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Abstract
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The remarkable ability of migratory birds to use the geomagnetic field for their
navigation has been fascinating scientists for more than 50 years. Extensive
studies, from experiments to theories, suggest that avian magnetoreception may
arise from photo-induced radical-pair reactions in the birds’ eyes. Although the
energy for the interaction of a single molecule with a magnetic field as weak as
~50 pT is more than a million times smaller than the thermal energy, such weak
fields can still significantly influence spin-selective reactions via the modulation of
radical-pair spin dynamics.

A navigational cue requires the radical-pair magnetoreceptor to be sensitive to
the direction of an external magnetic field. In Chapter 3, I explore the anisotropic
weak magnetic field effect on the eigenstructure and the spin dynamics of a
model radical pair with respect to the field direction. Then, the feasibility of the
“reference-probe” model for radical-pair magnetoreception is studied.

Birds’ disorientation in a static magnetic field caused by extremely weak
radiofrequency fields is considered to originate in magnetic effects on the sensory
molecules, though it is not yet understood exactly in quantitative detail. A more
convincing test - reorientation rather than disorientation in a radiofrequency field
in the absence of a static magnetic field - is proposed in Chapter 4. Elaborate
theoretical study of the resonance effect induced by a radiofrequency field is
followed by spin dynamics simulations for flavin-based radical pairs to evaluate
the possibility of a “radiofrequency compass”.

The “B, /3" value, a parameter that characterises the magnetic field-dependence
of the reactions, was found to be larger than expected on the basis of the hyperfine
interactions and to have significant time-dependence. This behaviour is considered
as a strong indication of spin relaxation. In Chapter 5, I present several possible
candidate spin relaxation mechanisms and find the specific one, singlet-triplet
dephasing (STD), that could account for the time-dependent magnetic field effect.
In cryptochromes, the only candidate magnetoreceptor, STD probably originates
in the electron hopping between tryptophans. Furthermore, simulation shows
that STD, even quicker than chemical reactions, does not seem to destroy the
directional sensitivity of the FAD-Trp radical pair to weak magnetic fields.

Chiral molecules could act as spin filters that preferentially transmit electrons
with spins polarized parallel or antiparallel to their direction of motion. This
chiral-induced spin selectivity (CISS), as a spin polarization effect that could be
observable by electron paramagnetic resonance (EPR) experiments; is included
in the radical pair mechanism in Chapter 6. CISS effects offer the possibility
of evolving a more sensitive or precise compass. The associated lack of field-
inversion symmetry potentially explains the observation of a polar magnetic
compass response.
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Chapter 1

Introduction

Migratory songbirds possess such remarkably proficient navigation ability as to
travel vast distances, up to 25000 km [1-5], between wintering and breeding
grounds each year with exceptional precision [6]. Among various directional cues,
such as the sun [7-9], the stars [10-12] and landmarks en route [6, 13], the Earth’s
magnetic field offers crucially useful directional information for birds, especially
over large distances [1, 14-16]. Although the magnetic sense of avian species,
along with other animals such as cockroaches [17], wood mice [18, 19] and sea
turtles [20], has been extensively studied for more than 50 years, the underlying
biophysical mechanism is still a mystery and remains one of the most significant

unsolved problems in sensory biology.

Apart from directly tracking free-flying birds using radio transmitters for
insights into their migratory routes and flight behaviour [1], the avian magnetic
compass has been intensively studied by testing birds’ orientation under an arti-
ficially controlled magnetic field in a set-up called an “Emlen funnel” [21]. No
directional cue other than the external magnetic field generated by a coil system
is given in the funnel. Birds’ attempt to escape the funnel in their preferred
migratory direction, known as migratory restlessness [22], is demonstrated by the

scratches they left on the scratch-sensitive papers placed in the funnel. Statistical



analysis based on these scratch papers determines the birds’ orientation as a
result of the application of the magnetic field. The birds would randomly orient
if the external magnetic field did not participate in their migratory restlessness.
Such behavioural experiments, in which birds reoriented when the direction of
the external magnetic field is rotated, have established the existence of the avian
magnetic compass sense [15, 23|. Significantly, birds’ detection of the magnetic
field direction relies on the inclination rather than the polarity of the field [15, 24],
i.e. inverting the magnetic field maintains the same preferred orientation. This
“inclination” compass is interpreted, in the context of avian navigation, as birds’
ability to sense the angle between the geomagnetic field axis and the horizontal
instead of the magnetic polarity - the information source of a magnetite compass,
e.g. the man-made compass needle. However, the sense of the magnetic inclination
does not seem universal in animal magnetoreception. Reports of a polarity com-
pass of other animals, such as honeybees [25] and lobsters [26], suggest that more

than one mechanism may participate in the process of sensing the geomagnetic field.

The leading hypothesis for geomagnetic sensing involves magnetically sensitive
chemical intermediates known as radical® pairs [27, 28]. This mechanism is consis-
tent with birds’ sense of magnetic inclination, and thereby seems to form the basis
of avian magnetoreception. The competing hypothesis, known as the magnetite
mechanism, is based on the response of magnetic iron-containing nanoparticles to
the external magnetic field [29-31]. This mechanism is unlikely to be responsible
for birds’ magnetic-compass orientation, though it is potentially involved in birds’
detecting magnetic-map information, i.e. the ability to locate their positions on

Earth using local geomagnetic information [32, 33].

LA radical is an atom, molecule, or ion that has at least one unpaired valence electron,
normally formed through the homolysis of weak bonds or electron transfer.



Furthermore, behavioural experiments suggest that the biological magnetic
compass of animals, such as birds [34-37], newts [38] and beetles [39], is light-
dependent. Light-dependence is apparently not a property belonging to the
magnetite mechanism, but coincides with the photochemical transformation with
a radical pair as a transient reaction intermediate in the radical pair mechanism.
Moreover, the light-dependent compass is wavelength-dependent [36, 37]: birds
tend to orient well under light in the wavelength range 400-565 nm, but they
orient randomly if they are kept under red light or completely in the darkness.
Such photo-induced magnetic sensor is most likely to be located in the eyes,
though the magnetic sensitive radical-pair reactions possibly occur, in principle,
almost anywhere in a bird’s body considering of the transparency of biological
tissue to static and low-frequency magnetic fields and the absence of any obvious

magnetosensory organ.

Experimental and computational studies [40-45] suggest that radiofrequency
(RF) fields could remarkably influence radical pair reactions via the RF-induced
resonance between energy levels of the magnetic interactions in a radical pair.
Behavioural experiments [46-49] in which birds exposed to weak RF fields lose
their ability to orient in the geomagnetic field provide arguably the strongest
evidence for the radical pair mechanism, though the exact RF conditions needed to
disrupt the compass still stay undetermined. In 2009, Ritz et al. reported that an
extremely weak (15 nT) RF field at the Larmor frequency of a free electron in the
local geomagnetic field was sufficient to prevent birds from using their magnetic
compass, suggesting that the unpaired electron in one of the radicals must be
isolated from any magnetic interaction within the radical pair [48]. However, this
discovery was challenged by a recent study [49] with the aim to replicate the

experiments of Ritz et al.. Although failing to see specific effects on the birds’
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magnetic compass orientation capabilities using fields at the Larmor frequency,
this study found that weak, broadband RF noise causes significant disorientation

of birds.

1.1 Radical pair mechanism

Until the 1970s [50, 51], magnetic fields had not been realised to alter the rate
or yield of a chemical reaction by most scientists, due to the far smaller? energy
associated with the magnetic interactions of typical molecules than the thermal
energy, k1" with kg Boltzmann constant and 7' temperature, which is associated
with the random molecular motions - rotation and vibration. Note that in thermal
equilibrium, energies required to alter the rate or yield of a chemical transforma-
tion should be at least comparable to the energy associated with these motions.
However, a system at the state far from equilibrium indeed allows delicate inter-
actions to have significant effects. In the context of magnetic sensitive reactions,

the non-equilibrium state is the spin-correlated radical pair.

A radical pair consists of two radicals created simultaneously usually by a
chemical reaction such as homolytic bond-breaking (e.g. CHy — [CH§ H'} where
“e” denotes the unpaired electron and [ ...] indicates the radical pair). Radical
pairs, formed through electron transfer (ET) and able to recombine according to
their spin states, were first proposed by Schulten et al. in 1978 to account for
the avian magnetic-compass sense [28]. A simple model [52] for the ET-induced
radical pair comprises an electron donor, D, and acceptor, A. Photo-excitation of
A causes the electron to be passed from the closed shell D to A* (“«” denotes the

photo-excited state), D + A* — [D'+ A'_]. In many organic radicals, the lack of

2The interaction of the geomagnetic magnetic field (30-65 T) with a single molecule
is more than a million times smaller than its thermal energy under physiological
conditions.
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BT MFE
1IA* 1D —> 1[A0- D0+]f\/3[A0— D**]

Xl
A D A 3D

Figure 1.1: Reaction scheme for a simple radical-pair model.

heavy atoms (e.g. transitional metal) causes tiny spin-orbit couplings and low
symmetry leads to quenching of orbital angular momentum. Thus, the exchange
of spin and orbital angular momentum is inefficient and can appropriately be
ignored in the process of electron transfer. Hence, spin angular momentum is
conserved in the formation of a radical pair. Assume that ET is immediately
followed by the photo-excitation before any appreciable inter-system crossing can
happen, so that the radical pair [D'+ A'_] is generated in a (spin) singlet state
(Figure 1.1), i.e. the two unpaired electron spins are arranged anti-parallel to
each other. Conventionally, the conservation of electron spin is considered as a
fundamental requirement for radical-pair based magnetoreception. However, this
could be changed by the consideration of the chirality of the medium the electron

travels through (detailed discussion in Chapter 6).

The singlet state is also non-stationary because the two unpaired electrons are
coupled to different nuclei in each radical where they are respectively localized.
Therefore, the radical-pair spin state, driven by magnetic interactions, will evolve
over time, and the time evolution is represented by the coherent interconversion
between the electronic singlet and triplet states. Usually, among these mag-
netic interactions within a radical pair, the hyperfine interactions of the electron

spins with the nuclear spins show the greatest significance in the singlet-triplet
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interconversion. Even as weak as the geomagnetic field of 50 T, an external
magnetic field can remarkably modulate the singlet-triplet interconversion via the
Zeeman interaction with the unpaired electrons. Significantly, this modulation
of the radical-pair spin dynamics is anisotropic with respect to the direction of
the magnetic field, as a result of the anisotropic hyperfine interactions in the
radicals (detailed discussion in Chapter 3). This directional dependence of the
singlet-triplet interconversion on the external magnetic field forms the basis of
the radical-pair compass. Hence, radical pairs in the magnetoreceptor must align
in a specific order to preserve the anisotropy of the hyperfine interactions in a
radical pair from being averaged out over all the pairs. Inter-radical spin interac-
tions, on the other hand, cause extra energy gaps between the singlet and triplet
states, which generally hinder the singlet-triplet interconversion. Thus, a sensitive
magnetoreceptor cannot rely on radical pairs with inter-radical interactions much

stronger than the hyperfine interactions.

The spin-selective recombination of a radical pair, i.e. the back electron trans-
fer to obtain either the singlet or the triplet product (Figure 1.1): '®[D** A*"] —
1D 4+ A where “1” and “3” denote singlet and triplet respectively, depends not
only on the two reaction rate constants but also on the extent and frequency of
the singlet-triplet interconversion [28]. Besides, reactions could involve only one
of the radicals and form a product from both the singlet and triplet fractions
of the radical pair [53]. Although spin-independent, such reaction provides a
competing pathway for the radical-pair recombination. The magnetic field effect
on the spin dynamics is captured in the yields of the radical pair reactions. The
core assumption of the radical pair mechanism in avian magnetoreception is that
the navigation information for birds’ migration encodes in the field-modulated

yields of the radical pair reactions. In 1998, Timmel et al. found that weak
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magnetic fields promote the efficiency of the singlet-triplet interconversion through
breaking the degeneracy of the energy levels of the magnetic interactions in a
radical pair [54], so that the triplet product benefits from the external magnetic
field with a corresponding decrease in the singlet product for a singlet-born radical
pair. Computational study [55] shows that the reaction yield of a radical pair
with anisotropic hyperfine interactions is indeed closely related to the direction
of the external weak magnetic field ~50 pT. In 2016, Hiscock et al. proposed
that the high angular precision of the radical pair compass may originate in a
“quantum needle” arising from the avoided crossings of the quantum mechanical
spin energy-levels of radicals [56]. Recently, Kattnig et al. predicted that the
directional sensitivity of a radical-pair magnetic compass could be significantly
enhanced by the “scavenging” reaction of one of the radicals with an external
paramagnetic molecule [57]. All these studies make it promising for the radical
pair mechanism to account for the avian magnetoreception, though the concrete
comprehensive description of the actual radical-pair magnetic sensor for avian
migration is still unknown. The major difficulty comes from the serious challenge
of experimental detection of the anisotropic weak (~50 pT) magnetic field effects

on the proposed magnetoreceptors.

A sensitive radical-pair compass requires that the radical pair remains in a
coherent spin state for a lifetime as long as at least one Larmor period, T, = 1/vy,.
For a 50 u'T magnetic field, T, = 700 ns. However, various stochastic modulations
of local magnetic fields, induced by unavoidable thermal motions, inevitably relax
the coherent spin state to equilibrium. Generally, spin relaxation, much quicker
than 700 ns, is considered to wipe out the coherent oscillations in spin dynamics
(Figure 1.1) before a magnetic field ~50 uT could show any noticeable effect on

the singlet-triplet interconversion. Unfortunately, there still lacks an accurate
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description of the actual relaxation mechanisms in radical-pair magnetoreception
[58-62], though studies [63, 64] with consideration of the stochastic modulation
of hyperfine interactions show that spin relaxation may not completely remove
the compass property of the proposed radical-pair magnetoreceptor. Moreover,
certain spin relaxation mechanism could enhance the directional sensitivity of a
radical-pair compass [65]. In Chapter 5, we will show that this spin relaxation,
even faster than the chemical reactions, probably participates in the magnetic

sensing and could account for the time-dependent magnetic field effect.

1.2 Cryptochrome

In 2000, Schulten et al. proposed that cryptochromes, in the same family of
proteins as photolyases [66-69], might be the photo-induced magnetoreceptor to
form radical pairs, sensitive to magnetic fields, for avian navigation. Even to this
day, this protein remains the only candidate radical-pair magnetoreceptor [70-72].
However, concrete evidence that cryptochromes actually account for the birds’
compass orientation is still lacking, though various reports [71, 73-77| suggest
that cryptochromes are involved in animal magnetic-field-dependent behaviours -

their effects could merely be embodied in the signalling pathway.

An equivocal evidence is that some cryptochromes contain a redox-active flavin
adenine dinucleotide co-factor (FAD), a chromophore with an absorption band
covering 400-500 nm approximately matching the photo-activation wavelength of
the avian magnetic compass [36, 37, 78]. The photo-excitation of FAD is followed
by sequential electron transfers along the conserved tryptophan (Trp) residues
(Figure 1.2) [79], so that a singlet radical pair, consisting of the flavosemiquinone
radical (FAD®*") and the terminal tryptophan radical (TrpH*"), is formed. The

evolution of the spin state of the [FAD'_ TrpH'ﬂ radical pair, RP1, mainly
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FAD* + TrpH ET

4 S

0.1
“SRP1. =—— RP1,

~1ps

hv

RP2,

FAD + TrpH

Figure 1.2: Scheme for the radical-pair reactions in Cry4. Photo-excitation (blue
light) of FAD is followed by sequential electron transfers to form the long-lived (~1 us)
radical pairs. RP1¢p) denotes the [FAD'_ TrpC(D)H'+] radical pair. RP2¢(p) denotes
the [FAD'_ Trp'C(D)] radical pair. Fast electron hopping (~0.1 ns) between RP1¢ and
RP1p gives rise to a composite radical pair which is thought to account for the magnetic
sensing process. RP2¢ and RP2p are stabilized radical pairs that on a long timescale
(> 1 ms) give the FADH® radical state, as the potential signalling state.

originates from various hyperfine interactions (see Appendix A) and is modulated
by external magnetic fields. Reverse electron transfer allows the radical pair
to return to the reactant state. In cryptochromes, only the singlet radical pair,
! [FAD'_ TrpH'+], can possibly recombine to the ground state, FAD + TrpH , i.e.
there is no accessible triplet product state of cryptochrome that could be formed
spin-selectively from the triplet radical pair [53, 79, 80]. The spin-independent
deprotonation of the TrpH*" radical gives a secondary radical pair, [FAD'_ Trp'}
RP2, with the spin correlation inherited from the [FAD" TrpH'*] radical pair.
Both reaction pathways occur on a time-scale of 1 us [79], which satisfies the
condition for a weak magnetic field ~50 uT to appreciably modulate the yields
of the products. [FAD" Trp'} radical pair has a lifetime more than 1 ms, such
a long time-scale that the coherent spin state would be well relaxed before the

spin-selective recombination could proceed to a significant extent. Thus, no
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magnetic field effect is expected from the spin dynamics of the [FAD" Trp']
radical pair. Furthermore, protonation of the FAD®™ radical, giving the stabilized
FADH?®, takes a longer time (e.g. > 1 ms in robin cryptochrome 4a [79]). FADH®
is supposed to have the function of triggering the biochemical signalling cascade

53, 79].

Six cryptochromes (Cryla, Crylb, Cry2a, Cry2b, Cry4a and Cry4b), found in
birds’ retina cells, were expected to account for the light-dependent magnetorecep-
tor [71, 73, 75, 81, 82]. However, studies [83] suggest that avian Cryla and Cry2
proteins may not bind FAD strongly in vitro, as the key amino acid residues used
to bind FAD in DmCry (fly Drosophila melanogaster) may be missing. A recent
photochemistry study [79] shows that Cry4 from the night-migratory European
robin (Erithacus rubecula), with good flavin binding, is magnetically sensitive
in vitro. In the same study, greater magnetic-field-induced change in the yield of
the reaction product for ErCry4 has been detected than that for GgCry4 (chicken
Gallus gallus) and for ClCry4 (pigeon Columba livia), two non-migratory bird
species. Electron transfer involving a tetrad of tryptophans in Cry4 gives the
FAD-Trpp, radical pair with lifetime ~10 ps. Although the FAD-Trp radical pair
seems to be responsible for the major magnetic sensing process [79], the rapid
electron hopping between Trp and Trpp, gives rise to a composite radical pair,
which was shown by a recent computational study [84] to have potentially better

directional sensitivity to weak magnetic fields than the FAD-Trp radical pair.

10



Chapter 2

Theories and fundamentals

Spin dynamics is essential for radical pair based magnetoreception. This chapter is
concerned with the basic concepts related to spin dynamics, how a weak magnetic
field can potentially affect the spin dynamics, how this effect can be quantitatively

described, and how spin relaxation is included in the spin dynamics simulation.

2.1 Rotation and angular momentum

In quantum mechanics, the position and momentum of a particle are characterized
by (vector) operators, X and p. The momentum operator p is the generator of an
infinitesimal translation operator, ﬁ(dx) =1—ip-dx/h [85]. x and p have the

commutation relation:
(&1, p;] = ihdy; for all k, j € {z, y, 2}, (2.1)

where A is the reduced Planck constant, [A, B} = AB— BA, and 7;, and p; denote
the component operators of x and p. The orbital angular momentum operator L

is defined as the cross product of x and p,

~

L =% xp. (2.2)

Thus, the commutation relation among the component operators of L (i.e. L,=

A

Ty P, — T, Py, Ly = 2T, Py — Ty P, and L, = T, p, — 2, D) can be obtained according

11
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to the commutation relation in equation (2.1) [86]:
[f;i,zj] = Zez]kh[:k for all i, j, ke {x, Yy, Z}, (23)

where ¢€;;;, denotes the Levi-Civita symbol with €,,, = 1. The orbital angular
momentum is quantized, and the eigenvalues of L? = L - L are (I + 1)h* where

[ =0,1, 2. is the orbital quantum number [86].

2.1.1 Spin angular momentum

In quantum mechanics, the angular momentum can possibly be irrelevant to
the position and the linear momentum of a particle, because of the existence of
spin angular momentum (or simply spin). Spin is an intrinsic form of angular
momentum carried by elementary particles, and thus by some atomic nuclei. It was
inferred by experiments, such as the Stern-Gerlach experiment, where the quantized
magnetic moment of the electron p, was discovered. This magnetic moment
was later realized to be attributed to the quantized spin angular momentum

characterized by the spin vector operator S. This magnetic moment n, is:
UB &
He = _96?87 (24)

where g, ~ 2.0023 is the Landé spin g-factor for a free electron, which was

predicted and calculated using the Dirac equation, a relativistic wave equation,

__ eh
HB = 35

is the Bohr magneton where m, is the mass of an electron and e is
the elementary positive charge. The minus sign in equation (2.4) results from
the negative electric charge carried by a single electron. p, can alternatively be

written as:
He = ’yeg’ (25)

where 7, ~ —1.7609 x 10! rad -s~' - T™! is the gyromagnetic ratio for an electron.

12



2.1. Rotation and angular momentum

Although the spin angular momentum is not related to X and p, it is defined as
the generator of an infinitesimal rotation operator of the spin state ket in Hilbert
space [85]. Before giving the detailed introduction of the rotation operator, we
first look at an infinitesimal rotation of any three-dimensional vector denoted by
Rn,5¢), Where n as a unit vector represents the rotation axis, and d¢ denotes
a small angle. Ry s4) is described by the SO(3) group (the special orthogonal

group in three dimensions), which contains three basis generators (in physics

convention):
0 0 O 0 0 4 0 —2 0
R,=|00 —i|,Ry=10 0O0|,R.=1]7 0 0 (2.6)
0 ¢« O -1 0 0 0 0 0
Then, Ry, 5¢) can be expressed as:
Ring) =1 —i(R-m)dg, (2.7)

where R denotes the vector with R,, R, and R, as its three components. A finite

rotation around n is obtained by compounding successive infinitesimal rotations:

Ringy = Jim (1= i(R-m) ) = o-itRoe 28)

Then, the rotation of the vector spin operator S, around the z-axis for instance,

is: , A o
S = R4S =e¢ "*S
cos (¢) —sin(¢) 0
= | sin(¢) cos(p) O
0 0 1
cos (¢)S, — sin (¢)S,
= | sin(¢)S, + cos ()5,
S

Note that the rotation generators in equation (2.6) do not commute with each

8

<

(2.9)

I\

other, and they have the commutation relation:

[RZ-, Rj] = i€ Ry, for all i, k, j € {z, vy, 2}, (2.10)

13
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that is same with the commutation relation in equation (2.3) when taking & as
unity. This verifies the general definition of the angular momentum in quantum

mechanics as the generator of a rotation in Hilbert space.

The infinitesimal rotation of a spin state ket is written as %y s4) which is
described in the SU(2) group (the special unitary group in two dimensions). For

a spin-1/2 particle such as the electron, the three component spin operators are:

A 1 A 1 A 1
Sa: = 50-307 Sy = 50y, Sz - éo-za (211)

where o5, denotes the Pauli matrices,

01 0 —1 1 0
w= 10 )%=\, o |'==|o 1] (2.12)

Note that we set h = 1 throughout the rest of this thesis. Then, the representation

of Dn,s5¢) 1s given:

A

Din,s50) = 1 — (S - n)do. (2.13)
In analogy with equation (2.8), a finite rotation for the spin state ket is obtained:
D, gy = € 1E™2, (2.14)

Then, a spin state ket |«) after a finite rotation is:
') = Din, ) |).- (2.15)

As a result of such rotation, the expectation value of the spin angular momentum

becomes:
(IS]a’y = (1D, )51 Pn g)|er) forall j € {z, y, z}. (2.16)

This is equivalent to applying a rotation operation to the component spin operators
instead of the state ket:

Si =D 8D s (2.17)

14



2.1. Rotation and angular momentum

Such rotation to Sj is equal to Ry ¢) acting on the vector spin operator S [85]:

.@(ngb)gj.@(m@ = Z R(n,(ﬁ)jksk for all j € {27, Y, Z}, (218)

k=z,y,z2
where R, ¢) is viewed as a matrix and Ry, ¢)j% denotes a matrix element. This
can be verified by the example of a rotation of the component spin operators

around the z-axis:

: s 0 leio o
@gz,¢)5w@(z,¢) = 905,070 = <le—i¢ 20 ) = cos (¢)S; — sin (¢).S,,
2
9 g =05~ (0 TN L8 4 cos ()8
(z,) Py 2 (z,0) = € € i it 0 sin » 1 cos (¢)Sy,
2
DS Doy = €505, = 8,

(2.19)

which coincides with equation (2.9).

2.1.2 Higher spin

Apart from electrons, atomic nuclei can have spin angular momentum. As a nucleus
is composed of protons and neutrons (both of which are spin-1/2 particles), the
spin quantum number of a nucleus can either be integer or half-integer. For
instance, the 'H nucleus (a proton) has a spin quantum number s = 1/2, N has
s =1, and 'O has s = 5/2. Although the spin quantum number of atomic nuclei
can be higher than that of the electron, the fundamental commutation relation

among the component spin operators is invariant:
[Si, SJ] — ie;Sy for all i, j, k € {z, y, z}. (2.20)

Note that all of the component spin operators commute with the operator which
characterizes the total spin angular momentum, 52 = 52 + SZ + Sf, Therefore,
S'j and S? share the same set of eigenstates:
S?|s, my) = s(s + 1)[s, my),
(2.21)

S.|s, ms) = myls, my) with my € {—s,—s+1,....,s —1,s},
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2.1. Rotation and angular momentum

where my is the so-called spin projection quantum number ranging from —s to
s with a step of 1. Note that here we follow the convention that S, is diagonal.
Thus, there exist a “ladder” of 2s + 1 eigenvalues for SZ, and this “ladder” is
described by two operators Sy (where + and — respectively mean step up and
down). Sy are defined as:

A ~

Sy =S, +18,,. (2.22)

From this definition and the commutation relation in equation (2.20), one will

find that the two ladder operators satisfy the commutation relations:

N A ~

[S4,S-] =285, [S.,584] = £54. (2.23)

Based on such commutation relations, the action of S’i on the eigenstates of S’Z

gives [85]:

Sils, mg) = /(s Fmy)(s £ my +1)|s, my). (2.24)

Note that this is not restricted to the spin-1/2 particle. Higher spin angular
momentum operators are thus obtained with the diagonal S”Z, and S, and Sy
expressed by Sy

T 9 Y 2i

Taking the spin-1 particle (such as “N) as an example, m, is allowed to be 1,

g oS tS o S-S (2.25)

0 or —1, the three diagonal elements of S.. Matrix elements of S, and Sy in
the eigenbasis of S, are obtained by equations (2.24) and (2.25). Then, the

representations of the three component spin operators are:

10 0 (oo L [0 o
S,=100 0f,S=—=|101|,S=—4|7 0 —i|. (226
00 —1 V2 010 V2 0 i O

2.1.3 The 27 rotation

The equivalence between the two ways of rotation either for the component spin

operators, gx, Sy and SZ, in Hilbert space or for the vector spin operator, S, in the
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2.1. Rotation and angular momentum

three-dimensional real space is demonstrated by equation (2.18). This equivalence
originates from the same commutation relation of the generators of the SU(2)
group and the SO(3) group. However, the inference that there is a one-to-one cor-
respondence between the two groups is incorrect [85]. A rotation of 27 described
by the SO(3) group language makes no difference to the three-dimensional vector
(i.e. the rotation matrix is an identity matrix, R, ox) = i) Whereas such 27
rotation in the SU(2) group language is not necessarily represented by the identity

matrix for a spin state ket.

A state |a) of spin-s can be expanded in the eigenbasis of S,

DRI

ms

S, M), (2.27)

where ¢, = (s, ms|a). A 27 rotation around the z-axis gives [a),

|0') = Dgomla) = e7527N " s, mg) =Y e T s, my). (2.28)

ms ms
The phase of every |s, m,) element becomes e~*™™. If s is a half-integer, so is
m,. Thus, e"®2™™ = —1_ regardless of which m, it is. Similarly, if s is an integer,

so is my and €™ = 1. Then, Z, o) can be represented in terms of s:
Dig2m) = (—1)* 1. (2.29)

This can be generalized to an arbitrary rotation axis characterized by a unit
vector, n = (n,, ny, n,)7, where the superscript “1t” denotes the transpose. n can

be viewed as z = (0,0, 1)T after a rotation denoted by Ry,:
n= R,z (2.30)
Remembering the representation for %y ) in equation (2.14), S - n now is:

S-n=S8n=S"(R.z)= (R, S)z= (R, S)z, (2.31)
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2.2. Addition of spin

where RT = R™! meaning a reverse rotation in the SO(3) group has been used.
Here, the rotation of z has been transformed to a reverse rotation of the vector
spin operator S. Using equation (2.18) and noting that any rotation operator &
is unitary, the component spin operators after such reverse rotation are obtained:

(2.32)

k:ﬂ?,y:Z

Then, S - n in equation (2.31) becomes 5. = % S, 2. Therefore, D(n,2m) is

obtained:
Dipomy = € PSP — g S gt — g g P (2.33)
Recalling Z(,, 2+ in equation (2.29), we have:
Dn2m) = (1) 1. (2.34)

In conclusion, for an integer spin, the 27 rotation will return the state ket, whereas
for a half-integer spin, the state ket will differ from the original ket by a minus sign
after the 27 rotation. This is the fundamental basis of the Kramers degeneracy
which will be discussed in detail in Chapter 4 about the effect of a resonant

radiofrequency field on a radical pair.

2.2 Addition of spin

The spin-selective reactions of organic radical pairs generally involve multiple spins
— mainly the two unpaired electrons and the nuclear spins, among which there
exist spin interactions that are responsible for the time evolution of the radical
pair spin state. To describe the states of the combined spins, we need the tensor
product operation “®” which stands for a product between elements of different
Hilbert spaces denoted by H. The tensor product forms a larger Hilbert space,

taking two matrices A and B (suppose they are both 2 x 2 matrices) respectively

18



2.2. Addition of spin

in H4 and HP for example,

a11b11 aiibia  aebin aiebie

A9 B— anB apB _ a11b21  ai1baa  ajoba  ajebag (2.35)
an B anB a21011  agbia  agbin  anbie
a21b91  ag1baa  agebar  ageba
The tensor product has a significant property:
(AD)® (CB) = (A® C)(D ® B). (2.36)
Thus, A ® B is re-written as:
A®B=(A1Y® (1°B) = (A2 1%)(1* ® B), (2.37)

where 145 is the identity matrix in HA®). A® 17 and 14 ® B are the operators

in the entire Hilbert space but only acting in their respective subspaces.

2.2.1 Two spins

Consider a two-spin system. The vector spin operators of the two spins are denoted

by S, and sg, and the total vector spin operator is:
S = S1 + SQ = (Slx + g?xy gly + ng) Slz + S’Qz)Ta (238>

with the total component spin operator S = S+ Sop, for all k € {z, y, z}. Then,

we have:

SQ - (glx + S2x)2 + (Sly + SQy)Q + (Slz + S2z)2

N . 2.39
=ST+55+2 ) S (2.39)

k=z,y,z
Still as [§2, 5;] — 0, the simultaneous eigenstates of 2 and S, are denoted by
|S, Mg), where S and Mg are the total spin quantum number and the total spin
projection quantum number, respectively. Besides, the entire spin space of the
two-spin system can be spanned by the tensor products of the eigenstates of

52 (S1.) and 52 (S,.), which are denoted by |syss, my,my,). It is important to
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2.2. Addition of spin

notice that [Sz, 5‘14 # 0 and [§2, ggz] # 0, such that |S, Mg) is not equivalent

to |s182, ms,ms,). But |S, Mg) can be expanded in terms of |sysq, Mg, ms,):

|S> MS) = Z |51327 m81m82><81327 m81m82|S7 M5>

My, Msy

_ E SMg
- Cmslms2|81827 m81m82>7

Mgy, Msy

(2.40)

where Cii\/f%w = (8182, mg,mg,|S, Mg) is the so-called Clebsch-Gordan coefficient.
One will find that C’,iﬁffnSQ vanishes unless Mg = mg, +mg, and |s; — s3] < 5 <
s1 + So. For a two-spin system composed of two electrons, S is allowed to be 0
(with Mg = 0) or 1 (with Mg = —1, 0, 1). Thus, there are four cigenstates of 52,
conventionally known as a singlet state for S = 0, Mg = 0 denoted by |S) and
three triplet states for S = 1 denoted by |T_) for Mg = —1, |Ty) for Mg = 0 and

|T) for Mg = 1. They can be represented as:

1 1
S) = ﬁ’ ) — E' R

1 1
To) = ﬁ‘ )+ E\ R
’T+> = \ TT%
T-) =11,

where the arrow-denoted states refer to |s1ss, ms,ms,) with T and | indicating

(2.41)

ms = +1/2 and ms; = —1/2 respectively. Note that the spin vectors of the two
electrons are precisely anti-parallel when they are in the singlet state. One finds
that (T|S?|To) = 0 and (To|(S2 + 52)|To) = 2 = S(S + 1), but (Ty|S;|To) = 0
for all j € {z, y, z}. This means that the electron spin vectors are parallel in the
|To) state as an eigenstate (determined) for S., but have random directions in the
xy-plane. Such uncertainty in quantum mechanics - we cannot determine both
S, and S, (y) (operators that do not commute) simultaneously - is also valid for a

composite of the elementary particles such as the two-electron system.
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2.2. Addition of spin

2.2.2 The 27 rotation for multiple spins

In a radical pair, apart from the two unpaired electrons, the nuclear spins must
be taken into account, as the spin interactions among the electron and nuclear
spins are significant to the radical pair spin dynamics. The 27 rotation operator
in equation (2.34) will be shown valid for such multiple spin system with a
total spin quantum number S and a total spin projection quantum number Mg,
consisting of integer (e.g. *N) and half-integer (e.g. the electrons and 'H) spins
(8182...SN, Mg, Ms,...ms, ). The allowed S ranges from the minimum positive
combination of sy, sg, ..., sy to the largest s; + s+ ... +sy. Then, one will realize
that whether S is integer or half-integer is only related to the parity of the number
of the half-integer spins (i.e. odd number of half-integer spins give a half-integer
S, whereas even number of half-integer spins give an integer S). An arbitrary
spin ket is always able to be expanded in terms of the various eigenstates of 52

@) = Y e ST Ms), (2.42)

S, Ms, {7}

where {7} denote an aggregate of the additional quantum number v for the total
spin S, which is necessarily introduced for a system includes more than two spins.
The rotation operator for every element \S{”’}, Mg) turns out to be the same,
following the analogous algebra in Section 2.1.2. The representation of the rotation

operator for a multiple spin system is obtained:
Din,om) = (—1)err 1, (2.43)

where Nyr is the number of half-integer spins. The 27 rotation operator is an
identity matrix for a spin system with even number of half-integer spins, and it
becomes an identity matrix multiplied by —1 for a spin system with odd number

of half-integer spins.
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2.2. Addition of spin

2.2.3 The spin states of a radical pair

Throughout this thesis, the photo-induced radical pair is supposed to be formed
in an electronic spin singlet state in order to preserve the total spin angular
momentum of two electrons in a closed shell - the electron transfer is supposed to
be so fast that any potential spin magnetic interaction within the transfer process
does not have enough time to make an appreciable change to the spin state of
the two electrons. As well as the electronic spins, the nuclear spin subspaces
must be included in the entire radical pair spin space, as the electron-nuclear spin
interactions are critical for the spin evolution of the radical pair. An important
assumption is that the nuclear spin state is in equilibrium when the radical pair
is initialized such that the nuclear spins are totally mixed. Therefore, the nuclear
spin state is a completely random ensemble in which populations of all the basis
states are equal to each other and the nuclear spin coherences among these states
are completely absent. This totally mixed nuclear spin state cannot be represented
by a ket which only accounts for a pure state. Instead, the identity matrix divided
by the dimension of the nuclear spin space, as the density matrix specifically for
the totally mixed state at equilibrium, represents the initial nuclear spin state
Pn(0)*

B 1 1 2 B 1

where the identity matrices, 1} and 12, respectively describe the nuclear spin
spaces of radical 1 and 2 with dimensions of Z' and Z2, such that the entire
nuclear spin dimension of the radical pair Z = Z' x Z2, and the nuclear spin

space 1, = 1L ® 12. 7% with i = 1, 2 is calculated as:

N;
H 2L + 1 (2.45)
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2.2. Addition of spin

where I,y denotes the spin quantum number of the p-th nucleus in radical 7. Now,

the initial spin state of the radical pair is obtained as:

1
P©0) = Pe(0) © Pn(0) = ZIS)(S| ® 1, (2.46)

where p. () denotes the two unpaired electrons that are in singlet state when the

radical pair is formed.

Projection operator

The spin state of the radical pair evolves under the spin interactions, and mean-
while, the recombination of the radicals is selective on the spin state (i.e. radical
pairs in singlet or triplet states are normally considered to recombine to different
reaction products, namely the singlet product or the triplet product) [52]. Such
spin selective reactions are realized by the projection operators in the Haberkorn
quantum master equation [87], which will be discussed at detail in Section 2.4. The
projection operators are linear operators. Specifically for a radical pair reaction,
the singlet and triplet projection operators, PS and P, are particularly significant.

They are written: R
P =[8)(S| ® 1,,

P'= > |Tu)(Tn| @1,

m=+4,0,—

(2.47)

The action of PS and PT projects the electron spin state onto its singlet or triplet
subspaces. The probability of finding the singlet or triplet state in the spin state

of the radical pair at some moment t is:

S(T ~
P(t() )= Te{P*Dpy), (2.48)

where 'I‘r{} denotes the trace. Note that the the initial singlet state of the

PS.

radical pair can be written in terms of the singlet projection operator, p) = %
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2.2. Addition of spin

2.2.4 Exchange of the electron spins

In a radical pair, the two unpaired electrons are localized in their respective radicals.
Thus, the overlap of the two electrons’ spatial wavefunctions is negligible. Note that
this small overlap for a radical pair is characterized by the exchange interaction as
a perturbation, like other spin magnetic interactions, to the electronic interactions.
Therefore, the two electrons can be appropriately regarded as distinguishable [88].
Nevertheless, when the radical pair recombines, the two electrons will be stabilized
in the same chemical environment, returning their indistinguishable property.
This will give rise to a total anti-symmetric wave function composed of either a
symmetric spatial wavefunction and an anti-symmetric spin wave function (i.e.
the singlet reaction product ®g) or an anti-symmetric spatial wavefunction and a
symmetric spin wave function (i.e. the triplet reaction product ®1). Therefore,
the spin selective reaction can be viewed as the symmetrization or the anti-
symmetrization of a generic spin state of the two electrons. The symmetrization
@g and the anti-symmetrization Q A operators can be written as:

Qs =51+ Pn) =148, -8,

A 1 A 1 o (2.49)

Qa=3(1-F)=71-81-$,,
where P is the permutation operator, which exchanges the spin states of the two

electrons: P21(|U>(1) ® 1) @) = 1)) @ V). Py is represented as [85]:
. 1 A A
P =31+28; -8y, (2.50)

Note that Qg and Q4 are not unitary, though their summation turns out to be
1. For a state that is already symmetric/anti-symmetric, the operation of anti-
symmetrization /symmetrization will be physically meaningless, as Q 4]ag) = 0;
Qslaa) =0 (Jag)/|as) denotes a symmetric/anti-symmetric state). In terms of

the spin selective reactions of a radical pair, Q 4 and QS are equivalent to the
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2.3. The spin interactions in a radical pair

projection operators P and PT in equation (2.47). Thus,

A 1. ~ A~
PP =-1-8;-8,,
) § o (2.51)
PTzzl—i—Sl'SQ.

2.3 The spin interactions in a radical pair

In quantum mechanics, the Hamiltonian operator corresponding to the total

energy of a system, is the generator of an infinitesimal time evolution of the state:
Uy =1 — iHt. (2.52)

This can be inferred from the Schrodinger equation [85]. If H is time-independent,

a finite time evolution can be straightforwardly generalized as:
Wiy = 1. (2.53)

The magnetic field effect on a radical pair is understood through its modulation
on the time evolution of the radical pair spin state. Then, it is necessary to assure

the Hamiltonians of the significant spin interactions.

2.3.1 Zeeman interaction

In the presence of an external magnetic field, lines in the spectra of atoms are
split into a number of polarized components [89]. This is due to the so-called
Zeeman interaction between the electron magnetic dipole and the static magnetic

field, characterized by Hy:

; e

M A
Hz:—(ﬂl+ﬂs)'B:(gzﬁ =

L+ 9:~-S) - B. (2.54)

Hy, describes the coupling of the electron magnetic moments with the external
magnetic field. It is important to note that in organic radicals, there normally exist

asymmetric ligand fields which will quench the orbital momentum (i.e. (L) = 0).
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2.3. The spin interactions in a radical pair

Besides, because of the lack of heavy atoms in organic radicals, the spin-orbit
coupling L- g, which accounts for the exchange between the electron orbital
and spin angular momentum, is negligible. Therefore, only the S B part that
significantly contributes to the spin dynamics of a radical pair. Then, Hy is

re-written as:

,LL_B

ﬁz:geh

S-B=-7.S-B. (2.55)

One will find that the time evolution attributed to Hy is equivalent to the rotation

around the direction n of the static magnetic field (B = Bn):

~

%Z(t) — e—i}flzt — e—i(—’ye SB)t — e—i(Sn)th — @(n,wot)7 (256)

where wy = —7. B is angular frequency of such rotation. Then, the frequency is
vr, = wo/2m, which is the so-called Larmor frequency, and the Larmor period is
1/vr. A rough guide for the radical pair lifetime is that the radical pair should
live for at least as long as one Larmor period of the magnetic field, such that it
can possibly produce appreciable modulation of the spin dynamics of the radical
pair before recombination. For Earth’s magnetic field of 50 T, the Larmor period
is around 710 ns, whereby it is promising to have magnetic effect on a radical pair

with a lifetime ~ 1 us.

2.3.2 Hyperfine interaction

The hyperfine splitting arises from the energy of the interaction of the electron

spin with the nuclear spin. The Hamiltonian for the hyperfine interactions is:

: 2H09NHN 3 & 3 HOINAN (406 : A %
fhe=—e==5 00 S T-ney i (8 m)(n) =S -0), - (257)

where gy denotes the nuclear g-factor, uy is the nuclear magneton, jy denotes the
vacuum permeability, and r denotes the joining vector which connects positions of
the electron and the nucleus with n, = (n,, n,, n,)7 the unit vector in the direction

of r. The first term of Hy¢ indicates the Fermi contact interaction [90], which

26



2.3. The spin interactions in a radical pair

requires the electron to have some s-orbital character (i.e. the spatial wavefunction
of the electron, 1)(x), has non-zero amplitude to be at the nucleus). The second
term of Hy indicates the dipole-dipole interaction arising from the electron spin
magnetic dipole interacting with the magnetic field generated by the nuclear spin
dipole at a finite distance. This contributes to the anisotropic property of the

hyperfine interaction. For convenience, Hy; is written in tensor form:

ﬁhf = e g . A . i = e Z Akjgkjjy (258)
k,j
=,Y,2

where A is the so-called hyperfine tensor with 9 components [91],

Snk n; — 5kj

_ HogNHN *
R e R

Y d’x, (2.59)

with ag = [ @/JE‘X)WTN”Né?r) w(x)dgx, the isotropic hyperfine constant. The hyper-
fine tensor can be obtained from a DFT (density functional theory) calculation.
Appendix A summerizes the hyperfine tensors in the radicals that are significant

for radical-pair based magnetoreception.

Note that Hy of the Zeeman interaction commutes with S 2 the operator that
characterizes the total spin angular momentum of the two electrons, whereby the
electronic singlet state, as an eigenstate of S 2 cannot evolve solely with H, (note
that here we ignore the negligible g-value differen in two organic radicals). This
can also be understood by remembering that the singlet state, as a spherically
symmetric state, will not change after any Zeeman interaction induced rotation
represented by the Py 1) in equation (2.56). It is the hyperfine interactions of
the electrons with the nuclei in respective radicals (often with a strength of several
hundred microtesla in a FAD-based radical pair formed in cryptochromes) that
are responsible for the singlet-triplet interconversion, whereas a weak external

magnetic field, such as Earth’s magnetic field ~ 50 uT, shows its effect by
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2.3. The spin interactions in a radical pair

modulating the singlet-triplet interconversion. Such modulation is related to the
field direction relative to the quantized axis of the hyperfine interactions, which
is thus considered as the origin of the avian navigational ability of detecting the
direction of Earth’s magnetic field. The anisotropic weak magnetic field effect will

be discussed at detail in Chapter 3.

2.3.3 Inter-radical interactions

Apart from the interactions of the electron spins with the external magnetic field
and the nuclear spins, there exist inter-radical interactions (i.e. the spin couplings
between the two electrons one in each radical) participating in the spin dynamics

of a radical pair.

Exchange interaction

Often, the two radicals (radical 1 and 2) of a radical pair are considered electroni-
cally isolated from each other. The two electrons are localized, one in each radical.
The total electronic Hamiltonian of a radical pair is the direct sum of those of the

two radicals:

O —Hyio O Hy 0 2.60
tot = A B Hp = 0 I:IB ) (2.60)

where H A(B) describes the internal electronic interactions of one of the two radicals,
with eigenfunctions pax) (¢Bx)). The regions of each radical spanned by the
eigenfunctions are represented as Ry and Rg respectively (Ra N Rg = 0). For
two localized non-overlapping electrons, they can be treated as distinguishable
particles [88], such that the spatial wavefunction of the radical pair can be written
in a separable form @ (x,)¥B(x,) Where x; € Ry and x, € Rg. However, in reality,
the two radicals can interact with each other, e.g. the electronic interactions of the
unpaired electron in one radical with the nuclei and the unpaired electron in the

other radical. Such inter-radical interactions give rise to the non-zero off-diagonal
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2.3. The spin interactions in a radical pair

elements in H,.; characterized by A as a perturbation [92]. H,o, = Hy + 6H with

R I:]A 0 . 0 A
Hy = 0 and 6H = A ol (2.61)

Now, the small overlap of the regions of the two radicals (i.e. RANRg = ARap # 0)
must be taken into account. The total wavefunction of the two electrons is
represented in an anti-symmetric form, ¢4 - Xsinglet O @— * Xtriplet; Where Xsinglet
and Xiriplet denote the spin singlet and triplet states, and ¢ denote the electronic

spatial wavefunction written as:

Ny
P+ = E(@A(XOSOB()Q) + OB(x1)PAG)) (2.62)

with Ny the normalization factor. N, will be obtained through:

/ ijtﬁbﬂ: d3X1d3X2

RAURpB

_ N:?: 2 Zj:
- 7<|¢A(X1)§OB(X2)| + |90B(X1)S0A(XQ)|

RAURpB

2 @x(xl)SOB(m)SD*B(xQ)SOA(xQ)) d*x;dx, (2.63)

N? * *
B Ti (1 t142 / SDA(xl)('DB(xl)d‘gXl / ¢B(X2)@A(x2)d3x2)
ARAB ARAB

N2
— 7*(2 + 2|aap|?)

=1

)

with aap = f cpj;(x) (pB(x)d?’x, the overlap of the eigenfunctions pax) and ppx).
ARAB
Then, Ny = \/ﬁ The energy correction from the perturbative inter-radical

interactions is related to the (anti-)symmetry of the spatial wavefunction:

c+J

Ay = LA Gy dPxdPxg = —— 2.64
+ / P A g d'x1d7xy £ [annP’ (2.64)
RAURpB
with
¢ = // P ) Phxa) D PA ) PB ) A X1d7%
R R
e (2.65)
J = // SDZ(XI)@*B(XQ)ASOB(M)SOA(Xg)nglngz-
RAURB
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2.3. The spin interactions in a radical pair

Here, C' characterizes the Coulomb interaction (Coulomb integral) between the two
radicals, e.g. the repulsive potential for the electron at radical A in an electric field
created by electron at radical B. J, normally known as the exchange integral, has
no simple physical interpretation, which arises entirely due to the anti-symmetry
requirement for the total wavefunction of the two electrons. A, with +.J is the
spatially symmetric (so the spin singlet) solution and A_ with —J is the spatially
anti-symmetric (so the spin triplet) solution. Thus, a spin Hamiltonian, with
the singlet and three degenerate triplet states being the four eigenstates, can
be constructed to describe the so-called exchange interaction characterized by
J. Such Hamiltonian can be inferred from the permutation operator in equation
(2.50) which has:

P21|S) =—[5), P21|T> = |T). (2.66)

Thus, the exchange interaction Hamiltonian is represented as:

A

o 1 N N
Hox = —JPn = —J (51428, -8y). (2.67)

Note that here we have approximately taken aap as zero for an organic radical

pair. J is usually assumed to have exponential form:

J=Jye " (2.68)

1 as a range parameter for radicals embedded in a protein

where [ is ~ 14 nm™~
(93, 94], and Jy is complicatedly dependent on the electronic properties of the

radicals and it is difficult to calculate with any accuracy.

Dipolar interaction

The interaction between the two electron spin dipoles is characterized by the

dipolar interaction:

N 2 N N
Hdip = _VegD(\rml)(B(Sl ’ nr12>(82 ’ nr12) -S;- 82)7 (269)
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2.3. The spin interactions in a radical pair

where ry5 is the vector joining the centers of spin densities, n,,, is the unit vector
along the direction of ri2, and Dy, = —2’7‘;":#"'? characterizes the strength of
the dipolar interaction. nis can be considered as the unit vector along the z-axis

after two sequential rotations, firstly around the y-axis by the polar angle #p and

then around the z-axis by the azimuthal angle ¢p:
ng,, = RD n, — R(z,qSD)R(y,GD)nz- (270)

As is in equation (2.31), the rotation Rp can be attributed inversely to the spin

vector operator, such that:

g1(2) Ny, = (RBl Sl(z))T n, = Z (RBl)zj Sl(g)j. (271)

Jj=x,y,2

Then, Hgp, in equation (2.69) can be written in the tensor form:

f{dip = e (R]Sl S1)T ]5 (Rlsl Sg)

= —.S;(RoDR;')S, (2.72)
= —.S,-D-8S,,
where
5 -1 0 0
f)=§D(|r12|) 0 -1 0], -
0 0 2 ( )

D = Rz, 40) Riy.00) D Ry, —0) Rz —om)-
Note that ]:Idip commutes with S2. Thus, the singlet and three triplet states are
also the eigenstates of ffdip, and the corresponding energy eigenvalues are 0 for
|S), —=2D(jr,ap for |To), and D, for |T) (here the rys is set to be along the

quantization axis).

Inter-radical interactions as a barrier & their cancellation

The energy gaps between the singlet and triplet states brought by the inter-radical

interactions often obstruct the interconversion of the singlet and triplet states of
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2.3. The spin interactions in a radical pair

a radical pair. This can be illustrated by a two-level system,

A wr ¢q
Hy = (q w2> ; (2.74)

where w; and ws denote the energies for the inter-electron interactions, and
q indicates the hyperfine interaction that is responsible for the singlet-triplet

interconversion. The projection operators are written:

o (1 0y .. (00
Po=1o o] P'= 1y 1] (2.75)

Suppose the inital state is the singlet state (i.e. p@) = P8), then according to
equation (2.48) the time-dependent probability of finding the triplet state is:
2
P(lz) = TI.{I:)TP(t)} = wzq—_'_qz sin” (\/ wi, + ¢%t), (2.76)
i2

where p(;) is obtained by solving the Liouville-von Neumann equation which will
be introduced in Section 2.4, and wjy = |w; — wy| is the energy gap induced by
the inter-radical interactions. The larger the energy gap is, the smaller is the
amplitude of P(Tt), meaning that the singlet-triplet interconversion becomes less
efficient. It was suggested [93] that such obstruction of spin dynamics can be
removed if wis = 0 (i.e. the singlet and triplet states share the same energy in the
inter-radical interactions). Computational study [93] shows that the restoration of
the singlet-triplet interconversion efficiency can be partially accomplished either by
having D(jr,,)) = —3J or D,y = 6J (known as the “J/D cancellation”), which is
reasonable for a radical pair with the radical-radical separation ranging from 1.8 to
2.2 nm. However, this cancellation seems unlikely for the avian magnetoreception.
Electron paramagnetic resonance experiments [79] suggest that J < D}y, for
the [FAD" TrpH'*] radical pair in avian cryptochromes. A recent theoretical
study [95] suggested that J/D cancellation is not efficient in FAD-based radical

pairs.
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2.4. Spin-selective reactions

2.4 Spin-selective reactions

The time-dependence of the spin state of a radical pair is described by the
Liouville-von Neumann equation:

dP(t) T
o = [H, pw)- (2.77)

If the Hamiltonian is time-independent, p(;) can be obtained:

Py = U po) %, (2.78)
where the time-evolution operator ?/A(t) = ¢t a5 is defined in equation (2.53).
?Z(t) is unitary, so such that the trace of p() is conserved. However, the chemical
reactions of the radicals cause the trace to decay. Then, the reactants and
products are characterized by respective density matrices. In a spin-coherent
radical pair, the reactions can be spin-selective. Not only will the selected projected
proportion of the radical pair (e.g. the singlet radical pair, ps Pe) PS8 selected
for recombination) decay, but the coherences between the selected states (e.g.
ps P PT) also need to disappear when the reaction finishes [87]. Normally, the

chemical reaction is represented by a non-unitary operation characterized by the

reaction operator K, which can be included in equation (2.77):

d N .
gl(:) =1 [H7 ,O(t)} - {K7 p(t)}7 (279>

where {A, B } = AB + BA. Throughout this thesis, the spin- selective reaction

operators are formulated according to Haberkorn [87]. The reaction operators of

the singlet and triplet recombination are:

kr

=L pT 2.
P (2:50)

Ks = P, Kr
2
where kg and kr are first order rate constants. Moreover, the spin-independent

reactions in radical pairs, such as the deprotonation of TrpH*" radical in avian

cryptochromes, are represented as
Kp=—1. (2.81)
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2.4. Spin-selective reactions

2.4.1 Symmetric reaction

Symmetric reaction approximation [54], ks = kr, is often used to evaluate the
potential ability of a candidate radical pair to sense the external magnetic field.
Besides, this approximation helps to simplify the calculation, as the spin-selective
reaction operators add to give the identity operator which commutes with the

density matrix:

{Ks+ K, piy} = {§(PS +PY), pw} = {51 p ) = kpw, (2.82)

where k = ks = k. Ignoring the spin-independent reactions and recalling equation

(2.79), we obtain the solution for p:
Py = U (1) poy 2 (1) e ™, (2.83)

where the chemical reactions have been represented by a simple exponential decay.
Thus, the radical pair lifetime, 7, is 1/k. Now, the time-dependent probability
of finding the singlet radical pair, P(St), is given in the eigenbasis of the spin
Hamiltonian [54]:
S S
Py = Tr{ P"p) }
1 -~ e Aa D
— Tr _PS —thPS iHt —kt
{ e ee }

_ ﬁ{%ZPS’m><m’pS‘n><n| e—iwmn—kt} (284)

m,n

Z] PS5 12 cos (wpnt) e,

where |m) and |n) are eigenstates of H with energy eigenvalues wy, and w, with
units of rad - 571, PS = (m|PS|n) and wym = wn — wy. Note that P?t) is real,

TWmnt

since the imaginary part of e will be cancelled by interchanging m and n
through the summation. In the context of radical pair based magnetoreception,

the product yield of the spin-selective reactions quantifies the information that is
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2.4. Spin-selective reactions

considered available for migratory birds to use, though it still remains unclear how
birds exactly use it. The weak magnetic field affects the product yield through its
modulation of the spin dynamics of the radical pair. Conventionally, the product
yield of the singlet recombination (known as the singlet yield, ®g) is calculated to

describe the magnetic field effect,

) 1 N
b= [ kDSt = 5 3D 1P (2.85)
where f,...) = k%—% is the Lorentzian function.

2.4.2 Asymmetric reaction

The symmetric reaction approximation has been variously applied to obtain
preliminary computational predictions for a potential radical-based magnetic
compass. However, we have to be more careful about the rate constants, ks, kr
and kg when modelling a realistic photo-induced radical pair. The calculation
becomes more complicated now, as the reaction operators do not combine to the
identity operator and they do not necessarily commute with the density matrix.
In cryptochromes, kr = 0 and kg, krp # 0 [53, 79]. One can still do the calculation
in Hilbert space using the “General Method” in Ref [96], rather than stepping
into Liouville space with squared dimensions that greatly increases the calculation

pressure. The total reaction operator K is now written:
K=Ks+Kp=—P5+1 (2.86)

which, combined with H , gives a non-Hermitian operator C = H — iK with

C + CT. Diagonalization of C' and C'1 gives:
ATICA = ¢, ATCHAYH = &, (2.87)

where we have used (A_léA)t — & = AICT(A~1)!. Note that a non-Hermitian

operator does not necessarily have a set of orthogonal eigenstates, thus A=! # AT,
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2.5. Spin relaxation

The time-evolution operator 2 is no longer unitary (i.e. 2 = e_iét, ta) =

¢iC't and Qgt) + Q(*t)l) Then, P(St) is obtained as:

S _ HS T
Py = Tr{ P20 p(o) Q(t)}
1 . A A A
= S Tr{PSAAT e AATI P (AT ATe I (AT AT)
_ 1 NS —iét ie*t AT
= E’I‘r{P Ae " X et ATY (2.89)
1 .
— ErI\r{efzctXezc ty}
1 - -
— E Z e—zcjt‘)(jk6zckty'kj7
gk
where ¢; is the j-th diagonal element of ¢, ¢} is the k-th diagonal element of ¢*,

X =A'PS(A N and Y = ATPSA. Now, the singlet yield is:

kS > i(cf—c; st XkYk
dg = EZXjkij/ elimeldt = =2 % =T (2.89)

*_ .
ik 0 Z %G

The diagonalization of C and CT is computationally demanding and becomes

prohibitive when the spin system has more than ~ 10 spins [96].

2.5 Spin relaxation

For a weak magnetic field, such as Earth’s magnetic field (~ 50 uT), to influence
the spin dynamics of a radical pair, the coherence of the radical pair must live
for a relatively long time (more than one Larmor period [97]) before reaching
equilibrium where the spin correlation of the radical pair has died away and the
external magnetic field has no further effect on the yield of the reaction product.
However, in a realistic situation, various stochastic molecular motions, such as
the rotational tumbling, modulate the magnetic spin interactions within radical
pairs, which unavoidably results in spin relaxation causing the spin coherences and
populations to relax towards equilibrium. In order to characterize such stochastic
process, the spin Hamiltonian is separated into the static (unperturbed) part H,

and the dynamic part H 1(t)-
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2.5. Spin relaxation

2.5.1 Redfield approach

The Redfield approach [98] of describing the spin relaxation is widely used for a
spin system that is weakly coupled to the environment, such that this method is
pertinent to the radical pairs formed in cryptochromes with a constrained mobility.
In the interaction picture (see Appendix C), the density matrix p( is transformed

from that pqy in the Schrodinger picture as:
Py = €0 pgye ot (2.90)

which gives a sense that the time evolution from the static spin Hamiltonian
has been excluded. The dynamical equation for py) can be written by recalling

equation (2.77):

dﬁ(t) d iI:IOt —iﬁot
o =l e )
5 e ] iH dp —iH
- i[HO’ ﬁ(t)} - i<eiHOt [HO + f{l(t), p(t)]e_iHot) (291)

~

= i[Ho, po] — il Hoe ™", piy] — il Higy e ™", p]
= —i[Hiw), P
where H 1) = it fr 1(6) it Then, p() can be expressed by integrating equation

(2.91) with respect to time:

t .
Py = Py — i / [Hiw), Py dt’. (2.92)
0

Substituting this expression into equation (2.91), we obtain:

~

dp : t
PO — _i[Hy, oy — Z/0 [y, )]t

dt (2.93)

N t
= —i[Hiw), po)) —/0 [Hywy, [Hiwy, pn]]dt'.

It is assumed that each radical pair is supposed to relax independently, such that

it is reasonable to take an ensemble average of all the Hamiltonians in equation

37



2.5. Spin relaxation

(2.93) [99, 100]. Given that H, is random in time, it will be averaged out over
time. This leads to the vanishing of the first term on the right-hand side of
equation (2.93). Moreover, it is useful to change the integral variable: let ¢ =t —7

and note that fot fondt' = — j;o fot—rydr = fot ftt—mdr. Then,
dp booa 2 _
= /0 ([, [Hier), pen]])dlt =7)

1
b s 2
= - /0 ([Hiy, [Hyt—r)s Pu-m]])dr,

where <> denotes the ensemble average over 7. The correlation between H 1(0)

(2.94)

and H 1(t—7) 18 supposed to drop so fast that the evolution of the density matrix in
the interaction picture can be ignored in the correlation period [99]. Therefore, it

is appropriate to keep pi—r) as p() and extend the integral to infinity:

dj © s
20—~ [ ([ [y o]])dr (2.95)
0
Now, transferring back to the Schrodinger picture, we find:
dpg d . et = il
d](f) — a( Hot p(t) e Hot)

= —i[Ho, ppy] — 70 /0 ([Hiy, [Higerys po]])dr)e™  (2.96)

= —i[H, pw)] — / ([Hiw, [ Higne™, p]])dr,
0
which is known as the Redfield master equation consisting of two terms: the
first governs the coherent dynamics of the system, and the second represents the

stochastic motions that cause relaxation.

2.5.2 Relaxation superoperator

The second term in equation (2.96) is often represented as a relaxation superoper-

ator R in Liouville space.

Liouville space

Operators defined on an n-dimensional Hilbert space, are themselves elements of

an n’-dimensional vector space known as Liouville space (also known as operator
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2.5. Spin relaxation

space). A density matrix, p, in Hilbert space is row-wise flattened as a vector
denoted by o in Liouville space, e.g. for a 2 x 2 density matrix in Hilbert space,

it will be a 4 x 1 vector in Liouville space:

P11
p p p
p= ( ! 12) so=|""]. (2.97)
P21 P22 P21
P22

An operator in Hilbert space A needs to be transformed to its superoperator A
in Liouville space. For instance, the commutation operation in Hilbert space

[121, p] = Ap — pfl is represented as the commutation superoperator A acting on o

in Liouville space, where A=A®l-1x AT Moreover, [B, [fl, ,0“ & 321 0.

2.5.3 Details of 152

Letting T(T) = e‘iH‘)T, equation (2.96) can be written in Liouville space,

A
~

do 2 Sl
—0 = _iHyo —/ (HiyWt—r))d7 o), (2.98)
0

dt
where F]g = F]O & 1-1 (%9 Hg, ffl(t) = Fll(t) X 1-1 (%9 Hf(t)’ and W(t,T) =
W(t—T) & 1-1 & W(TI;_T) with W(t—r) = T(T) H(t—r) T(t_). We find that W(t—T) can
equivalently be written,

~ ~
~

_ : it
Wit—r) = Tr) Hie-n T,

i (2.99)

~

where T(r) =T ®T(*T) (“+” denotes the complex conjugate). Proof: for a unitary
operator U with its superoperator U=UxU *, and a Hermitian operator A with

its commutation superoperator A, we have:

DA = (U0 (Aol-10 AT 0 o 0
= (UAU*—UU*AT)U o UT)
(2.100)
= (UAUY) @ (U*UT) — (UUN) & (U*ATUT)
— (UAUNY@l-19 (UAUHT
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2.5. Spin relaxation

Now the representation of a relaxation superoperator is obtained:

R = / <ﬁ1(t) T(T) I:[l(t—q—) T(TT)>d7' (2101)
0

Write ﬁl(t), I:Il(t_T) and T(T) in the eigenbasis of H,. Then, T(T) (T(*T)) is diagonal

with the j-th digaonal element T(,); = e =7 (T(j)j = €™iT), where w; denotes an

~

eigenvalue of H,. Thus, T(T) (T(TT)) is also diagonal with the p-th diagonal element

~
~

T(T)p — efi(w]'fwk)T — e~ipT (T(J[r)

(note that n is the dimension of T(T), so that j, k < n and p < n?). Now, the

o = elwimwk)T = %) where p = (j — 1)n + k

matrix element of R is obtained,

~

Rmn - Z / <H1(t)mp T(T)pp Hl(t—T)pn T(Tr)n>d7—
0
- Z/ <H1(t)mp Hl(t*T)pn>€_Z(€p_6")Td7-’
0
p

where <H 1(6)ymp ﬁl(t,T)p,) are the correlation functions of the stochastic process.

The correlation functions often have the form of exponential decay,

T

(Hi(tymp Hi—rypn) = (Hitymp Hipn)e 7, (2.103)
where 7, is the correlation time. Thus,

Rug =) /0 (Hitymp Hy(ppn)ye @~ 7e 7 d 7
p

A R (2.104)
- Z<Hl(t)mp Hl(t)pn>x.7(epn)7
P
where €,, = €, — €, and
7 Te s Te (2.105)
€ — — 1 ~ .
(€on) e, +1 i, +1 12, +1

is the spectral density. It is usually appropriate to ignore the imaginary parts

of Jc,,) which are the small dynamic frequency shifts [101]. In the extreme

2.2

narrowing limit (i.e. 77 ¢}, < 1) where the stochastic processes (e.g. the molecular

rotations) take place on a timescale much shorter than the energy gaps of the
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2.5. Spin relaxation

unperturbed Hamiltonian, the spectral density can be further simplified to be the

correlation time, J(c,,) = 7., and the relaxation operator,

Epn)

R = 7.(Hy Hy). (2.106)
Little is known about these relaxation pathways in cryptochromes, though there
are computational studies [63, 64] in which some stochastic processes, such as
the librational motions of the radicals, which modulate the hyperfine interactions,
were taken into account. According to Ref. [63], the directional sensitivity of the
FAD-based radical pair to the external weak magnetic field is surprisingly immune
to the spin relaxation, if the FAD®™ radical is paired with a radical devoid of
magnetic nuclei. In Ref. [64], it is promising that the directional sensitivity and its
angular precision can possibly be preserved even under the fast relaxation caused
by the less restricted motion of the tryptophan radical than the flavin radical.
In Chapter 5, we show that specific spin relaxation mechanism accounts for the
time-dependence of the magnetic field effects repeatedly detected by experiments.
Furthermore, such spin relaxation, much faster than chemical reactions, might

not destroy the directional sensitivity of the magnetoreceptor in cryptochromes.
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Chapter 3

On the anisotropic weak magnetic
field effect and the
reference-probe model

An external magnetic field can alter the yields of the reaction products of a
radical pair through its modulation of the interconversion of the electronic singlet
and triplet states [97]. The modulation must be sensitive to the direction of the
magnetic field and not just its intensity, such that the radical pair can potentially
act as a compass. In radical pairs, there exist anisotropic intra-radical magnetic
interactions, mainly the hyperfine interactions in organic radicals, e.g. the two
nitrogens N5 and N10 in the FAD*™ radical [102] (Appendix A). Thus, the applied
weak magnetic field perturbs the spin system anisotropically depending on its direc-
tion relative to the quantization axis set by the internal interactions, such that the
modulation of the singlet-triplet interconversion is anisotropic. This is illustrated
by the time-dependent singlet fraction for the radical pair in Figure 3.1. In the
presence of the weak magnetic field, the fast oscillations caused by the hyperfine
interaction are still visible but are superimposed on the slower modulation from
the weak Zeeman interaction. It is clear to see that the details of the oscillations
change with respect to the orientation of the exteranl magnetic field, allowing the
yields of the reaction products to show anisotropy. This anisotropy is considered as

the source of the navigational information in a radical pair based magnetoreceptor.
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Figure 3.1: The time-dependent singlet probability with or without a 50 uT external
magnetic field (along the z-axis or x-axis). The spin system is a simple one-proton
radical pair with A,, = 1.7 mT, A,;; = Ayy = —0.1 mT. Chemical reactions and spin
relaxation have not been included in the calculation.

The effect of a magnetic field is often quantitatively characterized by the
difference between the singlet yields of a radical pair with and without the

presence of the field, which is denoted by A@g( [102],

wo)

ADG () = PGy — Ps(o); (3.1)

where wy denotes the strength of the external magnetic field and the unit vector
n characterizes the orientation of the field. The difference between the maximum
and the minimum of ACDQ(WO) (equivalently @g(wo) given that ®g) in equation
(3.1) is obviously not dependent on the direction of the magnetic field) with
respect to n, which is denoted by A®g(,) = max(A®g, \) — min(Adg, \) =

max(Pg,,,) — min(Pg, ), is often used to quantify the anisotropic response to
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3.1. Degenerate perturbation treatment

the magnetic field direction [102].

Earth’s magnetic field is ~50 T, which is small relative to the typical hyperfine

interactions, around several hundred microtesla [102]. According to equation (2.84)

[54],
1 S |2
the singlet yield is closely related to the Lorentzian function f,,,) = M% If

a quantum frequency w,,, is far larger than the recombination rate constant k,
J(wmn) vanishes. An external weak magnetic field is not able to perturb such wy,,
to avoid the vanished f,,,,). Therefore, the weak magnetic field possibly has
appreciable effects on f(.,,.) when wy,, is zero, i.e. the degenerate subspaces of
the spin Hamiltonian in the absence of the external field. This the so-called low
field effect [54]. Moreover, the small components of axially symmetric hyperfine
interactions can be comparable to the external magnetic field, i.e. A, = Ay, ~ wo.
Thus, there exist nearly degenerate subspaces where weak magnetic effects can
arise. To acquire more details of how a weak magnetic field affects these (nearly)
degenerate subspaces so as to reveal most clearly the principles of the anisotropic
magnetic field effect, we apply degenerate perturbation theory to the investigation
of the anisotropic magnetic field perturbation to a very simple radical pair spin
system (i.e. a one-proton radical pair) as the “toy model”. Furthermore, the
fundamental of the conceptual “reference-probe” model will be realized after the

degenerate perturbation analysis.

3.1 Degenerate perturbation treatment

We consider the case of a radical pair with a single spin-1/2 nucleus, e.g., a proton.
The hyperfine tensor is set highly axial: A,, = A,y = ¢, A.. = a and ¢ < a.

The unperturbed spin Hamiltonian of radical 1 is denoted by H, with the matrix
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3.1. Degenerate perturbation treatment

representation written as:

)
oo O

N

(3.3)

s

S O O R~Ie
O e

(@)

sl O O O

The perturbative Zeeman interaction Hamiltonian of the electron in radical 1 is
denoted by SH = wo - Ql, where wg = —v.Byg. In radical 2 where no nuclear spin
is included, the Hamiltonian describing the Zeeman interaction of the electron

with the external magnetic field is denoted by Hg = wp - Sg.

3.1.1 Magnetic field along z-axis

We first investigate the case where the magnetic field is along the z-axis. Then,

the matrix representation of §H is:

£ 0 0 0
si— |0 7 00 3.4
10 0 =% 0 (34)
0o 0 0 -—%
The four eigenstates of Hy are:
1 0 0 0
0 0 1 1
110y = 120y = 130y = [ v2 |, |40y = [ V2 (3.5)
0 ) 0 Y L Y _L ) :
V2 V2
0 1 0 0
with energy eigenvalues,
0 a 0 a 0 a £ 0 a 3
wp:z,wé)zz,wé):—1+§,wi):—1—§, (36)

where the superscript denotes the perturbative order. We find that [1(?) and

129} are degenerate (i.e. they forms a degenerate subspace denoted by H'?).

Fortunately, 0 has already been diagonal in H'2. Then, the first order pertur-
(1)

bations to w; and wy are w;’ = wp/2 and wél) = —wp/2. Furthermore, §H does

not link [1©) and [2©) with |3} and [4©) (e.g. (3@|§H|1®) = 0), such that
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3.1. Degenerate perturbation treatment

higher orders of perturbations to energy eigenvalues in H'2, O(w@) and O(wéz)),
vanish. As for the non-degenerate |3(®) and |4(?)), the energy gap between the two
unperturbed eigenstates is € which can realistically be comparable to wy at the
order of 10 uT. Therefore, |3(?) and [4(?)) construct a nearly degenerate subspace,
H3%. According to Ref. [103], the first-order perturbations to energy in H3* are
Z€ero:

wi = BOISHI3OY =0, W’ = @OFH4O) = 0. (3.7)
Nevertheless, as §H is not diagonal in H3*, the second-order perturbations, w:(f)

0
and wfl ), are

) SHsl> W |6 Ha? wh
oy Ll b o 8y
ey —wy) e ey —wy e
where 6H,,, = (m|6H|n). Note that we have assumed that |e| > wy here. The

first order perturbations to the state kets in H3* are [103]

OH W
1) 7_§:—k3 (0)y — %0 14(0)
|3 > ( (0) |k > % |4 >7

W —
kA3 Wk 3
5i (3.9)
40y = =T M0y = 03000y,
2p-

Thus, the perturbed energy eigenstates for radical 1 are obtained with renormal-

ization:

2e w
)= —— |30y y 0140
%) \/4e? +w(2)’ ) \/452+w§‘ ) (3.10)
14') = L|4(0)> 30,
V4e? + wi 4e? + w3
with the energy eigenvalues,
[0, w0 0w
wl - 4 + 2 Y w2 4 2 Y
a & Wi a & w? (3.11)
wy=——+-+-2 wj=-———=— =2
P42 4 4 2 e
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As for radical 2, the application of the weak magnetic field breaks the degeneracy

of the two-component spin eigenkets,

2= (y) == (1), (312)

with eigenvalues w; = wy/2 and w_ = —wy/2. They construct the spin space of
the radical 2, denoted by H,s. The inter-electron interactions have been ignored.
Then, the eight eigenstates for the radical pair are the direct products of the

eigenstates for radical 1 and for radical 2 (e.g. [1';z4) = |1") @ |24)).

For the one-proton radical pair (the nuclear spin dimension, Z = 2), the singlet

projection operator can be written as:

PS =2 ML a)(1L ol + 2| 11 a) {1 al — 2| tha){ital - 5| 1 a){tLof

S0 BYL AL+ 51 1 BY B — 510 BYU B — 51 11 AR B,
(3.13)

where the arrows “1” and “]” denote the electron spin states and “a” and “f”

denote the nuclear spin states. The coherences refer to P8 sandwiched between

two different eigenstates for the radical pair, denoted by PPS/Z% o
S . HS| .
Pp’zj,q’z;C = <p/azj|P |C]/,Zk>, (314)

where p,q = 1,2,3,4 and 7,k = . We suppose that the coherences connecting
H'? and H3*, such as Pls,z%g,zf, can appropriately be excluded from discussion

when focusing on A@g( as the energy gap w will be too large (~ a/2 > k, wy)

w0)7
such that f.) < 1, leading to a negligible contribution to A@g(wo). This will be
checked concretely later by comparing the perturbation and the exact simulation

results. Thus, the discussion will be about H!? and H3* separately.

The four eigenstates for the radical pair in H!'? ® H,s are represented, using
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3.1. Degenerate perturbation treatment

CCTW’ C(\L?’ “a” and 4(/6777 as
Viz) = |11 a), 1152 = | 14 a),
2520) = |41 B), [232-) = | 44 B).

(3.15)

Recalling the representation of PSin equation (3.13), the coherence of the electronic
singlet state is non-zero only if both of the eigenstates connected by such coherence
have anti-parallel electronic spin elements and describe the same nuclear spin
state. Thus, according to the representation of the four eigenstates in equation

(3.15), the coherences within H'? @ H,, are all zero:

S _ pS —
‘Pl’zJr 2'zy T ‘Pl’zJr 2z Pl’z,,Q’er - P’z,,2’z, = 0. (316>

Thus, according to equation (3.2), no contribution from H'? to A@g(wo) is expected.

The four eigenstates for the radical pair in H3* ® H,o are represented as:

ff 1 2 of 12
13 24) Hfhm 3 z—>zﬁﬁ\/%lﬂﬁ>
(3.17)
i) 2 - T e, e E S )

f 2 \/4e? + W] V2 ke 2+
where “eff” indicates that only the anti-parallel electron spin elements are preserved.

Then, the coherences in H3** ® H,, under the perturbation of the weak magnetic

field are:
P’z+ 3z PALS’z+,4’z, - 07
P Ty 4z PS’Z_ Az — 07 (318)
_ 2 _ 2
PS’Z+ A2y — _411 i;Trf? P3/Z_,4/Z_ = i X iiQ——F:jg’

and P8 =1

whereas in the absence of the field, P3 3000, 4(0)5_ 1

30,40, — T 1

Therefore, the contribution to A@g(w ) as a result of the perturbations to the

coherences and the corresponding energy gaps within H3* ® H,, (called the
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3.1. Degenerate perturbation treatment

coherence contribution denoted by A3 ) is; according to equation (3.2):

coh

1
A?ﬁh =35 X (‘ 3z, 4’z+’2f(w3—w4 + ’P 24, 3/z+|2f(wfl—w’3)

2
+ |P’z_,4’z_ ’2f(wé—wﬁl) + ’PZ,LS’Z_,3’Z_‘2f(w§1—wé))

2
— 5 X (| 3(0) 2, 4(0) z+| f(w(()) (0) +| 40) 4, 3(0)Z+| f(w(O)iwgo))...

+ |P(0>z, 400) 5 B f WOEON +| 2(0) - 300 P f @l )

1 1 4e® — k2 1 1 k2
:—><4><(— %) ——— — — x4 x (=) x SR
2 4 4e? + Wi k2 + (e + 482 2 4 k* 4 €
1 4e? — w2 k2 k2
:gx((4€2+w22x 2 w%z_k2+52)'
0 k"f‘(i‘f'}‘%)
(3.19)

Let € = —100 pT, wo = 50 puT and k = 1 ps™!, so that A%%, = —0.000155 ~ 0.
However, this deviates far from the exact simulation result with A(I)é(so ) = 0.025
(Figure 3.2), meaning that there must be contributions other than from the
coherences. The previous study of a radical pair with an isotropic hyperfine
interaction [54] omits the discussion of the change in the eigenvectors by the weak
magnetic field. This is because in that case e = a > wy, the perturbations of wy to
139} and |4(9)) are appropriately ignored. As for a radical pair with a highly axial
hyperfine interaction, £ can be comparable to wy. Thus, the change in |3(®)) and
]4(0)> by wp could be significant, thereby making an appreciable difference to the
populations of the two eigenstates in PS. The populations here are reprensented

as P5, = (j'; 2| PS|js zm). In H3* @ Hyo,

X —(25 _ w0)2 PS;Z P4

1 (25 + CUO)2
47 424 wd

|
S BT (399
SR RNV Y (3:20)

S
P/Z P4/ -
In the absence of the external magnetic field, Pgs(o)z+ =P, = P45(0>2+ =P, =
1/4. Tt is significant to note that, according to equation (3.2), the singlet yield
is also related to the squares of the eigenstate populations. The contribution to

A@g(w from the eigenstate populations altered by the weak magnetic field, called
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3.1. Degenerate perturbation treatment

——Exact A@g(do)
0.08 ¢ --=- Coherence ,
--—-Population i
- - Perturbative qu(wo)
0.06 | f

0.04 1

0.02 1

-300 -200 -100-50 0 50 100 200 300
e/ uT

Figure 3.2: One-proton radical pair with A., = 1.7 mT, k = 10 s7! and wy = 50 uT.

The exact and the perturbative A@g(wo) are illustrated as a function of A, = Ayy =€

in the range 50 < |e| < 300 pT. The coherence and the population contributions are

shown separately. Perturbative A@g(w )= Ag’gh + Ag‘ép

the population contribution denoted by A3? is obtained as:

pop’
A?;ép Z (’ sz‘ ’ 30 2z, ‘ )
J=§,4
1 @Cetw)' £ (2 —w)! 1 (3.21)
16 (4e2 + wi)? 8
2e%w?

Then, total A@g(wo) is

A(I)S(wo Agoh + A34

pop
2 2 2 2,2
:1 ((45 —wo) y k _ k )+ 2ewg . (3.22)
8 4e? + wd k2 4 (e 4 S0)2 k2 +e2’  (4e? 4+ wi)?
Assigning ¢ and wy as before, A}, = 0.0277, so that A®E ., o = A%, + A, =~

0.0275, satisfactorily close to the exact numerical simulation result 0.025. In Figure
3.2, the exact numerical simulation (purple solid traces) and the perturbation
treatment (red dashed traces) are compared for 50 < |¢| < 300 pT. The larger the

le| is than wy, the more satisfactory the perturbation method becomes. ¢ in this
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3.1. Degenerate perturbation treatment

range gives rise to the negligible coherence contribution, i.e. A2 ~ 0. The popu-
lation contribution, originating in the change in the zero-field eigenstructure of the

degenerate subspaces, accounts for the major change in the reaction yield. More-

34

Sop- Lhis means

over, Aq)g(wo) > ( is shown by equation (3.21) with the positive A
that the singlet-triplet interconversion for the singlet-born radical pair is actually

hindered by the magnetic field along the z-axis so that the singlet yield is increased.

When |e| < wy, we have to reconstruct 6 H and H, (taking e as the perturbation

and wy as part of the unperturbed FIO):

0000 et 0 0
SiT 00 %0 i 0 =2 0 293
“lozoof 7] o0 0 =w2a (3.23)
0000 0 0 0 o2
H'? is not affected, but |3) and |4(?) are different:
0 0
1 0
30y = 40y = 3.24
B = | 1 =] | (3.24)
0 0
with energy eigenvalues,
©__% W ©o__2%_ %
wy = 4+ 5 Wi 1o (3.25)

Applying the perturbation theory, we find that the first order perturbations to

the energy wél) and wfll) are still zero. The second order perturbations w§2) and

(2) o
wy’ are:

@ _ |0 Hys|? g @ _ |0 His|? _ e
Wy = Z 0 0 » Wi = Z O _ 0 dwy’ (3.26)

_ 4w _
k#£3 Wk Ws 0 k4 Wi T Wy

The first-order perturbations to the eigenstates, |3} and [4(V), are:

5]f[k3 9
30) = =" g ) = —— 140,

k#£3 wl(cO) — Wy 2w
Si (3.27)
£
40y = =T M0y = =300y,
2
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3.1. Degenerate perturbation treatment

Then, the perturbed eigenstates |3') and |4') are obtained through renormalization:

2wy €
3, e 3(0) - 4(0) 9
13) 4w(2) + £2 3 4w§ + g2 4 (3.28)
Vi V .
4y = — =0 Oy p_|30)),

Vg + e VWi + €2

Combining this with the expression for the perturbed |3') and |4’) when |g] > wy
in equation (3.9), we find that the weak magnetic field’s reform of the eigenbasis
of H3* can be seen as a rotation from [3(¥) and [4()) in equation (3.5) towards
those in equation (3.24) with respect to the strength of . The four eigenstates in

H3* @ H,q are:

€ / e 2
>:ﬁ\/4w:+82|ﬁa> |3 ;—>:HT|N5>
0

2w eff

—_— a), |452-) = ——=
s lita), i) T el 1)
Thus, the coherences are:

3% 2
(3.29)
4 24y £ —

P

'z24,3'z_

cwy (3.30)

Py oy =, P, =
Z4, 4 24 40.)0"‘5 27 3z_,4"z_

The coherence contribution to A@g(wo) is obtained as:

AR = = X (1P, o P frgmwy) + 1 Pias a1 -
|P/ Az ’ f(wé_wzl) + |P48’Z7,3’Z7|2f(w£1_wé))“'
(| 30002, 4(0)Z+| f(w(o) o)) —H 40002, 3(0)Z+‘ f(w(o) WONE

‘ 300 z_,4(0)z_ |f ‘ 400) z_ 3(0),27‘ f(w£0>_w§0>))

k? 1 1 k2
%)QX — — = x4x (=) x
dwg + €2 k2 + (wo + 2870)2 2 4
2e% Wi k? 1 k?
= X —— = X ————,
(4wg +€2)? k24 (wo + 502 8 ke

1
=—x4x(
2

(3.31)
The coherence contribution is always negative, shown by the dash-dotted green line

in Figure 3.3. Note that k =1 us™' is equivalent to ~ 5 pT in the f, function.
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3.1. Degenerate perturbation treatment

-0.05 F —_Exact A@gm) \\ /'/
—-—-Coherence \‘\ :”
-0.1 | =-=-Population \ f"
- - Perturbative A@g(dﬂ)\\l/
-0.15 : ' '
-50 -25 0 25 50
e/ uT

Figure 3.3: One-proton radical pair with A,, = 1.7 mT, k = 10 s7! and wy = 50 uT.
The exact and the perturbative A@S( ;) are illustrated as a function of A, = Ay, =¢

in the range || < 50 pT. The coherence and the population contributions are shown

separately. Perturbative A@g(w )= Ag’gh + Ag‘ép

Then, |e| 2 5 gives rise to a negligible coherence contribution. While |e| is

becoming smaller than 5 uT, 17— +52 starts to be significant whereas S SN 0,

2
k2+(w +2w0 )2

so that A3 ~ —1 x +82 The populations of the eigenstates in H3* ® H,o are:

Py, =P, =-x——— PS5 =P =_-x_—"0_ 3.32
Z4 4 z_ 2 X 4&)(2)4—827 'z_ 4'z 2 X 4w(2)—|—52’ ( )

Thus, the population contribution to ACIJZ &(wo) 1

Agip -5 Z | j Zm j(0)2m|2)

j34

m==
_ L 16wt 1 (3.33)
T4 (4w +e2)? 8
1 (4w0 —e?)?
8 (4w? + £2)2’

which is shown by the dash-dot blue line in Figure 3.3. As |¢| drops to zero, Apop
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3.1. Degenerate perturbation treatment

steadily climbs to its maximum value 1/8. Now, we will have A@g(wo):

A(I)g(wo) — A34 +A34

coh pop
__2%uf k2 LR SO C
e+ TR (wot )2 8T RP+e? 8 (dwj+e?)?

(3.34)
which is shown by the red dashed line in Figure 3.3. The smaller |¢| is relative
to wp, the better the perturbation treatment agrees with the exact numerical
simulation. As |e| gets smaller than 15 uT, the negative coherence contribution
and positive population contribution start to cancel each other until A@g(wo) =0

when |e] = 0.
Singlet-triplet interconversion

To obtain a physical understanding of the perturbative results in equations (3.22)
and (3.34), we need to investigate their relation to the spin dynamics of the radical
pair, i.e. the singlet-triplet interconversion. The yields of the four spin selective
reaction products, denoted by @g(wo) for S, @g(wo) for Ty, (bi(wo) for T, and (IJE(WO)
for T_, as a function of ¢ with and without the external 50 T magnetic field

are illustrated in Figure 3.4(a). One can clearly see that DPEw) = Do) and

wo

@i(wO) = 9% )- The interconversion between S and T is dominated by the high

quantum frequency characterized by A,, = a connecting the two subspaces H!'?

(wo

and H3*, which is immune from the weak external magnetic field. It is the S-T
and the Ty-T. interconversions induced by ¢ that are possibly affected by the
weak magnetic field through its change in the (nearly) degenerate subspaces and
its modulation of the energy gaps. Figure 3.4(a) reveals that the application of the
magnetic field along z-axis hinders the S-Ty and Ty-T. interconversions for the
singlet-born radical pair, so that the S and T yields increase whereas the T and

T_ yields decrease. Moreover, the increase in the S and T yields is equal to the de-

55



3.1. Degenerate perturbation treatment

O 1 1 i 1
-300 -200 -100 0 100 200 300

0.1 -(b) _A(I)g(wo) (A(p(%(wo))-
z VA

A(I)*(wn) (Aq)*(wn))

0.05+ h

-0.05 7

041} ]

-300 -200 -100 0 100 200 300
e/uT

Figure 3.4: One-proton radical pair with 4., = 1.7 mT, k = 10° s~! and B = 50 uT.
(a) The exact simulation of the yields of the reaction products are illustrated as a function
of Ayy = Ayy = € in the range 0 < |e] < 300 pT, with and without the external magnetic
field. (b) The difference in the yields caused by the field, A(I)?(wo) = @2

eld. (B) The d j(wo) ~ Pij(o) Where
J=9,0, ana —.

crease of the T and T_ yields (Le. A®g = AdG = —APY  =—-Ad? )
which is clearly seen in Figure 3.4(b). Based on the perturbation analysis, the
effect of the weak magnetic field along the z-axis originates in H** ® H,o. Thus,
we only concentrate on the time-dependent S probability in this subspace, P§4(t),
which is illustrated in Figure 3.5 where the simulations are for three values of ¢,

—100, —15 and —5 uT. Note that the time-dependent T probability in H3* ® H,a,

ng(t), is identical to P§4(t). Detailed discussions will be given with respect to the
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3.1. Degenerate perturbation treatment

(a) e =—100 uT

wp =50 pT wy=0
0.2 0.2 ' ' '
0.1 01 i -
0 ol
-0.1 i -0.1
0 1 2 3 4 5 0 1 2 3 4 5
tus t/us
(b) e=—-15puT
wp = 50 puT wy=0
0.1} I oabo N\~ /f-=-\---F/ >
0 0
0.1 -0.1
0 1 2 3 4 5 0 1 2 3 4 5
t/ps t/us

wy =50 puT
0.2 - o N
0.1
0
-0.1 1 -0.1
0 2 4 6 8 o 2 4 6 :
t/ps t/us

Figure 3.5: One-proton radical pair with A,, = 1.7 mT and B = 50 uT. ¢ =
—100, —15, and —5 pT in (a), (b) and (c) respectively. No chemical reaction is included.
The time-dependent S (Tg) probability in H#3* ® H,o is shown by the solid purple
traces, the coherence dynamics, ¢, ¢), is illustrated by the solid orange traces, and the
summation of the squared populations of the eigenstatets, p(,,), is shown by the dashed
red traces. The solid purple = the solid orange + the dashed red.

ranges of |¢] relative to wy and k:

(1) |e] > wo, represented by ¢ = —100 pT in Figure 3.5(a): The application of the

weak magnetic field slightly obstructs the S-TL and the Ty-T. interconversions.
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3.1. Degenerate perturbation treatment

The amplitude of the oscillation of P§4(t) (ng(t)) decreases because of the field,
shown by the solid purple line which is viewed as a combination of the coherence
dynamics c(.,,¢ (orange solid line), and the time-independent p(., (red dashed
line) describing the populations of the eigenstates in the projection operators.
C(wo,t) and Py, are represented as:

wo, Z PS To) p(Om —i(Wm —wn )t Z PS To) PS z(wm—wn)t7
m#n m;ﬁn

P(wo) = Z PS \To) = Z PS(TO Pr?mv

where P30 = (n|PS(T)|m), |m(n)) denotes an eigenstate in H3* ® H,, with

(3.35)

eigenvalue wp,(n), and p) = pS /2. Clwy,+) Will be averaged out for wy = 0 or 50
pT when calculating the singlet yield, as the frequency of the oscillating c(y,, ) is
larger than the reaction rate constant, & = 1 us~!. Thus, no appreciable coherence
contribution is expected when |¢| > wy. Then, the increase of the singlet yield
by the magnetic field is attributed to the p(,,) shown by the red dashed traces in
Figure 3.5(a). This originates in the small change, induced by the weak magnetic
field, in the eigenbasis of the nearly degenerate subspace H?**, i.e. from equation

(3.5) to equation (3.10).

(2) |e| < wo, represented by e = —15 pT in Figure 3.5(b): The weak magnetic
field tremendously hinders the S-Ty and the Ty-T. interconversions - only a
small fraction of S(Ty) is allowed to interconvert with T.. Now, p(., =50 ) nearly
arrives at its maximum value of 1/4, thereby resulting in a population contribution
A3 ~ 1/8, obtained according to equation (3.34). ¢(,—s50 1, still oscillates
at a frequency larger than £ and its amplitude becomes small as a result of the
application of the field, so that c(,, =50 41, can be ignored in the calculation of

singlet yield. On the other hand, ¢(,, =0, oscillates at a frequency (~ 0.4 pus™!)

smaller than k& with a amplitude equal to 1/8. Therefore, the negative coherence
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3.1. Degenerate perturbation treatment

contribution A2} o¢ (¢(wy=50 uT,1) — Clwo—=0,4)) starts to be non-negligible as ||

becomes smaller than wy.

(3) e] <5 pT shown in Figure 3.5(c): In the absence of the field, £ produces very
slow conversion from S(Ty) to T4 during the lifetime of the radical pair. (=0,
oscillates with a long period, so that its integral over time will not be averaged

out, giving a significant f(.|< ). Therefore, the negative A2}, becomes significant

coh

34
pop’

to cancel the positive A2% ~which is embodied in equation (3.34).

3.1.2 Magnetic field along the r-axis

The orientation of weak magnetic field along the z-axis gives a new 6H:

§H = (3.36)

orvf o o
v o o o
o o ownfE
o onfE o

We find that §H does not break the degeneracy of [1®) and |2®) to first order.
In other words, it is not straightforward to figure out the “good basis” in H!2.
The degeneracy is then expected to be lifted to second order by §H. We can
first express the appropriate [1(?) and [2(?)) as linear combinations of those in

equation (3.4):

+ agg)

(3.37)

oS O o =
S O O =
— o O O

The solutions for these coefficients will be obtained as: ag(i) = /2/2, agg) =
V2/2, ol = v2/2, oY) = —/2/2 according to Ref. [103], though the mathe-

matical procedures require some effort. Thus, the four unperturbed eigenstates
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3.1. Degenerate perturbation treatment

for radical 1 are:

7 7 o )
o o 0 o _ | 2] o 5
|1 >: 0 7|2 >: 0 7|3 >: \/75 7|4 >: _\/75 (338)
V2 V2
e —5 0 0
Second-order perturbations to the energy eigenvalues are:
2 2 2 2
2 _ _ % 2) _ _ Yo 2 _ _ % 2 _ _ % 3.39
“i 2(a—€)’w 2(a+€)’w 2(a_€>,w4 2(a+¢)’ (3:39)
and first-order perturbations to the eigenvectors are:
10) = 300, J200) = 0140,
a—¢ a+e
Cw w (3.40)
30) = —10), 40 = 20150
a—e a+e€

We find that all of these perturbations either to the energy eigenvalues or to
the eigenstate kets are negligible when a > wg, €. Then one may ask if it is
appropriate to ignore these perturbations, as if the weak magnetic field along
x-axis was not experienced by radical 1, which will not make a difference to the
calculation of the singlet yield. This will be checked stringently through further
deduction for the algebraic expression of ACD’S‘(WO). The perturbed four eigenstates

for radical 1 with renormalization are:

a_ wo a4 wWo
1) = Q—|1(0)> + Q—|3(0)>> 2') = Q—|2(0)> + 9—\4(%7
. " . o (3.41)
3\ = —— 130y _ Z9 11 0)y gy = 21400y 4 20 19(0)
) = 2130) - 2210, ) = SE1O) + 22120)
where ay = a + ¢ and Q4 = a2 + w2, with eigenvalues:
2 2
I a Wo I 2 Wo
17 2(a—¢)’ 27 2(a+e¢)’
a ¢ w3 a ¢ w3 (3:42)
/ 0 / 0

\m>=<f>,hr>=<fz>- (3.43)
V2 2
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3.1. Degenerate perturbation treatment

Then, the perturbed eigenstates for the radical pair in H'? @ H, are:

eff]-

[Via) E 2 x (ool tha) + =11 B) + oo 1 B + 5ol 4t a)),

[\]

|1f;x_>esz% X (=gl thay+ =141 8) = S 1 B + 2l 4t a)),

- - - - (3.44)
250, (Gl T ad = gH 1 B) + 5P 1 8) = Gt ),
2522 2 x (= golta) = gH 1 B = 52 18) — g2 11 o)

Recalling the expression for PS in equation (3.13) gives the coherences in H'2@H, o

under a weak magnetic field:

HS _pS _
Pl’:ur,l’z, - P2’m+,2’a:, - 07
o _pS _
P’l’+,2/$+ - P/x7’2/x7 — 07
pS 1 o 040 — Wi + (ay + a_)wo (3.45)
! ! —
T 2oy Q.0 ’
2
P8 1 L T0ra- —wp — (ay + a_)wo
! ! .
Voo 2iey g Q.0
In the absence of the field, the coherences in H'? ® H,, are:
HS _PpS _
P1(0)$+71(0>J;7 - P2(0),7;+’2(0)3;7 - 07
R e B
Pl(o)l‘+,2(0):z+ - P1(0)$772(0)g37 - 07 (346)
ps _ 5 1
1(0)m+’2(0)17 - 1(0)"[772(0)x+ - 4

Thus, the coherence contribution to A@’S‘(WO) in this subspace is:

AL, = % X (1P, 2a [P F—atrwn) + 1Pra_ ora Pt o)
HIPS e P Ft—wt o) + 1Poa 1ra, P Fty—wt —w0)
-5 X (P01, 20002 F (00 + 1Prony_ a0, I fiu_ )
+ |p28<0)x+,1<o>x_|2f(wé0>,w£o>) + ’p28<0>x_,1<o>x+|2f(w§o),w§o>)) (3.47)
= (1P, 20 [P Flag—atron) + 1Pra a, P Flt =)

NS 2 NS 2
N (|P1(0>x+72(0)5’3—| f(wgo)iwéo)) T |P1<0)9U—72(0>50+| f(wgo)*wéo)»
1

= (|Pls’x+,2’x_|2f(w’lfwl2+wO) + |Pls’z_,2’:v+|2f(w’1*w/2*w0)) - §7
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Figure 3.6: One-proton radical pair with A,, = 1.7 mT, wy = 50 uT along x-axis and
the reaction constant k = 1 us~'. Left: the J(w) functions in the coherence contribution
with respect to €. Right: the squared coherences in the coherence contribution with
respect to € with and without the external magnetic field.

0 _ (0

where w; = w,~ so that f(w“’)—w“)) = 1. f(w|—whtwo) AN [ —wy ) are illustrated
1 2

)

in Figure 3.6(a), both of which are satisfactorily close to f,,). This means that the
small energy gap, w) — wh, in H'? of radical 1, brought by the external magnetic
field, is negligible. It is the Zeeman splitting in radical 2 that contributes to the non-
zero Lorentzian function, i.e. f(w’l —whtwo) N f(w’l o) R Jwo)- The calculation
of |PS 2 and | P§, |2, using equations (3.45) and (3.46), is shown in

z+,2’x_| 2y

Figure 3.6(b). We find that the field makes small but non-negligible difference
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3.1. Degenerate perturbation treatment

DS 2 DS 2 e DS 2
to |Pr,, o, |° and [Py, o, 7. However, it is clear to see that [P5, o, [*+
DS 2 ~ 9| PS 2 _ 9| PS 2 _ 12 :
|Pry o, |7 R 2’P1(O)x+,2(0>x_’ = 2\P1<0)x_’2(0>x+\ = 1/8. In terms of A 7, radical

1 can be considered not to be affected by the weak magnetic field along the z-axis.

Thus, remembering equation (3.47), Al% is obtained as

k? 1 1 w3

12 DS 2 NS 2 v = 0
Acoh ~ (|P1(O>x+72<o)x_| + |P1(0)x_,2(0)x+| ) X k2 +w% 8 o 8 X k2 +wg'

The populations of the perturbed eigenstates in H'? ® H,o are:

1 (a_ —wp)? 1 (a- +wp)?
s 0 s 0
Pro, ve, = 1 X oz Prg_ 1m_ = 1 X oz
- ) B ) (3.49)
ps _ 1 (ay +w) ps _ 1 (ay —w)
Yoy, 2o T g X 9—37 Yoo, 2z Ty X Q—2+

Then, the population contribution to A@’S‘(wo) from H'? ® H,» is found to be zero:

1 A .
A;%p = 5 (|P]§xm,j’$m|2 - |Pﬁ0)mm,j<0)xm|2>
j=1,2
m==+
1 1 8a? wi 1 8a2 wi 1
= X (=x24+ ———2 )+ —=x 2+ —T2) -4 x —
> (G * CH ) Y167 Pt ) Y16 (3.50)
1 y ( a’wi aj wg )
47 a2 +wd)? (e + w))?
~ 0

In H3* ® H,o, the perturbed eigenstates are:

3

115
N~ N~ N~ N~

352:) F 5 x (oo 1B + 5=l 4 a) — o T a) — 52 1 B)),

<«
i

~
I

% (_a;| Tiﬁ>+a;| HOO—FﬂWiOé) —EHT@),
_ - - - (3.51)
%

?

)

5]
+

x (g—]w>—g—]ma>+g—jrw>—g—j\w>),

1%

4500 5 (= gH HB) = ghlira) = ghl tha) = GH1 41 6)).
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3.1. Degenerate perturbation treatment

Then, with the magnetic field, the coherences in H3** ® H,, are:

A B
P3/36+ 3z Ay Mo — 07
_ pS _
P ‘e Aoy — C 3o, Ao T 07
2
ps - 1 % —aia_ +wj+ (CL, — a+)w0 (352)
! ! -
4y, 4x 4 QJFQ, 9
2
ps 1 y Tara- Wyt (ar —a_)wy
/ / -
v b Ty Q.0
Without the field, they are:
S _pS _
Py, 40, = Py, 20, =0,
Py = Pj =0 3.53
300z, 40z, = L3004 40, =, (3.53)
. . 1
S _ pS _
P3(0)x+74(0);p_ - P3(O)x_,4(0)x+ - Z
Then, the coherence contribution from H3* ® H,s is:
_ 2 o 2
Acoh 5 X (| 3z, 4w | f(W§7wfl+w0) + |P’x_,4/x+| f(wé*wﬁl*wo)"'
+ ’P 'ey, 3z | f(w4fw3+w0 + |P fx_ 3’x+| fw4 wh— WO))
2
- 5 X (| 30z, 40)g | f (0) (0) +| 3(0) 0)I+| f(wémfwio))”'
+| Py Wi +| Py °f ) 3.54
400z, 300z _ | (0,0 40z, 3@z 1 ({0 — () (3.54)

(| 3y, dx_ |2f(w/37wil+wo | 3x_, 4’m+| f(wgfwflfwo))"‘
(| 30 g, 40)z_ |f(w(0) ©)) +|P(0>x 400) |f ©_ (0))

(| 3z, dx_ |2f(w/37wﬁl+wo) + |Ps’x,,4’z+|2f(w§*wf;*w0)) - g f(a)

The Lorentzian functions, f(., —w;+we) a0d f(u)—w)—wy), are shown in Figure 3.7(a).

fi—ut wp) = f(wgotwff)iwo) R f(e +wo)s as according to equation (3.43), wy — w) =

- B~ e with @ > wp. Thus, the negligible modulation of the energy levels
“o

a4 —

£ —

in H** of radical 1 by the weak magnetic field can be ignored. A% is discussed

coh

with respect to the ranges of e:

(1) |e| > 100 pT: the Lorentzian functions are negligible for wy = 0 and 50 uT,

i.e. fletwo) & [(e) = 0. Besides, | Vo A P+ ]Pzgs,x_74/x+| ~ 2\ ey, 40 2 =
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3.1. Degenerate perturbation treatment
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Figure 3.7: Same as Figure 3.6 but in H3* @ Ho.

2|P35(0)2_ 1Oz, | = 1/8, shown by the solid orange line and the dashed purple line
Figure 3.7(b). Thus, the coherence contribution from #*' @ H,» to A®F, , is

zero, A%, ~ 0.

(2) |e| < 100 pT: |P 2 x| PS

2%’

:c+,4’;c,| x,,4’ax+’ P{gs(o)x+74(0)z, ’2 = |P38(0)x,,4(0)a:+|2 -

1/16, so that it is appropriate to ignore the change in the eigenvectors in H3* of

radical 1 by the weak field, i.e. |3') = |3(@) and |4') = |4©®)). Therefore, A3, in

coh
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3.1. Degenerate perturbation treatment
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Figure 3.8: One-proton radical pair with A,, = 1.7 mT, k = 10 s7! and wy = 50 uT.
The exact and the perturbative A@g(wO) are illustrated as a function of A;, = Ayy = €.

equation (3.54) can be obtained as:

R R 1
Aggh = (|P3»S/x+,4/x_|2f(wé—wfl+w0) + |PS’1_,4’x+’2f(w’3—wf;—W0)) o g f(a)

1 1

- E(f(f-i-wo) + f(E—wo)) - g f(a) (355)
1 k? k? 1 k?

=—x( + )= 5 X 5
16 k? + (8 + w0)2 k% + (5 — w0)2 8 k2 + g2

2 2
: . B : 34 o 1y wook®
Specifically, € = either wy or —wg gives Ag), ~ 5 X wi+k2

> 0, which makes a
positive contribution to APy indicating a deficiency of the S-T interconversion
in H3' ®@H,o. However, small A,, and A,, (|e] < k), in the absence of the external
field, are unable to cause an efficient S-T interconversion during the radical-pair

lifetime. The application of the weak magnetic field along the x-axis greatly

promotes the S-T interconversion, thereby decreasing the singlet yield with a

. . . 34 _ 1 k2 1 1 wg
negative coherence contribution, A7, = g x P 8= 8 X Prep

The populations of the perturbed eigenstates in H3* ® H,o are:
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3.1. Degenerate perturbation treatment

. 1 (a_+wy)?* = 1 (a_ —wp)?
S 0 S 0
P ey, 3z, - Z X Q2_ 5 P/x7 e — Z X —QQ_ 5
L ) L e (3.56)
~q a+ + wo A g a+ — Wo
P4’cc+,4’a:+ = Z X Q%— s P4/$7 My = Z X 9—3_

Thus, the population contribution from H** @ H,s to A(I))s((wo) is found to be zero:

A?)il)p =3 Z | 3 Tm, 5’ wm | Oz, ](O)xm|2)
]: 7

1 1 8a? W 1 8a%w}d 1

— X (—=x 24+ ——— — 24 —"——) — —

2 (16 ( (a® +w§)2)+ 16 2+ (a2 +w}) ) 16) (3.57)
1 % ( a? wj a3 Wy )
4 (a> +wd)? (a2 +wi)?
~ 0.

Based on the perturbation treatment in the two (nearly) degenerate subspaces
(i.e. H'? and H3'), A®Y . entirely originates in the coherence contribution
S(wo)

(A2 '~ A3l =~ 0 according to equations (3.50) and (3.57)):

pop pop
Ay, = A2+ A%,
_ 1 wg - 1 < ( k? N k? )
T8 ke 116 Rt etwo)? Rt (e—wp2  (358)
_1, ’f_Q
8 k%+e2

As is shown in Figure 3.8, the perturbative ACID’S‘(WO) in equation (3.58) agrees
satisfactorily with the exact simulation. Unlike the weak magnetic field along
the z-axis that modulates the S-T interconversion mainly through changing the
eigenstructure in the (nearly) degenerate subspaces, the weak field along the
x-axis is unable to notably change the eigenvectors but can promote the S-T
interconversion (A@’S‘(w < 0) for the singlet-born radical pair via its effect on
the coherence dynamics. Specifically, the S-T interconversion is not directly
influenced by the application of the weak field along the z-axis, but the efficiency

of the S-T4 and T(-T. interconversions is appreciably increased by the field. In

Figure 3.9(a), D3(g) = Do), P3wo) = Powo) P20) = PZi0p Phwn) = Py In
Figure 3.9(b), A®Y = APY = —ALY .\ =—AP% .
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3.1. Degenerate perturbation treatment
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Figure 3.9: One-proton radical pair with A., = 1.7 mT, k = 10° s~! and wy = 50 uT.
(a) The exact simulation of the yields of the reaction products are illustrated as a function
of Ayy = Ayy = € in the range 0 < |e] < 300 pT, with and without the external magnetic
field. (b) The difference in the yields caused by the field, A@;‘(wo) = @;F(WO) - @}‘(0) where
j=S,0,+and —.

3.1.3 Conclusion

The perturbation treatment of the (nearly) degenerate subspaces in a radical pair
successfully characterizes the anisotropic weak magnetic field effect on the product
yield of the spin selective reaction. All the analytical A®g, / (i.e. equation (3.22)
for |e| > wo and equation (3.34) for |¢| < wy when the external magnetic field

is along z-axis, and equation (3.58) when the external magnetic field is along
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3.1. Degenerate perturbation treatment

(b)

0 45 90 135 180 0 45 90 135 180

Figure 3.10: A@g(wO), A(IJg(WO), A(Di(wo) and A(IDH_(UJO) as a function of 6 for the FAD-Z

radical pair. (a) N5 and N10 in the FAD®™ radical. (b) N5, N10, H6 and 3xHS8 in the
FAD®*~ radical.

r-axis) match the exact simulation results satisfactorily (Figures 3.2, 3.3 and
3.8). This verifies that the coherences between these subspaces are appropriately
ignored because of their negligible contribution to the modulation of the reaction
production yield from the weak magnetic field. The eigenvectors in the (nearly)
degenerate subspaces could be changed, so that their populations in the radical-
pair spin space are re-allocated, as some components of the hyperfine tensors
could be comparable to the weak magnetic field. This change in the eigenbasis
is anisotropic with respect to the field direction relative to the quantization axis
of the hyperfine interactions. At some field orientation, the re-allocation of the
eigenstates in the (nearly) degenerate subspaces contributes the major part of the
magnetic field effect on the reaction yield. For some specific orientation of the
external magnetic field, its disturbance to the eigenstates is negligible, but the
extra energy splitting caused by the weak Zeeman interaction remarkably influences
the coherence dynamics in the (nearly) degenerate subspaces. Furthermore, unlike
a one-proton radical pair with an isotropic hyperfine interaction where the weak
magnetic field affects the radical-pair reactions through opening new pathways for
S-Ty interconversion [104] (Appendix B), the anisotropic weak field effect on the

one-proton radical pair with an axial hyperfine interaction relies on its modulation
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3.2. Reference-probe model

of the S-T4 and Ty-T4 interconversions. This is still true for a radical pair with
more hyperfine interactions - the FAD-Z radical pair (no nuclear spin in the Z°
radical). The change in the S, Ty, T, and T_ yields as a function of the field

direction, 6, are calculated,
Aq)g(w()) = q)g(wo) - q)J(O) for J = Sa 07 +7 . (359)

In Figure 3.10(a), A@g(wo) = A@g(wo) = —A@ﬂ(wo) = —Aqﬁ_(wo) when only two
nitrogens with nearly axial hyperfine interactions are included in the FAD®~
radical, meaning that the anisotropic weak low field effect is embodied in the
S-T4 and Ty-T. interconversions. Adding hydrogens, especially the three HS
with isotropic hyperfine interactions, opens a small extra pathway for the S-T
interconversion (Figure 3.10(b)). Nevertheless, the response to the direction of
the external magnetic field still relies on the field’s modulation of the S-T. and
To-T. interconversions, as in Figure 3.10(b), ADg() = ADgy) = —ADL () =

—Ad_,,,) with the definition:

AD i) = max@{ACI)g(wo)} — ming{Aq)g(wO)} for J=S8S,0, +, —. (3.60)

3.2 Reference-probe model

The so-called reference-probe model was established in previous works [102; 105,
106] as a conceptual model for understanding the directional effect of an external
magnetic field. The assumption is that if the field influences the evolution of
the electron spins of the two radicals in distinct ways, it will have a big impact
on the spin dynamics of the radical pair. Thus, when the spin evolution on one
radical is mostly unaffected by the external magnetic field and the spin evolution
on the other radical is primarily controlled by the external magnetic field, an
ideal directional sensitivity is expected to emerge. This suggests that an optimal

radical pair would have no internal interactions in one radical (the probe radical),
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3.2. Reference-probe model
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Figure 3.11: One-proton radical pair with A,, = 1.7 mT and wg = 50 ' T. The exact
and the reference-probe (i.e. artificially screening radical 1 from the external magnetic
field) simulations for A®g ) = DY(y) — () a5 @ function of e. k = 10° s for (a)
and k = 107 s~ for (b).

wo)

with its electron spin evolution dictated solely by the Zeeman interaction, and
strong hyperfine interactions in the other radical (the reference radical) dwarfing

the effects of the weak external magnetic field.

We consider that the classical explanation for the reference radical in Ref
[106] (i.e. regarding the hyperfine interactions as an internal magnetic field Ay (a
vector) which is far stronger than the external weak magnetic field so as to ignore
its perturbation to Ay¢) is not appropriate. Based on the degenerate perturbation
analysis, the weak magnetic field effect on the (nearly) degenerate subspaces of the
spin Hamiltonian (not only the splitting of the energy levels but also the change
in the eigenbasis) is absolutely quantum mechanical, and the classicalization of
the hyperfine interactions destroys such subspaces induced by small hyperfine
tensor components (e.g. A,, and A,, of the axial hyperfine tensor), through
treating the component operators in the representation of hyperfine interactions
as small vector components (e.g. taking Ay, I, as Aye( I, )). Calculation for the
realistic FAD-based radical pair in comparison with the semi-classical method

[107] suggests the necessity of quantum mechanical treatment for the short-lived
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3.2. Reference-probe model

radical pair to sense the direction of the weak magnetic field.

The change in the eigenbasis in the nearly degenerate subspaces can be charac-
terized by the population contribution when calculating the singlet yield. The less
the magnetic field can disturb the eigenbasis in the nearly degenerate subspace, the
less the population contribution is, meaning that such radical has a good reference
character. For the one-proton radical pair, the radical with the proton can be
seen as not affected by the magnetic field when || > wy (Figure 3.2). Therefore,
artificially switching off the external magnetic field in this radical will not bring
significant deviation from the exact simulation where both radicals experience
the field (see Figure 3.11(a) and (b) when |¢| > 200 xT). Note that in Figure
3.11(a) when |¢|] ~ 0 < k, although the population contribution arrives at its
maximum (see equation (3.33)), the reference-probe model matches satisfactorily
with the exact simulation. This is because ¢ is too small to induce any appreciable
conversion from S (Ty) to T+ during the radical pair lifetime, whereby it is appro-
priate to ignore such negligible hyperfine tensor components. Thus, the nearly
degenerate subspace H3* can be approximately considered degenerate (so that
the eigenbasis of H3* in equation (3.5) is equivalent to that in equation (3.24)).
In this way, the concept of a population contribution becomes meaningless given
that it is impossible to find a unique eigenbasis in the degenerate H**. Increasing
the reaction rate constant to 107 s7! in Figure 3.11(b) (equivalent to ~50 uT
in the Lorentzian function f,,), it is clear to see that the range of ¢ for a good
matching of the reference-probe model with the exact simulation (i.e. || < k)

expands roughly from |e| ~ 0 to |¢| < 20 uT.

The eigenstructure of the potential reference radical resists the disturbance

of the external magnetic field anisotropically with respect to the field direction
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3.2. Reference-probe model

(see the degenerate perturbation analysis for the effect of a magnetic field along
the z (or z) axis). A good reference character means that the nearly degenerate
subspaces of this radical are difficult for the external magnetic field to reconstruct
no matter where the field is oriented. This requires, from the analysis of the
one-proton radical pair, that either (1) the energy gaps induced by the hyperfine
interactions (including the small components, e.g. €) are larger than the Zeeman
splitting caused by the weak field; or (2) the spin interconversion in the nearly
degenerate subspaces is far slower than the reaction rate constant, so that these

subspaces are appropriately regarded as degenerate.

3.2.1 Correspondence between directional sensitivity and
reference character

The directional sensitivity is normally quantified by Adg,,),

which is the difference between the maximum and minimum values of the singlet
yield as a function of the field direction (which is characterized by the polar angle
6 here). Ref. [106] provides a quantitative technique of measuring the reference

character by defining an index “R” as:

_ A@S(UJO)

R
§

(3.62)

where ¢ = \/ ZL@S%_@?{G“)Z is the root-mean-square deviation in which ¢
denotes the i-th angle, N is the number of computed angles and @g’a(fgi) denotes
the singlet yield calculated with radical 1 artificially isolated from the external
magnetic field for the reference-probe model. The larger R is, the better the
reference-probe model matches the exact simulation, and the more differently the

external magnetic field influences the spin evolution of the two radicals.
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Figure 3.12: One-proton radical pair with an axial hyperfine interaction, A, = Ay, =
ap(1 — ), Az, = ag(1 +2a), wo = 50 T and k = 10° s, (a) Adg(,, and (b) R as a
function of ap and o ( 0.01 < ap < 10 mT and —2 < o < 2). # ranges from 0° to 90°
with a step of 0.2°. The white line is plotted with ag = 0.3 m'T. The pink dashed area
in (b) illustrates the region where « is in the vicinity of 1.

Figures 3.12(a) and (b) respectively show A®g,) and log(R) as a function of
the hyperfine parameters ay and « which characterize the axial hyperfine tensor
of the proton (i.e. A,y = Ay, = ao(l — @), A,. = ap(1 + 2a)). The radical pair

lifetime here is relatively long, 10 us, corresponding to a reaction rate constant

k =10° s7'. As is found in Ref [106], clear correspondence between Adg,,) and
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Figure 3.13: Same as Figure 3.10 but k& = 107 s~

R can be seen, especially with ag > 0.3 mT (a region separated by the white solid
line) such that the external magnetic field (wy = 50 uT) is considered far weaker
than the hyperfine interaction. As a becomes close to 0 (A, = A, = A., = ao)
or =2 (A, = Ay, = —A,, = 3ay), the directional sensitivity drops, and the
reference character declines simultaneously. Note that when « is in the vicinity
of 1, demonstrated by the pink dashed area in Figure 3.12(b), (equivalent to

kS lel S wo), the R — Adg,, correspondence breaks: high directional sensitivity
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3.2. Reference-probe model

but low reference character, as a result of the non-negligible change in the eigenbasis
in the nearly degenerate subspaces as already discussed (see Figure 3.11). In
Figure 3.13(a) and (b), k is raised to 107 s7!. The correspondence can still be
clearly seen, and in the pink dashed region, the requirement for « to obtain a high
R (Note that log(R) 2 1 is regarded as a high R, which will be discussed later)
becomes less strict in contrast to the case of & = 10° s where o must be 1. Thus,
it is natural to speculate that such good correspondence between Adg,) and R,
which is not easily influenced by the reaction rate constants, could possibly be a
basis for the study of a potential chemical magnetoreceptor without carrying out
the complex calculation of the spin selective reaction process, instead, through
the insights into the insensitivity of the reference radical to the weak magnetic
field. Furthermore, if the reference-probe model works, spin dynamics simulations
will be greatly accelerated [102] if the reference radical has a large number of
nuclear spins. The time-consuming calculation for the reference radical only has
to be done once by switching off its interaction with the external magnetic field

of various directions.

3.2.2 Disruption by the inter-electron spin interaction

So far, the inter-radical interactions have been ignored throughout the calculation.
We suspect that the correspondence between the directional sensitivity and the
reference character can be fatally disrupted if interactions, such as the dipolar
interaction, are included, given that they link the separated spin spaces (character-
ized by Zeeman and hyperfine interactions) of the two radicals. Then, artificially
switching off the magnetic field for one radical risks deviating from the actual
spin dynamics of the radical pair, even if the hyperfine interaction eigenspace of
the reference radical is not disturbed directly by the Zeeman interaction with the

weak external field.
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Figure 3.14: Singlet yield as a function of the magnetic field direction, characterized by
the polar angle 6 in degrees, for « = 1 and ag = 0.5, 0.9 and 3 mT. The purple solid lines
show the exact simulation, and the orange dash-dotted lines show the reference-probe
model results. wg = 50 uT, k = 10% s~1. The —510.6 uT, fp = 60° dipolar interaction
is included.

The singlet yield of the one-proton radical pair with a dipolar interaction is
calculated as a function of the field direction (Figure 3.14). Note that the dipolar
interaction is —510.6 T corresponding to 1.76 nm radical-radical separation and
the vector joining the radicals is 60° relative to the z-axis. The polar angle (6)
of the field direction varies from 0° to 180°, and the azimuthal angle ¢ of the
field direction is 0. We compare the exact simulation with the reference-probe
model for three values of the hyperfine parameter: aqg = 0.5 mT for Figure 3.14(a);
ap = 0.9 mT for Figure 3.14(b); ap = 3 mT for Figure 3.14(c). Let a = 1, so that
the hyperfine eigenbasis of the reference radical is not influenced by the external
magnetic field. Including the dipolar interaction, we find: the reference-probe
model completely fails (Figure 3.14(a)) at ap = 0.5 mT where log(R) = 0.59; the
reference-probe model adequately matches the exact simulation (Figure 3.14(b))
at ap = 0.9 mT where log(R) = 1.07, so that log(R) = 1 is taken as the threshold
value for a working reference-probe model; the reference-probe model satisfac-
torily agrees with the exact simulation (Figure 3.14(c)) at ap = 3 mT where
log(R) = 2.11. Although the directional sensitivity (A®y,,)) and the anisotropy
pattern of the singlet yield (i.e. the shape of the purple solid traces) are similar

for the three values of ag, the reference characters (log(R)) show great difference,
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indicating that the correspondence between A®y,) and R vanishes.

The reference-probe model is possibly valuable on condition that the hyperfine
interaction is stronger than the dipolar interaction (remembering ag = 0.9 mT
gives log(R) = 1.07). The axial hyperfine interactions of the electron with the two
nitrogens in FAD (Appendix A), considered as the main source of the directional
sensitivity of the avian magnetic compass [63, 102], are both smaller than 600 uT,
not appreciably greater than the reasonable dipolar interaction ~ 350 to 567 uT
(corresponding to a radical seperation from 1.7 to 2.0 nm [79]). Nevertheless, it is
too early to assert that the reference-probe model entirely fails on the FAD-based
radical pair with a centre-centre separation 1.7-2.0 nm, given that the one-proton
radical pair oversimplifies the spin dynamics of a realistic radical pair with multiple

hyperfine interactions.

3.2.3 FAD-based radical pair

As discussed in Chapter 1, the cryptochrome (Cry) protein, found in the retinas of
several bird species, remains the most likely candidate for the chemical magnetic
compass for avian navigation [79, 108] since first proposed in 2000 [52]. The
radical pairs are formed by sequential electron transfers after photo-excitation
(light wavelength approximately in the range 300 — 500 nm) of the FAD cofactor
that binds to the protein [79]. A computational study on the comparison of the
reference-probe model with the exact simulation for several potential radical pairs
in Cry will be shown below to evaluate the reference-probe model for FAD-based

radical pairs.

FAD-Z radical pair

Behavioural experiments [48] on European robins under extraordinarily weak

(~ 15 nT) oscillating magnetic fields showed that the magnetic orientation of
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birds seemed to be disrupted by time-dependent fields oscillating at the Larmor
frequency for a free electron in Earth’s magnetic field (~ 1.3 MHz corresponding
to the local geomagnetic field of 46 uT). Although such remarkable observation
has not been replicated by later experiments [49], the resonant response to the
oscillating field at the Larmor frequency requires that one of the radicals has to
be isolated from the intra-radical hyperfine interactions (i.e. the radical is devoid
of nuclear spins) [109]. We refer to this radical as Z°, which can be positively or

negatively charged or neutral.

The identity and existence of Z° is still of mystery - several possible can-
didates are introduced in Ref [102], among which superoxide O35 is consid-
ered. In the reaction scheme of radical pairs in Cry [102, 110], superoxide is
possibly produced through the reoxidation of the fully reduced FAD by oxy-
gen: FADH™ + O, — [FADH® O3] [111-113], where FADH™ can be obtained
through photo-induced electron transfer under light of wavelength less than 650
nm from the protonated FAD®*", i.e. the long-lived FADH®*. The restrictive
conditions, for a valid flavin-superoxide based compass sensor, on the local en-
vironment (characterized by a ligand field with contribution to the quenching
of the electron’s orbital angular momentum in O3~ ) and the molecular dynam-
ics (so as to the spin relaxation induced by the spin-orbit coupling in O35")
are given in Ref [110]. Furthermore, as is mentioned in Ref [102], a Z° radi-
cal could be directly formed, either by an electron donor bound to Cry with
competitively fast electron transfer, in comparison with that from the Trp-
triad, to the photo-excited FAD: FAD* + D — [FAD'_ D’ﬂ, or by an exter-
nal electron donor in vivo to reduce the TrpH** radical in [FAD®*~ TrpH**]:

[FAD" TrpH'+] +D — [FAD" D'+] + TrpH.
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3.2. Reference-probe model
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Figure 3.15: Singlet yield as a function of the magnetic field direction, characterized by
the polar angle 6 for a realistic FAD-Z radical pair including the seven largest hyperfine
interactions in the FAD®*™ radical. The purple solid lines show the exact simulation,
and the orange dash-dotted lines show the reference-probe model results. wy = 50 T,
k = 105 s~!. No inter-radical interaction has been included.

The directional sensitivity of the FAD-Z radical pair, evaluated in detail in
Ref [102], is superior (with > 100 times greater Adg(,,)) than that of a FAD-Trp
radical pair. It is clear to see in Figure 3.15 that the reference-probe model
works satisfactorily (with log(R) = 1.6) for the FAD-Z radical pair without the
inter-radical interactions, meaning that the electron spin motion of the FAD®*™
radical as the reference radical is dominated by the internal hyperfine interactions,
and the weak magnetic field is unable to notably affect the spin dynamics of the
FAD®™ radical [102, 106]. Such good reference character of the FAD®*™ radical,
indicating the FAD-Z radical pair could be an optimal magnetic sensor, is under the
approximation condition that the two radicals are so far apart (r 2 3.5 nm) that
the inter-radical interactions, e.g. the dipolar interaction, can be appropriately
ignored. However, this assumption leads to a lifetime that is too long for the weak
magnetic field to modulate the yields of the reaction products, as the coherent

spin states would be completely relaxed before the recombination of a significant
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Figure 3.16: Singlet yield as a function of the magnetic field direction, characterized
by the polar angle 0 in degrees, for a realistic FAD-Z radical pair including the seven
largest hyperfine interactions in the FAD®*™ radical. The purple solid lines show the
exact simulation, and the orange dash-dotted lines show the reference-probe model
results. wg = 50 T, k = 10° s~1. No inter-radical interaction has been included.

fraction of the radical pairs [63]. In Section 3.2.2, we saw that a dipolar interaction,
comparable to the hyperfine interaction, can destroy the reference character for
the one-proton radical pair. Varying centre-centre separation of FAD-Z radical
pairs allows us to see how the reference character of the more realistic FAD®™
radical, including the seven largest hyperfine interactions (Appendix A), could
resist the dipolar interaction. In Figure 3.16, the reference-probe model agrees
with the exact simulation to an acceptable extent (i.e. log(R) 2 1) for r > 1.7
nm. Beyond this centre-centre separation, the external magnetic field would
affect the spin evolution of the two radicals in an optimal different fashion, which

correspondently gives rise to a good directional sensitivity.
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3.2. Reference-probe model

FAD-X radical pair

The existence of the FAD-Z radical pair is still speculative, as birds’ disorientation
under an RF field at the Larmor frequency was not seen by Schwarze et at in 2016
[49]. It is a restrictive condition for most organic radicals to have no hyperfine
interactions, as an organic radical typically has at least one 'H or *N atom in
the neighbourhood of the semi-occupied molecular orbital. Thus, the question,
whether the reference-probe model remains valid when there are non-negligible
hyperfine interactions in the probe radical (such that the spin dynamics of the
electron in this radical is not only controlled by the external magnetic field),

becomes significant for a general use of this proposed model.

We start with a toy radical containing one proton as the probe radical, in which
the hyperfine interaction is isotropic (the hyperfine parameter is 500 pT). We

only include the two axial nitrogens, which accounts for the directional sensitivity

0.38 : : , , ,
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Figure 3.17: Singlet yield as a function of the magnetic field direction, characterized
by the polar angle 6 in degrees, for a FAD-X radical pair. The two axial nitrogens are
included in the FAD®™ radical, and a 'H nucleus with an isotropic hyperfine interaction
of 500 uT is included in the other radical. wy = 50 T, k = 10% s~!. No inter-radical
interaction has been included.
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3.2. Reference-probe model

[102], in FAD*™ as the reference radical. As our main goal here is to investigate
the effect of the hyperfine interactions in the probe radical on the validity of the
reference-probe model, we temporarily ignore the dipolar interaction. It is clear
to see in Figure 3.17 that the reference-probe model perfectly matches the exact
simulation, even though the spin evolution of the probe radical is not solely driven
by the external magnetic field. Based on this simple case, we suspect that the
probe radical can still accurately detect the direction of the magnetic field if the

internal fields characterized by the hyperfine interactions are isotropic. In order
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Figure 3.18: A radical pair in which radical 1 has the two axial nitrogens of FAD®*™
and radical 2 is an artificial radical where there are four 'H nuclei, all of which have axial
hyperfine interactions. The symmetry axes of the four hyperfine tensors are directed
towards the vertices of a tetrahedron. wg = 50 uT, k = 10% s~'. No inter-radical
interaction has been included. (a) depicts R, in logarithmic scale, as a function of 4.
For the calculation of R, the field direction is characterized by the polar angle 6 ranging
from 0 to 7 with a step of 7/40 and the azimuthal angle ¢ ranging from 0 to 27 with a
step of 7/20. (b), (c) and (d) show the singlet yield as a function of § in degrees with
¢ = 0 for three values of §.
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3.2. Reference-probe model

to demonstrate the relation between the internal fields and the reference-probe
model, we exploit an artificial radical that was previously introduced in Ref. [114].
In one radical, N5 and N10 of FAD®*™ are included, and in the other radical as
the proposed artificial radical, four 'H with tetrahedrally disposed axial hyperfine
tensors are included. Three of these tensors have principal values: A;; = Ay = —1,
Aszz = 2 mT. The fourth is identical apart from a uniform scaling of the principal
values by a factor § ranging from 0 to 1. 6 = 1 (i.e. the principal values of all
the four hyperfine tensors are equal) indicates that the internal fields of such
artificial radical can be considered isotropic [114], whereas § < 1 gives rise to an
anisotropic internal field environment. In Figure 3.18 (a), the reference-probe
model can be trusted only when ¢ is assigned with a high value (i.e. § 2 0.84 leads
to log(R) 2 1). In Figure 3.18 (b), (c¢) and (d), we can see that the threshold
value, log(R) 2 1, to indicate a valuable reference-probe model still works. Now
we can draw a safe conclusion that the validity of the reference-probe model
relies on the isotropy of the internal field environment of the probe radical. A
common biological reductant called ascorbic acid can create a radical, where there

are a few isotropic hyperfine interactions [102], by reducing photoexcited flavin

J T T 0.2866
( a) —— Exact (b)
0.296 1 Reference-probe

0.2862
20.202F 1
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0.088 | | 0.2858}
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Figure 3.19: Singlet yield as a function of 8 with ¢ = 0 for the FAD-TrpH radical pair.
The two nitrogens, N5 and N10, are included in FAD®™, and six nuclei, N1, H1, H2,
H4, H7 and Hp, are included in TrpH®*". wy = 50 pT, k = 10% s71. No inter-radical
interaction is included in (a); a dipolar interaction of —0.4 mT, corresponding to the
~ 1.9 nm seperation of FAD®*~ and TrpH*", is included in (b).
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3.2. Reference-probe model

[115] and Trp radicals [116]. We compare the reference-probe model with the
exact simulation on this potential radical pair, and find they match satisfactorily
well with a directional sensitivity A®g = 0.098 and a good reference character
log(R) = 2.47. As for the FAD-Trp radical pair, the most likely candidate that is
responsible for avian magnetoreception, the reference-probe model unfortunately
fails no matter whether the dipolar interaction is taken into account (Figure 3.19).
This means that the TrpH*" radical cannot provide a satisfactory isotropic internal
field environment for the unpaired electron to make an eligible probe radical,
though six nuclei of TrpH*" with the largest anisotropic hyperfine interactions

(Appendix A) have been included in the calculation.

3.2.4 Conclusion

The reference-probe model originates in the assumption that a radical pair, where
the spin evolution of one radical is not disturbed by the external magnetic field
but entirely driven by the internal hyperfine interactions and the spin evolution
of the other radical is solely dependent on the external field, gives an optimal
condition that the field tends to affect the two radicals in the most different fashion
thereby modulating the spin interconversion in the radical pair to the largest
extent [102, 106]. Therefore, the directional sensitivity is supposed to arrive at
its maximum, since the magnetic field direction is directly accurately reflected by
the spin dynamics of the probe radical. Computational investigation for the one-
proton radical pair gives a clear correspondence between the directional sensitivity
and the reference character, an index that quantifies how the reference-probe
model matches the exact simulation, provided that either the eigenstructure of
the reference radical is immune from the external magnetic field, or the energy
gaps (in units of angular frequency) in the nearly degenerate subspaces of the

hyperfine interactions are negligible relative to the reaction rate constant (e.g.
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3.2. Reference-probe model

le] < k). Such correspondence makes it promising to only look at the candidate
reference radical so as to evaluate a potential radical-pair based magnetic compass.
However, the inclusion of the non-negligible inter-radical interactions such as the
dipolar interaction can destroy such correspondence, which questions the validity
of the reference-probe model even if the reference radical could perfectly resist

the perturbation of the external field.

Investigation of the FAD-based radical pair clearly shows that the flavin radical,
when paired with a radical with no magnetic nuclei (a probe radical), reveals
a great reference character thereby giving a good directional sensitivity. Even
though a dipolar interaction is considered, the FAD®*™ radical maintains such
outstanding reference character with reasonable centre-centre separation (2 1.7
nm). Furthermore, we find that a working reference-probe model does not require
the radical paired with FAD®*™ to be isolated from magnetic nuclei. As long as
the internal fields arising from the hyperfine interactions are highly isotropic, the
reference-probe model can still work satisfactorily. We can envisage radicals such
as the ascorbyl radical which tumble rapidly to average out the anisotropic parts of
the hyperfine interactions to provide such an isotropic internal field environment.
Unfortunately, the TrpH®" radical, which is considered the most probable radical
paired with FAD®*™ in Cry, does not meet this condition for the reference-probe

to work.
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Chapter 4

Orientation of birds in
radiofrequency fields — a possible
test for the radical pair
mechanism of magnetoreception

Firstly proposed by Ritz et al. in 2004 [46], the effect of radiofrequency (RF)
electromagnetic fields on the orientational behaviour of migratory birds offers a
strong supporting evidence of the magnetic compass based on the radical pair
mechanism rather than the magnetite hypothesis. RF fields, in resonance with the
singlet-triplet interconversion frequencies arising from the electron spin interac-
tions with the static field or the intra-radical nuclear spins, alter the reaction yield
[40-45] that encodes the directional magnetic-field dependence. The application
of RF fields can remove the anisotropy of reaction yield, which accounts for the
disruption of birds’ ability to orient in Earth’s magnetic field in the frame of
radical pair mechanism. The disorientation of birds continued to be reported
by behavioural experimental studies [47-49, 117, 118], using single-frequency or
broadband electromagnetic fields, following the original one in Ref. [46]. Signifi-
cantly, a distinct resonance at the Larmor frequency - the precession frequency of a
free electron spin in Earth’s magnetic field is reported [48], which is interpreted to

mean that one of the radicals has an electron solely interacting with the external
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fields (i.e. the “Z radical” in Chapter 3).

However, both the monochromatic and noise-modulated RF fields used in these
studies, at the orders of 10-100 nT, are far too weak to have a large effect on a
biologically plausible radical pair with a lifetime of ~1 ps. A monochromatic RF
field of 25 n'T needs at least 200 us to has a noticeable effect on the radical-pair
spin dynamics [119]. The requirement of such long time is far beyond the most
generous estimates of the spin relaxation times of organic radicals in the warm
and noisy environment of a living cell. This has led to speculation that the
observed disorientation might result from some unknown effect of the electric
component of the electromagnetic field or an unknown effect on the magnetic

signalling mechanism or on the birds’ motivation [109].

Laboratory studies of organic radical pairs have demonstrated that RF fields
applied in the absence of a static field can still alter reaction yields [40, 45]. This
suggests that it might be possible to orient birds in the absence of the geomagnetic
field by subjecting them to a resonant RF field of comparable strength to the
Earth’s field. This would constitute a more convincing test - reorientation rather
than disorientation in an RF field under very carefully controlled conditions on
its strength and frequency, for the operation of a radical-pair based compass. It is
difficult to imagine that an RF effect on anything other than the primary magnetic
detection events would lead to orientation in the direction of the time-dependent
field. It is also unclear how a magnetite-based compass sensor would be sensitive
to a magnetic field that reverses several million times per second. Any magnetite
crystal large enough to have a > kgT interaction with the geomagnetic field would
be too large to reorient in a ca. 1 MHz field. Therefore, we have theoretical

insights into the effect of a RF field on the spin evolution of a radical pair and
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4.1. Non-degenerate resonance

use spin dynamics simulations to explore the possibility that a radical pair could
provide a bird with the information it needed to be able to orient in an RF field

in the absence of the geomagnetic field.

4.1 Non-degenerate resonance

Unlike a weak static magnetic field which boosts the singlet-triplet interconversion
mainly by lifting the degeneracy of energy levels [54], an RF field can potentially
affect the interconversion via inducing resonance between eigenstates of the spin
Hamiltonian for the radical pair. The application of an RF field makes the
Hamiltonian dependent on time such that it is difficult to obtain an exact solution
for the time evolution of the system. Instead of starting with a large realistic spin

system, it is useful to firstly look into the evolution of a simple two-level system.

4.1.1 Two-level system

Consider a simple two-level system with a Hamiltonian that has the matrix form,
. wp O
iy = ( : ) , (4.1)
0 W2
where w; and wo are the energy eigenvalues for the two eigenstates,

m=(y) 2= (}) (42)

respectively. Let the singlet and triplet states (i.e. |S) and |T)) be two orthogonal

non-stationary states in the eigenbasis,
S) = all) +6]2), |T) = —=b[1) +a|2), (4.3)

where a? +b* = 1 (note that a and b are real for simplicity). Their interconversion

is driven by H, and the time-dependent probability of the triplet state is
Ply = [(Tle™™!S) [ = 2(1 — cos (wa 1)) a®h?, (4.4)

89



4.1. Non-degenerate resonance

where we assume that the initial state is |S) and wy; = we — wy > 0. The applied
oscillating RF field is represented as

.- 0 Vet

Hiy = <Ve—iwt 0 > : (4.5)
where w is the oscillation frequency. The total Hamiltonian is H ) = I:IO +H (’t) and
the exact solution for the time-evolution propagator is difficult to find. Instead,
taking ﬁZt) as a time-dependent perturbation to H, (i.e. V < |wy —wq|) would give
an approximate solution. In the interaction picture (Appendix C), the dynamical

equation for the state is

i~ [P = Hip ), (4.6)

13 7

where “~” indicates the interaction picture as in Chapter 2. Thus W(t)) can be
written in the eigenbasis of Ho,
[Pw) = D caw e In) = Y Euln), (4.7)
n=1,2 n=1,2

where ¢,y = cu() eint Expanding Cn(t) in the power of the perturbation V' gives

~ ~(0 ~(1 ~(2

Confine the perturbation analysis to first order:

N (0 | -0
Cn(t) & ‘31(1(1) + CgL()t)? (4.9)

and according to the time-dependent perturbation theory in Appendix C, we have:

~(0) _
Cn(t) = Cn(0);

L , 4.10
57(11(1) - — /0 ezwnmt Hgt)nm Cm(o) dt,, ( )

m=1,2

where H{, . = <n|j':l(’t)|m> Note that V?#? < 1 gives a satisfactory first-order

perturbative result, such condition is reasonably met for a radical pair with a
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4.1. Non-degenerate resonance

lifetime ~1 ps under an RF field at the order of 10 uT. Using equation (4.10),

~(0) __ ~(0) __
Cpy = s Copy = b,

—iAwt ~ 1A, 242 343
(1) 1,€ -1 —iAwt — AWt + O(Aw’t?)
A _ aVl — iAwt _ aV—z’Awt + AW + O(Aw3t3)7
2(t) Aw Aw

where Aw = wq; — w. Notice that the resonance of the RF field with the energy

gap requires Aw — 0. Thus, 652) ~ —ibVt and 6;1(2) ~ —iaV't. Then,
él(t) =a— ibvt, 62(1&) =b—1aVt. (4.12)

Transforming back to the Schrédinger picture gives

a—ibVt . b—iaVt (4.13)
Clp) = ———¢€ , Co() = ————¢ , )
0T Vv 0T Trvee
where ¢y and ¢y are scaled by 1/+v/1 + V?2t2 to maintain |cy)|? + |co@[* = 1.

Then, |Y4)) = cip)|1) + c21|2) and P(Tt) under a resonant RF field is obtained as

Ply = (Tl
(a® — b?)*V21? 4 2Vt sin (wot)(a® — b?)ab

= 2(1 — cos (wa1 t))a®b* + RGTE

(4.14)
Importantly, a = 1 (so b =0), i.e. |S) = |1) and |T) = |2), gives the typical Rabi
oscillation, where ¢y and cy) have the exact solution [85]:

V2 — w)?
S YN SN )

V2 4 (ol 4 (4.15)

| 2

e > =1 = |ear)

Satisfying the resonance condition, ws; = w, gives

lea|* = sin® (Vt), |ei|* = cos® (VE), (4.16)
so that
Py = (Tl |* = lea|® = sin® (Vt). (4.17)
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0.4' '|

031 [

Figure 4.1: Resonance effect on the evolution of the simple two-level system. Change
in the triplet probability, AP(T;), brought about by a resonant RF field is illustrated,
by the purple solid trace using the exact numerical method in equation (4.19) and by
the orange dashed trace using the analytical method in equation (4.18). The green
solid trace denotes the transition term, (a? — b%)%sin? (Vt), in equation (4.18). The
parameters in the calculation: wq = 10X 27, wy = 20X 27w, w = 10x 2w and V = 0.5 x 27.
Equation (4.14) should be able to reduce to equation (4.17) when a = 1 and b = 0.
Hence, we speculate that V¢/(1+ V?t?) from the perturbation theory is equivalent
to sin (Vt) under short time limit (i.e. V?t? < 1). Therefore, remembering

equation (4.4) and (4.14), the exact solution for the change in P(Tt) brought about

by the application of the resonant RF field could be:
AP?;) = (a* — b*)?sin® (V't) + sin (2V't) sin (wo1t)(a® — b*)ab. (4.18)
Equation (4.18) is verified by the exact numerical simulation (Figure 4.1),
APl = [(T|Telo ~#Hmdm|s) 2 — [(T|e™!|S) ?, (4.19)

where 7T is the Dyson time-ordering operator [85]. Equation (4.18) is thus the
exact solution. Furthermore, under symmetric reaction approximation in Chapter

2 (k = ks = k), the change in the yield of the triplet recombination brought
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about by the resonant RF field is
Oy = k;/ AP(Tt,) e Fde. (4.20)
0

The oscillatory term in equation (4.18), sin (2V#) sin (wo1t)(a® — b?)ab, describing
the effect of the RF field on the dynamics of the coherence, ab, will be averaged
out, as wo; is assumed to exceed the reaction rate constant. Thus, it is the
transition term, (a? — b?)%sin® (Vt) (i.e. the green trace in Figure 4.1), that is
primarily responsible for the resonance effect on the radical-pair spin dynamics.

Then, under short time limit, AP?;) is obtained as,
APy ~ (a® = b*)* V22, (4.21)

It is significant to notice that no matter how a and b are combined, the triplet yield
benefits from the resonance effect for a singlet born radical pair, as (a? — b%)? > 0.
Moreover, the further a deviates from b, the greater the resonance effect is.
la| = |b| = 1/4/2, meaning that the eigenstates are evenly populated in the singlet

and triplet states, leads to no resonance effect on the reaction yield.

4.1.2 Non-degenerate radical pair

Now we apply the time-dependent perturbation theory to the analysis of a radical
pair under an RF field that induces resonance between two eigenstates, |i) and |j),
of the unperturbed spin Hamiltonian, H,. We assume that there is no degeneracy

among the eigenstates. The singlet and triplet projection operators are written,

Z
" ) (4.22)
Pl = > T )Tl @l =Y > [Tul)(Tull,

m=+,0,— n m=+4,0,—
where 1 is the identity matrix with Z, the dimension of the nuclear spin space

and |[,) with n = 1, 2, ..., Z construct an arbitrary orthogonal basis so that

93



4.1. Non-degenerate resonance

S 21 (I,| = 1. Note that all |I,) are real for simplicity. Suppose that the

radical pair is formed in the singlet state, so that the initial density matrix is
1 1<
P0) = EPS == > ISL) (ST (4.23)

Expanding [SI,) and |T,,1,,) in the eigenbasis of Hy gives
S} = a}li) +ajli) + D ailk),
k#i,j

T da) = b7 Ji) + 07 [5) + > b (k).
ki, ]

(4.24)

Then, the matrix representations of PS and PT in the eigenbasis of Hy are written,

ai* ai(af)” ai(ap)”

Z | qj (a})* |0L;.‘|2 a?(a};)*
_; ap(ap)* ap(af)s  lapl* -]’

. (4.25)
By

pT i b;nn (b;mn)* ’b?]nn ‘ 2 b;nn (me)*
- B by e

Note that PS + PT = 1, where 1 is the identity matrix including the electron
and nuclear spin spaces (i.e. the dimension of 1 is 4Z). Then, the entries of the
matrices in equation (4.25) have following relations:

Z‘an|2+z Z bmn|2

n m=+,0,—

Za;?(ai;)*:—z S ey

n m=+,0,—

(4.26)

where p # ¢. Significantly, note that the radical-pair spin Hamiltonian is symmet-
ric under time reversal, a discrete quantum mechanical symmetry discussed at

detail in Section 4.2, so that all the eigenvectors are real (i.e. (a)* = a,) with
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assuming there is no degeneracy in the spin system [85].

Applying a resonant RF field, we write the time-dependent density matrix p,

in the interaction picture,

[ R (G A (e
~n ~n * ~n 2 ~n ~n *
T NN | Z | @ (@) @5 @y (@) -
Po =Moo =70 N a @y a@yr ik o |
n k() \7i(t) k() N5 (8) k(t)
(4.27)
where ), = iwpta;(t) (w, is the eigenvalue of the eigenstate |p) of Hy). The

time-dependent Hamiltonian that accounts for the Zeeman interaction of the

electrons with the RF field is represented as
z
Hiy = Hpy o) @17 = 3 Hipy w0 © 1), (4.28)
n
where B, characterizes the direction and the amplitude of the fluctuation of the
magnetic component of the RF field and w denotes the oscillating frequency. Note
that H (1) does not link states of different nuclear spin configurations (i.e. no such
elements, ﬁ(Bl7wrf7t) ® |I)(Im| with n # m, are contained in ﬁét)). Therefore,
transitions between different nuclear spin configurations are not allowed even if the
resonance condition has been met (i.e. the resonant RF field causes no transition
between @iy and @iy with n # m, whereas it is able to induce transition between
ayp) and d?(t)). Aw = wj; — wyy = 0, assuming wj; = w; — w; > 0, gives rise to the
time-independent off-diagonal elements of Iif (’t), denoting H (’t) in the interaction

picture,

(ilH{ylg) = GIH ) =V, (4.29)

Ignoring the off-resonant elements of PN[(’t) in the eigenbasis and following the

perturbation treatment in equations (4.8 - 4.12) gives
Ajpy = a; —1a; Ve, ajy ~aj —ia; V. (4.30)
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’LHot

p(+) in the Schrodinger picture is obtained using py) = e Pt )eZHot, so that,

remembering equation (4.27), the dynamical populations of |i) and |j) are

Ay + Ay VAP Aji + Ay Vi3
b l' F Rk Bk U 4.31
Pii(t) Z(1+V2t2) » Pij(t) Z(1+V2t2) ’ ( )
and the dynamical coherences are
Aij(L+ V28) + (A — Aj)VE i
Pij(t) = Z(l + V2t2) € )
Aj(L+ V) +i(Ay — AVt
Pji(t) = Z(l + V2t2) € )
(4.32)
. . A — iAjkVt —iw;t P Api + iAijt —iwp;t
Pik(t) CNiEn Rvers y Pki(t) N )
Ay ARV it A AVt —itt
SRV Ve e |
where
Z |ab]* = (p|P°|p),
(4.33)
Za = (p|P®|q), forp#q.
Note that A,, = Ay, as ay is real.
The time-dependent triplet probability is
t) = Tr{P P}t = Z q Pap(t) (4.34)
In the absence of the RF field,
z
T et = = (3 T ) (@) e @)
n m=+,0,— n

Using equation (4.26), for p = ¢,

A2
PT p Pop(t) = E 1 - Z |an| Z |an| — - (4.36)
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4.1. Non-degenerate resonance

and for p # ¢,
1, & z 1
T n/ n\* n/ n\*x\ —iwgpt __ T A2 _—wgp
qupqp(t) = E(_Zap(aq) )(Zaq(ap) )e = Zque t’ (4'37)
so that
2
P papty + Py ppgity = — = Az, €08 (wpqt). (4.38)

qu

Recalling equation (4.32), the application of the resonant RF field gives
T T 2 5 L. -
Pij Pii(t) + P]z Pij(t) = _EAU CcOos (wijt) + E s (2Vt) Sin (wjit) (A” — Ajj)Aija

2 1
Py Pri(t) T Pk Pik(t) = —EAfk cos (wixt) + 7 sin (2V't) sin (wirt) Ai A,

2 1 . .
P]Tk Prij(t) T Pij Pjk(t) = _EAgk cos (wjxt) + — sin (2V't) sin (wjrt) Ak Ak,

(4.39)
where we have adopted the treatment in equations (4.14 - 4.18). Compared
with equation (4.38), the additional oscillatory terms in equation (4.39) would
be averaged out when calculating the yield of reaction products because of the
zero-quantum coherence term, e.g. sin (wj;t) (w;; > k). Then, the resonance effect

focuses on the transition term obtained as

A(P?p“(t) -+ Pjpjj(t)) = 2(14” — Ajj)2 Siﬂ2 (Vt), (440)

? J

according to equation (4.31). Under short-time limit V?#* < 1, the change in
the time-dependent triplet probability brought about by the resonant RF field is
written

NPTy = il PSli) — LS iy )7 (141)
where ](z]ﬁ[ o 7)|? quantifies the transition intensity [109]. Note that the energy
levels of the spin Hamiltonian of a radical pair are still sufficiently discrete, so that

it is not appropriate to adopt the concept of “density of states”! for continuum

!Number of continuum states divided by dE in the infinitesimally small energy
interval £ to E + dE.
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4.2. Significance of degeneracy

states in Fermi’s golden rule. Thus, the expression of the squared population
difference, |(i|PS|i) — (j|P3|;)|2, must be included in APg). Notice that AP(T;) is
positive, so that the triplet yield would always benefit (so the drop of the singlet

yield) from the resonance effect.

4.2 Significance of degeneracy

The resonance effect on a radical pair is closely related to the difference in the
initial populations of the eigenstates (equation (4.41)). However, it is very strange
that the energy eigenstates of the radical pair are all identically populated for an
initial singlet state when there is an odd number of hyperfine-coupled hydrogens

in either one or both radicals,

1 A 1
(Wlplv) = @l PSlo) = —. (142)

where |v) is an arbitrary eigenstate of the radical-pair spin Hamiltonian. This
is not related to the number of hyperfine-coupled nitrogens. Equation (4.42)
does not apply when there is an even number of hyperfine-coupled hydrogens in
both radicals. The uniformly populated eigenstates should prevent a resonant
RF field causing any appreciable change in the reaction yields even though the
resonance condition has been met. In this way, the resonance effect seems to
be closely related to the number of hyperfine-coupled hydrogens included in the
spin system. However, a previous computational study [45] clearly shows that
resonance induced by an RF field remarkably changes the singlet yield of a one-
proton radical pair (i.e. one hyperfine-coupled hydrogen is included). There must

be particular physics behind this.
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4.2. Significance of degeneracy

4.2.1 Kramers degeneracy

We firstly investigate the origin of equation (4.42). Write the singlet projection

operator in terms of the electron spin operators,

~ 14 PO
pPS = - > S1aSa. (4.43)

a=2,Y,2
Ignoring the inter-radical interactions, an eigenstate of the radical pair can be

represented as the tensor product of two eigenstates of the two radicals,
lv) = [vh) ® [v7). (4.44)
Then, equation (4.42) is equivalent to
(V'] Sjal0’) = 0, (4.45)

if there is an odd number of hyperfine-coupled hydrogens in radical i. The origin
of equation (4.45) is considered associated to a discrete symmetry in quantum
mechanics, time-reversal symmetry. Time-reversal is more precisely termed as
reversal of motion [85]. The operation of time-reversal is characterized by the

operator ©, and a state |1) under time-reversal is denoted by |7,
[47) = Ol). (4.46)
A significant identity is
(plO[) = (W10 0T O~ [¢7), (4.47)

where O is a generic linear operator. Spin operators are odd under time reversal,

~

65,06 '=-8, fora = x,v, 2, (4.48)

which is required by their fundamental commutation relations as in equation (2.2)

[85]. The expression of O for a spin system is,

~

0= ne_mgyf{, (4.49)
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4.2. Significance of degeneracy

where 7 stands for an arbitrary phase, a complex number of modulus unity |n|* = 1
and K is the complex conjugate operator. Taking spin-1/2 as an example: all
the matrix elements of 5} and gz are real, so that O is equivalent to a rotation
operator Yy, ) (rotation around the y-axis by 7), and for S’y, O is reduced to K.
Thus, equation (4.49) is consistent with equation (4.48). Furthermore, applying

O twice gives the 27 rotation operator:
éZ = 6—i7r5'yf(n e—iﬂ'gyk _ nn*e—iﬁ§y6+i7r(§y)* [A(2 _ e—i2ﬂ'§y _ -@(y, 215 (450)

where K2 = 1. The radical-pair spin Hamiltonian in the absence of any external
magnetic field consists of the hyperfine interactions of the unpaired electrons with

the nuclear spins:
‘ k

where ﬁoz denotes the spin Hamiltonian of radical i, SZ and Lk denote the electron
spin and the k-th nuclear spin in radical ¢ respectively, and A,y is the corresponding
hyperfine tensor. Inter-radical interactions have been ignored here. One finds that
HOZ- (so ﬁo) is symmetric under time reversal, 0 PAIOi e Hm’ (i.e. © commutes
with ]:IOi), because of © S;,, fikg 61 = (—S’Z )(—]AM) = giafikﬁ fora, g =z, vy, 2.
Then, the time-reversed |v?) is also an eigenstate of Hy; with the same eigenvalue
W,

Hyi (O]0)) = © Hy|v') = w' O)v?). (4.52)
Importantly, note that (;)]UZ> is not necessarily a degenerate state of [v*), as they

could denote the same state (i.e. at most differing by a phase factor),
Oty = e[, (4.53)

Applying ©2 can determine the identity of ©[v?), according to equation (2.43),

~

O% = Dy amy = (—1) ot 1, (4.54)
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4.2. Significance of degeneracy

where Ny.ir denotes the number of half-integer spin particles in the spin system. A
radical including an odd number of hyperfine-coupled hydrogens and the unpaired
electron is a system of even number of half-integer spin particles, so that 02=1.
Then, ©[v") and |v?) must denote the same state if there is no source of degeneracy

from the symmetry of the hyperfine tensors (e.g. axiality A,, = Ay, # A..), since
%) = O O!) = e % |ut) = o). (4.55)

This gives rise to the quenching of the spin angular momentum of radical ¢ using

equation (4.47),

~

(']Sialv’) = ()71 Sia ©71|(v")7)

= (v

(4.56)

I

|
C@~
=
2
C{Q

This explains the strange phenomenon in equation (4.42) for an odd number of
hyperfine-coupled hydrogens. By contrast, equation (4.53) can never apply for a
radical with an even number of hyperfine-coupled hydrogens, since ©2 = —1. This
means that ©[v) must be a degenerate state of |v?) (i.e. ©v’) and [v?) denote
different states), even if no degeneracy is expected from the hyperfine tensor (i.e.
Ay # Ay, # A,.). Such degeneracy required by time-reversal symmetry is the

so-called Kramers degeneracy, which allows the non-zero spin angular momentum,
(V[Sialv") = —((v") 7185l (")) # 0. (4.57)

Therefore, the eigenstates are not necessarily identically populated in the initial
singlet state, if there are even numbers of hyperfine-coupled hydrogens in both

radicals.
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Figure 4.2: Singlet yield (calculated by v~-COMPUTE) as a function of the frequency
of a 50 uT RF field, for the one-proton or one-nitrogen radical pair. The hyperfine
tensor is isotropic: Az = Ayy = A, = 0.9 mT.

4.2.2 Degenerate resonance effect

The dependence of the resonance effect of an RF field on the number of the
hyperfine-coupled hydrogens is counter-intuitive, though it is explained by time-
reversal symmetry. It is difficult to accept that a radical pair would stop showing
a resonance effect if one more hydrogen was taken into account. Simulations?
for two (one-proton and one-nitrogen) toy radical pairs are illustrated in Figure
4.2. The applied 50 T RF field at the resonant frequency (25.3 MHz for the
one-proton radical pair and 37.8 MHz for the one-nitrogen radical pair) produces
efficient transitions between energy eigenstates, which remarkably increases the
efficiency of the singler-triplet interconversion. Therefore, the singlet yield for the
singlet-born radical pair drops at resonant frequencies (see the spikes in Figure
4.2). Whereas in the off-resonance region, an RF field does not have a noticeable
effect on the radical-pair spin dynamics. Degeneracies induced by the symmetry

of the hyperfine interactions, which has been omitted in the analysis in Section

24-COMPUTE is adopted for the calculation of the reaction yield. See C. T. Rodgers,
DPhil Thesis, for detailed description for y-COMPUTE [120].
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Figure 4.3: Zero-field energy levels for the radical with one hyperfine-coupled proton.
The hyperfine parameters are characterized by equation (4.58). (a) Three-fold degeneracy
is shown when a = 8 = 0. (b) Two-fold degeneracy is shown when o = 0.5 and 5 = 0.
(c¢) No degeneracy is shown when o« = 0.5 and 8 = 0.6.

4.1, plays an important role in resonance effects on radical-pair spin dynamics. In
order to present the significance of the degeneracy, we vary the parameters of the

hyperfine tensor for the one-proton radical pair. The three principal elements of

the hyperfine tensor are
A =a0(1—a)(1 = 5), Ay =ao(l —a)(1+ ), A.. = ap(1+2a), (4.58)

where a and 3 characterize the axiality and rhombicity of the hyperfine tensor
respectively. a and 3 determine the degeneracy of the eigenstates for the radical
with the hydrogen (note that the singlet and triplet states of the hydrogen-included
radical refer to the electron and hydrogen spins): (1) a = 5 = 0: the eigenstates
consist of one singlet state and three degenerate triplet states (three-fold degeneracy
in Figure 4.3(a)); (2) a # 0 and = 0: the ecigenstates are the same as in (1),
but only two triplet states are degenerate (two-fold degeneracy in Figure 4.3(b));
(3) 8 # 0 with an arbituary a: no degeneracy emerges among the eigenstates
(in Figure 4.3(c)). The quantum yield of the electronic singlet product state

DB, n1,wy) 15 calculated as a function of the direction, denoted by a unit vector
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4.2. Significance of degeneracy
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Figure 4.4: A<I>rsf is calculated (using v-COMPUTE) as a function of 3, with o = 0,
0.2, 0.6 and 1.2, for (a) one-proton radical pair and for (b) one-nitrogen radical pair.

ny, and the frequency w; of the RF field. w,¢ ranges in 5-80 MHz. n; is represented
by the polar angle 6 and azimuthal angle ¢ which characterize the angle of the
oscillation direction of the magnetic component of the RF field relative to internal
hyperfine axes. By is the oscillation amplitude (here By = 50 uT). In the absence
of any external magnetic field, the singlet yield is denoted by ®g). The resonance

effect is characterized by the difference between ®g() and the minimum singlet
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4.3. Radiofrequency polarization

yield, min{cbs( Bhnl,wrf)}, for all frequencies and all directions of the applied RF
field: APT = Pgp) — min{Pg(p, ny,wy) - In Figure 4.4(a), a = 8 = 0 (so the
three-fold degeneracy) gives rise to the largest resonance-induced change in the
singlet yield. The resonance effect can still be seen when o # 0 and g = 0,
though A®Y becomes nearly 50% smaller, given that the degeneracy has reduced
to two-fold. Strictly speaking, S # 0 removes the degeneracy of the radical
carrying the hydrogen, but £ not far from zero preserves the near degeneracy in
this radical, which still allows the resonance effect (see the width of A® spectra
at the vicinity of 5 = 0). Nevertheless, the completely non-degenerate radical pair,
as (8 deviates further from zero, is indeed unable to show any resonance effect on
A®Y | as is expected by equations (4.41) and (4.42). By contrast, the singlet yield
of a one-nitrogen radical pair is always remarkably affected by the resonant RF
field no matter how « and § are assigned (Figure 4.4(b)), as a result of Kramers
degeneracy certainly given by time-reversal symmetry. Therefore, we conclude
that it is the (near) degeneracy in the radical pair that is necessary for a resonant
RF field to modulate the reaction yield in the absence of an external static field.
An odd number of hyperfine-coupled hydrogens (i.e. no Kramers degeneracy) does
not signify the erasing of the resonance effect if there exists some symmetry in

the hyperfine interactions, e.g. axiality.

4.3 Radiofrequency polarization

In a previous study [45], both the experimental and simulated zero-field EPR
spectra exhibit the resonance effect on the singlet yield and the polarization
of the oscillating RF field (i.e. right-circularly (CP+) or left-circularly (CP—)
polarized) does not give rise to any difference to the change in the singlet yield
brought by the RF field. As is shown in Figure 4.5(a) and (b), the resonance

effect on the singlet yield by the CP+ or CP— RF field is indeed identical for
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Figure 4.5: Singlet yield for the (a) one-proton radical pair and (b) one-nitrogen
radical pair, as a function of the frequency for the CP+ or CP— RF field (B; = 50
pT). The hyperfine tensor: A, = Ayy = —0.1 mT and A,. = 1.7 mT. The radical pair
lifetime is 1 ps.

either a one-proton or one-nitrogen radical pair. Such equal resonance effect of
the CP+ and CP— field is peculiar at first glance, since conventionally in the
presence of applied static field By (By > Bj), if the CP+ field rotates around B
with Larmor frequency to produce resonance effect, then the CP— field would
be off-resonance. We suppose that the equivalence between a resonant CP+ and
CP— field fundamentally originates in the time-reversal symmetry of the zero-field
radical pair (without a static field to break this symmetry). Firstly, consider an
electron in an static magnetic field directed parallel to the z-axis. The electron
spin originally along the z-axis will spiral into the z,y-plane under a CP+ RF
field oscillating at the Larmor frequency. If the static field is directed anti-parallel
to the z-axis, then the RF field needs to be CP— polarized so as to produce
the resonance. The matrix representations of the Hamiltonians, describing the

interactions of the electron with the static field and the corresponding resonant

RF field, are written,

. 1 0 - 0 et

HO+ = Wy <O _1) s H(/:g = W1 <6+iw$t 0 ) y (459&)
~_ 1 0 . 0 et
HO = —Wy (0 _1) s (t) = w1 <€+iwr_ft 0 > s (459b)
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4.3. Radiofrequency polarization

where Hi and H; respectively indicate that the static field is directed parallel
and anti-parallel to the z-axis (wy > 0), H Eg and H E;) stand for the CP+ and CP—
RF field (here w} > 0, w; < 0 and w} = —w). One will immediately find that
Hy is H under time reversal operation (i.e. © Hf ©~! = H;). Then, a bold
speculation is that if a CP+ RF field can cause resonance for a spin system, the
CP— RF field at the same frequency will cause resonance for the time reversed
system. In terms of a zero-field radical pair, which is symmetric under time
reversal (equation (4.51)), the CP+ and CP— RF fields are expected to have the

same resonance effect on the spin dynamics.

Although the analogy with the single electron case is truly inspiring, stringent
theoretical evidence for the time-reversal induced CP+/CP— equivalence will be
given. Consider two eigenstates of radical 1, |a) and |3) with the corresponding
energy eigenvalues w, and wg. Assume that both radicals have an even number
of hyperfine-coupled hydrogens, so that there is no need to worry about the
awkwardness of uniformly populated eigenstates. Suppose the applied CP+ RF
field meets the resonance condition. The Hamiltonian of the Zeeman interaction
of the electron with the CP+ RF field is written,

where H E:S is as in equation (4.59a) and 1, denotes the identity matrix with the
nuclear spin dimension of radical 1. Write |a) in the basis of individual spins of

the electron and nuclei in radical 1, where Ny nuclear spins are included:

@) =" Y [ser s me,ma) O C2 (4.61)

S, M me,mn, {7}

where the subscript e denotes the electron and n denotes the entire configuration of

nuclear spins, C2™ = (s, s}{ﬂ}; Me, My|s; m) is the Clebsch-Gordan coefficient,

Me,Mn
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4.3. Radiofrequency polarization

in which |s; m) denotes an eigenstate of the total spin operator for radical 1, with

m = me + my, (4.62a)
|se — si < s <5, + stV (4.62b)
C¢,. = (s; m|a) is not necessarily real as a result of the intrinsic Kramers

degeneracy [85]. Similarly for |3):

=3 > fsesthmlLmy) Cnm, Ch L (4.63)

s m m mnv{’y }

2

The intensity of the transition between |o) and |3), |Z;] 4|, is calculated following

that in equation (4.41):

I =(6 |H1(t)|04>

:ZZ > (ses mi|H{|se; me)x (4.64)

s',m’ s,m m’e,me,mn,{'y}

S, ) 50011, 171) Contot, Conta (C ) €y €2 7000,

Me,Mn

{7}.

where Hl(t) denotes 1.":1'1+ f in the interaction picture, and |s., sy

{7}.

meamn> =

|S{7}

|Se; Me) @ my) is used. Noticing that [s;''; m,) constructs an orthogo-

nal basis, so that Kronecker ¢ function emerges as (si'; m/ |1z, [s&F; my) =
S(mu,mt) O({1}, {r})- The resonance condition is satisfied by w’ = ws — wa, which

requires

m,= =, me=—= (4.65)

to cancel the oscillatory term e*“s ~“=)t 50 as to preserve the time-independence

of I;F’B. Combining equations (4.62(a)) and (4.65) and O, my) gives

m'=m + L. (4.66)
Thus, Z; 4 is simplified as
Iip= D > @Ot (O] ) Ol (4.67)
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Swapping the applied CP+ field for a CP— field gives

Hy = H @1z, (4.68)

in which w; = —wk = w, —ws. Then, the resonance between |a) and |3) requires
1 1

e me == 4.69

me 27 m 27 ( )

to produce a time-independent Z; 5. Then, Z ; is obtained as
I, <B|H =Y D w (JS Oy m“(cf,,m)* i (4.70)
sy 8,m mm, {7}
The summations over s and s’ have the same limit as in equation (4.62b), which
allows the exchange of s and s’ in equation (4.70):
Tos= > Y w C;'ﬁjlcigfmn((?ﬁm)* S it (4.71)
s’y 8,m mn, {7}
I Z 5|* is not necessarily equal to |Z_ 4%, meaning that CP+ and CP— RF fields
could have different transition intensities between |a) and |/5). Then, why is the
CP+/CP— equivalence? Time-reversal symmetry, again, plays a critical role in
this puzzle. Instead of looking into the transition between |a) and |5), we focus
on the transition between |a”) and |37) arising from the application of the CP—
RF field. Theorem [121]: for a half-integer spin system that is symmetric under

time-reversal:
8ls; m) = (—1)*™|s; —m), (4.72)
where |s; m) is an eigenstate of the total spin operator. Then, |a”) is written,
Z@ mls; m)
= Z D (D T ser 8P e, —ma) CHLTL (CR)T (g

s,m meamm{'y}

= Z Z 35""311 _m|867 {7}7 —Me, _mn> Orsnznmn(cgm)*’
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where the symmetry property [121] of the Clebsch-Gordan coefficient is used to
{7}

give C¥, " = (=1)%tsn s CEm - Similarly for |67),
{’Y }_ ’ ’
87y =D " D (s s sl —my) O (CF L)

s',m’ mj mn,{v}

Thus, Z - 5T is obtained as
T g =87 \H Ja’)

=3O > (DR s A s —ml) % (475)

s’,m’ s,m ml, me, mn

6(—mn,—m§.) 5({7} o C’ ' m’ Csm Cﬁ (Ca )* zwﬁ—wa)t'

Remembering w; = w, — wg and H () in equation (4.59b),

1 1 1 1
M= g M= g (so that m,, = g0 Me = —5), (4.76)
to cancel €@ =)t in equation (4.75). Sy —m;) gives m, = ml, so that
m' = m + 1. Moreover,
(_1)2(s€+3é7})7m/7m _ (_1) (Se+s{7}) 2m—1 _ _17 (477)

which is attributed to the half-integer total spin of the radical. Then, Z - T in
equation (4.75) is simplified as
Oﬂ’ BT — Z Z w1 C;m:l Ciinmn((csﬁ m—l—l) Csam)* (4-78)
s',s,m mn, {7}
Surprisingly, in comparison with I;“’ 5 In equation (4.67), the two transition

intensities are equal:

2261

— 5 2 (4.79)

Besides, the population of |a, v?) in the initial singlet state of the radical pair is

equal to that of the time-reversed one, |a”, (v*)7):
(@, 0*| PPla, v?) = (o7, (W))T| OO~ a7, (b)) = (a7, (v))T|PPla”, (v*)7),
(4.80)
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Figure 4.6: Scheme for the resonance between two degenerate subspaces. The pair of
degenerate eigenstates in each subspace are time-reversed to each other (i.e. ©|1) = |2),
©|3) = [4)). The traces, linking the two degenerate subspaces, indicate the equivalence
of the transitions induced by a CP+ or a CP— RF field. For instance, blue solid traces:
the transition between [1) and |3) turned on by a CP+ RF field is equivalent to that
between |2) and [4) induced by a CP— RF field.

where |a, v?) = |a) ® [v?) in which |v?) is an arbitrary eigenstate of radical 2, and

laT, (b2)T) = B|a, v2). Note that we have used the symmetry of PS under time

reversal (see equations (4.43) and (4.48)). Same for |3, v7):
(B, 0%1P%18, %) = (BT, (v*)|PP57, (*)7). (4.81)

Hence,
[, 0| PSJa, v®) — (8, 0%|P5| 8, 0%)?
(4.82)
= {a”, (@)T|P5[a”, (v*)T) = (87, (*)T|P|B7, ()T .

Combining equations (4.41), (4.79) and (4.82), we conclude that as long as a
resonant CP+ RF field induces the transition between two eigenstates of the
radical pair to affect the reaction yield, the CP— RF field at the same oscillating
frequency can produce the identical effect on the reaction yield through turning on
the equal transition between the time-reversed eigenstates (Figure 4.6). Note that

Kramers degeneracy has been used in the proof for equal transition intensities

in equation (4.79) in the assumption of the half-integer spin radical. Actually,
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4.4. Anisotropic RF field effect

the degeneracy induced by the symmetry of hyperfine tensors can still lead to
equation (4.79), even if the radical is integer spin. Consider two hyperfine-induced
degenerate eigenstates |u) and |v) for an integer-spin radical. One can always find
a pair of orthogonal eigenstates, |¢) and |p), in such degenerate subspace that

satisty ©]¢) = |¢), e.g.,

1 A 1 .
= —(|u) + BO|v)), = —(Olu) + |v)), 4.83
|¢) \/5(|> v), [#) \/5(|> v)) (4.83)
where equation 0?2 = 1 for integer-spin system has been used. Hence, the

radiofrequency polarization would not matter in the experiments aimed at the

potential avian orientation in an RF field.

4.4 Anisotropic RF field effect

A theoretical basis of the potential resonance effect of an RF field on the radical-
pair spin dynamics in the absence of a static field has been provided. Unlike a weak
static magnetic field that influences the singlet-triplet interconversion through
modulating the (nearly) degenerate subspaces of the spin Hamiltonian (Chapter
3), a resonant RF field benefits the triplet fraction of the radical-pair spin state by
inducing transitions between different degenerate subspaces. Orientation of a bird
in an RF field in the absence of the static field requires that the radical-pair spin
dynamics is affected anisotropically so that the reaction yield varies with respect
to the direction of the RF field. This proposal is reasonable, since anisotropic

hyperfine interactions are common in organic radicals.

Cryptochrome proteins in birds’ retinas are so far the most likely candidate
bearing magnetic sensitive radical pairs. The FAD-based radical pairs formed
in cryptochromes are supposed to be a good magnetoreceptor because of the

two nitrogens (i.e. N5 and N10) in the FAD radicals with nearly axial hyperfine
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4.4. Anisotropic RF field effect

interactions [102]. The degeneracy, given by N5 and N10 and the hydrogens with
isotropic hyperfine interactions in the FAD radical, makes it promising for the
resonance to affect the radical pair spin dynamics. Spin dynamics simulations are
performed for FAD-based radical pairs under an RF field so that the possibility
of an RF field compass for avian magnetoreception can be evaluated. Note that
the RF field in the calculation is a monochromatic field which is the sum of
two counter-rotating, circularly polarized fields, i.e. a linearly polarized field.
As is discussed in Section 4.3, a CP+ or CP— RF field produces equivalent
resonance effect for a radical pair without the static field, so that the choice of a
monochromatic field would show no favour to the CP+ or CP— component in

terms of resonance effects.

4.4.1 FAD-Z radical pair

The FAD-Z radical pair, where the FAD radical is partnered by a radical (Z°)
with no or few, weak hyperfine interactions, is normally acknowledged to be a
chemical compass functioning better in sensing the weak (geomagnetic) field than
the FAD-Trp radical pair [102]. Although the identity of the Z* radical is still
a mystery, several candidates are reasonable under certain chemical conditions
(Chapter 3). Furthermore, the disruption of birds’ orientation under RF fields
at the geomagnetic Larmor frequency (~1.4 MHz) implies the existence of such
a radical. N5 and N10 are included in the FAD®*™ radical (Appendix A). The
Hamiltonian of the time-dependent Zeeman interaction of the electron with the

monochromatic RF field is

Hyy = —7eBi cos (wert +7) (S'I cos (¢) sin (0) + S, sin (¢) sin (6) + S, cos (9)),
(4.84)
where 7 is the initial phase of the RF field which will be averaged in v-COMPUTE;,

S, = Si + Soy for a, = x, 9, z, and wy, By, 0,¢ are those defined in Section

113



4.4. Anisotropic RF field effect

— 0=m12 6=0

S
AP

0.04 -

0.02 -

-0.02 ¢

— 0=11/2 6=0

Figure 4.7: The change (calculate using v-COMPUTE) in singlet probability (AP(St)),
caused by the applied field in two directions (6 = 0 or 7/2), for the simplified FAD-Z
radical pair with N5 and N10 included in the FAD®™ radical. The applied field: a 50 uT
monochromatic RF field at (a) 80.0 MHz and (b) 66.3 MHz; a 50 uT static magnetic
field in (c). The discretization step n in v~-COMPUTE is chosen to be 27.
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4.4. Anisotropic RF field effect

4.2.2. The change in time-dependent singlet probability, AP%), brought by the

RF field alone, is calculated,
S S S
AP = Plsy 1) — Po- (4.85)

Note that in the calculation By = 50 uT, comparable to the geomagnetic field.
Shown in Figure 4.7(a), under an RF field at a generic off-resonant frequency, 80
MHz, the rapidly oscillating AP%) will be averaged out in the calculation of the
singlet yield no matter how the RF field is oriented. In Figure 4.7(b), the RF field
is at a resonant frequency, 66.3 MHz. When the RF field is oriented to the x-axis
(0 =m7/2), AP(St) clearly reflects the periodic transitions between eigenstates in
resonance with the RF field, which gives a negative net change in the singlet
fraction. Note that the superimposed rapid oscillation is attributed to the RF
field effect on the coherences (equation (4.39)) and the integral by time to obtain
reaction yields averages such oscillation out. Nevertheless, the modulation of the
spin dynamics disappears when orienting the RF field to the z-axis (6 = 0). Such
anisotropic modulation of AP%) makes it promising for a chemical compass to
solely rely on the direction of a resonant RF field. For comparison, AP%) under a
50 uT static magnetic field is shown in Figure 4.7(c). Clearly, both a weak static
field and a resonant RF field can produce the periodic negative AP:(St) though with
different mechanisms: the weak static field reconstructs the degenerate subspaces,

whereas the RF field induces the resonance between the degenerate subspaces.

Calculation of the singlet yield under an RF field as a function of frequency
makes the resonance effect clearer. Consider the symmetric reaction model where
the singlet and triplet fractions react separately with the same rate constant
kE = 10° s7!. Applying a 50 gT monochromatic RF field along the z-axis,
the singlet yield, ®g, shows appreciable drops at the vicinity of four specific
frequencies (16.6, 32.7, 49.4 and 66.3 MHz), and ®g is not notably affected by the
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Figure 4.8: (a) Singlet yield (calculated using v-COMPUTE) for the simplified FAD-Z
radical pair, under a 50 4T monochromatic RF field along the x-axis, as a function of
frequency (purple solid trace) in comparison with the zero-field radical pair (orange
dashed trace). (b) Action spectrum histograms for the simplified FAD-Z radical pair.

RF field at other generic frequencies (Figure 4.8(a)). In Figure 4.8(b), “action
spectrum histogram”, as a complement of the spin dynamics simulation, is shown
to compare the effects of an RF field at different resonant frequencies. Action
spectrum histograms in the sense of Fermi’s golden rule were previously used
to characterize the disruption of the anisotropic static-field effect by RF fields
[109]. Here, action spectrum histograms are calculated based on the second-order

Liouville=von Neumann equation so that degeneracy is conveniently taken into

account. In the interaction picture, the dynamical equation for the density matrix
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4.4. Anisotropic RF field effect

P+ 18 written,

(4.86)

where H (1) denotes the time-dependent Zeeman interaction with the RF field. To

second order in time, p() is obtained as

~ A L 12 N A 2 12
) L (4.87)
~ T 3 ~ F r; ~ 2
= Py = i[Hay, po ]t = 5 [Ho, [Huw: po)] ]2
where p) = poy = PS/Z. Write ]:I(t) in the eigenbasis of Ho,
Jo} . T A~
Hiy =%y o Ho Ui,
7 i(wp — wq)t (488>
= IDYPl hfieny @) (gl €7 ",
p,q

where “2/( fot) = e‘iﬁot, ﬁ(t) h f(we,t) in which h is the time-independent term
and f.,,+ characterizes the oscillation of the RF field. The resonance condition
requires [, to cancel the zero-quantum oscillation e@r =@l Jonoring the

off-resonance elements gives:

Hpy e B =Y (1)l b 13l + ) G G, (4.89)
{i}. 13}

where the RF field is assumed to induce the resonance between the degenerate
subspaces (i.e. {i} and {j} denote the aggregates of states in the two degenerate
subspaces). The change in the singlet probability brought about by the resonant
RF field is

Hy Ho, t)

A 1 R R
o) = St 5 S gt S
APy = Tr{OZ/(ro,t) p 62/( ’t)P(t)} - ZTF{%(I%J) P 02/( Ps}

. . (4.90)
~ _ sDISTE DISTy S DISTE [ PrS1142
~ STe{ PSP P [ PRI,

where

P =% (104l PP Layl + 1) G P 15) ). (4.91)
(i} 45}
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4.4. Anisotropic RF field effect

in which the diagonal (population) elements are preserved to bear the transitions,
whereas the off-diagonal (coherence) elements are ignored, for the resonance effect

on them will be averaged out when calculating the singlet yield. Note that
rI\r{p/S [ﬁ/) p/S] } _ “{plsﬁ/pls} _ Tr{p,SPISH,} =0,

Tr{P/S [1{1/7 [ﬁ/’p/SH} _ TI'{P’SI:]/]:I,P,S _ P/SH/P/S]EI/

(4.92)
_ p/S ]:I/p/S ]j[/ + p/S P/S ]:],]:I,}
_ QT‘I‘{]:A’,SI:I/IA{/P/S i P/Slj]/lf,/slfl/}
so that
1 AN A A A A A A A

AP} ~ —E’I‘r{P’SH’H’P’S — PSH'PSH'} . (4.93)

Then, the resonance effect is quantified by R,
R=Te{PSH'H'P® - PSHP®H'}. (4.94)

The height of each action spectrum histogram bar is R normalized by the sum of
R over all energy gaps in both radicals. The drop (Figure 4.8(a)) in the singlet
yield satisfactorily matches action spectrum histograms (Figure 4.8(b)) under
the RF field at frequencies corresponding to energy gaps. This indicates that at
frequency much higher than the reaction rate constant (~1 MHz), the RF field
must rely on the resonance effect to cause appreciable modulation of the reaction
yield. The anisotropic RF field effect is quantified by the maximum difference in

singlet yield, Adg,
ACI)S == Il’la)({q)s(g7 ¢))} - min{@s(&@}. (495)

Considering the axial symmetry of the hyperfine interactions of N5 and N10, only
Pg(0,0) and Pg(gpo,0) are calculated for each frequency. Then, the difference in the
singlet yield is obtained as,

A(I)gix - (Ds(o’o) - (I)S(QOO,O)- (496)
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4.4. Anisotropic RF field effect
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Figure 4.9: A®g = ®gg, g) — Pg(g00,0) as a function of frequency of a 50 u'T monochro-
matic RF field for the simplified FAD-Z radical pair. Four positive (A®g > 0) resonance
(at 16.6, 32.7, 49.4 and 66.3 MHz) peaks arise from transitions between energy levels that
are approximately spilt by the z-components of the (nearly) axial hyperfine interactions
of the electron with the two nitrogens (N5 and N10 in the FAD®™ radical). Three
negative (Adg < 0) resonance (at 8.5, 24.9 and 41.7 MHz) peaks arise from transitions
between energy levels that are approximately spilt by the z and y-components of the
(nearly) axial hyperfine interactions of the electron with the two nitrogens (N5 and N10
in the FAD®~ radical). 3D polar plots (the dumbbells) for the singlet yield at 24.9 and
66.3 MHz are also illustrated.

In Figure 4.9, A®{ ™" is illustrated as a function of the frequency of the 50 pT
monochromatic RF field. Except for the four frequencies that give A®Z™™ > 0,
there are other resonant frequencies that give A®g™" < 0. Such reversed anisotropy
pattern of the singlet yield is more clearly seen by comparing the 3D polar plots?
for singlet yield at 24.9 MHz and 66.3 MHz, shown in Figure 4.9 (note that
the blue region denotes r = Pgp, 4) — dg < 0, and the yellow region denotes

T = Dg9,4) — Og > 0). This suggests that if birds orient their heads to the direc-

tion of an RF field at 66.3 MHz, they would re-orient their heads perpendicularly

3Three-dimensional angular dependence of the singlet yield for the applied field. The
surface position is dictated by the polar coordinates: 6, ¢ and |r| = |®g(g, 4) — (Ps)|
where (Pg) = ﬁ [ sin () ®g g, 4) A d¢ is the averaged singlet yield over all directions
of the RF field.
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Figure 4.10: Anisotropy of the singlet yield (calculated using v~-COMPUTE), A®g,
for the semi-realistic FAD-Z radical pair with N5, N10, H6 and 3xHS8 are included in
the FAD®*™ radical, as a function of the RF frequency ranging in 0.5-120 MHz for four
strengths 50, 100, 200 and 500 pT. The resonance-induced anisotropy of the singlet yield
(Adg) spreads in the frequency range < 100 MHz, which originates from the transitions
among the energy levels of the hyperfine interactions in the FAD®*~ radical.

to an RF field in the same direction but at 24.9 MHz.

More stringent evaluation of the proposed RF field compass requires the
addition of other nuclei in the flavin radical. Aside from N5 and N10 with the
nearly axial anisotropic hyperfine interactions, the less anisotropic H6 and the
three isotropic H8 are included in the FAD®*™ radical. The RF frequency ranges
in 0.5-120 MHz, which covers the frequency region that has been shown to cause
disorientation in the presence of the geomagnetic field (i.e. the resonant RF fields).
In Ref [102], under a 50 uT static field, Adg falls from 0.206 to 0.160 when the
four hydrogens are added, so that the hydrogens do not reduce the anisotropy
too much. However, under a 50 uT RF field, A®g drops from ~0.05 (Figure
4.9) to ~0.01 (Figure 4.10) at the vast resonance region (5-100 MHz) by adding

the hydrogens to the two nitrogens. This is because the number of energy levels
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4.4. Anisotropic RF field effect

grows as more hydrogens are put into the system, which directly weakens the
resonance effect for a single energy gap (see equation (4.41) for the increasing
Z). The loss of the directional sensitivity of a resonant RF field, as a result of
the addition of hydrogens, can be recouped by increasing B;. A®g reaches 0.04
under a 500 uT* RF field at 50 MHz. This is attributed to the increase of the
width of each resonant frequency when the strength of the RF field is increased.
Thus, the effect on Adg of a single-frequency RF field is the composition of effects
of all the neighboured resonant frequencies. Note that the six largest hyperfine
interactions have been included and the addition of the other nuclear spins with
small hyperfine interactions in the FAD radical mainly gives rise to denser resonant
frequencies distributed in the range < 100 MHz. Therefore, the risk of further
decreasing the resonance induced A®g is low. Furthermore, A®g induced by the
RF field at low frequencies is comparable to A®g = 0.16 by the 50 uT static weak
magnetic field (e.g. In Figure 4.10, for a 100 T monochromatic RF field at 1
MHz, A®g = 0.150). This means that at such low frequencies, the RF field does
not rely on the resonance effect to produce an appreciable A®g, but anisotropically
modulates the radical pair spin dynamics in analogy with the static field. Note
that a magnetite crystal large enough to align in the Earth’s field would be too
big to re-orient a million times per second. Hence, the proposed orientation of
birds under low frequency ~1 MHz RF fields can still be a strong evidence for

the radical-pair based magnetoreception.

4.4.2 FAD-Trp radical pair

The existence of a biologically reasonable FAD-Z radical pair coincides with the
proposal in Ref [46], though a feasible Z* radical still has not been discovered

in cryptochromes. Recent study [79] suggests that the FAD-Trp radical pair,

4Although at the moment the RF field of several hundred microtesla is not quite
feasible in practice, in principle these very difficult experiments can potentially be done.
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Figure 4.11: Action spectrum histograms for the semi-realistic FAD-TrpH radical pair.
Cumulative “resonance effect” is the normalized R defined in equation (4.94).

formed by sequential electron transfers from the tryptophan tetrad to the photo-
excited flavin, is probably responsible for sensing the magnetic field. A realistic
FAD-Trp radical pair is too large to be accessible by v-COMPUTE. Instead, the
action spectrum histograms are still available as an approximate evaluation of the
resonance effect. As is shown in Figure 4.11, the range of resonant frequencies is
still below ~100 MHz (nuclei included in the FAD®*™ radical: N5, N10, H6 and
3xHS8, and in the TrpH*" radical: N1, H1, H2, H4, H6, H7 and HB3). Thus, we
suppose that either for the FAD-Z radical pair or for the FAD-Trp radical pair,
the RF field, under which birds tend to orient with respect to the field direction,

is not expected to have frequency that far exceeds 100 MHz®.

Test of the quantum needle

The “quantum needle” hypothesis proposed by Hiscock et al. [56] formulates the
theoretical basis for the radical-pair magnetoreceptor with high angular preci-
sion. The needle is refered to as a spike in the reaction yield when the external

weak magnetic field is oriented in certain directions, for a radical pair with a

®Latest calculation by Wong et al., including all nuclear spins in the FAD-Trp radical
pair, gives 115 MHz as the maximum frequency.
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Figure 4.12: Singlet yield (calculated using v~-COMPUTE) for the simplified FAD-
TrpH radical pair (lifetime 100 ps) with N5 included in the FAD®*™ radical and N1
included in the TrpH** radical as a function of the direction (# in the range in [0, 180°])
of the applied magnetic (static or RF) field (strength 50 xT). The discretization step n
in 7-COMPUTE is chosen to be 21,

lifetime longer than 1 ps. The spike, arising from avoided crossings of the quan-
tum mechanical spin energy levels of radicals, requires both radicals to contain
anisotropic hyperfine interactions, which is satisfied by the FAD-Trp radical pair
in cryptochromes. However, direct detection of the needle is challenging, though

conditions, such as the relaxation time and the inter-radical interactions, for the

existence of the spike could possibly be evaluated in cryptochromes.

The RF field at low frequency could serve as a discriminator on whether
avian magnetoreception inevitably relies on the quantum needle. Calculation was
performed for a simplified FAD-Trp radical pair where N5 in the FAD®*™ radical
and N1 in the TrpH*' radical are included. In Figure 4.12, two spikes in the
singlet yield is clearly seen for the radical pair with a lifetime ~100 pus under a 50

w'T static magnetic field. Replacing the static field by a 1 kHz monochromatic
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4.4. Anisotropic RF field effect

RF field (B; = 50 uT) preserves the spike. Nevertheless, the RF field at >100

kHz removes the spike, though it can still produce a comparable anisotropy of the

singlet yield. Thus, the test protocol for the quantum needle is:

1. Orientation of birds happens either under a weak static field or under an

RF field with comparable strength at frequency throughout 1 kHz to 1 MHz.

Possibilities accounting for birds’ orientation are:

(a)

FAD-Trp radical pairs participate in sensing the weak magnetic field,
either static or radiofrequency. However, the needle does not play a
significant role in the magnetoreception, as no spike of the singlet yield

is expected to emerge under an RF field at frequency > 100 kHz;

The magnetic sensing process potentially relies on the FAD-Z radical
pairs where the partner radical Z* does not contain an appreciable
anisotropic hyperfine interaction and no spike can emerge [56]. The

needle is thus not significant in avian magnetoreception;

The lifetime of the radical pair in cryptochromes is not long enough
for the production of the needle. The anisotropy of the reaction yield
without the spike could sufficiently serve as the navigation information

for birds to orient.

2. Birds could orient either under the weak static field or under an RF field at
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frequency ~1 kHz, but they lose the ability to orient under an RF field at

frequency > 100 kHz. Then, two possibilities are presented:

(a)

The frequency at the order of 1 kHz is too slow relative to the reaction
rate constant, so that an RF field at such frequency is functioning as a
static field. However, birds are intrinsically prevented from using an

RF field, with a fluctuation period much shorter than the radical-pair



4.5. Conclusion

lifetime, to orient by some unknown effect. Then, the role of the needle

is still in mystery;

(b) Birds indeed have the ability to orient by an RF field compass. The
frequency ~1 MHz destroys the needle, which is the critical identity
for sensing the direction of the external magnetic field, so that birds

are unable to show any orientation.

3. Birds are able to orient under a weak static field, but they could not orient
under an RF field at any frequency even as low as 1 kHz. This implies
that the avian magnetic compass is restricted to the orientation by a static
magnetic field. Then, the role of the enhancement of the angular precision
by the potential quantum needle in the avian magnetoreception would still

be unclear.

4.5 Conclusion

The disruption of birds’ ability to orient under a weak (~50 uT) static magnetic
field by RF fields ~10 nT has been reported by previous behavioural experimental
studies, though it is still unclear how the effect of such extremely weak RF fields
on the radical-pair spin dynamics is sensed by birds. Such experiments cannot
exclude the possibility that the disorientation arises from some effects other than
interference with the primary magnetoreception events. Orientation of birds under
an RF field in the absence of the static fields, rather than disorientation under a
static field by RF fields, would provide clear evidence for the direct involvement

of radical pairs in the compass magnetoreceptor.

Theoretical analysis clearly shows that the resonance induced by an RF field
could promote the efficiency of the singlet-triplet interconversion of a singlet

born radical pair so that the triplet fraction would benefit. The modulation
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of the reaction yield by a resonant RF field relies on the transitions between
eigenstates in the initial radical pair spin state, rather than the resonance effect
on coherences which would be averaged out during the radical-pair recombination.
As a result of time-reversal symmetry of the zero-field radical pair, the resonance
effect on the reaction yield requires the (near) degeneracy of spin interactions,
which is sufficient in a FAD-based radical pair. Moreover, the resonance between
degenerate subspaces would not select the radiofrequency polarization for the
zero-field radical pair, so that in the proposed experiment of RF induced avian
orientation, the polarization of the RF field is restricted. Calculation on the
FAD-Z radical pair shows that the resonance-induced modulation of the reaction
yield is anisotropic with respect to the direction of the RF field, though such effect
could be reduced by taking into account the hydrogen spins with less anisotropic
hyperfine interactions. Increasing the strength of the RF field (to ~500 uT) could
improve the anisotropy of reaction yields to a notable extent. Furthermore, the
resonance effect is not expected to emerge beyond ~100 MHz for both the FAD-Z
and FAD-TrpH radical pairs. A monochromatic RF field at low frequency ~1
MHz could cause comparable anisotropy of the reaction yield with that from
the geomagnetic (static) field, though the “quantum needle” would not show up.
Thus, if birds could orient under an RF field at such low frequency, the role of

the needle in avian magnetoreception would then be suspected.
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Chapter 5

Singlet-triplet dephasing leads to
time-dependent magnetic field
effects and its effect on
magnetoreception of weak fields

Weak magnetic fields can affect the product yields of radical pair reactions by
altering the interconversion of the singlet and triplet electronic states of the two
radicals [97]. The time required for this, as discussed in Chapter 2, is of the order
of the electron Larmor period, (—~.B/2m)~!, which is ~700 ns for the Earth’s
magnetic field ~50 uT. Therefore, to be a geomagnetic sensor, the radical pair
must persist for ~700 ns and so must the spin coherence [97]. It is easier to
imagine how the former could be achieved in practice. Processes that limit the
lifetime of a radical pair in cryptochrome include electron transfer between the
radicals and changes in their protonation states [97], which depend on factors
such as redox potentials, separations between radicals, and availability of proton

donors/acceptors, all of which could have been tuned by evolution.
Spin relaxation is potentially more of a problem. It arises from stochastic
molecular motions which cause fluctuations in the local magnetic fields experienced

by the electrons [63-65]. The effect is to destroy spin coherence and more generally
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to equilibrate the electron spins with their immediate surroundings. With the ex-
ception of small organic radicals undergoing rapid (picosecond) rotational diffusion
in non-viscous liquids, electron spin relaxation as slow as ~700 ns is uncommon
and it is unclear how this could be achieved for radicals inside a protein in a
cellular setting at physiological temperatures (~40°). Relatively little is known
about the rates and mechanisms of spin relaxation of FAD and tryptophan radical
pairs in cryptochromes. All-atom molecular dynamics simulations of a plant
cryptochrome, combined with Redfield theory, suggest relaxation times of the
order of 100 ns [63] while behavioural experiments on Eurasian blackcaps imply

somewhat slower spin equilibration (2-10 ps) in vivo [122].

Direct measurements of spin relaxation in radical pairs are difficult and lit-
tle progress has been made to date. EPR (electron paramagnetic resonance)
spectroscopy in a magnetic field of ~50 T is technically challenging, especially
when the radicals are short-lived and, ideally, in an environment that resembles
the largely unknown conditions in vivo. An indirect source of information on
the spin relaxation of radical pairs in cryptochromes exploits the effect of much
stronger magnetic fields on their reactivity. Typically, for magnetic fields up to
about 100 mT, the quantum yields of the products of radical pair reactions have a
sigmoidal dependence on the intensity of the applied magnetic field characterised
by a parameter, B/, which is the field at which the reaction yield equals the

mean of the yields at zero field and at high field:

Do) + P

5 (5.1)

@(31/2) =

The measured value of By, for a particular radical pair contains information on
the hyperfine interactions in the radicals, on the lifetime of the pair and on spin

relaxation [53, 123]. According to the Weller equation [123], the value of By is

128



assumed to be determined solely by the isotropic interactions:

Oy + 02
By = 2@(M> ’ (5.2)

OFAD + OTvp

where opap and oy, are the effective isotropic hyperfine interactions in the two

radicals, defined as

1

where ay; and [j; are, respectively, the isotropic hyperfine interaction constant
and the spin quantum number (1/2 for 'H, 1 for N) of nuclear spin 7 in radical J.
Using hyperfine data for FAD®*~ and TrpH*" in Ref [53], we obtain: opspe- = 0.70
mT and op e+ = 0.97 mT and hence, from equation (5.3), By, = 3.0 mT.
Clearly, no time-dependence of By, is predicted by equation (5.2), whereas it has
been repeatedly measured [124, 125] by cavity ring-down spectroscopy (CRDS)
experiments [126] that B/, grows as a function of time characterized by the pump-
probe delay tq [53]. Moreover, all values of By /2(ty) for the cryptochrome mutants
of three avian species exceed 3.0 mT, suggesting that electron spin relaxation
influences the spin dynamics of the radical pair and hence its magnetic sensitivity.
Then, it is significant to find the appropriate spin relaxation mechanism in Cry4a
and investigate its influence on the effect of applied magnetic fields larger than
the intra-radical (hyperfine) magnetic fields, known as the high field effect (HFE),
since in the CRDS experiments, the applied magnetic fields are in the range

0< B <30mT.

Data of CRDS experiments

W369F mutants of Cry4a proteins (the fourth tryptophan (W369) of the Trp-
tetrad (Trpp) is replaced by a phenylalanine [79]) from the migratory European
robin (Erithacus rubecula, Er), and two non-migratory birds, pigeon (Columba

livia, Cl) and chicken (Gallus gallus, Gg) are studied in the CRDS experiments.
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Figure 5.1: Time-dependence of the absorbance (at a probe wavelength of 530 nm)
changes for the W369F mutants of robin, chicken and pigeon Cryda. (a) AAq, o)
with fits to the biexponential model function, Ay + A; e/t 4 Ay e~ta/t2. The best-
fit parameters are given in Table 5.1. (b) AAA(, 30mT), the change in absorbance
produced by a 30 mT magnetic field. Note that the experimental and fitted data are
from the D.Phil. thesis of Matthew Golesworthy [125].

Note that all the experimental and fitted data used in Figures 5.1 and 5.2 and
in Tables 5.1 and 5.2 are from the D.Phil. thesis of Matthew Golesworthy [125].
The time-dependent change AA( ), in the wavelength-dependent absorbance A
[127, 128], as a result of photoexcitation of the proteins is recorded to characterize
the reaction yields of the products and the fraction of radical pairs that remain

at time t4. The magnetic field effect is quantified by the measurement of the

difference in AA,) with and without an external magnetic field:
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robin chicken pigeon

t [ ps 1.21 1.17 0.96
ty | s 9.59 14.4 14.7
10* A 3.76 1.32 2.40
10* Ay 2.46 0.509 1.08
104 A, 2.80 0.956 2.97
MFE 21% 14% 17%

Table 5.1: Fit parameters for the data in Figure 5.1(a) for Cry4a W369F mutants.
The final row gives the peak relative magnetic field effect, defined as the maximum
value of ‘AAA(tdv 30mT) /AA(td, 0) |

AAA(td,B) = AA(td’B) - AA(td,ON (5'4)

which is dependent on time and varies with respect to the strength of the applied
magnetic field. Figure 5.1(a) shows the absorbance changes, AA, o), measured in
the absence of an applied magnetic field, for each of the proteins as a function of the
pump-probe delay. Also shown in Figure 5.1(a) are fits to a biexponential model
function [125], Ag+ Ay eta/tt 4 Ay eta/®2 for 0 < tq < 100 ps. The fit parameters
are shown in Table 5.1. The absolute magnetic field effects, |AAAq, somT)|, are
in the order robin > pigeon > chicken and the peak relative magnetic field effects,
defined as the maximum value of |[AAAq, s0mt)/AA,,0)|, are: robin 21%, chicken
14%, and pigeon 17%.

In a separate series of experiments, the change in absorbance AAAw, py,
produced by magnetic fields in the range 0 < B < 30 mT at five pump-probe
delays (tq = 0.25, 0.50, 2.0, 5.0 and 10 us) spanning the decay of the fast
component (t; ~ 1 ps) of the kinetics in Figure 5.1(a), is measured. For each g,
AAAq, By is illustrated as a function of the magnetic field strength B, as is shown
in Figure 5.2, which is the so-called magnetically altered reaction yield (MARY)

curve [53, 79]. All three proteins display the sigmoidal magnetic field-dependence
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Figure 5.2: Magnetic field-dependence of the light-induced changes in the absorbance
of ErCry4a W369F (robin), GgCry4a W369F (chicken) and CiCry4a W369F (pigeon)
at pump-probe delays of 250 ns, 500 ns, 2 us, 5 us, 10 us. The green lines are fits to
equation (5.6). In each panel, the error bars represent +1.0 standard deviation of the
residuals (i.e. fit minus data). The dashed red lines mark the values of By /2(tq) Obtained
by fitting to equation (5.6).

characteristic of the radical pair mechanism. Then, the value of B, for each t4
in a MARY curve is the strength of the magnetic field under which the difference
of the change in absorbance reaches the half of that by the strongest magnetic

field applied,
AAA(td R

Biy2)

1
= 5 AAA(td,?)OmT)- (55)
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5.1. Spin dynamics modelling

ta / ps robin chicken pigeon

0.25 3.55 £ 0.16 3.39 4+ 0.26 5.10 4 0.58
0.50 3.64 £ 0.17 4.50 4+ 0.32 4.35 + 0.26
2.0 5.70 4+ 0.48 4.91 4+ 0.44 6.75 4 0.56
5.0 6.45 4+ 0.35 5.97 £ 0.61 7.08 + 0.53
10.0 7.05 £ 0.32 5.40 £+ 0.42 9.33 £ 0.97

Table 5.2: Values of By /y(;,) (in mT) for Cryda W369F mutants obtained from the
data in Figure 5.2.

Also shown in Figure 5.2 are fits of the data to a Lorenztian model,

|
(o | 5.6
fiea) = hia) ( 1+ (B/Bl/Q(td>)2> Y

in which h,) is the limiting value of AAA(, py at high field (in practice, ~30

mT). The values of By /y,) so obtained are given in Table 5.2. The trend for all

three proteins is for Bj/o(,) to increase with increasing pump-probe delay.

5.1 Spin dynamics modelling

The photo-excitation of the FAD co-factors in wild-type Cry4a proteins is followed
by sequential electron transfer involving four tryptophans, which forms FAD-
Trp radical pairs [79] that may account for avian magnetoreception. In W369F
mutants, the electron transfer along the tryptophan chain produces three radical-
pair states RPx (X = A, B and C). The two steps of the radical-pair formation,
RP, — RPg and RPg — RPg, are exergonic, rapid, and outpace the reverse
reactions (RP, <~ RPp and RPg <— RP¢). RP¢ has a lifetime ~1 us (see Table
5.1) [79], which allows the applied magnetic field to modulate the radical-pair
spin dynamics and affect the yields of reaction products. In Figure 5.3, the
reaction scheme for RP¢, including the spin selective recombination and the
spin-independent deprotonation of the TrpoH*" radical, is illustrated. Change in

absorbance (highest for ErCry4a and the lowest for GgCry4a in Figure 5.1(a))
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Figure 5.3: Reaction scheme for RP¢ in the W369F mutant of Cry4a. The rate
constants for the recombination of the [FAD'_ TrpCH’+] radical pair and the deproto-
nation of the TrpeH** radical are ~1 us~!. The reduction of Trp® to TrpH takes > 20
us (Figure 5.1(b) and Table 5.1) [125]. It takes more than 100 us for the FAD®*™ radical
to return to the ground state FAD [79].

decays by ~50% in the first 50 us leaving a signal with lifetime greater than 100
us, attributed to the FAD®™ Trpg, state (Figure 5.3) of the proteins. According to
the biexponential fit parameters shown in Table 5.1, ¢; (~1 us) is attributed to a
combination of back electron transfer (with rate constant k,) in the singlet radical
pair, 8[FAD®*~ TrpcH®*"], and deprotonation of TrpH** (with rate constant ki)
to give FAD®*™ Trpg. to (10-15 us) is supposed to characterize the kinetics of the
reduction (with rate constant k,) of Trpg, to give TrpcH. This accounts for the rise
of AAA(, 30mm) in the pump-delay tq < 20 ps (Figure 5.1(b)), given that TrpH
has no absorbance at 530 nm [129]. ¢, also contains the kinetics of the possible
recombination (with rate constant k) of the singlet FAD®*™ Trpg. The method of
including the recombination of FAD®*™ Trp¢. in the spin dynamics simulation is
demonstrated in Appendix D, though it does not need to be considered for the spin
dynamics modelling in this chapter. This is because in the time scale of > 10 us
(t2), the spin state of FAD®*™ Trpg, is already relaxed, and the external magnetic
field is therefore not expected to appreciably modulate the spin dynamics of
FAD®*™ Trpg, [79, 84]. Therefore, in the spin dynamics simulation, it is appropriate

to consider that the applied magnetic field solely influences the singlet-triplet
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5.1. Spin dynamics modelling

interconversion in the [FAD®*~ TrpoH*"] radical pair.

5.1.1 Spin relaxation

The time-dependent MARY curves for the W369F mutants of Cry4a proteins of all
three avian species have shown the profound time-dependence of By, (Figure 5.2),
the source of which is anticipated to be electron spin relaxation. The three most
probable spin relaxation mechanisms for the FAD-based radical pairs in Cry4a (i.e.
random fields relaxation, singlet-triplet dephasing and triplet-triplet dephasing)
have been included separately in the simulation of a simple radical pair, in which
each radical has a nitrogen with an isotropic interaction. The hyperfine constants
of the two radicals are: a; = 0.523 mT (as N5 in FAD®*") and as = 0.322 mT (as
N1 in TrpH*"). The magnetic field effect was assessed by means of the yield of
the product formed from the triplet state of the radical pair, which is referred to
as the “triplet yield”, ®r, gy, used here in order that the magnetic field effects
have the same sign as in the MARY curves in Figure 5.2, i.e. ®pq, 0) > Pre,, B)-

The dynamical equation for the radical-pair spin state in Liouville space is:

do 2
% = —LO'(t), (57)

where o, is the the row-wise flattened (vectorised) form of the density matrix, and

~
~

L = iH+K+W is the Liouvillian superoperator, in which H=H®1-1®HT is the
Hamiltonian commutation superoperator, K is the chemical reaction superoperator,
where we have adopted the symmetric reaction approximation, with reaction rate

constants k = kg = kr = 10° s7! so that

K=" oitierm) BT eiviorm) =4l (59

and W is the relaxation superoperator. Thus,

oW = G_Lta(o), (5.9)
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Figure 5.4: A simple radical pair (each radical includes an isotropic nitrogen with the
hyperfine parameters, a; = 0.523 mT and a; = 0.322 mT) with lifetime of 1 us. (a)
The change in the triplet yield, A®y(, p), as a function of magnetic field strength for
five pump-probe delays (0.25, 0.50, 2.0, 5.0 and 10.0 us). (b) A®y(, p) is normalized
by ‘A(I)T(td,30mT)| to obtain V(tq, B)-

where for the singlet born radical pair o(g) = (1/Z) 0%, where Z is the nuclear spin

dimension and 3™ is the row-wise flattened (vectorised) form of PS(™). Then,

the time-dependent triplet yield ®r(,) is obtained as:

— e—itd)&s. (5.10)

=>>

tq k N
Prm = [ (6ot = 2 (677 L

where the superscript “1” denotes transpose. The time-dependent magnetic field
effect is thus quantified by A®y, By = P, B) — Pry,0). Figure 5.4(a) shows
A®y, py as a function of B for five pump-probe delay time (t4 = 0.25, 0.5, 2, 5
and 10 ps) without spin relaxation. Both the low field (B < 1 mT) and high field
(B > 1 mT) effects can be seen: the positive A®rq, p), corresponding to the low
field effect, is due to the weak magnetic field effect on the (nearly) degenerate
subspaces [54], whereas the negative A®r, p), corresponding to the high field
effect, is the result of the energy splitting between the singlet and triplet states
induced by the strong magnetic field, which greatly hinders the singlet-triplet
interconversion. In order to compare the B/, values at different 4, APty p) is
normalized by |A®rq, 30mT)|:

Al B
|ADr, 30mT)|

(5.11)

V(ta,B) =
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5.1. Spin dynamics modelling

Thus, V(tg, By ;) = —0.5. Clearly in Figure 5.4(b), By, does not increase with time

when no relaxation mechanism is taken into account.

Random fields relaxation

Random fields relaxation (RFR) is a generic mechanism in which the two electron
spins are relaxed isotropically with equal rate constants due to the fluctuation
of the local magnetic fields experienced by the two electrons [65, 130]. The field
fluctuation can be attributed to the stochastic modulation of hyperfine interactions

caused by fluctuations in dihedral angles and librational motions of the radicals

0.8
(a)
067 _¢T(oc,0)
q>T(oc,3()mT) .
& 04t — |A® (o, 30mT) | ;
X
0.2}
0 T
0 1 2 3 4 5
TreR /[ K
(c)
0.5
0
0.25
g 0 §-0.25
$-025} 15 o5
-0.5¢
-0.75
-0.75 ¢
-1 1
0 10 20 30 0 10 20 30
B/ mT B/ mT

Figure 5.5: Random fields relaxation is considered for the simple radical pair (each
radical includes an isotropic nitrogen with the hyperfine parameters, a; = 0.523 mT
and a; = 0.322 mT) with lifetime of 1 us. (a) Final triplet yield (i.e. tqg = 00) as a
function of the relaxation rate constant (rrpr) relative to the reaction rate constant
(k=109 s71) for B =0 or 30 mT. v, p) is calculated for three rrrr (b) 5 x 10°, (c)
5x 105, (d) 5 x 107 s71.
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within the protein [63]. The RFR superoperator is

32

I/%/RFR = TRFR<§]- — Z Z SJi & S}l>, (512)

J=1,2 i=a,y,2
where rgpr is the RFR rate constant, which is difficult to be measured physically
at any accuracy, and J = 1, 2 denotes the radical. Figure 5.5(a) shows the
final triplet yield (i.e. ®p(oo,0) and Priso, 30mt) Where “tq = 00” means that the
reactions have completed) as a function of rrpg/k. The inclusion of RFR increases
the triplet yield even though a strong magnetic field (~30 mT) is applied. This is
because the RFR relaxes the spin state to equilibrium, disregarding the energy
gap between the singlet and triplet states caused by the applied field (i.e. all the
populations of the singlet and triplet states head towards 1/4, and all the spin
coherences are annihilated), whereby ®r(s, 30mt) intends to become 3/4. In this
sense, the magnetic field effect is destroyed under fast RFR (e.g. [A®r(co, 30 mT)]
decreases by 50% with rgpr ~ 10% s71); shown in Figure 5.5(a). Moreover, Figures
5.5(b), (¢) and (d) show v, gy for rrrr = 5 x 10°, 5 x 10° and 5 x 10" s7!, and
none of them shows appreciable time-dependence of By/,. Thus, we speculate
that RFR is not, at least not the only, appropriate spin relaxation mechanism in

W369F mutants of Cry4a proteins.
Singlet-triplet dephasing

Singlet-triplet dephasing (STD) can arise from the modulation of the electron
exchange interaction brought about by the fluctuation of the inter-radical sepa-
ration [65]. Remembering the representation of the exchange interaction He, in
equation (2.67) and assuming J to have exponential form as in equation (2.68),

we write the fluctuation of ﬁex as

hesty = foy b, (5.13)
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where hy = —(1/2 +25; - Sz), and fu) = J J(ray) 18 the stochastic term.

@)
Applying Redfield approach with assuming the correlation functions have the
form of an exponential decay as in equation (2.103), we obtain the relaxation

superoperator for the fluctuation of J as

exy) = Te (f3) b1, (5.14)

>

WSTD = 7_c<ilex(t)

where the extreme narrowing limit as in equation (2.105) has been used (i.e.

722 < 1 in which €, denote the differences between two different energy gaps

c “pn

in Section 2.5.3, Chapter 2), hi=hol-1® iLI Note that PS = 1/4 -S,-S,
and PT =31/4+ S, -8S,, so that hy = PS — PT and hy = (ps®j__j_®p8) —
(PT®1-19PT) =2(PS® PT— PT® P®). Then, h} = 4(PS@ PT+ PT @ P%),

and WSTD can be rewritten,
Wsrp :TSTD(pS®pT+pT®PS), (5.15)

where rorp = 4 7.( f(Qt)>. Clearly from the representation of STD in equation (5.15),
such relaxation mechanism causes decoherence process selectively between the
singlet and triplet states. STD has been evoked previously as an explanation
for the unexpectedly large B/, values observed for Cryl from plant Arabidopsis

thaliana and DNA photolyase from E. coli [53].

Here, we include the STD mechanism in the calculation of A®yy, 39mt). In
Figure 5.6(a), in contrast with RFR, STD surprisingly preserves the magnetic
field effect (i.e. A®rp(, p)), even increases it slightly. It is promising that even
with STD much quicker than the reactions, the MFE, which here is defined as
|A® T (00, 30mT) |/ Pr(0,0) Meaning the change in triplet yield brought about by the
applied magnetic field (~30 mT) relative to the zero-field triplet yield, can still
reach ~20% (Table 5.1). Comparing Figure 5.6(a) with Figure 5.5(a), we find

that the distinction between the effects of RFR and STD on |A<I>T(OO, 30mT)| 18

139



5.1. Spin dynamics modelling

0.8 T T T T 0.5
(a) (b)
0.95 —0.25 us —5.0 us
06f —?I:T(oo,m ] 0.50 ps - - 10.0 us
T(oc0,30mT) 0 —2.0 us
- |Aq)T(oc,30 mT)‘ a
& 04f 1 £-0.25
I
05
0.2
-0.75
0 : ‘ : : -1 :
0 10 20 30 40 50 0 10 20 30
rstp / k B/ mT

0.25(d)
td/,u,s|0.25 0.50 2.0 5.0 10.0

0
_ Bl/z/mTl 21 28 45 51 5.1
5-0.25
S B
0.5 1/2
-0.75
n o -1 T
0 10 20 30 0 10 20 30
B/ mT B/ mT

Figure 5.6: Singlet-triplet dephasing is considered for the simple radical pair (each
radical includes an isotropic nitrogen with the hyperfine parameters, a; = 0.523 mT
and a; = 0.322 mT) with lifetime of 1 us. (a) Final triplet yield (i.e. tq = 00) as a
function of the relaxation rate constant (rgrp) relative to the reaction rate constant
(k =10% s71) for B =0 or 30 mT. V(tq, B) 18 calculated for three rgrp (b) 5 X 10°, (c)
5x 105, (d) 5 x 107 s~

due to their influences on @7 30mr): the RFR increases ®7(s 30mr) through
non-selectively relaxing the spin state, whereas STD does not change the triplet
yield under a strong field ~30 mT, meaning that STD seems unable to efficiently
relax the spin state towards equilibrium under a high field. Figures 5.6(b), (c) and
(d) show v, py for rerp =5 x 10°, 5 x 10° and 5 x 107 s™*. By o does not has a
profound time-dependence with rgrp below 5 x 10 s=!, but when rgrp reaches
5x 107 s71, By explicitly rises from 2.1 mT to 5.0 mT as the pump-probe delay
increases from 0.25 to 10 us. Therefore, STD potentially accounts for the time-

dependence of Bj/; in the W369F mutants. However, although J(r(t)) is a steep

function of the centre-centre separation r(; that fluctuates within the protein as a
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result of thermal motion, the exchange interaction is so small for FAD-Trp radical
pairs in Cryda (< 10 puT according to recent electron paramagnetic resonance

experiments [79]) that it is very unlikely to be an important source of dephasing.

Electron hopping

The modulation of the exchange interaction does not necessarily rely on the
fluctuation of the inter-radical separation - a more credible mechanism is electron
hopping between the second (Trpg) and the third (Trpy) components of the

Trp-triad:
FAD®*™ TrpgH*" TrpcH = FAD®*™ TrpgH TrpcH®*.

We refer to the states on the left and right hand side as RPg and RP¢ respectively.
The rate constant for RPg — RP(¢ is denoted by kgc, and the rate constant for
RPg < RP¢ is denoted by kcg. It is suggested that the Trp radical is mostly
localized on TrpcH*" (i.e. kpc > kep) [79, 131-133]. Moreover, the FAD®~
radical is ~4.6 A closer to TrpgH*" than to TrpoH** [79, 134], giving rise to an
exchange interaction as large as ~1 T in RPg [93]. The effect of the reversible

electron hopping process on the spin dynamics may be seen by a two-site model

[135]:
d - B
% = —(ZHB —+ KB)PB — kBC PB + kCB PC,
) (5.16)
% = —(zf{c + Kc)pc — kep pc+ kgc PB;

where, with X = B, C, Jflx is the Hamiltonian commutation superoperator, I%X
is the superoperator describing the other chemical reactions (e.g. radical pair
recombination). When kgc > kcp, such that site B returns to site C almost
immediately and therefore has a short lifetime and a low equilibrium population,

we may neglect Kpg and use the steady-state approximation in chemical kinetics
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dpg/dt = 0 [135, 136], to obtain:
PB = kCB (Z[:[B + chi)ilpc. (517)

Note that in RPg the exchange interaction far outweighs any other spin magnetic
interaction, whereby Hyp is considered as the commutation superoperator for a
strong exchange interaction Hamiltonian. Substituting equation (5.17) into the

dynamical equation for pc in equation (5.16), we have:

dpc
dt

=— (zf:Ic - f%c)pc — ke po + kse ke (iﬁ[B + chi)_lpc
= —(iHlo + Ko) po — ken (1 — ko (iHs + knel) ) po
= —(iHle + Ko) pe — kon ( (it + kucd) (ifhs + kpcl) s)
— kpc ('éﬁB + kBCi)A)PC
= —(illc + Kc)pe — i kop Hy (ills + kpel) ' pe
= —(zflc + Ko+ ﬁ/)pc,
where W = i kep Hp (iHp + kped) ™ s the equivalent relaxation superoperator

brought about by the electron hopping. In the singlet-triplet basis, the matrix

. —-Jg 0
Hg = 5.19
B ( 0 JB) 3 ( )

where Jg is the energy for the singlet state and —Jg is the energy for the triplet

form of I:[B is

states. Then, the matrix representation of Hp is obtained as:
0 0 0 O

ﬁ] 0 —2Jg 0 O )
P10 0 2J8 0 (5.20)
0 0 0 O
so that the matrix representation of W is
0 0 0 0
A 0 ﬂ_—l 0 0
W = iJg ken 2/ +hno X (5.21)
0 0 12JB + kBc 0
0 0 0 0
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Figure 5.7: Same radical pair for RP¢ as that in Figure 5.4 and only the extremely
strong (1 T) exchange interaction is considered for RPg. No recombination reaction
is taken into account for RPg and RP¢ (i.e. Kpg = K¢ = 0). kpc = 10! s7! and
kcg = 5 x 107 s71. “Two-site model”, the exact method in expressing the electron-
hopping following equation (5.16), and “STD”, the equivalent spin-relaxation in RP¢

method following equation (5.22), are compared ((a)0 < ¢ < 300 ns and (b) 0 < ¢t < 10
ps) by the time-dependent singlet state probability pgg() of RPc.

Hence, W adds a singlet-triplet dephasing term Wsrp and an additional exchange

interaction term H ! to the time-dependence of pc: W = Wyrp + il !, where

WSTDZTSTD(pS®pT+pT®PS)>

(5.22)
o, =-2J, (P"®P® - PSe PY),
in which
4J2 k Jp ke k
PSID = Tt S = e (5.23)

Reliable experimental measurements of kpc, kcp and Jg are not available. If
Jg > kpc, then equation (5.23) gives rgrp & kcp, supporting the estimation of
rstp in Ref [53] at the order of 107 s7!. In the same limit, J/ < kcp, implying
a negligible effect on the spin dynamics. The equivalent STD and additional
exchange interaction is verified through the comparison of the time-dependent
singlet state probability pss() of RP¢ from equations (5.22) and (5.23) with that
from the exact two-site model in equation (5.16). In Figure 5.7, pgg() for the
“STD” method satisfactorily matches that for the exact method throughout the

spin dynamics time period (i.e. ¢ < 10 ps). Therefore, singlet-triplet dephasing
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induced by the electron hopping between RPy and RP¢ is realistic.
Triplet-triplet dephasing

The fluctuation of the centre-centre separation can also lead to the stochastic

modulation of the electronic dipolar interaction written [65],

~

haip = gty ha, (5.24)

where

2 1. 1. 2 .
hy = = (3518, — S+ Sy) = = PT+ 4+ - pT- - ZpTo
2 3( 12002 1 2) 3 3 3 )

and gy = Dy, ) —Dy,,,) characterizes the modulation of the strength of the dipolar

0.8 . - , : 05 : ,
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Figure 5.8: Triplet-triplet dephasing is considered for the simple radical pair (each
radical includes an isotropic nitrogen with the hyperfine parameters, a; = 0.523 mT
and a; = 0.322 mT) with lifetime of 1 us. (a) Final triplet yield (i.e. tq = 00) as a
function of the relaxation rate constant (rprp) relative to the reaction rate constant
(k=10 s71) for B =0 or 30 mT. v, gy is calculated for three rrrp (b) 5 x 10, (c)
5x 105, (d) 5 x 107 s~
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interaction. Such D-modulation gives rise to triplet-triplet dephasing (TTD).
Applying Redfield approach with extreme narrowing limit, the superoperator of

TTD is obtained as [65]
WTTD =T <9(2t)> ilg

1 A~ A~ 1 A~ N 1 “ . 1 R R
ZTTTD(5P5®PT++§PT+®PS+§PS®PT*+§PT*®PS
(5.25)

L 55 | f 5T | 7 :
PP+ S Pl @ PR PTr e P+ Ploa P

+ PT-g pTo 4 pPho g PT*>,

where rrrp = 7 <g(2t)) is the triplet-triplet dephasing rate constant. In I/%/TTD, not
only the coherences between the singlet and triplet states but also those among
the triplet states are relaxed. In Figure 5.8(a), we see that TTD also preserves
A, p). By explicitly rises by time on condition that rrrp 2 107 s7! (Figures
5.8(b), (c) and (d)). However, although the dipolar interaction (~ —470 uT) is
much stronger than the exchange interaction in the FAD-Trp radical pair [79],
this does not necessarily mean that the triplet-triplet dephasing can probably be
as fast as ~107 s71, as D¢,y has a much weaker dependence on the inter-radical
separation than J,y. Assume that the inter-radical separation is in a Gaussian
distribution, centred at r = r,,, with the standard deviation o,:

1 _(T'*T'av)Q
Py = PEET: 5.26
() 0-7"\/% ( )

Using o, = 0.1 nm, 7,, = 1.85 nm [79] and 7. = 0.1 ns, rprp is obtained as

rerD = T (g(y) = Te / Py (Diry) — Do) 2dr = 1.7 x 10%s 71, (5.27)
0
Such slow TTD is very unlikely to induce any time-dependence of By .
5.1.2 Exact modelling

The analysis of the time-dependence of By, in Section 5.1.1 is approximate

because it assumes that singlet and triplet radical pairs react spin selectively to
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give distinct singlet and triplet products with equal rate constants. The reality
is that there is no accessible triplet product state of cryptochrome that could
be formed spin-selectively from the triplet radical pair [53, 79]. A more realistic
modelling must follow the reaction scheme in Figure 5.3, which consists of a
spin-selective recombination of singlet radical pairs to the ground state of the

protein (rate constant k),
Ky
S[FAD*™ TrpcH**] —— FAD TrpcH,

and a competitive spin-independent deprotonation of the tryptophan radical (rate

constant ki),
ST[FAD*™ TrpcH*'] M, ST[FAD*™ Trpg].

Now, the chemical reaction superoperator is

=~

~
~

(PP e1+1eP%) + ki, (5.28)

~
~

K =

b |

where the projection operator for the forward reaction (i.e. the deprotonation of
TrpcH®T) is the identity matrix, PF =1, its vectorised form in Liouville space is

denoted by oF.

The hyperfine interactions of the electron with multiple nuclear spins are treated
by a simple semi-classical approximation proposed by Schulten and Wolynes [137].
This approximation neglects the (comparatively slow) nuclear spin evolution and

replaces the nuclear spin operators by classical field vectors:
aye Lix = hyy, (5.29)

where I, is the k-th nuclear spin operator in radical J, aj; is its isotropic
hyperfine constant, and hy, = (h’jk, hY,., hjk)T is the hyperfine field. Note that

although equation (5.29) destroys the (nearly) degenerate spin subspaces which are
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5.1. Spin dynamics modelling

significant for the low field efect [54, 104], this semi-classical method is reasonably
reliable for the modelling of the time-dependent magnetic field effect here with
applied fields stronger than the internal hyperfine interactions. hy; is randomly

oriented and

|hy| = \/aﬁk Inp(Iye + 1), (5.30)

where [, denotes the nuclear spin quantum number, so that
> (1) = el = af, In(L + 1). (5.31)
a=w,y,z
Assuming that A§, is a random variable with the mean value py, = 0 and the
variance given by o3, = a3, Iji(I5x +1)/3, the summed component hyperfine field
in a radical, h§ = ), h§;, thus tends towards a normal distribution, according to

Lyapunov central limit theorem [138]:

1 _1(h1)?
Ping) = P (%) , (5.32)

where the standard deviation oy is equal to the effective isotropic hyperfine
interaction constant in equation (5.3). The multiple nuclear spins in the radical

pair allow us to apply the central limit theorem. Hence, the probability of the

summed hyperfine field hy, with its strength |hy| = \/(h%)2 + (hY)2 + (h2)2, is

1 \3/2 _1(lnl)®
Py = (Pug))” = ( ) () : (5.33)

2
2oy

which was appropriately used to characterize the internal magnetic fields (induced
by hyperfine interactions) in a radical pair in previous works [139, 140]. Thus, the

spin magnetic Hamiltonian for the FAD-Trp radical pair is written,
f{SW = W1 - Sl + wo - SQ, (534)

where wy = hjy —~v.Bn, in which n, is the unit vector along the z-axis. Note that

both the exchange interaction (too small) and the electronic dipolar interaction
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5.1. Spin dynamics modelling
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Figure 5.9: Schulten-Wolynes semi-classical calculation of the MFE for the FAD-Trpc
radical pair with singlet-triplet dephasing. k. and k¢ vary in the range 10°-107 s~ 1.
B =30 mT and rgp = 3.5 x 107 s71.

(assumed to be averaged out in solution) are ignored. In the spin dynamics mod-
elling, the effect of hyperfine fields on the spin dynamics is included by averaging

over the normal distributions of hyperfine fields in equation (5.32) (using 10*

Monte Carlo samples).

Considering the MFE ~20% and the time-dependent B, /5, we adopt the singlet-
triplet dephasing as the sole spin relaxation mechanism in the spin dynamics

modelling. Then, the Liouvillian superoperator is
Lsw = iHgw + K + Wsrp. (5.35)

The time-dependent recombination yield @, py and forward reaction yield @, g

are obtained as

ta A A 2
(I)r(tchB) = </€r/ (a-S)T o dt) — <E (a.S>T (st)fl (1 — e*sttd)(%S)’
0



5.1. Spin dynamics modelling

robin chicken pigeon
k. /10° s71 9.3 5.8 8.7
ke/105 71 5.4 6.5 7.4
rsrp/107 871 3.2 2.4 6.1

Table 5.3: Fitted rate constants for the (singlet) recombinaton (k;), the spin-
independent deprotonation (kg) of TrpcH®** and STD (rgpp) in the [FAD®*™ TrpcH®*]
radical pair.

where (...) means the average over the sample of hyperfine fields, and the final

yields are:
N
(I)r(oo,B) = <E (US)T(LSW) IO-S>’
. ) (5.37)
P00, B) = <Ef (6")(Lsw)"'5").

Regarding that the extinction coefficient of the ground state (recombination
product) at 530 nm is zero [129], MFE = |A®¢ 30m1)/ Pi(o,0)| 18 equivalent to
that in Table 5.1 for the three mutants of avian Cry4a proteins (robin 21%, chicken
14% and pigeon 17%). Note that STD with rgrp = 10k = 107 s~ does not affect
the yields of reaction products (Figure 5.6(a)). Therefore, the assignment of the
value of rgrp is not limited at the goal of finding the appropriate k, and k¢ to
satisfy the experimental MFE and fitting the chemical kinetics characterized by
¢ in Table 5.1. Taking kgrp = 3.5 x 107 s7*, we calculate g0 0) and Pgoo, 30m)
with ky and k¢ both in the range 105-107 s~!. The corresponding MFE (in the
range 0 < MFE < 42%) is shown in Figure 5.9. The regions in which the MFE
agree with those in Table 5.1 are denoted by the three white lines, where the
proper k, and k¢ corresponding to the chemical kinetics represented by t; in Table
5.1 will be found. The extinction coefficients of TrpoH®*" and Trp, at 530 nm
are known to be similar [129], and for simplicity we assume they are equal. The
extinction coefficient of the ground state at 530 nm is zero [129]. Therefore, the
time-dependent change in absorbance in Figure 5.1(a) describes the remaining

[FAD'* TrpCH”r} radical pairs (Prpg(zy,0)) and the accumulation of FAD®™ Trpg,
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5.1. Spin dynamics modelling
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Figure 5.10: Exact spin dynamics modelling of W369F mutants of the three avian
(robin, chicken and pigeon) Cry4a proteins. (a), (¢) and (e) show the fitting of the
time-dependent Bj /o (“Exp” denote the experimental data and “SDM” means spin
dynamics modelling). (b), (d) and (f) show the fitting of k; and k¢ to the chemical
kinetics ¢; in Table 5.1, and the corresponding MFE is also noted.

(®f(4y,0)) at zero field. Thus, t; characterizes the kinetics of the time-dependent

yield of recombination (®,,, o)) remembering that ®rpt,,0) + P, 0) + Pr(ta, 0) = 1.

This means that (1 — (I)r(td,O)/q)r(oo,O)) needs to be fit to exp(—tq/t;). The fit £,
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5.2. Origin of the time-dependence of B/,

and kg for robin, chicken and pigeon are shown in Table 5.3. Using them, we vary
rsTp SO as to obtain the By o,y values that fit those in Table 5.2. Note that here

By 5 is defined as:

(q)RPc(thuz) + (I)f(tdeuz)) - (CDRPC(td,O) + (I)f(tcho))

_ (PrPo(ta, 30mT) + Lot 30mT)) — (PRP(1a,0) + Prta,0)) (5.38)
2 )
equivalently:
(I)r(t ,0) + (I)r(t ,30mT)
q)r(td,Bl/Q) = : 9 : . (5.39)

The fitted rsTp are obtained in the least square sense (Table 5.3: robin 3.2 X 107
s71, chicken 2.4 x 107 s7' and pigeon 6.1 x 107 s7). Figures 5.10(a), (c) and
(e) show the comparison of the By /s,) from the spin dynamics modelling with
the experimental ones - the inclusion of singlet-triplet dephasing succeeds to
depict the time-dependent magnetic field effects. Furthermore, one may wonder
whether the change of rgrp (note that the k. and k¢ in Table 5.3 are obtained
with assuming r¢tp = 3.5 x 107 s71) makes a difference to the chemical kinetics
and MFE. However, Figures 5.10(b), (d) and (f) clearly show that k;, and ks in
Table 5.3 still satisfy the t; kinetics and the corresponding MFE, even though

rstp changes.

5.2 Origin of the time-dependence of B,

Roughly speaking, a decoherence process as fast as ~0.1 pus™!

was supposed to
completely relax the coherent spin states before the much slower chemical reactions
(~1 ps™') can happen. Then, for times longer than 1 us, the time-dependence of
the magnetic field effects should not emerge. However, singlet-triplet dephasing
indeed grants By, with a time-dependence till 4 < 10 ps for the Trpp mutant

cryptochromes of the three avian species. Thus, it is necessary to find out the

physics behind. Insights into the effects of spin relaxation on the spin dynamics of
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5.2. Origin of the time-dependence of B /s

radical pairs considered here can be obtained by reducing the four electron spin
states (S, T, T4 and T_) to a two-level system. Despite the gross simplifications
involved, this “toy” model (inspired by and developed from Maeda et al. [140])
reveals how spin relaxation affects the sensitivity of the radical pair reactions to

an external magnetic field.

5.2.1 S-T, interconversion

The spin Hamiltonian for the two-level S-T( radical pair is:

i = (q(/)Z q(/] 2) , (5.40)

where ¢ characterizes the hyperfine interaction. Note that the external magnetic
field along the z-axis does not cause extra energy level splitting between the S
and Ty states, so that Hgg = Hy,1, = 0. Ignoring the chemical reactions and
spin relaxation, the difference between the time-dependent S and T, fractions,

Pss(t) — PToTo(t), for a radical pair formed in the S state, is given exactly by:

Pss() — PTaTo(r) = €08 (q), (5.41)

i.e. the S-Ty will be sufficiently mixed with the oscillation frequency ¢. Including

singlet-triplet dephasing, the master equation for the density matrix is

o _

i —i[I:I, p| — T[PSpPTO + PTopps], (5.42)

where r = rgrp, and the singlet and triplet projection operators are

s (10N g, (0 0V
00/ 01

Equation (5.42) can be recast as

— = —Lo, (5.43)
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5.2. Origin of the time-dependence of B/,

where o0 = (,Oss, PSTos PToS) PToTO)T with T = transpose and the matrix represen-
tation of the Liouvillian superoperator is
L=i(H®l-1® ") +r(PS® P" + PP P%)

0 —iq 1q 0

1 —ig 2r 0 g (5.44)
"2l ig 0 2r —ig
0 g —iq 0
Defining o’
PSTy T PToS 0 1 1 0 pss
—1 — 0 —¢ ¢ O
o = (P50 = Pr0s) = PSTo | _ pg (5.45)
pss — PToTo 1 0 -1 PToS
pss + preTy 1 0 1 PToTo
allows us to rewrite equation (5.43) as
r 0 0 O
do’ 21, 0 r —qg 0] |
00 0
Dropping the constant psg + pr,1, = 1 term gives:
PSTy + PTos
p=| —i(psty — pros) | ;
PSS — PToTy (5.47)
dp P K
u - —Kp = ey =e"po).-
where
r 0 0
K=10 r —¢|. (5.48)
0 g O

For a radical pair pair formed at ¢ = 0 in a pure singlet state: pgy = (0, 0, 1)T.

The eigenvalues of K are

Uy =T,
7+ /1% — 4q¢?

U2 = 2 ’ (549)
r— /12— 4¢>

V3 = .

2
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5.2. Origin of the time-dependence of B /s

The corresponding eigenvectors are the columns of the matrix,

1 0 0
V=g T+\/;2—74q2 f—\/ZTqQ , (5.50)
0 1 1
and its inverse is:
1 0 0
e e zf/\/? , (5.51)

Using equation (5.47),

Py =Ve MV pg, (5.52)
where A is the diagonal matrix of the eigenvalues of K in equation (5.48). Com-
bining equations (5.47)-(5.52) gives

P3@) = Pss(t) — PToTo(t)
1 1 Vi—€Zr 1 \/@”> (5.53)

= 5 67% ((1 + —1_—€2>6 2 + (1 — —1—52)6 2
30

0.5¢

PSS(t) — PTyTo(t)

I

0 50 100 150 200 250
t / ns

0

Figure 5.11: Time-dependent population difference between S and Ty states with (the
orange trace) and without (the purple line) singlet-triplet dephasing r¢tp = 5 x 107
s~!. Radical reactions are not included. ¢ = 1 mT.
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5.2. Origin of the time-dependence of B/,

where €2 = 4¢*/r?. For the FAD-Trp radical pair formed in cryptochromes, ¢
is of the order of 1 mT and r is of the order of 10" s7!. Thus, £ > 1 (e.g. let
g=1mT and 7 =5 x 107 s71, then ¢2 ~ 49.6). Therefore, equation (5.53) can be

further simplified as

_rt 1 oW/ -1 /€2 _ 1
PSS(t) — PTeTo(t) = € 2 ( SlIl( 52 Tt) + cos (gTr t))

Ve -1 (5.54)

~e T (2% sin (¢ t) + cos (¢qt)).

The STD mechanism damps the S-T interconversion rapidly with the rate constant
r/2 (Figure 5.11). The radical pair lifetime is ~1 us, so that pssw) — proT,() has
already decayed to zero before the radical pair reacts. Therefore, the time-
dependence of By, in the range of several microseconds should not rely on the

effect of STD on the S-T, interconversion.

5.2.2 S-T. interconversion

Still using the two-level model, the matrix representation of the spin Hamiltonian

for the S-T radical pair is:

i = (q(/)Q qf) , (5.55)

ie. Hgs =0, Hr,v, = w, and Hgr, = Hr, s = ¢/2. w and ¢ play the roles of
Zeeman and hyperfine interactions respectively. Note that the energy splitting
introduced by the external magnetic field between S and T, is equal to that
between S and T_. Thus, the interconversion between S and T, is identical to
that between S and T_. Ignoring the chemical reactions and spin relaxation, the
difference between the time-dependent S and T fractions, psg) — pr, 1, (1), for a

radical pair formed in the S state, is given exactly by

w? + ¢% cos (/w2 + ¢%t)

N . (5.56)

PSS(t) = PTLT4(t) =

When the Zeeman interaction greatly exceeds the hyperfine interactions (w > ¢),

S-T, mixing is inefficient and the singlet probability remains close to 1, i.e. the
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5.2. Origin of the time-dependence of B /s

population difference has a time-independent w?/(w? + ¢*) ~ 1 and an oscillatory

component of low-amplitude, ¢*/(w? + ¢*), and frequency, \/w? + ¢? ~ w.

Including STD, the matrix representation of the Liouvillian superoperator is

0 —iq 1q 0
1| —ig 2(r + w 0 1q
I ) . b (5.57)
2 | iq 0 2(r — iw) —iq
0 1q —iq 0

In analogy with equations (5.43)-(5.45), the specially defined p in Liouville space
is
pst, + PTLS
p= | —i(psr, —pr.s) |, (5.58)
PSS — PT, T4
and its dynamical equation is

dp - R
3= kp = pg=e *p), (5.59)
where
r —w 0 00 O
K=M+0 M=|w r 0|,0=]00 —¢]. (5.60)
0 0 0 0 g O
The eigenvalues of M are:
U§O) =0, Uéo) =7 —iw, U:(;)) =17+ iw. (5.61)

The corresponding eigenvectors are the columns of the matrix:

0 G
vO=1o & & (5.62)
1 0 0

It is appropriate to treat 0 as a perturbation to M, given that ¢ < w? +
r?2. Importantly, notice that both M and Q are non-Hermitian, so that the
perturbation theory must be applied very carefully (Appendix E). The first-order

corrections to the eigenvalues are
v = (19, (5.63)
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5.2. Origin of the time-dependence of B/,

where [n(9) with n € {1, 2, 3} is the n-th zero-order eigenvector (i.e. the n-th
column of V@), Here, v = 0 for all n. The first-order corrections to the

eigenvectors are

_an
) =2 g ) (5.64)

m#n “M n
where Q,,, = (m\Q|n> Thus, the perturbed eigenvectors are obtained as

w? —i

T V2 V2
rQ? 1 1
L R e % | (5.65)
1 Q2(r+iw)  Q3%(r —iw)
V2¢q V2q

where Q% = ¢?/(w? 4+ r?). The second-order corrections to the eigenvalues are

o = 3 1Qml® (5.66)
! m#n U"(S) - U"(lO)

Then, the perturbed eigenvalues are

v = ol 10 = r2,

QZ
0 2 . .
Uézvg)—kvé):(r—zw)—T(r—i-zw), (5.67)
0 2 2
vh =08 + o) = (r +iw) — = (r —iw).
b
; (a) . G
:10.6 _““‘ ——No relax ] 2098 ]
s STD <
=04 -‘\ RFR 1 2097
o2 “\ < 0.6
0 ' : 0.95 ' :
0 100 200 300 0 10 20 30
t / ns t / ns

Figure 5.12: Time-dependent population difference between S and T, states. Purple,
orange and green traces correspond to equations (5.56), (5.70) and (5.74), respectively.
g =1mT, w =10 mT and ryp = rrrr = 5 x 107 s~'. Radical reactions are not
included. (b) Expanded version of (a) showing time-dependence in the first 30 ns.
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5.2. Origin of the time-dependence of B /s

Using equation (5.57),
pay = Ve MV T pg), (5.68)

where A is the diagonal matrix with the three diagonal elements are v}, v}, and

vh. Therefore,
2y 1 —(1-102%)r
D3(t) = PSS(t) — PT T (t) = € Lrt L 02 cos (1+ 592)w t)e (1=t (5.69)

Scaling equation (5.69) so that ps) = pss) — pr,.1.(0) = 1 gives:

~ 1 —Q2 rt Q2
PSS(t) = PT4T4(t) ~ 112 e 112

cos (wt)e ", (5.70)

where we have used % < 1. The fast oscillation, characterized by cos (wt),
between the S and T, states, with an extremely low amplitude Q2/(1 + Q2),
rapidly decays towards zero by the decoherence rate constant r > 107 s~! (much

L of radical pairs in Cry4a

faster than the chemical reaction kinetics ~10¢ s~
mutants). Thus, this oscillatory component is not expected to contribute to the
time-dependent magnetic field effects. Surprisingly, shown in Figure 5.12, singlet-
triplet dephasing further results in a long-term decay of the large population
difference (1/(1 + Q?) =~ 1). The decay rate constant depends on the applied
magnetic field and the hyperfine interaction via Q? = ¢*/(w? + r?). Taking ¢ =1

mT, w = 10 mT and r¢rp = 5 x 107 s7!, the rate constant of such decay is

027 ~ 0.5 x 10° s~ which is comparable to the reaction rate constants.

For comparison, the random fields relaxation is included in the S-T, model
through relaxing the diagonal elements of the density matrix (the populations)

towards 1/2 and the off-diagonal elements (the coherences) towards zero:

d d
s —Trpss +rprLTL PT Ty —rpr,T, +1p8ss,
ddt ) dt (5.71)
& — _TpST+7 M — _TpT+S7
dt dt
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5.2. Origin of the time-dependence of B/,

where 7 denotes rrrgr, and the coherent dynamics induced by the spin Hamiltonian

is omitted. Then, the relaxation superoperator is given,

Wrrr = 1 (1 — PST+ @ PT+S — pT+S @ PST+) (5.72)

. 0 1\ . 00
P = , P15 = : (5.73)
00 10

Recalling the dynamical equation (5.59) for py) and applying the perturbation

where

theory again, the time-dependent population difference is obtained as

2

1 ., Q B
D3(t) = PsS(t) — PTyTy(t) ~ T e 2t 4 72 cos (wt)e "t (5.74)

Same as STD, RFR damps the low-amplitude oscillation with the relaxation rate
constant . However, RFR also relaxes the population difference (with a rate
constant 27) much faster than the chemical reactions (Figure 5.12). Thus, no

time-dependent (until several microseconds) magnetic field effect could be brought

about by RFR.

The effect of STD on the time-dependence of By, could be seen more closely
with the symmetric reaction approximation (i.e. the “exponential model” in Ref
[54]). Under an applied magnetic field stronger than the internal fields (i.e. Q* < 1

so as to drop the low-amplitude oscillatory term in equation (5.70)), remembering
pss@) + proTow) = 1 gives

11 e,
pss(uw) = 5 -+ 5 (& @ t. (575)

Then, the time-dependent singlet (recombination) yield is obtained as

t

Pt ) = /f/ pss(r,w) €At
0

(5.76)

_ k _(2r
(=) s ()

DN | —
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5.2. Origin of the time-dependence of B /s

(a)
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’,;06' py
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Figure 5.13: (a) Singlet yield as a function of time for five values of w (0, 3, 4.5, 6
and 200 mT). The dashed black trace denotes (I)r(twh/z(t)) = (CI‘r(L 0) T Prz,200 mT))/Z
(b) Time-dependent w /5(4) With 0.25 <t < 10 ps obtained from equation (5.80).

When w = oo (note that in the calculation we use 200 mT to indicate co),
(I)r(t, 00) = 1—e . (577)

Zero field makes S-T. interconversion identical to S-Tj interconversion, so that

®,4,0) is obtained by recalling equation (5.54):

(1—e™). (5.78)

N | —

Drt0) =

According to equation (5.39), wy /o must satisfy:

q)r(t, 0) + CI)r(t,oo)
Dot y)0) = 5 : (5.79)

In Figure 5.13(a) where ¢ = 1 mT, r¢rp = 5 x 107 s7! and k& = 10% s, @, o
is shown for five values of w (0, 3, 4.5, 6 and 200 mT) in 5 us. In order to
obtain time-dependent wy /), ((I)r(t,o) + @1, 200 mT)) /2 is illustrated by the black
dashed line, which intersects the w = 3.0, 4.5 and 6.0 mT traces at ¢t = 0.31,
0.77 and 1.74 ps respectively (i.e. wi/a031pus) = 3.0 mT, wija077s) = 4.5 mT
and wya(1.74s) = 6.0 mT). Combining equations (5.76 - 5.79) gives the algebraic

relation which wy /() obeys,

2k

— (02 _
m(l — € (© +k)t) =1-—e kt, (580)
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5.3. Effect of STD on the directional sensitivity of the weak magnetic field

Solving equation (5.81) numerically (Figure 5.13(b)) shows that wy o) increases
from 2.71 mT at 0.25 us to 7.07 mT at 10.0 us. Remembering this is based on
the two-level (S-T, ) model, a highly approximate model of the spin dynamics, it
is notable that the obtained wy/5(;) can reasonably account for the time-dependent

magnetic field effects (Figure 5.2, Table 5.2) measured in CRDS experiments.

5.3 Effect of STD on the directional sensitivity
of the weak magnetic field

The repeatedly observed time-dependence of Bj/ for the W369F mutants of
avian Cry4a proteins [124, 125] can be satisfactorily explained by singlet-triplet
dephasing. We have shown that STD with a rate constant ~107 s~! reasonably
participates in the radical-pair spin dynamics due to the electron hopping between
the two radical pairs, RPg ([FAD®*™ Trpy,']) and RP¢ ([FAD®™ Trp¢']). For the

wild-type Cry4a, which is supposed to account for the actual avian magnetore-

RPs

kCB‘ lkBC
kcp _

SRP1c 7 “TRPlc = > SRPIp~ “TRPIp

«

w__“ koc ) g
kct / N kot
GS

RPac \ A / Kb
sS

Figure 5.14: The radical-pair reaction scheme for the wild type Cry4a proteins
developed from Ref [84]. RPgp & RP¢ and RP¢ & RPp are included. Radical-pair
recombination (to the ground state, GS) and protonation of the TrpH** radical (to
RP2¢ and RP2p) are considered in RP1¢ and RP1p. The signalling state (SS) with a
lifetime > 1 ms is supposed to be stabilized.
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5.3. Effect of STD on the directional sensitivity of the weak magnetic field

ception, the significant electron hopping between RP¢ and RPp ([FAD" Trp]';r})
is proposed [79, 84]. The rate constants of RP¢ — RPp and RPp — RP¢ are
similar, both estimated to be of the order of 10'° s7! [79]. Since the exchange
interactions in RP¢ and RPp are very small (several microtesla) and the dipolar
interactions for both radical pairs are not very different [79], RP¢ = RPp is not
likely to cause any appreciable decoherence process among the singlet and triplet
states. However, a computational study [84] shows that RP¢ & RPp indeed
influences the weak magnetic field effect. Thus, the investigation of the weak
magnetic field effect on the radical reactions including the interconversion among

the three radical pairs is necessary.

5.3.1 Two-site hopping model

The spin-selective reactions in RP¢ and RPp are considered and RPg is included
only in the sense of the electron hopping between RPg and RP¢ (Figure 5.14).
RPp & RP¢ is equivalently represented by the singlet-triplet dephasing in the
Liouvillian superoperator of RPc. RPc & RPp is realized by the two-site hopping
model following Ref [84]. We have:

d 2
% = —Lcpc — keppe + kpepp,
(5.81)
dpD 2
F = —LDpD — kDCpD + kCDpC7

where the Liouvillian superoperators are:

er
2

Lx=i[HAx@l-10 ]+ 2 (PPel+1@ PS) +kal+Wx  (5.82)
in which X = C, D and

V%/c = TSTD(I:)S ® pr + pr (9 pS) “"TRFR(gi — ZZng & g}k)v
) ;. ok (5.83)
Wp = TRFR(§1 — ;;Sﬂc ® ST,).
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5.3. Effect of STD on the directional sensitivity of the weak magnetic field

where k = z, y, z, and J = 1 denotes the FAD®*™ radical and J = 2 denotes the
TrpH*" radical. Denoting ox as the row-wise flattened (vectorised) form of the
matrix representation of px, we define o as the double-length vector that contains

the density matrix elements of both radical pairs:

o= (ZE) . (5.84)

Therefore, equation (5.81) can be combined into a single matrix equation:

do A
U .
% o, (5.85)

where i, the combined Liouvillian, is the 2 x 2 block matrix:

fzc + kCDi —chj.

i= e )
—kecpl  Lp + kpcl.

(5.86)

At t = 0, the system is in the singlet RP1¢ state, so that:

1 (&S]
0=7(7) (5.87)

where og is the vectorised form of PS. Thus, the product yields of the forward

reactions (the long-lived RP2) are obtained as:

00 k N
Pcr = ka/ Tr{pcw pdt = % (op 0) L7 (0(')8) :
0
(5.88)

Oy = kDf/ Tr{pp( }dt = % (0 og)L7! <OOS> ;
0

where o is the vectorised form of the identity operator. Then, the yield of the

signalling state is:

Bog = Per + Ppy. (589)

As a measure of the directional sensitivity of the radical pair compass, we further

define the anisotropy of the yield of the signalling state:

A(I)SS = maX97¢(©ss) - min97¢(¢)ss), (590)
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5.3. Effect of STD on the directional sensitivity of the weak magnetic field

where the maximum and minimum values of ®gg are determined by sampling a
large number of geomagnetic field directions, (0, ¢). Adgg is used to evaluate the

directional sensitivity of the weak magnetic field.

5.3.2 Comparison of the effects of STD and RFR on Adgg

N5 in FAD®*™ (FN5) and N1 in TrpH®*" (WN1) are included in the calculation,
and the hyperfine tensors are used following Ref [84]. The dipolar interactions in
RP¢ and RPp are taken into account, and the dipolar tensors are used following
Ref [84] (given in Table 5.4). The weak magnetic field B = 50 uT. The reaction
rate constants (Figure 5.14) are ko, = 9.3 x 10° 71, kop = kpe = 5.4 x 10° s, and
kpr = 3.4 x 10° s~ (Table 5 and Ref [84]). The electron hopping rate constants
[79] are kcp = 1.3 x 101° s71 and kpc = 1.5 x 10 s71. The effects of STD and
RFR on A®gg are separately compared in Figure 5.15(a). Solely considering RFR
(i.e. rstp = 0), Adgg drops very fast when rgpr becomes larger than 10° s71.
The directional sensitivity would be destroyed by the RFR with rgpg = 107 s71.
By contrast, with rrpr = 0, A®gg does not undergo a general decrease until rstp
becomes larger than 106 s=!. With a STD with rgrp = 107 s7! (much faster than

the chemical reactions), A®gg can even remain more than 50% of that without

the inclusion of STD. Furthermore, A®gs does not continuously decline when

Radical Pair D

0.0389 —0.4325 0.1750
F-W¢ —0.4325 —0.2784 0.2506
0.1750  0.2506  0.2395

0.0862 —0.2196 0.0504
F-Wp —0.2196 —0.2561 0.1031
0.0504  0.1031 0.1698

Table 5.4: Dipolar tensors for F-W¢ pp calculated for ClCry4a in the FAD principal
axis system, where F-W¢ p stands for the radical pair [FAD'_ Trpc /DH’ﬂ.
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5.3. Effect of STD on the directional sensitivity of the weak magnetic field

ksp rises beyond ~107 s71. Conversely, Adgg increases when 107 < rgrp < 108
s~1, a reasonable range for STD induced by RPg = RP¢. Such enhancement of
the directional sensitivity by STD, more generally the decoherence process among

the electronic singlet and triplet states, is firstly reported in Ref [65]. This is

%107

(a)

3_

—STD
27 RFR

O 1 1 1 1 1 1
10° 10" 10% 10® 10* 10° 10% 10" 1
T

(o]
—
o

©

_70 1 1 1 1 1 1 1
10° 10" 10% 10® 10* 10® 10®° 107 10%® 10°
TSTD

Figure 5.15: Two-site hopping model computation for the signalling state yields. (a)
Adgg for solely including random fields relaxation or singlet-triplet dephasing. The
relaxation rate constant varies in the range 10°-10? s~!. N5 is included in FAD®*~ and
N1 is included in TrpH®**. Hyperfine tensors and dipolar tensors in RP¢ and RPp are
used following Ref [84]. (b) ¢ defined in equation (5.91) with combining random fields
relaxation and singlet-triplet dephasing.
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5.3. Effect of STD on the directional sensitivity of the weak magnetic field

attributed to the decoherence induced long-term decay of the population difference
between the singlet and triplet states, which can be regarded as a compensation
for the singlet-triplet interconversion that is hindered by the energy gaps from
the inter-radical interactions (e.g. the exchange and dipolar interactions). Such
long-term decay is anisotropic with respect to the direction of the weak magnetic
field: the field oriented along some direction can cause faster decay of the popu-
lation difference than that along some other direction (Appendix F). Thus, the
decoherence process, which conventionally thought to harm the magnetic field
effect, can potentially enlarge the anisotropic weak field effect. It is notable that
this enhancement can still be seen when STD only exists in RP¢ and fast electron
hopping occurs between RP¢ and RPp, both of which have dipolar interactions

of several hundred microtesla.

Furthermore, the effect of STD combined with RFR is investigated. Signalling
state yield is calculated with r¢rp varying from 10° to 10? s~! for three values of

rrer (0, 10° s71 and 10% s71). ¢ is defined as

rern) — APgg(
A(I)SS(

AD ronn
— 278 st =0) (5.91)

TSTD =0)

in order to quantify the effect of STD on the directional sensitivity with RFR
included. In Figure 5.15(b), when rgpr < 106 s71, Adgg decreases less than 50%
by the inclusion of STD with rgrp < 108 s~1. Moreover, < rises at most 20% with

1

107 < rgtp < 10% s71, when rrpg is at the order of 10° s7!, meaning that the

enhancement effect of STD can still be possible, if RFR is not so fast as 105 s7.

5.3.3 Estimation of rrrr

Random fields relaxation (RFR) has been used to characterize the spin relaxation
induced by the stochastic modulation of the intra-radical hyperfine interactions.

The stochastically evolving variables are six fluctuating magnetic field components
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5.3. Effect of STD on the directional sensitivity of the weak magnetic field

byry for J =1, 2 and k = x, y, z. The local field fluctuations in RP1¢ and RP1p

are assumed to have the same form. Then, the stochastic spin Hamiltonian is:

V(t) = Z Z —’Yeka(t)SJk, (5.92)
ik

where 7, = —1.76 x 10" rad - s~ - T~!. Applying the Redfield approach in the

extreme narrowing limit, we will obtain the relaxation superoperator:

(o SIEEPN

2 22 3a N ~
R= /0 (ViyVie—r))dr = Z TJ(Z]- - Z Sy ® ST, (5.93)
J k

where 75 = 292 [(bykw)bsk(—r))d7. Note that r1 = ro = rrpr will give rise to the
representation of RFR in equation (5.83). However, in a realistic situation where
the motion of the TrpH*" is less restricted than that of the FAD®*™ radical [63, 64],
r1 is not necessarily equal to 7. The librational motion of the radical is supposed to
be isotropic, whereby by has the same distribution with different k. Note that the
field fluctuations of different components of the two radicals are independent of each
other. Thus, all the cross terms vanish (e.g. (biy@)b1-(1—7)) = (b1y(e)) (b12t=7)) = 0).
Choosing the field fluctuation to obey the Langevin equation [141], which is widely
used to describe Brownian motions:

d byg(r) 1

= by -, 5.94
0 b + Nak(r) (5.94)

where 7.5 characterizes the correlation time-scale of the fluctuation in radical J,
and nyp(r) is the stochastic variable giving the effect of the background noise (i.e.

(Nak(y) = 0). The formal solution of equation (1.30) is:

by = € 7 byk(o) +/ 67%%(@018. (5.95)
0

Then, (byk()bsk—r)) is obtained by letting ¢t — 7 = 0:

{b3n(r)bk(o)) = e_a<b§k(o)> + <ka(0)/ e el Nyp(s)ds). (5.96)
0

Note that the second term vanishes on averaging over the first-order noise. Thus,

the RFR rate constant for radical j is obtained as ry = 27,572 <b§k(0)>. Directly
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5.3. Effect of STD on the directional sensitivity of the weak magnetic field

measuring (b3 ) is impossible, though (b7, ) is known to be the variance in the

case that bji(o) has a normal distribution.

Ref. [63] shows the molecular dynamics (MD) simulations for the FAD-
based radical pair in Arabidopsis thaliana cryptochrome 1 (AtCryl), and the
computational results with the spin relaxation induced by the modulation of the
hyperfine interactions by the rotational motions. For a FAD-Z radical pair, the
spin relaxation is mainly caused by the modulation of the anisotropic hyperfine
interactions of the two nitrogens (i.e. N5 and N10) in the FAD*™ radical, which
leads to a ~11% loss [63] of the singlet yield anisotropy I', defined as:

 Adg

where
Adg = maxad,(q)s;) — min9,¢(q)s)a

(5.98)
(bg) = % // sin (0) &g df do.

The anisotropy pattern, illustrated by the 3D polar plot in Ref. [63], is not
changed by the relaxation. This is because the librations around the three (z, y
and z) molecular axes are all ~5° in the FAD®*™ radical, so that the relaxation
is appropriately seen isotropic. Thus, we can apply RFR to the FAD-Z radical
pair to find the proper relaxation rate constant that is equivalent to the exact
spin relaxation from MD simulations in Ref [63]. In Figure 5.16, we see that
RFR with r; = 105% ~ 1.8 x 10° s~ gives rise to 11% loss of I". Note that RFR
here describes the overall local internal magnetic field fluctuation for the electron
in FAD®*™, so that the distribution of by can be estimated (t here can be any
moment of time, e.g. ¢t = 0). According to Ref. [63], the correlation time 7.
is ~1 ns. Therefore, (b3, ) = r1/(27a77) = 5.81 x 107% T?, and by, has a
normal distribution with the mean y = 0 and the standard deviation ~76 uT.

The estimation of the RFR rate constant for TrpH*", 7, could be difficult, since
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AT

-100
10°

Figure 5.16: Change in T', defined in equation (5.97), of the FAD-Z radical pair
brought about by random fields relaxation in the FAD®*™ radical with r; in the range
10°-10% s—1. Here, Z°® is a radical with no hyperfine interactions and no contribution to
the spin relaxation [63] (r2 = 0).

there are more anisotropic hyperfine interactions in TrpH®*. An approximate
prediction is that 7 is still on the order of 10° s7!, considering that the correlation
time for the TrpH** radical is also ~1 ns and the librational motion is not far

more vigorous (the librations around the molecular axes are all ~11°) than that

in the FAD®*™ radical.

5.4 Conclusion

The time-dependent magnetic field effect on the radical pair reactions in W369F
mutants of three avian (robin, chicken and pigeon) Cry4a proteins was repeatedly
measured via cavity ring-down spectroscopy technique [124, 125]. In the pump-
probe delay range less than 10 us, the values of B/, which characterize the
magnetic sensitivity of the radical pair, show a profound time dependence, rising
from ~3 to ~7 mT. This is consistent with the singlet-triplet dephasing mechanism

with a rate constant ~107 s™!, which most likely originates in the electron hopping
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between two components of the tryptophan-tetrad (i.e. Trpg and Trpc). Such fast
decoherence process between the singlet and triplet states does not necessarily
destroy the magnetic field effect - during a radical-pair lifetime around 1 us,
MFE can still reach ~20% with the singlet-triplet dephasing 10 times faster than
the chemical reactions. According to elaborate theoretical analysis, the time-
dependence of By, is attributed to the dephasing induced long-term exponential
approach to the spin equilibrium, which could take even longer time than the
radical-pair lifetime. Furthermore, simulation on the wild type Cry4a, where the
fast electron hopping between Trpc and Trpp is considered, shows that by contrast
with the generic random fields relaxation caused by the stochastic modulation of
the intra-radical magnetic fields, the singlet-triplet dephasing much faster than
the chemical reactions in the FAD-Trp¢c radical pair does not ruin the directional
sensitivity of the weak magnetic field. Singlet-triplet dephasing with the reasonable
rate constant (~107 s7!) preserves ~50% of the anisotropy of the signalling state
yield, even under a random fields relaxation with a rate constant slower than 1
ps~t. Moreover, the enhancement of the directional sensitivity brought about by

singlet-triplet dephasing can still be expected with 107 < rgpp < 108 s71.
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Chapter 6

Chiral-induced spin selectivity in
radical-pair based
magnetoreception

Due to conservation of electron spin angular momentum, the reactions of organic
radicals are selective in the spin states of the unpaired electrons: pairs of radicals
in electronic singlet (triplet) states are formed from and recombine to molecular
singlet (triplet) states. The electronic singlet and triplet states are close in energy,
so that the coherent interconversion between these spin states, induced by the
intra-radical magnetic interactions (e.g. hyperfine interactions with nuclear spins),
could be efficient during the lifetime of the radical pair. Application of external
magnetic fields can remarkably modulate the spin dynamics and therefore the
quantum yields of radical-pair reactions. Moreover, the reaction rates and yields
are also sensitive to electron and nuclear spin polarization [142]. Studies of these
phenomena have included radical pairs formed by photo-induced electron transfer
reactions in proteins, in particular photosynthetic reaction centres [143] and the
cryptochrome (Cry) flavoproteins thought to be responsible for the magnetic
compass sense of migratory songbirds [97]. Dating back to the first experimental
observations in the late 1960s and the development of the radical pair mechanism
(RPM) [27, 50, 144-150], these and related effects constitute the field of spin

chemistry [151].
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Figure 6.1: Scheme for a chiral (helical) molecule as the spin filter in electron transfer.
The green arrows denote the electron motion. The black arrows denote the electron
spins’ polarization. The preferred electron spin polarization depends on the handedness
of the molecule.

However, chiral-induced spin selectivity (CISS), discovered in the 1990s [152],
seems to challenge the spin-conservation assumption that ignores the electronic
spin evolution during the electron transfer process, the core basis for conventional
RPM. It has become clear from the work of Naaman, Waldeck and colleagues
that chiral molecules can act as spin filters that preferentially transmit electrons
that have spins polarized either parallel or antiparallel to their direction of motion
(Figure 6.1) [153-165]. Although the mechanism is not completely understood,
most theoretical treatments appear to concur that CISS originates in the spin-
orbit interaction of the spin with the linear momentum of electrons moving in the
helical electrostatic potential of a chiral medium [154, 162, 166-172]. In a typical
experiment, electrons are injected into a layer of chiral material, e.g. DNA, and

emerge spin-polarized.

There have been speculations on its importance in biology [158, 163, 173-175],
but it is not yet clear whether CISS should be expected to arise in electron transfer
reactions of the type DA = D*t A*~ occurring, for example, in the chiral interior
of a protein. Recent theoretical discussion [176, 177] suggests that spin-orbit cou-
plings, with multi-step charge transport via D*" A®~ states with strong exchange

interactions, could produce singlet-triplet coherence and generate CISS spin po-
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larization. However, there is only one experimental report of CISS arising from
an electron transfer reaction that creates a radical pair. Carmeli et al [174] have
reported electron spin polarization in experiments on the photosynthetic reaction
centre, photosystem I (PSI), a protein in which spin-correlated radical pairs are
formed by light-induced charge separation between bound cofactors [178-181].
Using a spintronic detection device, with a monolayer of oriented PSI attached,
Carmeli et al found strong spin selectivity throughout the photo-induced electron
transfer pathway and established that the electrons were transferred with their
spins aligned parallel to their momenta [174]. The only other overlap between
CISS and the RPM of which we are aware is in the recombination of pairs of OH®
radicals but in that case the spin-correlation arises separately in two OH® radicals
created by conduction of electrons from OH™ ions to an electrode through an

adsorbed layer of chiral molecules [164, 182-185].

Although there have been many hundreds of studies of radical pairs using
electron paramagnetic resonance (EPR) spectroscopy [143, 178, 186, 187], a
technique ideally suited for observing spin polarization, spin correlation and
spin coherence, there seems to be no strong evidence for spin-selection effects
that cannot be explained by the RPM. However, absence of evidence cannot
be interpreted as evidence of absence. In this chapter, inspired by Carmeli
et al [174], we start from the assumption that CISS can arise in radical pair
reactions alongside the conventional RPM spin selectivity and attempt to answer
the following questions. (1) How can CISS effects be included in the conventional
modelling of radical pair spin dynamics? (2) How could CISS be detected by
EPR and distinguished from RPM effects? (3) Could CISS be relevant to the
cryptochrome hypothesis of the mechanism of the magnetic compass of migratory

songbirds?
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6.1. CISS in the formation and recombination of radical pairs

6.1 CISS in the formation and recombination of
radical pairs

Consider the formation of a radical pair by the transfer of an electron from a

closed shell donor to a photoexcited singlet acceptor:
D+ 'A* — [D*FA*7]. (6.1)

Conventionally, such reactions conserve spin angular momentum and produce the

radical pair predominantly in an electronic singlet state:

1
S) = E(’@DBA> — |Bpaa)), (6.2)

where |a) and |5) are the m = £1/2 electron spin states. Here, the spin-orbit
coupling is considered small for organic molecules. As is discussed in Chapter
2, subsequent recombination selects the spin states of the radical pair, including
spin-selective back electron transfer to regenerate D and A in their (singlet) ground

states:

k
D A] — 5 D+ A, (6.3)
and/or formation of the triplet state of one of the reactants, e.g.
kT
S[D*TA] —— D+ A. (6.4)

Additionally there may be reactions that involve just one of the radicals (e.g. a
change in protonation state), which are therefore not subject to spin-selection

rules and occur at equal rates for singlet and triplet pairs, e.g.
k
L3[D* AT —— D + AH®. (6.5)

Note that ks, kt and kp are first-order rate constants. Such reactions are modelled

by a Haberkorn master equation of the form:

d s ks ¢ - kr oz
O — —ilfp0] = P}~ AP 0} ~ ke (66)
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Figure 6.2: CISS effects in the formation and recombination of a radical pair.Up
and down arrows denote « and 3 electron spins. (a) Photo-excitation of an acceptor
molecule, A. (b) Electron transfer (ET), with spin § preferred by CISS, from a donor
molecule, D, to A*. (c) Singlet-triplet mixing in the radical pair [D** A*~], converting
lapBa) to |Bpaa). (d) Back ET, with spin « preferred by CISS, from A®~ to D*7 to
regenerate the ground state, A D. The spin quantization axis is taken to be the line of
centres of the two radicals.

where H is the spin Hamiltonian for the radical pair,
A ~ N N ~ A N 1. ~ A
H=w-(Sp+8Sa)+ > > Si-Ay-Ly+Sp-D-Sa—J(51+2Sp-S4). (6.7)
: 2
i=D,A k
Sp and Sy are the electron spin operators of the two radicals and L, is the spin
operator of nucleus k in radical i. w = —7,.B(sinf cos ¢, sinfsin ¢, cosf) is the
external magnetic field vector (in angular frequency units) with magnitude |v.|B
and direction specified by angles 6 and ¢. A is the hyperfine tensor that couples

electron ¢ with nucleus k. D and J are, respectively, the dipolar coupling tensor

and the exchange interaction of the two electron spins.
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6.1. CISS in the formation and recombination of radical pairs

6.1.1 Spin polarization caused by CISS

When the radical pair is formed by electron transfer in a chiral medium such as a
protein, equation (6.6) needs to be modified to account for the CISS-type spin
polarization effects. The limiting case of 100% CISS polarization suggests that only
an electron with spin 3 can move from D to 'A* in reaction (6.1), leaving behind
an electron with spin a in D*" [163, 164]. Thus, the radical pair is initialized
in the state |apfa) with the electron spins quantized along the direction of the
electron transfer, i.e. the vector connecting the centres of D and A (Figure 6.2).
Note that for the opposite chirality of the intervening medium, the initial state
would be |fpay). In the general case,where the polarization is less than 100%,
we propose that the initial state of the radical pair can be written P! = |vr) (¢

where

9n) = cos ()18) +sin ()T

— %(sin (%X) + cos (%X)) lapBa) + %(sin (%X) — cos (%X)) |Bpaa),
(6.8)
where |Ty) the m = 0 triplet state,
Ta) = s (o) + o). (6.9)
Hence,
P'= %(1 + sin (X))|04D5A><05D5A| + %(1 — sin (X))|BDQA><BD04A|
— o (0)(JanBa){Boaa| + 80 (anfal)
= ii — SngAZ — (SDXSAX + gDySAy) cos (X) -+ %(SDZ — SAZ) sin (X),
(6.10)

in which S A@ and S’DQ (Q = X, Y, Z) are components of the electron spin an-
gular momentum operators of the two radicals. The Z-axis here is the CISS
quantization axis. In equations (6.8) and (6.10), the angle x determines the

extent of the CISS polarization of the initial state, the limiting cases being x = 0,
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6.1. CISS in the formation and recombination of radical pairs

P! = |S)(S]| (pure singlet, no CISS) and x = 7/2, P' = |apfa)(apBa| (100%
CISS, no RPM). The four operator terms in the final line of equation (6.10)
are as follows: the identity operator, two-spin order, zero quantum coherence
(ZQC), and single-spin polarizations, all defined with respect to the CISS Z-axis.
It is clear that a CISS contribution to the initial state modifies the amplitude

of the ZQC and introduces equal and opposite spin polarization in the two radicals.

The CISS effect couples the linear momentum of an electron to its spin angular
momentum such that electron transport is more efficient when they are either
parallel or antiparallel, depending on the chirality of the medium [154]. This
correlation implies that if only an electron with spin 3 can move from D to 'A* then
only an electron with spin a can move in the opposite direction when the electron
returns from A®~ to D** (Figure 6.2). We therefore propose that the corresponding

projection operator for back electron transfer should be PR = |r) (¥r| Where

[9r) = cos (3 0)IS) — sin ()| To)
1

1 1 1 1 1
= —E(Sm (§X) — Cos (§X)) lapfa) — E(Sm (§X) + cos (§X))|5DOZA>7
(6.11)
and
N DU e A 1o oA
PR _ Z1—SDZSAZ—(SDXSAX+SDySAy) oS (X)—i(SDZ_SAZ) sin (x). (6.12)

The only difference between Pl and PR is the sign of the spin-polarization
term, (Spz — Saz). X plays the same role here as in equations (6.8) and (6.10),
with limiting cases x = 0, PR = [S)(S| (pure singlet, no CISS) and y = 7/2,
PR = |Bpaa)(Bpaa| (100% CISS, no RPM). If |Bpay) is favoured over |apfa) in
the forward electron transfer, and vice-versa in the recombination step, x will be

in the range [0, —7/2].
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6.1. CISS in the formation and recombination of radical pairs

Assuming the rate of the triplet reaction in equation (6.4) is negligible (as is
the case in cryptochromes [53]), the master equation for the density operator with

CISS effects included becomes

d A ke A
g;t) = —i[H,py) — TR{PR,P(t)} — krpg), (6.13)

where kg is the rate constant for back electron transfer, [D'+ A'_] — D+ A,
and the initial state of the radical pair is p) = PI/Z with Z the nuclear spin
dimension. We propose equations (6.10) and (6.12) here in the same spirit as
the Haberkorn approach [87] in an attempt to merge Carmeli’s observations of
electron spin polarization in photosynthetic reaction centres [174] with the conven-
tional RPM. Other formulations are possible. For example, the singlet and triplet
parts of |¢1) and |¢g) could have different phases, in the sense of the potential
additional singlet-triplet coherence produced by the spin-orbit coupling in the
electron transfer through a chiral medium [176], and P! and PR could be mixed
states instead of pure states. An advantage of the forms we have chosen is that

they involve the minimum number of parameters.

The formation of a radical pair in a spin-polarized |apfBa) or |Bpan) state
from singlet state precursors is reminiscent of the ALTADENA (Adiabatic Longi-
tudinal Transport After Dissociation Engenders Net Alignment) effect in which
molecules, formed by reaction with para-hydrogen (p-Hs, a nuclear singlet state,
1/vV2(|onfy) — |fraw))) in a weak magnetic field, are transferred adiabatically
into the strong magnetic field of an NMR spectrometer [188-190]. Transport
from a situation in which the nuclear spin-spin interaction dominates the nuclear
Zeeman interaction to one in which the Zeeman interactions are much larger
than the spin-spin coupling results in the population of only one of the four
high-field nuclear spin states, |a;0s2) or |B1as). At least phenomenologically, it

appears that the CISS effect can be thought of in the same way. One starts with
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the electronic singlet state of the photo-excited precursor in which the electron
exchange interaction is very large, and ends in a radical pair state that has very
weak electron-electron coupling. The difference from ALTADENA, is that with
CISS there is no obvious parallel to the strong NMR field. However, the origin
of CISS is often described in terms of an effective magnetic field, arising from
the motion of the electrons in a helical electrostatic potential, which leads via

spin—orbit coupling to the spin polarization.
6.1.2 EPR detection of the CISS effect

The radical-pair spin state affected by CISS could manifest in the EPR spectra.
Consider the simple case of a weakly coupled pair of electrons, with different g-
values, an isotropic exchange interaction, and no dipolar or hyperfine interactions.

Then, the spin Hamiltonian for the radical pair is
A N ~ 1. ~ N
H:wDSDZ—i-wASAZ—J(§1+QSD'SA), (6.14)

where wp(a) = gp(a) puph~! By in which gp(a) denotes the g-factors of the electrons
in the two radicals. In the weak coupling limit, i.e. |wy — wpl|/2 > |J], the four
eigenstates and their eigenvalues are [191]:

1
1) = |apaa) wy = §(WD +wa) — J,
1

2) = [fpaa) w2 = §(WA — wp),
? (6.15)
13) = |apfa) W3 = §(WD —wa),
1

|4) = |6pPa) wy = —§(wD +wa) — J.

We assume that J < 0 and wa > wp. At thermal equilibrium, the populations
of the four eigenstates are p; < py = p3 < py4 characterized by —(SDZ + SAz), SO
that the EPR spectrum would comprise four equally (absorption) intense lines
(Figure 6.3(a)). If the same radical pair were created by electron transfer, with

the magnetic field of the EPR spectrometer (z) aligned parallel to the CISS
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6.1. CISS in the formation and recombination of radical pairs
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Figure 6.3: Schematic transitions and EPR spectra of a pair of weakly coupled electron

spins in various initial spin states: (a) —(S’DZ + S’Az); (b) —SD2Sas; (c) Sbs — Sas: (d)
—Sp2Sa- + 3(Sps — Saz) sin (x).

[Bpaa)

p;

quantization axis (Z), the initial spin state, p) = ]51/2, would be given by
equation (6.10) with X, Y, Z replaced by x, y, z, respectively:

1. a4 N, A e L 4 &
P'= Zl — Sp2Sa: — (SpeSaz + SpySay) cos () + E(SDZ — Saz)sin (x). (6.16)

When there is no CISS contribution (x = 0), p() comprises correlated two-spin
polarization, gDZSAZ, and ZQC, (gmﬁAx + S’DySAy) [192, 193]. In a continuous
wave, time-resolved EPR experiment, in which the magnetic field is swept in the
presence of a constant microwave field, the oscillatory ZQC term would average,

leaving only the two-spin order [191]. The latter gives rise to the antiphase
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6.1. CISS in the formation and recombination of radical pairs

doublets, —5p.8 Az, that are characteristic of spin-correlated radical pairs, so that
p1 = p4 < p2 = p3, leading to transitions from |2) and |3) to |1) (absorption) and
|4) (emission) (Figure 6.3(b)) [191, 194-197]. In the same experiment, the final
term in equation (6.16), Sp. — Sa,, which would most clearly reveal a CISS effect
giving py < p; = py < ps, corresponds to the spectrum in Figure 6.3(c) in which
the doublet signals of the two radicals are equally and oppositely polarized. In
general, when 0 < y < 7/2 so that p; = ps < py < p3, the EPR spectrum (Figure
6.3(d)) would be a linear combination of Figure 6.3(b) and (c) with the inner pair

of lines in the four-line spectrum stronger or weaker than the outer pair.

Now contrast this with the situation in which the spectrometer field along the
z-axis is parallel to the molecular X-axis, so that the CISS quantization Z-axis is

parallel to the xz-axis. The initial state is now given by:

- 1, o A A oA A oA 1,4 A _

P! = le — SpaSaz — (SpySay + Sp2Saz) cos (x) + E(SM — Say)sin(x). (6.17)
The coherences, i.e. x and y operator terms in equation (6.17), are assumed to be
averaged out in a continuous wave, time-resolved experiment. Then, we are left
with

1. A

Pl = 1_11 — Sp.Sa. cos (x), (6.18)

so that the spectrum would resemble Figure 6.3(b) rather than Figure 6.3(d).
Thus, one could expect a clear difference in the spectra when the magnetic field is
parallel and perpendicular to the CISS axis. The schematic spectra in Figure 6.3
are for an ensemble of idealised, aligned radical pairs. In reality, one would need
to consider also g-anisotropy, dipolar and hyperfine interactions [191, 194, 197].
Nevertheless, it might be possible to identify the contribution from the Sp. — Sa,

term which would be diagnostic of a CISS component in the spin selectivity.
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6.1. CISS in the formation and recombination of radical pairs

For a randomly oriented ensemble of radical pairs one would have to average
over all directions of the magnetic field with respect to the CISS quantization
axis. Rotating P! in equation (6.10) from the molecular frame (X, Y, Z) to the

laboratory frame (z, y, z) gives:

s A1 1. A A
po) o e opavfo pleiSpay fo — Z1 — Sp2Saz(cos® (6c) + sin® (6¢) cos (x))
1 A ) (6.19)
+ 5 cos (0c) sin (x)(Sps — Saz) + ...
where ¢ is the angle between the magnetic field and the CISS axis, S'DAq =
qu + 8 Ag> and only the non-oscillating polarization terms, involving exclusively

z-operators, have been retained. Spherical averaging causes the (S’DZ -3 A») term

to vanish, leaving the average initial state:

1. A oA 12
(p)) x Zl — SDZSAZ(g + 3 cos (x))- (6.20)

The spectrum would therefore comprise antiphase doublets (Figure 6.4(b)), as
expected in the absence of CISS. Any CISS effects would therefore be difficult
to distinguish from the conventional RPM polarization. Finally, we consider the
electron spin echo envelope modulation (ESEEM) experiment which has been
used extensively to determine the distance between radicals in radical pairs via
the echo modulation arising from the electron dipolar coupling [192, 198-200].
Applying the pulse sequence (45°) — 7 — (180°) —echo [192, 201] to p(p) in equation

(6.19) gives the expected out-of-phase component from the Sp2Sas term,
]. ~ A
~5 sin (2J7)(Spe + Sas) (cos? (6c) + sin® (6¢) cos (x)), (6.21)
as well as a signal in the in-phase channel originating in the (S*DZ — gAz) term,

cos (2J7)(Spy — Say) cos (6c) sin (x). (6.22)

1
22
As before, the latter should be observable for an oriented sample but would average

to zero for a randomly oriented collection of radical pairs.
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6.2. Magnetic field effects

AD SS

ground state signalling state

Figure 6.4: Scheme for the radical pair reactions including CISS.
6.2 Magnetic field effects

We use the reaction scheme in Figure 6.4 to assess the effects of including CISS in
the radical pair model of magnetoreception in migratory birds. In cryptochrome,
the donor and acceptor radicals are TrpH*" and FAD®™, respectively, formed by
intra-protein electron transfer from a tryptophan residue (TrpH) to the photo-
excited singlet state of the non-covalently bound chromophore, flavin adenine
dinucleotide (FAD) [53]. This reaction is spin-selective (p) = PY) and is assumed
to be much faster than subsequent processes. The radical pair undergoes coher-
ent spin dynamics as a result of the Zeeman, hyperfine, dipolar and exchange
interactions and either reverts to the ground state with rate constant kr and
spin-selectivity given by PR or reacts non-spin-selectively with rate constant
kr to give a signalling state of the protein. The latter is thought to occur via
deprotonation and subsequent reduction of the TrpH*" radical, and protonation
of the FAD®*™ radical, to give a state of the cryptochrome with altered binding
affinity to a signalling partner [202]. The ultimate yield of the signalling state

once all radical pairs have reacted is

Py = kF/ Tr{pw }dt, (6.23)
0
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6.2. Magnetic field effects

Time evolution of p is driven by equation (6.13). ® depends on the direction
of the external magnetic field through the anisotropy of the hyperfine and dipolar
interactions (and CISS when y # 0) and is the source of the directional information
from which the bird is assumed to derive a compass bearing. In what follows, we
present this information as &g = 1 — ®p, the yield of the recombination reaction.
®R was calculated, in Hilbert space using the method in Section 2.4.2, Chapter
2, for a range of magnetic field directions (6, ¢) (equation (6.7)) to obtain the

following measure of the anisotropy of the reaction yield:
A(I)R = —A(I)F = InaX97¢{(I)R} — ming7¢{®R}. (624)

6.2.1 Toy radical pair

To get a clear initial impression of the changes that can be expected when CISS
effects are included, we start with a radical pair with the simplest possible internal
magnetic interactions. One radical contains a single spin-1/2 nucleus with an
axial hyperfine interaction and principal components a,, = a,, =0, a,, = 1.5 mT.
The other radical has no nuclear spins. The electron—electron dipolar interaction,
D = —0.4 mT, corresponds to the ~1.9 nm separation of FAD*~ and TrpcH*"
[134] where TrpcH is the third of the four tryptophan residues that make up the
electron transfer chain in avian Cry4 [203-207]. The CISS quantization axis is
taken to be parallel to the dipolar axis (the line of centres of the two radicals)
which makes an angle of 45° with the hyperfine z-axis. The exchange interaction
of the two electrons in [FAD*~™ TrpoH**] is much smaller than D [79, 205], and

we have taken it to be zero here.

Figure 6.5 shows the time-dependent probability of the recombination-selected
spin state, ’I‘r{fDRp(t)} in the absence of any external magnetic field, for pure RPM

(x = 0) and pure CISS (y = 7/2) without taking chemical reactions into account.
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Figure 6.5: Time-dependent probability of the recombination-selected spin state,
Tr{PRp } of the toy radical pair for RPM (x = 0) and CISS (x = 7/2). No external
magnetic field is considered.

It is clear to see that pure RPM produces much greater fraction for Tr{fDRp(t)}
than pure CISS. Hence, we speculate that with a strong CISS effect, kg must be
much larger than kr to make an effective competition between the channels of
recombination and forward spin-selective reactions - a significant condition for a
weak external magnetic field to have notable influence on the reaction yield. The
time-dependent yields of the recombination and forward reactions, including the
chemical reactions in Figure 6.4, are illustrated in Figure 6.6. Taking kp = 10° s71,
to cause comparable production rates for the recombination and forward reaction
yields, kg only needs to be ~3x10% s7! in pure RPM (Figure 6.6(a)), whereas in
pure CISS, the back electron transfer has to be ~30 times faster than the forward

reactions, i.e. kg ~ 3 x 107 s7! (Figure 6.6(b)).

Applying a weak external magnetic field with the strength 50 T, approximately
the mean geomagnetic field, we calculate reaction yield anisotropy (A®g, equation

(6.24)) as a function of kg and kr for six values of the CISS efficiency parameter,
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Figure 6.6: Time-dependent reaction yields of the toy radical pair for (a) x = 0,
kflz 10% 57! and kg = 3.5x10° s~ and for (b) x = 7/2, kr = 10%s~! and kr = 3.0x 107
S .

x (Figure 6.7). Without CISS (y = 0), the maximum anisotropy (~0.007) is
small and occurs when kg ~ kp < 107 s7! [208]. As the contribution of CISS
polarization in the formation and recombination steps is increased, the maximum
value of Ady increases (by a factor of ~20 when y = 7/2, pure CISS) and now
occurs when kg > kp. Figures 6.8(a) and (b) show the shape (the 3D polar plots
introduced in Chapter 4) of the anisotropy of the reaction yield, ®g, for two

sets of rate constants chosen to be close to the conditions that maximise Adg
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log(kr)

0.004 0.0088
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log(kr)
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Figure 6.7: Contour plots of the reaction yield anisotropy, A®g, as a function of
log,o(kr) and log;(kr) for six values of x between 0 (no CISS) and /2 (100% CISS).
The six plots have different scales.
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Flgure 6.8: Reaction yield anisotropy of the toy radical pair with ( = kp = 10°
s7! and (b) kr = 108 s71, kp = 10° s~! for six representative Values of x between 0
(pure RPM) and 7/2 (pure CISS). These plots are not drawn to scale.

when y = 0 and 7/2, respectively: (kgr, kr) = (10°, 10%) s7 in Figure 6.9(a) and
(kr, kr) = (108, 10°) s7! in Figure 6.8(b). In this representation, the spherical
average of the reaction yield, (®g), i.e. the part of ®g that is independent of the
magnetic field direction, has been subtracted to reveal the anisotropic component,
®g, which contains the directional information. Red/blue regions correspond to
positive/negative ®g, i.e. reaction yields larger/smaller than (®g). It is clear from
Figures 6.8(a) and (b) that the shape of the anisotropy plots is strongly dependent
on Y. Surprisingly, the symmetry for ®g by reversing the direction of the external
magnetic field, i.e. @3(97@ = <I>s<o+ﬂ,¢), is only found for conventional RPM

(x = 0), and there is a significant anti-symmetric component, ®s(. 4 — Ps(o+ . 4)»

(b)

015}
0.008
0.006 010F _
AD,
0.004 _
0.05 AD;
0.002
1 1 1 1
02 04 06 08 10 02 04 06 08 10
X/(0.5x) X/(0.57)

Figure 6.9: Amplitudes of the symmetric and antisymmetric parts of ®r, as defined
in equation (6.25). (a) kr = kr = 10% s71 and (b) kg = 10% s7!, kg = 105 57!
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6.2. Magnetic field effects

even for small CISS contributions (e.g. x = 0.057). The maximum differences
in the symmetric and anti-symmetric parts of ®y are denoted by A@f{ and ACTDE{

respectively:

Ad = = (maxg, o { Prp,¢) = Pr(o 1,6 } — Mig 6{ Prev,0) £ PR+ r.e)}), (6.25)

N —

which are plotted as a function of x in Figure 6.9(a) for kr = kg = 10° s7! and
Figure 6.9(b) for kr = 10° s7! and kg = 10 s™!

Time-reversal operation

To understand the asymmetry property of ®g for x # 0, we first show the
expression of the probability of the recombination-selected state under an external

magnetic field By:
A 1 N s f oA A .
P?Bo’t) — fI\r{PRp(BO7t)} — ZT‘I‘{PR e—lH(BO)t—KRt PI e’LH(BO)t—KRt}7 (626)

where H, (Bo) 1s the Hamiltonian for the magnetic interactions of the two electrons
with the internal (hyperfine and dipolar interactions) and external (By) fields,

and Ky characterizes chemical reactions, according to equation (2.),

Ky = ]‘;RPR + k; i (6.27)

Note that without CISS (y = 0) such that the recombination-selected state is the
singlet state,

PR Pl = 5, foy = Mps 1 B0 (6.28)

A

and using equation (6.25) with applying the time-reversal operator, ©, gives
P(Bo ?) Tr{@PSp(BO,t)@_l}

— %r:[\r{éps e—iﬁ(BO)t—f(Rt PS eiﬁ(B())t—f(Rté—l}

— l’I‘r{fDS e—iﬁ(,Bo)t—lA(Rt pS eiﬁ<,B0>t—KRt}
Z

_ pR

- P(—Bo,t)?
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6.2. Magnetic field effects

where the similarity-invariance of the trace, i.e. Tr{A} = Tr{PAP_l} for any
square matrix A and any invertible matrix P of the same dimensions, is used, and
note that PS5 and the hyperfine and dipolar interactions contain only bi-linear
products of spin operators and are therefore symmetric under time-reversal, and
the time-reversal operation on the Zeeman interaction is equivalent to reversing
the direction of the magnetic field, so that (:)]:I(Bo)éfl = ]:I(_BO). Equation (6.28)
means that the probability of the recombination-selected (singlet) state, and
therefore the recombination yield, is invariant by reversing the direction of the
magnetic field for conventional RPM. However, inclusion of CISS (x # 0) makes

Pl and PR interconverted under time-reversal, because of the (S‘D 7 — S Az) terms,

~

OrP'0"!' = PR, oPRO~! = PL. (6.30)

Then, P?Bo,t) is obtained as
P?Boyt) - Tr{épRp(Bovt)é_l}

— %'I‘I'{C:')PR e—iIA{(BO)t—IA(Rt pI eiH(]go)t—f(Rté—l}

1 AL Gl t—Kit DR _—iH t—Kit <6'31)
:ZTr{P e lmgt=Kit PR =it pgt-Kit}
— %rI\r{pR e—iH(,BO)t—IA{[t pI eiH(,B())t—KIt}?
where
AR B-1 _ o krpar ke
OKrO© " = K;, where Kj = 7]3 + 71. (6.32)

However, inverting the magnetic field gives
- 1 . A f A .
Plpy = Tr{P o p.g} = ZTe{Ple Moot pletflony =hnt} - (6.33)

Comparing equations (6.31) and (6.33), we finds that P?”BOJ) is not necessarily
equal to P?fBO’t), though the unitary time evolution by the Hamiltonian is equal.

Thus, the reaction yields for By and —Bj are not expected to be equal.
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Figure 6.10: Reaction yield anisotropy of the semi-realistic model of the
[FADF TrpCH'ﬂ radical pair in Cry4. A®g as a function of kg for kp = 10% s=! and
6 values of x/(0.57).

6.2.2 FAD-TrpH radical pair

Although toy models have the potential to reveal some aspects of the spin dynamics
of radical pairs, they can also be misleading. We have therefore performed similar
calculations for a semi-realistic model of the [FAD'_ TrpCH'ﬂ radical pair in
Cry4. The two nuclei with the largest anisotropic hyperfine interactions in FAD®™
(nitrogens N5 and N10) and in TrpoH®*" (N1 and its directly bonded proton H1)
were included [56, 102]. The relative orientation of the isoalloxazine ring system of
the FAD and the indole ring of Trp-H was taken from the x-ray structure of pigeon
Cry4 [134]. As in the case of the toy model, the electron-electron interactions
were D = —0.4 mT and J = 0, and the external magnetic field was again 50 pT.
The dipolar axis, again assumed parallel to the CISS quantization axis, was also

taken from the pigeon Cry4 structure [134].

It is clearly shown in Figure 6.10 that the reaction yield anisotropy grows
as x is increased from 0 to 7/2, and its maximum shifts from kg ~ 10° s™! to

kr ~ 107 s7! when kg = 10° s~!. The latter contrasts with the toy model for
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Figure 6.11: Symmetric and anti-symmetric parts of the reaction yields as a function
of x for (a) kp = kg = 10° s71 and (b) kp = 10 s71, kg = 108 s7L.

which the largest anisotropy was found when kg ~ 108 s (for y = 7/2) (Figure
6.7). We attribute this difference to the presence of hyperfine interactions in both
radicals which facilitate the double spin-flip, apfa <> Opaa, that must take place
before recombination can occur (Figure 6.2). Another difference between the
two models is that Adpg is larger when one radical has no hyperfine interactions
(see, e.g. references [102, 209, 210]). Figure 6.11(a) and (b) show the symmetric
and antisymmetric parts of &g for kg = 10° s, kp = 10° s and kg = 10°
s, kp = 10° s71, respectively. In both cases there is a significant antisymmetric
component even for small values of x, though Ady rises as kg becomes larger

than k’p .

One of the many unresolved aspects of the cryptochrome hypothesis is whether
radical pair reactions could be sensitive enough to the direction of the geomagnetic
field to form the basis of a viable magnetic compass sensor [56, 57, 97, 102, 211].
Factors with the potential to boost the signal are therefore of interest. When
radical pairs are formed in, and recombine from, the singlet state (x = 0),
the directional information encoded in the yield of the signalling state arises

exclusively from the hyperfine and dipolar interactions. When CISS is present
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(x # 0), spin-selective initial and reactive states both depend on the direction of
the magnetic field in the molecular frame. This additional source of anisotropy
results in increases in APy that could translate into a more precise compass
bearing. Furthermore, the consequence of significant CISS participation in the
formation and recombination of radical pairs is that the largest values of Adg
are found when kg > kp instead of kr ~ kp. Effective competition between the
recombination and forward reactions, requires a larger value of kg to compensate
for the time required to reach the reactive Spap state. The presence of CISS could,
therefore, relax the normal criterion for optimal magnetic sensitivity (kr ~ kr)
giving evolution greater scope for maximising the performance of the compass
sensor. One of the arguments in favour of a radical pair magnetosensor over
a mechanism based on magnetic nanoparticles is that migratory songbirds are
indifferent to the polarity of the magnetic field, instead using the angle between
the field direction and the horizontal to distinguish equatorward and poleward
directions [15, 24]. This axial compass is distinct from a hypothetical polarity
compass based on single-domain crystals of e.g. magnetite, Fe3O4. The observation
of polar magnetic responses [212] has been used as an argument against a radical
pair sensory mechanism in those species. The projection operators Pland PR used
here to merge CISS spin selectivity with the conventional RPM lack time-reversal
symmetry so that reaction yields are no longer expected to be even functions of
the magnetic field. This is the reason why, as soon as y # 0, we see antisymmetric

contributions to the reaction yield anisotropy.

6.3 Conclusion

On the assumption that CISS effects can arise in the electron transfer reactions
of organic radical pairs, we have proposed a formulation for merging CISS spin

selectivity with that which arises in the conventional RPM. The principal change
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in the initial state of a radical pair when CISS effects are included is the spin-
polarization term, S'D 7 — S'A 7, which is absent when only the RPM is considered.
Because the polarization is quantized along an axis in the molecular frame it
should be detectable in measurements on oriented samples, either as differences in
continuous wave, time-resolved EPR spectra recorded with the spectrometer field
parallel or perpendicular to the CISS axis or as the in-phase signal in an ESEEM
experiment. CISS contributions to the EPR spectra of randomly oriented samples
are likely to be small. We hope this analysis may stimulate experimental searches
for CISS effects in the EPR spectra of radical pairs and be of use to those who

may have already embarked on such investigations.

In the context of avian magnetoreception, there are three principal ways in
which CISS changes the response of a radical pair to the geomagnetic field. (a) The
reaction yield signal that encodes the field direction is more strongly anisotropic
and could therefore afford a more precise compass bearing or allow the compass
to operate at lower light levels [211]. (b) The signal has a different dependence
on the reaction rate constants, and so could give greater scope for evolutionary
optimization. (c¢) In contrast to behavioural experiments showing that migratory
songbirds have an axial compass [15, 24], the directional information from a radical
pair sensor with a significant CISS component would no longer be invariant to
reversal of the magnetic field. Although CISS effects, if they can occur in radical
pair reactions, offer the possibility of evolving a more sensitive or precise compass,
the associated lack of field-inversion symmetry has not hitherto been observed in
behavioural experiments. Additionally, it may no longer be safe to argue that a
polar magnetic response in an animal behaviour experiment is evidence against a

radical pair mechanism.
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Chapter 7

Conclusion

Attributing the avian magnetic-compass sense used for migration over 25000 km
to a delicate quantum effect, the radical pair mechanism, is a bold hypothesis.
Extensive behavioural studies [1, 12, 14-16] with complementary photo-chemical
experiments [53, 79] and quantum mechanical simulations [54, 56, 57, 110] make it
promising for this remarkable idea to explain birds’ magnetic sense. Accumulating
evidence points to cryptochrome proteins as the most likely candidate magne-
toreceptor. In this thesis, we explore possibilities for pronounced influences upon
the spin dynamics of photo-induced radical pairs in cryptochromes and here we

summarise the main conclusions of this work.

In Chapter 3, we used degenerate perturbation theory to analyse weak mag-
netic field effects on the eigenstructure of a model radical pair. The anisotropic
response to a weak magnetic field with respect to its direction relies on the
field-induced reconstruction of the (nearly) degenerate subspaces and effects on
coherence dynamics via extra energy-level splitting. Unlike the weak magnetic
field effect on radical pairs with isotropic hyperfine interactions, which is based on
opening new pathways for S-Ty interconversion [104], the directional sensitivity
to the external magnetic field of a radical pair with axially anisotropic hyperfine

interactions, as in the FAD-based radical pairs in cryptochromes, originates in
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the modulation of S-Ty and Ty-T4 interconversions. The eigenstructure of a
“reference” radical is immune from the external magnetic field no matter how the
field is oriented. Such a radical paired with a “probe” radical, whose spin evolution
is determined primarily by the external field, gives a “reference-probe” model
[102, 105, 106] which greatly accelerates spin dynamics computation. Although
inter-radical interactions as strong as hyperfine interactions could abolish the
correspondence between the directional sensitivity and the reference character,
centre-centre separations larger than ~1.7 nm could retain the good reference
character of the FAD®*™ radical, ensuring the flavin-involved radical pair as an ideal
candidate of magnetoreceptor. The reference-probe model still works satisfactorily
if the radical paired to the flavin radical has an isotropic internal field environment.

However, this is unfortunately what the tryptophan radical lacks.

In Chapter 4, we proposed a convincing test for radical-pair magnetoreception
- orientation of birds under a radiofrequency (RF) field in the absence of static
fields, rather than disorientation in a static field by RF fields, would provide clear
evidence for the direct involvement of radical pairs in the compass magnetore-
ceptor. Perturbation theory analysis shows that an RF field could remarkably
modulate radical-pair spin dynamics via the field-induced resonance. Transitions
between eigenstates promote the efficiency of singlet-triplet interconversion, so
that the triplet yield of a singlet-born radical pair is increased. Such a zero-field
resonance effect requires energy degeneracy of the magnetic interactions in radical
pairs, which is satisfied by FAD-based radical pairs. Calculation for FAD-Z radical
pairs shows that the resonance effect could be anisotropic with respect to the
direction of the monochromatic RF field. The anisotropic response to the RF field
is increased to a notable extent when the field strength is increased from ~50 pT

(geomagnetic field) to ~500 pT with the frequency not far exceeding 100 MHz.
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A monochromatic RF field at low frequency ~1 MHz could cause comparable
anisotropy of the reaction yield with that from the geomagnetic (static) field,
though the “quantum needle” would not show up. Thus, if birds could orient under
an RF field at such low frequency, the role of the needle in avian magnetoreception

would then be suspected.

In Chapter 5, we showed that a specific spin relaxation mechanism accounts
for the repeatedly detected time-dependent magnetic field effects in CRDS experi-
ments [124, 125]. The “By/,” value, a parameter that characterizes the magnetic
field-dependence of the reactions, was found to have a profound time-dependence
- an increase from ~3 to ~7 mT in the pump-probe delay range 0.25-10 us - for
W369F mutants of three avian (robin, chicken and pigeon) Cry4a proteins. Among
several possible spin relaxation mechanisms in cryptochromes, only singlet-triplet
dephasing (STD), with a relaxation rate constant > 107 s~!, could appropriately
explain the time-dependence of B/, without abolishing the change (~20%) in
reaction yield brought about by the applied magnetic field. STD could originate
in electron hopping between the second and third tryptophans of the tryptophan-
tetrad electron transfer chain in Cry4a. Further calculation, including fast electron
hopping between the third and fourth tryptophans, shows that STD, at a rate
much faster than the chemical reactions, does not seem to destroy the directional
sensitivity of the FAD-Trp radical pairs in wild-type Cry4a to the external weak

magnetic field.

In Chapter 6, we considered the potential effects of chiral-induced spin selec-
tivity (CISS) [153-165] in the conventional radical pair mechanism. The CISS
polarization effects could be observable by electron paramagnetic resonance (EPR)

of oriented samples either as differences in continuous wave, time-resolved spectra
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recorded with the spectrometer field parallel or perpendicular to the CISS quanti-
zation axis or as signals in the in-phase channel of an out-of-phase electron spin
echo envelope modulation (ESEEM) experiment. Inclusion of CISS causes greater
anisotropic response of the radical-pair reactions to the field direction, so that a
more precise compass bearing could be expected. Moreover, CISS relieves the
strict condition for a sensitive radical pair magnetoreceptor that the radical-pair
reactions must have competing rate constants - even though the radical-pair re-
combination is ~10 times quicker than the spin-independent radical deprotonation,
an optimal directional sensitivity could still be realized. Although the associated
lack of field-inversion symmetry has not hitherto been observed in behavioural
experiments on birds’ orientation, the possibility that CISS could play a role in

the polarity compass of animals cannot be immediately excluded.
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Appendix A

Hyperfine tensors

A.1 FAD radical

Nucleus A Giso Thq
—0.0989 0.0039 0.0 1.2336
N5 0.0039 —0.0881 0.0 0.5233 —0.6101
0.0 1.7569 —0.6234
—0.0190 —-0.0048 0.0 0.4159
N10 —0.0048 —0.0196 0.0 0.1887 —0.2031
0.0 0.6046 —0.2128
—0.2569 —0.1273 0.0 0.1896
H6 —0.1273 —0.4711 0.0 —0.3872 —0.0464
0.0 —0.4336 —0.1432
0.4399 0.0 0.0
H8(x3) 0.4399 0.0 0.4399 0.0
0.4399 0.0
0.4070 0.0 0.0
Hp 0.4070 0.0 0.4070 0.0
0.4070 0.0

Table A.1: The hyperfine tensors for the FAD®*™ radical.

199



A.1. FAD radical

The hyperfine tensors of the FAD radical anion (following Ref [102]) were cal-
culated by Dr Ilya Kuprov, Department of Chemistry, University of Southampton,
using density functional theory (DFT) in Gaussian-03 at the UB3LYP/EPR-3
level. All hyperfine parameters are in mT. The atom numbering scheme is as
shown in Figure A.1.

A: Full hyperfine tensors.
aiso: Isotropic hyperfine ineractions.
T,,: Principal anisotropic components of the hyperfine tensors (arranged in de-

scending order of magnitude for each nucleus).

Notes:

H8 methyl group: the anisotropic components are small (< 0.08 mT) and were
not included in the spin dynamics simulations. The average of the three isotropic
couplings, (0.6493 + 0.6493 4+ 0.0212)/3 mT, was used for all three methyl protons
on the assumption that methyl group rotation is fast enough to average the three
interactions.

Hf: the anisotropic components are small (< 0.09 mT) and were not included.
One of the § protons was assigned with an isotropic hyperfine coupling equal to

the largest of those calculated for the SCHjs group (0.4070, 0.4070, —0.0189) mT.
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A.2. Tryptophan radical

A.2 Tryptophan radical

Nucleus A Qiso Thq

—0.0336  0.0924 —0.1354 0.7596
N1 0.0924  0.3303 —0.5318 0.3215 —0.3745
—0.1354 —0.5318 0.6680 —0.3851

—0.9920 —0.2091 —0.2003 0.5914

H1 —0.2091 —0.2631 0.2803 —0.5983 —0.1071
—0.2003 0.2803 —0.5398 —0.4843

—0.2843 0.1757  0.1525 0.2855
H2 0.1757 —0.2798  0.0975 —0.2780 —0.0919
0.1525  0.0975 —0.2699 —0.1936

—0.5596 —0.1956 —0.1657 0.3001
H4 —0.1956 —0.4020 0.0762 —0.4880 —0.0480
—0.1657 0.0762 —0.5021 —0.2520

—0.0506 0.0622  0.0889 0.1979
H6 0.0622 —0.3100 —0.0297 —0.2083 —0.0494
0.0889  —0.0297  0.2642 —0.1485

—0.4355 —0.1541 —0.1239 0.2540
H7 —0.1541 —0.2777  0.0864 —0.3636 —0.0594
—0.1239 0.0864 —0.3770 —0.1945

1.5808 —0.0453 —0.0506 0.1521
Hp —0.0453 1.5575  0.0988 1.6046 —0.0456
—0.0506 0.0988  1.6752 —0.1065

Table A.2: The hyperfine tensors for the TrpH®" radical.
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A.2. Tryptophan radical

The hyperfine tensors of the Tryptophan radical anion (following Ref [102]) were
calculated by Dr Ilya Kuprov, Department of Chemistry, University of Southamp-
ton, using density functional theory (DFT) in Gaussian-03 at the UB3LYP/EPR-3
level. All hyperfine parameters are in mT. The atom numbering scheme is as
shown in Figure A.2.

A: Full hyperfine tensors.
aiso: Isotropic hyperfine ineractions.
T,,: Principal anisotropic components of the hyperfine tensors (arranged in de-

scending order of magnitude for each nucleus).

Notes:
Hf: one of the 8 proton with the larger isotropic hyperfine interaction (1.6046
mT). The other had a much smaller a, (0.0457 mT).
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Appendix B

Degenerate perturbation
treatment for the one-proton
radical pair with an isotropic
hyperfine interaction

The matrix representation of the Hamiltonian for the hyperfine interaction in

radical 1 is

7 0 0 0
A 0o -2 % 0
Hy = J2 , (B.1)
0 5 -3 0
0 0 0 ¢
with the four eigenvectors
1 0 0 0
0 0 1 1
1O = L= | B = [ E ] me =] A ] B2)
0 ) 0 ) L Y _L ) *
V2 V2
0 1 0 0
and their eigenvalues
3
w§°) = wéo) = wéo) = Z, wio) = —Za. (B.3)

Note that for this one-proton radical with the isotropic hyperfine interaction,
the degenerate subspace is composed of [1) |2(9) and |3(?) by contrast with
the axial hyperfine interaction case where |1(®) and [2(®)) construct a degenerate

subspace and [3(?) and [4(?)) construct a nearly degenerate subspace (see Chapter
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3). The matrix representation of Hamiltonian for the Zeeman interaction with

the weak magnetic field along the z-axis is

w0 0 0

si— |07 00 (B.4)
0 0 —=« 0 '
0 0 0 -«

Applying degenerate perturbation theory, the perturbed eigenstates and the

corresponding eigenvalues are obtained as

1) = |1 /:‘_l “o
1) = 1), wf = 2422,
2"\ — [2(0) 4%
2)= ), wy= 922
2
) = 20 30y 4“0 oy @9 (B-5)
Vida? + wi \/4a2+w0 4 4a
2
14') :2—a|4(0> 0|39, W __3a_wp
VAda? + w \/4a2 + w? 4 4da

The degeneracy is clearly broken by the weak field. The two eigenstates of radical

2= (g) = () (B.6)

and their eigenvalues are wy/2 and —wg/2. The S and Ty projection operators are

2 are

PS and P™ respectively,

PS = 1L ad{tl o] + 5| 1t a)(it al — 5| 1) (41 ol — 2] 11 a){L af
S0 BYILBL+ 51 11 BY B = 51 1L AY B — 51 11 AR B,
To = )M a)(th al + 2] 11 a) (1l + 2] thad{it ol + 5| P a)(tLal

51 TLBYAL B+ ] 1 B 81+ 511 AYU Bl + 5] 11 B) {1 Bl
(B.7)

The S and T yields for the singlet-born radical pair are calculated by

1
Z PS’H’LP’SLH wnm ? ¢TO = 5 Z PnT’r;)LP’nSlnf(wnm)? (BS)

n,m
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where wy,,, = w, — w,, is the energy gap between two radical-pair eigenstates, and
f(wnm) 18 the Lorentzian function. In H'* ® H,o, electron spins are anti-parallel

in the following eigenstates:

eff 1 2a
‘3,; Zp) = \/W‘ T a
e 1 2a + wy
32 Zﬁ :
%;2) | 15) B9)
|1/;Z—> - | T\L Oé>,
125 24) = |11 8),
and the non-zero coherences in PS and PTo are
1 2a + wy
PS/z Iy, — P)’I/‘0 / - — X y
I VO R VPR (B.10)
P3 = PTO e 1 2a _ CU() '

— X .
Tz, Uz 3z, V2
" * 2v2  \/4a? + 2

Hence, combining equations (B.2-B.8), the perturbative Ad®g and Adr,, i.e

change in S and T yields by the magnetic field, are obtained as
A L >
s = 5 x 2% (Pyo_ o, Pry g g A0 + Py, v P, 3/Z+f(:0+w20))
1

S S
5% 2 X (P3<o)z,,g<o)Z+P2<o>Z+,3(o>z, f(wgm,wgm)

S S
+ Py, 10, Pror, 30, f (wgongO)))

1 (M , (2a—-wg)?, ) — 1
8 4a? +wi T(2-2)  da® +wi TGy 4
1 T T
A¢TO — 5 X 2 X (P3/§_72/ Z+ 3z f w 7w70 P3/2+ 1z_ P 3/Z+f w0+w0))
1 T S
— 5 X 2 X (P ((()))z 2(0)Z+P2(0>Z+,3(0)27 f(w;gO)—ng))
To S
Pg(O)z ,100) 5 PI(O)Z—73(0)Z+f(w§0)—w§0)))
1 (2a — wd)? 1

(2a + wi)?
2

~—— X YRR :
8 <4a2+w f(‘”j—%) 4a? + w3 (éwg)) 4

4a

(B.11)
Note that A®g = —Adp, so that A®r, = 0. In the limit a > wp, equation (B.11)
can be further simplified as
k? 1
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0.3 T T T

—— Exact Adg
0.2¢ Exact A®q,

—— Exact A®r,
0.1t - = Perturbative Adg

Perturbative A®y,
- - Perturbative A®,

AdD
o

Figure B.1: A®g, A®7, and A®r, calculated using the exact simulation and the
perturbation treatment result in equation (B.12) for the one-proton radical pair with
the isotropic hyperfine interaction a = 500 pT. The reaction rate constant k = 10% s~1.
The external magnetic field wg varies from 0 to 200 uT.

The perturbation treatment result in equation (B.12) agrees satisfactorily with
the exact simulation (Figure B.1), indicating that the effect of the weak magnetic
field on the coherence dynamics in the degenerate subspace H'* @ H,o opens new

pathways for the S-Tj interconversion. This is consistent with the previous study

104].
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Appendix C

Time-dependent perturbation
theory

Interaction picture
Consider a Hamiltonian, H:
]:I = ]:IO + [:fl(t), (Cl)

where H, is the time-independent part that normally has a well-defined spectrum,
while Ifll(t) contains the explicitly time-dependent term. Denote a state in the

Schrédinger picture as |t))) and as |77/~J(t)> in the interaction picture, so that

i) = Uy lbw) = €™ ), (C.2)

where %) = e~iHot is the unitary time-evolution operator for H,. Remembering

the Schrodinger equation,
d ~
@EW(M = H|Yw)), (C.3)
gives the dynamical equation for |@E(t)):
y d 7, - 7] n iHot 2 3
%Ellﬁ(tﬁ = —iHo|Y)) + e (Ho + Hiwy)[Y))
= —iHo|{) + e (Ho + Higy)e ™" ) (C4)
= ﬁl(t)|"Z(t)>7
where Hyy = %) o) Zog)-
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Perturbation treatment

In many situations, H 1(+) 1s small so as a perturbation to H,. We then introduce

“A” to denote the order of the perturbation, so that
[A{ — }AI() + )\ﬁl(t)a

and equation (C.4) becomes

L 30) = Mgl

i— = :

Ll 10 |¥)

Expanding W(t)> in the power of A gives
[} = 1) + MGG + NI0E) + O).

Inserting this into equation (C.6) gives

d > 2 3.4 -3 4
Z&W(ﬂ)—i-)\z—]w )+ A z—\z/J Y+ A z&]w(tQ%—O()\)

= \Hyo[0{8) + N Hyo[04))) + N Hygo[02) + O,

The coefficient of each power of A must vanish, so that

d 70
Z&W}(t))
Aoy A0
ZEW’(&Q = Hl(t)|¢(t)>
d ~(9 (1)
Z&W’(ﬂ W) )

. d, - n+1 5 T(n
l_|¢((t)+ )> = Hl(t)|¢ét))>
Equation (C.9a) indicates the time-independence of |@EES))>, so that
7(0 7(0
9) = 19(0)) = l)-

Then, using equation (C.9b), first-order |1/~J(tl)> is obtained as

(1) / Hyan o)
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(C.7)

(C.8)

(C.9a)
(C.9Db)

(C.9¢)
(C.9d)

(C.9)

(C.10)

(C.11)



Higher-order kets are obtained recurrently, e.g. second-order ng is

t . [N
[ = —/0 Hl(wdt'/o Hyy (o)) dt”. (C.12)

In the eigenbasis of H,,

n(t) (n|¢(t)> (C.13)

(1)

where |n) is an eigenstate of H,. Then, first-order Cp(yy 1s obtained as

t ~
éq(ll()t) = —i/o (n|Hiw) o)) dt’
t
= —i/ (n]e™" Hy gy et gy ) dit (C-14)

t
= _Z/ Z eiwnthl(t’)nmcmdt,7
0 m

where wy,,, = w, — w,, in which w, and w,, are the corresponding eigenvalues of

In) and |[m), Hygypm = (n|Hign|m) and ¢, = (m| ).
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Appendix D

Inclusion of spin dynamics of the
[FAD'_ Trp'} radical pair

The reaction scheme is shown in Figure . RP1 denotes the [FAD" TrpH'ﬂ
radical pair, and RP2 denotes the [FAD'_ Trp'} radical pair. The Liouvillian
superoperators of RP1 and RP2 are:

il _’i([:h®i—i®ﬁf)+%és+kﬁ+ﬁfl,

. » - o - . (D.1)

Ly =i(H;®1-1@ H})+ Qs + kpl+Wa,
where H; and H, are the Hamiltonians of RP1 and RP2, és =PSel+1lgPs
characterizes the radical-pair recombination, i = 1 ® 1 represents the spin-
independent reactions, and V%G and ﬁ/g denote the spin relaxations for RP1 and
RP2. The dynamical equations for the density operators of RP1 and RP2 in

Liouville space are

d 2
o1 = —L10'1 t)s D.2a
do 2
th(t) = —Lgdg(t) + k¢ O1(t)- (DQb)

The solution of equation (D.2a) is obtained as

iltO'l(O). (D?))

o1t =€

Substituting equation (D.3) into (D.2b) gives

2 do Lot 7 L
6L2t 2(t) + €L2tL20-2(t) — kf eLQte—L1t01(0)7 (D4)

dt
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where both sides are multiplied by el2t. One finds that the left side of equation
(D.4) is the time-derivative of eiQtaz(t). Integrating both sides by time gives

t

2 t 2
|:€L2t 0—2(t/):| = k'f/ €L2t €_L1t Ol(o)dt,. (D5)
0

0

Given that oy = 0, the solution for oy is obtained as
2 t 2 ’ 2 f
U?(t) = l{}f 6_L2t/ €L2t €_L1t O'l(o)dt,. (DG)
0
Diagonalization of L gives
*th = Ae MtAL (D.7)

where \; = A~'L; A. Using equation (D.7) and remembering equation (D.3) allow

us to re-write oy):
o1 =D bre M, (D.8)
k

where \j is the k-th diagonal element of \;, and b is an aggregate of (column)

vectors with the j-th entry of the k-vector is

ZA]k - km 0'1 )) ms (DQ)

in which (o1(g))m is the m-th entry of (vector) y(g). Combining equations (D.6-D.9)

gives

A t .
7 T4 /
o) = kfe Lot E / eLQt e Aiit dt/ bk
k 0

5 A t
— ke 'y [6@2 )t (f, — Alkl)*l} by
B o o (D.10)
= ]Cf €_L2t Z(e(L2 Alkl i)(fzg Alki)_l bk
k
= k}f Z(e_hkit - €_E2t)(i2 - )\lki)_l bk

2
Then, the remaining (time-dependent) RP1 and RP2, ®gpy) and Prpo), are

Pre1) = (01)T011), Prp2r) = (01) 021, (D.11)
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where o7 is the row-wise flattened (vectorised) form of the identity matrix 1 and

77 means transpose. The accumulation of the long-lived FAD®*™ radical, ®pspe-(y),

is obtained as

t
Ppape-) = kp / (o1)Toaydt’
0
= kp ke (o)™ (A (1 — ey — LoV — e ) (Ly — A1) by

' (D.12)
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Appendix E

Non-Hermitian perturbation
treatment

The new operator K including the spin interactions and the singlet-triplet dephas-

ing is written,

K=M+0, (B.1)
with
r —w 0 0 0 O
M=|w r 0],Q=]00 —¢]. (E.2)
0 0 0 0 ¢ 0

Note that K, M and Q are all non-Hermitian. Treating O as a perturbation
to M, as ¢ < w? + r?, we find the eigenvectors of M, noted with zero-order

superscript, are orthogonal to each other:

0 —i/\/2 i/\/2
L) ={of, 2= vz |, B =[1/v2], (E.3)
1 0 0

(0) (0)

o : 0
with eigenvalues, v;” =0, vy’ =1 — iw and Ué )

= r +1w. Introducing “\” to
characterize the orders of the perturbation, then K is a function of A, written as
IC()\) = M + A Q. Thus, the eigenvectors and eigenvalues of K(A) can be written

as a function of A,

Koyln)s = vpnyln)a, withn =1,2,3. (E.4)
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Specially, if A =0, l&(k) is reduced to M, and the eigenvectors and eigenvalues

are: [n)y—o = [n() and v, = v, Now, expanding |n)y and Up(n) With respect

to A\, we have:
) = [100) + A} + XJ®) + .,
(E.5)
Up(y) = v + A0 + 220@ 4

Knowing that equation (E.4) is equivalent to (M +20— Un()\))|n>)\ = 0 and

substituting equation (E.5) give:
(M=) = AL = Q) = A20f® — mhbol®) = ) (Jn®)+

(E.6)
AWy + .+ )\k|n(k))...) = 0.
Collecting the coefficients for each power of A\, we have:
A0 (M — ) |n@) =0,
A (o)) = (o) — Q) ),
A (1= o)) = () — Q) ) + o),
(E.7)

N (V= @) n®) = (0 = QYD) + 1@ D) 4.+ D),

It is appropriate to assume that all the eigenvector corrections [n()), with j > 1,
are orthogonal to [n(?)) without loss of generality [85]. For A!, applying (n(?], we

have:

(O (M = o) [nV) = (V] (P — Q)n®). (E.8)

Since,
~ ~ T 0 T 0
<1(0)|./\/l = (MT|1(O)>) = (Ui )|1(0)>) = vg )(1(0)|,

QOIM = (MT2ON = ((r + iw) 20N = o (2], (E.9)

BOIM = (MIB))" = (= i) 3))" = o (3,

the first-order corrections to the eigenvalues are all zero, as
U’r(zl) _ (n(°)|Q|n(0)) =0. (E.10)
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In order to obtain the first-order corrections to the eigenvectors, we apply (m(®|
with m # n:

(O — v (MDD = —Q,,, (E.11)

m

where Q. = (m@]Q[n(®). Thus,

_an
) = 37 @) mO@ ) = 37 S0y (B12)
m#n m#nvm — Un
Therefore,
wQ? 0 0
q
(W)= [ =] 0 L)y =| 0 ] (B13)
0 02 (r4iw) 02 (r—iw)
V2q V2q

where Q2 = ¢*/(r* + w?). Furthermore, the second-order corrections to the

eigenvalues are obtained by applying (n(”| to the A\? equation in (E.7):

) —n©[Dm© _ 2
v? = (n®]Q9nM) = Z (21 QIm™) Qunn — Z 1wl (E.14)

m#n Uﬁg) - ,07(10) m#n Uﬁg) - ,U7(LO) |
Thus,
1 1
vf) = r(Q? ng) = —592(7“ + iw), U:(f) = —592(7“ — iw). (E.15)
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Appendix F

STD induced enhancement of
directional magnetic-field
sensitivity

A weak magnetic field modulates the radical-pair spin dynamics, through the
change in the (nearly) degenerate spin subspaces (see Chapter 3), anisotropically
with respect to its orientations. For a simple one-proton radical pair with an
axial hyperfine interaction, the S-T. interconversion, driven by the small z, y
components of the hyperfine interaction, is characterized in (nearly) degenerate
subspaces of spin Hamiltonian (e.g. H** constructed by [3(®), [4()) in equation
(3.4)). It is in these subspaces that the S-T interconversion is possibly affected by
the weak field to a remarkable extent. Reducing the four electron spin states (S,
Ty, T4, T_) to a two-level system (S, T ) gives the simplified spin Hamiltonian

with the matrix form:

0=

. a/d+d £/2

Hy = / / , (F.1)
e/2 a4

where a denotes the z-component hyperfine interaction where S, T are degenerate,

¢ denotes the x, y-component hyperfine interaction responsible for the S-T,

interconversion, and v characterizes the energy gap introduced by the inter-radical

spin interactions. Note that the state kets for S and T, are written,

= (1) 1= () (F2)
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Weak magnetic field along the z-axis

The weak magnetic field along the z-axis is represented as,

A7 = (“g 8) . (F.3)

Then, the total Hamiltonian is H = Hy + H 7. The commutation superoperator of

H has the matrix form

0 —€ € 0
2 s s 1| —¢ 2w+ad) 0 £
H:(H®1—1®HT):§ ) 0 Cowtd) e (F.4)
0 € —€ 0

The initial density matrix p) and its row-wise flattened vector o(g) in Liouville

space are:
0
(00 o 10 (F.5)
Py = 0 1 00) = 0 .
1
Considering singlet-triplet dephasing W,
00 00
2 . . . . 0O 0O
W =r(P°® P™ 4+ PT™+ @ P5) = , F.6
r(P°®@ P'* + P @ P%) 00 1+ 0 (F.6)
00 00

gives the Liouvillian superoperator L=4iH+W. The dynamical equation for o
is

do A
% — —Logw. (F.7)

Conducting the analogous mathematical process as in equations (5.45-5.47) gives

dp 2 _K
di) =—Kpu = pu=e¢ “'po), (F.8)
where
psT, + P18
p= —i(PST+ - pT+s) ; (F.9)
PSS — PTiT4
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r —(w+d) 0 00 O
K=M+9; M= | (w+d) r 0], 0=[0 0 —|. (F.10
0 0 0 0 O
The eigenvalues of M are:
vf)) =0, Uéo) =r—i(w+d), Uz(,)o) =r+i(w+d). (F.11)

The corresponding eigenvectors are the columns of the matrix:

0 G
vO =10 5 & (F.12)
1 0 0

Treating Q as a perturbation to M in the assumption that £2 < (w+d)*+1?)
and applying the non-Hermitian perturbation theory in Appendix C give the

eigenvalues to second order:

)

/

v = U§O + 2)52) = rQi,

QQ
vl zvéo) +v§2) =(r—ilw+d))— 72(7“+i(w+d)), (F.13)

Q2
vy = o + 0@ = (r 4 i(w + d) — 7‘3(7’ —i(w+d)),

and the eigenvectors to first order:

wﬂg —q i
c V2 V2
v =y Ly | e L 1 , (F.14)
1 Q2(r+i(w+d) Q2(r—i(w+d)
V2e V2e

where Q2 = £?/((w + d)? + ) < 1. Thus, using equation (B.8) gives
D) ~ Ve Ayt D(0) (F.15)

where A is the diagonal matrix with the three diagonal elements are v/, v4 and v}

in equation (F.13). Therefore,

P3@t) = Pss(t) — PTLT4(b)

1 —Q2rt Qz 1 2 —(1-202)rt (F16)
:1‘1‘936 : —l—rﬂgcos((l—i-§f2z)(w+d)t)e( 288t
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where we have scaled the population difference so that ps) = pss() — pr,1,0) = 1.
The first term is the low-amplitude oscillatory term decaying fast with a rate
constant close to the dephasing rate constant (i.e. (1 — Q2?/2)r ~ r) and the
second term is the long-term decaying 1/(1 + Q?) with a rate constant Q% r can
be seen. Taking w = 50 uT, d = —200 uT, ¢ = 20 uT and r = 107 s7%, then
Q%r = 1.55 x 10° s7!, much slower than the radical-pair reactions ~10° s71.
The time-dependent singlet probability (purple traces in Figure B.1) is obtained

remembering PSS(t) + PTLTy(t) = L

z 1 1 —Q2rt Qg 1 2 —(1-102)rt
Ko =g oy ey (0l e

(F.17)
Using the symmetric reaction approximation, the singlet yield under a weak

magnetic field along the z-axis is obtained,

q)g = kf/ pgs(t/)e_kt/dt,
0

22

TESET (F.18)
EQ2((1— 10%)r + k)
21+ 02) (1= 29)r + k)2 + (1 + 102)%(w + d)?)’

(a) o)

MM\ 1
0.9 .
— z-axis
_08F zraxis  {
So7f =
0.6
0.5 : ‘ : : 0.5 : : : :
0 2 4 6 8 10 0 2 4 6 8 10
t/ us t/ us

Figure F.1: Two-level S-T system in the nearly degenerate spin subspace with w = 50
pT, d =—200 uT and € = 20 uT. (a) for r = 10 s~ and (b) for r = 107 s~ ! illustrate
the time-dependent singlet probability, according to equations (F.17) for the weak field
along the z-axis and (F.22) for the weak field along the z-axis.
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where the second and third terms are attributed to the long-term decay term with

the rate constant Q?r and the oscillatory term in equation (F.17) respectively.

Weak magnetic field along the r-axis

The weak magnetic field along the z-axis is represented as,

A = (;2 “’(/) 2) . (F.19)

The total Hamiltonian is H = Hy + H ¥, and the commutation superoperator of

H has the matrix form

0 —(e+w) (e4+w) 0

2 1| —(c+w) 2 0 (e +w)

H_§ (e +w) 0 —2d —(e+w) |’ (£.20)
0 (e+w) —(e4w) 0

Following similar perturbation treatment through equations (F.5 - F.18) gives

1 e, 02 1 o102,
PSS(H) TPTLT () = T ¥ t+1+—92 cos (d(1+§Q§)t)e (=%t (F.21)

where Q2 = (e +w)?/(d* 4+ r?). Thus the time-dependent singlet probability under
a weak magnetic field along the z-axis (orange traces in Figure F.1) is obtained
remembering pss«) + pr.oT, (1) = 1,

1 efﬂgrt + QZ

]_ 1 2
I S d(1+ 202 ¢) e =32t (F 99
P = 3 a1 ) 21+ 2) % (d(1+ 590 8) e (F.22)

2
Then, the singlet yield is

g — /{?/ pgSCS(t/)eiktldt/
0

22

TSI ETN (F.23)
kO3 ((1— 590 + k)
2014+ 92)(((1 = 592)r + k)2 + (1 + 592)2d?)
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Figure F.2: Two-level S-T system in the nearly degenerate spin subspace with w = 50

pT, d=—200 pT and € = 20 pT. Apgg(y) is shown for r = 10% and 107 s,

Enhancement of Adg

The anisotropic effect of singlet-triplet dephasing, with respect to the direction of
the external field, on the spin dynamics is illustrated in Figure F.2 by calculating
Apsse) = pgs(t) — p‘gs(t). Clearly in Figure F.2, Apgg) with r = 107 s7! is larger
that with » = 10% s~! during ¢t < 5 us which has covered the radical-pair lifetime.
For this simple two-level system, Adg = maxaqj(q)s) — min97¢((1>s), which is used

to quantify the directional sensitivity of the magnetic field, is equivalent to
Adg = (I)g — gSc = / kApSS(t/)e_kt,dt'. (F24)
0

Here, A®g is expected to increase when singlet-triplet dephasing rate constant
rises from 10° s7! to 10" s™' (Figure F.2). This is because the second-order
perturbation induced long-term decay rate constant, Q2 r, varies with respect to
the direction of the weak magnetic field and the increase of the singlet-dephasing
rate constant can enlarge the difference in % r among magnetic field directions.
Calculation of A®g as a function of r, ranging 103-10'° s~!, for three values of d

(0, —100 and —200 pT) is shown in Figure F.3(a), which is based on the exact
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Figure F.3: (a) A®g as a function of singlet-triplet dephasing rate constant r for
three values of d (0, —100 and —200 uT) according to equation (B.7). (b), (c) and (d)
Comparison with the perturbation approach.

dynamical equation (F.7) for o). The enhancement of A®g can clearly be seen

with r at the order of 107 s~!. Assuming that the oscillatory components in

equations (F.17) and (F.22) are averaged out by integral over time gives

—_

k
2(1+2,)( Q2 r + k)’

o ~ 5+ (F.25)

which only preserves the long-term decay contribution. Then, A®g from the
perturbation treatment is obtained as

k 1 1
Adg = dF — OF = = -
I 2<(1+Q§)(Q§r+k) (1+Q§)(Qgr+k)>’

(F.26)

which satisfactorily matches the exact calculation (Figure F.3(b), (c) and (d)).
This again proves that the enhancement arises from the anisotropic long-term
decay of the population difference between the singlet and triplet states induced

by singlet-triplet dephasing.
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