6℄) is related to both BiCGand GMRES looked a very attra
tive approa
h when it was announ
ed butdespite the availability of good software, it seems not to be 
ommonly usedex
ept for 
ertain model redu
tion problems in 
ir
uit simulation.The GMRES(l), CGS and BiCG-STAB(l) methods with appropriate pre-
onditioning are all signi�
antly used in a number of pra
ti
al situations notindi
ated here. 6
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