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Abstract

Silicon nitride is a bulk and a coating material exhibiting excellent mechanical
properties. The understanding of the complex processes at the nanometre scale
gained through experimental research will be enhanced by the existence of a com-
putationally efficient and accurate model that is able to describe the mechanical
properties of silicon nitride. Such a model has yet to be proposed.

In this thesis we present a transferable reduced tight-binding (TB) model for the
silicon nitride system. More precisely, this model consists of a reduced TB model
for elemental silicon, a reduced TB model for elemental nitrogen, and a reduced
TB model for silicon nitride. These models are developed within the framework
of coarse-graining the electronic structure from density functional theory (DFT) to
tight binding (TB) to bond-order potentials (BOPs), and can therefore be used in
the future as the stepping stone to develop BOPs for the application in large scale
simulations.

The bond integrals employed in the reduced TB models are obtained directly from
mixed-basis DFT projections of wave functions onto a minimal basis of atom-centred
orbitals. This approach reduces the number of overall parameters to be fitted and
provides models which are transferable through the different coarse-graining levels.
We provide an example by using the same bond integrals in the reduced TB model
for silicon and the preliminary bond-based BOP for silicon. DFT binding energies of
ground state and metastable crystal structures are used as the benchmark to which
the TB and BOP repulsive parameters are fitted.

In addition to model development, we present an improved methodology when
going from TB to reduced TB. By weighting all four σ TB bond integrals equally,
we provide a new parameterisation (Eqs. (2.73) and (2.74)) and show that the quality
of the silicon reduced TB model can be increased by choosing one of the reduced
TB parameters to be distance invariant.

The ingredients, the development methodology, and the quality of each of the
four models are discussed in a separate chapter. The quality of the reduced TB
models and BOP is demonstrated by comparing their predictions for the binding
energies, heats of formation, elastic constants, and defect energies with DFT and
experimental values.
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1 Introduction

Silicon nitride is one of the most widely used non-oxide ceramics and is employed

in the bulk and as coatings in many applications, ranging from automotive to

microelectronic industries [1–3]. Due to their high strength, hardness, and wear

resistance, low density and friction coefficient, and excellent chemical and thermal

stability, silicon nitride ceramics are applied in many areas at both low and high

temperatures [4]. Examples include gas turbines, heat exchangers, car engine parts,

fans, unlubricated roller and ball bearings, valves, seals, and crucibles for molten

metal [5, 6].

In addition to the application of silicon nitride in the bulk, silicon nitride films play

an important role in microelectronic technology [7] and microsystems technology

[8]. Due to the material’s chemical resistance, ease of deposition with various

processes, and etching properties (especially the etching rate compared to silicon),

silicon nitride is employed in a variety of semiconductor manufacturing processes

[9]. Applications include sacrificial layers, masks, and passivation layers [10, 11]. In

microelectronic technology for instance, mainly amorphous silicon nitride is applied

due to its low electrical conductivity, high dielectric constant, high resistance against

radiation, high temperature stability, and its high barrier against alkali-ion migration

and impurity diffusion. Further, silicon nitride is applied in integrated circuits as

dielectrics in capacitors and transistors. Silicon nitride coatings are also widely
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1 Introduction

employed for their mechanical properties and are used against wear and corrosion

both by itself and in composite coatings in combination with other materials like

silicon carbide, titanium carbide, titanium nitride, and aluminium oxide [12–14].

In order to investigate deposition processes of silicon nitride on the atomistic level

and understand the complex interatomic and interface processes, the availability of

accurate and yet computationally efficient models is crucial.

The electronic structure of silicon nitride has been intensively studied with the

tight-binding (TB) method by Robertson et al. in order to help elucidate the nature

of the defects in amorphous silicon nitride [15–19]. Interatomic potentials have been

developed for the atomistic simulation of crystalline and amorphous silicon nitride

using either the covalent bond-order-type Tersoff potential [20] or the two- and

three-body Vashishta [21] potential that describes both ionic pairwise and covalent

bond-bending interactions. However, no reduced TB model that would close the

gap between the work by Robertson et al. and the interatomic potentials developed

so far by describing the binding energy for silicon nitride has been developed until

now. Such a high quality and transferable reduced TB model for silicon nitride

is also crucial for the development of an accurate bond-based bond-order potential

(BOP) for silicon nitride, since it provides the necessary input parameters.

Ideally, one would like to represent the atomic interactions of the silicon nitride

system with a quantum mechanical approach, treating the electronic degrees of

freedom explicitly. This has been done with ab initio methods to investigate the

structural stability of silicon nitride crystal phases [22–26]. However, due to the

restriction of computing power, only simulations using empirical interatomic poten-

tials, which often lack transferability and accuracy, can reach the length and time

scales necessary to study phenomena such as film growth, nanoindentation, radiation
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1 Introduction

damage, and dislocation dynamics. Nevertheless, in contrast to empirical potentials,

bond-based bond-order potentials (BOPs) could provide an accurate description

of a wide array of local atomic environments in covalent systems [27]. Generally,

analytic BOPs can be derived either for metals [28] or semiconductors [29, 30] by

coarse-graining the electronic structure from density functional theory (DFT) to

TB to BOPs. Within this approach, the TB parameters can be extracted directly

from DFT by projecting the wave functions onto a minimal basis of atom-centred

orbitals [31, 32]. In the particular case of bond-based BOPs, reduced TB links

the quantum mechanical with the atomistic level. We show that reduced TB is

not just a theoretical coarse-graining step in the development of bond-based BOPs,

but, in addition, provides a transferable model when applied to the silicon nitride

system. This reduced TB model for the silicon nitride system can be used in the

future to develop a transferable bond-based BOP. Furthermore, it is known that

interatomic electronic charge redistribution is present in heterovalent compounds

such as silicon nitride due to the large Pauling electronegativity difference between

the atomic species [33]. This results in a hybrid of covalent and ionic bonding. We

have included charge transfer within a self consistent density-functional tight-binding

scheme [34].

In this thesis, we present a reduced TB model for silicon, a reduced TB model

for nitrogen, a reduced TB model for silicon nitride, and a bond-based BOP for

silicon. The bond integrals employed in the reduced TB and BOP models are

obtained directly from DFT and the elemental silicon and nitrogen bond integrals

and repulsive potentials are fully transferable from elemental to binary situations.

In addition, the same bond integrals are used in the reduced TB model and BOP for

silicon. This BOP for silicon demonstrates the transferability of the bond integrals
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between the reduced TB and BOP levels, however, this BOP for silicon is only

a preliminary model and needs further testing and refinement in the future. The

quality of any bond-based BOP is defined by the accuracy of the underlying reduced

TB model. Therefore, we focused on fine tuning the reduced TB models with respect

to the ordering of the lowest energy structures.

This thesis is structured as follows. In Chapter 2 we begin with an interpreta-

tion of the background information. We begin with an introduction to the silicon

nitride system in Section 2.1 and continue with a discussion of existing interatomic

potentials for silicon nitride in Section 2.2. The theory and techniques employed

in the derivation of interatomic potentials are described in Sections 2.3 and 2.4.

Chapter 3 summarises the reduced TB model for silicon, Chapter 4 the reduced

TB model for nitrogen, and Chapter 5 the reduced TB model for silicon nitride.

Further, Chapter 6 gives details of the bond-based BOP for silicon. The quality of

the reduced TB models and the BOP is demonstrated by comparing their predictions

for the electronic structure, binding energies, heats of formation, elastic constants,

and defect energies with DFT and experimental values. Finally, in Chapter 7, we

conclude and suggest directions for possible further work.
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2 Background

This Chapter is on silicon nitride and the relevant background information for the

development of interatomic potentials. We start with an introduction to silicon ni-

tride in Section 2.1 by focusing on the material’s industrial applications in Subsection

2.1.1, the crystal structures in Subsection 2.1.2, the synthesis in Subsection 2.1.3,

and the mechanical properties in Subsection 2.1.4. In Section 2.2 we discuss different

interatomic potentials which have been used in both molecular dynamics (MD) and

Monte Carlo (MC) simulations to investigate the silicon nitride system. Atomistic

simulations of growth which have been done with these potentials are considered

at the end of each Subsection. The theory and techniques necessary to develop a

reduced tight-binding (TB) model and a bond-based bond-order potential (BOP)

are described in Sections 2.3 and 2.4. In particular, the coarse-graining steps from

density functional theory (DFT) to TB, from TB to reduced TB, and from reduced

TB to BOP are described in Subsections 2.4.1, 2.4.2, and 2.4.3, respectively. Section

2.5 presents a summary of the background chapter’s conclusions.
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2 Background

2.1 Silicon Nitride (Si-N)

2.1.1 Applications of Si-N

Silicon nitride can be applied in many areas and is therefore of particular interest

to industry. Due to its excellent properties, silicon nitride is applied at both low

and high temperatures, in the bulk and as films, and in different industries ranging

from the automotive to the microelectronic industry [1–14]. The properties of silicon

nitride and application examples were given in the introductory passages of Chapter

1.

2.1.2 Structure of Si-N

Silicon (Si) is in group IV and nitrogen (N) in group V of the periodic table. Silicon

and nitrogen have four and five valence electrons, respectively, which in the atomic

ground state have an s2p2 and s2p3 occupation. Due to hybridisation, both elements

form a number of different bonding states. Examples of sp3 hybridisation include

silicon in the diamond structure (all four sp3 orbitals with one unpaired electron per

atom) and nitrogen in ammonia (NH3) (one sp
3 orbital with a non-bonding pair of

electrons and three with one unpaired electron per atom).

Figure 2.1 shows a calculated phase diagram for the Si-N binary system [35]. The

phase diagram includes the gas phase (G), the silicon liquid solution phase (L), the

stoichiometric compound Si3N4 phase (Si3N4), and the diamond silicon phase (Si).

Silicon forms the diamond structure at ambient conditions, where each silicon

atom is tetrahedrally bonded to its four neighbours. Nitrogen forms diatomic

molecules in the gas state at ambient conditions. It is assumed that all solid phases

of nitrogen are also built from these diatomic units [36]. In both, gaseous and solid
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2 Background

phases, the nitrogen pairs are strongly triple bonded with weak van der Waals forces

acting between the different molecules. Theoretical studies have suggested other

forms of nitrogen in the solid phase, for instance twofold and threefold coordinated

polymeric forms [37].

Even though different polytypes of silicon nitride have been proposed, Si3N4 is the

only well-established stoichiometric compound in the Si–N binary system [35]. The

3:4 composition is anticipated, since this composition can basically be explained by

the fact that silicon wants to bind to four neighbours due to having four unpaired

valence electrons and nitrogen wants to form bonds with three neighbours due to

its three unpaired valence electrons. As one can see from the phase diagram, at

ambient pressure Si3N4 has no melting temperature, but dissociates into silicon (L)

and nitrogen (G) at 1877 ◦C. With increasing temperature larger fractions of the

liquid silicon transform into gaseous silicon.

There are two main polytypes of the Si3N4 phase, the β- and α-Si3N4 structures,

which are both hexagonal and differ only by their stacking sequence [39]. The β

structure is experimentally known to be thermodynamically more stable than the

α structure at ambient conditions [40], yet the difference in their heat of formation

is marginal being only 2 meV/atom [41]. Even though it was supposed that the

α and β structures are low and high temperature forms respectively, only the

transformation from the α to the β structure has been observed experimentally

but never a conversion in the opposite direction [5, 40, 42, 43]. For instance, in

sintering studies of a mixture of α/β starting powders it was observed that the β

content increased with sintering time [44].

For both the α and β structure the basic building block is a Si-N tetrahedron with

a silicon atom at its centre and four nitrogen atoms at each vertex (see Figure 2.2).
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Figure 2.1: Calculated Si–N phase diagram at 1 atm from Ref. [35]. (Figure modified
from Ref. [38].)
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All these SiN4 tetrahedra are linked by nitrogen atoms which are each common to

three tetrahedra. As a result each silicon atom has four nitrogen atoms as nearest

neighbours and each nitrogen atom has three silicon atoms as nearest neighbours.

Figure 2.2: The tetrahedral unit in Si3N4 (modified from Ref. [45]).

The distinction between both polytypes is that they can be described as Si-N

layers in an ... ABCDABCD ... order for the α structure and an ... ABAB ... order

for the β structure (see Figure 2.3). The AB layers are the same for the α and

β structure and the CD layers in the α structure are shifted along a c-glide plane

compared to the AB layer. Due to this, the c-axis dimension of the unit cell of the

α structure, consisting of Si12N16, is approximately twice that of the β structure,

consisting of Si6N8. Furthermore, the α structure contains considerable lattice strain

energy due to distorted bonds and bond angles compared to idealised Si-N layers,

expressed by lattice distortion and the displacement of atoms from the idealised

positions, whereas the β structure is almost strain free [46]. Moreover, the larger

voids in each basal sheet created by the linking of six eight-membered Si-N rings

do not align and therefore no continuous c-axis channels occur in the α structure,

whereas they align in the β structure and hence provide continuous c-axis channels

of diameters around 3 Å [39].
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Figure 2.3: The idealised Si-N layers in the α and β crystal structures: ...ABAB...
for the β structure and ...ABCDABCD... for the α structure [46]. The
small and large circles represent silicon and nitrogen atoms respectively.
The black circles represent atoms from the A and C layers and the grey
circles represent atoms from the B and D layers.

In addition to the two polymorphs mentioned above, a spinel structure, called γ,

has been discovered which can form at pressures above 15 GPa and temperatures

exceeding 2000 K [47]. Further, a diffusionless transformation from the spinel to

a metastable willemite-II (wII) structure has been suggested, which appears to be

energetically more favourable than the spinel structure at zero pressure [48].

Silicon nitride amorphous films mostly have the fundamental SiN4 and NSi3

structural units of the crystalline phase but lack long-range ordering and have a

tendency of their stoichiometry to differ from the 3:4 ratio (x = 1.33 in SiNx).

For instance, stoichiometries of x = 0 to 1.83 have been reported using reactive

magnetron sputtering [49].
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2.1.3 Synthesis and processing of Si-N

Bulk Si-N

The vast majority of non-oxide bulk ceramics are produced from high quality powder.

The quality of the powder is directly related to the achievable densification of the

manufactured parts with desirable properties approaching the theoretical limit of the

material. Having a good grasp of the silicon nitride phase chemistry and processing

parameters is crucial for achieving the necessary microstructures for the desired

properties of the finished part.

Two purity grades of silicon powder are used at the start of most of the silicon

nitride processing routes: metallurgical-grade and semiconductor-grade silicon pow-

der. The metallurgical-grade silicon powder (> 98 % Si) is usually prepared through

a carbothermal reduction of silicon dioxide (SiO2) with a carbon electrode. This

product still includes 2% contamination of carbon (C), boron (B), and phosphorus

(P), which is unsuitable for electronic devices. Polycrystalline semiconductor-grade

powder can then be produced in two further steps. First, gaseous hydrochloric acid

(HCl) is added to fine ground metallurgical-grade silicon in a fractional distillation

process to produce hydrogen (H2) and liquid trichlorsilane (SiHCl3). Second, with

the addition of hydrogen, the trichlorsilane is decomposed into polycrystalline pure

silicon (< 1 ppb contamination), silicon tetrachloride (SiCl4), and hydrochloridic

acid. The polycrystalline pure silicon is not only used in the silicon nitride produc-

tion but also single crystalline silicon can be produced from it in the Czochralski

process [50].

High-purity silicon nitride powder is needed for the production of silicon nitride

components via hot-pressing and sintering processes. Measures for the quality of

the silicon nitride powder are a small mean particle size (< 200 nm), a narrow
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particle-size distribution, an equiaxed morphology, and the absence of agglomerates

[5]. All these have a significant impact on the densification process [5]. The silicon

nitride powder is usually produced using either direct nitridation of metallurgical-

grade or semiconductor-grade silicon powder [51], carbothermal reduction of silicon

dioxide with simultaneous nitridation [52], or high-temperature decomposition of

silicon diimide [53].

Due to its relatively low self diffusion coefficients, sintering of silicon nitride

is extremely difficult. Several processes have been developed leading to different

properties of the finished silicon nitride parts. One process is the reaction-bonding

of silicon nitride (reaction-bonded Si-N (RBSN)) [54] in which metallurgical-grade

silicon powder together with binders and additives is first formed into a green body

and then nitrided in an exothermic reaction between 1000 and 1300 ◦C. This process

makes complex shapes possible but also leads to porous end products (25%–35%

porosity) [5]. Two further processes lead to denser finished parts, namely to hot-

pressed silicon nitride (HPSN) and to sintered silicon nitride (SSN). HPSN is the

most common silicon nitride form, which is made by compressing Si3N4 powders

(usually α-Si3N4) with MgO additives (and others like BeO, Mg3N2, and Al2O3)

to promote densification at 20-30 MPa at 1850 ◦C for up to 2 hours. In this

process mixtures of α- and β-Si3N4 are produced, where the α:β ratio depends on the

processing parameters. The strength of HPSN depends considerably on the purity

of the Si3N4 powder. The class of SSN became of interest when it was discovered

that no applied mechanical pressure was needed to produce high-density silicon

nitride ceramics when the loss of Si3N4 by evaporation can be restrained [55, 56].

Since the additives (e.g. MgO) form liquid phases, pressureless sintering of Si3N4

(SSN) is possible, even though an overpressure of N gas is usually used to prevent
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the decomposition of Si3N4 during the sintering process. As a second step, using

the powder bed technique, where the compacted Si3N4 powder containing sintering

additives (e.g. MgO) is immersed in a bed of loosely packed Si3N4 powder (also with

MgO additives), a 98% density can be obtained after 5 h at 1650 ◦C and at 1 bar

nitrogen pressure [57].

Generally, α-Si3N4 can be synthesised at ambient pressure and temperatures

below 1500 to 1550 ◦C while β-Si3N4 requires higher temperatures [42, 47]. As

mentioned earlier, only the transformation from α- to β-Si3N4 has been observed

experimentally, meaning that the α/β ratio can only decrease during sintering

processes. After prolonged heating of α-Si3N4 at temperatures higher than 1450

◦C this transformation starts and a complete conversion from α to β can be reached

at temperatures between 1750 to 1900 ◦C and a pressure of 22.7 MPa with the

addition of Mg3N2 and MgO [42].

Si-N coatings

Amorphous [58, 59] or polycrystalline [60] silicon nitride films can be deposited via

various chemical vapour deposition (CVD) and physical vapour deposition (PVD)

techniques [61]. The difference between the two methods is that in the CVD process

chemicals in the gas state are fed into and react inside the chamber to form solid

and desorbing gaseous products, whereas in the PVD process evaporated gaseous

products are fed into or produced inside the chamber and condensate on a “cold”

substrate. Due to its high dissociation temperature and to reduce stress levels in the

grown films, in all processes, silicon nitride is usually not deposited directly onto the

semiconductor surface but onto an approximately 5 to 50 nm thick pyrolytic SiO2

layer [5]. Even though silicon nitride is usually deposited in a low pressure (10-103
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Pa) CVD (LPCVD) process in industry, several other processes are widely employed

and discussed in the literature. Examples are atmospheric pressure CVD (APCVD)

[62] and PVD sputtering with Ar [63].

The most common LPCVD processes are the silane-process, usually carried out

in a cold-wall reactor, and the dichlorsilane-process, mainly carried out in a hot-wall

reactor, [64]. Several molecular excitation systems can be used in these LPCVD

techniques to reduce the deposition temperature and the radiation damage, including

plasma enhancement (PECVD), laser enhancement (LECVD), ultraviolet photon

enhancement (PHCVD), and microwave and electron cyclotron resonance.

One advantage of CVD grown dense and high-purity amorphous and

polycrystalline silicon nitride over the bulk production processes is the complete

absence of intergranular glass, which leads to better high-temperature strength and

oxidation resistance. Uncracked polycrystalline α-Si3N4 films with grain sizes of

0.1-1 µm could be produced at ≥ 1200 ◦C, ambient pressure, and low deposition

rates (< 35 nm/h). With the LPCVD process at 103 Pa, much thicker (> 4 mm)

uncracked deposits of polycrystalline α-Si3N4 could be obtained on graphite

formers at much higher rates (< 0.4 mm/h). Under similar conditions and with

the addition of TiCl4 vapour, up to 1.1 mm thick β-Si3N4 plates could be grown

which included three to four wt.% Ti-N in the β matrix [65]. Amorphous films can

be produced by direct nitridation of silicon with NH3 at temperatures of up to 950

◦C, although due to the low diffusion coefficient of nitrogen in silicon nitride this

process is self-limiting to a thickness of about 10 nm [5].

One of the most common PVD processes is reactive sputtering of silicon in Ar-

N2 mixtures [66]. This process allows the deposition of stoichiometric amorphous

and polycrystalline Si3N4 layers. Similarly to the CVD process, the PVD process
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has undergone some modifications over the last decades, one of them being the

unbalanced magnetron sputtering (UMS). UMS uses argon and nitrogen gas at

pressures of 1 to 5 x 10−1 Pa, a heated silicon substrate with temperatures between

500 and 800 ◦C, and a non-heated chamber which can reach temperatures of about

100 ◦C. In this process, argon ions sputter silicon atoms out of the silicon target.

The N2 molecules are split up in the vicinity of the substrate due to the heat of the

plasma and the silicon and nitrogen atoms then precipitate on the substrate. The

unbalanced magnetron is used to increase the plasma density. The UMS technique

can also be used to deposit Ti-N layers on silicon or steel by using a titanium

instead of a silicon target [67]. One advantage of sputtering over conventional

CVD processes is that the increase of the bias voltage and hence the energy of

the ions, which bombard the deposited layer during the growth process, results in

very smooth surfaces and dense films [68]. Other advantages are low-temperature

processing, extremely low hydrogen content, use of non-toxic gas, and a simple

processing structure [69].

In both, CVD and PVD, the quality and microstructure of the product is con-

trolled by the surface and volume energies of the substrate and deposited layer,

and the substrate temperature and morphology. In addition, the energy and rate

of the impacting particles, the interaction between the particles including total and

partial pressure, flow rate, and mean free path, have an influence on the quality

and microstructure of the deposited layer. Another important impact on the film

properties is the reaction at the surface, which is influenced for instance by the

purity of the surface and the chemicals in the gas phase, the gas phase and surface

diffusion, and the nucleation and adhesion on the surface. The influence of pressure

and homologous temperature on the microstructure is shown in Figure 2.4. A
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stepwise transition from a porous columnar structure with a rough surface towards

a polycrystalline dense structure with more spherical grains and a smooth surface

can be seen with increasing temperature and decreasing pressure.

Figure 2.4: Inert gas pressure (Inertgasdruck) and homologous temperature (T/Tm)
effects on the microstructure of deposited films [70].

Although the detailed growth mechanisms of silicon nitride do not seem to be

sufficiently understood and the influence of different processing parameters on the

deposited film is complex, experimental PVD studies of the growth of silicon nitride

show certain trends. For instance, an increase in nitrogen partial pressure and

a decrease in the target voltage has led to a decrease in the sputtering rate and

nitrogen content in the deposited films [66]. At a high nitrogen pressure, target

poisoning and a low sputtering rate were observed [68]. In general, the energy of the

particles in the gas phase is higher at lower pressure due to fewer collisions and at

higher temperature due to higher kinetic energies. An increase of temperature and

a decrease of pressure in the processing chamber leads to more uniform and denser

deposited films, to an increase in deposition rate, and to a higher surface movement

of deposited atoms which leads to a smaller pore density and better conformity.

Disadvantages of increasing the temperature in the chamber are a higher substrate

strain and an increase in the risk of unwanted gas phase reactions. However, the
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latter effect can be reduced by decreasing the chamber pressure. An increase of the

bias voltage and hence an increase in the condensation energy of the ions leads to

a higher adatom mobility, better adhesion, decrease in voids and porosity, higher

density of the deposited film, and smoother surfaces [68, 69]. An increase of the

substrate bias also has an influence on the composition. An increase of nitrogen

content in the films with increasing bias due to higher reactivity between nitrogen

and silicon was reported. Although, due to re-sputtering effects of nitrogen from the

deposited film the nitrogen content decreased if the bias was increased further than

-75 V [68, 69]. With no applied bias the N/Si ratio was close to the stoichiometric

value of 1.33 and reached a value of 1.55 at -200 V [68, 69]. A disadvantage of raising

the bias voltage is, however, the increase in strain of the substrate. For improving

the layer quality, the substrate can be heated (200 to 500 ◦C), which leads to a

lower deposition rate and a higher mobility of the deposited atoms, and this results

in a higher density of the films, smaller pore density, better adhesion, and fewer

inclusions of sputtering gas (e.g. argon).

2.1.4 Microstructure and mechanical properties of Si-N

Bulk Si-N

As mentioned in Subsection 2.1.3, the microstructure achieved with the aid of

different processing steps has a major influence on the mechanical properties of

the finished parts. Whereas the yield and tensile strength of ductile materials like

metals can be increased the most through impeding the movement of dislocations by

introducing as many obstacles as possible, and hence preventing plastic deformation,

the properties of brittle materials like ceramics depend mostly on the materials

ability to prevent crack nucleation and propagation. Grain size has a significant
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effect on the resistance against crack nucleation and propagation. In general, smaller

grains are preferable to increase the resistance against crack nucleation, but larger

grains are preferable to increase the resistance against crack propagation (fracture

toughness). This is because crack wake mechanisms, such as crack bridging, grain

rotation, and grain pullout are less likely to occur with increasing grain sizes, whereas

smaller diameter grains are easier to be bypassed and/or cut by the propagating

crack [71]. However, the increase of grain size over a critical value can also lead to

a reduction in fracture toughness [72].

The main factor in improving silicon nitride’s mechanical properties lies in increas-

ing its resistance against crack propagation, i.e. increasing its fracture toughness

[72, 73]. Silicon nitride has a fracture toughness (KIc) of 3 to 10 MPa
√
m, which is

quite high for ceramics but low compared to metals. In silicon nitride, the fracture

toughness depends on the α content of the starting powder, the processing conditions

and annealing treatments. The resulting microstructural features like size, aspect

ratio, orientation and volume fraction of the β grains and different reinforcement

mechanisms also affect the fracture toughness. Furthermore, the test conditions

like test temperature, loading rate, testing atmosphere, and crack length have an

influence [71]. A high fracture toughness can be achieved by evenly distributing the

crack propagation energy of an advancing crack to either stop or deflect the crack

or by channeling the crack direction away from the main crack front (perpendicular

to the axis of applied stress) so that brittle fracture is postponed. Mechanisms to

increase the fracture toughness relevant to silicon nitride include crack deflection,

grain pull out, elastic bridging, and frictional grain bridging [74]. Crack deflection is

favoured at larger grains and at temperatures above the glass transition temperature

of the intergranular films. Grain pull out is favoured for smaller grains and for higher
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test temperatures. Elastic bridging means that an elongated grain sustains some of

the load being applied at the crack tip before ultimately being cut and is favoured for

larger diameter grains. Frictional bridging means that contact points form between

the upper and lower faces of the opened crack. This mechanism is favoured when

the faces are roughened due to crack deflection, grain pull out or oxidation processes

during the test [74]. Grain pull out, elastic bridging, and frictional grain bridging

all shield the crack tip while it propagates through the material.

Depending on the processing method, silicon nitride can achieve strengths between

200 and 1100 MPa at temperatures of up to 1400 ◦C [5]. RBSN exhibits strengths

of 200-300 MPa, the less porous HPSN, with Y2O3 additives, can reach strengths of

500–600 MPa, and SSN strengths of up to 1100 MPa. Due to the covalent nature

of the bonding in ceramics, their Young’s modulus and hardness values are high

compared to those of metals. Silicon nitride has Young’s modulus values for HPSN

and SSN from 191 to 350 MPa [75]. HPSN and SSN exhibit values of Vickers

microhardness from 8.6 to 18.9 GPa [75]. The high pressure polycrystalline cubic

γ-Si3N4 at low oxygen concentration (< 0.5 wt%) showed an remarkable Vickers

hardness of 43 GPa [76].

Si-N coatings

In addition to the importance of amorphous silicon nitride films in the semiconductor

device field, silicon nitride plays a major role in the development of hard coatings,

especially when it is applied in combination with other materials like silicon carbide

[13] and titanium nitride [77]. In general, the same microstructural features and

mechanical properties play a role in the two-dimensional coatings as in the bulk,

although the interface properties between the coating and the substrate are impor-
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tant, for instance lattice mismatch and adhesion. While there are well-documented

mechanical property data of bulk materials, mechanical testing of coatings is more

difficult and only limited data for films with varying thicknesses and process depen-

dent properties can be found in the literature [78].

The Young’s modulus of the film, especially compared to the substrate, is signifi-

cant for the design process. For PECVD silicon nitride, values in the range between

97 and 220 GPa could be achieved on silicon wafers [79] and between 70 and 150

GPa on fused silica and borosilicate glass [80]. For LPCVD silicon nitride on silicon

wafers Young’s modulus values were measured between 130 and 290 GPa [81].

In the case of coatings, hardness is most commonly measured by nanoindentation

[82]. Hardness values for PECVD grown silicon nitride on fused silica and borosil-

icate glass were reported between 8 and 15 GPa [80] and for magnetron sputtered

silicon nitride on silicon and cemented carbide up to 31 GPa.

By depositing a Si3N4/SiC multilayer composite on silicon and cemented carbide

via magnetron sputtering, Vickers hardness values of 26 GPa were measured [13].

The hardness of the Si3N4/SiC multilayers was always found to be higher than the

average value of the monolayers. Further, the hardness was found to be subject to

competing effects resulting from varying deposition temperatures. Increasing the

deposition temperature led to an increase in hardness from structural relaxation,

however at higher deposition temperatures the hardness dropped due to a decrease

in the film stress. In addition, moderate and low adherence of the films to the metal

substrates was observed.

TiN/Si3N4 nanocomposite coatings consist of crystalline titanium nitride

nanograins embedded in an amorphous silicon nitride matrix [83–87]. The

predominant deformation mechanisms are shear sliding at grain boundaries, grain
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boundary rotation and collective displacement of non-deformed nanocrystals as well

as cracking at the nanocrystalline boundaries under local tension in a quasi-plastic

manner [88, 89]. In these nanocomposites the grain size is too small to be deformed

by dislocation activity. Young’s moduli in excess of 500 GPa and Vickers hardness

values of 49 GPa have been measured [83]. Hardness values between 80 and 100

GPa were achieved by increasing the silicon content and hence forming amorphous

TiSi2 at the titanium nitride nanocrystal grain boundaries [90]. The same authors

reported that the surface of these titanium nitride nanocrystals was covered with

approximately one monolayer of stoichiometric Si3N4.

In addition to the nanograined TiN/Si3N4 nanocomposite coatings, TiN/Si3N4

can also be grown as multilayers [91]. Each layer can have a thickness of the order

of several nanometres. Their hardness and wear resistance are high and depend

critically on the thickness of the individual layers as well as on the nature of the

interface [92]. For instance, it was found that oxygen impurities cause a significant

reduction of the interface strength [93] and that a monolayer of silicon nitride

between titanium nitride slabs leads to very high decohesion and shear strengths

[94].
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2.2 Interatomic Potentials for Si-N

In general, interatomic potentials should possess the following properties. First, their

potential function should be flexible, meaning that the function can be fitted to a

wide range of input data, which could include lattice constants, cohesive energies,

elastic properties, vacancy formation energies, and surface energies. Second, the

potential function should be accurate, meaning that it can reproduce the fitting

database accurately. Third, the interatomic potential should be transferable, mean-

ing that the potential can describe quantitatively, or at least qualitatively, structures

not included in the fitting database. Fourth, the computation of energies and forces

should be efficient.

To investigate the silicon nitride system, different interatomic potentials have

been used in both molecular dynamics (MD) and Monte Carlo (MC) simulations

over the last few decades. Studies include the investigation of cracks [95], interfaces

[96, 97], shearing deformation [98], nanoindentation [99], fracture [100, 101], growth

mechanisms [102, 103], and structural properties of amorphous silicon nitride [104].

The most commonly used interatomic potentials for studying silicon nitride are

Tersoff- [20] and Vashishta-type [21] potentials. Another less often used potential is

the reactive force field (ReaxFF) [105]. These potentials are described in Subsections

2.2.1 to 2.2.3. A short introduction to bond-based bond-order potentials (BOPs) is

given in Subsection 2.2.4.

2.2.1 Abell-Tersoff-Brenner interatomic potentials

The common form of the Abell-Tersoff-Brenner many-body potentials includes pair-

wise repulsive nearest-neighbour interactions and an attractive term in a form which

depends on the local environment through an effective bond order. This form was
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initially suggested by Abell [106] for s-valent systems, where the bond order depends

on the square root of the coordination. Tersoff developed this description further for

the sp-valent element silicon (Si) [20, 107, 108] and later extended it to carbon (C)

[109] and germanium (Ge) [110] and their alloys Si-C [108, 110] and Si-Ge [110, 111].

The Tersoff model has been used extensively to study a wide range of phenomena and

systems [112]. The Tersoff model, which only models σ bonding explicitly, correctly

simulates the dynamics of a number of silicon and carbon structures [20, 107, 109].

Nevertheless, the Tersoff model leads to unphysical results for bonding situations in

conjugated systems including graphite.

To improve on the form of the Tersoff potential, in 1990 Brenner [113] devel-

oped a potential for hydrocarbons, which can model the bonding in a number of

hydrocarbon molecules, diamond, and graphite and can describe the deposition of

diamond films accurately. This model corrects the Tersoff potential by including

effects from π-bonds and radicals. However, no potential that includes π-bonds and

radicals properly has been developed for the silicon nitride system so far.

In 1998 de Brito Mota et al. [104, 114, 115] published an empirical potential of

the Tersoff form for interactions between silicon and nitrogen. They fitted their

parameters to a set of ab initio and experimental data which included experimental

lattice parameters of the crystalline β-Si3N4 phase, ab initio values for the aver-

age binding energy of β-Si3N4, experimental equilibrium interatomic distance and

binding energy of the N2 molecule, and the ab initio result for the structure of the

silicon-nitrogen bonds in the Si3NH9 molecule. This potential provides a description

of amorphous silicon nitride in a wide range of nitrogen contents, from pure silicon

to stoichiometric Si3N4, but includes only a repulsive nitrogen-nitrogen interaction

and therefore unphysically prevents nitrogen-nitrogen bond formation. Despite the
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non-attractive nitrogen-nitrogen interaction, this parameterisation has been applied

to simulations of deposition [103, 116] and deposition related [117] processes. Besides

the repulsive nitrogen-nitrogen interaction parameterised by de Brito Mota et al.,

Albe et al. [118] parameterised nitrogen-nitrogen interactions in a Tersoff-like form

which included nitrogen-nitrogen attraction, although this was for the boron nitride

system.

Si-N growth simulation

To our knowledge, the Tersoff functional form has not been considered extensively

for modelling the growth of Si-N in the literature. However, in 2009 Gou et al. [103]

conducted MD simulations using the de Brito Mota interatomic potential [104] on

the growth of silicon nitride by bombarding a layer of amorphous silicon, consisting

of 2885 atoms, with N+ ions having energies between 50 and 200 eV.

As a result of their simulations they reported that the uptake of nitrogen in the

films depends on the incident ion energies. Until about the first 500 N+ ions are

deposited over an area of 473 Å2, most incident ions remain on the surface and

the deposition is not sensitive to the incident energy. After this first region, the

number of deposited nitrogen atoms stays nearly constant with increasing number

of incident N+ ions for a given energy. In addition, more nitrogen atoms are

deposited with increasing incident ion energies. This behaviour can be seen in

Figure 2.5. Experimental studies by Park et al. [119] showed a similar raise in

deposited N+ ions with increasing incident ion energies. Their results are displayed

in Figure 2.6. Similar experimental results have been published by Kim et al. [69]

and Patra et al. [68] who have reported that the nitrogen content in their films

increased with increasing particle energies. The saturation of nitrogen in the films
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at a certain surface concentration can be attributed to competing effects of self-

sputtering, scattering and penetration. All three contributions to the total number of

incident atoms is shown in Figure 2.7. Similar results were observed in experimental

studies by Park et al. [119].

Figure 2.5: Number of N atoms accumulated on the surface at 300 K as a function
of the number of incident N+ ions for ion energies of 50, 100, 150 and
200 eV. [103]

During the MD simulations by Gou et al. [103] the N+ ions that reached the

silicon surface broke some of the silicon–silicon bonds and formed silicon–nitrogen

bonds. By looking at the bond formation they showed that almost all silicon atoms

were fully saturated by nitrogen and silicon atoms and only a few silicon dangling

bonds were present. In contrast, the nitrogen atoms were less saturated leading to a

number of nitrogen dangling bonds. In all their simulations the SiN4 bond formation

was dominant over the SiN1, SiN2, and SiN3 bond formation for all silicon atoms.

This dominance was even increased with higher deposition energies and agrees with

experimental studies by Kusunoki et al. [120]. For the nitrogen atoms, not the NSi3
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Figure 2.6: Nitrogen surface concentration measured as a function of N+
2 dose at

several impact energies. [119]

Figure 2.7: Cumulative number of incident N+ ions, self-sputtering, deposition and
scattering events during bombardment as a function of the number of
incident N+ ions for 100 eV at 300 K. The number of incident N+ ions
is equal to the sum of self sputtering, scattering and deposition. [103]
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bond formation, which is present in the stoichiometric Si3N4 structures, but the NSi2

bond formation was the most frequent one. This bond formation also increased with

raising incident energy. Hence, the simulations by Gou et al. predicted a nitrogen-

rich nitride layer formation.

The unphysically high number of nitrogen dangling bonds, the nitrogen bond-

ing environments which differ from experimentally observed structures, and the

nitrogen-rich surface were all partially due to the prohibition of nitrogen-nitrogen

bond formation by the model. Since N2 formation at and N2 desorption from the

surface has been observed experimentally [119], Gou et al. introduced an attractive

nitrogen-nitrogen term. However, this unphysically removed almost all nitrogen

atoms from the surface by building N2 molecules. Therefore, the interatomic poten-

tial introduced by de Brito Mota [104] leads to unphysical results of the description

of the surface during growth simulations.

2.2.2 Vashishta potential

The Vashishta potential [21] consists of two-body and three-body terms, similar to

the form proposed by Stillinger and Weber [121]. It was first introduced for silicon

oxide [21] and was later extended to silicon nitride [95, 122]. No derivation for the

potential form is given. However, effects from steric repulsion due to atomic sizes,

screened ionic Coulomb interaction caused by charge transfer, and charge-dipole

interaction caused by the electronic polarizability enter the two-body term, and

bond bending and bond stretching due to the covalent nature of the bonds enter the

three-body term [21, 122].

Comparisons between molecular dynamics simulation results using this poten-

tial and experimental results showed that bond lengths for both crystalline and
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amorphous Si3N4 are in good agreement, the static structure factor is in agreement

with neutron-scattering experiments, and elastic properties are within 10% from

experimental data [96]. However, no comment about whether the model has been

fitted to reproduce these properties could be found in Refs. [21, 95, 96, 100, 122–126]

and references therein.

Although the Vashishta potential for silicon nitride has been used to study crack

propagation and surfaces [95], pores and interfaces [96], amorphous silicon nitride

[124], dynamic fracture [100], and shearing deformation [98], the potential’s trans-

ferability to structures or environments not included in the fitting database is poor.

For example, when modelling the interface between silicon and Si3N4 [127], the

silicon atoms in silicon bulk, silicon nitride bulk, and the interface were all treated

differently. This casts doubt on its ability to model realistically the growth of silicon

nitride on a silicon substrate. To our knowledge, the Vashishta potential for silicon

nitride was only applied once [102] to study the film growth of silicon nitride by

molecular dynamics simulations. Unfortunately, only results of the mean cluster

size but no results of local atomic environments, microstructural features, surface

reconstructions or bulk properties resulting from deposition were reported.

Si-N growth simulation

Similar to the Tersoff potential, the Vashishta potential seems to be rarely applied

in simulating Si-N growth. In 2001 Guo et al. [102] applied the Vashishta potential

to study the film growth of Si-N by MD simulations. The results of their early

growth kinetics investigation support the theory of film growth by Beysens [128].

The film growth showed three sequential steps: cluster formation followed by cluster

coalescence and three-dimensional growth. Figure 2.8 shows the evolution of the
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mean cluster size 〈n〉 with deposition time t for different substrate temperatures

Tsub and particle kinetic energies Ek. It can be seen that the data follow a power

law in two distinct steps characterised by two different exponents. The deposition

time t0 corresponds to the time at which the clusters begin to coalesce.

Figure 2.8: Evolution of the mean cluster size 〈n〉 with deposition time t: (A)
Tsub = 300 K, Ek = 0.1 eV; (B) Tsub = 300 K, Ek = 10 eV; (C)
Tsub = 1000 K, Ek = 0.1 eV [102].

Moreover, deposition parameters were found to have an influence on the film

growth. For instance, raising the substrate temperature and the incoming atom’s

kinetic energy increased the mean cluster size 〈n〉 and hence, assuming that larger

clusters result into denser films, also the density of the deposited films. Figure

2.9 shows the effect of the substrate temperature Tsub on the mean cluster size 〈n〉

with increasing atom coverage of the substrate Θ. The higher substrate temperature

leads to an increase in cluster size. This can be explained by higher atom mobility on

the surface and hence atoms can find energetically more favourable sites on existing
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clusters. These results are in good agreement with experimental studies [68, 69, 129],

in which denser films were achieved with higher substrate temperatures. The effect

of the impact energy on the mean cluster size 〈n〉 with increasing atom coverage

Θ is shown in Figure 2.10. Higher impact energies result into larger cluster sizes

and hence denser films. This is also in good agreement with experimental studies

[68, 69].

Figure 2.9: Effect of the substrate temperature Tsub on the mean cluster size 〈n〉
with increasing atom coverage Θ (in fractions of one monolayer (ML)):
(A) Tsub = 300 K, Ek = 0.1 eV; (C) Tsub = 1000 K, Ek = 0.1 eV [102].

Unfortunately, Guo et al. only investigated the mean cluster size but did not

show any results of local atomic environments, microstructural features, surface

reconstructions or from deposition resulting bulk properties. Consequently, evidence

of the robustness of the Vashishta potential for Si-N growth simulations cannot be

found in the literature.
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Figure 2.10: Effect of the impact energy on the mean cluster size 〈n〉 with increasing
atom coverage Θ: (A) Tsub = 300 K, Ek = 0.1 eV; (B) Tsub = 300 K,
Ek = 10 eV [102].

2.2.3 Reactive force fields

The reactive force field (ReaxFF) class of empirical interatomic potentials describes

the forming and breaking of bonds by using σ and π bond orders that are distance

dependent and was first developed for hydrocarbons by van Duin et al. [105]. It

has been extended to many systems, including silicon and silicon oxide [130]. The

original parameterisation for silicon nitride required nearly fifty fitting parameters

and used only a limited training set [131]. Errors in the Si-O-N parametrisation

from 2004 discussed in Ref. [132] include an excessive N-N dimerisation and under-

coordinated silicon atoms in the β Si3N4 structure. This ReaxFF parametrisation

predicted unphysically that the stable β Si3N4 phase was metastable due to the

overestimation of the π character of the Si-N bonds. In the more recent 2006 version

[132], the bond lengths at which π bonding becomes significant were manually
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adjusted, and N-N π and double π bonding was prohibited, because of the N-

N dimerisation in the solid state mentioned above. The new parameterisation is

therefore not transferable to molecular systems involving double or triple bonded

nitrogen (e.g. N2). Moreover, torsional terms are not included in the ReaxFF for

the Si-N system. Unfortunately, no simulation proving the successful application

of the Si-N ReaxFFs parameterisation to modelling surface reconstructions or film

deposition can be found in the literature.

2.2.4 Bond-based bond-order potentials

Pettifor et al. [133–136] have gone beyond the Tersoff empirical bond order form by

deriving an analytic form directly from a tight binding (TB) Hamiltonian. These

bond order expressions explicitly describe the σ and π bonding with associated

angular interactions, are more environment dependent than the Tersoff potential

by including fourth moment rather than only second moment contributions, and are

suitable for large-scale atomistic simulations [27]. Bond-based bond-order potentials

(BOPs) have been proven to describe several covalent systems successfully [29, 30]

(Si and GaAs) and have been used to model film growth [27, 137–139] (Si, GaAs,

and hydrocarbons).

Film growth simulations

For modelling film deposition processes, cluster, surface, and bulk properties have

to be described by the interatomic potential accurately. Bond-based BOPs for

hydrocarbons [137], Si [30], and GaAs [29] have successfully described film growth

that is in good agreement with experiments [27, 137–139].

Gillespie et al. [30, 138] modelled silicon growth using a bond-based BOP. It
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was reported that an increase in temperature results in an improvement in film

crystallinity. Figure 2.11 shows three simulation snapshots at 600, 800, and 900 K

and the increase in crystallinity with increasing temperature. This increase is in

good agreement with experimental results [140].

Figure 2.11: Simulated atomic structure of the Si films. (a) T = 600 K, (b) T = 800
K, and (c) T = 900 K. (Figure modified from [27].)

Murdick et al. [29, 139] performed BOP simulations of the growth of gallium

arsenide (GaAs) films from As2 and Ga vapour fluxes using a wide range of deposi-

tion conditions that cover substrate temperatures between 500 K and 1500 K, and

As:Ga flux ratios between 0.9 and 3.4. They investigated the effects of substrate

temperature and vapour flux ratio effects on the atomic structure of the GaAs

film. Figure 2.12 shows four simulation snapshots at various substrate temperatures

and flux ratios. An improvement in film crystallinity can be seen with increasing

substrate temperature. The highest crystallinity was observed at a flux ratio of 3.14.

This is in good agreement with experiments, since As2 molecules form and evaporate

from As-rich surfaces. It seems that BOPs are able to describe the experimentally

observed balance between single As atom deposition and incorporation into the film

and formation and desorption of As2 molecules, which the empirical potential of the

Tersoff functional form developed by de Brito Mota et al. [104] in the case of N2

failed to describe (see Subsection 2.2.1). This ability of the BOP can be attributed to
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the well predicted relative low energy of the As2 molecule with respect to an isolated

or condensed arsenic atom. Furthermore, it was observed that the As2 evaporation

increased with increasing growth temperature leading to gallium-rich surfaces at

high simulation temperatures and near unity As:Ga flux ratios. At high flux ratios

and high growth temperatures arsenic atoms first condensed on the substrate and

some of them later desorbed leading to stoichiometric gallium arsenide films. A

composition of GaAsx with x > 1 was only observed at low growth temperatures

and high As:Ga flux ratios. All the observed effects are in good agreement with

experimental results from the literature [141–144].

Mrovec et al. [137] reported MD simulations of the growth of an a-C:H film

during deposition of acetylene (C2H2) molecules using a bond-based BOP for the

hydrocarbon system. They reported an increase in sp3 content in the films and an

increase in penetration depth both with increasing acetylene kinetic energies. For

simulations with energies per carbon atom of 25 eV and 100 eV the sp3 concentration

in the substrate increased during the deposition from 2.9% to 6.9% and 9.1%,

respectively. In the simulations with the lower energy per carbon atom the increase

of sp3 content was localized only in the surface region and the remaining film

differed only slightly from the initial substrate. In the simulations with higher

energy per carbon atom, the sp3 bonded atoms in the final structure were distributed

uniformly throughout the whole film. This effect can be explained by the increase

in maximum penetration depth for the acetylene molecules with increasing kinetic

energies per carbon atom. Low energies led to small penetration depths and hence

to transformations only in the surface region, whereas higher energies led to changes

in the whole film. Other effects of the energy per carbon atom were reported. For

instance, with increasing energy more long carbon chains were sticking out of the

34



2 Background

Figure 2.12: Simulated atomic structures of the GaAs films after 10 ns of deposition
at different substrate temperatures T and As:Ga flux ratios R. (a) T =
500 K, R = 1.14; (b) T = 800 K, R = 1.19; (c) T = 1100 K, R = 1.67,
and (d) T = 1500 K, R = 3.14. [27]
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surface and the content of sp1 bonded atoms in the surface region was increased.

Also, the formation of local craters was favoured and the number of sputtered atoms

was increased with increasing energy.

All the above mentioned results are in good agreement with experimental studies

and show that BOPs are suitable for simulating film growth of covalent systems,

since they are able to describe clusters, bulk structures, point defects, surface

reconstructions, and melting temperatures better than other potentials. Hence,

it can be assumed that a new bond-based BOP for silicon nitride can improve the

description of silicon nitride growth simulations with currently employed potentials.

For instance, a BOP for silicon nitride could provide corrections for the high number

of nitrogen dangling bonds, the wrong nitrogen bonding environments, and the

nitrogen-rich surface observed in the studies by de Brito Mota et al.. However, a

challenge in developing this BOP could be that it is able to differentiate between

the energetically very close α and β structures which have identical local atomic

environments but different long range interactions. BOPs, like the ones used in

the film growth simulations described above, can be derived by coarse-graining the

electronic structure from DFT via the TB approximation. Therefore, the existence

of a high quality TB model for silicon nitride is crucial for a successful BOP for

silicon nitride. In this thesis we provide a reduced TB model for silicon nitride which

provides valuable input for the future development of a BOP for silicon nitride. The

theory necessary to develop a reduced TB model and a BOP is described in Sections

2.3 and 2.4.
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2.2.5 A note on growth simulations

A common problem all MD simulations of film growth share is that using reasonable

time steps for simulating deposition processes leads to very high deposition rates

compared to experiments. Furthermore, no simulations in the literature have reached

steady state growth rates due to limited computing speed. All this is due to the fact

that deposition processes take place over a time scale which is much longer than that

which can be reached with traditional molecular dynamics. This can lead to wrong

surface reconstructions if the deposited atoms do not have enough time to diffuse

to their preferred positions. Therefore, several suggestions for improving time- and

length-scale issues have been made [145–147]. For dynamical systems, assigning a

region of physical space to each processor is an efficient way to extend the accessible

size scale of MD simulations to up to 1010 atoms. However, increasing the time scale

is a more demanding task. Several MD accelerating methods can be found in [148].

Moreover, adaptive kinetic Monte Carlo (aKMC), where the relevant transitions are

found on the fly during the simulation, can be applied in combination with classical

dynamics [149]. With this approach the time interval between deposition events

can be modelled with aKMC and the deposition event itself can be simulated with

ordinary classical dynamics. This is an efficient way to increase the time scale.
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2.3 Systematic Derivation of Interatomic Potentials

Interatomic potentials can be derived by coarse graining the electronic structure

from density functional theory (DFT) via the tight binding (TB) approximation

towards bond-order potentials (BOPs). The following three Subsections give a

short introduction to the individual methods employed within this process. Section

2.4 then describes the different coarse graining steps which link these methods.

Generally, density functional theory (DFT) is the most accurate method which is,

however, not able to reach the time and length scales accessible by BOPs. The

tight binding (TB) approximation lies with accuracy and efficiency between DFT

and BOPs. The theoretical bridging of time and length scales allows us to fine

tune less accurate but computationally more efficient methods on smaller length

scales, by for example comparing formation energies of interstitials and vacancies

with results from more accurate methods and experimental results, and then use

the fine tuned but less accurate methods at larger length scales for calculating for

example dislocations and deposition processes.

2.3.1 Density functional theory (DFT)

To simulate nanocoating materials as robustly as possible, the electronic structure

must be described accurately. To calculate the electronic structure of materials,

in principle, the time-independent many-electron Schrödinger equation needs to be

solved, where the system consists of nuclei that can be considered to be fixed in

space (Born-Oppenheimer Approximation) and electrons responding to the potential

generated by the nuclei and electrons,

ĤΨ(r1, r2, ..., rN ) = UtotΨ(r1, r2, ..., rN ). (2.1)
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Ĥ is the many-body Hamiltonian, Ψ the electronic wave function (depending on

the coordinates of all N electrons), and Utot represents the total energy of the

system. Since the many-electron Schrödinger equation cannot be solved analyti-

cally and a numerical solution is computationally very expensive for more than a

few electrons, simplifications of the many-electron Schrödinger equation are needed

for electronic structure calculations of larger systems. Density functional theory

[150, 151] simplifies the many-electron Schrödinger equation to a set of effective

one-electron Schrödinger equations,

(
−1

2
∇2 + Veff

)
ψn(r) = Enψn(r), (2.2)

also known as the Kohn-Sham equations [151], where n labels the eigenvalues and

eigenfunctions (or eigenstates) of the single-particle Hamiltonian. The first part of

the single-particle Hamiltonian is the kinetic energy, whereas the second part gives

the effective potential Veff , in which a set of non-interacting electrons move, namely

Veff (r) = Vion(r) + VH(r) + Vxc(r). (2.3)

Vion(r) is the Coulomb potential due to the ionic cores, VH(r) is the Hartree potential

resulting from the average electronic charge distribution, and Vxc(r) is the exchange-

correlation potential, which results from electron-electron correlations neglected in

the Hartree approximation and whose exact form is unknown. Several approxi-

mations, including the local density approximation (LDA, [151]) and the gener-

alised gradient approximation (GGA, [152]), can be used to estimate the exchange-

correlation energy functional Uxc [ρ(r)] which relates to the exchange-correlation
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potential through the functional derivative as [153]

Vxc(r) =
δUxc [ρ(r)]

δρ(r)
. (2.4)

All contributions to the total energy can be expressed as unique functionals of the

electron density ρ(r), which is determined from the normalised one-electron wave

functions,

ρ(r) =
∑

n

fn |ψn(r)|2, (2.5)

with fn being a factor defining the occupancy of each state. The electron density that

minimises the total energy to the ground state energy of the system U0 is called the

ground state electron density ρ0(r). In order to find this particular electron density

for fixed atomic positions, the set of Eqs. (2.2) must be solved self-consistently.

This is because VH(r) and Vxc(r) both, and hence Veff (r), depend on the charge

density ρ(r) which can only be obtained from the solutions ψn(r). In practice,

this self-consistency problem is solved as follows. First, an input electron density

ρin(r) is guessed from which the Hartree potential is obtained through the Poisson

equation and the exchange-correlation potential is approximated with, for example,

LDA or GGA. Second, the set of Eqs. (2.2) is solved using the effective potential

obtained in the first step. Third, the solutions are a set of eigenstates and an output

electron density ρout(r) is calculated according to Eq. (2.5). The self-consistency

loop is closed by guessing a new input electron density from the obtained output

electron density, and self-consistency is reached when the difference between two

output charge densities or total energies of two consecutive iterations is smaller

than a given tolerance [154].
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DFT is an approach that provides a significant simplification to quantum-

mechanical calculations in that the calculation of ground state energies and forces

requires the minimisation of a functional of the electron density only. Nevertheless,

many materials phenomena arise from microstructural events that occur on length

and time scales which DFT simulations cannot access. A first step of coarse

graining towards the atomistic level can be done by obtaining TB parameters

from mixed-basis DFT projections of wave functions onto a minimal basis of

atom-centred orbitals (see Subsection 2.4.1).

2.3.2 Tight binding (TB) approximation

In orthogonal tight binding (TB), the eigenstates ψn of the Hamiltonian are ex-

panded in an orthogonalised basis of atomic-like orbitals φiα,

ψn =
∑

iα

cn,iαφiα, (2.6)

where α labels the orbital (e.g. s, p, or d) centred on atom i and cn,iα are the expan-

sion coefficients for the eigenstates n of the Hamiltonian. φiα will be abbreviated

with iα from here on. The DFT Hamiltonian is represented by a parametrised TB

Hamiltonian matrix, where the matrix elements

Hiαjβ = 〈iα| Ĥ |jβ〉 (2.7)

are written with respect to the valence orbitals |iα〉 and |jβ〉 and describe inter-

actions between the atomic orbital basis functions. For the particular example of
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α = s on atom i and β = s on atom j, Eq. (2.7) gives

ssσij = Hisjs = 〈is| Ĥ |js〉 . (2.8)

Hence, similar to Eq. (2.2) for DFT we have the TB single-particle Schrödinger

equation

Ĥψn = Enψn. (2.9)

In TB only the valence orbitals are assumed to contribute to the bonding on each

site. For the case of sp-valent elements these are typically taken to be one s and three

p orbitals per atom. For the case of transition metal elements a minimum of five d

orbitals per atom are used. Usually, only first and at times second nearest neighbour

interactions between these orbitals are included in the Hamiltonian matrix elements,

hence the name tight binding.

The sp-valent TB Hamiltonian matrix elements within the two-centre approxima-

tion [155] can be expressed in terms of the on-site atomic energy levels, the two-centre

bond integrals ssσ, spσ, psσ, ppσ, and ppπ (where the first and second indices refer

to the first and second orbital respectively and the third index to the type of bond),

and the direction cosines of a vector pointing along the bond length from atom i

to atom j. Thus, for an orthogonal TB model the following inputs, which are in

general functions of interatomic distance, are required: the on-site levels, the bond

integrals, and the repulsive term.

In general TB calculations are faster than DFT calculations, because the Hamil-

tonian which needs to be diagonalised is smaller and sparse. This allows TB

calculations to sample larger length and time scales. A further step towards the
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atomistic level can be done by deriving BOPs from the TB model by a further

coarse graining step.

2.3.3 Bond-order potentials (BOPs)

Bond-order potentials (BOPs) rely heavily on the concept of the moments of the

local density of states (LDOS). The pth moment µ
(p)
iα of the LDOS niα (E) projected

onto atom i and orbital α is defined as [156],

µ
(p)
iα =

∫
Epniα (E) dE. (2.10)

In general, moments are a quantitative measure of any distribution and are related to

the distribution’s mean, variance, and skewness, for example. Increasing the number

of moments that are included leads to a better description of the distribution under

consideration [33]. Following Cyrot-Lackmann [157], the moments of the LDOS can

be written as the sum over all bonding paths of length p that start and finish on the

same atom i and orbital α,

µ
(p)
iα =

∑

j1β1,...,jp−1βp−1

Hiαj1β1
Hj1β1j2β2

. . . Hjp−1βp−1iα, (2.11)

where Hiαjβ is the Hamiltonian matrix element between orbital α on atom i and

orbital β on atom j. This approximation directly links the LDOS to the local atomic

environment. The fact that moment expansions are slow to converge led Haydock et

al. [158] to propose using the Lanczos recursion algorithm [159] to write the on-site

(or diagonal) Green’s function elements

Giαiα (E) =

〈
iα

∣∣∣∣
(
E − Ĥ

)−1
∣∣∣∣ iα
〉

(2.12)
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as a continued fraction

Giαiα (E) =
1

E − a0 − b2
1

E−a1−
b2
2

E−a2−
b2
3

...

(2.13)

where the moments are grouped to give the recursion coefficients an, bn. The first

recursion coefficients in terms of the moments can be written as,

a0 = µ1 ≡ 0,

b1 =
√
µ2,

a1 = µ3/µ2,

b2 =
√
µ4/µ2 − µ23/µ

2
2 − µ2,

a2 =
[
µ5 − 2µ3

(
µ4/µ2 − µ23/µ

2
2

)
− µ33/µ

2
2

]
/
[
b21b

2
2

]
, (2.14)

where we have taken the centre of gravity µ1 of the LDOS [160]

niα (E) = − 1

π
Im {Giαiα (E)} (2.15)

to be the energy zero. However, the bond order Θiαjβ , from which the bond-based

BOPs are then derived, depends on the inter-site (or off-diagonal) Green’s function

elements Giαjβ ,

Giαjβ (E) =

〈
iα

∣∣∣∣
(
E − Ĥ

)−1
∣∣∣∣ jβ

〉
, (2.16)
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as

Θiαjβ = − 2

π
Im

{∫ EF

−∞

Giαjβ (E) dE

}
. (2.17)

Unfortunately, in contrast to the fast convergence of the on-site Green’s function

elements, the inter-site Green’s function elements converge only slowly with respect

to the number of exact recursion levels. A crucial step was done by Aoki and Pettifor

[161, 162] who evaluated the off-diagonal Green’s function matrix elements in terms

of the derivatives of the diagonal Green’s function matrix elements,

Giαjβ =
∂

∂λ
Gλ

00, (2.18)

where

Gλ
00 =

〈
uλ0

∣∣∣ Ĝ
∣∣∣uλ0
〉
=

1

2
(Giαiα +Gjβjβ) + λGiαjβ , (2.19)

and

∣∣∣uλ0
〉
=

1√
2

(
|iα〉+ eiφ |jβ〉

)
, (2.20)

and

λ = cosφ. (2.21)

Thus, λ is a phase factor difference between the orbitals α and β on atoms i and j,

respectively.
∣∣uλ0
〉
is the initial basis from which the Lanczos algorithm can determine
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an orthonormal recursion basis
∣∣uλn
〉
and recursion coefficients aλn and bλn such that

bλn+1

∣∣∣uλn+1

〉
= H

∣∣∣uλn
〉
− aλn

∣∣∣uλn
〉
− bλn

∣∣∣uλn−1

〉
, (2.22)

with
∣∣uλ−1

〉
≡ 0.

Equation (2.18) is the key equation in bond-based BOP theory. By retaining up

to four moments or hopping paths of length four the σ and π bond orders for half-

full valence bands may be written as [134–136, 163]

Θ
( 1
2
)

σij = 1/

√√√√√√1 +
2Φ2σ +R4σij + Φ̃2σiΦ̃2σj

(
2 + ∆̃Φ4σ

)
+ δ̂2i

(
1 + ∆̃Φ4σ

)2 , (2.23)

and

Θ
( 1
2
)

π±ij = 1/

√
1 +

(
Φ2π ∓

√
Φ4π

)
. (2.24)

δ̂i is the normalised on-site energy level splitting, with δ̂i = δi/(
∑

j,j 6=i βσij). δi =

(Epi−Esi) is assumed to be environment independent and βσij is the σ reduced TB

bond integral between sites i and j. The Φ and R terms describe different hopping

contributions as in Figure 2.13, the subscripts 2 and 4 give the number of paths,

and σ and π the type of bonding. The total bond order Θtot can be calculated by

adding the individual contributions,

Θtot = Θσ +Θπ+ +Θπ−. (2.25)

Whereas on the TB level the bond order matrix elements written with respect to
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Figure 2.13: Hopping path contributions Φi,2 and Rij,4 that are taken into account
for the evaluation of the analytic BOP.

the valence orbitals |iα〉 and |jβ〉

Θiαjβ = 〈iα| Θ̂ |jβ〉 (2.26)

are related to the off-diagonal elements of the density matrix as

Θiαjβ = 2ρiαjβ , (2.27)

on the bond-based BOP level the bond order contributions consist of analytic ex-

pressions as in Eqs. (2.23) and (2.24) that determine the ij bond strength depending

on the local environment.
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2.4 Methodology

In the previous Section we gave a short introduction to density functional theory

(DFT), the tight binding (TB) approximation, and bond order potentials (BOPs).

This Section is devoted to the different coarse-graining steps which link the previ-

ously discussed methods.

2.4.1 From DFT to TB

Orthogonal TB bond integrals

The distance dependent two-centre orthogonal TB bond integrals for silicon, ni-

trogen, and silicon nitride employed in this thesis were obtained from mixed-basis

DFT projections of wave functions onto a minimal basis of atom-centred orbitals

by Martin Reese with the projection method developed by Martin Reese, Matous

Mrovec, Christian Elsässer, Alexander Urban, and Bernd Meyer [31]. This method

can be used to extract non-orthogonal as well as orthogonal TB parameters, and

can, in principle, be applied to single- and multi-component systems of any chemical

composition [31, 32]. First applications of this projection method include the binary

systems silicon carbide, titanium carbide, and titanium nitride [164, 165].

In the projection scheme, non-orthogonal atom-centred orbitals are written in

terms of radial functions fiα (r) and spherical harmonic functions Yα (r),

φiα (r) = fiα (r)Yα (r) , (2.28)

where r is the radial distance, r is the position in space, and α comprises the usual

indices l and m. The core of the projection scheme is the optimization of the radial

functions, which are flexible in shape and range, such that the loss of electrons
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is minimised when projecting the DFT wave functions ψn(r) from self-consistent

plane wave calculations onto the optimised atom-centred orbitals φiα (r) for one or

more chosen reference atomic configurations. The loss of electrons by going from

DFT to TB during the projection is known as spillage. Clearly, the spillage is

smaller for a structure when the radial functions are optimised for that particular

structure and volume. However, results for carbon show [31] that the electronic band

energy is nonsensitive to the re-optimization of the radial function, even the band

energy of structures and volumes not included in the optimization process shows no

dependence on small spillage differences.

With the aid of the optimised minimal basis of atom-centred orbitals with fixed

radial functions and the self-consistent Hamiltonian of the plane-wave DFT cal-

culation the non-orthogonal TB Hamiltonian and overlap matrix elements are then

obtained for individual atomic interactions in a number of structures. For orthogonal

TB, where the overlap matrix is the identity matrix, the bond integrals are then

obtained via the Löwdin symmetric orthogonalization [166] from the non-orthogonal

TB Hamiltonian and overlap matrix elements.

Binding Energy

For the development of the reduced TB models we use DFT binding energy curves

of a structure database as a benchmark. The computational details of the DFT

calculations are described in Subsection 2.4.4. Including charge transfer (CT), the

TB binding energy takes the form given in Eq. (2.47) where qi 6= 0 is the additional

charge per atom compared to the isolated atom. It simplifies to the local charge

neutrality (LCN) form in Eq. (2.29) for qi = 0.

For the elemental silicon and elemental nitrogen systems it is often a reasonable
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description to assume LCN. In this case, the binding energy can be expressed as

[28],

U
(LCN)
B = Ubond + Uprom + Urep +∆Uatom, (2.29)

where the bond energy can be written in the on-site representation as,

Ubond = 2
∑

iα

∫ EF

−∞

(E − Eiα)niα (E) dE. (2.30)

EF is the Fermi energy, Eiα is the on-site energy level, and niα (E) is the local

density of states (LDOS) projected onto atom i and orbital α for both up and down

spins. Alternatively, the bond energy can be written in the inter-site representation

as a sum over contributions from individual bonds between atomic sites i and j,

Ubond =
∑

i,j:i<j

Ubond,ij , (2.31)

with

Ubond,ij = 2
∑

α,β

HiαjβΘjβiα. (2.32)

The expression is multiplied by two to account for both bond energy contributions

in the ij and ji direction and the assumed spin degeneracy of non-magnetic systems

is inherent in the bond order elements as in Eq. (2.27).

Uprom is the energy contribution resulting from promoting electrons between

different levels compared to the free atom occupation and is therefore associated
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with the formation of hybrid orbitals [28],

Uprom =
∑

iα

E
(0)
iα qiα. (2.33)

E
(0)
iα is the reference level, which we take as the free atom on-site energy level, and

qiα is the difference between the number of electrons on a tightly bound and a free

atom i and orbital α [28],

qiα = Niα −N
(0)
iα , (2.34)

with the number of electrons given by

Niα = 2

∫ EF

−∞

niα (E) dE. (2.35)

Therefore, LCN on each atom i is met by

qi =
∑

α

qiα = 0. (2.36)

Both the repulsive pair potential and the two-centre bond integrals are represented

by generalised GSP analytic functions [167, 168] fGSP (R) that are cut off smoothly

from R = Rtail by the exponential-cosine cutoff function fcut (R) that vanishes for

R = Rcut. Thus,

f (R) = fGSP (R) + fcut (R) , (2.37)
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where

fGSP (R) =

(
R0

R

)na

exp

{
nb

[(
R0

Rc

)nc

−
(
R

Rc

)nc
]}

, (2.38)

for R < Rtail, and

fcut (R) =
1

2
f0 exp

{(
f ′0/f0

)
(R−Rtail)

} [
1− cos

(
π

R−Rcut

Rcut −Rtail

)]
, (2.39)

for Rtail ≤ R ≤ Rcut, with the matching boundary conditions

fcut (Rtail) = fGSP (Rtail) = f0 (2.40)

f ′cut (Rtail) = f ′GSP (Rtail) = f ′0. (2.41)

The particular advantage of using the function in Eq. (2.39) lies in the fact that it

can be applied to any function to be cut off without fitting. This function substitutes

the original function over a range where the original function is not fitted and, in

contrast to using a polynomial as in Xu’s carbon model [169] and Kwon’s silicon

model [170], this function never changes sign. Equation (2.39) was suggested by the

author of this thesis.

The repulsive energy is then approximated by

Urep =
∑

i


∑

j:i<j

φij (R)




nd,i

+
∑

i,j:i<j

Yij (R) (2.42)
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with the repulsive pair potential

φ (R) = φ0f (R) , (2.43)

and a Yukawa-type core repulsion

Y (R) = acR
−bc exp (−ccR). (2.44)

The latter is needed at very short interatomic distances for the elemental silicon and

the binary silicon nitride interactions to repel strongly enough to avoid fusion of

silicon silicon and silicon nitrogen pairs. Note that nitrogen has no p core electrons

while silicon does, and, therefore, has a softer core that allows the formation of

dimeric N2 as its ground state (see, e.g., §4.2 of Ref. [33]). This fact is not considered

explicitly in the TB approximation. The Yukawa-type term is cut off smoothly in

the same fashion as described above. nd,i in Eq. (2.42) is an embedding exponent.

Similarly, for the bond integrals we have

β (R) = β0f (R) , (2.45)

with na = nb in Eq. (2.38).

∆Uatom in Eq. (2.29) accounts for the upward shift of the non-magnetic DFT free

atom reference energy compared to the magnetic free atom value due to the atom’s

spin configuration,

∆Uatom =
∑

i

∆Uatom,i. (2.46)

For most elemental systems LCN is a reasonable approximation. However, for the
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binary silicon nitride system where the difference in electronegativity between silicon

and nitrogen drives charge redistribution between the sites, the explicit inclusion of

charge transfer (CT) is crucial. (The Pauling electronegativity values for silicon and

nitrogen are 1.90 and 3.04 respectively.) This leads to the following expression for

the binding energy

U
(CT )
B = Ubond + Uprom + U intra

ion + U inter
ion + Urep +∆Uatom. (2.47)

The bond, repulsive, and free atom terms take the same form as described above,

but the promotion energy now takes the form (c.f. Eq. (85) Ref. [28]),

Uprom =
∑

iα

E
(0)
iα (qiα −∆qiα). (2.48)

∆qiα is the charge taken from or put onto atom i and orbital α due to total charge

transfer

qi =
∑

α

∆qiα (2.49)

between atoms, where ∆qiα is fixed by ensuring that the resulting change in atomic

energy is minimised. In contrast, qiα is the charge on atom i and orbital α following

the self consistent optimization of the energy of the system. qiα is equivalent to

the definition in Eq. (2.34), although, the values of Niα may differ from those when

enforcing LCN due to non-zero values of ∆qiα. Similar to the condition for Eq.

(2.33) in Eq. (2.36), for each atom when allowing CT the following condition is met

∑

α

(qiα −∆qiα) = 0. (2.50)
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This implies that the promotion energy when allowing CT is the result of promoting

electrons between different levels compared to the free atom occupation after ∆qiα

has been taken from or put onto atom i and orbital α.

U intra
ion in Eq. (2.47) is the energy to form ions,

U intra
ion =

∑

i

(
Eiqi +

1

2
Jiq

2
i

)
, (2.51)

where

Ei =

∑
αE

(0)
iα ∆qiα
qi

(2.52)

and Ji is the species dependent atomic on-site Coulomb integral. The first term of

Eq. (2.51) is directly related to the electronegativity of atoms. This term lowers the

energy of the system and drives charge transfer between atoms. The second term

of Eq. (2.51) increases the energy of the system and thereby counteracts charge

transfer between atoms. Note that the second term in Eq. (2.48) for the promotion

energy and the first term in Eq. (2.51) for the ion formation energy cancel when the

promotion and the ion formation energies are added together.

U inter
ion is the electrostatic energy which is responsible for the anions and cations

attracting each other due to their opposing charges in an ionic solid and is defined

as,

U inter
ion =

1

2

∑

i,j:i<j

Jijqiqj . (2.53)

Figure 2.14 shows the Coulomb integrals of the elemental and binary interactions

and the standard Coulomb interaction as a function of interatomic distance R. The

Coulomb integrals Jij are determined by the species dependent atomic τi terms. For
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heteronuclear interactions with τi 6= τj [34],

Jij (R) =
kc
R

−
[
e−

τiR

kc

(
(τj)

4τi

2((τi)2−(τj)2)
2 − ((τj)6−3(τj)

4(τi)
2)kc

((τi)2−(τj)2)
3R

)

+ e−
τjR

kc

(
(τi)

4τj

2((τj)2−(τi)2)
2 − ((τi)6−3(τi)

4(τj)
2)kc

((τj)2−(τi)2)
3R

)]
(2.54)

while for homo nuclear interactions with τi = τj [171],

Jij (R) =
kc
R

−
[
e−

τiR

kc

(
kc
R

+
11

16
τi +

3

16
(τi)

2R

kc
+

1

48
(τi)

3

(
R

kc

)2
)]

(2.55)

where τi =
16
5 Ji and kc is the Coulomb constant.

To avoid the computationally expensive Ewald summation, the Coulomb integrals

are screened and truncated using a polynomial of order 7 [132],

T (R) = a0 + a1R+ a2R
2 + a3R

3 + a4R
4 + a5R

5 + a6R
6 + a7R

7, (2.56)

with
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a0 =
−35R3

T1R
4
T2 + 21R2

T1R
5
T2 + 7RT1R

6
T2 +R7

T2

(RT2 −RT1)7
,

a1 =
140R3

T1R
3
T2

(RT2 −RT1)7
,

a2 =
−210(R3

T1R
2
T2 +R2

T1R
3
T2)

(RT2 −RT1)7
,

a3 =
140(R3

T1RT2 + 3R2
T1R

2
T2 +RT1R

3
T2)

(RT2 −RT1)7
,

a4 =
−35(R3

T1 + 9R2
T1RT2 +R3

T2)

(RT2 −RT1)7
,

a5 =
84(R2

T1 + 3RT1RT2 +R2
T2)

(RT2 −RT1)7
,

a6 =
−70(RT1 +RT2)

(RT2 −RT1)7
,

a7 =
20

(RT2 −RT1)7
,

with a range of the function defined from RT1 = 0 Å to RT2 = 10 Å (see Figure

2.14). We also tested a range of the function defined from 0 to 30 Å, given in grey

in Fig. 2.14, which resulted in the same charge transfer between the atoms.

In addition to charge transfer, magnetic and van der Waals energies can be

included in the binding energy expression (Eq. (2.29)) depending on their importance

to the system [27, 28, 172].

2.4.2 From TB to reduced TB

By choosing the z-axis along the direction of the bond from atom i to atom j the ij

bond energy in Eq. (2.32) separates into individual σ and π contributions, namely

Ubond,ij = Uσ
bond,ij + Uπ

bond,ij , (2.57)
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Figure 2.14: Screened Coulomb integrals [132] J as a function of interatomic distance
R for the elemental silicon-silicon (Si-Si) and nitrogen-nitrogen (N-N)
and binary silicon-nitrogen (Si-N) interactions (black: range of function
from 0 to 10 Å, grey: range of function from 0 to 30 Å) compared to
the unscreened Coulomb interaction.

with

Uσ
bond,ij = 2 (ssσijΘjsis + spσijΘjzis + psσijΘjsiz + ppσijΘjziz) , (2.58)

and

Uπ
bond,ij = 2ppπij (Θjxix +Θjyiy) . (2.59)

Thus, whereas the π bond energy can be written as a single contribution 2βπijΘ
tot
πji,

the σ bond energy comprises four different contributions as in Eq. (2.58) so that the

powerful valence bond concept of a single σ bond order is lost.

For a binary sp-valent system the reduced TB approximation [173, 174] reduces

the four independent TB σ bond integrals ssσij , spσij , psσij , and ppσij to three

independent parameters, namely βσij , pσij , and pσji by assuming that the four TB
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σ bond integrals satisfy the constraint equation

spσijpsσij = ssσijppσij . (2.60)

For the case of homovalent bonds the constraint equation implies that the spσij

bond integral is given by the physically intuitive geometric mean of ssσij and ppσij ,

namely

spσij =
√
|ssσij | ppσij , (2.61)

noting that ssσij < 0, ppσij > 0, spσij > 0, and psσij < 0.

Expressions for the two reduced TB parameters pσij and pσji may be obtained

by making a transformation from the atomic orbitals to bonding hybrids that point

into the ij bond

|iσ〉 =
√
1− pσij |is〉+

√
pσij |iz〉 , (2.62)

|jσ〉 =
√
1− pσji |js〉 −

√
pσji |jz〉 , (2.63)

and non-bonding hybrids that point away from the ij bond

|iσ∗〉 = √
pσij |is〉 −

√
1− pσij |iz〉 , (2.64)

|jσ∗〉 = √
pσji |js〉+

√
1− pσji |jz〉 . (2.65)

The hybridisation character on atom i clearly depends on its neighbouring atoms

j (and vice versa) and we will show later that for a binary system pσij 6= pσji
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(see Eq. (2.74)). We should note that the parameter pσ, which gives the amount

of p-character in the bonding hybrids, has been defined to vary from 0 to 1 [27]

in contrast to the original parameter porigσ that varied from 0 to ∞ [173, 174] as

porigσ = pσ/ (1− pσ).

The values of pσij and pσji are now determined [173, 174] by requiring that the ij

inter-site Hamiltonian with respect to the above i and j hybrids takes the diagonal

form

Hσij =



βσij 0

0 0


 (2.66)

where

βσij = 〈iσ|H |jσ〉 . (2.67)

The diagonal non-bonding matrix element 〈iσ∗|H |jσ∗〉 with the non-bonding hy-

brids given by Eqs. (2.64) and (2.65) can then be made to vanish by choosing pσij

and pσji to satisfy

√
pσij/ (1− pσij) = ppσij/spσij (2.68)

and

√
pσji/ (1− pσji) = ppσji/spσji = ppσij/ |psσij | , (2.69)

since ppσji = ppσij and spσji = |psσij |. Further, these values also lead to the off-

diagonal matrix elements in Eq. (2.66) vanishing. Substituting spσij and |psσij |

from Eqs. (2.68) and (2.69) respectively into the constraint Eq. (2.60) immediately
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gives the relation that

ppσij =
√
pσijpσji/ [(1− pσij) (1− pσji)] |ssσij | . (2.70)

The reduced TB parameter βσij may now be found by substituting Eqs. (2.62) and

(2.63) in Eq. (2.67) and using Eqs. (2.68) and (2.69) and is given by

βσij =

[
1/
√

(1− pσij)(1− pσji)

]
ssσij . (2.71)

Finally, using Eqs. (2.68) - (2.71), the original four independent TB bond integrals

can be expressed in terms of the three reduced TB parameters as

ssσij

spσij

psσij

ppσij





=

√
(1− pσij) (1− pσji)

−
√
(1− pσij) pσji

√
pσij (1− pσji)

−√
pσijpσji





βσij . (2.72)

Interestingly, we see that squaring both sides and adding leads to the very simple

expression for βσij , namely

βσij = −
√
(ssσij)

2 + (spσij)
2 + (psσij)

2 + (ppσij)
2, (2.73)

which, unlike Eq. (2.71), weights all four TB bond integrals equally. In addition, this

definition of βσij automatically guarantees that the second moment of the density

of states is preserved in going from TB to reduced TB, even though the constraint

Eq. (2.60) might not be accurately satisfied. Tests for silicon, nitrogen, and silicon

nitride have shown that this parameterisation reproduces the total width of the
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density of states. However, we will see later that the reproduction of the valence

band width of the density of states depends on how well the bond integrals for each

individual system can be approximated by reduced TB.

In this thesis, therefore, all three reduced TB parameters will be defined in terms

of the four TB bond integrals as for βσij in Eq. (2.73) above. It follows from Eqs.

(2.68) and (2.69) and the constraint Eq. (2.60) that

pσij =
1

2

{
1/
[
1 + (spσij/ppσij)

2
]
+ 1/

[
1 + (ssσij/psσij)

2
]}

, (2.74)

and similarly for pσji. Equations (2.73) and (2.74) were obtained in discussions

with David Pettifor and Paul Kamenski after the author of this thesis suggested to

weight all four σ TB bond integrals equally in the description of the reduced TB

parameters.

For elemental interactions, where spσij = spσji and psσij = psσji, pσij and

pσji are identical. However, for binary interactions, where spσij 6= spσji and

psσij 6= psσji, pσij and pσji give different results. Therefore, considering a binary

sp-valent system that comprises two chemical species, e.g. Si and N which will be

indexed by µ and ν respectively, and taking account of Eq. (2.73), we can determine

in total the following reduced TB parameters that contribute to the σ bonds in the

system: βSi Siσij , βSi Nσij , βN N
σij , pSi Siσij , pSi Nσij , pN Si

σij , and pN N
σij .

Although pσij depends on both the nature of the µ and ν species of atoms i and

j through Eq. (2.74), the dominance of the µ atom i over the ν atom j can be

demonstrated [174] by making the geometric mean approximation that

〈iµα |Hσ| jνβ〉 ≈
√

〈iµα |Hσ| jµα〉 〈iνβ |Hσ| jνβ〉. (2.75)
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This results in

(
spσµνij
ppσµνij

)2

≈

∣∣∣ssσµµij
∣∣∣ ppσννij

ppσµµij ppσ
νν
ij

=

∣∣∣ssσµµij
∣∣∣

ppσµµij
, (2.76)

and

(
ssσµνij
psσµνij

)2

≈

∣∣∣ssσµµij
∣∣∣
∣∣∣ssσννij

∣∣∣

ppσµµij

∣∣∣ssσννij
∣∣∣

=

∣∣∣ssσµµij
∣∣∣

ppσµµij
. (2.77)

Therefore, using Eq. (2.61),

pµνσij ≈
ppσµµij∣∣∣ssσµµij
∣∣∣+ ppσµµij

= pµµσij . (2.78)

Similarly,

pνµσij ≈
ppσννij∣∣∣ssσννij
∣∣∣+ ppσννij

= pννσij . (2.79)

We will see later (compare Figures. 3.2, 4.2, and 5.2) that this is an approximation

that is confirmed by our data. Put differently, for example, the hybridisation

character on each silicon atom is very similar in the elemental ground state diamond

structure and the binary ground state β structures.

A different simplification to Eq. (2.74) would be if all the TB bond integrals

displayed the same distance dependence, so that the ratio of any two bond integrals

became distance invariant, thereby leading to constant values of pσij . We will see in

Chapters 3, 4, and 5 that our data for silicon, nitrogen, and silicon nitride suggests

that pσij is rather structure than distance dependent.

The distance dependence of the reduced TB parameters βσij and βπij are given
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by GSP functions with na = nb that we cut off as described in Subsection 2.4.1. The

first nearest-neighbour distance dependence of the reduced TB parameters pσij will

be shown to be well fitted by the exponential function

pσ = 1/ [1 + c · exp (−γR)] . (2.80)

This functional form is also able to describe the distance invariant behaviour of pσij

as discussed above for a given structure by setting γ to zero.

2.4.3 From reduced TB to BOP

The binding energy expression for analytic BOPs is the same as for TB in Eq. (2.29).

As mentioned before, due to the reduced TB approximation it is possible to write

the bond energy in terms of a single σ contribution, namely,

Ubond,ij = 2βσijΘσji + 2βπij
(
Θπ+ji +Θπ−ji

)
. (2.81)

The factor two is included since only half of the bond energy contributions are

included in Eq. (2.31). The pairwise parameters βσij and βπij can be taken directly

from reduced TB. The σ and π bond order contributions that determine the effect

of the local bond environment on the ij bond strength are being evaluated through

a many atom series expansion as described in Subsection 2.3.3.

The promotion energy on site i can be written as [174]

Uprom,i = δi

(
1− 1/

√
1 +

16

Θtot,i (1 + pσi)
(
27− 3

√
3pσi

)2
δ̂2i

)
(2.82)

where δi and δ̂i are the on-site level splitting and the normalised on-site level

64



2 Background

splitting, respectively, as previously described for Eq. (2.23), and

Θtot,i =
∑

j,j 6=i

(
Θσji +Θπ+ji +Θπ−ji

)
. (2.83)

Furthermore, considering Eqs. (2.78) and (2.79) we can write

pσi ≈ pσij , (2.84)

which means that the inter-site reduced TB parameter, when assumed to be environ-

ment independent, can be approximated by an on-site BOP parameter.

The repulsive energy we employed for the bond-based BOP model was the same

as for the reduced TB models.

2.4.4 Computational details

The computational details that we will use in the next four Chapters to derive

reduced TB and BOP parameters for elemental silicon and nitrogen and binary

silicon nitride systems are as follows.

The DFT reference binding energies are calculated with the VASP code [175, 176]

using the local density approximation (LDA) [177, 178] to the exchange-correlation

energy functional and the projector augmented-wave method (PAW) [179, 180]. For

each calculation, a sufficiently large plane wave cutoff energy and a dense Monkhorst-

Pack [181, 182] type k-point mesh ensure numerical convergence for formation energy

differences to within 5 meV/atom. We carry out the TB calculations using the Bond-

Order Potential from Oxford (BOPfox [183]) package, which solves the tight-binding

secular equation in k-space and calculates the local DOS using the tetrahedron k-

space technique with Blöchl corrections [184].
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The TB and BOP parameters are obtained as follows. For both, bond integral

and repulsive functions, we choose the values for the parameters R0, Rc, Rtail,

and Rcut as follows. R0 is set to the respective ground state equilibrium nearest

neighbour distance (silicon diamond, nitrogen dimer, and silicon nitride β). Rc is

set equidistantly between respective equilibrium first and second nearest neighbour

distances. For nitrogen, Rc is set to half the value of the first and second nearest

neighbour distances in the diamond structure. Rtail is set to the fcc equilibrium

first nearest neighbour distance for the silicon and nitrogen models and to the B2

equilibrium first nearest neighbour distance for silicon nitride. Rcut, which defines

the range of the model, is set to where the projected bond integral data is small.

∆Uatom,i in Eq. (2.46) is chosen to be the magnitude of the free atom magnetic

energy calculated with DFT. The parameters related to the bond integrals, β0, na,

and nc in Eqs. (2.38) and (2.45), are fitted to DFT projected orthogonal TB bond

integrals of equilibrium structures. The parameters related to the repulsive function

in Eqs. (2.38) and (2.43), Φ0, na, nb, and nc, are pairwise fitting parameters, and

nd,i in Eq. (2.42) is an atomic fitting parameter. These repulsive parameters are

varied to reproduce the DFT reference binding energies. Φ0, na for bond integrals,

nb, and nc are let to vary freely but are constrained to be positive to give smoothly

decaying GSP functions. β0 is treated similarly, but constrained to be negative. na

of the repulsive function and nd are used to affect stabilization over different nearest

neighbour distances and coordination numbers, respectively. The fitting parameters

related to the repulsive function Φ0, nb, and nc are varied by minimising the least

squares error between DFT and TB as well as DFT and BOP binding energies

employing a downhill simplex method. The Python fitting program employed was

developed in the group with major contributions from Benoit Mangili and Paul
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Kamenski. The Yukawa-type core repulsion (Eq. (2.44)) is adjusted such that the

silicon and silicon nitride dimers predict smooth binding energy curves.

Throughout the development process we were confronted with a trade off between

the potential functions flexibility, accuracy, and transferability. Generally we have

found that the more parameters we can fix to physically meaningful values, the better

the overall quality of the models. For example, fixing ∆Uatom to the respective free

atom magnetic energies, rather than treating it as a degree of freedom, improved the

quality of the individual models. Furthermore, influencing the effect of the model

on coordination numbers through nd or on nearest neighbour distances through na

both improved the manageability of the development process.

2.5 Summary

The silicon nitride system is of great interest since it is widely applied as an electronic

and structural material in industry. Experimental studies on the deposition of

silicon nitride films via different CVD and PVD processes have been conducted

for considerable time, however the growth mechanisms of silicon nitride do not seem

to be sufficiently understood.

For modelling film deposition the description of clusters, bulk structures, point

defects, surface reconstructions, and melting temperatures is important. All cur-

rently employed potentials for silicon nitride seem to lack realistic descriptions of

the growth processes. Therefore, an accurate and transferable model suitable for

simulating growth of silicon nitride does not exist in the literature. For instance, the

application of a Tersoff potential to silicon nitride for modelling film growth did not

give a proper description of the surface. A high number of nitrogen dangling bonds

was observed, the nitrogen bonding environments differed from the experimentally
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observed structures, and the surface was enriched with nitrogen atoms. Further,

no results of using the Vashishta potential to describe local atomic environments,

microstructural features, surface reconstructions, or bulk properties resulting from

deposition can be found in the literature. Moreover, the Reactive Force Field

(ReaxFF) parameterisation for silicon nitride is not transferable to molecular sys-

tems involving double or triple bonded nitrogen and torsional terms because these

are not included. Therefore, it is understandable that no successful application of

the silicon nitride ReaxFF parameterisation to modelling surface reconstructions or

film deposition can be found in the literature.

First attempts of using bond-based bond-order potentials (BOPs) to model film

growth of covalent systems have been successful and descriptions of clusters, bulk

structures, point defects, surface reconstructions, and melting temperatures are in

better agreement with experiments than results from other currently employed po-

tentials. In particular, the effects of growth temperature on the crystallinity of silicon

and gallium arsenide films and the effect of vapour flux ratio on the crystallinity and

defect population of gallium arsenide films could be correctly described.

In this Chapter we presented the methodology for deriving transferable reduced

TB models directly from DFT. In Chapters 3 to 5 we will apply this methodology

to elemental silicon, nitrogen, and to the binary silicon nitride. In Chapter 6 we will

develop a bond-based BOP for silicon.
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In the previous Chapter we described the general methodology for the development

of reduced TB models. In this Chapter we will present the details of the reduced TB

model for silicon. First, we show the two-centre TB bond integrals obtained from

DFT via the projection scheme and the reduced TB parameters calculated from this

data. In addition, we tabulate the parameters for the reduced TB bond integrals and

provide details of the electronic structure of the silicon diamond structure. Further,

we tabulate the parameters for the repulsive energy contribution and provide the

resulting binding energy curves. In addition, we give details of tests of the reduced

TB model including equilibrium binding energy, volume, bulk modulus, elastic

constants, and point defect energies.

3.1 Bond Integrals

The two-centre orthogonal TB bond integrals obtained from DFT via the projection

scheme described in Subsection 2.4.1 for different structures of silicon are shown in

Figure 3.1. In this figure and in the following, the data for equilibrium structures is

displayed with enlarged symbols. As one can see from the figure, the data is distance

and structure dependent. In addition, screening of the bond integrals in the second

nearest neighbours data can be observed. This screening is especially visible for the
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Figure 3.1: Two-centre orthogonal TB Si-Si bond integrals obtained from DFT via
projection scheme for different structures as a function of interatomic
distance R. Equilibrium data are displayed with enlarged symbols.
Dashed vertical lines are the first and second nearest neighbour distances
in the ground state equilibrium diamond structure, R⋄

1 and R⋄
2.

bcc structure, and can be attributed to the fact that the bonding between a pair of

second nearest neighbour atoms is weakened by the first nearest neighbour atoms

surrounding the bond [185].

Figure 3.2 shows the reduced TB Si-Si parameters βσ, βπ, and pσ that are

calculated from the data in Figure 3.1 through Eqs. (2.73) and (2.74). Similar

to the data in Figure 3.1, the data for the reduced TB parameters βσ, βπ, and pσ is

distance and structure dependent. The data for βπ falls off to zero at shorter values

for R than the data for βσ. This can be attributed to the relatively short range of

π bonds compared to σ bonds.

The functions βσ (R), βπ (R), and pσ (R) in Figure 3.2 are fitted to equilibrium
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Figure 3.2: Reduced TB Si-Si parameters calculated from projected bond integrals in
Figure 3.1 for different structures as a function of interatomic distance R.
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data points and cut off smoothly as described in Subsection 2.4.4. The cutoff is

typically between first and second nearest neighbours of the ground state structure.

In cases of steep slopes such as βπ (Rtail) in Figure 3.2 a polynomial cutoff function

of degree three may lead to sign changes, and hence to a non-smooth decay of the

reduced TB parameters. However, since the oscillations in the cutoff region are

very sensitive to the environment and we aim for transferable parameters, a smooth

distance dependence of the reduced TB parameters is essential. The cutoff function

we chose is given in Eq. (2.39). This function substitutes the original function over a

range where the original function is not fitted, and, in contrast to using a polynomial

as in Xu’s carbon model [169] and Kwon’s silicon model [170], never changes sign.

Generally, we aim to approximate each data set with a single function. In Figure

3.2 the data for βσ is relatively structure independent unlike the individual ssσ

and ppσ curves in Figure 3.1 and the data is well reproduced by a single function.

In addition, the function βσ (R) reproduces the distant-dependent gradients of all

structures well. One exception is the screened data of the second nearest neighbours

of the bcc structure, which is equivalent to the screening effect inherent in the

projected data in Figure 3.1. Even though the data for βπ is more structure

dependent, the gradients of the individual structures are still fairly well reproduced

by a single function. The most pronounced structure dependence can be seen in the

pσ data where the non-equilibrium data and the gradients of the different structures

are less well reproduced by a single function. Hence, a fit to the pσ equilibrium data,

as shown in Figure 3.2, might not be the best solution as we will find in Section 3.2.

The gradients at the equilibrium first nearest neighbour distance in each structure

of silicon are shown in Figure 3.3.

The parameters of the functions representing the reduced TB parameters for the
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Figure 3.3: Reduced TB Si-Si parameters from Figure 3.2 including the gradients
at the equilibrium first nearest neighbour distance in each structure of
silicon.
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Table 3.1: Reduced TB parameters for silicon-silicon (Si-Si), nitrogen-nitrogen (N-
N), and silicon-nitrogen (Si-N) interactions.

Si-Si N-N Si-N (N-Si)

β0,σ (eV) -5.643 -21.640 -10.183
β0,π (eV) -1.290 -5.015 -2.347
R0 (Å) 2.333 1.103 1.671
Rc (Å) 3.071 2.335 2.212
na,σ 1.840 1.551 0.792
na,π 4.915 2.339 1.712
nc,σ 1.080 2.937 5.005
nc,π 11.552 5.382 9.009

Rtail (Å) 2.687 2.170 2.205
Rcut (Å) 4.200 2.750 3.500

c 0.333 0.976 0.588 (1.315)
γ (1/Å) 0.000 0.000 0.000 (0.000)

Table 3.2: On-site levels for silicon (Si) and nitrogen (N) (Ref. [186]).

Si N

Ep (eV) -7.59 -13.84
Es (eV) -14.79 -26.22

silicon TB model are given in Table 3.1. In addition to the bond integrals, on-site

levels are required for the reduced TB model. In this study we employ the on-site

levels from Harrison [186] which are given in Table 3.2. The Harrison on-site levels

were chosen for all reduced TB models in this thesis to guarantee the transferability

of the silicon model between different environments, for example between silicon

nitride and silicon carbide [164].

Figure 3.4 shows the density of states for the silicon ground state diamond struc-

ture calculated with DFT, projected TB, and reduced TB. For ease of comparison,

all density of states are shifted along the energy scale such that the Fermi energy is

at zero eV. The features of the DFT DOS are qualitatively reproduced by projected
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Figure 3.4: s and p contributions to the average total density of states of the silicon
diamond structure for DFT, projected TB, and reduced TB. For the
calculation of the projected TB DOS the same on-site levels were used
as for the calculation of the reduced TB DOS.
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3 Reduced TB Model for Silicon

TB and reduced TB. Further, the individual s and p contributions of the projected

TB and reduced TB models reproduce the distinct sp-hybridisation. The valence

band width, when going from DFT to projected TB, is only poorly reproduced

because for the projected TB DOS Harrison’s [186] on-site levels were used instead

of the output values from the projection scheme described in Subsection 2.4.1. This

was merely done to increase the comparability between the projected TB DOS and

the reduced TB DOS. The fact that the features of the DOS are only qualitatively

reproduced by going from projected TB to reduced TB can be attributed to the

underlying theory. At this stage our new parameterisation guarantees through Eq.

(2.73) that the total band width is conserved when going from projected TB to

reduced TB, however, how well the valence band width is reproduced depends on

how well reduced TB approximates the individual bond integrals for each system.

Figure 3.5 displays the two-centre orthogonal TB Si-Si bond integrals from Figure

3.1 including the functions that show how well the bond integrals are approximated

by reduced TB. One can see that at the nearest neighbour distance in the ground

state equilibrium diamond structure reduced TB underestimates the magnitude of

the ssσ, spσ, and ppπ bond integrals, while it overestimates the magnitude of the

ppσ bond integral. A better match could be achieved by introducing degrees of

freedom into Eqs. (2.72).

Figure 3.6 displays the silicon σ and π bond orders for a first nearest neighbour

bond with respect to interatomic distance in the graphene, diamond, simple cubic

(sc), and face centred cubic (fcc) structures, which have coordination numbers of 3,

4, 6, and 12, respectively. We see that the graphene structure has a saturated σ bond

together with a saturated and an unsaturated π bond corresponding to whether it

lies out of or in the plane. The cubic diamond structure has a saturated σ bond
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Figure 3.6: σ and π bond orders for a first nearest neighbour bond in the silicon (a)
graphene, (b) diamond, (c) simple cubic (sc), and (d) face centred cubic
(fcc) structures as a function of interatomic distance R.
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Figure 3.7: Total bond order for a first nearest neighbour bond in the silicon (Si)
and nitrogen (N) structures in Figures 3.6 and 4.6, respectively, versus
1/z, where z is the coordination number.

and two degenerate unsaturated π bonds. Further, the σ bond of the simple cubic

structure is less saturated than the σ bond of the diamond structure, and the σ bond

of the face centred cubic structure is the least saturated σ bond. Similar to the two

π bonds in the diamond structure, the two π bonds in the simple cubic and the face

centred cubic structures are perfectly degenerate. Furthermore, the total bond order

at equilibrium nearest neighbour distances varies approximately inversely with the

coordination number. This can be seen in Figure 3.7 and is in agreement with the

chemistry of the investigated structure types [163].
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3 Reduced TB Model for Silicon

Table 3.3: Repulsive parameters for silicon-silicon (Si-Si), nitrogen-nitrogen (N-N),
and silicon-nitrogen (Si-N) interactions.

Si-Si N-N Si-N

Φ0 (eV) 5.358 18.442 7.242
R0 (Å) 2.333 1.103 1.671
Rc (Å) 3.071 2.335 2.212
na 5.000 3.328 0.010
nb 2.210 4.017 2.456
nc 4.170 5.709 2.890

Rtail (Å) 2.687 2.170 1.856
Rcut (Å) 4.200 2.750 4.200

Table 3.4: Embedding exponent nd and shift in the non-magnetic DFT free atom
reference energy ∆uatom for silicon (Si), and nitrogen (N).

Si N

nd 0.800 1.000
∆uatom (eV) 0.611 2.888

3.2 Binding Energy Curves

Having the information for calculating the TB electronic structure, the bond and

promotion energies can be computed. However, to calculate total binding energies, a

repulsive function (Eq. (2.42)) needs to be determined. Our particular procedure is

described in Subsection 2.4.4. Figure 3.8 displays the resulting reduced TB (LCN)

binding energy curves for different silicon structures in the right-hand panel. As

a comparison, the DFT binding energy curves are shown in the left-hand panel of

Figure 3.8. The resultant parameters of the repulsive function for the silicon reduced

TB model are given in Table 3.3. The repulsive embedding exponent nd and the

Yukawa parameters are given in Tables 3.4 and 3.5, respectively. The shift in the

non-magnetic compared to the magnetic reference energy of the free atom ∆Uatom

is given in Table 3.4.
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Figure 3.8: DFT and reduced TB (LCN) binding energy curves for different silicon
structures as a function of nearest neighbour interatomic distanceR. The
number of nearest neighbours is given in parenthesis for each structure.

Table 3.5: Yukawa parameters for silicon-silicon (Si-Si) and silicon-nitrogen (Si-N)
interactions.

Si-Si Si-N

ac (eV) 185.000 10.444
bc 4.500 5.794

cc (1/Å) 0.000 -0.047
Rtail,c (Å) 1.560 1.200
Rcut,c (Å) 1.916 1.550
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3 Reduced TB Model for Silicon

3.2.1 DFT binding energy curves

The binding energy curves displayed in Figure 3.8 are calculated with open and close

packed structures spanning a wide range of co-ordination. All silicon structures used

as a binding energy benchmark together with their equilibrium binding energies are

given in Table 3.6. These benchmark structures were used for each trial reduced TB

model to compare their equilibrium reduced TB binding energies with their DFT

reference binding energies.

The DFT binding energy curves in Figure 3.8 show the diamond structure having

the lowest binding energy, as expected. The lowest metastable structure is the

clathrate structure. This structure has four nearest neighbours like diamond, but the

bond lengths and angles are slightly distorted compared to diamond. The clathrate

structure for which the data is given has 34 atoms in its unit cell. In addition, we

tested a clathrate structure with 46 atoms per unit cell, which is found to have a

slightly higher binding energy than clathrate 34 (DFT: 0.0073 eV/atom, reduced

TB: 0.021 eV/atom). The third lowest structure is the bc8 structure. This is a

body centred cubic structure with eight atoms in the basis, in which each atom has

four nearest neighbours which are divided into one first and three second nearest

neighbours. β-Sn is the fourth lowest structure in Figure 3.8. This structure can

be viewed as sixfold coordinated, because of a distinct gap between the two second

nearest neighbours and the four third nearest neighbours. From the DFT binding

energy data the ordering diamond → clathrate → bc8 → β-Sn is observed.

3.2.2 Reduced TB binding energy curves

As shown in Figure 3.3 the function for pσij does not reproduce the gradients of

the reduced TB data very well. This means that choosing a distance dependent
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3 Reduced TB Model for Silicon

function for pσ might not be the best choice. Instead we will see that setting pσij to

the equilibrium ground state value provides good fits to the binding energy curves.

Therefore, pσij will be chosen to be a constant by setting the parameter γ in Eq.

(2.80) to zero (see Table 3.1). This approach also helps us to destabilize the clathrate

structure compared to the diamond structure without changing the bond integrals

from having a smooth decaying character.

As one can see from Figure 3.8, the diamond structure is predicted to be the

ground state structure by the reduced TB model. Further, the ordering diamond →

clathrate → bc8 → β-Sn predicted by the DFT binding energy data is reproduced

by the reduced TB model. It has to be noted that DFT predicts this ordering in

the presence of all the other structures considered, however, the reduced TB model

only predicts the ordering of these structures without considering the close packed

structures fcc und sh which are considerably more stable than β-Sn when calculated

with the reduced TB model. In addition, the low coordinated structures dimer, linear

chain (lchain), and graphene are all fairly well reproduced. Due to the hard core

Yukawa potential, the binding energy of the linear chain shows a global minimum

well above the diamond structure at shorter interatomic distances. The close packed

structures sh, bcc, and fcc are slightly too stable compared to the DFT data. This

is not generally an issue with the reduced TB methodology, but rather due to the

difficulty of fitting the binding energy curves with transferable TB parameters over

such a wide range of co-ordination. The silicon structures used as a binding energy

benchmark are given in Table 3.6.

Table 3.7 gives the results of the two approaches with reduced TB with 1) pσ as

a function of interatomic distance R as in Figure 3.2, and 2) reduced TB with pσ =

const.. The results from DFT calculations are also included for comparison.
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3 Reduced TB Model for Silicon

Table 3.6: Silicon structures used as a binding energy benchmark. Equilibrium
binding energies (eV/atom) are given in parentheses (reduced TB, DFT).
The structures are ordered with respect to DFT binding energies.

dimer (-1.719, -1.841) lchain (-3.033, -3.069) achain45 (-3.546, -3.313)
achain (-3.083, -3.315) zchain90 (-2.780, -3.368) zchain (-3.347, -3.625)
A14 (-3.755, -4.248) A17 (-3.734, -4.456) graphene (-4.122, -4.575)
A9 (-4.122, -4.593) st12 (-4.123, -4.603) A8 (-4.338, -4.698)
mp4 (-4.418, -4.778) st12-W (-4.053, -4.786) hp7 (-4.327, -4.793)
hp12 (-4.133, -4.795) hr13 (-4.330, -4.803) A15 (-4.504, -4.834)
Ab (-4.620, -4.850) A13 (-4.706, -4.854) tp30 (-4.603, -4.859)
A11 (-4.794, -4.869) A12 (-3.371, -4.873) Ac (-4.316, -4.884)
A10 (-4.601, -4.892) A7 (-4.426, -4.894) fcc (-4.989, -4.899)
A6 (-4.960, -4.900) of8 (-4.747, -4.901) Gaoc4 (-4.790, -4.908)
C19 (-4.992, -4.909) hp4 (-4.982, -4.909) bcc (-4.799, -4.914)
mp16 (-4.442, -4.922) hcp (-5.036, -4.928) Gamc4 (-4.778, -4.936)
hr22 (-4.795, -4.937) Uoc4 (-4.600, -4.942) Ad (-4.557, -4.944)
A20 (-4.587, -4.945) Aa (-4.902, -4.951) ci12 (-3.972, -4.959)
Ai (-4.694, -5.000) bct5 (-4.773, -5.065) sc (-4.824, -5.071)
mc4 (-4.841, -5.075) sh (-5.049, -5.095) β-Sn (-4.905, -5.140)
bc8 (-5.019, -5.222) Clathrate46 (-5.310, -5.262) Clathrate34 (-5.333, -5.269)
hex. dia. (-5.332, -5.338) diamond (-5.348, -5.348) –
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3 Reduced TB Model for Silicon

If we chose approach 1), we can either achieve the correct relative ordering of

the different silicon structures or good properties for the ground state diamond

structure. This particular model with approach 1) shows comparable equilibrium

properties to the approach 2), however, the clathrate34, hcp, and fcc structures are

more stable than the diamond structure. In particular the diamond → clathrate34

ordering is difficult to achieve with approach 2), as the equilibrium nearest neighbour

distances of the diamond and clathrate34 structures are very similar. Furthermore,

the ordering bc8 → β-Sn is reproduced by the approach 2), however, the ordering

is wrong when using approach 1).

The difficulty of achieving the correct relative ordering in addition to satisfactory

properties for the ground state diamond structure can be seen by comparing the re-

sults from this study with the results by Kamenski [164], who employed approach 1).

It can be seen that the ordering diamond → clathrate34 was reproduced, however,

with a cost of a relatively poor description of the ground state diamond properties.

Compare Table 5.2 of Ref. [164] with the last line of Table 3.7. Furthermore,

the ordering bc8 → β-Sn predicted by DFT was not reproduced in the model by

Kamenski.
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Table 3.7: Equilibrium properties of different structures for silicon calculated with reduced TB with pσ as a function
of interatomic distance R as in Figure 3.2, reduced TB with pσ = const., and DFT. Difference to the
diamond equilibrium binding energy (∆U), equilibrium binding energy (U), equilibrium volume (V ), and
bulk modulus (B) are obtained from Birch-Murnaghan equation of state fits to binding energies. Units
are ∆U and U (eV/atom), V (Å3), and B (GPa).

Structure ∆U U V B

fcc -0.191, 0.359, 0.449 -5.538, -4.989, -4.899 16.235, 15.879, 13.928 491.016, 465.410, 88.976
hcp -0.195, 0.312, 0.420 -5.542, -5.036, -4.928 16.188, 15.851, 13.822 498.448, 486.871, 94.317
β-Sn 0.238, 0.443, 0.208 -5.109, -4.905, -5.140 17.295, 17.268, 14.839 152.112, 173.423, 113.781
bc8 0.365, 0.329, 0.125 -4.982, -5.019 ,-5.222 18.183, 18.147, 17.902 99.767, 104.9491, 100.562

clathrate 34 -0.020, 0.017, 0.078 -5.367, -5.333, -5.269 22.139, 22.411, 22.791 93.301, 89.462, 81.050
diamond 0.000, 0.000, 0.000 -5.347, -5.348, -5.348 19.725, 19.760, 19.742 93.104, 94.263, 93.658

diamond [164] 0.000 -5.407 18.826 175.417
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3 Reduced TB Model for Silicon

3.2.3 Equilibrium properties of diamond ground state

Table 3.8 gives equilibrium properties of silicon diamond for reduced TB (LCN) and

DFT. The column named reduced TB shows the results of the reduced TB (LCN)

model from this study, and the column named DFT shows the results of the DFT

calculations performed in this study using LDA. The reduced TB equilibrium binding

energy, equilibrium volume, and bulk modulus are in good agreement with the DFT

results. In addition, the elastic constants are fairly well reproduced. Experimental

data and a TB model by Lenosky et al. [187] are also included for comparison. We

have chosen the model by Lenosky et al. from all the different TB fits as the most

comprehensive fit to silicon diamond properties. The major difference between the

Lenosky et al. and our approach is that Lenosky et al. fitted to the equilibrium prop-

erties of silicon diamond, including elastic constants, phonon frequencies, Grüneisen

parameters, and point defect energies, whereas we only optimised fitting the binding

energy curves. The effect of the different approaches can be seen by comparing the

binding energies of the reduced TB and DFT columns with the binding energies of

the experimental and Lenosky et al. columns.

In addition to equilibrium properties, we test the silicon reduced TB model for

point defects. Table 3.9 gives point defect formation energies in silicon. The energies

are calculated using a silicon box of 128 atoms from which the defected structures

are generated. This means the vacancy structure contains 127 atoms and the split-

(110), hexagonal, and tetrahedral structures contain 129 atoms. The unrelaxed

results are obtained from the starting configuration with the atoms being fixed with

respect to the internal degrees of freedom. The relaxed results are obtained from

lifting this constraint and by starting from the unrelaxed positions. The reduced

TB model gives relatively high energies for the unrelaxed structures due to short
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3 Reduced TB Model for Silicon

Table 3.8: Equilibrium properties of silicon diamond for reduced TB (LCN) and
DFT. Equilibrium binding energy (U), equilibrium volume (V ), and bulk
modulus (B) are obtained from Birch-Murnaghan equation of state fits to
binding energies. Units are U (eV/atom), V (Å3), and B and C (GPa).
C0
44 is the static C44 elastic constant.

Reduced TB DFT Expt. TBa

U -5.348 -5.348 -4.63b -4.620a

V 19.760 19.742 20.026c 19.999a

B 94 94 100c 100a

C ′ 63 48.5 51d,e 50.4a,e

C44 111 76 80d 75a

C440 144 106 f f

C11 178 161 166d 167a,e

C12 52e 65e 64d 67a,e

aReference [187].
bReference [112].
cReference [188].
dReferences [189, 190].
eCalculated from other elastic constants.
fNot available.
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3 Reduced TB Model for Silicon

interatomic distances generated by the initial configuration of the interstitial atom

where the Yukawa-type core repulsion is effective. Overall, the reduced TB model

overestimates the relaxed point defect formation energies relative to DFT. Further,

the reduced TB model predicts an unstable hexagonal defect which relaxes into a

tetrahedral defect configuration. However, despite the unstable hexagonal defect

predicted by reduced TB, the energetically ordering of the defects tetrahedral →

split-(110) → vacancy as predicted by our DFT calculations is reproduced by our

reduced TB model.
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Table 3.9: Point defect formation energies in silicon diamond (eV). The numbers in parentheses in the top line are
the number of atoms per perfect unit cell, whereas the pair of numbers in parentheses in the DFT column
from Ref. [191] are LDA and GGA values respectively.

Reduced TB (128) DFT (128) DFT [191] (64) TB [187] (144)
Unrelaxed Relaxed Unrelaxed Relaxed Relaxed Unrelaxed Relaxed

Vacancy 7.526 5.492 3.795 3.577 (a, a) 3.915 3.708
Split-(110) 7.743 5.327 4.949 3.340 (3.31, 3.84) a 3.215
Hexagonal 11.839 4.862 5.961 3.378 (3.31, 3.80) 4.733 3.814
Tetrahedral 6.951 4.862 3.772 3.339 (3.43, 4.07) 4.067 3.600

aNot available.
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3.3 Summary

In this Chapter we presented a reduced TB model for silicon. This model reproduces

the DFT DOS and projected DOS of the silicon diamond structure qualitatively

well. The difference between the DOS calculated with DFT and projected TB

can be attributed to the fact that on-site level values different from the output

of the projection scheme were used. In addition, the difference between the DOS

calculated with projected TB and reduced TB can be attributed to how well reduced

TB approximates the two-centre orthogonal TB bond integrals. Without considering

the close packed structures fcc and sh, the reduced TB model reproduces the ordering

diamond → clathrate → bc8 → β-Sn predicted by the DFT binding energies.

Furthermore, we show that we can achieve a reasonable trade off between relative or-

dering of structures and properties for the ground state diamond structure by setting

pσ as a constant rather than as a function of interatomic distance R. The reduced TB

model for silicon overestimates the relaxed point defect formation energies relative

to DFT and predicts an unstable hexagonal defect which relaxes into a tetrahedral

defect configuration. However, the energetically defect ordering tetrahedral → split-

(110) → vacancy as predicted by our DFT calculations is reproduced by our reduced

TB model.
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4 Reduced TB Model for Nitrogen

In Chapter 3 we gave details of the reduced TB model for silicon. In this Chapter we

introduce the reduced TB model for nitrogen. Similar to the previous Chapter, we

first show the two-centre TB bond integrals obtained from DFT. We then provide

details of the reduced TB parameters and show the electronic structure of the

nitrogen cubic gauche (cg) structure. Finally we show binding energy curves and give

results of nitrogen reduced TB model tests. The results provided include equilibrium

binding energy, equilibrium nearest neighbour distance, and frequency of the dimer.

4.1 Bond Integrals

Figure 4.1 shows the projected two-centre orthogonal TB bond integrals obtained

from DFT for different structures of nitrogen. Again, the data for equilibrium

structures is displayed with enlarged symbols. Compared to the silicon data in

Figure 3.1, the data for nitrogen appears to be less structure dependent.

The nitrogen reduced TB parameters are displayed in Figure 4.2. Similar to the

two-centre orthogonal TB bond integrals, the reduced TB parameters for nitrogen

are less structure dependent than those displayed for silicon in Figure 3.2. As

expected, the βπ data is short ranged compared to the βσ data. The functions

βσ (R), βπ (R), and pσ (R) are fitted in a similar fashion to that described for silicon.
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Figure 4.1: Two-centre orthogonal TB N-N bond integrals obtained from DFT via
projection scheme for different structures as a function of interatomic
distance R. Equilibrium data are displayed with enlarged symbols.
Dashed vertical lines are, from left to right, the first nearest neighbour
distance in the ground state equilibrium dimer, Rdimer

1 , and the first and
second nearest neighbour distances in the equilibrium diamond structure,
R⋄

1 and R⋄
2.
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Figure 4.2: Reduced TB N-N parameters calculated from projected bond integrals in
Figure 4.1 for different structures as a function of interatomic distance R.
Equilibrium data are displayed with enlarged symbols. Dashed vertical
lines are, from left to right, the first nearest neighbour distance in the
ground state equilibrium dimer, Rdimer

1 , and the first and second nearest
neighbour distances in the equilibrium diamond structure, R⋄

1 and R⋄
2.

The vertical dotted line marks Rtail.
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Figure 4.3: Reduced TB N-N parameters from Figure 4.2 including the gradients
at the equilibrium first nearest neighbour distance in each structure of
nitrogen.
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Since the βσ and βπ data for nitrogen in Figure 4.2 is less structure dependent

than that of silicon, it can be better approximated by a single distance dependent

function. Overall, the functions βσ (R) and βπ (R) reproduce the data and distant-

dependent gradients well. Compared to the βσ and βπ data, the nitrogen pσ data

is more structure dependent and the gradients of the individual structures are only

poorly reproduced (see Figure 4.3). Again, for the same reasons given for the silicon

model, we set pσ (R) as a constant. For nitrogen, we extrapolate the pσ (R) function

to the dimer equilibrium distance and chose that value. This approach seems to be

the best choice to achieve the correct relative ordering of metastable structures.

The parameters of the functions representing the reduced TB parameters for the

nitrogen reduced TB model are given in Table 3.1 and the on-site levels are given

in Table 3.2.

The density of states for the nitrogen cubic gauche (cg) structure calculated with

DFT, projected TB, and reduced TB is shown in Figure 4.4. Similar to the density

of states for the silicon ground state diamond structure each DOS is shifted along

the energy scale such that the Fermi energy is at zero eV and the features of the

DFT density of states are qualitatively reproduced by projected TB and reduced

TB. Again, projected TB and reduced TB reproduce the sp-hybridisation of the

DFT density of states well. See the discussion for the density of states for the silicon

ground state diamond structure in Chapter 3 on the reproduction of the valence band

width when going from projected TB to reduced TB. Figure 4.5 displays the two-

centre orthogonal TB N-N bond integrals from Figure 4.1 including the functions

that show how well the bond integrals are approximated by reduced TB. One can

see that at the nearest neighbour distance in the equilibrium diamond structure

reduced TB underestimates the magnitude of the spσ, ppσ, and ppπ bond integrals,
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Figure 4.4: s and p contributions to the average total density of states of the nitrogen
cubic gauche (cg) structure for DFT, projected TB, and reduced TB. For
the calculation of the projected TB DOS the same on-site levels were used
as for the calculation of the reduced TB DOS.

while overestimates the magnitude of the ssσ bond integral.

The distance dependence of the nearest neighbour σ and π bond orders of nitrogen

are displayed in Figure 4.6 for the dimer, cubic gauche (cg), diamond, and simple

cubic (sc) structures with coordination numbers of 1, 3, 4, and 6, respectively. The

nitrogen dimer has a saturated σ bond and two saturated π bonds. The cubic gauche

structure has a saturated σ and two unsaturated π bonds. This is equivalent to three

single bonds and a lone pair per atom. The diamond structure has one half saturated

σ and two unsaturated π bonds. The character of the nearest neighbour bond in the

simple cubic structure is similar to the character of the nearest neighbour bond in
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98



4 Reduced TB Model for Nitrogen

0.0

0.2

0.4

0.6

0.8

1.0

1.2

 

 

 
 
 

B
on

d 
or

de
r

(a) dimer

 

 

(b) cg

 

1.0 1.2 1.4 1.6 1.8
0.0

0.2

0.4

0.6

0.8

1.0

 

(c) diamond

R (Å)
1.0 1.2 1.4 1.6 1.8 2.0

 

(d) sc
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(a) dimer, (b) cubic gauche (cg), (c) diamond, and (d) simple cubic (sc)
structures as a function of interatomic distance R.

the diamond structure, although both σ and π bonds in the simple cubic structure

are less saturated. Similar to the bond order values of different silicon structures in

Figure 3.6, the total bond order at equilibrium nearest neighbour distances varies

approximately inversely with the coordination number. This shows Figure 3.7.

4.2 Binding Energy Curves

To be able to calculate binding energies for the nitrogen reduced TB model, a

repulsive function is obtained as discussed previously for silicon. Figure 4.7 shows

the reduced TB (LCN) binding energy curves for different nitrogen structures in the

right-hand panel. As a comparison, the DFT binding energy curves are given in the

left-hand panel. The parameters of the repulsive function for the nitrogen model
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Figure 4.7: DFT and reduced TB (LCN) binding energy curves for different nitrogen
structures as a function of nearest neighbour interatomic distanceR. The
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are given in Table 3.3. The embedding exponent, and the shift in the nonmagnetic

DFT free atom reference energy are given in Table 3.4. For the nitrogen reduced

TB (LCN) model no Yukawa-type core repulsion is used.

4.2.1 DFT binding energy curves

As expected, the DFT binding energy curves for nitrogen show that the dimer

has the lowest binding energy. The lowest metastable structure is the threefold

coordinated cubic gauche (cg) structure. This structure is a body centred cubic

structure with four atoms per primitive cell. The second lowest metastable structure
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4 Reduced TB Model for Nitrogen

is the armchair chain (achain) structure with bond angles chosen to be 135 degrees.

The third lowest metastable structure is the zig-zag chain (zchain) structure with

bond angles of 90 degrees. Even though this structure is a chain-like structure, it

is fourfold coordinated due to the arrangement of the atoms resulting from the 90

degree bond angles. The fourth most stable metastable structure is the linear chain

(lchain) structure. In this structure every atom has two nearest neighbours and it

is equivalent to the zchain structure, but with bond angles of 180 degrees. Overall,

the DFT binding energy curves in Figure 4.7 agree very well with Figures 1 and 3

of Mailhiot et al. [37].

4.2.2 Reduced TB binding energy curves

As one can see from Figure 4.7, the dimer is predicted to be the ground state

structure by the reduced TB model. Further, the ordering dimer → cg → achain →

zchain predicted by the DFT binding energy data is reproduced by the reduced

TB model. In addition, the crossing of the diamond and the sc structures is

reproduced. Further, the ordering of the close packed structures sh → bcc → fcc

is also reproduced by the reduced TB model. The nitrogen structures used as a

binding energy benchmark together with their binding energies are given in Table

4.1.

4.2.3 Equilibrium properties of dimer ground state

Table 4.2 gives equilibrium properties of the nitrogen dimer for reduced TB (LCN)

and DFT calculated in this study. Experimental and DFT results from other studies

are also included for comparison. Overall, the equilibrium properties of the dimer

ground state predicted by the reduced TB model agree very well with the DFT
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4 Reduced TB Model for Nitrogen

Table 4.1: Nitrogen structures used as a binding energy benchmark. Equilibrium
binding energies (eV/atom) are given in parentheses (reduced TB, DFT).
The structures are ordered with respect to DFT binding energies.

hp7 (-2.001, -1.794) st12W (-1.766, -1.802) µ (-2.007, -1.806)
hp12 (-1.821, -1.809) fcc (-2.613, -1.848) A13 (-2.411, -1.868)
A15 (-2.305, -1.872) A6 (-2.638, -1.880) A12 (-2.246, -1.898)
A3’ (-2.680, -1.902) C19 (-2.695, -1.915) hcp (-2.725, -1.934)
Ab (-2.471, -1.947) γMoPt2 (-2.628, -2.004) of8 (-2.804, -2.029)
Aa (-2.933, -2.038) mc34 (-2.668, -2.091) bcc (-2.869, -2.114)
hr22 (-2.680, -2.148) A10 (-2.621, -2.169) Gaoc4 (-2.841, -2.295)
oc4 (-3.128, -2.335) ci12 (-4.295, -2.340) A20 (-3.151, -2.362)
Gamc4 (-3.045, -2.449) Ad (-3.231, -2.484) A11 (-2.885, -2.490)
sh (-3.112, -2.510) Af (-3.330, -2.578) Ac (-3.184, -2.669)
mp4 (-3.051, -2.704) β-Sn (-3.445, -2.757) mc4 (-3.479, -2.778)
Ai (-3.587, -2.951) A14 (-3.801, -2.977) bct5 (-3.572, -3.083)
diamond (-3.151, -3.126) bc8 (-3.497, -3.231) sc (-4.021, -3.252)
st12 (-3.631, -3.309) A8 (-4.117, -3.405) graphene (-3.037, -3.538)
A9 (-3.037, -3.559) A7 (-4.515, -3.817) lchain (-2.686, -3.893)
zchain90 (-3.634, -4.397) A17 (-4.498, -4.621) Pba2 (-4.264, -4.850)
cg (-4.403, -5.055) achain (-4.328, -5.062) zchain (-4.308, -5.240)
dimer (-5.860, -5.860) – –
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4 Reduced TB Model for Nitrogen

Table 4.2: Equilibrium properties of the nitrogen dimer for reduced TB (LCN),
DFT, and experiment. Equilibrium binding energy (U), equilibrium
nearest neighbour distance (NND), and frequency ν are obtained from
Birch-Murnaghan equation of state fits to binding energies. Units are U
(eV/atom), NND (Å), ν (cm−1). The pair of numbers in parentheses in
the DFT column from Ref. [192] are LDA and GGA values respectively.

Reduced TB DFT Expt. DFT [192]

U -5.872 -5.860 -4.903a (-5.666, -5.279)

NND 1.099 1.103 1.10a, 1.112b, 1.098c (1.107, 1.113)

ν 2610 2615 2359c, 2360d, 2361e (2465, 2351)

aReference [193].
bReference [194].
cReference [195].
dReference [196].
eReference [192].

calculations and results from other studies.

103



4 Reduced TB Model for Nitrogen

4.3 Summary

A reduced TB model for nitrogen was developed in this Chapter. This model

reproduces the DFT DOS and projected DOS of the nitrogen cubic gauche structure

qualitatively. When not considering all structures in the structure database, the

reduced TB model for nitrogen reproduces the ordering dimer → cg → achain →

zchain and the ordering of the close packed structures sh → bcc → fcc predicted by

DFT calculations. Furthermore, the equilibrium binding energy, nearest neighbour

distance, and frequency of the nitrogen dimer calculated with the reduced TB model

agree well with results from DFT calculations and experimental studies.
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In Chapters 3 and 4 we introduced the elemental reduced TB models for silicon

and nitrogen within the constraint of local charge neutrality (LCN). We will use

these elemental bond integrals and repulsive functions in the binary silicon nitride

model without further adjustments. However, for the parameterisation of the binary

silicon nitride system, charge transfer (CT) is introduced as described in Subsection

2.4.1, so that, unless stated otherwise, all the silicon nitride figures correspond to

the model allowing CT. The binary silicon nitride interactions are then obtained in

a similar way as the elemental interactions. We also compare the reduced TB CT

model for silicon nitride with a reduced TB model enforcing LCN. The latter model

will be referred to as reduced TB LCN and the interactions are obtained in a similar

fashion as the elemental interactions.

In the following Sections we show the two-centre orthogonal TB bond integrals

obtained from DFT via the projection scheme described in Subsection 2.4.1 and the

reduced TB parameters obtained from this data. We display the parameters for the

reduced TB bond integrals and display the density of states of silicon nitride in the

β crystal structure. We further tabulate the repulsive energy parameters for the

reduced TB CT model and show heat of formation curves for different structures

of silicon nitride for both reduced TB CT and reduced TB LCN and discuss the

advantages and disadvantages of both models compared to DFT. In addition, we
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5 Reduced TB Model for Silicon Nitride

give results of tests of the reduced TB CT model in form of equilibrium properties

of the β phase ground state and defect formation energies.

5.1 Bond Integrals

The two-centre orthogonal TB Si-N bond integrals obtained from DFT for different

structures are shown in Figure 5.1. The data for equilibrium structures is displayed

with enlarged symbols. Compared to the data for silicon and nitrogen, the data

is moderately structure dependent. Screening of second nearest neighbours can be

observed in all the data.

Figure 5.2 displays the reduced TB parameters calculated from the data in Figure

5.1. The first nearest neighbour values for pNSi
σ are smaller than those for pSiNσ . This

difference is obvious when considering the definition of pSiNσ and pNSi
σ according to

Eq. (2.74) and the different behaviour of ssσSiN , ppσSiN , spσSiN , and psσSiN in

Figure 5.1. The functions βσ (R), βπ (R), and pσ (R) are fitted to equilibrium data

points, with the same considerations as for the elemental models. The functions

βσ (R) and βπ (R) reproduce the data as well as the gradients of the individual

structures fairly well, however, this is not the case for the function pσ (R) (see Figure

5.3). Therefore, for the same reason as given for the elemental models, pSiNσ (R) and

pNSi
σ (R) are chosen to be constants. The parameters of the functions representing

the reduced TB parameters for the silicon nitride TB model are given in Table 3.1.

The species dependent atomic on-site Coulomb integrals for silicon and nitrogen

required for the inclusion of charge transfer are given in Table 5.1.

Figure 5.4 shows the average total DOS for the silicon nitride β structure cal-

culated with DFT, projected TB, and reduced TB. Again, the density of states

are shifted along the energy scale such that the Fermi energy is at zero eV. The
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Figure 5.1: Two-centre orthogonal TB Si-N bond integrals obtained from DFT via
projection scheme for different structures as a function of interatomic
distance R. Equilibrium data are displayed with enlarged symbols.
Dashed vertical lines are the first and second nearest neighbour distances
in the ground state equilibrium β structure, Rβ

1 and Rβ
2 . Note that the

psσ data is multiplied by -1 to improve the comparability to the spσ
data.

Table 5.1: Species dependent atomic on-site Coulomb integrals for silicon (Si) and
nitrogen (N) from Ref. [171].

Si N

J (eV/e2) 7.095 11.919
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Figure 5.2: Reduced TB Si-N parameters calculated from projected bond integrals in
Figure 5.1 for different structures as a function of interatomic distance R.
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Figure 5.3: Reduced TB Si-N parameters from Figure 5.2 including the gradients
at the equilibrium first nearest neighbour distance in each structure of
silicon nitride.
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local s and p contributions of silicon and nitrogen to the average total DOS are

also displayed. The features of the DFT DOS are qualitatively well reproduced by

projected TB and reduced TB. At the nearest neighbour distance in the ground

state equilibrium β structure reduced TB slightly underestimates the magnitude of

the spσ and psσ bond integrals, and slightly overestimates the magnitude of the ssσ

and ppσ bond integrals (see Figure 5.5). Overall however, compared to the reduced

TB models for silicon and nitrogen, reduced TB approximates all of the two-centre

orthogonal TB Si-N bond integrals at the nearest neighbour distance in the ground

state equilibrium β structure fairly well. This has a positive effect on conserving the

valence band width of the DOS when going from projected TB to reduced TB.

Figure 5.6 displays the σ and π bond orders for a first nearest neighbour bond

in the silicon nitride β structure as a function of interatomic distance R. In the

β structure each silicon atom is surrounded by 4 neighbouring nitrogen atoms and

each nitrogen atom is surrounded by 3 neighbouring silicon atoms. Therefore, each

silicon atom provides one valence electron to each of the four silicon-nitrogen bonds

around silicon and each nitrogen atom contributes 5 valence electrons to the three

silicon-nitrogen bonds around nitrogen.

The specific values for the difference in the charge in the β equilibrium structure

compared to the respective free atoms are in our study -1.314 electrons per atom for

silicon, and +0.990 and +0.973 electrons per atom for the two nitrogen sites N1 and

N2, respectively. These values agree very well with the values from the study by

Zhao et al. [197, 198] who investigated the electronic structure and charge transfer

at the silicon-silicon nitride interface using LDA and calculated an average of -1.24

electrons per silicon atom and +0.93 electrons per nitrogen atom in the α and β

structures.
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Figure 5.5: Two-centre orthogonal TB Si-N bond integrals from Figure 5.1 including
the functions that show how well the bond integrals are approximated
by reduced TB.
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Figure 5.6: σ and π bond orders for a first nearest neighbour bond in the silicon
nitride β structure as a function of interatomic distance R.

5.2 Heat of Formation Curves

Figure 5.7 shows the reduced TB CT heat of formation curves for different silicon

nitride structures in the right-hand panel. As a comparison, the DFT heat of

formation curves are displayed in the left-hand panel and the reduced TB LCN

heat of formation curves are displayed in the middle panel. The parameters of the

repulsive function for the silicon nitride reduced TB CT model are given in Table

3.3. The elemental embedding exponents, the elemental shifts in the non-magnetic

DFT free atom reference energy, and the binary Yukawa parameters are given in

Tables 3.4 and 3.5.
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Figure 5.7: DFT, reduced TB LCN, and reduced TB CT heat of formation curves
for different silicon nitride structures as a function of nearest neighbour
interatomic distance R. The number of nearest neighbours is given in
parenthesis for each structure.
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5.2.1 DFT heat of formation curves

The DFT heat of formation curves in Figure 5.7 show the Si3N4 β phase as the

ground state structure. The second lowest structure is α with a 2.5 meV/atom higher

equilibrium heat of formation value. This value is consistent with the marginal

difference in experimental heat of formation values between these two polytypes

[41], and is responsible for the ability to experimentally achieve these two hexago-

nal crystal structures, which differ only by their stacking sequence, with different

processing routes [39]. For both structures the basic building block is a silicon-

nitrogen tetrahedron with a silicon atom at its centre and four nitrogen atoms at

each vertex. All these SiN4 tetrahedra are linked by nitrogen atoms which are

each common to three tetrahedra. As a result each silicon atom has four nitrogen

atoms as nearest neighbours and each nitrogen atom has three silicon atoms as

nearest neighbours. Therefore, the notation β (4,3) was chosen, where 4 is the

number of nearest neighbours of each silicon atom and 3 is the number of nearest

neighbours of each nitrogen atom. The third lowest structure predicted by DFT is

the cubic γ structure [47] and the fourth lowest structure is the willemite-II (wII)

structure [48]. Both structures have the same chemical composition as the β and α

structures. In the γ structure however, two of the six silicon atoms have four nearest

neighbours, and the other four silicon atoms have six nearest neighbours. All eight

nitrogen atoms have four nearest neighbours. Therefore, we chose the notation γ

(4(2)/6(4),4(8)). The SiN phases B1, B2, B3, and B4 are the structures NaCl,

CsCl, ZnS, and Wurtzite, respectively. From the DFT heat of formation curves the

ordering β → α → γ → wII → B3 → B4 → B1 → B2 can be observed.
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5.2.2 Reduced TB heat of formation curves

As one can see from the right-hand panel of Figure 5.7, the β structure is predicted

to be the ground state structure by the reduced TB model when allowing charge

transfer (CT). The β structure is also the ground state structure when considering

all structures from the structure database (see Tables 5.2 and 5.3). In addition,

the ordering over similar nearest neighbour distances and composition of β → α

→ wII predicted by the DFT heat of formation data is reproduced by the reduced

TB CT model. The ordering of these three structures with respect to each other

can be attributed to the fact that they have the same coordination shells. The γ

structure, however, has sites with 6 and 8 coordination which the reduced TB CT

model fails to describe well. The reduced TB CT model for silicon nitride predicts

a heat of formation value for the γ structure which is 1.305 eV/atom higher than

the DFT reference value (see Table 5.2). Further, the ordering of the high heat of

formation structures, namely B3 → B4 → B1 → B2, with respect to each other is

being reproduced. The reduced TB model predicts heat of formation values for B1

and B2 that are out of the scale of the right-hand panel of Figure 5.7. See Tables

5.2 and 5.3 for a comparison of the heat of formation values of the silicon nitride

structures used as a benchmark.

The middle panel of Figure 5.7 shows that the reduced TB model when enforcing

local charge neutrality (LCN) predicts the β structure to be the ground state

structure as well. Further, the ordering over similar nearest neighbour distances,

same composition, and same coordination shells of β → α → wII predicted by the

DFT heat of formation data is also reproduced by the reduced TB LCN model.

Comparing the middle and right-hand panel of Figure 5.7 it can be seen that the

reduced TB LCN model reproduces the heat of formation value difference between
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Table 5.2: Silicon nitride structures used as a heat of formation benchmark.
Equilibrium heat of formation values (eV/atom) are given in parentheses
(reduced TB CT, reduced TB LCN, DFT). The structures are ordered
with respect to DFT heat of formation values.

D5-19-A3B2 (4.913, 3.751, 1.077) B82-A4B2 (4.072, 3.375, 1.064)
C-e-A4B8 (4.030, 3.053, 1.058) D0-17-A2B6 (4.275, 3.227, 0.992)
µ-AAAAB (2.504, 1.118, 0.982) L60-A3B (3.214, 3.384, 0.951)
B20 (4.996, 3.945, 0.951) C37-A8B4 (4.086, 3.653, 0.931)
D5-11-A12B8 (2.807, 2.014, 0.877) D5-c-A8B12 (4.331, 3.518, 0.861)
C42-A2B4 (1.493, 1.333, 0.845) B-e-AB (3.219, 1.936, 0.800)
B2 (5.350, 3.960, 0.791) C23-A4B8 (3.460, 2.205, 0.789)
C22-A3B6 (3.641, 2.303, 0.780) C24-A2B4 (2.122, 1.493, 0.750)
C22o-A3B6 (3.281, 1.993, 0.627) C-a-A12B6 (3.647, 3.126, 0.600)
B31 (4.245, 2.884, 0.598) B8-1 (4.317, 2.863, 0.483)
D0-2-A4B12 (1.495, 0.546, 0.472) C1-AB2 (2.783, 1.537, 0.450)
L’2-A1B2 (2.609, 1.476, 0.390) B18 (2.129, 1.033, 0.342)
C43-A4B8 (2.212, 1.130, 0.292) C46-A8B16 (1.902, 0.878, 0.278)
C34-A1B2 (1.889, 0.766, 0.261) C3-A4B2 (1.911, 0.462, 0.241)
C25-A4B8 (2.021, 0.969, 0.207) D5-e-A2B3 (2.115, 1.063, 0.185)
C8-A3B6 (-0.164, 0.895, 0.174) C33-A3B2 (3.004, 1.436, 0.156)
C10-A4B8 (-0.086, 0.274, 0.147) C9-A2B4 (-0.074, 0.359, 0.143)
B-i-AB (3.156, 1.453, 0.121) B24-AB (2.994, 1.424, 0.068)
B-k-AB (0.080, -0.921, 0.040) B1 (3.056, 1.313, 0.040)
Bh-AB (3.334, 1.699, 0.035) C5-A2B4 (1.576, 0.826, 0.022)
C21-A8B16 (1.526, 0.861, 0.019) B10-AB (1.663, 0.114, 0.018)
B26 (1.306, 0.202, 0.003) B37-A4B4 (2.532, 2.290, -0.028)
D5-8-A8B12 (1.710, 0.882, -0.073) oP8-AK (0.904, -0.401, -0.119)
tP8-AK (0.904, -0.400, -0.120) C4-A2B4 (1.465, 0.555, -0.126)
C35-A2B4 (1.614, 0.723, -0.141) B4 (0.721, -0.696, -0.226)
B29 (2.288, 1.091, -0.228) B12-AB (0.224, -0.798, -0.249)
B3 (0.672, -0.702, -0.323) B16-A4B4 (1.496, 0.532, -0.338)
B34-A8B8 (1.280, -0.137, -0.495) B17-A2B2 (0.680, -0.764, -0.675)
C18-A2B4 (0.821, -0.367, -0.709) D5-1-A4B6 (0.822, -0.043, -0.902)
wII (-1.397, -1.476, -1.403) γ (-0.108, -0.852, -1.413)
α (-1.430, -1.466, -1.480) β (-1.487, -1.487, -1.483)
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5 Reduced TB Model for Silicon Nitride

Table 5.3: Further silicon nitride structures used as a heat of formation benchmark.
Equilibrium heat of formation values (eV/atom) are given in parentheses
(reduced TB CT, reduced TB LCN, DFT). The structures are ordered
with respect to DFT heat of formation values.

D2-b-A1B12 (4.473, 4.217, 3.592) D2-e-A3B33 (4.330, 3.994, 3.359)
D2-1-A1B6 (3.539, 3.334, 3.274) µ-BBBBA (3.986, 4.426, 3.030)
D2-d-A1B5 (4.952, 4.672, 2.985) D1-A4B12 (1.616, 1.745, 2.971)
D2-f-A1B12 (3.237, 5.677, 2.857) D1-3-A1B4 (4.769, 4.784, 2.795)
dimer (0.645, 1.017, 2.694) B21 (0.508, 1.171, 2.662)
D1-a-A1B4 (4.978, 3.954, 2.525) L1-3-AB3 (5.690, 4.644, 2.467)
C14-Laves-AB2 (6.047, 5.141, 2.351) C36-Laves-A8B16 (6.017, 5.146, 2.337)
C15-Laves-A2B4 (5.991, 5.149, 2.325) D0’-c-A2B6 (5.376, 4.154, 2.180)
D0-19-A2B6 (5.378, 4.125, 2.177) L1-2-AB3 (5.469, 4.298, 2.151)
D0-a-A2B6 (5.387, 4.085, 2.140) C6-A1B2 (6.527, 5.397, 2.131)
D0-c-A2B6 (5.308, 4.122, 2.116) C32-A1B2 (4.958, 5.244, 2.094)
L60-AB3 (5.148, 4.023, 2.085) L6-0-AB3 (5.148, 4.023, 2.085)
L2-2-A6B21 (4.374, 3.102, 1.949) A15-B6A2 (5.174, 4.097, 1.917)
B11-A2B2 (5.668, 5.431, 1.895) D8-5-A6B7 (5.605, 4.659, 1.841)
MoPt2-γ-AB2 (5.934, 4.823, 1.789) D8-h-A10B4 (4.053, 4.454, 1.782)
D8-i-A5B2 (3.939, 3.668, 1.751) C16-A2B4 (5.276, 4.475, 1.731)
C15-Laves-A4B2 (3.122, 4.500, 1.705) D1-c-A2B8 (3.318, 2.381, 1.684)
C-h-A2B4 (4.244, 3.023, 1.678) C36-Laves-A2B (3.522, 5.822, 1.669)
L1-1-AB (5.582, 5.242, 1.664) L1-1 (5.569, 5.241, 1.662)
D0-18-A2B6 (4.376, 3.190, 1.655) C14-Laves-A2B (3.110, 4.139, 1.633)
D0-15-A2B6 (2.944, 1.857, 1.554) B-b-AB2 (5.370, 4.104, 1.539)
D0-5-A2B6 (3.180, 2.425, 1.517) C54-A2B4 (4.946, 3.927, 1.507)
B33 (5.583, 4.369, 1.498) D0-4-A6B18 (3.129, 2.135, 1.485)
C40-A3B6 (5.020, 3.966, 1.483) B27 (5.583, 4.394, 1.462)
B-g-AB (5.478, 4.260, 1.457) B-a (6.089, 5.334, 1.439)
B13 (3.128, 3.076, 1.414) L1-0-AB (5.825, 5.218, 1.391)
D0-11-A4B12 (3.616, 2.487, 1.352) B8-2-AB2 (4.872, 3.672, 1.259)
D0-14-A2B6 (2.706, 2.214, 1.228) B35 (5.590, 5.162, 1.192)
C-a-AB2 (3.729, 2.877, 1.183) MoPt2-γ-A2B (4.243, 4.098, 1.167)
C38-A4B2 (3.484, 3.898, 1.160) C7-A2B4 (3.225, 2.350, 1.099)
B-b-A6B3 (3.801, 3.741, 1.091) D5-a-A6B4 (4.814, 3.959, 1.087)
A15-A6B2 (3.711, 2.748, 1.079) D0-9-A1B3 (2.739, 2.257, 1.079)
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5 Reduced TB Model for Silicon Nitride

the β and α structures better than the reduced TB CT model. However, the heat

of formation value difference between the β and wII structure is better described by

the reduced TB CT model. The DFT heat of formation value difference between

the β structure and the remaining five structures, namely γ, B3, B4, B1, and B2

is better reproduced by the reduced TB LCN model than by the reduced TB CT

model, although all differences between the DFT heat of formation values and the

heat of formation values calculated with both reduced TB models is rather large for

these five structures.

The heat of formation values of the silicon nitride structures given in Tables 5.2

and 5.3 for DFT, reduced TB LCN, and reduced TB CT are displayed in Figure

5.8 versus nitrogen concentration. Similarly to the phase diagram in Figure 2.1 at

0 ◦C, all three methods reproduce the fact that Si3N4 is the only well-established

stoichiometric compound found experimentally in the silicon nitride binary system

[35]. Even though our reduced TB CT model predicts values of charge transfer

between the silicon and nitrogen atoms comparable to DFT results [197, 198], our

reduced TB CT model does not outperform our reduced TB LCN model when it

comes to energetically ordering and thermodynamic stability of different structures.

It might be surprising that the heat of formation values for the α, wII, γ, B3,

B4, B1, and B2 structures are higher when allowing charge transfer than when

enforcing local charge neutrality, which leads to fewer structures in the right-hand

panel than in the middle panel of Figure 5.8. To explain this fact we need to

consider two effects: first, the lowering of the energy when allowing charge transfer

compared to enforcing local charge neutrality, and, second, the increase of the energy

when refitting the parameters of the repulsive energy contribution to the binding

energy of the ground state β structure. The first effect is always negative and

119



5 Reduced TB Model for Silicon Nitride

0.0 0.2 0.4 0.6 0.8

-1.5

-1.0

-0.5

0.0
 

 

H
 (e

V/
at

om
)

N Concentration (%)

DFT

0.0 0.2 0.4 0.6 0.8

  

 

 

Reduced TB LCN

0.0 0.2 0.4 0.6 0.8 1.0

  

 

 

Reduced TB CT

Figure 5.8: Heat of formation for different silicon nitride structures for DFT, reduced
TB LCN, and reduced TB CT, versus nitrogen concentration.

concerns the sum of all energy contributions to the binding energy apart from

the repulsive energy, since the repulsive energy is not determined by solving the

secular equation but rather by fitting its parameters to DFT binding energies. The

second effect is always positive to counteract this lowering effect for the ground

state equilibrium β structure. We can now investigate which of the two terms is

more dominant in the non ground state structures for the particular case of the

reduced TB models for silicon nitride presented here. Table 5.4 gives the values of

both effects for the ground state equilibrium β structure and seven non ground state

equilibrium structures from Figure 5.7. As we can see, whereas for the ground state

equilibrium β structure |∆Urep| = |∆(Ubind − Urep)|, for all seven non ground state

equilibrium structures the increase in binding energy due to refitting the repulsive

energy |∆Urep| is larger than the decrease in binding energy due to allowing charge

transfer |∆(Ubind − Urep)|. In a previous model we observed that |∆Urep| was smaller

than |∆(Ubind − Urep)| for these seven non ground state structures. Furthermore, in

that particular reduced TB CT model the description of six (α, γ, B1, B2, B3, B4)
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5 Reduced TB Model for Silicon Nitride

Table 5.4: Lowering of the energy when allowing charge transfer compared to
enforcing local charge neutrality (∆ (Ubind − Urep)) and increase of the
energy when refitting the repulsive energy to the binding energy of the
ground state β structure (∆Urep) for different structures of silicon nitride.
Units are eV/atom.

∆ (Ubind − Urep) ∆Urep

B2 -1.826 3.984
B1 -1.690 3.619
B4 -1.224 2.766
B3 -1.244 2.730
γ -2.277 3.176
wII -2.278 2.358
α -2.273 2.302
β -2.286 2.286

of the seven structures mentioned above was better compared to DFT, however, the

most stable structure was wII and not β.

Figure 5.9 shows the binding energy contributions according to Eq. (2.47) for

different silicon nitride structures for the reduced TB CT model. By considering

the individual contributions to the binding energy for the structures β, α, and wII,

the driving factors for the relative stability can be examined. For example, the

ordering β → α can be mainly attributed to the bond energy. At β equilibrium

nearest neighbour distance, the bond energy contributes to the stabilization of the

β structure compared to the α structure with 0.420 eV/atom. Further, a marginal

stabilization of the β structure compared to the α structure can be observed in the

U intra
ion and U inter

ion energy contributions, which both have a stabilization effect of only

0.004 eV/atom. This value in energy difference is not significant since its magnitude

is similar to the accuracy of the model for which the energy differences are converged

to within 0.005 eV/atom. The fact that the reduced TB model is able to destabilize

the wII structure compared to the β and α structures can be mainly attributed to

121



5 Reduced TB Model for Silicon Nitride

-40

-35

-30

-25

-20

-15

-10

 

 

U
bo

nd
 (e

V/
at

om
)

 B2 (8+6,8+6)  B1 (6,6)  B4 (4,4)  B3 (4,4)
  (4(2)/6(4),4(8))  wII (4,3)   (4,3)   (4,3)

2

3

4

5

6

7

U
pr

om
 (e

V/
at

om
)

0

1

2

3

 

 

U
in

tr
a

io
n

 (e
V/

at
om

)

-6

-5

-4

-3

U
in

te
r

io
n

 (e
V/

at
om

)

1.6 1.8 2.0 2.2 2.4
10

15

20

25

30

 R (Å)

 

U
re

p +
 

U
at

om
 (e

V/
at

om
)

1.65 1.70 1.75
18
19
20
21
22
23

 

1.65 1.70 1.75
-5.7
-5.6
-5.5
-5.4
-5.3
-5.2

 

 

1.65 1.70 1.75
2.1
2.2
2.3
2.4
2.5

 

 

 

1.65 1.70 1.75
6.5
6.6
6.7
6.8
6.9
7.0
7.1

 

 

1.65 1.70 1.75
-34
-33
-32
-31
-30
-29

 

 

Figure 5.9: Binding energy contributions for different silicon nitride structures for
reduced TB CT as a function of interatomic distance R.
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Figure 5.10: Binding energy contributions for different silicon nitride structures for
reduced TB LCN as a function of interatomic distance R.

the repulsive energy, with 0.318 eV/atom being the difference in repulsive energy

between the wII and the β structure. In addition, U inter
ion has a tiny effect with 0.022

eV/atom, too. Even though our reduced TB CT model reproduces the fact that

charge transfer is present in silicon nitride, the contributions U intra
ion and U inter

ion to

the binding energy seem to have only a minor effect on the relative ordering β → α

→ wII.

For comparison, the binding energy contributions for the same structures for
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5 Reduced TB Model for Silicon Nitride

reduced TB LCN are displayed in Figure 5.10. By comparing the repulsive energy

contributions in Figures 5.9 and 5.10, one can notice the earlier described increase in

the repulsive energy due to refitting the repulsive parameters after allowing charge

transfer. Furthermore, it can be seen that the bond and promotion energies for the

β, α, wII, and γ structures calculated with the reduced TB LCN model are smaller

than those calculated with the reduced TB CT model. Therefore, since U intra
ion is

positive, U inter
ion is the driving force behind the negative values of ∆ (Ubind − Urep) in

Table 5.4.

5.2.3 Equilibrium properties of β phase ground state

Table 5.5 gives equilibrium properties of the silicon nitride β structure for reduced

TB CT and DFT using LDA. The reduced TB equilibrium heat of formation, equi-

librium volume, and bulk modulus are in good agreement with the DFT results. In

addition, the elastic constants are fairly well reproduced. Experimental data, DFT

results from other studies, and results from force field calculations are also included

for comparison. Compared to the results obtained with DFT, the equilibrium heat

of formation, equilibrium volume, and bulk modulus are slightly overestimated by

our reduced TB CT model. Furthermore, except for the elastic constant C33, all

elastic constants are underestimated by our reduced TB CT model compared to our

results from DFT calculations.

To our knowledge, studies of simple point defects in pure crystalline silicon nitride

have not been discussed in the literature, which may be due to the fact that defects

like elemental bond formation are not found experimentally in stoichiometric silicon

nitride [199]. More frequently found defects include oxygen [46] and hydrogen [199]

contaminations. Therefore, we test our silicon nitride reduced TB CT model for

124



5 Reduced TB Model for Silicon Nitride

point defects only to compare with DFT results and not to reproduce experimental

values.
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Table 5.5: Equilibrium properties of the silicon nitride β structure for reduced TB CT and DFT. Equilibrium heat
of formation (∆H), equilibrium volume (V ), and bulk modulus (B) are obtained from Birch-Murnaghan
equation of state fits to binding energies. Units are ∆H (eV/atom), V (Å3), B and C (GPa). The FF
column displays values of the force field at 0 Kelvin and B is calculated from other elastic constants.

Reduced TB CT DFT Expt. DFT FF[200]

∆H -1.487 -1.483 -1.261a b b

V 10.331 10.290 (10.423, 10.410,
10.423, 10.400)c

(10.647, 10.303)d,

10.302e, 10.619f
9.978, 10.429,
10.454

B 303 254 273g 270e, 234f 285

C11 410 423 343h 409e, 413f 448

C12 191i 200i 136h 271e, 198f 215

C13 91i 117i 120h 201e, 116f 165

C33 591 553 600h 604e, 544f 580

C44 93 99 124h 108e, 99f 115

aReference [41]
bNot available
cReference [46]
dReference [201] (GGA, LDA)
eReference [202] (LDA)
fReference [26] (GGA)
gReference [203]
hReference [204]
iCalculated from results of C11-C12 and C11+C33-2C13 deformations.
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Table 5.6: Relaxed point defect formation energies in silicon nitride β (eV) with 112
atoms per perfect unit cell.

Reduced TB CT (112) DFT (112)

Si vacancy 9.612 10.843
N1 vacancy 6.205 5.692
N2 vacancy 5.991 6.126

Si(N1) antisite 13.892 11.972
Si(N2) antisite 12.000 10.823

Table 5.6 gives relaxed point defect formation energies in the silicon nitride β

structure with 112 atoms per perfect unit cell. Therefore, the vacancy structures

have 111 atoms per unit cell and the antisite structures have 112 atoms per unit

cell. N1 and N2 correspond to the two different nitrogen atomic sites in the β

structure. Overall, the formation energies calculated with the reduced TB CT

model are comparable to the values obtained with DFT. The silicon vacancy defect

formation energy is larger than both nitrogen vacancy defect formation energies

calculated with both DFT and reduced TB CT. However, the two nitrogen vacancies

don’t seem to relax into the same minimum when relaxing with DFT and reduced

TB CT. Furthermore, both silicon antisite defects have the same ordering for DFT

and reduced TB CT with respect to their formation energies. However, similarly to

the silicon vacancy formation energies, the formation energies calculated with DFT

and reduced TB CT differ by more than 1 eV.
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5.3 Summary

The reduced TB model for silicon nitride presented in this Chapter demonstrates

the transferability of the reduced TB parameters between different environments as

the elemental interactions are used in the binary model without further adjustment.

The DFT DOS for the silicon nitride β structure is qualitatively well reproduced

by projected TB and reduced TB allowing charge transfer (CT). Furthermore,

the valence band width when going from projected TB to reduced TB is being

reproduced well compared to the DOS for the silicon diamond structure and the

nitrogen cubic gauche structure. This can be attributed to the fact that reduced

TB approximates the two-centre orthogonal TB Si-N bond integrals at the nearest

neighbour distance in the ground state equilibrium β structure well. In addition,

the charge transfer we obtain with our reduced TB CT model in the β equilibrium

structure is in good agreement with other DFT studies.

The reduced TB CT model reproduces the ordering of DFT heat of formation

curves over similar nearest neighbour distances and composition of β → α → wII

and B3 → B4 → B1 → B2. However, the heat of formation values calculated for

the γ structure do not fit into the ordering predicted by DFT. The reduced TB

CT model calculates equilibrium heat of formation, equilibrium volume, and bulk

modulus values for the silicon nitride β structure that are in good agreement with

DFT results. Results of elastic constants and point defect formation energies are

only fairly well reproduced.

Furthermore, we compare the reduced TB CT model for silicon nitride with a

reduced TB model enforcing local charge neutrality (LCN). Even though we observe

charge transfer in our calculations with the reduced TB CT model comparable to

other studies, an advantage of the reduced TB CT model over the reduced TB
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LCN model with respect to the energetically ordering and thermodynamic stability

of different structures is not observable. This is mainly due to the large influence

that the fitting of the repulsive energy to reference binding energies has on the final

reduced TB binding energies.
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6 Bond-order Potential for Silicon

In the previous three Chapters we presented the individual contributions to the

reduced TB models for the silicon nitride system. This Chapter is devoted to the

bond-based bond-order potential (BOP) for silicon. The same reduced TB para-

meters are employed as for the silicon reduced TB model. The repulsive parameters

have been fitted in the same fashion as for the reduced TB models and we tabulate

those values in this Chapter. Furthermore, we provide the binding energy curves

and give details of tests of the BOP for silicon in the form of equilibrium binding

energy, volume, bulk modulus, elastic constants, and point defect energies.

6.1 Bond Integrals

The reduced TB parameters entering the energy contributions of the BOP scheme

are the same as described in Chapter 3. The data and functions are displayed

in Figure 3.2 and the parameter values of the functions representing the reduced

TB parameters are given in Table 3.1. The only difference between the parameter

values of the BOP for silicon and the reduced TB model for silicon is that we have

chosen pσij such that the binding energy difference between the equilibrium diamond

structure and the equilibrium clathrate34 structure is reproduced (see Table 6.3). In

addition to the bond integrals, the on-site levels are required which are also identical
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Figure 6.1: σ and π bond orders for a first nearest neighbour bond of silicon in the (a)
graphene, (b) diamond, (c) simple cubic (sc), and (d) face centred cubic
(fcc) structures as a function of interatomic distance R of the bond-order
potential for silicon.

to the on-site levels used in the reduced TB model [186] and the values are given in

Table 3.2 in Chapter 3.

Figure 6.1 displays the silicon σ and π bond orders for a first nearest neighbour

bond with respect to interatomic distance R in the graphene, diamond, simple cubic

(sc), and face centred cubic (fcc) structures, which have coordination numbers of 3, 4,

6, and 12, respectively. Similarly to the reduced TB bond orders for a first nearest

neighbour bond of silicon in Figure 3.6, the equilibrium total bond order varies

approximately inversely with the coordination number. Furthermore, in addition to

a similar behaviour of the total bond order values of the density matrix dependent

reduced TB bond orders in Figure 3.6 and the analytically derived BOP bond orders

in Figure 6.1, the individual σ and π contributions agree very well.
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Table 6.1: Repulsive parameters for silicon-silicon (Si-Si) BOP interactions.

Si-Si

Φ0 (eV) 4.653
R0 (Å) 2.333
Rc (Å) 3.071
na 1.000
nb 7.709
nc 4.457

Rtail (Å) 2.687
Rcut (Å) 4.200

6.2 Binding Energy Curves

The repulsive energy contribution (Eq. (2.42)) to the binding energy (Eq. (2.29))

of the BOP for silicon was derived in a similar fashion as the repulsive energy

of the reduced TB model for silicon as described in Subsection 2.4.4. Figure 6.2

displays the resulting BOP binding energy curves for different silicon structures in

the right-hand panel. For comparison the DFT binding energy curves are shown in

the left-hand panel and the reduced TB binding energy curves in the middle panel.

The parameters of the repulsive function for the silicon BOP are given in Table 6.1.

The Yukawa parameters for the silicon BOP are given in Table 6.2. The repulsive

embedding exponent nd and the shift in the non-magnetic compared to the magnetic

reference energy of the free silicon atom ∆Uatom are the same for the BOP for silicon

and the reduced TB model for silicon and are given in Table 3.4.

6.2.1 DFT binding energy curves

See Subsection 3.2.1 for a discussion of the DFT binding energy curves for silicon.
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Figure 6.2: DFT, reduced TB, and BOP binding energy curves for different silicon
structures as a function of interatomic distance R. DFT and reduced
TB binding energy curves are taken from Figure 3.8. The number of
nearest neighbours in each structure is given in parentheses.
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Table 6.2: Yukawa parameters for silicon-silicon (Si-Si) BOP interactions.

Si-Si

ac (eV) 1000.000
bc 5.000

cc (1/Å) 0.000
Rtail,c (Å) 1.100
Rcut,c (Å) 2.120

6.2.2 BOP binding energy curves

Figure 6.2 shows that the diamond structure is predicted to be the ground state

structure by the BOP for silicon. Further, similarly to the reduced TB model for

silicon, the ordering diamond → clathrate → bc8 → β-Sn predicted by the DFT

binding energy data is reproduced by the BOP when considering only these four

structures. In contrast to reduced TB and BOP, DFT predicts this ordering in the

presence of all other structures considered. The BOP for silicon however predicts

the fcc structure to be more stable than the bc8 structure and, in addition, the sc

and bcc structures to be more stable than the β-Sn structure. Compared to the

reduced TB model, the low coordinated structures dimer, linear chain (lchain), and

graphene are less well reproduced by the BOP for silicon. The parameters of the

hard core Yukawa potential were chosen such that they do not influence the diamond

equilibrium properties, and the effect of the Yukawa potential on the graphene and

lchain structures can be seen in the right-hand panel of Figure 6.2. Similarly to the

reduced TB model for silicon, the BOP for silicon predicts the close packed structure

fcc to be slightly too stable compared to the DFT data. Models that gave lower

binding energies for the open structures and higher binding energies for all close

packed structures (sc, sh, bcc, and fcc) were also possible, however, in those models

the equilibrium binding energies of the close packed structures sc, sh, and bcc were
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further away from the DFT values compared to the model presented here. Generally,

the lack of the BOP model to describe the close packed structures comparable

to DFT is similar to the inability of all orthogonal two-centre TB models with

empirical repulsive pair potentials to describe material systems over a large range of

coordination. Environment dependent repulsive potentials [205] would increase the

complexity of such a model, however, they might also help to improve the overall

quality.

While the reduced TB model for silicon predicts that the hexagonal diamond

structure is less stable than the cubic diamond structure (by 0.016 eV/atom com-

pared to 0.010 eV/atom for DFT, see Table 3.6), the BOP for silicon is not able to

differentiate between these two structures to three decimal places (see Table 6.3).

This is not due to the difficulty of fitting the binding energy curves with transferable

parameters over such a wide range of co-ordination, but rather due to the fact that

the BOP theory when going up to four recursion levels, where the eigenspectrum

is approximated by four delta functions, simply cannot differentiate between these

two structures. Further silicon structures used as a binding energy benchmark are

given in Table 6.3.

6.2.3 Equilibrium properties of diamond ground state

Table 6.4 gives equilibrium properties of silicon diamond for BOP and DFT. The

column named BOP shows the results of the BOP for silicon from this study, and

the column named DFT shows the results of the DFT calculations performed in

this study using LDA, which are the same values as in Table 3.8. Throughout

the development process of the BOP for silicon, a positive correlation between the

bulk modulus and the elastic constants C11 and C44 was observed. Trial BOP
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Table 6.3: Silicon structures used as a binding energy benchmark. Equilibrium
binding energies (eV/atom) are given in parentheses (BOP, DFT).

dimer (1.196, -1.841) hp7 (-4.187, -4.793) A6 (-5.158, -4.901)
lchain (-0.905, -3.069) hp12 (-3.890, -4.795) Gaoc4 (-4.684, -4.908)
achain45 (-1.356, -3.313) hr13 (-4.113, -4.803) C19 (-5.202, -4.909)
achain (-1.304, -3.315) A15 (-4.369, -4.834) hp4 (-5.205, -4.909)
zchain90 (-2.048, -3.368) Ab (-4.468, -4.850) bcc (-4.837, -4.914)
zchain (-1.235, -3.625) A13 (-4.815, -4.854) mp16 (-3.612, -4.922)
A14 (-3.077, -4.248) tp30 (-4.516, -4.859) hcp (-5.207, -4.928)
A17 (-2.421, -4.456) A11 (-4.404, -4.869) Gamc4 (-4.651, -4.936)
graphene (-3.857, -4.575) A12 (-2.077, -4.873) hr22 (-4.448, -4.937)
A9 (-3.857, -4.593) Ac (-3.615, -4.884) Uoc4 (-4.355, -4.942)
st12 (-3.722, -4.603) A10 (-4.396, -4.892) Ad (-4.096, -4.944)
A8 (-3.846, -4.698) A7 (-3.985, -4.894) A20 (-4.287, -4.945)
mp4 (-3.357, -4.778) fcc (-5.212, -4.899) Aa (-4.847, -4.951)
st12-W (-3.731, -4.786) of8 (-4.714, -4.901) Aaback (-4.846, -4.951)
ci12 (1.472, -4.959) Ai (-4.499, -5.000) bct5 (-4.760, -5.065)
sc (-4.813, -5.071) mc4 (-4.596, -5.075) sh (-4.582, -5.095)
β-Sn (-4.651, -5.140) bc8 (-4.954, -5.222) Clathrate46 (-5.253, -5.262)
Clathrate34 (-5.265, -5.269) hex. diamond (-5.3427, -5.338) diamond (-5.3432, -5.348)
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Table 6.4: Equilibrium properties of silicon diamond for BOP and DFT. Equilibrium
binding energy (U), equilibrium volume (V ), and bulk modulus (B) are
obtained from Birch-Murnaghan equation of state fits to binding energies.
Units are U (eV/atom), V (Å3), and B and C (GPa). C0

44 is the static
C44 elastic constant.

BOP DFT Expt. BOPa

U -5.343 -5.348 -4.63b -4.63

V 20.194 19.742 20.026c approx. 20f

B 124 94 100c 92

C ′ 85 48.5 51d,e 32e

C44 62 76 80d 84
C440 88 106 g g

C11 252 161 166d 135

C12 82e 65e 64d 71

aReference [30].
bReference [112].
cReference [188].
dReference [190].
eCalculated from other elastic constants.
fNot available. Read off Figure 3 a).
gNot available.

models, which predicted a match of equilibrium binding energy, equilibrium volume,

and bulk modulus with DFT comparable to the match of results from the reduced

TB model for silicon in Chapter 3 with DFT, unfortunately resulted in negative

values for the elastic constant C44. A BOP for silicon that gives a reasonable elastic

constant C44 could only be achieved at the expense of less accurate other equilibrium

properties. Nevertheless, even though less accurate than the reduced TB model for

silicon in Chapter 3, the BOP for silicon still reproduces the equilibrium binding

energy, equilibrium volume, and bulk modulus calculated with DFT fairly well. In

addition, the elastic constants are also fairly well reproduced. Overall, the BOP
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model for silicon is stiffer than the DFT results for silicon, except for C44 and C440.

The same experimental data as in Table 3.8 and results from a BOP for silicon by

Gillespie et al. [30] are also included for comparison.

We chose the model by Gillespie et al., since it is also based on the BOP theory

going up to four recursion levels. The first major difference between the Gillespie et

al. and our approach is that Gillespie et al. fitted to experimental cohesive energies

for dimer and diamond, experimental elastic constants C11, C12, and C44 of the

diamond structure, and DFT bulk moduli of simple cubic, face centred cubic, and

body centred cubic, whereas we only optimised fitting the binding energy curves.

The second major difference is that Gillespie et al. fitted bond integral as well as

repulsive parameters, whereas we only fitted repulsive parameters to binding energies

and took the non-repulsive parameters fixed from the reduced TB model for silicon

in Chapter 3, which were directly derived from DFT. The effect of the different

approaches can be seen by comparing the binding energies of the BOP and DFT

columns with the binding energies of the experimental and Gillespie et al. columns.

In addition to testing equilibrium properties, we tested the BOP for silicon for

point defects. Table 6.5 gives point defect formation energies in silicon calculated

with the BOP for silicon. These formation energies are calculated in the same

fashion as those for testing the reduced TB models. Similarly to the reduced TB

model for silicon, the BOP for silicon gives relatively high energies for the unrelaxed

structures. Furthermore, the unrelaxed defect formation energies follow the same

energetic ordering tetrahedral → vacancy → split-(110) → hexagonal as predicted

by our unrelaxed DFT calculations.

The columns Relaxed (TB) and Relaxed (BOP) give the formation energies cal-

culated with the BOP model for silicon for the with reduced TB relaxed structures
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and for the with BOP relaxed structures, respectively. The fact that the reduced TB

model predicts an unstable hexagonal defect which relaxes into a tetrahedral defect

configuration can be seen by the identical formation energy values, similarly to the

identical formation energy values in Table 3.9. Further, the ordering tetrahedral →

split-(110) → vacancy observed with DFT relaxation and with relaxing with reduced

TB is reproduced by the static BOP calculations. The BOP silicon relaxed formation

energies show the ordering tetrahedral → split-(110) → vacancy which is identical to

DFT, however, the ordering hexagonal → split-(110) is reversed compared to DFT

(split-(110) → hexagonal). Furthermore, relaxation with the BOP for silicon shows

a stable hexagonal defect. Overall, the BOP for silicon overestimates the relaxed

point defect formation energies relative to DFT.
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Table 6.5: Point defect formation energies in silicon diamond (eV). The numbers in parentheses in the top line are
the number of atoms per perfect unit cell, whereas the pair of numbers in parentheses in the DFT column
from Ref. [191] are LDA and GGA values respectively.

BOP (128) DFT (128) BOP [30] (1536)
Unrelaxed Relaxed (TB) Relaxed (BOP) Unrelaxed Relaxed Relaxed

Vacancy 10.531 8.811 10.241 3.795 3.577 2.759
Split-(110) 11.223 8.636 7.816 4.949 3.340 3.876
Hexagonal 16.641 7.906 7.591 5.961 3.378 3.846
Tetrahedral 8.280 7.906 7.100 3.772 3.339 2.636
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6.3 Summary

In this Chapter we presented a bond-based BOP for silicon. This model demon-

strates the transferability of the parameters obtained through the projection scheme

described in Subsection 2.4.1 across the coarse-graining levels from reduced TB

to BOP. The BOP for silicon presented in this Chapter uses the identical input

parameters as the reduced TB model presented in Chapter 3. This transferability is

demonstrated by the agreement of the density matrix dependent reduced TB bond

orders and the analytical BOP bond orders with respect to interatomic distance.

Overall, the BOP for silicon reproduces the DFT reference equilibrium properties of

the ground state equilibrium diamond structure less well than the reduced TB model

for silicon. However, when not considering all structures in the structure database,

the ordering of the structures according to their binding energy diamond→ clathrate

→ bc8 → β-Sn and the ordering of the relaxed formation energies tetrahedral →

split-(110) → vacancy are identical to results from DFT calculations.

141



7 Conclusions and Future Work

The silicon nitride system is of great technological interest and is applied as a

bulk as well as a coating material due to its excellent mechanical properties. The

existence of a computationally efficient and accurate model that is able to describe

the mechanical properties of silicon nitride would allow a more tailored design process

of coatings and therefore reduce the experimentation costs. However, no interatomic

potential that describes the silicon nitride system robustly exists in the literature.

In this thesis we provide valuable input for the development of an interatomic po-

tential for silicon nitride. We present reduced tight-binding (TB) models for silicon,

nitrogen, and silicon nitride and a preliminary bond-based bond-order potential

(BOP) for silicon. These models are developed by coarse-graining the electronic

structure from density functional theory (DFT) to TB to BOPs. Within this

approach the TB bond integrals are obtained directly from DFT projections which

thereby reduces the number of overall parameters to be fitted. Furthermore, we

show that the reduced TB approximation is not only the theoretical link between

the quantum mechanical DFT and the bond-based BOPs, but, in addition, provides

a decent description of the silicon nitride system. The binding energies, heats of

formation, elastic constants, and defect energies calculated with our reduced TB

models are in reasonable agreement with DFT calculations and experimental values.

Furthermore, applying bond-order potential (BOP) theory, a preliminary analytic

142



7 Conclusions and Future Work

interatomic potential for silicon is derived directly from the reduced TB description

of the electronic structure. As shown for silicon, the parameters from the reduced TB

model are suitable as input for the individual BOP energy contributions. Overall,

after fitting a repulsive function to DFT binding energies in a similar fashion as for

the reduced TB models, the resulting binding energies, elastic constants, and defect

energies are in good agreement with results obtained with DFT and in experimental

studies. Even though the BOP for silicon presented here needs further testing and

adjustment to be applicable to large scale simulations, we believe that the reduced

TB models presented in this thesis will be a valuable foundation on which BOPs for

the silicon nitride system can be developed in the future.

In addition to developing the four models mentioned above, we present an im-

proved methodology when going from TB to reduced TB by weighting all four σ TB

bond integrals equally in Eqs. (2.73) and (2.74). Further, we show that the quality

of the silicon reduced TB model compared to a previously developed reduced TB

model for silicon can be improved by choosing one of the reduced TB parameters to

be distance invariant.

For the reduced TB models for silicon in Chapter 3, for nitrogen in Chapter 4, and

for silicon nitride in Chapter 5 we show that the chosen functions of the individual

reduced TB parameters βσ and βπ reproduce the equilibrium as well as the non

equilibrium data very well. Furthermore, the gradients of the bond integral curves

are fairly well reproduced by the reduced TB parameters βσ and βπ. In contrast,

the functions for pσ reproduce only the equilibrium data well, however, the non-

equilibrium data as well as the gradients are badly reproduced. We show that

taking pσ as a constant rather than as a function of interatomic distance R has a

positive effect on the relative ordering of structures as well as on the properties of the
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ground state equilibrium structure for the reduced TB model for silicon. Especially

by comparing the results for the properties of the ground state equilibrium diamond

structure with the results of an earlier model shows the advantage of this approach.

Furthermore, we show that by going from DFT to projected TB to reduced TB

the features of the DOS are qualitatively reproduced. Whereas our current theory

guarantees that the total band width is conserved when going from projected TB

to reduced TB, the conservation of the valence band width depends on how well

reduced TB approximates the individual bond integrals. We have shown that this

is better achieved for the binary silicon nitride than for the elemental silicon and

nitrogen systems. In addition, the total reduced TB bond orders of the reduced

TB models for silicon and nitrogen are inversely proportional to the coordination

number of the investigated structure types.

For the reduced TB model for silicon in Chapter 3, fitting a repulsive function

to the DFT binding energies leads to a reproduction of the DFT binding energy

ordering diamond → clathrate → bc8 → β-Sn. In addition, the diamond structure

has the lowest binding energy amongst the structures in our structure database.

The reduced TB model for silicon predicts an unstable hexagonal defect which

relaxes into a tetrahedral defect configuration. Nevertheless, the energetically defect

ordering tetrahedral → split-(110) → vacancy as predicted by our DFT calculations

is reproduced.

The reduced TB model for nitrogen in Chapter 4 predicts the dimer to be the

ground state structure and the ordering dimer → cg → achain → zchain predicted by

the DFT binding energy data is reproduced by the reduced TB model. Furthermore,

the ordering of the close packed structures sh → bcc → fcc is also reproduced by

the reduced TB model.
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The reduced TB model for silicon nitride in Chapter 5 demonstrates the transfer-

ability between the elemental and binary models as it uses the reduced TB models

for silicon and nitrogen from Chapters 3 and 4, respectively, for the elemental

interactions without further adjustment. Furthermore, the reduced TB model for

silicon nitride predicts the following agreements with DFT results: The β structure

is the ground state structure, the ordering of the structures according to their heat

of formation values at nearest neighbour distances close to the nearest neighbour

distance in the ground state equilibrium β structure and equal composition, namely,

β → α→ wII, and the ordering of the structures according to their heat of formation

values, namely, B3 → B4 → B1 → B2. These agreements in structural ordering

with DFT are only adequate when considering these structures only and not all the

other structures in the structure database. For example, the reduced TB model for

silicon nitride only poorly describes the γ structure. Whereas the γ structure is

the third lowest structure according to DFT heat of formation values, the reduced

TB model allowing charge transfer (CT) predicts the heat of formation value to

be more than 1eV/atom too large. Furthermore, even though we observe charge

transfer in our calculations with the reduced TB CT model that is comparable to

other DFT studies, an advantage of the reduced TB CT model over the reduced

TB model enforcing local charge neutrality (LCN) with respect to the energetically

ordering and thermodynamic stability of different structures is not observable. We

also find that the fitting of the repulsive energy to reference binding energies has a

large influence on the quality of the final reduced TB models.

Whereas the reduced TB model for silicon nitride shows the transferability of

the elemental interactions from one environment to another, the BOP for silicon in

Chapter 6 shows good transferability across the coarse-graining levels by employing
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the identical parameters as the reduced TB model as input. The transferability

from reduced TB to BOP can especially be seen when comparing the density matrix

dependent reduced TB bond orders with the results of the analytical BOP bond

orders. Even though the BOP for silicon does not reproduce the properties of the

ground state equilibrium diamond structure obtained with DFT as good as the

reduced TB model for silicon, the diamond structure is still predicted to be the

ground state structure, and, in addition, the ordering of the structures according to

their binding energy diamond → clathrate → bc8 → β-Sn is reproduced. Further-

more, the unrelaxed defect formation energies follow the same energetic ordering

tetrahedral → vacancy → split-(110) → hexagonal as predicted by our unrelaxed

DFT calculations, and the relaxed formation energies show the ordering tetrahedral

→ split-(110) → vacancy which is identical to DFT.

Possible future work may include the application of the four models presented in

this thesis to large scale simulations. Two possible applications could be the investi-

gation of amorphous structures as well as the investigation of crack propagation with

respect to brittle or ductile behaviour. Another application to test the robustness

of the reduced TB model for silicon nitride could be to investigate composition

dependent structures resulting from deposition simulations. Furthermore, the model

development methodology and the models presented here could be used to assist

further model development for reduced TB models for carbon, silicon carbide, as

well as BOPs for nitrogen, silicon nitride, carbon, and silicon carbide. New bond-

based BOPs for silicon nitride and silicon carbide could improve the theoretical

description of growth. For example, these models could help to explain the effect

of process temperature and pressure on the morphology of the deposited films.

In addition, by using the same parameters for elemental interactions in different
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environments, ternary systems from combinations of silicon nitride, silicon carbide,

titanium nitride, and titanium carbide could be developed combining this work with

the work by Kamenski [164] and Margine et al. [165].
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[166] Per-Olov Löwdin. On the non-orthogonality problem connected with the use
of atomic wave functions in the theory of molecules and crystals. J. Chem.
Phys., 18(3):365–375, 1950.

160



References

[167] L. Goodwin, A. J. Skinner, and D. G. Pettifor. Generating transferable tight-
binding parameters: Application to silicon. Europhys. Lett., 9:701–706, 1989.

[168] M. Aoki, D. Nguyen-Manh, D. G. Pettifor, and V. Vitek. Atom-based bond-
order potentials for modelling mechanical properties of metals. Prog. Mater.
Sci., 52:154–195, 2007.

[169] C. H. Xu, C. Z. Wang, C. T. Chan, and K. M. Ho. A transferable tight-binding
potential for carbon. J. Phys.: Condens. Matter, 4:6047–6054, 1992.

[170] I. Kwon, R. Biswas, C. Z. Wang, K. M. Ho, and C. M. Soukoulis. Transferable
tight-binding models for silicon. Phys. Rev. B, 49(11):7242—-7250, 1994.
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