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We propose a new Monte Carlo-based estimator for digital op-
tions with assets modelled by a stochastic differential equation (SDE).
The new estimator is based on repeated path splitting and relies on
the correlation of approximate paths of the underlying SDE that
share parts of a Brownian path. Combining this new estimator with
Multilevel Monte Carlo (MLMC) leads to an estimator with a com-
putational complexity that is similar to the complexity of a MLMC
estimator when applied to options with Lipschitz payofs.

1. Introduction. In itssimplest form, the Multilevel Monte Carlo (MLMC) path
simulation method [6] considers a scalar SDE

(1) dXt:a(Xt,t) dt+U(Xt,t) th7

for t € [0, 1] with a sequence of approximate paths {(y&t>t€[0,1]}26{0,1,...} using uniform
timesteps of size hy = hgM ¢ for some hg € R, and M € Z, . If we are interested in
estimating E[ f(X1)] ~E[ f(XL1)] for some function f and we define AP, = f(Xy1) —
F(Xy—11) with APy = f(X01), we have the telescoping summation

L
Ppl=> E[AP].
=0
The MLMC estimator is then
L 1 N ‘
(2) 27 ZAPﬁ,
=

with the coarse and fine paths within APZ( " based on the same driving Brownian path.

If there are constants a, 3,7 such that the cost of a level ¢ sample AP, is Wy ~ 27¢, its
variance is V; := Var[ AP;] ~ 275 and the weak error is [E[ f(X 1) — f(X1)]| ~ 27,
then an optimal number of levels, L, and an optimal number of samples per level,
{Né}szoa can be chosen to achieve a root-mean-square accuracy of € with a computa-
tional complexity which is O(e~2) if 8>, O(c~2[loge|?) if 3 =, and O(e~2~(=A)/a)
if g <~ (7).

If the function f is globally Lipschitz, with constant Ly, then

Ve < L?c E[ (YgJ — YKfl,l)z]'

In the case of the Euler-Maruyama discretization when the SDE coefficients, a and o, are
Lipschitz and grow linearly in x and are 1/2-Hélder continuous in ¢, this results in V, =
O(he) [18, Theorem 10.2.2] along with W, = O(h; '), so 8 =+ and the computational
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complexity is O(e¢~2|loge|?). When using a first-order Milstein discretization, and under
additional differentiablity assumptions on o, the variance is reduced to V; = O(h?)
and the complexity is improved to O(e72). A limitation of the first-order Milstein
discretization is that it often requires the simulation of Lévy areas for multi-dimensional
SDEs. To avoid this, Giles & Szpruch [12] developed an antithetic, truncated Milstein
estimator which omits these Lévy area terms and still achieves an MLMC variance
V, which is O(h?) when f is smooth, and O(hg’/ %) when f is Lipschitz and piecewise
smooth; both are sufficient for the computational complexity of MLMC to be O(e72).

In this article, we are concerned with the more difficult case in which f is a discon-
tinuous function such as f(x) =I,~k; in computational finance this is referred to as a
digital option. In this case AP, is nonzero only if the final values of the fine and coarse
path approximations 75,1 and Yg_m within AP, are on opposite sides of K. Speaking
loosely (we will be precise later), in the case of using Euler-Maruyama discretization,
this only happens if X1, X1, X1 are all within O(h}/ 2) of K, and the probability of
that is (’)(h;/z). Hence Vj ~ O(héﬂ) and so f & /2, resulting in a computational com-
plexity which is approximately 0(5_5/ 2) since standard weak convergence results give
a =23. With the Milstein discretization, V; &~ O(hy) and the complexity is improved
to O(e72|loge|?), but with the antithetic Milstein estimator V4 remains O(hép).

The challenge of discontinuous functions such as this has been tackled in previous
research. In the context of the first-order Milstein approximation, a conditional expec-
tation with respect to the Brownian increment for the final timestep, conditional on
the Brownian path up to that point, has been used to decrease the variance V; from

O(he) to O(h;’/ %) [9]. In simple cases the conditional expectation can be evaluated ana-
lytically [9], while in harder cases a change of measure or path splitting can be used [7].
Unfortunately, none of these approaches work with the Euler-Maruyama discretization.
One method which is effective for a subset of cases with particularly simple functions f
is “pre-integration”, a variant of conditional expectation or conditional sampling based
on the final value of the driving Brownian path. Originally developed to improve the
effectiveness of Quasi-Monte Carlo integration [1, 15, 14], it also works well with MLMC
[2]. Another effective method uses adaptive refinement of paths which lie close to the
discontinuity [17]. When used for Euler-Maruyama or Milstein schemes, adaptive re-
finement methods recover the convergence rates of the variance, V;, that are observed
for Lipschitz functions without substantially increasing the cost per sample. However,
these methods lead to estimators with high kurtosis which can cause difficulties for
MLMC algorithms that rely on variance estimates. Additionally, adaptive refinement
does not recover the improved variance convergence rates of antithetic Milstein. See
also [8] for a more thorough discussion of existing methodologies.

Inspired in part by the literature on dyadic Branching Brownian Motion [4, 20],
the idea that we develop in the current article, as illustrated in Fig. 1, builds on path
splitting where each MLMC sample, instead of corresponding to a single pair of fine and
coarse paths, is an average of the difference AP, from many particles, each of which is a
pair of fine and coarse paths. The branching process to generate the particles is similar
to the process of dyadic Branching Brownian Motion, except that the branching times
are deterministic not exponential random times. Fig. 1a illustrates the logical structure
of the particle generation. If there are 2¢ timesteps for the fine path approximation
X, and 2¢7! timesteps for the coarse path X/_1,, then in the simplest version of the
algorithm the first branching from 1 to 2 particles is after 26! fine timesteps, the second
branch from 2 to 4 particles is after another 22 fine timesteps, and so on, until there
is only one coarse timestep left, at which there is a final branching into 2¢~' particles.
This gives the following number of particles at different stages of the calculation:
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Fig 1: An illustration of the branching estimator APy defined in Definition 2.2 for 7 =
27¢~1 and hy =27, (a) shows the logical structure ending up in the eight correlated
samples of APy. (b) shows the eight underlying, correlated Brownian paths.

1 particle for first 27! fine timesteps
2 particles for next 272 fine timesteps
4 =22 particles for next 2¢73 fine timesteps

22 particles for next 2 fine timesteps

21 particles for final 2 fine timesteps

so that the total cost (i.e. total number of particle-timesteps) is (¢-+1)2°~! which is not
much more than the usual 2¢ cost per sample. The MLMC sample value would be an
average of the outputs from the 271 particles:

2271

1 .
APy = oy 3 AP,
i=1

i.e. this AP, counts as a single sample within an MLMC estimator similar to (2).

The claim is that with the Euler-Maruyama discretization we obtain Var[ AP, ] ~
O(hy) so that approximately we have a1,y ~ 1. We present here a heuristic analysis
which we make rigorous later. Suppose two particles (i) and (j) share a common driving
Brownian path up to time 1—7. Conditional on X;_,, the distribution of X; is approx-
imately Normal with a standard deviation of O(7%/2) and peak probability density of
O(r~'/?). For both particles to finish within O(h;/Q) of K (by which we mean that
both the coarse and fine path approximations end within (’)(h;/ 2) of K) requires that
X, lies within O(7'/2) of K, which occurs with probability O(7'/?), and conditional
on this the probability that each particle finishes within O(hé/z) of K is O(h;/QT’l/Q).

Hence, the probability that both particles finish within O(h;/ 2) of K is
(9(7-1/2 (h;/27_1/2)2> _ O(hgT_l/z),

and therefore

E[ AP AP | = O(he71/2).
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There are 22— possible pairs (1,7), and for each i the number of particle pairs (4, j)
with j #14 and different 7 values are:

262 with 7 =271
20=3  with r =22
20=4  with r =273

with 7=2-0-2)
1 with r=2"0¢1
. . . L . (1)) 2 1/2 .
In addition there is the particle pair (i,47) for which E (APE ) = O(h,/"), as dis-
cussed previously. Together, these give
-1
Ve < E[AP}] = 0(?“” he'? + 27 Z?“”hﬂm) = O(hy),
=1

with the largest contribution coming from the 7=1/2 branch, the most common branch-
ing point. This last observation suggests that the variance is well modelled by

Vi ~ var[E[f(Xl) ]Xl/z 274,1/2] - E[f(Xl) \Xl/z =E_1,1/z] ]

~ Var[(ym/z — Xo—1,172) - VLE[f(X1) [ X120 = 7]

IZYZ—LI/Q :| ’

and we will later follow a similar approach in analyzing the branching estimator based
on the antithetic Milstein approximation.

One final point for this introduction concerns optimization of the branching times.
If 1—74 is the ¢/-th branching time, then the total cost of APy is of order

l
22 (1 + Z 2€/Tgl> N

0'=1

and the variance bound is of order

l
—¢ _—1/2
R
=1

. . . .. . . . 40 . .
Optimizing 7 to minimize the cost for a fixed variance gives 7y o< 27%'/3 which is

slightly different to the initial choice of 7»=2"* and eliminates the additional linear
factor in the cost. Hence, our main analysis will consider branching times 74 =2"" for
some constant 7. These branching times may not coincide with discretization timesteps.
There are two ways to handle this in an implementation. One is to round the times
to the nearest coarse path timestep, and the other is to keep the times as specified in
which case there is a common Brownian increment for the first part of the timestep,
and then independent Brownian increments for the branched paths for the second part
of the timestep.

In the remainder of the article, we consider the SDE (1) in d-dimensions for ¢ € [0, 1]:

(3) dXt = G(Xt,t) dt+U<Xt,t) th,

where a: R? x [0,1] = R% and ¢ : R% x [0,1] = R% x R? are Borel-measurable functions
and W is a d'-dimensional Wiener process and denote its natural filtration by (F;)o<<1-
We will again refer to a corresponding sequence of approximations {X,;},¢=0,1,...
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Strong Strong Main
Assump.3.1 Thm.3.2 Assump.2.3

Antithetic Antithetic
Assump.4.1 Thm.4.3
Work/Variance

LWeak convergence} bounds Thm.2.4

Assump.4.2

Fig 2: Outline of the analysis presented in the current work. Rectangles are assumptions
while ellipses are lemmas and theorems. An arrow indicates implication under sufficient
but not necessary conditions.

using uniform timesteps hy = hoM ¢ for some hg € R, and M € Z. We assume that a
and o satisfy at least the necessary conditions (measurability, linear growth and global
Lipschitzness in z) for existence and uniqueness of X; in the strong sense [18]. Our
goal is to estimate P[X; € S] = E[Ix,es] for some closed set S C R? with boundary
oS =K.

The article is organized as follows; see Fig. 2 for an outline of the assump-
tions/analysis carried out in the current work. In Section 2, we present the new branch-
ing estimator for a given underlying estimator AP,. We also bound the work and
variance of the branching estimator in Theorem 2.4 under the main Assumption 2.3
on the underlying estimator AP, and show the improved computational complexity of
MLMC when using the branching estimator in Corollary 2.7. In Section 3, we consider
AP, = ]IEJES — I[yé—l,l cg» and prove that under Assumption 3.1, “strong” approxi-
mations such as the Euler-Maruyama or Milstein numerical schemes satisfy Assump-
tion 2.3. We conclude Section 3 with a numerical verification of the results in that
section. In Section 4, we consider the antithetic estimator that was proposed in [12].
We again show in Theorem 4.3 that an antithetic estimator under Assumptions 4.1
and 4.2 satisfies Assumption 2.3 and conclude the section with a numerical verification
of the presented theoretical results. In Section 5, we consider elliptic SDEs, i.e., SDEs
whose coefficients are bounded and their diffusion coefficient is elliptic. In Theorem 5.3
we prove that the solutions to such SDEs satisfy Assumptions 3.1 and 4.1 under mild
assumptions on K. Then in Theorem 5.5 we prove that exponentials of those solutions
also satisfy Assumption 3.1 under different assumptions on K.

In what follows, for ¢ € N={0,1,...}, we use the notation A, < By to denote
Ay < By, and Ay ~ By to denote ¢/ By < Ay < ¢By for some constant, deterministic
¢, > 0 that are independent of the index, ¢, the accuracy tolerance, &, and other
parameters which will be specified. For u € {—1,1}, let |u|g := ¢ and, for ¢ > 1,
let (u) = (up,u,...,ur_1) € {—1,1}"1 using the convention {—1,1}° := {@}. For
A€ (0,1),k e Nl e N, let Cf”"l be the space of continuously differentiable and
bounded functions (z,t) — f(z,t) for (z,t) € R? x [0, T with uniformly continuous and
bounded z-derivatives (resp. t-derivatives) up to order k (resp. ) and with z-derivatives
of order k being A-Holder continuous in x uniformly with respect to ¢ € [0, 1]. When f
is a vector- or a matrix-valued function, f € Cf ! means that all function components

ik o . .
are in C}"". In addition, all vector and matrix norms are Euclidean £? norms.
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2. Branching Estimator. = We begin by giving a formal definition to our branch-
ing estimator, using random discrete trees and branching processes [19].

Definition 2.1 (Branching Brownian Motion) . Given 15 € (0,1),n € Ry, let 7p =

702~ for all ¢ € N. Let {W“}ueuoo (=11} be mutually independent Wiener processes
. o'=0 ? ,

and let BY :=WE fort €(0,1]. Then for any u € Jp_1{—1,1}", define the w'th branch

of a Branching Brownian Motion as

~u ééw te [0,1—T|<u>‘0],
B§U> . JrWtu Lm0 te (1—7'|<u>|0,1}.

Definition 2.2 (Branching estimator) . Given ¢ € N, let { .= [logy((he/70)~ 1) /0|, such
that 7;_| ~ hy. Let {Yz,l’yzfm}ue{q 1yi be approzimations of the SDE path in (3)
with timesteps of sizes {hg, h¢—1}, respectively, and for a given a Branching Brownian
Motion, {B“}ue{_l,l}g, as in Definition 2.1, and let AP} == ]IYZIGS — HY}CMES' Finally,
define the branching estimator as

1
(4) APp== > AP.

1
2 ue{—1,1}¢

See Fig. 1 for an illustration of the path branching involved in AP,. Note that a
single branch of a Branching Brownian motion is itself a Brownian Motion. Hence the
distribution of AP} for u € {—1,1}* is independent of u. We will refer to a generic AP,
and the filtration of its underlying Brownian motion, (F;)o<:<1, when the dependence
on u is not relevant. We will also refer to the cost of APy, which we define as the total
number of Brownian increments needed to compute AP, based on an Euler-Maruyama
approximation, a Milstein approximation which does not require simulations of Lévy
areas or a truncated Milstein scheme as described in Section 4. We denote the cost of
AP, by Work(AP;). Note that E[AP,| = E[AP,]| = E[HY“ES _HE_MES] and hence we
can use APy instead of AP, in the MLMC setup (2). However, under some conditions,
we will see in this section that the cost of APy is not significantly larger than the cost
of AP, while the variance is significantly smaller, leading to a better computational
complexity of MLMC. In particular, even though the cost of each sample of AP, is
h[l, many of the samples share an underlying Brownian path up to some branching

point and hence the total cost for the of samples is greatly reduced as we will show
in Theorem 2.4. We make the following general assumptions which we will relate, in
Sections 3 and 4, to assumptions on the SDE (3) and K = 95:

Assumption 2.3 (Estimator assumptions) . There exist B. > 84> 0,p> 0,7 € (0,1)
such that

(5a) E[(AP)*] S by,
(5b) and  E[(E[AP| Fi-))*] S/,

for all £ €N and 7 € [hy,19]. We also assume that the estimator satisfies the following
bias constraint for some a > [q/2

(6) [Ellx, o5 — Ixies]| S b

Typical approximate values for (., 34 and p are in Table 1. The assumption (6) is
shown to hold for the Euler-Maruyama scheme for o =1 in [13, Theorem 2.5, when
the SDE (3) is uniformly elliptic, a,0 € C’g’l and %(t’ € C’;’O.
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‘ Ba Be p
Euler-Maruyama 1/2 1 1/2
Milstein 1 2 1/2
Antithetic Milstein | 1/2 2 3/2
TABLE 1

Limiting values for 4, Bc and p in Assumption 2.3 for estimators AP, based on Euler-Maruyama,
Milstein or antithetic Milstein discretizations. These are proved later in Sections 3 and 4.

Theorem 2.4 (Work and variance) . For any ¢ € N, the estimator AP, in Defini-
tion 2.2 satisfies

hz—max{l,l/n} 7]7& 1,

Work(AP,) <
ork( ‘)N{Ehgl n=1,

and, under Assumption 2.3,
hfﬁl/n_’_hfcfmax{ﬂp*l/n} np?é 17

<
Var[AP,] < {hfﬁl/"—i-ﬁhfc —
PRrROOF. The proof is a slight generalization of the argument in the Introduction.
Work: If the branching points coincide with the discretization grid specified by hy,
each path on the time interval [1—7y_1,1—74] contains h[l(m_l — 7p) fine timesteps;
if they do not coincide then at worst each path segment requires Lh[l(m_l — 1) +2
Brownian increments. Accordingly, the total work is bounded by

i-1 A i1
et | (1= 70) + ZQZ/(TZ'A —Tz/)+2£7'271 +222£
lel Z’ZO
/-1 R R i—1
= h[l (1—19)+70 Z ot (2—77(5 -1) _g-nt ) + 702" o-nl-1) | 4 o Z o
=1 =0
< ]}£—12max{}fn,0}£ +2( n # 17

and noting that 2f < h;l/ " and ¢ < ¢ we obtain the desired result.

Variance:
1 u\2 1 U v
Var[APe] = ) AE[(APM ]+§ ) A ) E[APS AP .
ue{-1,1}¢ ue{-1,1} ve{-1,1}*
uFv

Using (5a), we have that
272 S E[(ape?] = 2E[(AR)] 5 2Rt < n
ue{—-1,1}¢

Let |uAv]g =max{¢ < min{|ulo,|v|o} : u;=v; forallie {1,...,¢'}}, and note that
two payoff differences AP} and AP share a path up to time 1—7j,5,|, and then the
paths are independent and identically distributed after that. Hence, using (5b), we have

AP AR = (E18R Fiony 1) | S0 ()
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We can then evaluate the double sum as

1 U v hfc -P
22@ Z ) Z E[APE APE ] S ﬁ Z A Z AT\u/\vlo
we{—1,1} pe{-1,1}¢ ue{-1,1}* ve{-1,1}*
uFv uFv
. -1
WS i1
22¢ o
5 -1
8 —1)
< h, Z 9(np—1)
=0
Bounding the sum based on the sign of np—1 concludes the proof. O

Remark 2.5 (Optimal n) . Theorem 2.4 shows that the choice of n in the estimator Py
in Definition 2.2 compared to p is crucial to improving the variance convergence rate of
the new estimator compared to B4, the variance convergence rate of the simple estimator
AP, without substantially increasing the cost of the new estimator. We can optimize the

value of n, by noting that work has the term ng;lo 287, and the variance has the term

— / — o e o . . . . .
Zﬁ,:lo 2-¢ 7,7, Hence, minimizing the work subject to a constrained variance yields the

optimal value of Ty 2771’ and the optimal value of n is 1%'

Remark 2.6 (Number of branches) . In the estimator outlined above, two branches are
created at each branching point, 1 — 1y for ' =0,. .. j_ 1. The method and analysis can
be easily extended to allow for a different number of branches at every branching point.
However, after adjusting n to keep the total work constant this would not improve the
variance convergence rate or the subsequent computational complexities that we later
derive.

Corollary 2.7 . Under Assumption 2.3, an MLMC estimator with an MSE * based

on the branching estimator APy in Definition 2.2 with p < max{2«,1} and n= 1%

and hy = hoM~* for M € N has the following computational complexity
O(e=2-max{0.0-9)/2-8a}a |log eTan1-+)  p < min{ 1,2(B. — Ba) — 1},

O(E—Q—max{o,l—ﬂc}/a |10g5|2ﬂﬁc:1) 2<5C — ﬁd) -1< p< ]-7
O (=2 max{01=be}/a ||og g|Pae=1H2se<1)  p=1,
0(6727max{0717*/3c}/04 |10g€’2]150217) p > 1

Since (. > fBq as in Assumption 2.3, the computational complexity of an MLMC
estimator based on APy is lower than that of an MLMC estimator based on APy, the
latter being O (=2 max{1=8a.0}/a|log () |?Mea=1), whenever p < 1+ . — Bq.

ProoF. Recall that the MLMC estimator is defined as
L

1S4 om)
ZM ZIAPZ »

(=0 m=

where APém) are independent samples of AP,. For V= Var[AP;] and W, =
Work(APy) the total work of the MLMC estimator for a fixed L is Eé::o Wy Ny while
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MULTILEVEL PATH BRANCHING FOR DIGITAL OPTIONS 9

the total variance is ZZL:O Vi/Ny. Minimizing the work while constraining the variance
to be less than 2 /2 leads to the optimal choice of number of samples on level ¢ [7],

L
M:{%*@WW@W<§}ww@W>L

=0
so that the total work is bounded by

2e” (i(WeVe 1/2> —i—ZWe

=0

The sum th oWeS M L(+max{p—1,0}/2) =1 i5 dominated by the first term when set-
ting L o< 2 loge™?, such that the bias in (6) is O( ), and when p < max{2q,1} and for

sufficiently small €. By Theorem 2.4, for n = +1’ we have
hfd+(p—1)/2 Jrhfc—l p<1,
WiV S S Chge + 2 by p=1,
hfd—i—hfcfp p>1.

-1

Evaluating the sum for hz a~ ¢'/®, which implies L éloge , yields the result. O

Remark 2.8 . The simple case n =1 is optimal only when p=1. In other cases, the
computational complezity increases slightly compared to Corollary 2.7:

0(6—2—max{1—ﬁc,0}/a |10g(6)‘2ﬂ5€:1+ﬂﬁc§1) p< 1’
0(8—2—max{1—ﬁc,0}/a ‘log(g)‘ﬂgczl—i-ﬂgcgl) p=1,
O(s—Z—max{p—ﬂc,O}/a ‘log(g) ’2Hﬁc:17+]150§13) p> 1.

3. Strong Analysis. In this section, we consider

(7) APE _]IX[ €S ]:[Xz_LlES’

and make well-motivated assumptions on the solution of the SDE in (3) and its numer-
ical approximation {X,;}o<t<1, and then show that our main Assumption 2.3 follows
from these. We then present the results of several numerical experiments. For a set
J C RY, define the distance of x to J as

= inf ||y — z||.
(8) dy(z) = inflly —

Assumption 3.1 . Assume that for some 6o >0 and all 0 < < g and 7 € (0,1],
there is a constant C independent of 0,7 and Fi_, such that
52
vl
Assumption 3.1 is fairly generic and depends on the set K = 05 and the conditional
density of X given the filtration Fj_. It is motivated by the case when (X;);>o is a

d-dimensional Wiener process and we prove it in Theorem 5.3 (and Theorem 5.5) for
solutions (and exponentials of solutions) to uniformly elliptic SDEs.

Theorem 3.2 . Let Assumption 3.1 hold and assume that there is ¢ >1 and >0
such that

(9) E[ (Plax(X1) <8 A )] <cC

(10) [ o6 - Keallr]"* S H2
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10

Then for APy in (7) and all 7 € (0,1)

(11a) E[(AP)?] < h?(l—l/(q+1))/2
(1) and  E[(E[AP | F )| S hgt 22 7002,

This theorem shows that Assumption 2.3 is satisfied with f.=5(1-2/(¢+2)),
Ba=pP(1—1/(g+1))/2 and p=1/2. Under standard conditions on the coefficients of the
SDE, assumption (10) is satisfied for the Euler-Maruyama and Milstein numerical
schemes for =1 and § = 2, respectively, and any ¢ > 1 [18].

PROOF. The proof of (11a) is similar to the proof in [10], and is included here for
completeness. We start by noting that

E[(AP,)?] < E[lﬂxles - Hm,l,lesH + EHﬂxles — Iz, es

and for any § > 0

Lxies — I, esl <Lx, %, s dr )

STx X s dre ) T ) <6 T 1x, X, 4 15 dic (X1)>6
<laexn<s +1x—x,, >0
<lape(xy<s + (hz_ﬂ/z(s)w (he_ﬁ/QHXl - 7&1”)(1'

Hence

E| [Loes — T, ,es| | < Pldx(X1) <]+ (hg"28) 77| (n]]| X1 — Xeall)']

<o+ ()7 (n ) X — Ye,lH)q} :

where we used Assumption 3.1 for 7 =1 and the fact that E[ (hZB/QHXl - yif,l”)q} is

bounded by (10). A similar bound is obtained for EH]IXleS - I[YZ—LIGS‘} and then we

—4-8/2
select 0 = hg“ﬁ/ to obtain (11a).

Proving (11b) follows the same steps by similarly noting that
2
e[ Elan171-r1)*] < 26 (] Joves ~Fx, el | F1r])

26 (el fines ~Tr o] |7 ])]

and for any 0 >0

—B/2 s\ —B/2 - %2
Txies = Ix,, sl < Taxxay<s + (g 77260) 702 (g 7210 = Keall) ™

so that

E| (ElLves ~ Iy, s | Fir]) | < 2E(ElTaccyes| e )?)

+2(hg P8~ 2E[ (1 X0 - Xl ].
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MULTILEVEL PATH BRANCHING FOR DIGITAL OPTIONS 11

Here E[ (h;ﬂ/QHXl - Y&lﬂ)q} is bounded by (10), and using Assumption 3.1 we have

2
E [ (E[HXleS —Ix, es yJ-'l_T]) ] <872 4 (hy P82y

< 52/7_1/2 + (hz—fé‘52)—q/2/7_1/27
for 7<1 and we choose 62:h;?6 to obtain the result. O

As a direct implication of Corollary 2.7 and Theorem 3.2, we have the following
result

Corollary 3.3 (MLMC Computational Complexity) . Let Assumption 3.1 and (10) be
satisfied for all ¢ > 2. When 8 <1, assume further that the bias is bounded according to
(6) for some «. Then, the computational complexity of a MLMC' estimator with MSE
2 based on APy and hy = hoM =" for M € N, and n=4/3 is

o) g,

0(e7?) B>1,

for any v > 0.

Numerical Experiments. In this section, we consider the SDE for the Geometric
Brownian Motion (GBM)

9 1/2
(12) dXi,t = U X@t dt + o; Xi,t (p dWiﬂf + (1 —p ) dWo’t) s

for i=1,...,d. Here {(VVi,t)tEO}?:Q are independent Wiener processes. The processes
{(VVi,t)tzo}?:l model the idiosyncratic noise in the d-dimensional system while (W ;)¢>0
models the systematic noise in the system. As an example, we compute P[ S X <
1]. We set p=0.7 and X =1, £,=0.05, 0,=0.2 for all ¢ € {1,...,d}. We approximate
the path of {X;,}Z ; using the Euler-Maruyama or the Milstein numerical schemes [18]
and set the time step size at level £ as hy =271 and use the new branching estimator
in Definition 2.2 with n =1 along with a traditional estimator without branching.
Note that this sequence of time steps sizes is not optimal and other choices such as
he o< 47¢ would lead to better computational performance for both the branching and
non-branching estimators, see [6, 16] for further analysis. We choose this sub-optimal
sequence as it produces more data points in the plots below and makes inferring the
computational complexity and convergence trends easier.

Fig. 3 shows the convergence of E[ (E[ AP, | F;_,])?] for an Euler-Maruyama approx-
imation for d=1,2,3, verifying Assumption 2.3 for p =1/2 as shown by Theorem 3.2.
Figures 4a and 4b confirm the claims of Theorem 2.4. We only show the results for d=1
as the numerical results for d>1 show similar rates for the work and variance conver-
gence when using Euler-Maruyama. Recall that for the example in (12), by Theorem 3.2,
when (10) and Assumption 3.1 are satisfied as we argued above, we have f4~/3/2 and
B3, hence Var| AP, | ~ O(h;mn{ﬁ’ﬁ/%_l}) where f=1 for Euler-Maruyama and =2 for
the Milstein numerical scheme. Figure 4d shows the total work estimate of a MLMC
sampler based on APy. For the previous values of (., 34 and § and p=1/2,n =1, the
computational complexity for the MLMC sampler based on AP, is O(e~2|loge|?) when
using Euler-Maruyama and O(¢~2) when using Milstein, c.f., Remark 2.8. As discussed
in Remark 2.5 and Theorem 2.4, in theory choosing n=4/3 when p = 1/2 leads to
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E[(E[AP| Fi_;])?]

Fig 3: Numerical verification for (5b) with p=1/2 and hy=2"* for the GBM example
in (12) when using Euler-Maruyama.

smaller computational complexity than n=1; in particular the computational complex-
ity of MLMC when using the branching estimator with an Euler-Maruyama scheme is
O(e72|loge|?). In practice, we observed that the difference in computational complexity
is not significant for reasonable tolerances due to the additional branching cost when
using 7n=4/3 where the branching times do not align with the time-stepping scheme.
In any case, these results are an improvement over computational complexity for the
MLMC sampler based on AP, labelled “Without branching”, which is approximately
O(e7°/?) for Euler-Maruyama, and O(c2[log(¢)|?) for Milstein.

The kurtosis of AP, grows approximately in proportion to h;l/ ? when using Fuler-
Maruyama or h; " when using Milstein; recall that in both cases E[ (AP,)%] = E[ (AP,)*].
This leads to difficulties when estimating Var[ AP, | for sufficiently large ¢ and deter-
mining the optimal number of samples in MLMC for these levels becomes difficult. On
the other hand, Figure 4c illustrates another benefit of our branching estimator: AP,
has a bounded kurtosis and hence an MLMC algorithm that relies on variance estimates
is more stable when using AP, than when using AP,. See also Appendix A for a proof
of the boundedness of the kurtosis of AP,.

4. Antithetic Estimator. As discussed in the previous section, the Milstein
numerical scheme has faster variance convergence than Euler-Maruyama leading to
lower computational complexity of MLMC estimators. However, for multi-dimensional
SDEs, evaluating the Milstein scheme requires expensive sampling of Lévy areas in
most cases. In [12], an antithetic estimator was introduced which has the same MLMC
variance convergence rate as a Milstein approximation for smooth payoff functions
f(z), but without requiring sampling of Lévy areas. In this section, we analyse the
corresponding branching sampler for such an antithetic estimator.

Let {(Xe4)i—o, (Yg?),}:o} be an antithetic pair which are identically distributed. For
example, [12] presents such an antithetic estimator for a Clark-Cameron SDE which is
derived from a truncated Milstein discretization by setting the Lévy areas to zero. A
similar branching estimator to Definition 2.2 can be defined by considering the triplet
of approximate paths, (YZUYE?’“,YZ,M)%:O for the same branch, B*, of a Branching
Brownian Motion. The antithetic estimator can then be defined as in (4) for
]IYU s f - 0,

13 AP} = ot
( ) 14 %(HYZJES + ]Iyl(;l),ues) - ]Iylu—l,les £>0.
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MULTILEVEL PATH BRANCHING FOR DIGITAL OPTIONS 13

© Without branching [ With branching

(a) (b)
T T T T T T T T T T TTT T T T U R LA AL AL B R L B R A
1071 Ny
104 N
I N
< _5 g .
— 10 = .
© 5 102 N
> =
10_9 TT,’\‘\"\"\AHH‘ IR RET1 N N N R | R B R R AR \\
107 107 1072 107! 107 10 1072 107!
he he
(c) (d)
\\\\ \.1.\.\.\\\\ T T T T T T T T T T T T
10% | E
. 104 N;’Z I 1
~ [ |
D - |
= g I )
2 102 =
z W g 10t i
= HERRERS XIS i E 2R S
1OOTT (RN R RN S IR AT R [ Ll Ll ‘...\"‘.7
107 107% 10072 107! 103 102
hy Relative

Fig 4: The GBM example in (12) for d=1 when using Euler-Maruyama (solid) and
Milstein (dashed) in the traditional, AP;, and branching, APy, estimators. (a) shows
numerical verification of the variance convergence of AP,. (b) The work estimate per
sample, based on the number of generated samples from the standard normal distribu-
tion. The work estimates when using the Milstein scheme are identical. (¢) The kurtosis
of APy. (d) The total work estimate of MLMC for different tolerances. This figure illus-
trates the improved computational complexity of MLMC when using the new branching
estimator.

Since the cost of sampling Yglt)’u is the same as th, Theorem 2.4 still applies if
Assumption 2.3 is satisfied for (13).

In this section, we will impose well-motivated assumptions that allow us to prove
that Assumption 2.3 is satisfied for

T r=0,
(14) AP = [0€s

2 (]IYMES + Hﬁ?es) - ]IE_Mes £>0.
which has the same distribution as AP;* in (13). In what follows, define
9i(§) =P[X1 € S| Xy =¢]
and Gos(&) =P [7&1 es ’7“ = 5]

We will make the following assumptions
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Assumption 4.1 . Let Vg, and Hy, be the Gradient and Hessian of g, respectively.
We assume that there exist constants ci,co >0 such that for all ¢ € R? and 7 € (0,1),

2
(15a) Vg ()] < %exp (_C2 dKT(£)>
C 2
(15b) and [Hg, . ()] < ;exp<02 dKT(g))7

and for any T € (0,1],
(16) P[dK(Xl_T) <5] Sclé.

This assumption is motivated by the case when (X;);>¢ is a d-dimensional Wiener
process, i.e., X1 ~ N (&, 7) and we prove it in Theorem 5.3 for solutions of uniformly
elliptic SDEs.

Assumption 4.2 . There exists a constant ¢; >0 such that for any ¢ € N, 7 € (0,1)
and £ € RY,

h
(17) 9116 — 91 (8) | < S5

This assumption is motivated by a result that was proved in [13, Theorem 2.3]
for an Euler-Maruyama scheme. In particular, letting I'(-,¢;€,s) and T'y(-,¢;€,s) be
the densities of X; and the Euler-Maruyama approximation, X, respectively, given
X=Xy s=&, the authors in [13] proved that when the SDE is uniformly elliptic and the
coefficients a, o € C’g’l and % € C’,}’O then for all £,z,y € R 0<s<t<1, and some
constants ¢ and C

Chy cllz—¢&|?
Ce(z,8:€,8) = T(z, €, 8)| < —— gz exp _clle=t)
(t—s)=z t—s
By setting t=1,s=1—7 and integrating with respect to x, (17) follows. Note however
that the SDE in the numerical example below does not satisfy the uniform ellipticity
condition of [13, Theorem 2.3] and a slightly different numerical scheme is used in our

case, namely the truncated Milstein scheme without Lévy areas which was proposed in
[12].

Theorem 4.3 . Let Assumptions 4.1 and 4.2 hold and assume further that for some
g=>1

18a e[ |2 - Xo||']" <
) ~ '
1 —(@) a11/q
(18b) and E|:H2(X£71 +Xg71) _Xf—l,l :| Shg
Then for APy in (14) there exists a constant cy such that for all T € (0,1),
(19a) E[(AP,)?] < CQhélfl/(qH))/?
(19b) and  E[(E[AP| Fin))*] < eohp /09 /702,

This theorem shows that Assumption 2.3 is satisfied with S4=(1—1/(¢+1))/2, 8. =
2(1-5/(q+5)) and p=3/2. Note that (18a) is the same as (10) for f=1. For example,
[12, Theorem 4.13] shows that (18) is satisfied for all ¢>2 and an antithetic pair of
estimators of a Clark-Cameron SDE derived from the Milstein discretization by setting
the Lévy areas to zeros.
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MULTILEVEL PATH BRANCHING FOR DIGITAL OPTIONS 15

PRrOOF. The first claim (19a) follows from a similar proof to Theorem 3.2 given (18a)
and (16). To prove (19b), we start by defining £ for a given 7 and some 0 <7 < 1, that
we will choose later, to be the set of paths for which

- {rxu =X X X
hy? ’ hy!? ’

hy/? ’ hy

_ —(a) _
HXZ—Ll—T_Xl—TH H (XZ 1— T‘i’Xél 7—) - XE_171_TH } >1
14

Then since |AP)| <1,
E[E[AP| Fi_,)?] = E[IEE[AP | Fi_- *] + E[I-E[ AP | Fi_,]?]
<P[E]+E[Lp:(E[AP | Fi—+ ])*).
Due to (18a) and the Markov inequality,
PXp1r— X1 o] > 1% | < Cohf' =717,

for some constant C, with similar bounds for || X,1-—X;_.|| and HX%) X1,
and

P (Keart X0 = Koo ar | 2 1y | < Ohg! ™.

Hence P[E] < 4th§1—r)q/2. For the other term we have

1 _ - - _ 2
N L T RPN (RIS T. ) 3

1 - —(a - 2
< 3ElﬂEc(2(91—r(Xz,1—r)+g1—T(X§,1)—T))gl—r(Xe—m_T)) ]

+3E [HEC (Fo1r(Xe1-r) — glfT(y&l*T))2:|

+ 3E[Ipe(g1—r(Xe—11—7) = o110 (Xe-11-1))?]-

Due to (17) in Assumption 4.2, the second of the final three terms of this inequality is
bounded by 2c?h? /7 and the third by 2¢2h?_, /7 so both are O(hZ /7).

To bound the first term we perform a Taylor series expansion about Xy_11_, to
obtain

_ 1 1
91—+ (Xea-r) + 91— T(Xéaf T))—gl_T(Xz_l,l_T):HJrinJrZKs,

where

Y= (%(Xél ’T+Xél) ;)= Yé—l,l—ﬂ')-v91—T(Y€—1,1—7’)7
Yy = (Xeg—r=Xo-11-7) Hy_ (£)(Xp1—r—Xp-11-7),
Ys = (X4~ Xeo1an) T Hyy (6)(Xf) X eo11-0),

and where & is a positively weighted average of X1, and X, 11, and & is a

positively weighted average of X él) ,and Xy_11_,. Hence,

E|Le: (31— (Fea) + 1o (X)) = 91 (Feran) | <2 BT (474174 YD)
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Defining & =2 (7/(hy))/? h;/z’ we now split Ige into
Ige =Ipelay(xi_)>6 + LEelag (x,_)<s-

Since h,<t it follows that §>2 hZ/Q and if Igely, (x,_.y>s = 1 then dK(Ym_T)>%5,
(XS )>16, die(X-11-7)> 16, and also di(€1)>15, dc (€2)>16. Therefore, by As-
sumption 4.1, there is a constant C' such that |[Vg:(Xy—11-,)||<C and ||Hy,(&)]|<C
for i=1,2 and all hy<7. Hence,

E[Tpelx, )>s(YL + Y5 +Y3)] S hi.

On the other hand, when Ipelq, (x,_,)<s = 1, Assumption 4.1 implies that || Vg1~ (&)| <
172 and |[Hy, . (€)] < e1/7 for any € € BY and 7 € (0.1) leading to

E[Teligx, )< Y] < 1h§TP[dK(X1 ) <6]<2 5 2h("”" n/z

/

C
mmmmﬂaﬁ+ﬁnsﬁwwwa“wﬂ<zMM“W%

/

for any r < 1. Picking r so that P[ E'] ~ h§5r_1)/2 yields r = (¢+1)/(¢+5) and the final
result.
O

Corollary 4.4 (MLMC Computational Complexity) . Under the assumptions of The-
orem 4.3, the MLMC method with MSE &% based on AP, withn € (1/2,2), hy=hoM~*
for M € Ny and the antithetic estimator (14) has a computational complexity O(e72).

Note that even though the MLMC estimator has the same computational complexity
for all values of n € (1/2,2), in theory the value n ~ 4/5 minimizes the work and variance
of AP, as discussed in Remark 2.5.

Numerical Fxperiments. In this section, we consider the Clark-Cameron SDE

Xm,t = dlet,
(20)
dXQt — X1 tdWQ b

Here {(W; t)t>0} -, are independent Wiener processes. Note that we can sample paths
of X1,=Wi, exactly. To approximate the paths of X5, we use the Euler-Maruyama
numerical scheme [18] as follows

Xo 0 (nt1)he = X 2,60k T Winh, DenWa,
for n=0,...,(h;' —1) and
Ap Wi =W (ng1yn, — Wi,

is the Brownian increment. We again set the time step size at level ¢ as hy=2"¢"!

and use the new estimator in Definition 2.2 with 7 = 1. We also test the antithetic
estimators outlined in [12] which is obtained by setting the Lévy area term in a Milstein
discretization to zero. In particular, the £’th level approximation is defined as

_ — 1
(21) X2 0 )by = X20mhe + Winn, DenWo + 3 Ap W1 AgWa.
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MULTILEVEL PATH BRANCHING FOR DIGITAL OPTIONS 17

When computing (14) for a given Brownian path, the coarse, X;,_1., and fine, X, .,
approximations are constructed according to (21). On the other hand, the antithetic
approximation at (2n 4 1)k and (2n +2)h, for n=0,1,...,(h;*/2 — 1) is defined as

7a o 1
Xé72’(2n+1)he = Xé},gnhz + Wi 2nn, Av2n+1Wo + 5 Agon1Wi Agon 1 Wa,

. . 1
Xé,z),(gnm)hz = Xé},@nﬂ)m + (Wi 2nn, + A oni W) Dy o Wo + 5 AVE U SWAVE ™ 158

In other words, the roles of Ay, W, and Ay, 1 W, for j=1,2 are swapped when com-
puting {Xg,lz?,(znﬂ)hzvXg,lz?,(2n+2)hz} compared t0 { X g (2n+1)h X2,6,2042)h, }-

Under certain conditions on the coefficients of (3), the assumption (18a) is satisfied
when using the Euler-Maruyama scheme [18] and both (18a) and (18b) are satisfied for
the antithetic, truncated Milstein estimator [12, Theorem 4.13]. However, we emphasize
that the diffusion coefficient in (20) is not bounded, and more importantly, is not
elliptic. Hence the results of [13, Theorem 2.3] showing (17) in Assumption 4.2 are
not applicable. Nevertheless, we first consider an example where we compute P[ X;€S5]
where S = {z € R? : min{wy, 79 }>1}. For this example, the SDE in (20) is locally
elliptic at the boundary of S.

Fig. 5a shows the convergence of E[ (E[ AP, | F1_])?] for an Euler-Maruyama scheme,
which as predicted by Theorem 5.3 increases in proportion to 7~%/2, and an antithetic
approximation, which as predicted by Theorem 4.3 increases in proportion to 7 3/2
approximately. Figs. 6a and 6b confirm the claims of Theorem 2.4. Figure 6d shows the
total work estimate of an MLMC sampler based on AP when using Euler-Maruyama
or the antithetic estimator. The computational complexities of MLMC based on the
branching estimator AP, using Euler-Maruyama and the antithetic estimators are con-
sistent with Corollaries 3.3 and 4.4, respectively. Recall that in this case, the optimal
value of 7 is 4/3 when using Euler-Maruyama, and 4/5 when using an antithetic ap-
proximation. However, similar to Section 3, we did not observe a better computational
cost when using 7 # 1 for the considered tolerances because of the additional cost of
branching when the branching points do not align with the time-stepping scheme. For
MLMC based on AP, labelled “Without branching”, the computational complexity
of MLMC is O(¢75/2) for both Euler-Maruyama and the antithetic estimators since

Var[AP] < h;/ ?: see Theorems 3.2 and 4.3. Fig. 6¢ again illustrates that our branch-
ing estimator has bounded kurtosis while the kurtosis of AP, grows approximately in
proportion to h;l/ % Hence an MLMC algorithm that relies on variance estimates is
more stable when using the branching estimator.

As a second test, we consider S = {z € R?:x; > 1} for which the diffusion co-
efficient is not locally elliptic at the boundary. Fig. 5b shows the convergence of
E[(E[AP;|Fi_,])?] and Fig. 7a shows the convergence of Var[AP,]. The observed
convergence rates are slightly worse than those observed for the previous example.
Nevertheless, recalling that the work of AP increases in proportion to h; *|log(h)|,
the computational complexity of a MLMC estimator is still O(¢~2) when using the
antithetic estimator, as confirmed in Fig. 7b. This is a more difficult problem as Fig. 7c
illustrates and the branching estimator has the same increasing kurtosis as AP;.
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Fig 5: Numerical verification for (5b) with hy =27 for the Clark-Cameron example
in (20) when using Euler-Maruyama (solid) and antithetic Milstein (dashed). For (a),
S ={z € R?:min{xy,25 } > 1} while for (b) we choose S ={x € R? : 25 > 1}.

© Without branching [ With branching
(a) (b)

I L L T D e 1 T

Var[ APy ]

1 "‘\A‘\HHH‘ T N1 T B AT R
0= 107* 1072 107!
hg
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B ~ ]
. W [y h
< 108 . 2 /2 ,
a4 ] g 10t S e
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2 i | = T+ -E-
102 ; = é [ \\\

o ST Bl 100 | E
[ AT R RN AT N B AR AT N R E Ll Ll L

107 1073 1072 107! 1072 1071

hy Relative ¢

Fig 6: Numerical results for Clark-Cameron example in (20) when S = {z € R?:
min{ z1,22 } > 1} and using Euler-Maruyama (solid) or antithetic Milstein (dashed)
in the traditional, AP, and branching, APy, estimators. (a) shows numerical verifi-
cation of the variance convergence of AP, (b) The work estimate per sample based
on the number of generated samples from the standard normal distribution. The work
estimates when using the Milstein scheme are identical. (¢) The kurtosis of APy. (d)
The total work estimate of MLMC for different tolerances.
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© Without branching [ With branching

Var[ AP, ]

Total work x&2

hy Relative €

102

Kurt[AP,]

T S Y Y A A W T
0™ 107% 1072 107!
hy

Fig 7: The Clark-Cameron example in (20) for S = {z € R?: x5 > 1} when using Euler-
Maruyama (solid) or Milstein (dashed) in the traditional, AP, and branching, APy,
estimators. (a) shows numerical verification of the variance convergence of AP,. (b)
shows the total work estimate of MLMC for different tolerances. (¢) The kurtosis of
AP,.
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5. Bounds on Solutions of Elliptic SDEs. In this section, we prove Assump-
tions 3.1 and 4.1 for solutions to SDEs with certain conditions on the SDE coefficients
and the boundary K. For any z = (7;)¢, € R, define z_; = (xi)f-l:L#j € R ! and
define expz, logz and 27! component-wise. For m € N%, define |m|=my + ... +my
and D' = 5()957?1 gg?d. Given a set J C R?, define

(22) Jo = {yeRd s dy(y) <6},

and for a function u: RY — R? let u(J) denote the image of J under the mapping
r—u(x), ie, u(J)={u(z) : e J}.

We now define a class of “Simple” sets which are a particularly simple form of
Lipschitz boundaries.

Definition 5.1 ((Si) sets) . We say that a set J CR? is an (Si) set if it is the graph of
a Lipschitz function. In other words, there exists an index j € {1,...,d} and a Lipschitz
function f:R¥1 =R such that

J={zeR?: z; = f(z_;)}.

Lemma 5.2 . Let {Z;}1, be a set of i.i.d. Gaussian random variables with Var| Z;] =T
for all i and denote Z = (Z;)%_,. If J C R? is an (Si) set, then there exists a constant
C >0 such that

5
Plds(2) <6]<C x 5.

PROOF. For the (Si) set J with corresponding index j and Lipschitz function f with
Lipschitz constant L, we first show that J° C J9 where

Jo={z R |z, — f(v_;)| < (L+1)5}.
Letting y € J and = € J° such that y; = f(y_;) and ||z—y[| <. It follows that
[f(@—j) — 2l < [f(@—j) = fly—5)| + |z — ;]

< Lllz—j —y—ll + |z — v

< (L+1) Ja—y]

< (L+1)6.
Then

P[Ze '] <P[Z€J]=E[P[|Z;— f(Z )| < (L+1)5]| Z_5]].

Using standard 1D results on Z; yields

2(L+1) )

P >< PR

(2m)1/2 ” 12

and the result follows. O

P[1Z;=f(Z2-j) < (L+1)6[ Z-;] <

The previous lemma can be used to show that Assumption 3.1 is satisfied for a Wiener
process, i.e., X; = Wy, and a set S whose boundary 95 = K is (Si). We next prove a
more general result showing both Assumptions 3.1 and 4.1 for sets whose boundary
can be covered by (Si) sets and SDEs whose coefficients satisfy certain smoothness
conditions.
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Theorem 5.3 . For S CR?, assume that S = K CU}_, J; for some finite n and (Si)
sets {J;}1_,. Assume that the SDE (3) is uniformly elliptic and that a,00” € Cg"o for
some A € (0,1) and let (Xt)iep,1) satisfy the SDE. Then, there exist ¢y >0 such that
for all 0 < s <1 and all § > 0 the following holds

52

(23) E[ (Pldx(X1) <O|R))*] < o

Assume further that, that a,o0” € C2’0, then there exists c1,co > 0 such that for all
EeR?, 0<s<1and meN 0<|m| <2,

(24) IDF'P[X €S| X=¢]| < u_sw).exp<—62?f_(3>~

The assumption on S (or K) is illustrated in Fig. 8. Theorem 5.3 shows that As-
sumptions 3.1 and 4.1 are satisfied for a solution to a uniformly elliptic SDE assuming
that the set K is covered by a finite number of (Si) sets.

PRrROOF. We have the following bound on I'(+, 1;&, s), the density of X; given X, =¢,
for m € N¢ and some C,,, ¢y > 0,

" Com |z —&J?
(25) IDET (2, 1€, 5)| < (15)(d+|,n)/2exp<_cm1_s ,

for |m| =0 when a,00” € C’l;\’o [5, Chapter 9, Theorem 2] and for 0 < |m| <2 when
a,00T € C2° [5, Chapter 9, Theorem 7). Hence

Pldr(X1) < | Fs]=Pldr(X1) <I| Xs]

— / L (ny<s (@, 1 X, 5) da
Rd

Co x — X,|?
/ HdK(a:)<6 < )d/2 eXp<—00H1_8||>> dx

= Cy (21 /co)Y? Pld (Z) < 0] X,],

where Z is a multivariate Normal random variable with mean X, with variance
((1—=s)/co)I4 where I is the d x d identity matrix. Then noting

n

Pldx(Z) <d| Xs] Z Z)<0|Xs],

and using Lemma 5.2 we can conclude that there is a constant C

o

Pl (X1) <3| Fe] Sném.

Hence

o EIPLx(X) <517,

2
(1—-s)/2"

To prove (24), we distinguish between two cases

E[(P[dx(X1) < 8| F:])*] <nC

SnzéQ
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Fig 8: (a) The set S = {(z,y) € R? : 2% +y? <1} whose boundary 0S5 = K satisfies the
assumptions of Theorem 5.3. We split the circle on the boundary into four parts and we
show two of them here. (b) The set S = {(r,0) € R? : (2+6/7)~%9 <r < (146/m)7"?},
in polar coordinates, whose boundary does not satisfy the assumptions of Theorem 5.3.

1. £¢ S, then
IDEP[X € S X =¢]|

< [IDPrG 6 5) |1 do
S

Crm = — €11
S/‘;v(ls)(d‘i'ﬂll)ﬂ XeXp<_Cm1_S dz

1 infyes e — &I Cim = — €1
TESIE exp <_Cm 2(1—s) > /S (1—s)d/2 X exp <—cm 2(1—s) ) dz

1 inf, _ ]2
< g e g amcn)

<

and we conclude with

: f - 2 — f o 2 :d2

infle — € = inf Jlo — €I = d(6),
since € ¢ S.

2. £ €S, then, for S¢ being the compliment of S, we have
IDE'P[X1e5| X =€ ]| = [D"(P[X1€5°| Xo=¢])],
and we can use the first step since £ ¢ S¢ and 95¢ = 0S.
O

As an example of a set that does not satisfy the assumptions of Theorem 5.3, consider

K ={1/n®:n €N} for 0 < b < 1. Then we can show that Assumption 3.1 is not satisfied
for a standard Normal random variable Z and any 6 <b,

P [min’Z — n_b’ < 5} = 2/0 Lning,eny—n-—t<s ¢(y) dy

neN

_ (5/b)b/(b+1)

> M ]I . Y dy
= en2 min, enly—n=°|<s

= 2R G,
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where ¢(+) is the density of standard normal random variable. Similarly, consider the
two dimensional set in polar coordinates K = {(r,0) € R, x[0,2x] : r=(n+0/7) " ,n e
N} (see Fig. 8b) for some b € (0,1). Using a similar calculation to before we can show
that for a 2D standard normal random variable, Z, any d < b

1
Pl min|[Z —y|| <& | > = exp(—1/2) (6/b)2/ O+,
yeK 2

The Geometric Brownian Motion (GBM) does not satisfy the conditions of Theo-
rem 5.3 since the diffusion coefficient of the SDE of a GBM is not bounded nor uniformly
elliptic. To deal with this important case, we first prove a similar result to Lemma 5.2
for log-normal random variables.

Lemma 5.4 . Let {Z;,Y;}L | be two sets of independent Gaussian random variables
with Var| Z;] =7 for all i and denote Z = (Z;)%_,,Y = (Y;)%_,. Let J CR? be an (Si)
set. There exists 0o>0 and C'>0 such that for all 0<d<dg

62

E[ Pldexps(exp(Z +Y)) <3 | Y] < Cop

PROOF. If v = expz € (expJ)? then there exists w = expy € expJ such that
|lv—w|| < 4. If, in addition, |z|| < Rs; = |logd|*/* then for sufficiently small do,
20<v;<(26)7! for all §<dy and all i =1,...,d, and hence ||w™!|| <2|v™!|, from which
it follows that

lz—yl| = [log v—logw|| < 2 [v™"]| 4.

If J has corresponding index j and Lipschitz function f with Lipschitz constant L,
then

(26) |z flo—p)| < [f(o—g) = Fy=p)l+|zj =yl < (L41) la—yll < 2(L+1)[lv™"] 6.
Since ||z| < Rs, exp(||z]|)d < 3, and so |z; — f(z—;)| < L+1, and therefore
5] < L+1+[f(ej)] < L+1+F0)] + Lllz—]|
Hence, since [la]] < [l + Jo5] and lo1]| < exp(]),
|25 — fe5)| < 2(L41) exp([lz—| +[5]) 0
< 2(L+1) exp(L+1+[f(0)]) exp((L+1)[[z—]) -

The conclusion is that if expx € (exp J)? and ||z < Rs then z € J% where J9 is defined
as

Jo={z eR?: |zj — f(x_;)| < cexp((L+1)|a—jl]) 6},
with ¢ =2 (L+1) exp(L+1+ |f(0)]).

Letting U = Z + Y, to bound E[ (E[Lexpye(expsys | Y'])?], we start by noting that
HeprG(epr)é < Hepre(epr)5H|\U||<R5 +]IHU||ZRM and also that E[HHUIIZRs ’ Y] < 1. Hence,

E[ E[HeprG(epr)5 | Y]Q] < ZE[ E[HeprE(epr)5H||UH<R5 | Y]Q]
+ 2E[E[Ljoy>r, | Y]]
<2E[E[L,_5 | YI*]+2P[|U[|>R;].
Then, by normality of U and

E[E[I '] <ELE[E[L, 5 | Y. 251 Yo5, 2]

Ueffé|y
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Using standard 1D results on Z;,

2 52
E[E[]IU&;S v.Z.,| ‘Y_j,z_j] < (LD ]) 7.
and we can conclude
52
E[E[L,_5 | YI*] < & Elexp(2(L+1) U, )] oyt

where U_; is a (d—1)-dimensional Normal random variable for which E[exp(2(L+1)||U_;||) ]

is finite. The final result is obtained by noting that P[||U]|| > Rs] = 0(§?) due to the
definition of Rs and standard asymptotic results for a d-dimensional Normal random
variable. O

The previous lemma can be used to show that Assumption 3.1 is satisfied for a process
X; = exp(Wy) where (W), is a Wiener process and a set S whose boundary is K and
the set log(K) is (Si). We next prove a more general result showing Assumption 3.1
for sets whose boundary can be covered by exponentials of (Si) sets and processes that
can be written as exponentials of solutions of uniformly elliptic SDEs.

Theorem 5.5 . For S C R? assume that 0S = K C Uj—1 exp J; for some finite n and

(Si) sets {J;}}—1. Assume that the SDE (3) is uniformly elliptic and a,o0” € C’,;\’O for
some A >0 and let {Yi}iep0,1) satisfy the SDE. Then, there exists C' >0 such that for
all 0 < s <1 the following holds

(52

(27) E[(P[dK(eXle)§6|fs])2] §Cm-

PROOF. By the assumptions on the coefficients of (3) and [5, Chapter 9, Theorem
2] the density I'(+,1;&,s) of Y] given Yy =¢ for s <1 exists and the upper bound (25)
holds for |m|=0. Hence,

Pldk(expY1) <d|Fs] =Pldr(expYr) <I|Y]

- /Rd L (expy)<s L'(y, 1; Y5, 8) dy

Co ly = Yi[?
< /]Rd Hd;dexpy)ﬁ& <(1 —7S)d/2 GXP<_CO 1 Sf dy

= Co (21 /co)*? P[dx (exp(Z + Y1) < 6| V4],

where Z is a multivariate Normal random variable with zero mean and variance ((1 —
s)/co)lq where I is the d x d identity matrix. Similarly, using (25) on the density of
Ys,

E[(P[d(exp(Z +Y.)) <4]Y.])]
< Co (27/co)? E[(Pdx (exp(Z +Y)) < 6|V ])],
where Y is a multivariate Normal random variable with variance (s/c)l4. Then noting

E[(P[dx (exp(Z + Y)) < 6] Y])?]
<Y E[(Pldu, (exp(Z + V) < 6]V ])2),

and using Lemma 5.4 we obtain the result. O
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6. Conclusion. In this article we have developed a new Monte Carlo estimator
based on the branching of approximate solution paths of the underlying stochastic
differential equation. Under certain assumptions, the new estimator, when combined
with MLMC, can be used to compute digital options with an improved computational
complexity. Future directions for analysis could include extending Theorem 4.3 to the
case of exponentials of solutions to uniformly elliptic SDEs, bounding higher moments
of the error, particularly for the case of the antithetic estimators similar to Appendix A
and extending the analysis to the case of solutions of locally elliptic SDEs to justify the
numerical results in Section 4.

There are also many applications that could benefit from the new estimator and the
branching ideas presented above. First, instead of computing a single probability, the
new estimator can be used to compute multiple probabilities to reconstruct the cumu-
lative (and probability) density functions. This would provide an alternative approach
to the smoothing approach used in [11].

When MLMC is used together with the pathwise sensitivity approach (also known
as IPA, Infinitesimal Perturbation Analysis) to evaluate financial sensitivities known
collectively as Greeks, the loss of smoothness due to differentiation of the payoff function
affects the computational complexity [3]; the branching estimator could significantly
alleviate this. Similarly, the branching estimator could be used in combination with
the finite difference (or “bumping”) approach to computing Greeks to counteract the
increase in the variance that results when decreasing the bump magnitude.

A final observation is that branching could also be used when the underlying model
is a parabolic stochastic PDE instead of an SDE.

APPENDIX A: BOUNDING THE KURTOSIS OF THE BRANCHING
ESTIMATOR

The objective of this appendix is to prove that the kurtosis of the branching estimator
for the Euler-Maruyama and Milstein discretisations is o(h™") for any v > 0, for an
elliptic SDE with a boundary set K for which there exists a constant C' such that

Pldg(X1) <6|Fi_,] < C68/7"2,

see also Assumption 3.1 and Theorem 5.3. If we define @ = ZE , and number the particles
as indicated in Fig. 1, then noting that |APZ(Z)|” = \AP/)\ for n=2,3,4, the fourth
moment of the branching estimator is bounded by

Q ) .
E[AP) ] <@~ S E[IAPP||AP?||APF || AP™ ]

i,3,k,m=1
_ 7 j k m
=120 Y E[|ARYAR?|| AP AP™)])
i<j<k<m
(28) +36Q°1 Y E[|AP”||AP? || AP
1<j<k
+14Q 7 S_E[|aP?||APY|]
1<J

Q™ YEAR).

To begin with, we focus attention on the case with four distinct indices i<j<k<m,
as this is the most common case. There are 5 different branching patters among these,
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but in each case through repeated use of

—1/2
E[Hd (X(l))<5 ]IdK(X(J) <(5 |‘F1 Ti,j } S 067—7;,]‘ E[HdK(XY))S(S ‘ Fl—Ti,j ]7

where 1—7; ; is the time at which the particles X{i) and X 1(j ) separate, we obtain

—1 2 —1/2 —1/2
E[HdK(X@)gaHdK(XY))saHdK(Xi’“))saHdK(XY”))ga]<C454 i / Jk/ km/~

If we define the extreme set E to be those cases for which

Lomae e[ - X7 x{7 - X0} 24

for some §>0, then
o] <P s - Ko 5] - [0 - T 2]) £ 20

due to the usual Markov inequality based on the g-th moment of the strong error being
bounded. We also have

(4) (4) (k) (m)
APPNAPNAPINAPII ST, o) sl x0n2sla xesla iy s + 1o

So it follows that
ELAPPNAPDIAPMAPTM) S t7 Pr  Pre 4 /2 57

i
28q/(4+q) _—1/2_—1/2_—1/2
S hy d qT” Tk Tem s
. 2 184/(4+q) . :
by choosing 6 ~ h, . For any fixed ¢, provided n < 2,
12 _ 1/2 = ]
Z - - Z i1l /2 9l _ ()
J#i 0'=0

This gives us

— 7 ) k m 2 4 — —-1/2 _—-1/2 —1/2
Q™ Y EUAPNARPIAPPNAP™ ) S n QT N e

i, k,m
i<j<k<m i<j<k<m
hﬁq/(4+q)Q 4 Z 7_1/2 —1/2 Tk—;ﬂ/Z
i<j<k m#k
< 2D 8 S i/
i<j<k
< h26q/ 4+q)Q 32 1/2( ]13/2)
i<j k#j
f,h?&ﬂ(“q Z —1/2
1<J
ShPQT Y (Z /)
% Ve

g h?ﬁ‘]/@"“])'

© 00 N O b W N

g D D D D D D D D DWW W W W W W WWWRNNNNNNDNNDNRE B R R e g s e
SO © 0 N o ;s Do R O ©® 0N O DR O ©® 0NN ®N RO © 0N TN WN R O



© 00 N O O W N

g D D D D D D D D DWW W W W W W WWWNNNNNNNDNNDNR B R R s sl e
SO © 0 N OGN Do R O ©® 0N O ®N R O ® 0NN DN RO © 0N TN WD R O

MULTILEVEL PATH BRANCHING FOR DIGITAL OPTIONS 27

Further analysis following the same approach proves that this is the dominant con-
tribution in (28), and hence

E[ (APg>4] fs h?ﬁ‘l/(‘l“‘Q)'

Similar analysis, or referring to Theorems 2.4 and 3.2, shows that the second moment
is bounded as follows

E[(AP)?] S by 10,

If we assume the second moment has a lower bound of (’)(hf ) then it follows that the
kurtosis is bounded by

Kurt[AP] < hy /40,

for all ¢>2, and therefore is o(h, ") for any v>0.
The analysis can be extended to the exponential SDE case by first expanding the
extreme set E to include cases in which
log X(™|| >R
pemax [llog X3 = R,
where Rs :=|logd|*/* as defined previously in the proof of Lemma 5.4. Equation (26)
in that proof gives us

E[de(xl)sﬂlog&gm flfr} Sexp(Rs)6/7'/2,

so then we obtain

E[I Ige | <6477 M2 2012

arc (X020 Vg (xP) <6 Lage (x 9 <5 Ve (x () <6 i3 Tk Tham

for any >0 and P[F| remains O(hf e/ ?579) as before when § is as previously chosen.
Therefore the final conclusion remains that the kurtosis is o(h, ") for any v>0.
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