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1 Introduction

Entanglement is a fundamental concept of quantum systems, underpinning phenomena ranging
from thermalization of quantum many-body systems [1-3] to the emergence of spacetime [4, 5]
in holography. Most work focuses on bipartite entanglement, where we divide a system into
two parts, and study quantities like the von Neumann entropy of one part.

Systems with many degrees of freedom can also display intricate multiparty entanglement
patterns. Multiparty entanglement has rich structure, and we do not have a good general
description of the forms it can take (see the review [6]). Some information about multiparty
entanglement can be obtained by considering entanglement across different bipartitions of
a system; for example the triple information constructed from such data provides a signal
of four-party entanglement [7]. Further insight can be obtained from the reflected entropy
calculated from canonical purification of appropriately chosen subsystems [8]. This quantity
is thought to be computed holographically in terms of an Entanglement Wedge Cross-Section
(EWCS) [8]. See [9] for a derivation in the context of the AdS3/CFTy duality. As we review
below, the difference between reflected entropy and mutual information provides a signal of
three-party entanglement [10, 11], as does the genuine multi-entropy [12-15]. Another signal
of tripartite entanglement was recently proposed in [16]. By “signal” we mean here a quantity
whose non-vanishing confirms the presence of multi-party entanglement. The converse need



not be true. If one of the signals we consider vanishes, there may still be some multi-party
entanglement; it is just not detected by the signal in question.

Recently, the authors of [17] initiated a study of multiparty entanglement signals for general
numbers of parties. They used these signals to show that states with holographically dual
geometries contain significant amounts of multiparty entanglement. Using these methods [18§]
derived an inequality showing that purely GHZ-like entanglement between any number of
parties is forbidden in holography,' consistent with arguments for three-party GHZ-like states
n [11]. The discussion in these works, and in the preceding analysis of [21], was restricted to
static or time-symmetric cases, such as vacuum AdS3 and multiboundary wormholes. Here
we consider the time evolution of multiparty entanglement signals.

We will consider time evolution in chaotic systems in a late time, large region limit,
in which entanglement dynamics is conjectured to be universally captured by an effective
description in terms of a certain minimal membrane [22-24].2 This scenario includes, but is
not limited to, simple time-dependent holographic states dual to asymptotically AdS black
holes [26-28]. Likewise, the membrane picture has been used to show that the holographic
entropy cone inequalities [29] that apply to the AdS vacuum also apply to the late time, large
region limit of thermal holographic states [30]. Overall, the simplicity and generality of the
membrane description allow us to extract information about the time-dependent behaviour
of multiparty entanglement signals.

The evolution of the triple information in time-dependent holographic states dual to
asymptotically AdS black holes was previously considered in [31].3 For the analysis there it
was sufficient to use the HRT formula [32] for entanglement entropy of intervals in holographic
theories because the triple information is constructed from such quantities. To construct the
entanglement signals studied in [17] we need to additionally compute reflected entropies [8, 10—
14]. The time evolution of reflected entropy was first studied in 2d CFT in [33]. More recently,
the membrane theory framework was enriched to enable computation of reflected entropy [25].
We will use this method to study the dynamics of the multiparty signals considered in [17].

Six sections follow. In section 2, we review the multipartite entanglement signals discussed
in [17]. In section 3 we review the membrane theory of entanglement dynamics [24, 25]. We
describe the dynamics of three-party and four-party entanglement signals in sections 4 and 5.
In section 6, we consider extensions to more parties. In section 7 we discuss multiparty
entanglement signals in a generalised membrane theory describing two-dimensional conformal
field theories. We conclude with a discussion in section 8.

Overall, we find that scrambling dynamics generally produces multiparty entanglement
with rich structure that varies over time. Notably:

e Different entanglement signals show different dynamical behaviours: the fact that there
are many distinct multiparty entanglement signals is useful, and perhaps necessary,
because they likely capture different kinds of entanglement patterns.* Indeed, we

!This inequality was shown [19] to be either violated or saturated by stabiliser states [20].

2For the special case of two dimensional holographic CFT, the infinite dimensional conformal symmetry
requires a slight generalization of the membrane theory to include an additional degree of freedom [25].

3In the precise setup of [31] the membrane theory does not apply because they do not examine a late time,
large region limit.

“See [34] for a classification of four qubit entanglement patterns.



see in our examples that the different signals we consider have qualitatively different
dynamical behaviour. We interpret them as capturing different aspects of the dynamics
of multiparty entanglement.

e Discontinuities: signals based on bipartitions, such as the triple information, are always
continuous, but signals based on the reflected entropy can have discontinuities. We will
see that there can be dynamical discontinuities in the three-party entanglement in the
membrane description. This suggests phase transitions in the entanglement structure
of the state.

e Non-monotonicity: we consider entanglement between large regions, while the initial
state has entanglement at small scales. So our multiparty entanglement signals always
vanish in the initial state.® Surprisingly, the subsequent evolution is not monotonic:
after an initial increase, in some cases the entanglement signal decreases again. In
general, non-monotonicity in the multiparty entanglement signals does not necessarily
imply non-monotonicity in the entanglement structures, as the signals only capture
partial information of multipartite entanglement. Nevertheless, in section 4.2 we will
see a case where we have some evidence that the decrease in the signal is associated
with a decrease in multiparty entanglement.

e Saturation of bounds: the authors of [17] constructed bounds on multiparty entanglement.
We will see that in some cases, there are periods where the entanglement captured by
the membrane description saturates one of these bounds, indicating that the extensive
part of the entanglement of one of the regions is entirely multipartite.

2 Review of multi-party entanglement signals

In this section, we review some multi-party entanglement signals whose time evolution we
will study. We will focus primarily on signals of three- and four-party entanglement, but
we also include a brief discussion of higher-party entanglement signals. We focus on the
signals discussed in [17], but it would be interesting in the future to extend this to study
the time-dependence of other signals, such as the genuine multi-entropy of [12-15] and the
new quantities defined in [16].

We consider multi-party entanglement in a pure state where the system is divided into n
disjoint subsystems. For n = 2, we have a state |¢) 5, and bipartite entanglement is measured
by the von Neumann entropy S(A) of the reduced density matrix pa = tra(|9)) 45 (V| 4p)-
We can also think of this in terms of the mutual information

I(A: B) = S(A) + S(B) — S(AB), (2.1)

as for a pure state [¢) , 5 we have S(AB) = 0 and S(A) = S(B),so I(A: B) = 25(A).
For three parties, we can trace the state |¢) 5~ over one party, say C, to obtain the
reduced density matrix p4p. The mutual information (2.1) for this reduced density matrix is

SWhen the state is dual to Vaidya-BTZ spacetime [35], the results in [17] indicate that there are non-zero
initial multiparty entanglement signals. But these initial signals are negligible compared to entropy in the late
time and large region limit [24].



sensitive to correlation between A and B, which includes contributions from both bipartite
entanglement between A and B and tripartite entanglement involving A, B and C'. To isolate
the tripartite entanglement we need to combine this with another source of information on
correlation between A and B. A useful quantity is the reflected entropy

pis) (Pilp
1/2

where ’ PA B> € Hapa+p~ is the canonical purification of pap [8], and A*B* are copies of AB.

SR(fllB):S(pAA*)7 PAA* :TrBB* s (22)

The doubled Hilbert space H apa=p+ is constructed from mirror copies of the original system.
This reflected entropy is also sensitive to both bipartite entanglement between A and B and
tripartite entanglement involving A, B, and C. In the residual information

R3(A:B)=Sgr(A:B)—-I(A:B), (2.3)

the contribution from bipartite entanglement cancels, so the residual information is a signal of
three-party entanglement: if R3 # 0, the state 1)) 4, g has tripartite entanglement between A,
B, and C [10]. The residual information is provably non-negative [8], but it can nevertheless
vanish on states with tripartite entanglement. For example, it vanishes for the GHZ state.

Note that we chose to trace over C; tracing over B or A instead defines other signals
of three-party entanglement, R3(A : C), R3(B : C'). We will see later that these different
signals can have qualitatively different behaviour, giving us independent information about
aspects of the three-party entanglement.

For a four party state |¢) 450, We can obtain a signal of four-party entanglement by
tracing over one of the parties, say D, and considering the triple information

I35(A:B:C) =54+ Sg+Sc—Sap—Sac — Ssc + Sapc (2.4)

for the resulting reduced density matrix [21]. This is permutation invariant among the four
parties, which is made manifest by defining a four-party analogue I4(A: B : C : D) (see (2.6)
for the general n-party definition), and noting that on pure states I4(A : B : C : D) =
2I3(A : B : C). This is analogous to the relation between the mutual information and the
von Neumann entropy for two parties. The triple information is not sign-definite in general,
although it is always negative on holographic states [36].

In [17], another signal of four-party entanglement was defined using canonical purification.
If we consider the reduced density matrix p4p obtained from |¢) 45, using the canonical
purification as above we can define the reflected entropy Sr(A : B). Alternatively, if we
reduce over D we obtain a reduced density matrix papc, with a canonical purification
|\/ﬁ> ABCA*B*C** Reducing this over CC* defines another reduced density matrix psa=pp+,
with a canonical purification |\/p) s4:pp-a,42p5,5:- Here, we use upper and lower * to
distinguish multiple copies of the spaces involved in the purifications. Using the von Neumann
entropy S(AA*A,AY) in this state, we can define the four-party residual entropy

Q4 = S(AA*ALAY) — 2SR(A: B), (2.5)

which is non-zero only if the state has four-party entanglement. As with the residual
information, this is not permutation invariant; we can define different signals by tracing
out different subsystems.



In [17], the residual information and triple information were generalised to higher numbers
of parties. For even numbers of parties we have the n-information

In(Arc.. i Ap) = =D (-1)"S;, (2.6)
i<n

where S; is the permutation-invariant combination of all the entropies on sets of ¢ parties
chosen from the n parties.® On pure states I, = 2I,,_;, where I,_; is evaluated on the
reduced density matrix obtained by tracing out any one party. For n odd I,, = 0 on pure
states, so the n-information is not helpful. For odd n we can define instead the n-residual
information, by tracing out one party and taking the difference between I,,_1 evaluated on
the canonical purification and I, on the density matrix,

Ru(A1: ot Ay Ag) = %In_l(AlA’{ A A ) = o (Ar e Ann). (2T)
As with the residual information, this depends on which party we trace out, so there are
n independent signals. The n-information and the n-residual information for n even and
odd respectively are all signals of n-party entanglement; if they are non-zero the state has
n-party entanglement. Beyond the cases discussed above nothing is known about their
positivity properties.

2.1 Multiparty entanglement signals in holography

If we consider states in a CFT with a holographic dual and take the subsystems to correspond

to spatial subregions, the von Neumann entropy of any collection X of subsystems is related to

the area of an associated extremal surface vy in the bulk by the RT [40, 41]/HRT [32] formula,
A(rx)

S(X) = =2 (2.8)

This expression can be used to calculate the n-information holographically.

The reduced density matrix on X, px, is dual to the entanglement wedge (EW), which is
the domain of development of a spacelike surface in the bulk whose boundary is the region X
together with the HRT surface vx. The canonical purification of px is then conjectured to
be dual to a spacetime obtained from evolving a Cauchy surface obtained by gluing together
two copies of this spacelike surface along vx [8, 42]. The von Neumann entropies in canonical
purifications can then be obtained by applying the HRT formula to this doubled spacetime.
This enables us to calculate the n-residual information and the four-party residual entropy
holographically. In the case of the reflected entropy, the HRT surface in the doubled spacetime
is twice the entanglement wedge cross-section, the extremal surface in the entanglement
wedge which separates the A and B boundary subregions.

3 Calculating time-dependence using membranes

We are interested in studying the time-dependence of these multiparty entanglement signals.
We will consider spatial subregions in an unbounded system. In the late time, large subregion

SNote that it has been recently shown that of these quantities, only the mutual information is monotonic
until the partial trace [37]. See also [38, 39] for further studies on n-information.
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Figure 1. Cartoon of a minimal membrane (orange) extending in spacetime. This membrane
computes entanglement entropy between the subregion A and its complement A at time ¢.

limit, there is a general effective description of the dynamics of entanglement and Rényi
entropies in chaotic quantum many-body systems in terms of a minimal membrane [22-24]. In
this effective description, the time-dependent entanglement entropy is computed by an action

S = mln/dd Le /Iy thgT (3.1)

In (3.1), £ is the membrane worldvolume coordinate, #(§) is its embedding into spacetime, =y

is the induced metric on the membrane, d(§) = Ccllf((g is the local transverse velocity of the

membrane, and £(v) is the velocity-dependent membrane tension function. The minimisation
is performed over all possible shapes of membranes that bound the entangling subregions
at the time ¢t = T' at which we are computing entanglement entropy. The quantity sy, is a
coarse-grained entropy density that is well-defined when local equilibrium has been reached,
which in turn requires that ¢,z > 3, where [ is the inverse temperature. In principle, v can
be induced from any metric on which the theory is defined; in what follows, we will focus
on the Minkowski metric. The membrane tension function £(v) depends on the microscopic
details of the specific theory under consideration, and has been derived for random quantum
circuits [22, 23, 43], Floquet circuits [44], generalised dual-unitary circuits [45], Brownian
Hamiltonians [46], and holographic conformal field theories [24]. In the holographic cases,
E(v) is specified by the geometry of the dual gravitational theories in the ¢,z > ( limit, as
we will review shortly. Finally, if there is initial bipartite entanglement [23] we must add
an additional term in (3.1) but we will focus on cases with vanishing initial (bipartite or
multipartite) entanglement. See figure 1 for a sketch.

Suppose we consider a d-dimensional CF'T, and are interested in the late-time dynamics
of entanglement entropy for a region where one of the spatial coordinates, x is restricted
to a semi-infinite or finite region, in a state dual to an asymptotically AdS;.; black brane.
We write the metric in infalling coordinates,

1
2 _
dS—?

2
(—a(z)va - @dvdz + da? + dgj’6212> , (3.2)

where the conformal boundary is at z = 0, and AdS;; asymptotics requires a(0) = b(0) =
We assume there is a horizon at z =1, i.e., a(1) = 0. A simple example is a neutral black



brane, where a(z) = 1 — 2%, b(z) = 1. We will either consider a semi-infinite region = > 0,
or a bounded one x € (0,/), for all .7

First consider a semi-infinite region. From the dual gravity perspective,the leading
dynamics of the entanglement entropy in the late time limit is determined by the portion
of the HRT surface [32] that lies inside the horizon; for d > 2, the HRT surfaces get stuck
at a special extremal slice z = 2z, > 1 in the interior instead of moving deeper towards
the singularity [24-26, 35, 47-50].% This gives a linearly growing entanglement entropy,
with a slope

a(z)

VE =\ ———
E 22(d—1)

5 (3.3)
Z=2Zx%
called the entanglement velocity. This dynamics is reproduced by a vertical effective membrane
(velocity »(§) = 0) in the CFT with

—d(2)

o(d_1)z23| (3.4)

S = suvol(04) [ dve(©),  £(0) =

Z=Zx

where vol(0A) is the volume in the transverse directions ¢. In future expressions we will not
write this (infinite) factor, so what we are actually describing is an entropy density along the
i/ directions. The bulk infalling time v becomes the time coordinate on the membrane. As
the infalling time agrees with the time coordinate on the boundary, this can be interpreted
geometrically as identifying the membrane profile with the projection of the bulk HRT surface
to the boundary along constant infalling time. Projecting more general HRT surfaces to the
boundary in the same way will give an effective membrane picture with velocity v(£) € (0,vp),
where the butterfly velocity
a'(1)
vp = —m (3.5)

is related to the out-of-time order correlator (OTOC) [51] and quantifies the speed at which
chaos spreads in space. In general vp < vp [50].

The HRT surfaces have infinite area as z — 0, reflecting the UV divergences of entan-
glement entropy in the dual field theories [52]. Since the planar black brane metric (3.2) is
asymptotic AdSg41, the UV divergences take the universal form [53, 54]

~ Area(0A)

d>2 a2

2
or d=2: log— (3.6)
€

for some UV cutoff € < 1. When projecting the HRT surfaces to the boundary along constant
infalling time to obtain the membranes, we subtract these UV divergences of the (H)RT
surfaces. In the scaling limit, due to the 1/z% factor in (3.2), the remaining parts of the

(H)RT surfaces that compute finite entropy are inside or close to the horizon.”

"We can also consider spherical or more general entangling subregions [24].

8The d = 2 case is different as discussed in section 7; nevertheless, the d = 2 case with a relevant deformation
becomes the same as the d > 2 cases [25].

In the original membrane theory from holographic CFTs [24], the prescription was to cut the HRT surfaces
at the horizon and keep only the interior parts, as it is only these parts that grow linearly with time [47]. In a



Figure 2. Time evolution of entanglement entropy of a single bounded interval in an unbounded
system as described by the effective membrane theory. The entanglement entropy first grows linearly
and then saturates, and is described in these two regimes by a vertical (blue) and cone (red)
membranes, respectively.

For finite entangling regions, there is a candidate HRT surface which consists of two
copies of the surface described above, one at each end of the subregion. This leads to the
same linear growth of entanglement entropy. However, the entanglement entropy eventually
saturates when the minimal area HRT surface instead becomes a connected surface outside
the horizon. Projecting the latter to the boundary along constant infalling time gives a cone
in the membrane description with the maximal slope +vp [25]. The entanglement entropy
from this surface is constant; the portion captured by the membrane picture is the extensive
contribution, which is simply proportional to the size of the subregion,

S = Sthg (37)

where / is the size of the subregion in the boundary. The membrane picture is valid when /¢
is larger than all scales characterising the initial state. Thus for a single strip subregion, the
entanglement entropy first grows linearly with slope determined by vg and then saturates to
the thermal value for states dual to an AdS black brane (see figure 2). We have described
how this behaviour arises from holography, but it is believed to apply more generally in any
chaotic many-body system in the late time, large region regime where the effective membrane
theory is valid (see e.g. [22, 23, 43-46]).

To simplify formulae, we rescale the boundary time to absorb a factor of vg, defining
t = vp v, so that the linear growth in figure 2 is simply given by S = 2sy,t (the factor of 2
appears because there are two vertical surfaces), and saturation occurs at t = %.

3.1 Membrane theory for reflected entropy

To study the residual information and similar multi-party entanglement signals, we need an
extension of the membrane theory describing the reflected entropy. This was obtained in [25],

later work [25], it was discovered that for saturated RT surfaces, as well as certain half-space HRT surfaces
with displacement in the x direction, portions of the (H)RT surfaces that are outside but near the horizon can
also contribute finite entropy in the scaling limit. As such, here we adopt the latter more general prescription
to cut out the UV divergences of the (H)RT surfaces.



Figure 3. Membrane configurations computing S(AB) when B is semi-infinite, at 0 < t < %

(left) and ¢ > % (right). The AB entanglement wedge is shaded. At ¢t = %, the EW changes from
disconnected to connected.

where the authors studied dynamics of the reflected entropy in the holographic and effective
membrane descriptions. In holography, the reflected entropy Sr(A : B) is thought to be given
by twice the area of the AB entanglement wedge cross-section, as reviewed in section 2.1.
This relation was established in the time-symmetric case [8], and is believed to be valid also
in the time-dependent case. In [25], a membrane theory for reflected entropy was proposed
and checked with holography: the entanglement wedge cross-section for simple holographic
systems was identified, and mapped to the boundary, showing agreement with the membrane
effective description. As for the entanglement entropy, two qualitatively different kinds of
membranes appear: vertical membranes and diagonal membranes with slope vp.

The authors of [25] work in a setting with three regions, where A is a finite interval,
A = [0,£4], B is semi-infinite, B = [{4 + {¢,0), and C is the remainder of the system,
which has two components, C' = (—00,0] U [¢4,¢4 + {c]. For the AB subregion, the minimal
membranes computing the entanglement entropy are three vertical membranes dangling from
the boundaries of A and B at early time, and a vertical membrane plus a cone with boundary
slope vp spanning the finite part of C' at late times (see figure 3). In view of the entanglement
wedge in the AdS bulk, in figure 3 we refer to the region enclosed by the membranes, the
t = 0 slice, and the t = T slice as the “entanglement wedge” in membrane theory. When the
membrane theory describes a holographic CFT, this “entanglement wedge” can be obtained
by projecting the bulk entanglement wedge to the boundary along constant infalling time.

The membrane effective theory for reflected entropy [25] states that the reflected entropy
in the scaling limit is computed by the minimal membrane bisecting the entanglement wedge.
Again, inspired by entanglement wedge cross-section in holography, here we refer to this
minimal membrane as the “entanglement wedge cross-section”. When the AB entanglement
wedge is disconnected, as in the left panel of figure 3, the reflected entropy vanishes Sg(A :
B) = 0. When the AB entanglement wedge becomes connected, as in the right panel in
figure 3, there are two possibilities for the entanglement wedge cross-section, see figure 4. At
early time, the minimal cross-section is given by a vertical membrane hanging down from
the tip of the vp cone, which gives linear growth for the reflected entropy, as in the earlier
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Figure 4. Minimal cross-section (thick) bisecting the AB entanglement wedge (shaded region) at
intermediate (left) and late (right) time. These entanglement wedge cross-sections compute the
reflected entropy Sg. tg is the vertical distance between the top tip of the v cone and the ¢ = T slice.

discussion of the entanglement entropy. However, the connected HRT surface for the finite
part of C' hangs back to earlier times, so there is an offset tg relative to the formula for the
entanglement entropy. This offset is determined by vg, 2vpvg = £, so tg = z—g%c. At later
time, nevertheless, the minimal cross-section becomes the diagonal membrane that gives
an extensive contribution to the reflected entropy proportional to the size of the boundary
region, as in the vp cone for entanglement entropy. Thus

0 t< g,
Sr(A: B) =25yt — t2lo e ct<ty+ily, (3.8)
4 t> 0+l

1)32'

Notice there is a discontinuous jump in Sg at the first transition where the entanglement
wedge changes, although this becomes continuous if vg = vg. When the membrane theory
describes a holographic CFT, it was checked in [25] that the two types of minimal cross-section
are indeed projections of the entanglement wedge cross-section in the dual gravity theory
to the boundary along constant infalling time.

3.2 Saturation of disjoint intervals

In what follows, we will be frequently dealing with entanglement dynamics of disjoint
entangling subregions A = U;A; (i > 2). For n intervals, at later time there are multiple ways
of connecting the boundaries of the intervals to form vp cones, leading to either connected or
disconnected configurations, see figure 5. For example, when n = 2, from (3.7), the connected
and disconnected vg cone configurations compute EE

Sconn. = Sth((EA + EB + EC) + KC') (39>
Sais. = stn(la + {B) (3.10)

,10,



Figure 5. An example of different vg cone configurations for computing the saturation value of
S(AB). The solid lines correspond to the disconnected configurations, whereas the dashed lines
represent the connected configurations. In the large subregion limit, the disconnected configurations
always dominate.

Hence, the disconnected vp cone configurations are always minimal. This is because the
connected configurations overcount f¢ in between A and B twice. In fact, (3.10) is nothing
more than another way of stating the volume law of EE for thermal states

S = sm »_ Vol(4) (3.11)

which holds in the limit of large intervals. In our case with strip subregions, Vol(A4;) = ¢;.
The volume law indicates that the saturation pattern of forming disconnected vgp cones
remains true for subregions with arbitrary n and generic sizes.

For holographic CFTs in thermal states dual to asymptotically AdS black holes, if the
entangling subregions are sufficiently large disjoint intervals, the above membrane theory
discussion implies that the dual gravity theories always have disconnected entanglement
wedges. This is in contrast to the vacuum AdS cases, where the entanglement wedges can be
either connected or disconnected depending on the separation of the two intervals [55]. The
reason behind this difference is that entanglement in vacuum states obeys the area law [56, 57].
Holographically, the UV divergences of the RT surfaces [53] always manifest this area law (3.6).

4 Dynamics of R3

In this section we use the membrane effective description for the reflected entropy obtained
in [25] to calculate the residual information in the simplest cases. We consider an infinite
system with a division including one or two finite regions. We discuss here the ordinary mem-
brane theory; the generalised membrane theory which describes the holographic calculations
for d = 2 has some quantitative differences, and is discussed in section 7.

4.1 A single finite region

The simplest case to illustrate the dynamics of R3 is where we divide the boundary into
three regions along x: A = (—00,0), B = (0,¢), and C = ({,00).

— 11 —



Figure 6. Membranes computing Sg(A : B) (thick) in the setup of a single finite region A = (—o0, 0),
B =(0,¢), and C' = (¢, ).

In this case, S(A) and S(C) grow linearly for all times, while S(B) has linear growth
followed by saturation. In this case S(A) = S(C) as they are both vertical surfaces. This gives

2t t<£,
I(A:B)=S(A)+ S(B) — S(C) = S(B) = stn ; (4.1)
¢ t>t,
where we have used the fact that for a pure state, S(AB) = S(C). We also have
0 t<%,
I(A:C)=5(A)+ S(C) — S(B) = stn ; (4.2)
2—0  t>L.

Since A, B are adjacent regions, the AB entanglement wedge cross-section is always non-
empty. The cross-section is initially a vertical membrane hanging from the boundary, growing
linearly in time. At t = £, this changes to a diagonal membrane extending across the B
region, giving a constant extensive answer for the entanglement wedge cross-section, See
figure 6. So we have'!

2t t</?,
Sr(A: B) = st (4.3)
20 t> /.
Hence
0 t< £,
R3<A:B):SR—I:Sth 2t — /¢ %<t<£, (44>
4 t>1.

This exhibits the same qualitative dynamics as in the semi-infinite case considered in [25];
it is initially zero until the initial local entanglement has spread sufficiently to contribute

10T the case of holographic CFTs, the saturated membrane on the right of figure 6 is obtained from an
Entanglement Wedge Cross-Section (EWCS) that skims through the planar black brane horizon and then
ends on the HRT surface corresponding to the vertical membrane for S(C). This has been checked numerically
in certain cases in [25]. Notice that the diagonal membrane only captures the scaling behaviour of the EWCS
and does not reflect its intersection with the HRT.

11 the case of adjacent intervals, Sg is not UV finite [8, 33]. In this case, we can regularise the EWCS the
same way as (H)RT, by subtracting UV divergences of the form (3.6). These UV divergences cancel in R3.
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Figure 7. Membrane computing Sg(A : C) (thick) in the setup of a single finite region.

— R3(AB)

— R3(A:C)

2
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o
T

Figure 8. Time evolution of R3(A : B) (4.4) (higher on the right, shown in blue) and R3(A : C) (4.6)
(lower on the right, shown in red) when ¢ = 15.

to multiparty entanglement between the three regions, then it grows linearly for a period
of time and then saturates.

By contrast, the AC entanglement wedge is initially disconnected, only becoming con-
nected when S(B) saturates. Subsequently, the only possible cross-section is a linearly growing
vertical surface, which hangs from the tip of the membrane describing S(B), see figure 7.

This gives

0 t <

Sr(A:C) = sy
2t — JEL t>

’ (4.5)

NS Nl

Note there is a discontinuity in Sgr at this transition, and we have an offset in time, as
in the case discussed in [25] reviewed in (3.8). As a result there is also a discontinuity in

the residual information,

0 t< £,
é(l—%) t>L.

This illustrates the general point that different signals can have qualitatively different

R3(A:C) = stn (4.6)

behaviour, see figure 8.
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Figure 9. Membranes computing Sg(A : B) (thick) in the setup of two finite regions A = (0,£4),
B=(la,la+{p),and C = (—00,0) U (£a +{p,00) (€4 > £p). After the saturation of the S(AB) to
a vp cone, we have Sg(A: B) = 0, see figure 10.

4.2 Two finite regions

Consider now a case where we divide the boundary into four pieces, that is with two finite
intervals. To calculate R3, we first need to combine two of the pieces to form a single region.
There are two qualitatively different choices: to combine one of the semi-infinite pieces
with a finite piece, or to combine the two semi-infinite pieces. The former is essentially
what was considered in [25], so we focus on the latter. That is, we consider dividing the
boundary into three regions along = which are now A = (0,€4), B = (£a,44 + {p), and
C = (—00,0)U £y + £p,00). Let us suppose without loss of generality that g < £4. We
will consider both R3(A : B) and R3(A : C) (R3(B : C) is similar to R3(A : C)).

The entropies S(A), S(B) and S(AB) = S(C) exhibit the general linear growth followed
by saturation behaviour of finite intervals. We thus have

L

2t t< E,
(5 B <fa
I(A: B) = s / it (4.7)
la+lp =2t S <t<AFE,
Latt
0 t>=A5E

The AB entanglement wedge is always connected. The cross-section is initially a vertical
surface hanging down from the boundary. It transitions to a surface extending across the B
region when t = (p, see figure 9. When S(AB) saturates at t = ¢4 +{p, the cross-section goes
back to hanging down from the boundary but just to the vp cone membrane corresponding
to S(AB) (see figure 10). However, this cross-section is no longer described by membrane
theory. Intuitively, this is because it does not grow with ¢ or x in the scaling limit. In
appendix A, we show using holography that for this cross-section Sg = 0 in the scaling limit
(after subtracting the UV divergences as discussed in footnote 11). So

2t t<{tp,
Sr(A:B)=sm{20p g <t<‘tatts (4.8)
0 t>fatls
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Figure 10. Top: The minimal cross-section (blue) in finite adjacent intervals after saturation. It is
almost radial as it needs to end perpendicularly on the plateau of the RT surface perpendicularly,
see appendix A. Bottom : Projections of the minimal cross-section (blue) to the AdS boundary along
constant infalling time. As discussed in appendix A, this vertical surface does not have a membrane
description, and we have S = 0 in this case contrary to what one might expect from the figure.

The order of transitions in the residual information depends on whether 2¢g is bigger or
smaller than £4. Suppose for definiteness £4 < 2¢p,'? which includes the case where the two
finite intervals are equal size. Then taking the difference between (4.8) and (4.7) we have

0 t<z,
2t — {p L cr<ts,
R3(A:B)=sm 4t — Ly —lp % <t<lp, (4.9)
2 +lp—Ly lp<t<lafle
0 t> tatts

There is a single discontinuity in the residual information, at the final transition. At the
transition point, the residual information reaches its maximum, R3(A : B) = 2{p, saturating
a bound from [17], indicating that the extensive part of the entanglement of B is entirely
multipartite.

Also, the jump is downward, so the residual information is not monotonically increasing.
The residual information is only a signal of multiparty entanglement, so in general this does
not mean that there is no multiparty entanglement in the final equilibrium state. But in
holographic cases, in the final equilibrium here the A and B RT surfaces lie close to the AB
RT surface (see figure 11), so it is reasonable to believe that the extensive entanglement
here is purely bipartite, between A and C and B and C.'

2The other case with £4 > 2¢5 shows the same qualitative behaviour.
3The intuition here is that the entanglement can be modelled by a tensor network with locally entangled
EPR pairs across the RT surface. This is a good model for the high-temperature thermofield double state,

and was also shown to model hot multi-boundary wormholes [58], which have a similar structure where the
RT surfaces for different boundaries lie close to each other along most of their length. When the RT surfaces
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Figure 11. In the large subregion limit, RT surfaces have large plateau regions where they skim
along the black hole horizon (dashed gray line), so the A RT surface (blue) and B RT surface (orange)
lie close to the AB RT surface (black).

Figure 12. Membranes computing Sg(A : C) (thick) in the setup of two finite regions.

Let us also consider R3(A : C'). We have

2t t<tp,
At — 0 b < la
I(A:C) = sy b 2 2 (4.10)
20404 —lp B <t<faTE
Lo+t

The AC entanglement wedge is always connected between A and C. Initially the cross-
section is just the vertical surface at x = 0. When B saturates, it acquires an additional
component, a vertical surface hanging down from the B membrane, then the two components
join up. See figure 12.

Thus
2t t< ‘e,
Sr(A:C)=sm{at— 2y ‘2<ct<lapmls (4.11)
204 t>4 +mls

lie close to each other, the entangled EPR pairs across each surface simply join up to give local bipartite
entanglement between the two sides.
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Figure 13. Time evolution of R3(A : B) (higher on the right, shown in blue) and R3(A : C) (lower
on the right, shown in red) when ¢4 = 15 and ¢ = 10.

This gives
0 t<te,
EB( —%) e cp <ty
R3(A:C) = s, 2t—€A+£B( —%) Y<t<B+l, (4.12)
ba+lp =2t boyuels oy < latls
0 t> tatts

We see that the two residual information are non-zero in the same region, but their behaviour
is otherwise quite different. R3(A : C') has an initial discontinuity, and then goes smoothly
to zero at the end, so we see that R3 can also decrease smoothly. It is also interesting to
notice that R3(A : C) does not saturate the 2¢p bound.

5 Dynamics of I3 and Qg4

We now turn to the dynamics of I3 and 4. We will consider a single example, with regions
A= (O,EA), B = (EA,5A+€B), C = (EA—f-fB,fAﬂ—fB—f—fc) and D = (—OO,O)U(€A+€B+€C, OO)
For simplicity we restrict to £4 = £-. The time-dependence of I3 in this situation at finite
time was previously considered in [31]. We consider just the late-time, large region behaviour,
in the context of the membrane theory. This captures the main qualitative features of the
previous discussion. Our main interest here is to compare the behaviour of I3 and the novel
multiparty signal @, introduced in [17]. As we will see below, we find non-monotonicity!'4
and saturation of bounds for both signals. For I3 we cannot have discontinuities as it is just
a combination of von Neumann entropies, but we do find discontinuities for Q4.
If by = bc < £p, we find

0 o<t<ie,
{n — 2t €73<t<m7
I3A:B:C)=su{ ~ 2, 2 s (5.1)
2020y —lp  HAEB <t < Hatis
20444
0 > =48

4 As already noted for I3 in [31].
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This gives a simple triangular profile for —I3, initially increasing and then decreasing smoothly
to zero.

If fg < €y = {lo < 20p, we have a slightly more complex behaviour,

0 0<t<f,
20, — At b <t < 2ats

I3(A:B:C) =84 (g — 2 artn < ¢ < tafls (5.2)
2t — 204 — g  fafte < ¢ < 2atls
0 t> 2attn.

The most interesting case is when £y = {o > 2{p:

0 0<t<f,
204 — 4t bt <latls

Ig(A:BZC):Sth -2 % <t < %, (53)
2t — 204 — b Hale <y < Hatls

20444
0 t> =48
In this case there is a plateau region, where I3 = —2¢pg. This saturates a bound on I3,

indicating that the entanglement of B is entirely four-partite. These results are plotted
in figures 15, 16, 17.

Next, we consider the calculation of Q4 as in [17], tracing over D first and then CC*.
The calculation of Sgr(A : B) in (2.5) is similar to that in (4.3): we regard C'D as a single
region, and the AB entanglement wedge cross-section is then the same as those in figure 9.
To calculate S44+4, 4%, we consider the AA*BB* entanglement wedge cross-section in the
canonical purification of papc. The first purification results in EW (AA*BB*) bounded by a
membrane £ bisecting the EW of AB (regarded as a single region) and C' (figure 14). Notice
that r itself possesses a non-trivial dynamic. After the second purification, Sqaxa,4x is
computed by the minimal membrane bisecting EW (AA*BB*) (figure 14).

By comparing the membranes computing Saax4, 4+ in figure 14 with those calculating
Sr(A : B) in figure 9, we see that the EWCS for Sqa+a, 4+ and Sr(A : B) at early times
are the same.'% Thus, the contributions cancel and Q4 = 0. This ends when S4p saturates
and we get figure 10. Then Sg(A: B) = 0 in the membrane description, and Q4 # 0. This
continues until S4pc similarly saturates, after which Sg4+a, 4+ also vanishes so we have
Q4 = 0 again. So @4 follows a unit-pulse-like time evolution profile

e
0 0<t< Az,
Q4 = 5tn { 4min{la, 5} % <t< %, (5.4)
Catlptl
0 t > A=pee

51y figure 9 we considered only the case when £4 > ¢p. Here we also allow £4 < 5 and the AB entanglement
wedge cross-section saturates to the smaller value of 4 and ¢p.

'%In the case with £4 > ¢p, the EWCS for Ssa+a, 4+ in the last panel in figure 14 changes, but it has the
same area.
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Figure 14. Minimal cross-sections computing Saa-4, 4+ (red, thick) in the entanglement membrane
description when ¢4 < ¢p (top row), and €4 > £p (bottom row). Notice that in the latter case,
although the saturation of x (green, thick) changes the shape of the membrane computing Saa«a. A=,
it does not change the value of S44+4, o in the scaling limit. We only plot membranes before the
saturation of the ABC entanglement wedge, after which all the entanglement wedge cross-sections
have vanishing area in the membrane description.

where the minimisation in ()4 between ¢4 and £p captures how the saturated cross-section
computing Saa+4, 4* exits the AA*BB* entanglement wedge, see figure 14.

We plot the results when £4 = £ in figures 15, 16, 17. We see that the behaviour of I3
and @4 are quite different; I3 changes smoothly, while ()4 is piecewise constant, and non-zero
only in a subregion of the region where I3 is varying. The discontinuities in ()4 suggest
phase transitions in the entanglement structure of the state, which are not evident from
just considering I3. In particular, I3 goes smoothly to zero, but ()4 shows that multiparty
entanglement is not smoothly decreasing. It is still large at least up until ¢ = %(E A+lp+Llo),
when it drops suddenly to zero, suggesting a sudden change of entanglement phase.

In figure 17, a bound from [17] is saturated at the plateau for I3, indicating that the
extensive entanglement of B is purely four-party at least in this period. In @Q4, the plateau
also saturates a bound, which in this case indicates that the extensive entanglement of either
B (if g < £4) or A and C (if £4 = lc < {p) is purely four-party in that period.

As in the calculation of Rg in the previous section, the vanishing of Q4 and I3 at late
times does not necessarily indicate the absence of four-party entanglement, but in the
holographic cases, once all the finite regions have saturated the ABC' RT surface lies close to
the individual A, B, C' RT surfaces, suggesting that the extensive part of the entanglement
is entirely bipartite entanglement between each of the finite regions and D.

In obtaining (5.4), we have traced out D first and then CC*. We can also consider tracing
out C first and the DD*. This gives an independent signal, which we will denote as Q4.
When tracing out C in the first purification, the entanglement wedge of AB (regarded as a
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Figure 15. Time evolution of I3(A: B : C) (5.1) (blue), Q4 (5.4) (red), Q4 (5.5) (black) and Q4 (5.6)
(orange) for 4 = ¢c < £p. Here, we plot for £4 = 15 and ¢ = 20. In this plot, the time at which Q4
and Q4 start to be non-zero (the first black dashed vertical line) is the same; the time at which Qg4
and Q4 drop to 0 (orange dashed vertical line) is the same.
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Figure 16. Time evolution of I3(A : B : C) (5.1) (blue), Q4 (5.4) (red), and Q4 (5.5) (black), for
lp <ty =Llc < 2lp. Here, we plot for £4 = 15 and £ = 10. In this plot, the time at which Q4 and
Qg start to be non-zero (the first black dashed vertical line) is the same.
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Figure 17. Time evolution of I3(A : B : C) (5.1) (blue), Q4 (5.4) (red), and Q4 (5.5) (black), for
20p < f4 = Lc. Here, we plot for £4 = 35 and £ = 10.
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Figure 18. Examples of membranes computing Ssa+a, = (red, thick) in Q4. Notice that (green,
thick) behaves as Sr(A : C) by regarding AB as a single interval; Sqa-a,4- = 0 after x saturates.

single interval) and D is bipartitioned by minimal membranes k that behave as Sg(A : C) in
figure 12. S44=4, 4+ in the second purification is then computed by the minimal cross-section
that bisects the AA* BB* entanglement wedge bounded by &, see figure 18. As such, when
fixing £4 = £c, we have

Lo+t
0 0<t<tatle
Q1= sn { 4min{ls, lp} A <t < faftn g pmy, (5.5)
0 t>fatls 4 pu gy,

This is also plotted in figures 15, 16, 17. Note that compared to Qg, the duration for Q4 to
be non-zero is shorter. This illustrates the advantage of having multiple signals, as Q4 and I3
capture the existence of 4-party entanglement that Q4 fails to detect after its disappearance.

One can also consider tracing over different regions in the definition of Q4. For example,
we can trace out D and B to obtain another version of Q4, which we denote as Q4. When
{4 > lp, the membranes for Sr(A : C') consist of a vertical membrane dangling from the tip
of the vp cone anchored to B at early time as shown in figure 19, followed by a diagonal
membrane of slope |vp| exiting the AC entangling wedge through either of its boundary.
When ¢4 < {p, we simply have Sr(A : C) = 0 at all time, as the AC entanglement wedge
is always disconnected.

To calculate S44+4, 4%, let us first consider the minimal cross-section ~ that bisects the
entanglement wedge of AC' (regarded as one disjoint subregion) and B in the first purification.
At early time, x consists of two vertical membranes. These will later be replaced by a single
triangle anchored to B (see figure 19) or two diagonal membranes with slope tvp exiting
the ABC' entanglement wedge, depending on whether {p < 2¢4 or {5 > 2¢4. In the latter
case, the AA*C'C™ entanglement wedge is always disconnected, and Sq4+a,4: = 0 at all time.
As for the former, Sqa+a, s is computed by the minimal cross-section bi-partitioning the
AA*CC* entanglement wedge bounded by k, which is a vertical membrane dangling from the
tip of the vp cone at early time (as shown in figure 19) and a diagonal membrane of slope
|up| exiting the AA*CC* EW at late time. Notice that these are the same membranes as
those computing Sg(A : C). Hence, Q4 # 0 only when ¢4 < {5 < 2{4: for this choice of £4
and ¢p, Sp(A : C') =0 at all times, but Sg4+4, 4+ undergoes a non-trivial dynamic. When
lp > L4, both Sp(A : C) and Sga+a, 4+ are 0 all the time; when £4 > ¢p, both Sg(A : C)
and S44+4, ox have non-trivial dynamics, but they are computed by the same membranes at
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Figure 19. An example of the membrane computing Sr(A : C) or Sga-4, 4+ in Q4, depicted in red.

In the former case, k along with the two outermost vertical membranes together are the membranes
for S(AC).

any time, so their contributions cancel. As such, we have that for £4 < fp < 204,

0 t< 'z,
L
Oy = o a(t—gEtp)  B<t<ilatgElg, 5.6
404 la+ 2Bl <t<la+'f,
0 t>0a+ 2.

This is plotted in figure 15. In the cases in figures 16 and 17, Q4 is always zero.

Unlike Q4 or Q4, Q4 does not display the dynamics of a unit pulse. Moreover, Q4 is
non-zero in the whole interval where I3 is nonvanishing. We also note (see figure 15) that
the times at which Q4, Q4 and Q4 saturate the 4¢4 bound are different. We believe that
the time at which the extensive part of the entanglement of A is entirely multipartite is
when Q4 stays at its bound Q4 = 4£4, i.e. when % <t < %. During this time
Q4 and Q4 could be 0 or non-maximal, which means that they fail to reflect the fact that
the entanglement of A is entirely multipartite. The above different behaviours among ()4,
Qu, and Q4 again exemplify the advantage of having multiple signals, as each of them only
captures certain aspects of 4-partite entanglement.

There are a number of other versions of (J4: these can be either positive or negative between
+4min{l4, {5}, and might saturate these bounds or not, depending on the subregion sizes.

6 Higher partite entanglement signals

We can extend the above calculations to higher numbers of parties. The extension is
conceptually straightforward, and does not seem to lead to qualitatively new features, but
the calculations become more complicated due to the increasing number of regions.

Consider for example the five-party entanglement signal Rs. Suppose we examine a system
with subregions A = (0,¢), B = ({,2¢), C = (2¢,3(), D = (3¢, 4(), E = (—00,0) U (44, +00),
and trace over E. We have

1
Rs(A:B:C:D)= 5[4(1414* :BB*:CC*: DD*) — I4/(A: B:C: D), (6.1)
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where
%L;(AA* :BB*: CC*: DD*) = I3(AA* : BB* : CC™)

= 5(AA*) + S(BB*) + S(CC*) + S(DD*) (6.2)
— (S(AA*BB*) + S(AA*CC*) + S(BB*CC™)),
and
It(A:B:C:D)=S(A)+S(B)+S(C)+ S(D)
— (S(AB) + S(AC) + S(AD) + S(BC) + S(BD) + S(CD))  (6.3)
+ S(ABC) + S(ABD) + S(ACD) + S(BCD) — S(ABCD).
We have S(A) = S(B) = S(C) = S(D) = 81, S(AB) = S(BC) = S(CD) = S, S(AC) =
S(AD) = S(BD) = 25, S(ABC) = S(BCD) = S5, S(ABD) = S(ACD) = S5 + Sy, and

S(ABCD) = S4, where we use S, to denote the entanglement entropy of an interval of
length né. This gives

0 t <,

2t -2  L<t<3
402t <2
0 t > 20.

I4(AZBZCZD):253—52—54:Sth (64)

The ABCD entanglement wedge is always connected. Before the transition at ¢t = 2/, it
is bounded by two vertical surfaces (figure 20). The purification-based quantities S(X X™)
in (6.2) are computed by the minimal cross-sections that bisect the entanglement wedge of
X and ABCD/X (see figure 20 for examples). As such, we have S(AA*) = S(DD*) = S,,
S(BB*) = S(CC*) =281, S(AA*BB*) = Sy, S(AA*CC*) = Sy + 251, and S(BB*CC*) =
2S55. After the transition, the entanglement wedge only extends down to the horizon, and
all the canonical purification quantities are given by vertical surfaces which extend down to
the horizon (figure 10), so I4(AA* : BB* : CC* : DD*) = 0 for t > 2¢. Thus

0 t< it
1 2 -4t  Lt<t<y,
~I4(AA* : BB* : CC* : DD*) = sy, 2 (6.5)
2 —2t 0 < 20,
0 t > 24
This finally gives
0 0<t<£,
2 —4t L<p<3t
R5(A:B:C:D)=sy, 2 2 (6.6)
—40 E<t<,
0 t>20.

This gives qualitatively similar behaviour to R3(A : B) in section 4.2. Notice that Rs < 0.
In the vacuum AdSjs case studied in [17], R5 is mostly negative, but with regions of the
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Figure 20. Membranes computing S(BB*) (top row) and S(AA*CC*) (bottom row) in R5(A : B :
C : D). We only plotted membranes before the saturation of the ABCD EW, after which all the
entanglement wedge cross-sections have vanishing area in the membrane description.

Rs

Figure 21. Time evolution of R5(A : B : C : D) (6.6). Here, we plot for £ = 15.

moduli where Rs can be positive. It would be interesting to investigate the sign patterns
of Rs for more generic subsystem sizes here.

We can generalise the Rj calculation to R, for arbitrary odd n (n > 3). Likewise, for
arbitrary even n (n > 4), we can generalise the I3 = %LL calculation in section 5 to compute
the n-partite entanglement signal I,,_; = %In. As I,, are functions of von Neumann entropy,

their time evolution will be continuous.

7 Generalised entanglement membrane for CFT,

So far, we have been studying multiparty entanglement signals in the membrane effective
theory reviewed in section 3. For the special case of 2d CFT, however, that membrane
theory becomes degenerate [24]. This is manifested in the bulk by the fact that in dual BTZ
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Figure 22. Membranes computing Sg (thick) at early (left) and late (right) time in generalised
membrane theory for CFT5. The dependence on the £ coordinate is indicated by the colour of the
curve, interpolating between blue and orange as one moves from £ = O(1) to the deep interior.

black string [47], the special extremal slice z, is pushed to the orbifold singularity, and the
two-sided geodesics can penetrate arbitrarily deep into the BTZ interior. This indicates that
the bulk z = e coordinate now becomes important and a different scaling ansatz respecting
this additional degree of freedom is needed. To account for this, a generalised membrane
theory for CFTy was introduced in [25], where the scaling

v—Av, x—Ax, §&— AE, (7.1)

was adopted. Using this scaling limit in holography, the dynamics of the HRT surface in
the bulk BTZ black hole was reduced to an effective membrane theory with two degrees
of freedom (z(v),&(v)). While the additional degree of freedom &(v) does not change the
entanglement entropy value in the scaling limit (7.1), it modifies the shape of the membrane
x(v). It was conjectured in [25] that in field theory, £(v) is related to the infinite-dimensional

conformal symmetry.

The additional degree of freedom £(v) has more profound effects on the dynamics of
reflected entropy. As in the higher-dimensional cases, there are different candidates for the
entanglement wedge cross-section, as pictured in figure 22. The vertical one again produces a
linear growth in the reflected entropy. In the other candidate, the diagonal segment gives an
extensive contribution, but this now only extends across half of the region. The horizontal
component does not contribute to the reflected entropy in the scaling limit. As a result,
in the generalised membrane theory we have

Sr(A: B) 0 t<¥,

rR\A:D) ‘ ¢ Ca+t

5 = Sth tﬁ— g g <zt+j AT (7.2)
< t>A5C.

The height of the plateau is half as big as in the ordinary membrane theory. Note also that
we always have vg = vp in d = 2, so Sg(A : B) is now continuous at t = %C.
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7.1 Spg in the case of adjacent intervals

The generalised membrane theory for reflected entropy [25] was developed for the case
depicted in figure 22, where an interval of O(A) size was inserted between A and B. To make
our multipartite entanglement signal calculations comparable with the ordinary membrane
results in sections 4 and 5, we need to develop an effective description for adjacent A and
B. We assume that as in the disjoint interval case studied in [25] and reviewed above, the
generalised membrane contains a horizontal component that does not contribute to the
reflected entropy in the scaling limit. In [25], the equations of motion for these generalised

17

membranes parametrized by (v(x),&(z)),"" in the scaling limit were found to be

5// -1 5/2 _ 64(51775) ’

rUI — 672(57517) . (7'3)

where f' = %. The equations (7.3) have the following approximate solutions in the scal-
ing limit

(v(x),&(x)) =

Up, —T + 20 + &), O<zx<z
{(p 0 fp) 0 (7.4)

(x +vp — x0,&p), xog < T

where v), £, and zg are constants, with xg labeling the location of the membrane’s turning
point. Like in ordinary membrane theory [23, 24], v(z) describes the shape of the generalised
membrane. To visualise the additional degree of freedom £(z), we label it as colour on the
generalised membrane as in [25], see figure 22 and 23. There are two boundary conditions
for the EWCS: that x = £4 at time ¢, and that it ends on the vertical membrane at x = 0
perpendicularly. Notice that in imposing the boundary conditions for the EWCS in generalised
membrane theory, we need to match not only the shape of the membrane v, but also the
colour on the membrane £. Written explicitly, the two boundary conditions are

To+&=1t—1p to match the vertical membrane HRT, (7.5)

(A + vy — x0,&) = (,0) to match the connection point on the ¢ slice (7.6)
where the vertical membrane in (7.5) is described by [25]
(z(v),€(v)) = (0,t —v) (7.7)
One can then solve for the 3 constants
& =0 v =1t— — To = — (7.8)
The length of the EWCS is thus

U(EWCS) =24 — 29 = 7 (7.9)

See figure 23 for the plot of this generalised membrane. Notice that the saturation value is
half as big compared to that in ordinary membrane theory as shown in figure 6 right.

17A change of variable from v to x has been made to describe the horizontal portion of the generalised mem-
brane.
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Figure 23. The generalised membranes computing saturated Sg (thick) in 2d CFT in the case of
adjacent intervals. As in [25], we use colour to denote the additional degree of freedom & on the
membrane: the change from blue to orange denotes the increase in &.

As such, the time evolution of Sg(A : B) is given by'®

Sr(A: B) t t <

=35
2 " b >

(7.10)

S oS

As we will see shortly, the difference in the saturation of Sr between the ordinary and
generalised membrane theories, (4.3) vs (7.10), leads to strikingly different behaviours of
multipartite entanglement signals in 2d CFT and generic chaotic systems. This indicates that
the infinite-dimensional conformal symmetry might have substantial effects on multiparty
entanglement, a possibility that would be very interesting to investigate in the future.

7.2 Dynamics of Rg

We use the generalised membrane theory for reflected entropy (7.10) to study the dynamics
of residual information in the setups considered in section 4. Quantities based solely on von
Neumann entropy can be obtained from those in ordinary membrane theory in section 4.1
by simply setting vg = vg = 1.1

7.2.1 A single finite interval

We consider the setup of a single finite interval, A = (—00,0), B = (0,¢), and C' = (¢, 0),
as is studied in section 4.1. I(A : B) and I(A : C) can be simply obtained from (4.1)
and (4.2) by setting vy = vp = 1. Taking the difference between Sr(A : B) (7.10) and

'8As in the d > 2 case, when considering adjacent intervals Sg is not UV finite [33], and we subtract the
logarithmic UV divergences (3.6).

19We note that while setting vz = vp = 1 in ordinary membrane theory gives the correct generalised
membrane theory results, the membranes computing entanglement entropy in generalised membrane theory
have 2 degrees of freedom [25]. However, the extra degree of freedom will not play any role in determining the
value of entanglement entropy if we are not studying the saturation of Sg.
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I(A : B), we find that
R3(A:B)=0 for te[0,+00) (7.11)

which is different from the ordinary membrane result (4.4) when setting vy = vp = 1 due
to the difference in saturation of Sk in generalised membrane theory.

Sr(A : C) is computed by the same vertical membrane (with an additional degree of
freedom) as is shown in figure 7, which never saturates. As such, Sr(A : C) is given by (4.5)
with vy = vp = 1. Taking the difference with I(A : C'), we have

R3(A:C)=0 for te]0,+00) (7.12)

Notice that we have R3(A : C')) = 0 when setting vg = vg = 1 in (4.6).

As Rs is only a signal of tripartite entanglement instead of a measure, R3(A : B) =
R3(A : C) = 0 in this setup does not necessarily indicate that there is only bipartite
entanglement at any time.

7.2.2 Two finite regions

We consider the setup of two finite regions, A = (0,£4), B = (¢4,¢4 + {B), and C =
(—00,0)U(£a+£p,00), as studied in section 4.2. Again, I(A : B) and I(A : C') can be simply
obtained from (4.7) and (4.10) by setting vy = vp = 1. Since we focus on the fp < l4
case, using (7.10), Sr(A : B) is given by

Sr(A: B ! t<,
RrR(A:
S —smyE P <<t (7.13)
Lo+l
0 t>%.

Notice that when AB saturates, Sg(A : B) abruptly drops to 0. The corresponding cross-
section is shown in figure 10. Just as in the ordinary membrane theory case (4.8), this
cross-section is no longer described by generalised membrane theory anymore, as it does not
grow with ¢ or = in the scaling limit (7.1). See appendix A for details. A related calculation
on the dynamics of Sg with two finite regions was studied in [33] from both 2d CFT and
holographic points of view.

Taking the difference with (A : B) we find that

0 t<f,
Rg(AlB):Sth 2t — 44 %’ <t< %- (7'14)
0 t> tatls

Notice that max{R3(A : B)} = {p, which is half the bound for R3(A : B) [17]. As a
comparison, in the same setup in ordinary membrane theory, R3(A : B) (4.9) does saturate
the 2/ bound.

Sr(A : C) is computed by the same vertical membrane as is shown in figure 12 (again,
with an additional degree of freedom). Hence, we can set vy = vp = 1 in (4.11) to obtain
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Figure 24. Minimal cross-sections computing Saa-a, Ax (red, thick) in @4 in the generalised
membrane theory for CFTy when £4 > ¢5. Notice that the saturation of x (green, thick) changes the
shape as well as the value of the membrane computing S 4~ 4, 4=. Here, we do not plot the additional
degree of freedom & as a colour on the membrane as in figure 23, instead we follow the same colour
conventions for @4 in the ordinary membrane cases in e.g. figure 14.

Sr(A: C) in generalised membrane theory. Taking the difference with I(A : C'), we arrive at

14

0 t< 4,
2% —( botclay e
R3(A:C) = s A E 2 (7.15)
ba+lp—2t S+l cp<latls
Lo+t
0 t > tatts

which is (4.12) with vg = vp = 1. We find that the initial plateau due to the saturation of
B in (4.12) disappears in (7.15). The maximal value of R3(A : C) is max{R3(A: C)} = %9,
which reaches half the R3(A : C) bound.

7.3 Dynamics of Q4

We use the generalised membrane theory for reflected entropy (7.10) to study the dynamics
of Q4 in the setup considered in section 5: A = (0,44), B = (€a,la+{p), C = (la+Lp,la+
lp+Llc)and D = (—00,0)U (€4 + ¢ + Lo, 00). Again, we assume ¢4 = (¢ for simplicity.

The £4 < fp case is similar to that considered in section 5 except for the difference
in saturation: the saturated EWCS ends on the vertical membrane on the left, but the
saturation value is half as big as that in (5.4). Therefore, we have

Lo+t
0 0<t<AAfe,
— Lo+t La+lp+L
Q1= 5tn {204 atls ¢ < fattptte (7.16)
Latlp+t
0 2

Compared to the corresponding ordinary membrane theory result (5.4), we see that max{Q4} =
2¢ 4 reaches half the 2/4 bound.

The ¢4 > £p case is more interesting: since the saturated EWCS now ends on k, and the
saturation value is half as big compared to the ordinary membrane result, the saturation of x
does change the value of S44+4,4+ by doubling its value, see figure 24. This is in contrast
to the ordinary membrane theory case shown in figure 14, where the saturation of x does
not change the value of Sg4+4, ax.
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We thus have

Lo+t
0 0<t<Aafis,
2w afts <<y,
Al L4 <t < fatlptlc

Latlpt+lc
0 t> % .

Q4 = Sth (7.17)

Notice that unlike the £4 < ¢p case, now max{Q4} = 4¢p does saturate the 4/ bound. This
indicates that the extensive part of the entanglement of B is entirely multipartite.

8 Discussion

We have considered time evolution of multiparty entanglement signals in the late time, large
region limit, where time dependence can be calculated using the effective membrane theory
introduced in [22-24]. This limit describes the behaviour of a broad class of chaotic quantum
many-body systems, including some that have holographic gravity duals. Our calculations
that just involve von Neumann entropies, like the triple information I3, apply to all these
systems. Some of our entanglement signals also involve the reflected entropy, and we used
the membrane picture of [25] to study this quantity.

Our results show that multiparty entanglement signals have several striking dynamical
behaviours. First, different signals have different kinds of dynamics. This finding strengthens
the arguments of [17] that no one quantity is going to capture all aspects of multiparty
entanglement. This sort of entanglement structure is more complicated than bipartite
entanglement (see, e.g., [34]), and we are likely to need multiple different scalar quantities to
characterise different types of multiparty entanglement. In particular, the fact that there are
periods where one signal is constant while others are changing (see, for example, figure 15)
suggests that they measure different things, and are not simply different functions of a
common feature of the state.

Second, the signals that involve reflected entropy can change discontinuously in time.
In fact, it is known that reflected entropy can change discontinuously in holographic states
as the separation between entangled regions varies. This happens because the size of the
associated entanglement wedge cross-section can change discontinuously [8]. Here, we are
finding that discontinuities can appear dynamically as a consequence of physical processes
in the hydrodynamic limit. This suggests dynamical phase transitions in the entanglement
structure. The discontinuity in the signals arises from a change in the dominant saddle for
the canonical purification, which gives a discontinuity in the reflected entropy. This is similar
to the Hawking-Page transition [59], where there is a discontinuity in the entropy which
similarly arises from an exchange of saddles. In the Hawking-Page transition, we can identify
the phase transition in the dual as a confinement-deconfinement phase transition. In the
present case we do not have a good understanding of the dual description. But as for the
Hawking-Page transition, we have a discontinuity only in the infinite N limit; at finite N
both saddles contribute and the transition is smoothed out. This thermodynamic infinite
N nature of the discontinuity suggests that it is reflecting a phase transition in the dual
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theory, and not just some feature of the definition of the signals. It would be interesting
to understand the physics of these transitions.?’

In the limit we consider, the multiparty signals are always initially zero. This reflects the
fact that the state initially has entanglement only on scales small compared to the regions we
consider, and it takes some time for the entanglement to spread to larger scales and potentially
contribute to our multiparty signals. More surprising was that in many cases the signals are
also zero in the late time equilibrium. We might have expected that multiparty entanglement
would increase monotonically as the system evolved to more generic states. However, this
expectation is too naive. If we consider, for example, a random state on three parties A, B, C,
when do > dadp (where dy = dim(H x) is the dimension of the corresponding Hilbert space),
the reduced density matrix pap is approximately maximally mixed, and hence factorised:
PAB R m]l A ® . This indicates that the entanglement is bipartite between C' and A,
and bipartite between C' and B. If the evolution in the time-dependent system drives the
system to more generic states, one might expect the entanglement structure in such cases to
approach this kind of bipartite structure at late times, which is consistent with what we find.

We saw that in some cases, the state saturates bounds on entanglement signals established
in [17], indicating that in one of the regions the entanglement structure is entirely multipartite.
This provides further evidence for the general importance of multiparty entanglement; in
the simple and universal dynamical context that we consider, the amount of multiparty
entanglement can be saturated.

Finally, we observed that the time evolution profiles of multiparty entanglement signals
are different in 2d CFT. This difference can be traced back to the fact that the effective
theory underlying entanglement dynamics in 2d CFT is the generalised membrane theory,
which contains an additional degree of fredom compared to ordinary membrane theory and
hence posits a different dynamical behaviour of reflected entropy [25]. These differences
indicate that the infinite-dimensional conformal symmetry in two dimensions might play a
key role in the dynamics of multiparty entanglement. The generalised membrane theory [25]
was derived using holography. It would be interesting to understand this effective theory
from a field-theoretic point of view.

Our membrane calculations of multipartite entanglement signals are appropriate to
chaotic systems. It would be instructive to compare these results with the same quantities
in integrable models, whose entanglement dynamics are described by the quasi-particle
picture [62, 63]. Assuming no initial multipartite entanglement,?! the entanglement dynamics
in the quasiparticle picture are bipartite by construction, and involve free-streaming EPR
pairs of entangled quasiparticles which can be shared by at most two regions at a time. One
would therefore expect multipartite entanglement signals to vanish for integrable systems.
Indeed, in rational conformal field theory (RCFT), it has been shown that Rs = 0 in 3-party
states [33] and I3 = 0 in 4-party states [31] at all times. The latter result follows directly
from the formula [62]

Sa(t) ~ Sa(00) + o= 3 (=1 max(uy, — £, up +t) (8.1)
12¢ Pynt]

20Gimilar discontinuities in the dynamical evolution of subregion complexity were recently observed in [60, 61].
21See [63] for discussions on the quasiparticle picture with initial multiparty entanglement.
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for n intervals. Likewise, the six-party entanglement signal I5 (2.6) also vanishes in a 6-
_ ' o :
4 with subregions A; = (37— ks >n—o Ck)

(1<j<5)and Ag = (—00,0) U (X2_, £k, +00), and perform a trace over Ag. Using (2.6)
for RCFTs, where each combination S; consists of i-party entropy computed from (8.1), it

party state: Suppose we have a system ]¢>H6
i

is straightforward to show that

I5(A1 L. A5) =0 in ‘w>H?:1 A; (82)
Since, in the absence of initial (bipartite or multipartite) entanglement, the quasiparticle
picture leads to purely bipartite entanglement while, as we showed, the membrane picture often
produces non-trivial multipartite entanglement, we can regard the generation of multiparty
entanglement as a common feature of scrambling dynamics. It would be interesting to
investigate cases with initial multipartite entanglement in the quasiparticle [63, 64] and
membrane pictures in future works.

The membrane theory of reflected entropy that we used was derived holographically by
examining entanglement wedge cross-sections. We expect the membrane picture to apply
more generally to chaotic systems, but this has not yet been shown. The authors of [65-67]
studied reflected entropy in random tensor networks in a time-symmetric setting, and showed
that it was computed by the analog of an entanglement wedge cross-section. If we could find a
way to define sensible time-dependent tensor networks, we could perhaps extend the approach
of [65-67] to understand the dynamics of multiparty entanglement in states constructed
by tensor networks, and perhaps to test whether the membrane picture of entanglement
that we used applies more generally.

A comparison between the residual information R3(A : B) and the genuine multi-entropy
GM(A : B : C) in vacuum AdSs, showed that time-symmetric holographic states cannot
have purely GHZ-like entanglement [18]. It would be interesting to explore whether this
statement remains true in time-dependent holographic setups or chaotic states more generally.
To proceed, one needs first to understand the time evolution of GM (A : B : C) in the scaling
limit; the techniques we developed in this paper should be helpful towards this goal.

Finally, it would be interesting to understand whether the spread of multiparty en-
tanglement contributes in some way to the growing complexity of the quantum state over
time. It would be reasonable to suppose that this could be the case, because constructing
specific entanglement patterns between multiple parties using just local operations requires a
complicated quantum circuit [68]. On the other hand, the von Neumann entropy in thermal-
izing states saturates well before the complexity does [69]. But perhaps sufficiently complex
patterns of multi-party entanglement do not saturate in this way, especially if the number of
parties grows exponentially large in the entropy of the gravitating system, likely engaging
non-perturbative corrections to the standard geometrisation of entanglement entropy.

A Saturation of Sy in finite adjacent intervals

In this appendix, we use holography to verify that the saturated Sgr in the case of finite
adjacent intervals as shown in figure 10 in the main text is indeed a vertical “membrane”
that has vanishing extensive entropy in the scaling limit.
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We calculate saturated Sg in holographic CFTs by examining the entanglement wedge
cross-sections in the dual gravitational theories, where the planar AdS;;1-Schwarzschild
black brane metric is given by
dz?

f(2)

The Schwarzschild time ¢ in (A.1) is related to the infalling time v in (3.2) via

1

ds® = > (—f(Z)dlt2 + + da? + d?f?z—2> , flz)=1-2" (A1)

z dy 1 1
v(z) =t — o F(2) t (z 5=,

where B (z;a,b) is the incomplete Euler Beta function. The saturated EWCS lies on a

0) . ze[0,1) (A.2)

constant Schwarzschild time slice.
We are interested in the bulk RT surface homologous to a boundary subregion AB of size
X =104+ {p, see figure 10 (top). Like in section 4.2, we consider the case {4 > ¢p, with the
boundary point K between A and B located at x = k > 0. We scale £ 4,¢p and k to be large.
For simplicity, let us first consider the d = 2 special case.?? In [25], it was shown that
the static spacelike geodesic homologous to a finite boundary subregion is given by the
parametric curve (z(A),z()))

B sinh %
~ /cosh Acosh(X + \) (A.3)
xz(\) = %log(sech)\ cosh(X + X))

z(A)

where A € (—00,4+00). To find the minimal cross-section bisecting the AB entanglement
wedge, we minimise the geodesic distance between K,?* and an arbitrary point G on the
parametric curve (A.3). The geodesic distance formula in planar BTZ black brane is [27, 50]

coshd(K,G) = TETE + TE TS — XxEXxE - xKX§ (A.4)

where the embedding coordinates are given by

V1 — 22 1
T = yo— &= sinht, Th = —cosht
z “ (A.5)
1 — 22 1
X = 7zcosht, X9 = —sinhz
z z

The explicit expression for the geodesic distance between K and G is long and uninspiring.
In the large region limit, we find that the minimal geodesic distance, after dropping the
UV divergent 10g% term, is

X
g =0 at Ao=—7 +k (A.6)

22Notice that for saturated Sg, all the extremal surfaces involved are outside the black hole horizon. Hence,
in this case the additional degree of freedom ¢ in generalised membrane theory is always of O(1) value and can
be scaled away. The results are thus the vg = vp = 1 special case of planar AdS,1-Schwarzschild black holes.
23To regularise the UV divergence, we consider the point K at z = ¢ < 1 in the asymptotic region.
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At )., one finds
z(\) =k (A7)

In other words, the minimal geodesic between K and G is the radial one in the scaling
limit. This result makes sense intuitively, as the geodesic (A.3) contains a plateau region
where it skims the horizon almost transversely along the x direction, and the EWCS needs
to end on it perpendicularly.

Now, let us consider saturated Sg in the adjacent interval case in d > 2 with strip
entangling subregions. In the large region limit, the intersection point zg between the EWCS
and the RT surface is close to the horizon, zo =1 —§ (6 < 1). Following the intuition above,
the EWCS is also almost radial in the scaling limit when d > 2. Thus, it would be convenient
to parametrise the RT surface by x(z) (instead of z(z)). The area functional is given by

L. 1 [T
A= / =" 5 oGP (A.8)

Noting that z(z) = k and 2/(z) = 0 for the saturated EWCS, the area functional becomes

%0 1 1 1 2 1Y |#0
A= N ———— 4 d'*—lf A.
/e dzzd_l \/1—zd d (Z ’d 72) € ( 9)
VAl (3-1) 2 11
dl’ (% _ %) Vid d—2e
where we have eliminated the [ d?=2jj = Area(9A) infinite factor as in the main text after (3.4).
Restoring this factor, we find that the last term diverges as ﬁ ArijQA), which is the same as

the UV divergence of RT surfaces [53].24 Dropping this UV divergent Arjjﬁ?"‘) term, we have

Apeg ~ #V3+0(1) = 0 (A.11)

in the scaling limit. Notice that when d = 2, the area/length in (A.9) instead integrates to

A= —tanh™! (\/ 1— 22)

Z

P = V2Ve + logg (A.12)
€

€

which agrees with our d = 2 analysis above.

To sum up, we find that in d > 2 in the large region limit, the regularised area of the
saturated EWCS is 0. As these EWCS as shown in figure 10 (top) are radial and reach close
to the horizon, their projections to the boundary along constant infalling time are vertical
lines dangling from K, see figure 10 (bottom). This is due to the near-horizon logarithmic
divergence of infalling time v (A.2) [25]. Nevertheless, these cross-sections are no longer
described by membrane theory for holographic CFT [24, 25]. This is because to derive the
membrane tension (3.1) from the area of the HRT surface in the scaling limit, one needs
to integrate out the radial bulk z degree of freedom. However, from e.g. (A.9) above, it is

24This result makes sense, as both the RT surface and the saturated EWCS end on the boundary perpendic-
ularly, and are hence asymptotically the same.
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clear that for the almost-radial cross-section shown in figure 10, the radial bulk z degree of
freedom cannot be integrated out. The reason why this cross-section fails to be captured by
membrane theory in other chaotic systems than holographic CFTs is technically less clear.
Intuitively, one can understand the reason as cross-sections of this kind do not grow with ¢
or z in the scaling limit. Hence, these vertical “membranes” should not be confused with
the vertical membranes with tension £(0) = vy [24] obtained from projections of the HRT
surfaces in the black hole interior [47-49]. The latter reaches the ¢t = 0 slice in membrane
theory, computing entanglement entropy S = sywvgpt that grows linearly with time.
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