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Abstract

We consider two discrete schemes for studying and approximating stochastic dif-
ferential equations (SDEs) using the theory of rough paths.

The first part of the thesis introduces a canonical method for transforming a
discrete sequential data set into an associated rough path made up of lead-lag incre-
ments. In particular, by sampling a d-dimensional continuous signal X : [0,1] — R?
at a set of times D = {t;}, we construct a piecewise linear, axis-directed process
XD :[0,1] = R?? comprised of a past and future component. We call such an ob-
ject the Hoff process associated with the discrete data {X;}:,ep. The Hoff process
can be lifted to its natural rough path enhancement and we consider the question
of convergence as the sampling frequency increases. In the specific case where X is
a semimartingale we prove that the Ito integral can be recovered from a sequence
of random ODEs driven by the components of X, This is in contrast to the usual
Stratonovich integral limit suggested by the classical Wong-Zakai theorem [119].
Such random ODEs have a natural interpretation in the context of mathematical
finance.

The second part of the thesis introduces a new pathwise approximation scheme for
SDEs driven by multidimensional Brownian motion. The work of Cameron, Clarke
and Dickinson [17), B7] shows that N-step schemes cannot have a strong approxima-
tion error better than O(N ~1/2) unless higher iterated integrals of Brownian motion
are used. On the other hand, our N-step scheme does not require Lévy area in-
crements and if the vector fields of the SDE possess Stein-Lipschitz regularity of
order v > 2, we prove that the approximation error is O(N —1tet+2/ V) for all e > 0
in the Wasserstein metric from optimal transport theory. By using techniques from
rough path theory we avoid imposing any non-degenerate Hormander or ellipticity
conditions on the vector fields of the SDE, which is in contrast to previous path-
wise schemes of Alfonsi, Davie, Malliavin et al in [1, 2, B2 [33), 34]. Our scheme
is based on the log-ODE method with the Lévy area increments replaced by a qua-
dratic polynomial of Gaussian random variables with the same covariance structure.
The coupling construction is an extension of [33), 35] concerning a multidimensional
variant of the Komlés-Major-Tusnady theorem and Wasserstein estimates for poly-
nomial perturbations of Gaussian measures. These latter results require no rough
path theory and may be of independent interest to probabilists.
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CHAPTER 1

Introduction

1.1. Discrete approximations in stochastic rough path theory

Stochastic differential equations provide a mathematical framework for de-
scribing the evolution of multidimensional systems affected by some stochastic
input signal. Formally, we study the response y = (y¢)c0,1) C R? of a system
V :R? — L(R%R?) to a driving stochastic path & = (z¢)iejo.1) C R%. This is

written in the form of a controlled differential equation:
(1.1) dys =V (y;) dzy, yo =& € R

As it is random, z is typically highly oscillatory and thus far from differentiable.
This means classical calculus can be of no help in defining a solution to . Ifx
has finite p-variation for some p € [1,2) then Young’s theory of integration [120]
is applicable but in the canonical example of Brownian motion, traditionally
one must use the stochastic calculus of It6 [67].

Developed during World War II in the context of control theory, [to calculus
has found applications in many areas of mathematics, most notably mathemat-
ical finance. However, it suffers from an important flaw: it is constructed via
probabilistic techniques rather than a path-by-path method. The solution to
(1.1) when x is Brownian motion W, denoted by w(W) = (m;(W))sepo,1], is de-
fined as the probabilistic limit of a sequence of forward Riemann sums. Fixing

two (possibly correlated) sample paths of Brownian motion Wi, Ws, this means

11



12 1. INTRODUCTION
that one cannot make any quantitative statements about the difference in the

output solutions:

(1.2) sup |m(Wh) — m(Wa)].

te[0,1]
The problem is that the so-called Itd6 mapping 7 : C([0, 1], RY) — C([0, 1], RY) is
not continuous in the uniform topology unless d = 1 or the vector fields making
up V' commute (in which case the classical Doss-Sussmann theorem [38), 110]
can be employed). These latter conditions exclude interesting examples of SDEs
with degenerate vector fields driven by correlated multidimensional stochastic
signals.

Rough path theory solves this predicament. First introduced in [76], the key
insight of Lyons was that the increments of the input path x are in general not
enough to make quantitative estimates regarding the continuity of the output
such as . Instead, the theory fixes a single realization of the driving signal
x and lifts the path to an enhanced path X taking values in a high-dimensional
Lie group. The object X encodes information about the iterated integrals of dx
(up to some sufficient truncation) and is called the rough path lift of z. Given
a rough path X above z, (|1.1]) can be rewritten as a rough differential equation

(RDE) driven by X:
(1.3) dy, =V (y) dXy, yo =& € RY,

and write y = 7(z) = Z(X). Let the stochastic processes z1, s have rough path
lifts X, Xy and denote the corresponding solutions of (1.3)) by w(x;) = Z(X,).

The power of the theory is that we can make precise statements of the form

(1.4) SI[1p] | (1) — m(2)| < CyvZp (Xq,Xs) .
tefo,1
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Here, Z > 0 is a random variable independent of V' and p(-) is some metric on
rough path space. The vector field V' only appears through the deterministic
constant Cy > 0, while all the randomness enters through the terms p (X;, Xs)
and Z (where the latter possesses exponential integrability in the case of semi-
martingales). Thus rough path theory has separated out the random and de-
terministic components of , (respectively  and V). In particular, the
inequality is a path-by-path statement, holding for all realizations of the
stochastic rough path inputs.

Naturally such an estimate is extremely useful for numerical approximations
of SDEs. For example, suppose we have an approximation X" of the Brownian
rough path W made up of N group-increments such that for some 6 > 0, we

have
E (p (XN, W)") = O (N~) for all p € [1, ).

Then implies that the scheme Z(X") approximates the true solution (W)
with a strong error of O(N~Y) for every vector field V (assuming sufficient
Stein-Lipschitz regularity). Importantly, V' may be degenerate in possessing no
Hormander regularity. The point is that rough path theory provides a rigor-
ous framework for developing new discrete approximation schemes with greater
accuracy.

This thesis utilises rough path theory to introduce two new schemes for
discretely approximating SDEs. The first one is concerned with sampling a
semimartingale signal to recover the Ito integral from a sequence of random
ODEs. Surprisingly, by producing an artificial lead-lag path and taking its
rough path lift, we do not recover the Stratonovich stochastic integral, as sug-

gested by classical theory.
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The second scheme is concerned with the pathwise approximation of SDEs
driven by multidimensional Brownian motion. This is an active area of research
(see [1, 2, B2}, B3], 34]) in which the error of the approximation is measured
using the Wasserstein metric for probability measures from optimal transport
theory. The novelty of this new algorithm is that it achieves a pathwise rate
of convergence which is superior to the traditional Euler scheme but does not
require higher iterated Brownian integrals (including Lévy area increments).

Rough path theory makes up the body but not the interface of the thesis.
To present the schemes and the main results prior knowledge of rough paths is

not required. Instead, the theory is used to establish the proofs.

1.2. Outline of the content and main results

Chapter 2 presents an overview of rough path theory. We place particular
emphasis on the formulation of SDEs as rough differential equations as well as
the log-ODE approximation scheme.

The main body of the thesis is split into two parts.

The first half consists of Chapter [3] in which we introduce the rough Hoff

process as a canonical transformation of event stream data into a 2-geometric

rough path [41]. Two main results (Theorems [3.3.1] and [3.4.1]) are presented

in the case where the event stream arises from a continuous semimartingale.
The first theorem establishes the convergence of Hoff processes as the sampling
frequency increases, showing that the quadratic variation of the semimartingale
naturally appears in the rough path limit. As a result of this phenomenon,
the second theorem proves the recovery of the Ito integral from a sequence of

random ODEs driven by the Cauchy sequence of Hoff processes. The usual
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Stratonovich correction term from the Wong-Zakai theorem [119] is cancelled
out by the appearance of the quadratic variation term. The proof of the latter
result is an almost immediate consequence of the universal limit theorem of
rough path theory. We also discuss the connections between our contribution
and the original work of Hoff in [66].

Chapter 4| marks the beginning of the second half of the thesis (the results
of which can be found in the preprint [42]). We define the notion of pathwise
approximation of SDEs and review previous research. Particular emphasis is
placed on the work of Davie in [33] as we adapt his arguments and coupling
constructions in Chapters [5] and [6] Moreover, by using the example of circular
Brownian motion, we show that the N-step Euler scheme cannot perform better
O(N~'/%) in the Wasserstein metric W,.

In Chapter [5| we present a pathwise scheme based on the log-ODE method.
The main result (Theorem states that if the vector fields of the SDE
enjoy Stein-Lipschitz regularity of order v > 2, then our N-step scheme is of
order O(N~1*+2/7) in every W,-metric for arbitrary ¢ > 0. Importantly, our
scheme does not require Lévy area yet performs better than the Euler scheme’s
optimal rate if v > 4. The scheme replaces Lévy area increments in the log-
ODE method with a quadratic polynomial of Gaussian random variables. We
also show that the scheme has an optimal convergence rate of O(N~!log N)
via the SDE defining Lévy area. A discussion then follows on the connections
with the previous work of Davie along with the Kantorovich-Rubinstein duality
formula. The remainder of the chapter is dedicated to the proof of Theorem
using the coupling provided by Theorem [6.2.1 We use rough path theory

to push this coupling of two area-valued random walks through the It6 map
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in order to establish a Wasserstein bound between our scheme and the original
SDE solution. The proof of Lipschitz estimates of the driving rough paths takes
up most of the chapter.

In Chapter [6] we prove Theorem [6.2.1], which establishes a coupling of the
two random walks respectively composed of Lévy area increments and a qua-
dratic Gaussian approximation. The chapter contains no rough path theory
and instead presents a series of probabilistic results in order to finally prove
the theorem. An overview of polynomial perturbations of Gaussian measures
is given along with an extension of [33], Corollary 3| from quartics to higher
order polynomial perturbations by exploiting the recent preprint [35]. We also
extend a central limit theorem in the Wasserstein metric in order to generalise
the original coupling proof of Davie [33], Theorem 1] from a bound in W, to
W, for general p € [1,00), thereby proving Theorem m

The thesis is concluded with a short appendix on the Baker-Campbell-

Hausdorff formula and its iterated version.

1.3. Notation

Constants. Throughout the thesis, C, ¢, ... denote various deterministic
constants (that may vary from line to line). Constants which are dependent
upon a variable will have the dependency explicitly stated; for example, C,
denotes a constant dependent on p. If a constant C' has many dependencies
a, 3,7, .. .,p,q, we will simply write C' = C(«, 5,7, ...,Dp,q). If we are working
in the Euclidean space R? we will always ignore dependencies on the dimension

d (except for Section [6.1] where we repeat results in [35]).
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Euclidean space. The standard basis of R? is denoted by {ek}izl and
the standard Euclidean norm is denoted by |-|. The set of antisymmetric d x d

matrices is denoted by [R?, RY] and the usual bracket operation on R? is given

by
[Tyl =r®@y-—y®z= Z (zryr — T1yi) [ex, el
1<k<i<d
where [ey, €] := e, @ e — e @ e, € [RY,RY. Given a matrix A € R = (R%)®2)

we write A and ||A]| for its transpose and norm respectively.

General notation. The sets of strictly positive integers is denoted by
N:={1,2,...}. For real numbers z,y € R, set z Ay := min{z,y} and =V y :=
max{xz,y}. Moreover, we set |x] to be the largest integer less than or equal to
x. Denote the set of all partitions of an interval [s, t] C [0, 1] by D|, 4 and define
the mesh of D = {t;}}_,; € D) to be |D| := maxy,ep |tiy1 — t;|. We adopt the
simplex notation Ay = {(u,v) : s <u < v < t}. Given a complex number
z € C, we write Re(z) and Im(z) for its real and imaginary parts respectively.

Big O notation. A function f : N — Risof order O(g(N))if |f(N)]/|g(N)|
is bounded from above by a positive constant in the limit N — oo.

Differential calculus. The gradient of a continuously differentiable scalar
function ¢ € C1(R% R) is given by
N

= €;.
- 6a71 !
=1

Ve

We use log(+) for the natural logarithm log,(-).
Flow notation. Given a (sufficiently regular) vector field V' : R? — RY

consider the classical ODE:

(1.5) 2z =& + /Ot V(zs)ds, te]0,1].
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Let us adopt classical flow notation by writing the time-1 value of the solution
as exp (V) (&) := 21.

Stochastic processes. All stochastic processes are indexed over [0, 1] un-
less explicitly stated otherwise. Moreover, all processes are assumed to live
on some filtered probability space (2, F = {F;},P) satisfying the usual condi-
tions. Given a random variable X : 2 — R, we denote its LP-norm for p > 1 by
| X, =E (IX|P)/?. We will either use L? or L" (the latter when p is already
being used for the p-variation of a path). The covariance matrix of a random
vector Z : 2 — R? is denoted by cov(Z) € R¥?  (in the case of d = 1, we
simply use Var(x)). Given a o-algebra G C F, we will write Eg(-) as shorthand
for the conditional expectation operator with respect to G. Brownian motion
is always denoted by W : [0,1] — R? and i.i.d. stands for independent and
identically distributed.

RDE/SDEs. We use standard rough path notation which will be intro-
duced in the next chapter. Importantly, we adopt the convention that all sto-
chastic processes be denoted by capital letters while all deterministic paths and
solutions to rough differential equations (RDEs) will be written in lower case.
In the case of RDEs driven by semimartingales (that is, SDEs), we will continue
to use lower case for the stochastic solutions in order to avoid confusion.

Semimartingales. We assume that the continuous semimartingale X =
(X1, ..., X% has the canonical decomposition X = M + V', where M is a local
martingale and V' is a process of bounded variation. We denote the quadratic
variation of M by (M) := {{M*, M7) : 4,5 € {1,...,d}} : [0,1] — R¥?. Given

p € [1,00), let MP denote the class of LP-bounded martingales M : [0,1] —
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(M}, ..., M) € R? which we equip with the seminorm
[M]],, == | sup | My — My
tef0,1

1/p
=E | sup |M; — M|’ :
0.1 . tel0.1

Considering one particular dimension, say M°®, the Burkholder-Davis-Gundy

inequality ([105, Theorem 42.1]) states that

Cp HMl”i = ((Mi>€,/12> <E (SUp |Mt’ — Mé}p> < C,E <<Mi>€7/12)

t€[0,1]
=Gy [|M7];
for some universal constants ¢, < C,, dependent only on p.
Stratonovich integral. Let M = (M!,... M%) be a continuous semi-

martingale and suppose each vector field in the collection {V;.}¢_, c C(RY,R?)
is continuously differentiable. Adopting the notation V, = (V}!,..., V1), it

follows that the vector field

is well-defined. We write the semimartingale solution Y € C(]0, 1], R?) to the

integral equation

> [ vvion aqan,

1<k,I<d

d t

1

Yt:YO+§ /Vk(ys)dzw,fw5
k=170

in the form of the Stratonovich stochastic integral

d t t
Yt:YOJrZ/ Vk(Y;)ode::%Jr/ V (Y,) o dM,.
k=10 0






CHAPTER 2

Elements of rough path theory

This chapter provides a tailored overview of relevant elements of rough path
theory needed for the thesis. Particular emphasis is placed on Lipschitz esti-
mates for rough differential equations and the log-ODE method. We also take
the opportunity to establish notation. For a detailed and precise overview of
the theory we direct the reader to [45), (52} [74), [76, [77), [79), 81] among a mul-
titude of others. For a brief sketch of the theory we recommend Lyons survey

article [78] or the highly accessible lecture notes of Baudoin [8].

2.1. A primer on rough path theory

The theory of rough paths by Lyons burst into stochastic analysis in the
mid-nineties, culminating in the landmark paper [77]. The theory is focused
on capturing and making quantitatively precise the interactions between highly
oscillatory and non-linear systems. The techniques draw particularly on the
analysis of Young [120] and the geometric algebra of Chen [23]. With the theory
built upon non-trivial aspects of Lie algebra theory and geometric machinery,
the definition of a rough path was a curiously unfamiliar mix of abstract algebra
and analysis to many probabilists at the time. Remarkably, the theory was able
to show that Young’s integration [120] and It6’s stochastic integration [67] were

both special cases of the same calculus.

21



22 2. ELEMENTS OF ROUGH PATH THEORY

Since then rough path theory has evolved into an essential area of stochastic
analysis, enabling one to perform differential calculus at a pathwise level on a
wide variety of paths far rougher than the Brownian motion of It6’s original
stochastic integration theory. Applications of the theory abound both inside
and outside stochastic analysis. It has led to deep and powerful results in SDEs
and SPDEs. In particular, rough paths provided the initial set of techniques
that led Hairer to develop the more general theory of regularity structures
[45), 63]. In turn, this allowed Hairer to give meaning to solutions of the
famous Kardar-Parisi-Zhang equation [62], for which he was awarded the Fields
medal in 2014. Most recently, the signature transform of rough path theory has
provided new insights into efficient extraction of information from data and
machine learning [41], 59, [75] [80], 93].

The focus of rough path theory is to give quantitative mathematical meaning
to the concept of the evolving response y = (y¢)icjo1] C R? of a system f : R? —
L(R*,R?) driven by a signal @ = (x)se0,1] € R?, which we usually write in the

form of a controlled differential equation:

(2.1) dyr = [ (ye) dvy, yo =& € RO

Here, x can be highly oscillatory and thus non-differentiable.

One application of the theory is that we may now define solutions to the
differential equation in the case where the driving path z = (x;) is not of
bounded variation but has a controlled roughness. A measure of this roughness
is given by the p-variation of the path (see below). For larger values of p
we require more information about the structure of x; specifically, we need to

control the first |p| levels of the signature of .



2.2. ALGEBRAIC PRELIMINARIES 23

2.2. Algebraic preliminaries

We introduce the necessary algebraic and geometric machinery in order to
define rough path analysis. The foundation of the theory is given by the free
tensor algebra and the free nilpotent Lie group embedded in it. Denote the space
of continuous paths z : [0,1] — R? by C ([0, 1], RY). We write z,, := 2, — z, as
shorthand for the increment of z and let ||z||_, denote the uniform norm. For

p > 1 define the p-variation norm of z by

1/p
(22) ||x||p—var;[071] = Sup[o 1} (Z ’xti,ti+l }p) ’

D=(t;)C P
Let us denote by CP¥([0, 1], R?) the linear subspace of C([0, 1], R?) consisting
of paths of finite p-variation. In the case of x € C*¥* ([0, 1],R?) for p € [1,2),
the iterated integrals of = are canonically defined via Young integration [120].
The collection of all these integrals as an object in itself is called the signature

of the path:

S<$>s,t121+2/.../ d$t1®---®dxtk,
k=1 s<t1<..<tp<t

where (s,t) € Apq = {(s,t) : 0 < s <t < 1}. Adopting the convention that

(R = R, we formally define the tensor algebras

TR = é(RdW, TM(RY) = é(Rd)@“.

We can see that the signature of z takes its values in 7 (R?). Defining the
canonical projections 7, : T (R?) — (R%)®" and m,, : T()(R?) — T (RY),

we can also consider the truncated signature:

Sp(@)st = mopn (S(2)se) =1+ Z / .. / dzy, ® ... Q@ dxy,
k=1 $

<1 <. <tp<t

€ é(Rd)@)’“ = T™(RY).
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Hence we can view S,(+) as a continuous mapping from Ay to T (R9).
Given a coordinate ¢;, ® ... ® ¢;, € (RY)®" we define the corresponding

projection of the signature via the dual space. For example,

<e;®...®efk,5(x)syt>:/.../ d:z:ﬁ...dxi:ER.
s<t1<...<tp<t

We equip each (RY)®* with the tensor algebra norm [I[| gayer defined by

lallgaer = [ D len®.. @, a)

1<y, .ip<d

and when no confusion arises we shall simply write ||a||. This norm satisfies a
compatibility relation between the tensor norms on the respective tensor levels:

forall 0 <<k <n,

la® b||(Rd)®k = ||a||(Rd)®i b||(Rd)®(k—i) for all (a,b) € (Rd)@ X (Rd)@)(k_i)'

(For further details, see [52] §7.2]). We define a norm on 7™ (R?) by
lg — h”T(n)(Rd) = ki%axn lg — h”(Rd)@k , g heT™ (RY),

which turns 7 into a Banach algebra.

It is a well-known fact that the level n signature S,(z) not only takes its
values in T (R?), but it lies in a special nilpotent Lie group embedded in the
tensor algebra. To be precise, the level-n signature takes its values in the free

step-n nilpotent Lie group with the generators {ek}izl, which we denote by

G™(RY). Indeed, defining the free step-n Lie algebra g™ (R%) by

gWRY =R@ RLRY @ ... [RY [ .., [RE,RY),

>

~~

(n—1) brackets

and the natural non-commutative exponential exp,, : 7 (R?) — T (R?) by

eXpn<a’) =1 + Z Fv
k=1
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we have G (R?) = exp,, (g (R?)). Again using a formal power series, we can

also define the truncated logarithm on 7 (R9):

n 1)k
log, (a) := Z %(1 — a)® for a € T (R?) such that m (a) = 1.
k=1

Similarly, we define exp(a) and log(a) € T (R?) using the infinite series ex-
pansions and we certainly have exp,,(a) = 7, exp(a) and log, (a) = 7, (log(a)).
The following characterization summarises the situation (a modern proof can

be found in [52, Theorem 7.30]).

Theorem 2.2.1 (Chow-Rashevskii, [24], 100]). We have
GM(RY) := {S,(v)o1 1 € C™ ([0,1],RY) }.

More abstractly, after fixing p > 1 and defining |[p| to be the smallest
integer less than or equal to p, we can consider a continuous group-valued path

X:[0,1] — GUPD(R):
X, = (1,Xg, . ,X?J) e G (RY) where my(X,) = X*.

Importantly, the group structure provides a natural non-commutative notion of
increment: X;, := Xs_l ® X;. This multiplication operation is well-defined by
Chen’s theorem [79, Theorem 2.9].

Example 2.2.2. Take a path z € C™ ([0,1],R?) and set X = Sy(z) €
C ([0,1], GH(RY)) for its level-2 signature, which we call the (level-2) rough

path lift of x. From the definition of the exponential map it is immediate that
1
Xs,t =1+ Tst + §xs,t ® Tst + As,t = €XPy (xs,t + As,t) s

where A : Ay — [Rd, Rd] is the Lévy area process of x. Here we have used

the truncated exponential notation defined above.
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Remark 2.2.3. In fact, the signature S(z) of a given path x € C*a([0, 1], R?)
is uniquely determined by x up to the notion of so-called tree-like equiva-
lence [64]. This theorem of Hambly and Lyons can be thought of as a non-
commutative analogue of the well-known result in functional analysis that func-
tions on the unit circle are determined up to Lebesgue null sets by their Fourier
coefficients. We observe that the Fourier transform is a linear mapping, while
the signature S(-) and its truncated version S,(-) are not; G (R9) possesses

no linear structure.

2.3. Carnot-Carathéodory norm

We can now describe a symmetric and sub-additive norm on G(PD(R?)
which is homogeneous with respect to the natural dilation operator on the tensor
algebra, (see [52, Chapter VII] for details). This so-called Carnot-Carathéodory

norm is given by

1
gl := inf {/ |dy| : v € C (]0,1], RY) such that Sp,j(y)o1 = g} ,
0

which is well-defined by the Chow-Rashevskii theorem. This in turn gives rise

to the notion of a homogeneous metric on G (R%):
d(g,h) =[lg™ @ -

Recalling the path x from Example [2.2.2] it can be shown that there exists a

constant Cy > 0 such that

1
(2:3) o 192@)sillc <l V[ Asll gayer < Call2(2)sellc-

We will use this equivalence throughout the thesis. Moreover, this metric

gives rise to the following p-variation metric between p-rough paths X,Y €
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1/p
p
C> '

The p-variation norm is given by [|X||, .01 = dpvarfo) (X, 1). If this latter

C([0, 1), G (RY):

dp—var;[O,l] (Xv Y) = SU_p <Z H t tz+1 tz tit1

t;)C[0,1]

quantity is finite, then the function w : (s,t) € Apq — [|X]P is a con-

p-var;[s,t]

trol; that is, a continuous bounded function, which vanishes on the diagonal

{(t,t) : t € [0,1]}, and is super-additive in that for all s <u <t in [0, 1]:
w(s,u) +w(u,t) <w(s,t).

Similarly we define the homogeneous 1/p-Holder metric and norm by

X, ®Y,
di/p-nsion) (X, Y) : = sup H t P/:HC'

0<s<t<1l |t —s

”XHl/p-Hbl;[O,l] (X) = d1/p-Hs100,1] (X,1),

and define the rough path spaces:

e ([0,1], GIDRY) = {X € € ([0,1], GYDRY) X yargoy (X) < 00}
C/r ([0, 1), GIPD(RY)) = {x e C ([0, 1], GPPDRY) : 1X]l, jpprsno (X) < oo} .
We stress that these spaces are not vector spaces; the addition of two rough

paths, while being well-defined in the tensor algebra, may not sum up to a

group element.

2.4. Inhomogeneous metrics on rough path space

The inhomogeneous p-variation and 1/p-Holder metrics for p-rough paths

are defined by ignoring the group structure of G{l?))(R?), and instead using the
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inherited norm from the tensor algebra:

k
Prvarion) (X,Y) 1= max o) o (X, Y);

k=1,...,|p]
o (k)
P1/p-Hs1;[0,1] (Xv Y) T k:r?.z.i.XLpJ P1/p-Ho{0.1) (X Y) 7
where
k/p

. N p/k .

Pparioq) (X, Y) 1 = (t-?lCl[% 1] <Z 7% (Keistin = Yoo | (Rd)®k> ,
X — Yo
(k) D 7 (Ksie = Vo) | oy
P1/p-Hs1;[0,1] (X, ¥): = ogsslgt)sl |t — Slk/p

Given a control function w : Apq — [0, 00), we also define the metric

k
Prwio1) (X, Y) = max pz(o-zz;[oall (X, Y)

k=1,...|p]
Xot = Yol
(k) . H7Tk ( st s;t) [l (Rd)®k
where Pp-i]0,1] (X)Y) = Oilgt)q (s, 1)F/P

2.5. Geometric rough paths

The space of weakly geometric p-rough paths will be denoted by WG, (R?).
This is the set of continuous paths X with values in G{(?)(R?) such that

X varsj0,1 < 0. A refinement of this notion is the space of geometric p-rough

p-var;

paths, denoted by GQ,(R?), which is the closure of
{SLPJ (3:‘) cx e Ot ([O, 1],Rd)}

with respect to the rough path metric dj va;(+), (or equivalently p,yar(-)). Cer-
tainly we have the inclusion GQ,(R?) C WGQ,(R?) and it turns out that this
inclusion is strict. As described in [79] §3.2.2], this insignificant difference be-
tween geometric and weakly geometric rough paths can be compared to the

difference between C' and Lipschitz functions.
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We make a note that given X € WGQ,(R?) and some g > p, there is a

canonical extension of X to a g-rough path S|4 (X) € WGQ,(R?) such that

0, p] (S lal (X)) = X. This so-called rough path lift operation is unique in the

sense that the p-variation of the lift is Lipschitz continuous with respect to the
original rough path (for a proof we refer to [52, Theorem 9.5]).

Theorem 2.5.1. Let ¢ > p > 1 and suppose X € WGQ,(RY). There exists a

constant Cp, 4, > 0 such that

||Xl|p—var;[0,1] S HSLqJ (X)Hp—var;[o,l] S vaq ||X||p-var;[0,1} '

2.6. Rough differential equations

For now, let x € C*¥([0,1],RY), h € C*¥([0, 1], RY). Define y € C([0, 1], R9)

to be the solution of the (controlled) ordinary differential equation

dy, =V (y,) dzy + U(yy) dhy

d d
C= ka(yt) dxy + Z Us(ye) dh¥, o € RY,
k=1 k=1

which we summarise with the notation: y = w1 (vo, (x,h)). Here, {Vi}{_,
and U = {U,}¢_, are collections of suitably regular vector fields Vj, Uy : R? —
R4,

Definition 2.6.1 (Rough differential equation with drift). Fiz p € [1,00) and
r € [1,2) such that p~t+r~t > 1. Let X € WGQ,(R?Y) and h € C™ ([0, 1], R).
We say that y € C([0,1],R?) is a solution to the rough differential equation
(RDE) driven by X with drift h along the collection of vector fields {V =

{(Vi¥i_,,U = {Up}{_,}, and started from yo € R, if there ewists a sequence
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{2, ha}o2, € CY¥ ([0, 1],RY) x CY ([0, 1],RY) such that:

Slrlbp {HS\J’J (xn)Hp—VaI‘;[O,l] + ||hn||Q‘Var§[071]} < 9,

im do (S (), ) = 0 and._Jim 2"~ bl =,
and the sequence of ODE solutions iy, := 7,0y (Yo, (Tn, hn)) satisfies:
|y — yll . — 0 as n — oo.
We denote this situation with the (formal) equation:
dy, = V(y,)dX; + Uly,) dhy,
which we refer to as a rough differential equation (with drift), retaining the

notation y = mvuy(vo, (X, h)). In the special case of hy = t, we write y =

o) (Yo, X). Similarly, if U = 0 then we simply use y = 7y (yo, X).

Stein-Lipschitz vector fields. For unique solutions to classical ODEs we
require the vector fields to be Lipschitz. In the rough differential case, from
the point of view of existence and uniqueness results, the appropriate way to
measure the regularity of the vector fields V = {V;}¢_, and U = {U,,}¢_, turns
out to be the notion of ~-Lipschitz in the sense of Stein, (see [108, §VI.2]).
To prepare for the precise definition, given a real non-integer v > 0, we agree
that [7] is the largest integer strictly smaller than « so that v = [y] + {7} with
[v] € N and {7} € (0,1).

Definition 2.6.2 (Stein-Lipschitz). Let E, F' be normed spaces. A map Vj :

E — F is vy-Lipschitz (in the sense of Stein), in symbols
V e Lip”(F, F) or simply V € Lip”(E) if £ = F,

if V' is [y] times continuous differentiable and there exists a constant M € [0, 00)

such that the supremum of its kth derivatives, k = 0,...,[y], and {y}-Hdlder
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norm of its [y]th derivative are bounded by M. The smallest M satisfying the

above conditions is the y-Lipschitz norm of V., denoted by ||V ||y~

Notation. Throughout the thesis we mostly consider E = F = RY, and write
Lip? as shorthand for Lip” (R?).

Remark 2.6.3. Informally, the definition states that the vector field can be
approximated locally by a function taking values in polynomial functions [86,
§2].

In [1I08, Chapter VI] Stein originally studied the general problem of extend-
ing smooth functions from subsets of Euclidean space to the whole space. To be
precise, he considered the classical Whitney extension theorem [108, Theorem
6.2.4] which extends continuously the space Lip” (F) of v-Lipschitz functions on
a compact set F' C RY to the whole Euclidean space.

Theorem 2.6.4 (Whitney extension theorem 1934). Let F' C R? be a compact
set. and suppose we have a function V : F' — R?. We have V € Lip?(F) if and
only if V' can be extended to an element V € Lip”(RY). Moreover, in this case

we have
||VHLipW(R‘1) <C ”VHLip“/(F,Rq)

where C' > 0 1s some universal constant independent of F.

This result does not generalise to infinite dimensions.

As stated in [79], the definition of Stein-Lipschitz vector fields might leave
the reader wondering what it means for a function to be Lip” for v > 1, as
the formal definition would lead one to the view that such functions are always

constant. A useful fact to remember is that every bounded function with n
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bounded derivatives is Lip” for all v < n [77, §1.2]. For more details on the

notion of Stein-Lipschitz, we refer to [79, §1.4.2].

Existence and uniqueness of RDEs. Armed with the notion of Lipschitz
vector fields, we state the following existence and uniqueness result for RDEs

with drift taken from [52, Theorem 12.10].

Theorem 2.6.5. Fiz~y >p € [1,00) and 3 > r € [1,2) such that p~ +r~1 > 1.
Let X € WGQ,(RY) with h € C™*([0,1],RY). If V = {V,.}¢_, C Lip"(R?) and
U = {U.}¢_, C Lip?(R?), then the RDE with drift

dy: =V (y)dXy + U(y:) dhy,

has a unique solution for each initial point yo € RY.

Intuitively, if the driving signal is rougher (that is, the greater the p-
variation), then we need more structure (|p| levels of its signature) in order

to define the rough differential equation.

Remark 2.6.6. As will often be the case throughout the thesis, let us consider
a polynomial vector field collection V' = {V;}4_,. Certainly each V}, ¢ Lip”(R?)
for any v > 1 but for every compact set F' C RY its restriction to F' is bounded
and satisfies Vi|, € Lip”(F,R?) for all v > 1. We can use this observation
together with Theorem to prove the existence and uniqueness for RDEs
driven by V.

Indeed, the extension is routine: we fix compact F' big enough so that the
vector fields of V' are defined everywhere the solution can reach within 1 unit of
time (certainly the range of the solution is compact if we impose non-explosion
conditions on the RDE and apply a stopping time argument). Then using the
Whitney extension theorem (Theorem we can replace V' globally by the
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extension V of V|,. The existence and uniqueness of the RDE driven by V/
are guaranteed by Theorem [2.6.5 Note that our quantitative estimates of the

solution do not change because the extension satisfies

HVkHLipv(Rq) < ¢ ||Vk|FHLip7(F,Rq) for all /{:,

for some constant C' independent of F'.

To ensure the RDE solution does not explode in finite time, we use [58]
Proposition 14] which requires the condition that the driving rough path is geo-
metric and the original vector collection V' satisfies the standard linear growth
condition (see also [52], §10.7]). Interestingly, this regularity result cannot be
generalised to non-geometric rough paths; a counterexample can be found in
[58, Example 16]. Fortunately every RDE we encounter in this thesis is geo-

metric and so we need not worry.

Definition 2.6.7 (Locally Stein-Lipschitz). We say that V : R? — R? is [o-
cally ~y-Stein-Lipschitz if for all compact F C R, the restriction V|, is in
Lip?(F,R?). Moreover, we will also use the notation Lip” to denote the set of

locally Stein-Lipschitz vector fields.

Using the same notation for strict and locally Stein-Lipschitz vector fields
will not cause confusion because we can define RDE solutions using the latter
class of vector fields. Indeed, we repeat the argument given in Remark [2.6.6) by
using the characterization in the definition to employ the Whitney extension

theorem.

Central perturbations of RDEs. We conclude the section with an im-
portant RDE perturbation result. The theorem is stated in its complete form

because it will be used throughout the thesis. Let us denote the centre of the
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Lie algebra g™ (R9) by Z(™(R%); in particular,

ZW = g™ R N (R = RE [, [RY,RY]].

[

-~

(n—1) brackets
Theorem 2.6.8 (Central perturbations of RDEs). Fiz p € [1,00). Let X €
WQG,(R?) and suppose we have ¢ € C ([0, 1], Z(PN(RY)). We define the
perturbation X¢ € C([0, 1], G{PD(R)) by

X%t = expy, (log (Xsr) + @sr) -

Then X? € WGQ,(RY). Assume V = {V,}{_, C Lip"(R?) with v > p and
Vo € Lip?(RY) with § > 1 so that the RDE with drift

dyr =V (y) dX? + Vo (ye) dt,  yo = & € RY,
has a unique solution. Then there is a unique solution to the RDE with drift,

dzy =V (2) dXy + Vo (z0) dt + U () depy, 20 = &o,

UEde= S Wil [Vig o Vi 1) <e;; ®..0¢ dg0t> .
Moreover, we have the equality:

y = T (§os (X%,1)) = mvvpary (§o; (X, D ¢r)) = 2.

The original proof of Theorem was established in [46, Theorem 2] for
the case of piecewise linear . This was then extended in [52, Theorem 12.14]
to the case of bounded variation ¢ in the specical case of Vj = 0. The proof
is generalised to the non-zero drift case (as stated here) with no extra effort so

we omit the details.
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2.7. Continuity of the Ité6 map

We introduce the fundamental notion of the It6 map in rough differential

equations.

Definition 2.7.1 (It6 map). Fizp € [1,00) and retain the notation of Theorem
with fized initial point yo € R2. The function

= WGQP(Rd) — C([0,1],R?) : X = mv,v) (10, X),

18 known as the Ito map.

An important question is under what topology is = continuous? Even when
restricted to the case of bounded variation paths, the uniform topology is not
strong enough. Unless the vector fields commute or d = 1, counterexamples
are easy to construct. Moreover, it can be famously shown that the function
mapping a bounded variation path in R? = R? to its enclosed signed area is not
a continuous functional with respect to the 2-variation metric (see [79] §1.5.2]).
The initial raison d’étre of rough path theory was that the information contained
in the R%valued path x := 7, (X) alone is not enough to ensure continuity of
=. We need the extra information contained in the rough path X, along with
the stronger topologies induced by the p-variation and 1/p-Holder rough path

metrics.

Theorem 2.7.2 (Universal limit theorem). [79, Theorem 5.3] Under the condi-
tions of Theorem[2.6.5], = is continuous in the topologies induced by the metrics
dpvar;[o,l}(') or dl/p-H'csl;[o,l](') on WGQp(Rd)-

Remark 2.7.3. We could have equivalently used the inhomogeneous rough

path metrics ppvar0,1](+), P1/p-He1[01](-) in the previous theorem.
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An additional power of the theory is that we can even establish quantitative

Lipschitz estimates concerning this continuity, (which we will make precise in

Section [2.9).

Remark 2.7.4. The universal limit theorem has enabled rough path theory to
provide simple proofs of many classical results in stochastic analysis. Famous
examples include the papers of Friz and Victoir [49] in addition to Ledoux,
Qian and Zhang [73], which respectively prove the Stroock-Varadhan support
theorem and the large deviation Freidlin-Wentzell estimates. These papers
make elegant use of the [to0 map to reduce these non-trivial results to simpler
statements about Brownian motion and Lévy area in a rough path topology
(see [52], Chapter IX]). In the next section (Theorem [2.8.6) we will also see how
Theorem [2.7.2] can be used to establish the classical Wong-Zakai theorem in
SDE theory.

2.8. Stochastic differential equations as rough paths

Now consider the case where the driving signal of a (suitably regular) RDE
is a d-dimensional Brownian motion W. In the case of d = 1 or assuming the
vector fields V = {V;}¢_, commute, the Doss-Sussmann theorem [38, [110] of

classical stochastic analysis guarantees that the mapping
W= (Wt)tE[O,l] eC ([07 1]7 Rd) =y € ¢ ([07 1]7 Rq)

is continuous in the uniform metric almost surely. If we now consider the case
of d > 1 and remove the commutativity condition on the vector fields, this
statement is no longer true. The canonical counterexample is the SDE defining

the Lévy area of two-dimensional Brownian motion (see [116] for the original
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proof by Watanabe). The problem is that Brownian motion has infinite p-
variation for p € [1,2] ([52, §13.9]). Instead, we must use the It6 map = and
consider the rough path lift (enhancement) of Brownian motion. As mentioned
in [29] §1], in light of Theorem rough path theory can be seen as a major

extension of the Doss-Sussmann result.

Definition 2.8.1 (Enhanced Brownian motion). Define enhanced Brownian

motion as the rough path W € C([0,1], G®(RY)) given by

t
Ws,t =1+ Ws,t + / Ws,u X Oqu

= exp, <Z Wk<87 t)ek + Z Akl(s, t) [ek’ 6[])

1<k<I<d

d
1
=1+ Wils,they + 3 > Wils, ) Wils, t)er @ e

k=1 1<k,i<d
(24) + Z Akl(s,t)[ek, 61] < G(2) (Rd),
1<k<i<d
where Ay : A1) — [RYRY is the Lévy area of W :
1 t
Api(s,t) == 5/ (Wi(s,u) dWi(u) — Wi(s,u) dWg(u)) .

We know that W € GQ,(R?) almost surely by the following proposition,
(taken from [52], Corollary 13.19]).

Proposition 2.8.2. Let {D,}>>, C Doy such that |D,| — 0 as n — oo.
For each n € N, let W™ denote the piecewise linear approximation of W with
vertices {Wy, }t.ep, - Then for all p € (2, 00),

dl/p_ngl;[Q,l] (Sg (Wn) ,W) —0asn— o
almost surely and in L" for all r € [1,00).

In fact, the p-variation (respectively 1/p-Hélder) norm of enhanced Brown-

ian motion possesses exponential tails ([52, Corollary 13.15]).
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Proposition 2.8.3. Fiz p € (2,00). There ezists a constant n > 0 such that

E <6Xp <77 ||W||]29—var;[0,1}>> < E <6Xp (77 ”WH?/;)—HE)I;[O,I])) < 0.
The theorem linking SDEs with RDEs ([52] Theorem 17.3]) is stated below.

Theorem 2.8.4 (SDEs as RDEs). Consider the following Stratonovich SDE
driven by W :

dl‘t = V(.Tt) o th + %(fﬁt) dt

d
(2.5) = Vilxy) 0 dWi(t) + Vo(zy) dt, x0 =& € R,

k=1
where V = {V;}¢_, C Lip”(R9) and V € Lip”(R9). If v > 2 and 3 > 1, then
the solution x of exists and is unique. Moreover, x coincides with the

solution of the following RDE with drift:
dye =V (ye) AW + Vo(ye) dt,  yo =& € R

Remark 2.8.5. As is standard practice in classical SDE theory, to prohibit
the explosion of solutions we must make the standard assumption that V; and

{Vi.}4_, satisfy a global (classical) Lipschitz condition:
Vi(y1) — Vi(yo)| < Cylyr — yo| for k=0,1,...,d,

for all y; € RY, where C; > 0 is a constant. In turn, this implies the linear
growth condition: |Vi(y)| < |Vi(0)| + [Vi(y) — Vk(0)| < Co(1 + |y|) for some
constant Cy > 0. Using the standard existence and uniqueness SDE result
of [70, Theorem 4.5.3] then guarantees that has a unique solution z =
(2¢)1ejo1] which is a process adapted to the filtration induced by the Brownian
motion. Moreover, this solution satisfies E (|z4|?) < oo for all ¢ € [0,1] and

q € [1,00).
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In terms of the Itd6 map of the previous subsection, Theorem can be

rewritten as
(2.6) =W e GQRY) = mvy (Eo, W) =y € C([0,1],R?).

Moreover, the universal limit theorem (Theorem [2.7.2)) together with Proposi-
tion immediately imply the classical Wong-Zakai theorem [119].

Theorem 2.8.6 (Wong-Zakai). Let p € (2,00). Then under the same condi-

tions as Proposition we have
i fpvarifo,1] (2 (S2 (W) ,E(W)) — 0 as n — o0

almost surely and in L" for all r € [1,00).

Remark 2.8.7. Note that since each W™ is of bounded variation, the approxi-

mations y" := Z(5(W")) can be written as the solutions of the random ODEs
dyp =V (y") AW + Vo (') dt,  yg = o € RY.

Here, the solutions are well-defined by Young integration.

To summarise: because of the roughness of the Brownian sample paths, we
must consider enhanced Brownian motion in order to make the SDE solution
map continuous (the increment level W does not contain sufficient information
on its own). This has been part of the success of rough path theory. We now
have a powerful pathwise construction of stochastic calculus; we fix a sample
path of Brownian motion and can define the solution of the SDE for this par-
ticular realization without using probability theory. This is in contrast to the
construction of It6’s stochastic integral via the standard L?-isometry. The Ito

map = is purely deterministic, while the driving signal is stochastic.



40 2. ELEMENTS OF ROUGH PATH THEORY

2.9. Lipschitz estimates of rough differential equations

It is well-known that the Lipschitz constant of the It6 map = for a RDE
driven by a p-rough path X is of the order O(exp{C [|X|[} ,,,.0..})- For a dis-
cussion on the optimality of the Lipschitz constant we refer to §4.2 of [46],
(particularly Theorem 3).

Even for the well-studied case of Gaussian rough paths, the random variable
exp{C [|X||} yarpo.1y} fails to be finite in every L™-norm, r > 1. Cass, Litterer
and Lyons rectified this problem in [I8] by refining the deterministic estimates

for the Lipschitz constant. We start by recalling their definition of the so-called

greedy p-variation partition.

Definition 2.9.1. Let X € WGQ,(R?Y). For a > 0 and [s,t] C [0,1], set

To(a) = s then
Tpi1 (@) = inf{ X e ) = @ and T (@) <u < t} At.
Define the integer
Nop(X, [s,t]) :=sup{n € NU{0} : 7,(a) < t}.

Certainly N, (X, [s,t]) < C||X]|” for some constant C' > 0, but more

p-var;[s,t]

importantly the tail estimates for N, ,(X, [s,t]) are significantly tighter than

for || X||” when we consider Gaussian rough paths X (cf. [18, 47]). The

p-var;|[s,t]

following result is a slight variation of [19], Lemma 4.2].
Proposition 2.9.2. Fiz v > p € [l,00) and 3 > 1. Suppose X!, X? €
WGQ,(RY) with X' # X2, Define the control w : Apq) — [0,00) by

Lp) 1 w2\ P/k
Pp-var;]s,t] (X ’X )
(3 t - |t - 8‘ + Z H Hp var;[s,t] Z (p:—var'[[) i] (X17X2) .
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Suppose Vo € Lip®, V = {Vi}4_, C Lip” and fix A > [Vollripe VIV |lpipr- Then
the RDEs

dy; =V (yp) dX; + Vo(ys) dt,  yy =y € R,
have unique solutions. Moreover, for every a > 0 there exists some constant

C=0C(a,B,7, A\ p) >0 such that

Povaro) (¥, ¥7) < Cw(0,1) (1Vw(0, P ooy (X1, X2)

x exp (C {14 Ny (X", [0,1]) + Nop(X2,[0,1])}) -

PROOF. The proof is obtained from following the argument of [19], Lemma 4.2]

with some minor modifications. Indeed, the latter result guarantees that

Pp-w;[0,1] (yla 92) < Cpp—w;[O,l] (Xla Xz) exp (CMa,[O,l] (w>)

for some constant C' = C'(a, 8,7, A, p) > 0, where

Mapg@) = s S wlttin).
[o7] D=(t;)C][s,t] ; "
w(ti,ti+1)§a

It can be shown that N, , (w,[0,1]) < My p1(w) < 2Nap (w,[0,1]) + 1. More-

over, by [11, Lemma 5] there exists a constant C' > 0 such that
Na (wa [07 1]) S C (1 + ND@P (X17 [07 1]) + NavP (X27 [07 1])) :

Therefore,
(2.7)

Pp—W;[OJ](yla y2) < Opp—cu;[O,ll (Xl’ X2) exp (O {1 + Na,p(Xla [07 1]) + Na,p(X27 [O’ 1])}) .

Under the assumption that w(0,1) < 1, we can refer to the proof of [11], Theo-

rem 4] to find that

HXZ” <li= ]" 2 and pp—w;[(),l] (X17X2) S pp—var;[(Ll] (X17X2) .

p"*’;[ovl] - ’
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For the general case, a normalization argument gives

(2.8) Ppaiion) (X5 X2) < (1Vw(0, D) pparon (X, X2)

As a consequence of the super-additivity of controls (see [52, §8.1]),

Povarsio] (Y y7) < w(0,1)ppwson (', ¥7)

and combining this inequality with (2.7) and (2.8)) concludes the proof. O

2.10. Log-ODE approximation scheme

The log-ODE method is a powerful technique for numerically simulating the
solutions of RDEs [51], [78]. Although not considered here, the method even
holds for RDEs in infinite-dimensional Banach spaces [5l, 13, [85]. For this
thesis we are only concerned with the method in the context of approximating
SDEs but before examining this special case, we first present the algorithm in

full generality.

Log-ODE method. We give a tailored overview based on [61], [77), [84]
and [107), §4]. The reader can also find a concise introduction in §7 of [78].
The method can also be found in the papers [4], 20, 21, 22, 40, 83|, which
were inspired by the pioneering work of Chen [23] and Magnus [87].

Fix p € [1,00) and let X € WGQ,(R?) be a p-rough path. Consider the

RDE driven by X:
(2.9) dys =V (ye) dXy, yo € RY

As usual, we assume that V = {V;}{_, C Lip”, where v > p, so that the RDE
has a unique solution by Theorem [2.6.5, We consider the driftless case (Vo = 0)
because the inclusion of drift means we have to define the technical (but un-

interesting) Lie algebra {4 (R, RY) given in [83] §4]. Essentially, the inclusion
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of the drift complicates matters because scaling demands that the time coordi-
nate ey € R has multiplicity two in {4 (R, R?) whereas the spatial coordinates
{er}4_, C R? each have multiplicity one. For our work with SDEs the inclusion
of the drift component is an annoying albeit straightforward complication so
we omit the details.

We begin by introducing a special Lie algebra homomorphism. A differen-

tiable vector field V' : R? — RY can be interpreted as a differential operator:
q
Of
=Y VWL feC'RLR).
N=3 Vg 1€C®R)
This allows us to define a new vector field

ViV = Z v,gav

2,7=1

and in turn the Lie bracket operation on two continuously differentiable vector

fields:

Oz, —V Oz,

Vi, VI] := ViVl = ViV, = Z (vf

i,j=1

vy OV )

Let Lip®(R?) denote the space of continuous vector fields on R,
Definition 2.10.1. Fiz vy > |v] > 1. We define a Lie algebra homomorphism
® : gD(RY) — Lip®(R?) by setting ®(ex) = Vi for k € {1,...,d}.

Thus ® maps Lie algebra elements in g(l"))(R9) to continuous vector fields

on RY, while preserving Lie bracket operations. For example, if |v| > 2,

® (e; + [ej, ex]) = Vi + [V}, Vil.
We introduce the log-ODE method as presented in [85] Theorem 19]. Recall
the classical flow notation of (|1.5]).

Theorem 2.10.2 (Log-ODE method). Fiz v > p > 1 and let X € WGQ,(R?)
and consider the RDE (2.9). We assume that V = {Vi}{_, C Lip” so that a



44 2. ELEMENTS OF ROUGH PATH THEORY

unique solution ewists. Define the control w : A1) — [0,00) by

(2.10) w(s, t) = VT XI5

p-var;[s,t] °

Then for all integers m > |p| there exists a constant C,,, > 0 such that, for

every (s,t) € Ajo ), we have

e = exp {@ (log,,, (Xo))} (4)] < Comy (w(5.0)"F Vol 1))

This is known as the log-ODFE method at level m.

SDE approximation via the log-ODE method. We now specialise to
the case of SDEs (considered as RDEs), and apply the log-ODE method to

approximate the solution of the Stratonovich SDE

dxy =V (xy) o dW; + V() dt

(2.11) = i Vi(x) o dWi(t) + Vo(ay) dt, t € [0,1].
k=1

Although Theorem was presented without a drift term, we can bring
the drift term V{ back into the SDE/RDE with an additional drift vector field:
+Vo. The details are omitted and can be found in [60, Chapter IX].

For this thesis we only apply the method at level m = 2, although the scheme
can be generalised to arbitrary levels. Recalling , the level-2 log-signature
of enhanced Brownian motion is given by

d
log, (W) =Y Wils,ther + > Awler,ex] € g®(RY).

k=1 1<k<I<d
The scheme is composed of iterated ODE approximations over successive inter-

vals [jh, (j + 1)h] where h = N7,
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Definition 2.10.3 (Log-ODE method for SDEs). Set (0 := zy, then
U = exp (Fy) (2Y)), je€{0,1,...,N -1},
1
where F} L= N‘/O + P (1Og2 (th,(j+1)h))
1

d
912) = (1 Ay (b (41 .
(2.12) N%Jr;Wk(Jh,(JJr )h)Vk+1<k2<;<d w (Gh, (G 4+ D)h) [Vi, V]

This algorithm is the so-called (level 2) log-ODE method for the case of SDEs.
The N-step scheme has a strong approximation rate of order O(N~!) [61],
Theorem 4.1].

Theorem 2.10.4 (Log-ODE method for SDEs). Fizy > 2, § > 1, r €
[1,00) and fix A > [|Vollype V IV lI1ipo- Then there exists a constant Cp oz >0

such that

Remark 2.10.5. The level 1 log-ODE scheme replaces each Fj of (2.12)) with

the simpler vector field
1 d

In common with the standard Euler scheme, Lévy area is absent and it can be

shown that this scheme has a strong approximation error of O(N~1/2).

Advantages of the log-ODE method. As noted in Remark 1.1 of [94],
if one approximates each ODE by its order-1 Taylor expansion, then we
fall back on the traditional Euler scheme. Similarly, taking the better approxi-
mation offered by the order-2 Taylor expansion gives the Milstein scheme.

However, the log-ODE method has one important advantage over these
more popular schemes. As outlined in [78], §7], the previous methods are based

on Taylor expansions and thus can produce approximations whose law is not
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absolutely continuous with respect to the measure of the solution on Wiener
space. For example, we could consider the following SDE whose solution is
constrained by its Stratonovich formulation to lie on the unit sphere at all

times:
de(t) =V (z(t)) o dW(t), zo=(1,0)", where V(z) = (—x9,7,)".

Both the Euler and Milstein schemes are numerically unstable in that they will
produce approximations which do not live on the sphere (see [98], §17.5]). By
contrast, the log-ODE method only returns solutions which could have origi-
nated from an actual realization of the SDE, (assuming that the ODE solver
used is sufficiently accurate over small time steps; for example, the Runge-
Kutta method or an adaptive step-size method). This property is known as
geometric stability in [60] and arises in the log-ODE method because the tech-
nique restricts the approximations to only flow along the vector fields (and their
nested Lie brackets) of the original SDE. In turn, this ensures that feasibility
constraints imposed on the law of the SDE solution will also be satisfied by
the log-ODE output. A more complicated example could be a system with

Hamiltonian vector fields [111] or the stochastic volatility example of [94] §3].



CHAPTER 3

Discretely sampled signals and the rough Hoff path

This chapter introduces a canonical method for transforming a discrete se-
quential data set into an associated rough path made up of lead-lag increments.
In particular, by sampling a d-dimensional continuous signal X : [0, 1] — R? at
a set of times D = {t;}, we construct a piecewise linear, axis-directed process
XP:[0,1] — R? comprised of a past and future component. We call such an
object the Hoff process associated with the discrete data {X;},cp. The Hoff
process can be lifted to its natural rough path enhancement and we consider
the question of convergence as the sampling frequency increases. In the specific
case where X is a semimartingale we prove that the Ito integral can be recov-
ered from a sequence of random ODEs driven by the components of X?. This
is in contrast to the usual Stratonovich integral limit suggested by the classical
Wong-Zakai theorem [119]. Such random ODEs have a natural interpretation
in the context of mathematical finance. The results presented here are taken

from the paper [41].

3.1. Discrete streams of event data

A stream of event data is a time-ordered sequence of events where we have
the time of the event as a real value and the data associated with the event
typically taking some numerical value. In many applications, for example order

books in finance or internet traffic, it is typical that these events come in a

47
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variety of quite different forms at different frequencies, and that the realiza-
tion of such streams can have a complex dependency structure between their
coordinates. However, if we focus our interest in such event streams around
their effects and the actions they trigger, then rough path theory provides an
established and effective method (using the signature of the stream and the
It6 map) to transform these event streams into much smaller data sets, while
retaining adequate information to accurately approximate the primary effects
of the data (see [78] §1-5]). As mentioned in Section [2.1]} the focus of rough
path theory is to give quantitative mathematical meaning to the concept of the
evolving response y = (y¢)ieo,] C R? of a system f : R? — L(R? RY) driven by

a signal & = (x4)¢cp1] C R¢. We write this as the RDE:

(3.1) dys = f (ye) dvy, yo =& € RO

(Classical calculus will fail to define a solution because x will be far from differ-
entiable nor have p-variation for p € [1, 2], (for example, Brownian motion). On
the other hand, rough path theory provides a systematic method of summaris-
ing the data = while retaining a good approximation of . A reader familiar with
differential equations might want to think about the case where z is smooth but
highly oscillatory on normal scales. The meaning of the differential equation
is not in doubt. Indeed, rough path theory tackles the question of how
to define solutions by exploiting the smoothness of the system f. The theory
summarises x on normal scales so as to effectively capture its effects and predict
y without knowing or caring further about x on microscopic scales.

This chapter introduces a canonical method of transforming discrete numer-
ical event data {Xy, }.ep C R? into a geometric 2-rough path X? which we call

a Hoff process. Importantly, our transformation takes into account the order
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of events and the effect of latency between different coordinates. Moreover,
differential and integral equations driven by X” have a classical as well as a
rough path meaning, and we can consider the question of convergence as our
sampling rate becomes finer by exploiting the Ito map from rough path theory.

With this in mind, this chapter examines the interplay between this way of
looking at discrete data through the Hoff process specifically when the discrete
event data comes from a multidimensional semimartingale signal. In effect,
we prove the equivalent of the Wong-Zakai Theorem by demonstrating that,
under certain regularity conditions, a sequence of Hoff processes is Cauchy in
the standard p-variation rough path metric as the sampling frequency becomes
finer. This is the content of the first main result of the chapter (Theorem [3.3.1]).
Before introducing the second result, let us in the next section formally define

a Hoff process.

3.2. Defining the Hoff process

This section defines the Hoff process as a method of transforming discrete
numerical event data in R? into a geometric 2-rough path. Given a sample
{X:, }ep C RY at times D = {t;}*, C [0, 1], the standard approach to trans-
forming this into a continuous time trajectory is to define the cadlag, piecewise
constant path Z : [0,1] — R? by Z, = X,, for t € [t;,t;41). Although this is a
natural construction, the order of events across different coordinates is in some
sense lost. Following the PhD thesis [66] of B. Hoff, we go one step further
and consider the continuous process made up of lead and lag versions of this
standard interpolation. We call the resultant path X : [0,1] — R?? the Hoff

process.
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FIGURE 3.1. An example of a Hoff process trajectory

Definition 3.2.1. Let D = {t;}, C [0, 1] be a sequence of times with (to,t,) =
(0,1). Define the path X, : [0,2n] — R given by
% (570,529

(Xt Xtprs) t € [2k, 2k + 1);

D= (th,th+1+2(t—(2k+ D) (Xep, — Xin))  t€Rk+1,2k43);
(Xp, +2(6 — 2k +2)) (X, — X0) s Xy 1) t€2k+3,2k+2);

with XD (Xy,_,, X4,). We define the Hoff process associated with the sequen-

tial data {Xy.}, oy to be the path X7 :[0,1] — R** given by
XP = (X" XPT) = X5,

The rough Hoff process XP is the 2-rough path lift of XP.

We call XP* and XP/ the lag and lead components of the Hoff process
respectively. Since lead and lag share the same first letter, we use b for backward
and f for forward. At this point we find it helpful in building intuition about

XP to include a diagram of a possible trajectory (see Figure .
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The definition states that X; = (X, X;,,,) for t € [£,225) and on
241 k+l

the intervals [=5=, =&

), X is a special interpolation between (X3, , Xy, ,,) and
(Xt4,1» Xt,,,)- This interpolation is done by first updating the lead component,
followed by the lag component. We note that other lead-lag interpolations are
possible ([59} [75), 93]) but we use Definition because of the following
interpretation in the context of mathematical finance.

Suppose one is given the tick data of a collection of stocks {S, }7, C R? at
certain times D = {¢;}?_,. For simplicity we assume that (o, ¢,) = (0,1). Using
the sequential data {X; }1, = {(t;,S:,)}y C [0,00) x R? ~ R we could
define the corresponding cadlag function Z : t € [0,1] — (Z},...,Z%) € R? as
above. One could think of Z as representing the current known price for the
given stock collection. Similarly, we can think of the previsible process
(3.2) Zy = Z Zy, 1{t € (tiy1,tiro]} where Z,, € Fi.,

ti€D
as recording the last known traded price for the collection. The performance of

an agent’s trading strategy could then be represented as the It6 integral:

YD;:/Olf(Zt) dZt::i/olfk(Zt) a7k
(3.3) S s (St -st,).

k=1 t;€D

where for f = (f1,..., f1) : RxR? — R?. Here, fi.(t;, S;,) represents the amount
stock k held by the agent at time ¢,,,, given that they hold the portfolio S,
at time t;. Following the work of Friz in [43], we use instead of the well-
known process Z;— = ), ., Zt,1{t € (ti,ti11]} because we want the agent to
act on the market at time ¢;.; based on their information at time ¢;; there is

a lag between receiving market information and acting upon it. Alternatively,
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one could interpret the model as representing a delay between placing an order
on an exchange and the consequent change in the portfolio’s value. Both events
happen over disjoint time intervals.

On the other hand, let XP — R+ denote the Hoff process associated
with the same discrete data {X;,}y = {(ti, Sy,)}, C R with XP0 =

(X D00 X D10 representing the time component. A simple computation gives

n—2

Z fr (ti,S4,) (SZH - 51541) = ka (ti, St,) (Sfi+2 o SZH)

t, €D 1=0

g PPN
=3 [T n(RPr) axpo
2

i=0 i+1

n—2 1249 N N
=3 [ g (wpe) axp

i=0 72
1
_ / i (XtD’b> dXPE
0

That is, the performance of the agent’s portfolio can be rewritten as an
exact integral of the lag and lead components of the Hoff process. Importantly,
since XP is continuous and certainly of finite variation, the last integral is well-
defined as a classical Riemann-Stieltjes integral. Thus by using the particular
interpolation scheme above, via the Hoff process, we are able to recast the
simple forward Riemann sums of as an exact integral of a piecewise linear
path. We note in passing that an alternative pathwise integral in the context of
mathematical finance via rough path theory can be found in the preprint [97].

For the rest of this chapter we will assume that the underlying event data

arises from sampling a continuous semimartingale

X:tel0, 1] (X} ..., X e R
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Then a natural question to ask is what does the integral Y converge to as
the sampling frequency increases; that is, as the mesh of our time partition
D, |D| := maxy,ep |tir1 — ti|, goes to 0. Such a question could arise in the
situation where the agent has access to more data points, thus reducing the
delay between the market behaviour and his strategy, (equivalently the delay
between the forward and backward components of the Hoff process X 7).

To answer this question, we use the theory of rough paths. Specifically,
we lift the Hoff process X? to its natural rough path enhancement XP. The
rough path lift X, also known as the signature, is a well-defined transform
in the sense than no information is lost (see [64]). The signed area enclosed
by the different coordinates of X” is contained in X”. In particular, the area
between the forward and backward components of X” is included and thus
we have a natural candidate approximation for the quadratic variation of the
original semimartingale X. Our first main result concerns the convergence of
this area to this quadratic variation and the theorem more generally establishes
the convergence of the rough Hoff process X to a rough path limit in the p-
variation rough path topology as |D| — 0. As a corollary of this theorem, our
second result proves that the limit of the random integrals Y7 in is the Ito
integral not the Stratonovich integral as might be expected from the classical
Wong-Zakai theorem (see the original paper [119] by Wong and Zakai, or the
rough path versions in [30, M107]). This is almost an immediate consequence
of the continuity of the Itd6 map of rough path theory. The basic idea of the
proof is that the areas between the forward and backward components of the
Hoff process, (captured by XP), introduce a correction factor in the stochastic

integral limit, consequently allowing us to recover the It6, not Stratonovich,
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integral. To be precise, Theorem [3.4.1| implies the convergence

Zd:/ol fr (Xf”b> dxXDIk /Olf(Xt) dX, == ;/01 fu (X)) dXF

k=1

as |D| := , nax |tiz1 —ti| — 0,

either in probability or some LP-norm, (depending on the regularity imposed
on X). We refer to [44}, 46] and Theorem 17.20 of [52] for similar results

concerning lead-lag driven random ODE convergence using rough path theory.

Remark 3.2.2. In a heuristic sense, this result demonstrates that the Ito in-
tegral makes good sense as a classical integral of the Hoff process and does
not need a probabilistic underpinning. As a consequence, we feel that despite
the focus of the present chapter in studying semimartingales as the underly-
ing signal, our perspective and results undermine the concept to a significant
extent. Taking mathematical finance as an example, almost all data presents
itself initially in discrete form. The standard practice is to assume that the
data arises from sampling a semimartingale signal so that It6’s theory of sto-
chastic integration can be used to model hedging and investment strategies. It
is identified in many contexts that this is a serious simplification. For example,
momentum trading and long-range dependence may be better captured in a
non-semimartingale context by modelling volatility using fractional Brownian
motion with a Hurst parameter H # % [10, 27, 54]. We can now sece that
by moving the data to the Hoff process, now regarded as a geometric rough
path, we can capture our data in a model that further allows the simulation of
various strategies, thus enabling simplification and summary, without making
any unrealistic assumptions about the nature of the data as a semimartingale.

The pathwise concept of volatility is replaced by area and is naturally included
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in any second order description of the Hoff process as a rough path. Successful
modelling of financial data needs to understand the statistics of the first few
terms in the signature of the Hoff process. In general these will be incompatible

with any semimartingale model.

The recent papers [59, [75, [80) 93] have also taken the approach of viewing
time series data as samples of an underlying continuous process, which can in
turn be lifted to a rough path. In [59] the authors have a very similar definition
of a lead-lag path and apply standard regression analysis to linear functionals of
the resultant rough path in order to extract interesting features of West Texas
crude oil futures, (such as deciding whether a given sample trade was made in

the morning or afternoon).

3.3. Rough Hoff process convergence

This section presents the first main result of the chapter. As in Section [3.2],
we sample a continuous semimartingale X at a sequence of refining partitions
{D,} and construct the corresponding sequence of Hoff processes {XP»}. In
Theorem we establish the convergence of the sequence of rough path lifts

XPn of XPr to a rough path limit under the p-variation rough path topology.

Parameterization considerations. Although p-variation estimates and
the limit of the Hoff processes are unchanged by reparameterization, the rel-
ative parameterization of the Hoff process with respect to the original signal
is important when making precise statements about limits and convergence.
Certainly the original signal is not invariant to reparameterization. To elabo-
rate further, suppose we have a partition D,, := {tI'}", C [0,1] and a sampled

signal X : [0,1] — R The corresponding Hoff process XP» = (XD XPnJ)
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2k 2k+1 2k+2 2k+3 t € [0,1]
2n 2n 2n 2n
Real time

F 5
Artificial time

FIGURE 3.2. Parameterization of the Hoff process XP» =
(XPnb X Prol) with respect to the original signal (X, )iefo,]
(in black), now in terms of 7,,. The lag and lead paths are in
dashed blue and red lines respectively.

is not parameterized with respect to the real time of the signal but rather an
artificial time; for example, we cannot say how close Xé,f"’b or sz)"’f are to
the sampled signal point X for each ¢ € D,. Therefore we need a precise
method of comparing the Hoff process to the original signal. To this end, for
each partition D,, we define the corresponding time change 7, : [0,1] — [0, 1]
between artificial and real time by setting 7, (2£) = ¢ and 7, (%) =7, |,
with piecewise linear interpolation in between. We provide a simple example

of the comparison between the original signal and the Hoff process provided by

the time change 7, in Figure 3.2 (where we assume d = 1 for simplicity).
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Since 7, is an increasing (continuous) function, we have no trouble in defin-
ing its generalised inverse as 7,, !(u) := inf {¢ > 0: 7,,(¢t) > u}. As intended, this

time change allows us to relate the Hoff process back to the original signal:

n

D D
)(2§11 = )(Tfﬁ
2n n

= (Xt;g,thH) and X7_n<2k) = Xt;;, XT”(M) = Xyn

Ty k1"

()
A similar parameterization using artificial time was previously defined in [118]
by D.R.E. Williams in the context of extending rough path theory to discon-

tinuous Lévy processes (cf. [118], Definition 1.3]).

Rough Hoff convergence. We present both of the two main theorems of
this chapter in terms of these time changes 7,,.
Theorem 3.3.1 (Rough Hoff process convergence). Let X = M +V :
0,1] — R? be a continuous semimartingale with Lévy area A, and define the

associated Hoff processes X corresponding to the collection of sampling times

{Dy}22, C Dyoqy. Then for all p > 2 we have
dpvar;[0,1] (XD",X;“;(,)) — 0 in probability as |D,| — 0,
where X* € C ([0,1], GP(R*)) is defined by

oo Xs,t As,t As,t - %<X>s,t
Xs,t - eXp2 (( Xs’t ) + ( As’t + %<X>S7t As’t .

If in addition V' is bounded in L" for some r > 1 and M € MP, then the

convergence also holds in the LP"-norm.

ProoOF. Throughout the proof we refer to technical results in Sections [3.6| and
.71 First we prove the theorem for V' = 0. Assuming M € MP? C M4, where
q € (2,p), it follows from Proposition that the rough path collection

{MD"}ZO:l satisfies uniform g-variation bounds in L?:

= (Cy < o0.

gvar;[0,1]| ;4

(3:4) sup 2™
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Moreover, since each M, () is simply a reparameterization of the rough path

lift of the original martingale Sy(M), by [52], Proposition 14.9] we have

sup ’HMM )H = Cy < 0.

g-var;[0,1]| 1 - ’H qvar[()l]
Recalling the interpolation result of [50, Proposition 12], for 2 < g < p it follows

that
povarfo 1) (M7, MY )
< docifo,1] (MD”7M3:(->)1_q/p * dgovar;[0,1] (MD"aMiic))q/p

—q/ N a/p
< d ;00,1] (M MT ())1 v (”MD ||q var;[0,1] + HMTW(')”q—VZ;Lr;[O,l]) ’

Using Hélder’s inequality with 7 := 2= > 1 and s = 2 € (1,3/2) satistying

771 4+ 571 = 1, we combine the maximal g-variation bounds (3.4) with the

interpolation inequality to find that

dp—var;[O,l] (M MT ())| < Opq |d ;10,1] (M M’rn( )) |1/(p—q) .

L
Thus the second claimed convergence in the LP-norm follows from the uniform
convergence result of Proposition [3.6.1 In the case of M ¢ MP, we obtain
convergence in probability by a simple localization argument (as done previously
n [52, Theorem 14.16]).

We now turn to the general case where V # 0 and define V : [0, 1] — R?? by
V= (V;,V}). In contrast to the martingale rough path convergence, the corre-

sponding convergence proof for the finite variation process is straightforward.

Lemma 3.3.2. For every 6 > 0,
d(146)-var:[0,1] (VD” Vm(-)) — 0 in probability as |D,| — 0.

If in addition V' is bounded in L" for some r > 1 then the convergence also

holds in L".
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PROOF. The first convergence follows readily from [52] Proposition 1.28] and
interpolation (see [52], §14.1] for details). The stronger convergence in the L'-
norm is a consequence of the uniform L"-bound assumption (|25, Theorem

4.14)). O

Returning to the proof of Theorem [3.3.1] it is a straightforward exercise
in algebra to confirm that Xg, = Ty (X;‘;), where T3 is the standard rough
path translation operator defined in [52 §9.4.6]. The theorem then follows
immediately from the continuity of the translation operator ([52], Corollary

9.35]). O

Remark 3.3.3. The quadratic variation (X) = (M) of the local martingale
component M naturally appears as we consider the limiting area of the rough
path lift XP. This non-linear phenomena was first observed by Hoff in the
context of moving Brownian frames [66].

Remark 3.3.4. In the special case of the evenly spaced sampling sequence,

that is D,, = {t} := £}7_ we have 7, (£) = £ and 7, (2£tL) = &L Tt follows

immediately that we can drop the time change 7,,(+) in Theorem to arrive

at the neater convergence result:
dp-var;[O,l] (XDH, XOO) — 0 asn— oo,

either in probability, or in L, (depending on the regularity imposed on X).

3.4. Recovery of the Ito integral

We now consider the second main result of the chapter.

Theorem 3.4.1 (Recovery of the Itd integral). Let X : [0,1] — R? be

a continuous semimartingale and let {Dy,}22, C Dy be a sequence of times
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satisfying |Dy,| — 0. Let f = (f;)%, be a collection of Lip?(R? RY) mappings
where vy > 2. For eachn, set X™ := XPn to be the associated Hoff process of the
event stream { Xy}, cp - Lastly, let Y™ be the solution to the random integral

equation
(3.5) dYt":f( ) dxm = Zfz( ) dXM Y =y, € RY,
and set'Y to be the standard Ito mtegml
dY, = f(X,) dX, = Zfz X)) dX!,  Yy=uyo e R
Then for all p € (2,7),
(3.6) pvar;[0,1] (Y Yo )) — 0 in probability as n — oo.

If in addition the finite variation process V. of X s bounded in L" for some

r>1and M € MP, then the convergence (@) also holds in the LP" -norm.

Before presenting the proof of Theorem [3.4.1] we set up some notation.
Denote the rough path lift of X; := (X, X;) by X. Thus X : Ajpq — G®(R?)
with

B 1— B As As
Xs,t::1+Xs,t+§Xs,t®Xs,t+( ! ’t)7

As,t As,t
where A : Ay — [Rd, Rd] is the Lévy area process of X. Importantly we have

X>* = Xw; that is X* is the rough path created from perturbing X by the map

o )) + 77Z}s,t

s,t
B As S

= eXp2 (Xs,t + ( A ’i i ) + ¢s,t) )

where the path 1 is defined by

0 —1 Xst 2 2
ws,t ::( <X>s,t 2<0>7 >€[Rd,Rd}.

’l/} : A[OJ] — [RZd,RQd]Z

— . AS
X> = Xs,t + ws,t = CXPy (Xs,t + ( A !

NS N N
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The appearance of the covariation term ¢ in the limit X* of Theorem [3.3.1
allows us to recover the Ito integral from the Stratonovich integral limit. In
particular, the drift terms from the Stratonovich correction cancel out. We

reserve the notation p : R? @ R? — R? for the canonical projection.

PRrROOF OF THEOREM [3.4.1l We consider a more complicated SDE on the
larger space RY@R? and denote the standard bases of R? and R? by (¢;)L, and
(€;)9_, respectively. Indeed, set z = (Z,%) to be a path in R? ® R? and define

vector fields on R? @ R? by
q
Ql<z) = (/6\170)7 Z O e] fk

fori,k=1,...,d. Here we have used the standard notation convention: f;(x) =

(fiz),..., fHx)) € RY for z € R Let 2" = (z7,..., 204 2% .. 2™9) be

1

the solution to the SDE
d
dop = (@xzf) dX 4+ Wil=p) de’f”') . 2 =(0,y) ER'ER
i=1

Since the axis path X" is piecewise linear, (thus of finite variation), we could
equivalently formulate the above SDE into its Stratonovich form without in-
curring a corrective drift term. It follows that the projection z" := p(z") of 2"

onto R? satisfies the SDE

d
= YW ) AP = 3 B A
i=1

1=1
Moreover, Theorem 17.3 of [52] tells us that 2" = 7w (0, (0, yo); X™) almost

surely.
A simple computation confirms that the only non-zero Lie brackets between
the vector fields );,, Qi,, Wik, and Wy, are of the form
@) = (D) = Y 0.e) i ),
x;

Jj=1
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forall i,k =1,...,d. We denote this collection of vector fields by
L:=(QWy:i,ke{l,...,d}).
Next consider the SDE:

d
dzy = (Q+ W) (z)dX; = (Q + W)(z) 0 dX; — % Z QiWi(z) d(X*, X",
ik=1

1 d

= (Q+W)(z) 0 dX, — 5 D Qi Wi (2) d(X', XY,
i k=1
with initial condition 2o = (0,yy) € R ®RY. Again appealing to Theorem 17.3

of [52], it follows that almost surely

Z = T(QW;L) (0,(0,90); (X, 9)).

As noted above, X = X, and so the perturbation theorem of [52, Theorem

12.14] guarantees the equality:

= 0
2 = m@uviy (0, (0 30); (X,9)) = moum (0, 0,50 X" ) = maw) (0, (0,0); X)

In light of the convergence result of Theorem [3.3.1] we conclude that for all

p € (2,00),
dpvar;[0,1] (z”, zTn(.)) — 0 in probability (or in LP"") as n — oo.

Indeed, as noted in the above remark, almost sure equality and convergence in
probability (and LP) are all preserved under continuous mappings. Since the
[to map is continuous with respect to the driving rough path signal under the
p-variation topology, the proof is then finished by noting that Y = p(2") and
Y = p(2). O

The remainder of the chapter is devoted to establishing the technical results

referred to in the proof of Theorem [3.3.1]
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3.5. Relation to original work of Hoff

We now discuss the connections between the main results of this chapter
and the original contribution of Hoff. As discussed in the previous section,
the appearance of quadratic variation in various semimartingale rough path
limits was first considered by Hoff in his thesis [66]. He used this non-linear
phenomenon to prove the following convergence result concerning stochastic
delay differential equations. We note that he did not formally state the result,
rather it was first presented in [79] §3.3].

Theorem 3.5.1 (Hoff 2005). Fiz vector fields Vi, V, € Lip*(R9). Given € > 0,
let W¢ be the e-delayed Brownian motion defined by W§ .= W,_.1{t > ¢}. For

every € > 0, let Y be the solution of the anticipating Stratonovich SDE
AYF = Vi (V) 0 AW, + Va (V) 0 dWE, Y =y € RY.
Moreover, let Y be the solution to the (standard) Stratonovich SDE
4, = (Vi (¥0) 4+ Va (Y0)) 0 d1W, — Vi, Va] (¥0) dt, Yo = o
Then for every p € (2,00), we have

‘dl/p—Hél;[O,l] (Y€7 Y)

> 0ase—0

for allr € [1,00).

This result is counterintuitive. Certainly (We, W) = We @& W converges
almost surely and in L? for all p € [1,00) to (W, W) =W & W as e — 0. Thus
it seems reasonable to expect the process Y¢ to converge to Y, where the latter

solves the SDE

= (1 (5) 12 (7))
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However, Hoff’s original proof established that for every p € (2, 00) we have

(3.7) |d1/p-H51;[0,1} (Se (W W), W)

o 0ase—0,

for all € [1,00). Here, W* € C([0,1], G®(R?)) is defined by

e () + (el 07))

Considered as rough path controls, the rough path lift of (W¢ W) does not con-
verge to the rough path lift of W & W, namely So(W & W), = exp, (W & W;).
The appearance of the quadratic variation term § (W), , = §(t — s) in the lim-
iting rough path is the key ingredient; this non-zero area term produces the
additional drift term of —2[Vi, V5](Y;) dt in the limiting SDE of Theorem [3.5.1]

In a heuristic sense, the two main theorems of this chapter concerning the
convergence of rough Hoff paths can be thought of as a discrete analogue of
Hoff’s original results and Theorem Instead of delayed Brown-

ian motion, we are considering Riemann sum approximations of lead-lag paths

based on semimartingale signals.

Remark 3.5.2. The proof of Hoff’s result given in [52], Theorem 17.20] by Friz

and Victoir was the blueprint for the arguments of Theorems [3.3.1] and [3.4.1]

Indeed, as in our argument, once the convergence ([3.7) is established, Theorem
is an immediate corollary of the result of the universal limit theorem
(Theorem[2.7.2)) and the central perturbations of RDEs result of Theorem[2.6.8|

The argument to prove is actually much shorter and straightforward
because the underlying signal is Brownian motion and so Holder rough path
norms can be employed. We do not have this advantage in our semimartin-
gale case and are forced to work with more difficult p-variation rough path

metrics. As an additional complication, our proof requires non-trivial maximal
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p-variation estimates for all sampling partitions, (which will be dealt with in

Section [3.7)).

The remainder of the chapter is devoted to establishing the auxiliary reg-
ularity results referred to in the proof of Theorem [3.3.1} namely, the uniform
convergence of the rough Hoff process lift and the maximal p-variation norm
bounds. Throughout all of the following proofs we make the simplifying assump-
tion that Xy = 0. Since the signature of a path is invariant under translation,

this assumption comes at no cost to generality.

3.6. Uniform convergence of the Hoff process

In this section we establish the following uniform convergence in L? of the

Hoff process in the case that X = M € MP.

Proposition 3.6.1. Let M € MP for some p > 2 and let {D,}32, C Djo1) be

a sequence of partitions with |D,| — 0. Then

}doo;[o,l] (MD",MTn(.)) — 0 as |Dn| — 0.

[0

Before presenting a proof, we introduce two useful technical lemmas con-
cerning MP-martingales. We make frequent use of the famous Burkholder-

Davis-Gundy (BDG) inequality ([105, Theorem 42.1]).

Lemma 3.6.2. Suppose X : [0,1] — R is a MP-martingale for some p > 2.
Then there exists a constant C, > 0 such that for all D = {t;}}_, C [0, 1], we

have

p—2

E (sup sup | Xy — th|p> <Gy ||X||;2)E (Su%<X>fk/ik+1) .

tr€D tE[tk,tk+ﬂ trL€
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Proor. We first apply the BDG inequality to deduce that

]E(sup sup |Xt—th|p>§ZE< sup |Xt—th|p)

t€D telty,trt] teD t€[tr thy1]

<G, Y E (<X>fk/,ik+1> :

treD

Then we apply the Holder inequality with ¢ = p/2 and r = p/(p — 2), (so that
g t+r7t=1), to find

2 2-1
Z E (<X>fk/,tk+1) =E (Z <X>tk,tk+1 - sup <X>fk/,tk+1>

treD treD th€D

_E (<X>o,1 sup <X>Zfi,jj1)

treD

2—1
< X )oal e - |sup (X)P/5"
tr€D Lr
9 2/p 9 %
—E ((057) E<sup<X>i’{,tkH) .
treD

Again using the BDG inequality, E((X)g/f) < Gy | X1}, and the proof is com-

plete. Il

Lemma 3.6.3. Suppose X, Y :[0,1] — R are MP-martingales for some p > 2.
Then there exists a constant C, > 0 such that for D = {t;}}_, C [0,1], the

following inequalities hold:

t p/2
E sSup Z Xti—1<}/;i - Ki—l) - / XT dY;’
treD <ty 0
p—2
2p
<G IV 11 E (sup 0020, ) 7
k
p/2
E sup Z (Xti+1 - Xti) (Y;fi+2 - }/tiJrl)
treD <ty

2 2
< G IXIE Y|l E (SUP <Y>fk/,tk+1> :
tLeD
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PROOF. Define the previsible process Z, := >, . p Xi,  1{r € (i, tix1]}. By

the Kunita-Watanabe identity, along with the BDG inequality, we have

th p/2
E sup Z Xti—l(ni - }/;/ifl) - / X, dY,
teeD i<tk 0
tr p/2
—E(sw| [ (2 - x)ay,
thD 0

1
<CE (\ | 1z- % am),
0

The Cauchy-Schwarz inequality then yields

p/4
> <C,E < sup |Z, — X, [”/* <Y>g,/14> :

rel0,1]

E ( sup |2, — X, ["? <Y>8(f‘) < Y2 |E ( sup |7, —XT|P>.

rel0,1] rel0,1]

Note that

E| sup |Z, — X' | =E|sup sup |X;—X|"
TE[O,H t,eD te[ti+1,ti+2}

<CE [ sup sup |X:—Xu,l" ).
t;eD tE[ti,ti+1}

Thus Lemma [3.6.2] gives:
p—2
B s 12~ X ) < GIXIEE (s (X))

ref0,1] treD '

and the first claimed inequality follows. The second inequality has an almost

identical proof; we simply use Z, := > o, cp Yy, ,1{r € (t;,ti1)]} instead. [

PROOF OF PROPOSITION [3.6.1]. For notational convenience we drop the usual

n superscript in ¢} and just write D,, = {t;}}_,. We first consider the increment

level. For 6 € {b, f}, using Lemma [3.6.2] gives

E (sup
s#t

p—2

P . . P
) <Glre (s ) T

Dy, ,0;i i
M - M
tx €Dy,

Tn(8),Tn(t)
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Since M € MP?, we use the Dominated Convergence Theorem (DCT) to deduce

that

Dy, 050 i
MEoE e

5),7n(t)

p
E(sup ) — 0as |D,| — 0.
s#t
We now turn our attention to the second level. Let us denote the Lévy area

process associated with MP» by

t
Du i . L Do 85i 70/ DnAsj DuXj 70D i
AN = / (MPr0 qNPwAT — DPeXd gm0
S
t 1
— Dnveﬂ Dn7>\;j Dnve;i Dn7>\;j
(3.8) - / MPO NP — MM,
S

where 0, A € {b, f} and i,5 € {1,...,d}. Since MP~ is piecewise linear, (and
thus has zero quadratic variation), we are able to switch between the It6 and

Stratonovich integrals in (3.8]) without incurring a correction term.

Recalling ([2.3]), we have

ocio) (M7, Mo ) < Casup (HMsL?t" ~ Mmool + A% = Ariom

p/2)

where A4 = {A?Xi3Y) is defined by

Ai{f;i’j if 0=\
Az,’g\;i,j = Aé”tw _ %<Mi;Mj>s,t =0 A= f;
Ag?lﬂ + %<M27 Mj>s,t if 0 = f’ A=0b.

Thus to complete the proof it suffices to show that

ADtnzgv)\vZaJ _ 1?4\67>\711]
S

(3.9) E (sup () (1)

sF#t

p/2
> — 0as |D,| — 0.

Given a bounded variation path x : [0,1] — R? with area process A :
A1) — [R%, R, we have the decomposition:

1
Agr = Ao — Aos — 5[%,5, xs4 for all (s,t) € Apa.

In light of this formula, the fact that straight line segments enclose zero area,

and the previously established uniform convergence at level 1, in order to prove



3.6. UNIFORM CONVERGENCE OF THE HOFF PROCESS 69

(3.9) it is sufficient to show

E | sup
tr €Dy,

To this end, we first consider the case of (0, \) = (b,b), (the case of (f, f)

Dyn,0,);1,5 1O,M\:4,5
Ag i = AT

p/2
— 0as |D,| — 0.

is almost identical and thus omitted). Setting X := M| Y := M’ allows us to

free up (i, 7) for index notation. A simple computation gives:

.i y 1
Ag%’b,b, W 5 ; {Xti_l(}/;fi - }/;i—l) - }/;i—l(Xti - Xti—l)} ;
1

Abbiig . AMig

O,Tn(%)

It follows that

E | sup
tk EDn

ty
/ (X, dY, — Y, dX,).
0

p/2>

ADZ)bubJ’J _ A\b7bizﬂ]

0, 0,7 (%)
t p/2
S CPE sup th 1 (Ytl }/ti—l) - X”' d}/r
tk‘EDn ti <ty 0
t p/2
+ OpE sup Z }/;z 1 (th Xti—l) - / Y,« dX”’
tkeDn ti<tp 0

By applying Lemma to both terms, we can then use the DCT to find that

p/2
E | sup
tkEDn

AD7I7;7b7b77'7.] _ A\b’b7l7j

0,k 07 (%)
p=2 p=2
p/2 2p p/2 2p
<Com|E| sup (X)tw,ch1 +E | sup <Y>tk7tk+1 — 0as |D,| — 0.
tx €Dy, tx €Dy,
Since APnbfitd = — APn b3 it only remains to prove the claimed conver-

gence for the case of (6, \) = (b, f). To this end, we first note that

" 1
(310) Ao,i%,b’f’ 7 = Z Xti (1/;;7;4_2 - ni-&-l) - §X0,tk}/l;1,tk+2'

ti <ty

We have the decomposition

Z th‘ (Y;fi+2 - Y;5¢+1) = Z Xti+1 (}/th - }/;iqu) - Z (Xti+1 - Xti)(}/ti+2 - Y;i+1>'

t; <ty t; <ty t; <t
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As before, we use the second inequality of Lemma to deal with the second

term:
p/2 p—2

< CpxyE ( sup <Y>Z€/,2tk+1) :

tr€Dy,

E sup Z (XtiH - Xti) (Y;ﬁi+2 - Ytz‘+1)

t€Dn |, 23

The first inequality of the same lemma guarantees that

p/2 p—2

tr 2p
E Sup Z Xti(}/tzﬁrl - YI;Z) - / XT dY;" < CP,XYE ( sSup <X>$/2t ) :
t1EDn = 0 tx€Dn kslk+1
Therefore,
tr 1 p/2
E | sup AD:;”f” (/ X, dY, — —thnk)
tkeDn O 0 2

(3.11)

=2 p=2
< C,xy20/*1 (E (tfggn <X>f,fik+1> Y 4E (tfggn (Y>f£ik+1> v ) .
Rearranging via the integration by parts formula for continuous (semi-)martingales
M, N:
d(MN), = MydNy + N, dM; + d (M, N), ,

we arrive at the identity

1
/XdY XY,

tg
/ X, dY, — ( X, dK+/ Y, dX, + (X, Y>07tk)
0 0

1 iy 1
:5/0 (X, Y, = YodX,) = 5 (X,Y )y, = A =

Thus the desired convergence (3.9) for the case of (6,\) = (b, f) is deduced by

(X,Y),, = A4,

applying the DCT to (3.11)). The proof is complete. O

3.7. Maximal p-variation bounds

The objective of this section is to prove the following maximal p-variation

bound.
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Proposition 3.7.1 (Maximal p-variation bounds). For all p > 2, there

exists a constant C, > 0 such that set of all rough Hoff paths MP satisfies

D ||P
D:gg@] E <HM Hp—var;[[),l]) < Op ||M||§ < o0

We split the proof into two propositions concerning MP%*; the first dealing

with & = X and the second 0 # X\, where 6, )\ € {b, f}.

Proposition 3.7.2. For all p > 2 and 0 € {b, f}, there exists a constant

Cp > 0 such that

sup E (|2 (MPO)|[7 o) < o IMIE

DeDy.y, p-var;[0,1]
PROOF. For all 6 € {b, f}, MP? is a reparameterization of the standard piece-
wise linear approximation MP of M based on the partition D. Since p-variation
is invariant under reparameterization, it follows from the Burkholder-Davis-
Gundy rough path result of [52] Theorem 14.15], (using the moderate function

F(x) = 2P?), that we have

E (HSQ (MDﬁ)Hﬁ-var;[O,l]) =B (HS2 (MD>

By the classical BDG inequality, E((M)g{lz) < Gy |[M]|}, and the proof is com-

’ ) < GE ((M)87).

p-var;[0,1]

plete. U

Remark 3.7.3. The use of [52 Theorem 14.15] in the proof of Proposition
critically requires that p > 2.

We now consider the case of 6 £ \. As in the proof of Proposition [3.6.1], by

symmetry it suffices to only consider the case of 6 =b # A = f.

Proposition 3.7.4. For all p > 2, there exists a constant C, > 0 such that

sup B (|52 (MPP)|7 o) < ColIMIE.

-var;[0,1
DG'D[OJ] p [ ]
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PROOF. Since Proposition has already established that
su i (S, (M ) <o M.
DED[P;H <H ! ( 2< ))Hpvar[Ol] — PH ||p

it is sufficient to show that for all D € Dy ), there exists a constant C), inde-
pendent of D such that

2
Db fig |7

85,85+1

(}ADbf, ,y|p/2 > < Gy IM]]P.

I Sup Z ‘A p/2-var;[0,1]

PG'D[OJ] SjEP
We begin by fixing a partition D = {tx};_, € Dp1. As done previously, let

X = M?and Y := M’. By summing up the absolute area of the triangles

enclosing the piecewise axis path (MP*% MP-/7) over each interval [2£ 25£1]
we find that
Dybvfyzvj < Dvbvfxlmj
|A ’p/?-var;[o,l} - }A |1-var;[0,1]
n—1 1
_ Db, fi Y ,
- Z ’A ‘1-var;[%,2’;2] T 9 ’th,tkﬂl |Y;‘/k+1,tk+2’ .
k=0 treD

Therefore, using the inequalities ab < £(a® 4 b?) and (a + b)" < 277! (a" + b")

for a,b >0, r > 1, we find

(‘ADbf,zg|p/2 ><E<‘ADbfzg‘P/2 )

p/2-var;[0,1] 1-var;[0,1]
p/2
= 277K Z ‘thatk-!—l‘ ) |Ytk+1atk+2‘
tx€D
. p/2 p/2
< E]E Z }thatk+l} Z |K5kvtk+1|
treD t,eD

From the discrete Burkholder-Davis-Gundy inequality (|16, Theorem 1.1]), fol-

lowed by the continuous BDG inequality, we deduce that

p/2
E : ‘thatlﬂ»l‘

treD

E

< C,E (sup | Xt — Xolp) < C,E (sup | X — X0|p>

t,€D te(0,1]

< Gy [ M][5-
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An identical inequality holds for the sum of squares term involving Y. As
this bound is independent of the original partition choice of D, the proof is

complete. N

3.8. Possible extension to fractional Brownian motion

Instead of a semimartingale as our underlying signal X, we ask whether it
is possible to extend the results of this chapter to a Hoff process defined from a
fractional Brownian motion X* : [0,1] — R? with Hurst parameter H # 3. As
discussed in [65], such a model is desirable in mathematical finance; fractional
Brownian motion retains much of the simplicity of ordinary Brownian motion
(stationarity, continuity, Gaussian increments) but dispenses with independence
of increments. This last property allows for “mean-reversion” effects (that is,

negatively correlated increments) in the case of H < 1, and conversely allows

29

for “momentum effects” (positively correlated increments) when H > 1.

The case of H > 1. In this case X” has finite p-variation for all p > H~*
and zero quadratic variation almost surely ([81), Chapter IV]). Let X#-” denote
the Hoff process corresponding to a partition D € Dy . It is straightforward

to establish the convergence

‘dl/p_Hél;[()’]_] (XH’D,XH b XH) — 0 as |D| — 0,

1o

for all ¢ € [1,00). Since we can choose p € (H™',2) so that |p] = 1, the
universal limit theorem applies and we conclude that the limit of differential
equations driven by lead-lag paths converges to the corresponding differential

equation driven by X . Thus construction of the Hoff process is superfluous.
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The case of H < % For simplicity, let us assume that d = 1. Then for

D> 2,

= Z |tk+1 — tk|2H — OO
L1 treD

‘ teotk+1
tLeD

) teotk+1
treD

Lp/2
as |D| — 0. Thus the Burkholder-Davis-Gundy-based argument in the proof of

Proposition m, (which was used to bound the individual area triangles en-
closed by the Hoff path (X?* XP/)), cannot be generalised to the case where
the underlying signal is a fractional Brownian motion (at least when H < %)

This is the first obstacle we encounter when attempting to extend the conver-

gence results of Theorems |3.3.1| and |3.4.1] to this non-semimartingale setting.

Perhaps other techniques exploiting the properties of Gaussian rough paths are
needed (see [52, Chapter XV]), but the author is uncertain on whether such
an extension is even possible; recall that the quadratic variation of fractional

Brownian motion with Hurst index H < 3 is infinite [104] §2].



CHAPTER 4

Pathwise approximation of stochastic differential
equations

In this chapter we present the notion of approximating SDEs in a pathwise
sense. To do this we first define the Wasserstein metric from optimal transport
theory and introduce the idea of a coupling between two random variables. We
then discuss strong SDE approximations and how these schemes are limited in
their convergence rates by the results of Cameron and Clark [17] unless they
employ higher iterated integrals of Brownian motion. Next, we review previous
research on pathwise approximation and study schemes which do not require the
computationally expensive simulation of the Lévy area increments yet achieve
superior rates of convergence in the Wasserstein metric. In order to do this,
these papers impose strict Hormander conditions on the vector fields of the SDE
being approximated. We place particular emphasis on the recent work of Davie
133), 134] as we extend his arguments in Chapters [5| and [6] to construct our own
pathwise scheme using rough path theory. Importantly, by using rough path

theory our scheme does not require any Hormander or ellipticity assumptions.

4.1. Coupling and Wasserstein metrics

Before introducing the notion of pathwise approximation, we need to define
the Wasserstein metric from optimal transport theory. We present a brief primer

in this section. For more details we refer to Villani’s surveys in [114], 115].

75
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Since we only work with probability measures on Euclidean space through-
out the thesis, we restrict our study of the Wasserstein metric to the space of
probability measures on R¢, denoted by P(R?). The theory can be extended to
general Polish spaces.

Given p € [1,00) let P,(R?) C P(R?) denote the subspace of measures with

finite pth moment:

Puet) = {e PEY s [ lap utae) < oo}

Definition 4.1.1. Fiz p € [1,00) and let p be a metric on R:. Given p,v €

P,(RY), define the set of transport plans of pu to v by
M(p,v) = {®: R = R?| & measurable and ®,(p) = v}.
Here, ®,(u) denotes the pushforward measure of p under ®:
D, (1) (A) = p (@' (A)) for all Borel sets A C RY.

The pth Wasserstein distance on P,(R?) (using p) is defined as

(@1) Wy ) = (ot /p@@wfmwﬂw.

deM(pp) Jpa

Certainly we have W, (i, v) < W,(p,v) for all 1 < ¢ < p < oo. This is
analogous to the relation LY C LP for Lebesgue LP-spaces.

It can be shown that W, is a genuine metric on P,(R?) ([114, Theorem
7.3]). Moreover, the infimum is actually a minimum under mild regularity
conditions on the measures p, v (for instance, a sufficient condition is that one
of the measures is absolutely continuous with respect to Lebesgue measure).
The minimizing transport plan d is unique but it is difficult to explicitly find d
because M(p, V) possesses no convexity or linear structure in general. However,

in the case of d = 1 classical optimal transport theory reduces the Wasserstein
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distance to an elegant formulation. While we will not use this result in the
thesis, its inclusion may be useful for general orientation.

Proposition 4.1.2. [99] Theorem 3.1.2] Let F' and G be distribution functions
on R corresponding to probability measures p and v respectively. Suppose that

F is continuous with density f and use G=! to denote the generalised inverse

of G. Then for all p € [1,00),

W) = ([ oo F.a) @)

In particular, for each p the minimizing transport plan D e M(u,v) is given
by ® =G loF.
An equivalent definition of W, is as follows.

Proposition 4.1.3. [115, Theorem 9.4] Fiz p € [1,00) and let p,v € P,(R?)
with one of the measures being absolutely continuous with respect to Lebesque

measure. Then
W, (1) = inf {|o(X, V), : £(X) = i, L(Y) = v}

Specifically, the infimum is taken over all distributions of the R*-valued random

variables X and 'Y with marginal distributions p and v respectively.
This proposition inspires the following definition.

Definition 4.1.4 (Coupling). A pair of random variables (X,Y") with the cor-

rect marginals p, v is known as a coupling of the two probability measures.
Thus the Wasserstein distance is given by the LP-distance (equipped with

the metric p) between the optimal coupling. That is, if £(X) = u, L(Y) =v

then certainly W, (i, v) < |p(X,Y)|,.
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Remark 4.1.5. The topology induced by W, on P,(R?) is slightly stronger
than the weak topology; namely, convergence of a sequence {1,}5°; C P,(R?)
to a measure 1 € P,(RY) in W, is equivalent to weak convergence plus a uniform
bound on the pth moments of the measures {u,}>2; ([I15, Theorem 6.9]). In

symbols,

W, (fn, ) = 0 <= p,, — p weakly and sup /d 2" py(dz) < oo.
n JR
Remark 4.1.6. The metric W, originates from the Monge-Kantorovich mass
transportation problem, first introduced by Monge in 1781 [91], then rediscov-
ered many times in various forms since by Kantorovich [69], Lévy among others.
The first modern definition was given by the algebraic K-theorist Vaserstein in
his sole paper in probability theory [113]. Vaserstein, (anglicized as Wasser-
stein from the Cyrillic alphabet), used the letter I for the Wasserstein metric
in honour of Kantorovich’s original contribution of [69]. (Amusingly, by to-
tal coincidence Kantorovich’s work conversely used the letter W). Throughout

this chapter we have used W and Wasserstein, in agreement with the modern

literature. For more historical details we refer to [88, 115] and [34], §12].

We conclude the section with a useful lemma [114], Proposition 7.10]. Given
two measures u, v on R? with respective densities f, g with respect to Lebesgue

measure, we use the notation: |u —v|(z) :=|f(z) — g(x)|.

Lemma 4.1.7. Let i and v be two probability measures on RY. Forp € [1,00),

1/p
Witn) <270 [ ol dl i)}
]Rd

As mentioned in [34], this is quite a good bound for p = 1 but less good for
larger p. We will use this lemma extensively throughout Chapter [6]in order to

establish WW,-estimates.
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4.2. Pathwise approximation of stochastic differential equations
We consider the Stratonovich SDE
daey =V (xy) o dW (t) + Vo (x4) dt
(4.2) = i Vie (zy) 0 dWi(t) + Vo (zy) dt, x9 € RY, ¢t €]0,1].
k=1

Throughout this chapter we always assume that the vector fields satisfy the
standard non-explosive conditions stated in Remark so that a solution
to is well-defined. Given N € N, we split the unit interval [0, 1] into N
pieces [jh, (j + 1)h] where h := N~'. We will always write z;;, instead of the

cumbersome x ; .
N

Definition 4.2.1 (Strong approximation). An N-step approzimation scheme
of is an algorithm whose input is the initial point ry € R? and whose
output is a sequence of points T = {z; }é\le C R? that approzximates the solution
of (started at xo) at the timest € {jh : j =1,...,N}. We say T is a
(LP-)strong approximation scheme of order 6 > 0 if

=0 (N7Y).

(4.3) max |z, — x|
max [T, .

Example 4.2.2. Under standard assumptions (for example, the conditions of
Remark are sufficient), the standard N-step Euler and Milstein schemes
have strong errors of O(N~%2) and O(N~!) respectively. Let us introduce
notation for the Brownian and Lévy area increments as follows: given N € N

(and h = N1, we set

W = Wi(ih, ( + D)) = Wi((j + 1)h) — Wi(jh);
(4.4)

, 1 [U+DR _ ‘ o
AG =5 [ (W) dWite) = Wi, ) dWa(e)} = Au(Gh G + 1))
jh
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for j € {0,1,..., N — 1}. The Euler scheme {x J)} ', is given by

(4.5) 20 = xy and VY = 20 4 — Vo )+ ZW Vi (z

Similarly, recalling the differentiable vector field notation introduced in Section

2.10| the Milstein scheme {y}¥ is defined by y© := zy and

d
| N T
y(J+1) — y(J) + NVO (y(J)) + Z W, J)V Z A Vi, Vi ( )
k=1 1<k<I<d
(4.6) N % (W,ﬁj)wﬁ) _ % 5kl> Vivi ()

1<k,1<d

See [89), [90] for the original proofs of Maruyama and Milstein.

By the famous paper [17] of Cameron and Clark, to construct strong L*-
approximations of of order 6 > % requires the ability to generate iterated
integrals of Brownian motion. In fact Dickinson later proved that this restric-
tion holds for every N-dimensional linear functional of the Wiener process [37,
Proposition 17]. This latter work implies that wavelets and Fourier transforms
(which are themselves linear methods) cannot be used to escape the speed limit
of O(N~1/2).

In the case of d = 1 it is a trivial exercise to generate iterated Brownian
integrals but for d > 2, this task becomes a hard problem. In the case of d = 2
efficient algorithms based on Fourier expansions are available for generating
double integrals (that is, Lévy area increments AY)) but they involve a signif-
icant computational cost [53, 106, 117]. The general case of d > 2 is still
out of reach. The different coordinates of Lévy area are uncorrelated but not
independent (as we will prove in Lemma , which makes joint simulation

extremely difficult.
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With this obstacle as motivation, the papers [1, 2}, 3, 26, 31, 32, 33, 34,
36, 55, 56, [68] and [99] §I1.9], among many more, have studied N-step SDE
approximation schemes which do not require Lévy area increments, but achieve
an order of convergence greater than O(N~'/2). Instead of measuring the error
in the strong sense (using LP-norms), these papers use the Wasserstein metric
introduced in the previous section. In particular, one constructs a probabilis-
tic coupling between the SDE solution z and a scheme {xz;}}", such that the
error is measured in W, (using some particular metric p). It is important to
remember that since we are producing an approximation which is not neces-
sarily measurable with respect to the same filtration as the solution, the rate
of convergence is immune from the limit of O(N~'/2) imposed by the results of
Cameron, Clark and Dickinson.
We now formally define the notion of pathwise approximations after defin-
ing some additional notation. For a given N-step approximation scheme T =
{xj}j-vzl C R for , we can think of 7 as taking values in R%Y. We equip

the latter Euclidean space with the metric

— i i
(4.7) plr,y) = max o) =y,
where x = (21,...,2"), 27 € RY, with identical notation for y. This particular

metric is used because 1) can be written succinctly as ‘p({xjh}éy:h/x\)‘m =

O(N~Y%). Moreover, it possesses the nice property that the size p(z,0) of the
vector z = (c,...,c) € R, where ¢ € R, does not grow as N — oo.

Definition 4.2.3 (Pathwise approximation). Fiz p € [1,00), N € N and z, €
Re. Let puy denote the law of {xjh}j-v:l on RN where x is the solution of

started at xo. We say that the N-step scheme T = {x;}IL, is a (LP)-pathwise
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approzimation scheme of order 6 > 0 if its law vy satisfies:

inf / max_|z; — ®(z);|" pun(dz) = O (N~P).
R

deM(un,vN) JraN J=1,-. N

Equipping W, with the metric , we rewrite this compactly as:
Wp (/LN, VN) =0 (Nie) .

Remark 4.2.4. Unfortunately other parts of SDE and rough path theory use
the term pathwise approximation in the sense of an approximation holding
almost surely (for example, [92]). In contrast, we follow the precedence set by
the papers [1, 2, 33, [34] by using the term pathwise in the Wasserstein metric

sense.

As discussed in [34], §12], one could argue that a pathwise approximation
scheme (with an error measured by W,) is in fact equivalent to a standard strong
approximation. Indeed, suppose we have a scheme ¥ = {x; }é\le such that its
law py satisfies W, (un, va) = O(N7) for some p € [1,00). The Wasserstein
bound implies that on the same probability space as the SDE solution x, there

exists a R?"-valued random vector & = {Z;}}_, with law vy such that

(4.8) max |z, — || =0 (N7?).

j=1,....N o
When we implement the scheme and generate the points 7, we can regard the
process as generating z, which approximates the solution in a strong sense.
However, the important point is that we cannot describe the joint distribution
of (Z,x). They are highly non-independent in order for to hold for non-zero
. By simulating an individual solution trajectory in a Wasserstein sense W,
we have produced a random variable £ which is close to an actual realization
of a solution of the SDE (4.2). This is why we call such schemes pathwise

approximations.
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4.3. Previous pathwise research

In this section we review previous research into the pathwise approximation
of SDEs. As before, given N € N, the law of the SDE solution {z;,}}; on R
is denoted by px. We begin with a theorem of Kanagawa [68] which to the

author’s knowledge represents the first contribution to the area.

Theorem 4.3.1 (Kanagawa 1989). Fiz N € N and let {UD} )" € R? denote
a sequence of i.i.d. random vectors, each with mean zero and covariance matrix
N1, such that £ (UY)) € Pays(R?) for some s € (0,1]. Let TV be the terminal
point of the N-step Fuler scheme to the SDE with each Brownian
increment W) replaced with UY) . Then for each p € [1,2 + §) there exists a

constant Csp, > 0 such that

for all e > %

In the case of § = 1, Kanagawa’s scheme achieves a Wasserstein error of
O(N~57%) for arbitrary ¢ > 0. Note this scheme is only approximating the

terminal point of the SDE rather than the entire trajectory.

Alfonsi, Jourdain and Kohatsu-Higa. The authors’ first paper [2] con-
sidered the Euler scheme in d = ¢ = 1 and established a Wasserstein bound
under an ellipticity assumption. As in Definition [£.2.3] given N € N, uy de-
notes the law of {z;,}, on R,

Theorem 4.3.2 (AJK-H 2014). [2, Theorem 3.2] Let vy denote the law of the
N-step Euler scheme for the SDE for the case of d = q = 1. Suppose
Vo € C3(R,R) and Vi € CHR,R) is uniformly elliptic:

there exists ¢ > 0 such that for all z € R : Vi(2)* > c.
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Then for all p € [1,00) there exists a constant C, > 0 such that

C
Wp (IMN7UN) < Ng/g_a

for all e > 0.

Their proof relies upon the Lamperti transform [72] which cannot be ex-
tended to the case of d > 1 unless the vector field collection commutes. In
fact, their theorem cannot be generalised to non-elliptic SDEs in the case of

(d,q) = (1,2). We give the details of the counterexample sketched in [34], §11].

Example 4.3.3. Consider the following system describing Brownian motion

on the unit disc:
dry = xodW, dry = —x1dW, z(0)=(1,0)".

In this example the vector field is about as regular as possible without being
non-trivial; certainly V(x) = (z2, —x1)" is linear and satisfies the non-explosive
conditions of Remark [2.8.5 Setting S, := x(t)?+x(t)?, we find that S satisfies
the deterministic differential equation dS, = S, dt with Sy = 1, and so S; = €.
The N-step Euler scheme is given by xng) = xgj) + xgj)W(j) and xgjﬂ) =
29 — 2PDWO) where WO ~ N(0, N-1). Writing SO := (292 + (2§)2, it
follows that SUTD = S (1 + (W¥)2) and so

i

SWV) — (1 + (W(j))2) )

J

Il
=)

We claim that there exists a universal constant C; > 0 such that

o

(4.9) [Ve =[], = 7=
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Indeed, using the inequality ‘e“ — eb‘ = |fba e’ dx} > |la —b| for a,b > 0, and

the fact that |log(1 + z) — z| = O(?) for |z| < 3, we have

E (|e — S™[) > E (|1 - log (S™) ) = 1—Zlog (1+ zz>
> 1——222

where the {Z;}}L, are independent N(0,1) random Varlables Markov’s in-

Ll

2

)

equality and the central limit theorem guarantee that

N
E(le—S™M|) > VN 1—%22]?
J=1 L1

ZIP<\/N(%XN:Z]2—1) 21) +O (N2 = @ (1) >0,

and (4.9) follows. The Cauchy-Schwarz inequality then implies that

C
75 < le =800 =[e = o P] = (VE+ 1)) (v =[],

(4.10) < Ve — e . - [Ve+ [7]] .

O (N7Y%)

for all p € [2,00). Next, note that as N — oo,
N I\N
E ( (U (1+W0) ) HIE (1+W0) ):<1+N) — e,
and so there exists some constant C3 > 0 (independent of n) such that
(4.11) Ve +[2™M]| , < Vet |2, =Ve+/E(SM) < Cs.

Combining (4.10) and (4.11)) yields (4.9). As |z(1)]* = S; = e holds indepen-
dently of the driving Brownian motion, (4.9)) shows that the error of the Euler
approximation cannot be less than O(N~'/2) no matter what coupling is used.

Specifically, there exists a constant ¢ > 0 such that for all p € [2, 00),

<Ws (L£(z(1)),L (x(N))) <Ws (v, vn) < W, (v, i) -

2l
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On the other hand, since d = 1, Lévy area is absent and hence the Milstein
and (level 2) log-ODE schemes both give strong convergence errors of order
O(N~1). Moreover, recalling Remark the lack of Lévy area means the
level 1 and 2 log-ODE methods coincide.

In their follow-up paper [1] Alfonsi et al were able to extend their results
to the elliptic multidimensional case by using Malliavin calculus, albeit in a

weaker form of the Wasserstein metric [1, Theorem 2.1].

Theorem 4.3.4 (AJK-H 2015). Consider the SDE for the case of d =
q > 1 and let vy denote the law of the N-step Euler scheme on R . Assume
{(Vii_, € CER?,RY) and the collection V. = {Vi}{_, is uniformly elliptic:

there exists ¢ > 0 such that:

d
for all x € R? : Z Vi(z)Vi(z)" — ¢l is positive semidefinite.
k=1

Then for all p € [1,00) there exists a constant C, > 0 such that

_ 1p
R : L AP
Wy (v, vn) = = yeritl ) max, (/RN |j — U (z;)] duN(fff)>
Vieg N

<,

Certainly W\p(uN, vn) < W,(un,vn), which is analogous to the inequality:

Cruzeiro, Malliavin, Thalmaier. To describe the modified Milstein scheme
of Cruzeiro et al in [32], we first need to set up some extra notation. They also
consider the case of d = ¢ > 1 and assume the vectors fields {V}, }4_, are smooth

with the subset {V;}¢_, satisfying the ellipticity condition:

(4.12) for all # € R? the vectors {Vi(z),...,Vy(z)} form a basis of R?.
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Under this assumption, for a given vector field F' : R? — RY we use the notation
d

F(z) =Y (F.Vi), Vi(z)

k=1
to denote the change of basis. The N-step scheme z = {zj}é\’:l is defined
iteratively by z := zo € R?, then
1 2
1 =25+ Vo (%) + > Wi ()
k=1

1 ; ; 1
- Dy - A ,
ty 2 (W = o) (Vi () + Vi ) (Vi Vil Vi, )

for j € {0,1,..., N — 1}. We can see that the Lévy area term in the Milstein
scheme (4.6) has disappeared.

Theorem 4.3.5 (CMT 2004). [32] Theorem 2.1] Suppose the smooth vector
fields {V;, }¢_, along with their first three derivatives are bounded and assume the
ellipticity condition of holds. Let Ay be the law of the scheme z = {z; ;\/:1

on RN . Then there exists a constant C' > 0 such that

C
Wy (v, An) < N

The idea of the proof is to start with the usual Milstein scheme but perform
a change of basis of R? in terms of the vectors {Vi(z;)}1<k<a at each step.
In turn, this induces an orthogonal rotation of Brownian motion (whose law
is rotationally invariant) and this action eliminates the Lévy area term. If the
condition fails, the change of basis is not possible and so the proof cannot

be generalised to the degenerate vector field case.

Davie. In [34] Davie presents a similar variant of the Milstein scheme by
perturbing the increments by a Gaussian term so as to replace the Lévy area
increments. By carefully matching moments and using polynomial perturba-

tions results (similar to those contained in Chapter @, he is able to construct a
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pathwise scheme of order O(N 1) in the metric W, which does not require Lévy
area (see [34, Theorem 4]). However, his main theorem requires the assumption

that the vector field collection {V;}{_, satisfies the non-degeneracy condition:

(4.13)  for all z € R? the collection {Vi(x), [Vi, Vi]()},<pi<q sPans RY.

This is a very strong condition. It excludes the SDE which defined Lévy area
(see (5.3))) as well as every SDE in the case of d = ¢ = 2 whose coordinates
are not independent. It also does not cover the SDE defining circular Brownian
motion (Example[4.3.3)). As noted in [31], Remark 2], in this case (d, q) = (2,1)
and the rank of the associated Lie bracket is 1. The coupling construction in
this paper is interesting because it is local; that is, the couplings are between
increments for a single step, so that the pathwise scheme {Z; };VZI and the orig-
inal solution {z;,}_, are adapted to the same filtration. This makes the proof
of the global error of O(N~!) immediate from local errors of O(N~%/2) by using
[70, Theorem 10.6.3].

Remark 4.3.6. For completeness, we mention that [34] concludes with an ar-
gument showing the perturbed Milstein scheme has an error of order O(N~!) in
the metric 17\/\2 without placing any assumptions on the vector fields. The proof
follows the previous work of Kloeden, Platen and Wright in [71] by employing

a truncation of the Fourier series expansion of Lévy area.
Before presenting the second of Davie’s approximation schemes in the sub-

sequent paper [33], we use the next section to introduce the Komlés-Major-

Tusnddy (KMT) theorem.
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4.4. Komlés-Major-Tusnady theorem

The classical KMT result is a form of the simultaneous central limit theorem
using couplings.
Theorem 4.4.1 (Komlés-Major-Tusnady 1975). Suppose p is a probability
measure on R with mean zero, variance 1 and zero third moment. Assume
that o has finite exponential moments: E (ea|X‘) < oo for some a > 0, where
L(X) = p. Then there exists positive constants C, K and X (dependent on
a) such that the following holds: for every N € N, it is possible to construct
a sequence of i.i.d. random variables {X;}YN., with law p and a corresponding

sequence of i.i.d. N(0,1) variables {Y;}Y., such that for all x >0,

n

> (X Vi)

i=1

P(Ay > Clog N + z) < Ke™ where Ay := max
1<n<N

The exponential tail decay implies that for all p € [1,00), there exists a
constant C}, > 0 such that |Ay|;, < C,log N.

The original KMT theorem was later extended to vector random variables by
Einmahl [39] and then Zaitsev established the result for the case of non-identical
distributions which are uniformly non-degenerate in a series of papers [121]. For
approximating certain non-Gaussian distributions, Zaitsev’s extension obtains

the best possible rate of convergence [122, 123].

4.5. Pathwise approximation work of Davie

Following Zaitsev’s work, Davie proves his own variation of the KMT the-
orem which allows the underlying distributions to be random themselves. In
Chapter [6] we prove our own extension of Davie’s coupling argument so that

coupling holds in W, for p € [1, 00) rather than just p = 2.
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In [33] it is assumed for simplicity that there is no drift in the SDE (5.1]) and
so for this section only we also assume Vj = 0. As discussed earlier, the problem
with the Milstein scheme is that it requires the ability to generate the Lévy area
increments AY) defined in (4.4]). To combat this problem, Davie substitutes each
AU) with a suitable quadratic polynomial of Gaussian random variables denoted
by BY. The construction is such that AY) and BY share the same mean and
covariance structure along with the same underlying Brownian increment W),
To introduce BY) we must first closely examine the original Brownian Lévy
area increments. The following lemma gives a simple decomposition of AW
into parts dependent and independent of the corresponding Brownian increment
WG = W(jh,(j + 1)h).

Lemma 4.5.1. Foralll <k <l <d:
(414) A’({;jl) _ C}E;j)vvl(j) _ Cl(j)ngj) + }(]g)7

where the C,ij): k=1,...,d, K,g): 1 <k <l <d, are mutually uncorrelated

(but not independent), independent of W) and have mean zero. Moreover,

; 1 ; 1
Var(¢V)) = BN and Var(K9)) = BNE

PROOF. We suppose j = 0 for simplicity and begin by decomposing the A
increment into parts dependent and independent of the Brownian increment

W (h). To this end, following [34] §7] we can write
Wi(t) = B2 By (t/h) +th™Y2Z;, t € [0, h),

where By, ..., By are independent standard Brownian bridges on [0, 1] and Z;, =

h=Y2W,,(h) are independent N (0, 1) random variables (which are independent
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of the B;). Also write By(t) =t and set

o [ [ [ B a0

for an index o = (jy,..., ;) € {0,1...,d}". For such an index it can be shown
that (see [34] §7])

h 7] to
= /0 /0 /O AW, (tr) ... dWj,(t) = hUt @2 Ny T 2,

B=(i1,...,7) g <ji

where the sum is over all 5 = (iy,...,4) such that for each k € {1,...,l}
we have either i, = ji or i, = 0 < j. Here we have used l(«) and n(«a) to
denote the length and number of zero entries of a respectively. Noting the
antisymmetry Ky = —Kj;, for 0 < k < [, it follows that

1
— (g — I21) = h (K022 — Koo Zy + Ki2),

A(O) _
12 2

where

1 1
K12 = / Bl(t) dBQ(t) and KjO = / Bj<t> dt fOI'j c {1,2} .
0 0

Thus CJ( = hl/QK for j = 1,2, and K9 := hK1, gives the claimed decom-
position. The variances follow from It6’s isometry. For the calculations we refer

to Lemma 7 of [34]. O

The fact that for fixed j, the increments (¥) and KU) are not indepen-
dent makes them (and consequently AY)) very difficult to simulate numerically.
A natural solution would be to approximate these two variables with normal
random variables 29, AU) with the correct mean and moments, to produce
a Gaussian approximation BY) for AY). Since uncorrelated Gaussian random
variables are necessarily independent, simulation is much easier. This is pre-

cisely what Davie proposes in [33]; define the following independent normal
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random variables

. 1 . 1
(J) ~ () ~
W N <0, Nld), z N (0, 12Nfd>’

. 4 1
A = (N )1<her<a ~ N<0 o2l 1>)

for each j € {0,1,..., N — 1}. Then set {BY},<,c<q to be quadratic polyno-

mial

(4.15) BY — 0w 00 4 )0

Davie’s N-step scheme & = {#)} Y is defined as the Milstein scheme (4.6)) but
7=0

with the AY) increments replaced with the BY). To be explicit: #(© := z, and

FU+H) . — 70D 4 Z BYV, ))
1<k<i<d
1 oGl .
(4.16) +5 D (W,ﬁ”W}”—Nakl) ViVi (29) .
1<k,i<d

Under a non-degeneracy condition on the vector fields {V;}¢_,, [33, Theo-
rem 1] establishes the following coupling error under the weaker metric )7\/\2 of
W (as defined in Theorem 4.3.4]). To formulate the non-degeneracy condition,

for each z € RY, we define the linear mapping L, : R? @ [R¢, RY] — R? by
d

L.(r,s) = Zrka(x) + Z sk Vi, Vil ()

k=1 1<k<i<d

for r = (ry) € R? and s = (sy;) € [RY,RY. As Davie writes, the assumption
on the vector fields can be thought of as a strengthened Hormander condition
with uniformity in x. While still restrictive, in contrast to and (| -
this condition is satisfied by the SDEs defining Lévy area and circular Brownian

motion.

Theorem 4.5.2 (Davie 2014). Suppose the first and second derivatives of

{Vi}¢_, are bounded and that there exist constants 6 > 0 and K > 0 such
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that for each x € R4, the image under L, of the unit ball in R @ [RY, RY] con-
tains the ball of radius 6(1 + |z|)™® in R?. Denote the law of on RN by

An. Then there exists a constant Csx > 0 such that

—~ C
Wy (v, An) < %-

The proof is an adaptation of Zaitsev’s series of papers [121] concerning
an extension of the Komlés-Major-Tusnady theorem (Theorem [4.4.1]) to ran-
dom distributions. Indeed, Davie construct an explicit coupling to establish the
Wasserstein error by coupling the scheme (4.16)) with the true solution {.Ijh}jy:l
using the same dyadic argument of Zaitsev. However, in contrast to Zaitsev,
the coupling is performed conditionally on the Brownian increments W) of
the driving Brownian motion W of . This means the distribution of the
increments AY) and BY are themselves random and matters are complicated
by the fact that the coupling procedure does not guarantee the Brownian in-
crements W@ ~ N(0, N~'1;) composing each BY) are necessarily equal to the
W) used to define AY). When we adapt Davie’s construction in Chapter @ we
take great pains to ensure that W@ = W) for all j, (the reason for this will
be made clear in Section when we introduce piecewise abelian rough paths).

Davie recursively constructs the conditional coupling by using Lemma {4.1.7]
along with a version of a central limit theorem concerning polynomial perturba-
tions of Gaussian distributions. We do not repeat the latter limit result since we
prove an extension of the original [33] Lemma 4] from quartics to higher order
polynomials in Lemma [6.3.1} For now we do not discuss the proof further; the
entire Chapter [f] can be viewed as a modification of Davie’s original coupling

construction using the polynomial perturbation result of [35] Proposition 1].






CHAPTER 5

Pathwise approximation by coupling piecewise abelian
rough paths

In this chapter we present a new pathwise approximation scheme for the

SDE considered in the previous chapter:

drey =V (zy) o dW (t) + Vo (x4) dt

(5.1) = Vi(w) o dWi(t) + Vo (w) dt, o €R?, t€[0,1].

k=1
Importantly, our scheme does not require the generation of Lévy area but ex-
hibits a Wasserstein convergence rate which is superior to the N-step Euler
scheme’s strong error rate of O(N _%). Moreover, by using rough path theory
we avoid imposing any non-degenerate Hormander or ellipticity assumptions on
the vector fields of the SDE. This is in contrast to the previously considered
research in [II, 2], 32], B3], 34]. Our scheme is based on the log-ODE method of
Section [2.10| with the Lévy area increments replaced by Gaussian approxima-
tions such that the covariance structure is maintained. The actual Wasserstein
coupling construction is postponed to Chapter [0] in which we extend the ar-
guments of Davie in [33], 35]. The results presented here are taken from the
preprint [42].

Since we are using rough path theory, throughout the chapter we make
the standard assumption that V; € Lip” and V = {V,}¢{_, C Lip” for some

constants § > 1 and v > 2 so that Theorem guarantees the existence of
95
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a unique solution to almost surely. In addition, we always assume that
the vector fields satisfy the standard non-explosive conditions stated in Remark
[2.8.5] As in the previous chapter, given N € N, we reserve the notation py for

the probability measure on RV given by the law of the solution z to the SDE
(5.1) at the points {z;,}, C R

5.1. New scheme and main theorem

In this section we introduce our approximation scheme for (5.1]). Recalling
the definition (4.15) in Section , we set {BY} <ro<q to be the quadratic

polynomials:
Bg) — Zlij)ﬁ/l(j) _ Zl(j)Wk(j) + )\5631')7
where we have the independent Gaussian random variables:

= 1 _ 1 A 1
T (0.5 ) o~ N (0 ) A0~ (055 )

Definition 5.1.1 (New pathwise approximation scheme). Given N € N, the

NN

scheme {x}' }5_ is defined iteratively by zl == and

d
1 - . .
(5.2) oy = exp (NVO + ; WOV, + Z B, w]) (=)

1<k<i<d
for j€{0,1,... N —1}. Let vy denote the law of {x}}}L, on RV,
We now state the main result of the chapter.
Theorem 5.1.2. Fiz p € [1,00), § > 1 and v > 2. Suppose V; € Lip?(RY),
V = {Vi}i_, C Lip"(R?) and fix X > [[Vollpipe V IV Iy~ Then there exists a

constant Cg xp > 0 such that
Cpa

for all e > 0.
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We construct an explicit coupling in order to prove Theorem [5.1.2] Impor-
tantly, the coupling of py, vy uses the same underlying Brownian motion W to
produce the solution x and define the Brownian increments {W ) j-V:_Ol needed
to define z; that is, W) = W for all 7.

The actual coupling construction is postponed to the next chapter (The-
orem as its arguments are non-trivial and require extensions of recent
results contained in [33), B5] concerning polynomial perturbations of Gauss-
ian distributions and central limit theorems. For now, we discuss Theorem
[b.1.2] and dedicate the remaining sections of the chapter to its proof under the
assumption that Theorem holds.

Remark 5.1.3. Theorem implies that if the vector fields are sufficiently
regular (that is, 7 > 4) then the scheme performs better than the O(N~1/2)
strong convergence rate of the Euler scheme. In particular, if the vector fields
have Stein-Lipschitz regularity of arbitrary order then by setting v > g for
e > 0, we have W, (uy,vy) = O(N ).

One may ask whether the Wasserstein convergence rate of Theorem [5.1.2]is

tight. We have the following upper bound on the performance.

Proposition 5.1.4. Consider the SDE defining Lévy area in d = 2:
1
(53) d[L‘l = dWl, dl’g = dWQ, dl’g = 5([['1 dWQ — X2 dWl), l’(O) =0e€ RS.

Let pun, vy be the corresponding measures on R¥YN = R3N . Then there erists a

constant ¢ > 0 such that

log N

Wl(,LLN,VN)ZC N

PRrOOF. For this SDE the schemes of Davie and Definition coincide (de-

noted by {Z}'}71, and {z} }}_, respectively). It was established in [33} Example
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1] that there exists a constant ¢ > 0 such that for every N € N and any coupling

between the random variables {Z}}/L, and {z(jh)}}.,, we have

log N 1
~N .
P (s 57 -] 25T ) =

Applying Markov’s inequality finishes the proof. U

Note that the vector fields of (5.3) have arbitrary Lipschitz regularity. We
conclude that in the case of Lévy area, the coupling used in Theorem [5.1.2
is almost optimal up to a logarithmic factor: for all p € [1,00), there exist

constants 0 < ¢ < C), for which

C
SWI(MN7VN)SWP<MN7VN>S L

where € > 0 is arbitrary.

Remark 5.1.5. We can view Davie’s original scheme (for the case of
Vo = 0) as an O(N 1) Taylor approximation to the ODEs within the scheme
of Definition Consequently, if vector fields V' = {V;}4_, possess Stein-
Lipschitz regularity of arbitrarily high order, Theorem [5.1.2]implies that Davie’s
scheme achieves a Wasserstein convergence rate of O(N~'"¢) for € > 0. In the
final remarks of [33] Davie conjectured that it might be possible to remove
the non-degeneracy condition of Theorem [4.5.2] yet have his scheme maintain
an error of order O(N™'). In a sense, this corollary of Theorem is a
partial answer to this conjecture; we make no assumptions on the ellipticity or
non-degeneracy on the vector field collection but achieve a rate of convergence

which is arbitrarily close to O(N~!). Moreover, we use the Wasserstein metric

W, rather than the weaker version ﬁ/\p defined in Theorem m
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5.2. Kantorovich-Rubinstein duality formula

An elegant feature of the particular Wasserstein metric W; is its primal

representation via functionals ([I115, Theorem 5.10 and Remark 5.16]).

Theorem 5.2.1 (Kantorovich-Rubinstein duality formula). Let X,Y be ran-

dom wvariables with respective laws p,v € P1(RY). Then

Wi (p,v) = sup E(0(X) —¢(Y)),

$eC(RER)
Lip(y)<1
where
. xr) —
Lin() i sup £2) = V)
zHy |ac - y|

denotes the Lipschitz constant of 1 in the classical (not Stein) sense.

This classical theorem of optimal transport theory shows how the metric W,
can be used to establish weak approximation rates for schemes. Indeed, com-
bining Theorem with the Kantorovich-Rubinstein duality formula gives

the following.

Corollary 5.2.2. Fiz 3 > 1 and v > 2. Suppose Vy € Lip®, V. = {W}{_, C

Lip” and fir A > [[Vopip6 V [V ||y Then there exists a constant Cg 5 > 0

such that
N N Cﬁmx\
sup  |E (¢ ({zn}i2h)) —E (¥ (2V))| £ 5=
peC (RN R) N>
Lip(y)<1
for all e > 0.

Our scheme does not demand any (algebraic) ellipticity conditions on the
vector fields, only sufficient (analytic) Stein-Lipschitz regularity. This is in

contrast to the weak approximation schemes considered in [1l, [2, [57].
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In the context of option pricing, we can interpret Theorem[5.2.1|as a measure
of the performance of a given scheme for approximating the expectation of
certain exotic Asian options instead of just the terminal value of the path (that
is, European options). For example, in the case of ¢ = 1 we could consider the

discrete Asian option payoff function:

N
1
0 ({xjh}j\’:l) = max {0, N ijh - K} for some strike K > 0.
j=1

Then Corollary implies that our scheme exhibits a weak approximation

error of order O(N~1*+2/7) for the payoff 1.

Remark 5.2.3. As an aside, we note that if we wanted to approximate E (¢(x1))
for some ¢ € Cp°(R?, R) then the algorithm of Ninomiya and Victoir [94] does
not require Lévy area increments but it possesses an error of O(N~2). In com-
mon with our scheme, theirs is also a sequential ODE-based scheme which,

given N € N solves a series of N ODEs to produce a point Z}¥ satisfying:

(5:4) |E (o(z1)) — E (¢(@1))]| = O(N7?).

This is at least a whole order better than the best possible rate of our scheme.
In fact, the proof of views the log-ODE as a random walk, corresponding
to our notion of a piecewise abelian rough path (to be introduced in Section
51).

Note that in general, the standard Euler and Milstein schemes have a weak
approximation error of O(N~1) for European payoffs . Indeed, by the work
of Talay and Tubaro [112, Theorem 1], this is the case for when V; and V' are
non-zero, smooth vector fields with bounded derivatives of all orders and the
payoff ¢ € C*°(R?, R), together with all its derivatives, has polynomial growth.

We stress that our scheme was designed for pathwise approximation in that
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its output is meant to approximate an actual realization of the solution path

rather than the expectation of a given functional.

5.3. Overview of the proof

Before going into specific details, we use this section to provide a brief sketch
of how the components of the proof of Theorem [5.1.2] go together.

In common with the algorithm of [94], our scheme {z}'}L, is based on
the level-2 method of the log-ODE method from rough path theory. Recalling
Section [2.10] the latter scheme also consists of solving a sequence of ODEs to
produce a set of points {zW}; C R?. In particular, z(©) := x4 and

d
(5:5) 2l = exp (NVO +3 W+ S AEJZ)M,W}) («)
k=1

1<k<i<d
for j € {0,1,...,N — 1}. This algorithm requires the ability to generate Lévy

area increments AY) € [RY, RY. For our new scheme {z¥

;=1 we replace these
increments with the Gaussian random variables BY) of (4.15)). Recalling Theo-
rem [2.8.4] the theory of rough paths allows us to rewrite the original SDE ({5.1))

as the solution of the following RDE with drift:
d&?t =V ($t> th + ‘/0 (.7315) dt,

Here W € C([0, 1], G®(R?)) is the enhanced Brownian rough path (Definition
2.8.1). It turns out that the schemes {#V}¥, and {2}, can also be written
as solutions of two RDEs with drift terms. To be precise; 29 = y;;, and

2U) = zj), for all j, where y, z € C([0, 1], R?) solve the RDEs:

dy, =V (y) AW + Vo (y,) dt,  yo = o,

dzy =V () dX? + Vo (z) dt, 2y = xo.
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Here, W" and X" are members of a special class of rough paths which we call
piecewise abelian. The notion of piecewise abelian rough paths can be thought
of as the natural non-commutative (that is, group-valued) analogue of piecewise
linear approximations of paths with values in the abelian group G = R¢,
Both W and X" share the same first level given by the standard N-step
piecewise linear approximation W" of the Brownian motion W (recall W) =
W), Hence W and X" can be interpreted as two different 2-rough path lifts
of the same underlying path W". Their difference at level 2 is given by the

continuous interpolations of the two discrete random walks composed of the

increments AY) and BY) respectively:

[y

o (ngrh _ Xgﬂ) — (A(j) _ B(J’)) _

J

Il
=)

Theorem [6.2.1| constructs a probabilistic coupling of the two random walks
(conditional on the underlying Brownian increments {W(j)}jy:f)l of Wh) and
this induces a coupling of W" and X" in the space GQ,(R?) of geometric p-
rough paths, where p € [2,3). Using the Lipschitz-continuity of the It6 map
= of rough path theory in the inhomogeneous p-variation metric (Proposition
, this action induces a further coupling of the RDE solutions y and z in
C([0,1],R?). The situation can be described by the following diagram (Figure

5.1]), where dashed arrows represent couplings.

The previous pathwise approximation research studied in the last chapter
coupled the SDE solution and the approximation scheme directly (that is, on
R?Y). On the other hand, we perform the initial coupling at the input side of
the Itdo map = and so our construction is completely independent of the vector

fields of the original SDE ([5.1)) being approximated. The vector fields are only
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RS —— 8. (). v {1,
AN : | | g
| wh | | | |
v G :V ' B '
(B} X" S (X7) ¢ 2 [}

S,{ . =
R G U o, ) < E 0(0,1) R e

~N

(Rd)xN

F1GURE 5.1. The induced couplings

relevant once we push the coupling through the It6 map and therefore we do
not need to impose any non-degeneracy conditions on the vector field collection
{Vi.}¢_,. The Lipschitz estimates for RDEs are important because they enforce
the Wasserstein error at the output to have the same order of convergence as

the original coupling of the (lifted) rough paths at the input side of =.

Remark 5.3.1. Other papers exploiting the separation of the input and out-
put of SDE flows provided by the Ito6 map = of rough path theory include the
e-strong SDE simulation paper [12] by Blanchet, Chen and Dong and the SDE
quantization paper of [95] by Pages and Sellami. By using = instead of the clas-
sical Lamperti transform, these papers are able to generalise previous results
in d = 1 to greater dimensions including non-commutative vector field collec-
tions. Another example of a paper exploiting = is [102] by Riedel, where he
establishes connections between Gaussian rough paths and transportation-cost

inequalities from optimal transport theory.
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The remainder of the chapter is devoted to the proof of Theorem [5.1.2]
whilst the proof of the initial coupling of the increments {49} and {BU)} is,

as mentioned, postponed to the next chapter (Theorem [6.2.1]).

5.4. Piecewise abelian rough paths

In this section we introduce the notion of piecewise abelian rough paths.
Such a class of rough paths allows us to recast the log-ODE technique intro-
duced in Section from the perspective of rough path theory; namely, as
the solutions of rough differential equations driven by piecewise abelian rough
paths. As before, given N € N, the unit interval [0, 1] is partitioned into inter-
vals [jh, (j + 1)h] of equal length h = N~1. First we define a piecewise abelian

rough path.

Definition 5.4.1. We call a p-rough path X € C ([0, 1], G\PD(R?)) a piecewise

abelian p-rough path if the identity
(56) X517t1 ® st,tz = X82,t2 ® X517t1

holds for all pairs (s1,t1), (S2,t2) € Apjn i+ and each j € {0,1,..., N —1}.
In the case of |p| = 1, the definition is trivial since the group GV(R?) = R?
is abelian. However, suppose we have a bounded variation path X : [0, 1] — R?

such that its level-2 enhancement X := S5(X) is a piecewise abelian 2-rough

path. Then implies that
0= [Xjnw Xugron] = [Xinw Xjnu + Xugron] = [Xinw Xjngron]

and so for every t € [jh, (j4+1)h], X;n and X, (j41)s are parallel vectors. Since
both vectors start from X, we conclude that X is piecewise linear over the

increment [jh, (j + 1)h]. Due to this observation, heuristically we can think of
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piecewise abelian rough paths as the natural non-commutative (that is group-

valued), equivalent of piecewise linear paths in R%.

Log-ODE revisited with piecewise abelian rough paths. We now
return to our original task of rewriting the log-ODE method in terms of this
new class of rough paths. Recalling Theorem , the original SDE can
be rewritten as the RDE with drift

(57) dl‘t =V (l't) th + ‘/0 (l't) dt, To € Rq,

where W € O ([0, 1], GPD(R?)), p € (2,3), denotes enhanced Brownian
motion. From this perspective, the underlying idea of the log-ODE method is
to approximate solutions of the SDE/RDE by replacing W with its
much simpler N-step piecewise abelian approximation W”. This is analogous

to replacing W with the piecewise interpolation W" of Brownian motion in the

Wong-Zakai theorem (Theorem [2.8.6)).

Definition 5.4.2. Define Wh € CP([0, 1], G®(R?)) to be the piecewise abelian
rough path given iteratively by Wi := 1, then

t— jh

W&:ﬂWm®wm< WO,tEUhU+D%

where

d
D=3 W+ Y ADler,e] € R @ [RYRY = g@ (RY).
k=1

— 1<k<i<d
Chen’s theorem and the identity W/, = (W?hﬁ)fl ® Wj:h,t give
W?t = exp, ((t — s)g(j)) for all (s,t) € Apjn,j+1)n]-

Then the Baker-Campbell-Hausdorff formula (Theorem |A.1.1)) confirms that

W" actually is a piecewise abelian rough path.
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Remark 5.4.3. One can also think of W”" as the N-step random walk in the
2-step nilpotent Lie group G® (R?) with i.i.d. increments exp,(¢V)) € G (R?)
(see [14, [96]). Here the corresponding increments ¢V) live in the 2-nilpotent Lie
algebra g® (R?). Previous research has studied this random walk interpretation
of what we have called piecewise abelian rough paths. In [15] Breuillard, Friz
and Huesmann used the central limit theorem in nilpotent Lie groups to prove
a Donsker-type weak limit theorem for similar random walks converging to

enhanced Brownian motion in a particular rough path Holder topology.

The rough path W” is certainly a 2-geometric rough path (take the standard
piecewise linear approximation of W and add helical paths of decreasing radius
mapping out the correct areas). On the other hand, note that W" is (almost
surely) not the canonical lift of an actual path in R? that is, W # Sy(Y)
for some continuous stochastic process Y : [0,1] — R? Indeed if otherwise,
Y would enclose non-zero area over each increment yet be piecewise linear,
which is a contradiction. Given an increment ¢© € G®(R?), the interesting
isoperimetry problem of finding a helical path v € C' ([0, 1], Rd) with minimal
length such that Sy(7) = £© is known as reconstruction (see [7), §5] and [82]).

Having defined W”, we now reformulate the log-ODE method in terms of a

rough differential equation via the central RDE perturbation result of Theorem
2.6.8

Proposition 5.4.4. Fiz > 1 and v > 2. Lety € C([0,1],RY) be the solution
of the RDE with drift

(58) dyt =V (yt) dw? + ‘/0 (yt) dta Yo = o € IRq7
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where Vy € Lip® and V = {Vi}{_, C Lip". Moreover, let i" € C([0,1],R%)
denote the entire path of the approximation produced by the log-ODE method
given by . Then y and " coincide at all times: v, = T for all t € [0,1].

PROOF. First set X € WGQ,(R?) to be the rough path lift of the standard
piecewise linear approximation of W: X;, := S (Wh)s ,» and define the piece-

wise linear path ¢ € C1v2([0, 1], [R?, RY]) by

t—jh

Oing = S ADlew el te[jh (i + 1)),

1<k<i<d

Note that ¢ takes its values in the centre Z()(R?) = [R¢, R9] of the Lie algebra

g@(R?). Then the perturbed rough path X¥ € WG, (R?) is given by
X7, = exp, (log (Xgp) 4 @st) = expy (log (Sg(Wh)s,t) + gos,t) = Wgt.

Next, consider the RDE with drift

(5.9) dzy =V (2) dXy + Vo (2¢) dt + U (z) depy, 20 = o,

where

Ulz) dpr =) [Vis VIl (20) (€} @ €] dpi)

1<k,l<d

= > Vi Vil(z) (s @€ — €] @ e}, dgy)
1<k<I<d

= Y Vi Vil (z) ([ef ef], dipy)
1<k<I<d

Since X = Sy(W"), the RDE (5.9) can be rewritten as the ODE

dzy =V (%) thh + Vo (z) dt + U (2) dpy, 2 = .
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Moreover, as W" and ¢ are piecewise linear we can explicitly write the solution

as

t
2 = Zjn + / {V(2) AW} + Vi(z,) ds + U(zs) dps }
ih

1 (K .
:ijﬁ/h{z_:w,g”vﬁer > A,S,’[vk,vl]}(zs)ds

1<k<I<d

:exp<t_9h{ZW”vk+hvo > APV })(zjh),

1<k<i<d

forallt € [jh, (j+1)h]. In other words, z is precisely the log-ODE method given
by (2.12)). However, the central perturbation result of Theorem m guarantees

that z coincides precisely with the RDE (j5.8)). The proof is complete. U

Remark 5.4.5. To prove the weaker statement:
yin = il =V forall j € {1,..., N},

a more intuitive proof would be to compare the stochastic Taylor expansions
of y;n, and ). One finds that the expansions agree at each time t € { jh}?{:1
for every order, hence the approximations must coincide. For more details, see

[46], Theorem 2| and [51].

We can also consider the rough path lift of W” to level x > 2:
S.(Wh) € P ([0, 1], G (R?)).

This multiplicative functional is the unique lift of W" in the sense that the
p-variation of S.(W") is equal, (up to multiplicative constants), to that of
W". Indeed, by the Lipschitz-continuity of the lift operator (Theorem :

given p € [2,3) there exists a constant Cy, > 0 such that ||Wth-var~[o g =

| S (WH) || < Crop |[WH] But what is S,(W") precisely? To

p-var;[0,1] p-var;[0,1]°
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answer this we embed the increments
0 =W 4 A0 ¢ RY g [RY, RY = gP(RY)
as increments g(j) in the larger free k-step nilpotent Lie algebra g (R%). Then
we can define a piecewise abelian s-rough path Z" € C([0, 1], G*(R?)) by
Zh =1 and
h h t— jh/\(j) . .
Loy = Ly jp, @ €xpy Tf , teljh,(j+1)h].
Lemma 5.4.6. We have S,(W") = Z".

PROOF. To prove this, first note that the first two levels of W" and Z" agree:
To2(Zl, — WE,) =0 for all (s, t) € Ay

Moreover, by its construction Z" is certainly a multiplicative functional. By the
rough path extension theorem of [79, Theorem 3.7] it remains to show that the
p-variation of the higher tensor level increments of Z" are controlled by that of
W". By Chen’s theorem, it suffices to consider the p-variation over the single
interval [0, h]. Exploiting the piecewise geodesic nature of W" and Z", we know
from the equivalence given by that there exists constants C; = C;(k) > 0,

(1 =1,2), such that

19" gy = 1€l < Co (WO v /14O e

- a0, - caliz)

p-var;[0,h]
Here, the Carnot-Carathéodory norms are taken over G®(R9) and G (R?) in

the first and second lines respectively. We conclude that S, (W") = Z". O

Remark 5.4.7. Our interest in the enhancement S, (W") comes from the fol-

lowing observation that will become critical in the proof of our main result: if

we replace the driving rough path W” by S, (W") in the RDE (/5.8]), the solution
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of Proposition remains the same. Strictly speaking, we must assume the
stronger Stein-Lipschitz condition: V = {V,.}¢_, C Lip” for v > k > 2 in order
for the new RDE to remain well-defined.

To see this directly, we note that by their construction the log-signatures of

W" and S, (W") coincide over each increment [jh, (j + 1)h]:

10g (S (W) jn,41yn) = log (Wi, 1)) -

Therefore, by the central perturbation result of Theorem [2.6.8 we conclude
that RDEs driven by S.(W") are precisely the same as that driven by the
original W”. An important consequence of this is that the log-ODE technique
produces the same approximation points whether we use W" or S.(W") to
drive the RDE in Proposition [5.4.4] One can see that this phenomenon holds

for arbitrary rough paths and their corresponding lifts.

5.5. Coupling piecewise abelian rough paths

In practice it is difficult to drive RDEs with the piecewise abelian rough
path W" because we must be able to generate Lévy area increments AY). As
mentioned previously, if d > 2 then the task of accurately generating these
increments is an open problem while if d = 2 then the existing Fourier expansion
techniques are computationally expensive. Following Davie’s scheme introduced
in Section , we propose another piecewise abelian 2-rough path X" which
substitutes each AY) with the BY) defined in (4.15).

Definition 5.5.1. In the same fashion as the construction of W" in Definition

we define X" € C ([0,1], GP(R?)) to be the piecewise abelian, geometric
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2-rough path given by Xk := 1 and

t—jh .
X = X0 jn ® expy ( h ?7(”) .t € [jh, (G + 1A,

where the increments N9 € g (RY) are defined as:

]) _ZW ex + Z €k,€l

1<k<i<d
As with W we may consider the x-lift S.(X") of X" and, as before, RDEs
driven by X" and S, (X") coincide (assuming v > k). Moreover, again using
Theorem 2 of [46] we can prove that the approximation scheme {z} }} given

by (5.2)) coincides with the solution of the following RDE with drift:
dzy =V (2) dXF + Vo (z) dt, 2z =z € R

Importantly, z;, = =} for j € {1,...,N}.

The coupling of (AY)) and (BY) conditional on (W) provided by Theorem
6.2.1/in the next chapter automatically induces a coupling between W" and X",
Of critical importance is that fact that this coupling uses the same underlying
Brownian increments W) for both W” and X". As we will see, this significantly
reduces the algebraic complexity when considering the lifted rough paths via
the Baker-Campbell-Hausdorff formula and allows us to establish useful Holder
estimates for the lifted rough paths in Section [5.6|

We use the remainder of this section to study how well this coupling performs
in the topology of the rough path Holder metric. Since we are interested in
numerically approximating SDEs using these rough paths, we need to employ
the useful RDE Lipschitz estimates of [11], 18], [47] in the form of Proposition
2.9.20 The latter estimate uses the the inhomogeneous 1/p-Holder rough path

metric and so this is the metric we work with.
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Establishing Holder bounds. Next, we focus on establishing Hoélder
bounds for our original coupling of W” and X" provided by Theorem [6.2.1}

First, it can be shown that the common first level satisfies

|1 ( W’;t) =C, |t —s|"* forall r € [1,00)

‘7’(’1 Xh ‘Wh

and by scaling the second levels satisfy

172 (W72 ) ] gy

+|llmz (x%,)

H(Rd)®2 Ir < CT |t - 5| .

Thus the standard Kolmogorov regularity result of [52 Theorem A.12] implies

that for all a € [0, 1),

< (.

L —

|po¢—H61;[0,1] (Wh)

Lr + |Pa—H61;[0,1] (Xh)
We now consider the Holder distance between W" and X", Just by scaling,

‘HW? (W?,t - Xiﬂt) - BU))

o],

(R4)®2
<Cilt—s|h'h=C, |t — s

LT

for all (s,t) € Apjn,j+1)n- Recall the first levels of W" and X" agree:
T (Wi gann) = W = WO =y (X, 5 0n) -

Thus the Baker-Campbell-Hausdorff formula reduces the second level difference

to the coupling error of the two [R?, R%-valued random walks:

ro—1

. . 1 . . ~ N~
W = K = D (AD = BI) 5 57 (WO, W)= WO, 0]
j=r1 rr<i<j<ra

ro—1

_ Z A(] B(]

Jj=r

Thus for larger increments |t — s| > N1, the coupling of Theorem ensures

that for all r € [1,00), there exists a constant C,. > 0 such that

ro—1
, , log N
th (Wgt X?t) 0<T1r23§]\, L Z (A(j) _B(])) < C N
J=r1 r
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We summarise the situation with the next lemma.

Lemma 5.5.2. For all r € [1,00) there exists a constant C, > 0 such that

o
LT

In turn, these estimates quickly establish a corresponding Holder bound.

log N

‘H@ (W5, — X,)

gy

At — s|) for all (s,t) € A,

Proposition 5.5.3. For allr € [1,00) there exists a constant C, > 0 such that

for all a € [0, %) we have

log N 1=
o ()

PROOF. Since W" and X" share a common first level,

h h
“WQ(VVSJ __ngt

‘pa—Hél;[O,l] (Wh, Xh)

M geyes

Pa-Ha1;[0,1] (Whvxh) - p((f-)Hijl;[O,l] (Wh7Xh) -

0<s<t<1 It — s[**

Lemma guarantees that for every 6 € [0, 1],

log N log N\ '™° ;
< _ < _ .
<G ( ~ At s|) <C, ( ~ ) |t — s|

1—9b9

‘H@ (W’;t - X’;t) H

Here, we have used the inequality a A D < a for a,b > 0. Appealing to the
Kolomogorov result for rough paths of [52, Theorem A.14], we arrive at the

claim. O

It may seem that for our approximation X" of W" to be of any use in
RDE Lipschitz estimates, we need the previous quantity (%)1*9 to be less
than O(N~Y/2). Otherwise we might as well have used the level-1 log-ODE
method which has order O(N~'/2) and neither needs Lévy area increments (in
common with X"). However this requires § < %, which in turn demands that
a € [0, 7). Unfortunately for v < 1, pa-mai(+) is no longer a rough path metric

for 2-rough paths. Therefore to make the Holder bound of Proposition [5.5.3

useful at all we would need to not only compute but control the p-variation,
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(where p = o™ > 4), of at least the first 4 levels of the lifts S, (W") and S, (X"),

(k > 4), and the corresponding difference at each tensor level:

ma
k=2,...,k

Hﬂ'k (Sn<wh)s,t - Sn(Xh)s,t) H(Rd)@’k

L

This is precisely what we will establish in the next section. Importantly, we
know from the discussion in Remark that lifting the piecewise abelian
rough paths W", X" does not change the RDE defining the log-ODE method

and our approximation scheme.

Remark 5.5.4. This technique of lifting the rough paths W" and X" to higher
levels kK > 2 in order to get a better p-variation distance bound is inspired by
the same technique for dealing with the convergence rates of Gaussian rough
paths by Friz, Riedel and Xu in [48], [103] (see specifically the remarks made
after Corollary 1 in [48] and [103 Remark 5.2]). The idea is that by lifting
the driving rough path to a higher level &, p is allowed to be larger, and hence
a better Holder estimate may be hoped for. This is akin to the fact that there
exist examples of paths which are far apart in the 1-Holder (1-variation) metric
but close in the 1/p-Hélder (p-variation) metric for very large p € [1,00).

In order for the RDE to still be well-defined and have a unique solution, we
are penalised by requiring that the Stein-Lipschitz order of the vector fields is
of order v > p. In their particular applications, the papers [48), 103] recover
(almost) optimal rates of convergence for Wong-Zakai approximations of RDEs
driven by various Gaussian rough path lifts. This includes the case of fractional

1

Brownian motion with Hurst index H € (3,1], (see the final remark after

Corollary 1 of [48, Corollary 1]).
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5.6. Lifted rough path Holder estimates

The aim of this section is to prove that the lifting mechanism discussed in
the previous section will give the inhomogeneous 1/p-Hélder estimates needed
to establish Corollary in the next section. This is the content of the final
result of this section, Theorem [5.6.6

As our first step towards proving the theorem, we consider an error estimate

for our lifted rough path coupling.

Proposition 5.6.1. Fiz an integer k > 2. Then for all r € [1,00) there exists

a constant Cy., > 0 such that for each integer 2 < m < &,

o (527t = S28)u) o], < ol = o1 (P53 A1t o)

-

for all (s,t) € Aj ).

Before giving the proof we present some useful technical results. We begin

with a small lemma concerning the tensor norm of log-signature increments (cf.
§3 of [84]).
Lemma 5.6.2. Fiz an integer & > 2, p € [2,3) and let X € C'/PH1 ([0, 1], GO(R?)).

Then there exists a constant C, > 0 such that for allm =1,... K,

H7rm <10g S, (X)&t)

< Crogp It = sI™ P IKIT) st

e

PRroor. The function

g€ G (F) (Rd) S kgllaxn |7k (log Q)H&S)@k

oo

is a homogeneous norm on G*)(RY) ([52], Exercise 7.38]). Therefore by the

equivalence of such norms on G (R?) given by [52 Theorem 7.44], there exists
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a constant C,, > 1 such that

k
[ (108 525l e (max e (log Su(X >st>ulﬂg’;®k)

.....

< C [[Su(X) sl < C[ISk(X )Hpvar[st]

The Lipschitz-continuity of the rough path lift in p-variation (Theorem [2.5.1])

guarantees the existence of a constant Cy, > 0 such that [[Se(X)||, varfsg <

Crop IX]] Moreover, a simple consequence of the super-additivity of

p-var;[s,t]”
controls ([52] §8.1]) gives [|X|| .15 < |t—3\1/p\|X||1/p_H61;[37t]. Putting the

last three inequalities together completes the proof. O

We apply Lemma with
(5.10) o = €9 WO £ AD), gy — ) — WO 4 BO),
for j €{0,1,...,N —1}. Fixn € {1,..., N} and define
g = (H(z1,...,2,)) = m; (log SH(Wh)O,nh) :
(5.11) hit =1 (H(y1, .. yn)) = i (1og Su(X")o.nn) € g®(RY).

Then, exploiting the compatibility of the tensor algebra norm, for all m < &

we have
||7Tm (Sn(wh)o,nh - Sn<Xh)0,nh) H(Rd)(@m
=T (" ®..Qe™" —e"®...® ey")H(Rd)@

> gn @ ®gi,, @ (g, —hi) @by, @@ by

CORE

m 1 k
<S = Y Sl @alllo — bl b, @ @bl

k=1 d1,...,ix>0 j=1
i1+ Fig=m
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Since the increments of W" and X" agree it follows that g, — h; = 0 and

n—1
—hy =) (AY - BY) e [R%,RY).
j=0

Moreover, by Lemma [5.6.2] given p € (2,3), we have

i/p i
lillzayor = 17 (108 S W on) | gayer < Cop (36) " I3 posiniom

and an identical bound holds for h; with X*. Therefore the previous inequality

becomes

Hﬂ-m (Sn(wh>0,nh - Sﬁ(Xh)O,nh) H(Rd)@m

m k L (m—i;
S5 35 T DD 31 ¢ K

k=1 """ d1,..0x>0 j=1
i1+...+ig=m

LG+ i) Lt ti)
x [|w 7 1" 17 lgi; = P, | ey
1/p-Hol;[0,nh] 1/p-HolL;[0,nh] J i 1l (R2)®*5

ey TR

i1,..,0 >0  j=1
i1+...+ig=m

X (HWhul/p-Hél;[O,nh} v HXhHl/p-Hél;[O,nh]> ] Hgij B hij H :

So it remains to bound ||g; — hi| gaye: in L" for each integer 3 < i < k. This
is the content of Lemma below, which takes particular care in separating
out the dependencies on the variables m and n. To build intuition on the
iterated Baker-Campbell-Hausdorff formula, we refer to the specific calculations
of g — h,, for m < 5 in found in the appendix at the end of the thesis.

But first we need the following consequence of symmetry.
Lemma 5.6.3. Unless the indices (ji,...,Jom) € {0,1,..., N — 1}*" are all

present in pairs, we have

E (W(jl) R...OW W Gizn) ’ {A(J }jv 01> =0.
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ProoF. If the index j, does not belong to a pair then there must be some odd
number of WU*) increment terms in the tensor product WUV @ ... @ Wz,

Hence in every coordinate projection of (R%)®(27)

<e* ®...Q0 €5, Wi g | ® W(jzn)> 7

C1

one particular term W,gj*) (for some k € {c1,...,co,}) appears an odd number
of times. By symmetry it follows that

(5.13)

E <<601 ®...® e2n’ W(]l) ®...Q W(]Q )> | {A(])’ B(J)} 0’ {W(] )}jﬁéj*> N O

J]=

Indeed, recalling (4.14) and (4.15)), for each j there exists a matrix ZU) €

RUA=Dxd with entries taking values in {:i:z,(gj ), :t{lgj )}gzl such that

AW) , . KU)
( B6) ) = Z7Ow0 L ( 0 )

where A = (A . ,A((le,d)t € R2(@) with similar definitions for BY, K

and A\U). Certainly we have the equality of laws:

A | | K0)
E( Bl ) =L (Z“) CUADES ( \G) )) )

from which (5.13) immediately follows. Applying the tower property of condi-

tional expectation concludes the proof. Il
For convenience, let us define the operation * on g™ (R%) by setting
(5.14) Ty K Tg k- ook Tp_q ok Ty = X, [T, [ [Teo1, Tr] - -]

Lemma 5.6.4. There exists a universal constant C,, > 0 such that for every

r1, ..., 2 € g™ (RY), we have

[T (21 % - % k) || gayom < O Z ‘<e;l®...®e;fm,7rm(x1®...®$k)>|.

1<j1,050m<d
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PrOOF. If £ > m then the inequality is trivial since both sides are zero by the
truncation operator 7m,,. So we fix k& < m. Unfolding the nested Lie brackets
of z1 * -+ * a3, there will be at most 2¥ < 2™ non-zero terms in the resultant

expansion with each term taking the form
F25(1) ® To2) ® ... @ To(r) for some o € S,

where Sy is the symmetric group of permutations on {1,...,k}, (see Lemma
A.2.3). In other words, every x; will be present exactly once in each term in

the expansion of z1 * - - - % xy. By symmetry,
H7rm (x(,(l) ®R...Q %(k)) ||(Rd)®m = (z1®...® xk)||(Rd)®m for all o € 5.
Since k < m, it follows that there exists a constant C,,, > 0 such that

[ (21 % -+ - % xk)H(Rd)@m

<Cy ||7Tm (xl X...Q xk)”(]Rd)@m

=C,, Z |<ej-1®...®e§m,7rm(x1®...®a7k)>}2.

1<, jm<d

Using the inequality ||al|z < ||al|;, for a € R®, (s = d™), yields

||7Tm(xl®--~®$k)’|(]gd)®m S Z ‘<e;1®®€;km,ﬂ'm(l’1®®$k)>|
1<j1,5-dm<d

The claim follows. 0

Lemma 5.6.5. Forne {1,...,N} and m € {2,...,k} define:

Im = Tm (log Sﬁ(wh)o,nh) > hm = Tm (10g SN(Xh)O,nh) c g(m) (Rd)

Then for each m and r € [1,00) there exists a constant C,, > 0 such that

n)E”l log N

(515) ‘“gm - hmH(Rd)Qbm N N

< Chy (
L’l‘

PRrROOF. The case of m = 2 is precisely the content of our coupling result in

Theorem so we restrict the proof to 3 < m < k. We define z;, y; as in (5.10))
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so that our definition of g,,, h,,, agrees with . Let 73, : g™ (RY) — g™ (R9)
denote the canonical projection onto nested Lie brackets terms of length k. Note
that 7% (¢m — hm) = 0 for all £ > m. Indeed, for £ > m this is a consequence of
truncation, while in the case of £ = m, the nested Lie brackets will only consist
of WU increment terms, which are common to both expressions.

Using Lemma for rearranging nested Lie brackets into brackets of the
form of , the Baker-Campbell-Hausdorff formula (BCHF) gives index sets

Ar C {1,...,N —1}" and corresponding coefficients ¢, such that

T(gm) =D on D> T (i xeexmy,).

AEAL (31,8 ) EA

Setting z; 1= z; —y; = APYD — BO~1 we can exploit the property that a nested
bracket of length £ is a k-multilinear map and employ a telescoping sum to find

that

Tk(Gm — hm) = ZC,\ Z T (Tiy % -+ -k Ty, — Yy k- % Yy,)

AEA (31,8 ) EA

= E C) E Trm(zh*'rig*"'*xik

AEA (91503 ) EA

—i—yil*ziZ*xiS*---*xik—i—...—kyil*---*yik_l*zik)

k
= E C) E 7Tm(3/2’1*"‘*yis_1*Zis*misﬂ*”’*xik)-

s=1 AeAg (il,--- ,’ik)e)\
We fix 1 < s < k and A € A, then consider the corresponding term
(5.16) Z T (Yiy %+ % Yig g % 24, % Ty %ok Ty, )
(11, yik) EX

There are N, < N,, such terms in the above sum, where N,, is an integer

(independent of n) determined by the iterated BCHF. Therefore, to prove the
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lemma it suffices to show that

E Wm(yh>|<-~>|<yi571*zis*xis+1*~~-*xik)

(i1, i) EX (Rd)@m Ir
ny\z-1logN
5.17 <c,, (-) .
(5.17) =Ymr \N N

To this end, we note that each nested Lie bracket term in ([5.16)) will contain
N1 = Ny(s,)) increment terms (that is, W®) and N, = Ny(s,\) area terms
(with each term either A®, B®) for some i). Moreover, N; + Ny = k and N; +
2N, = m. For each pair (s, \), there exists an index set  C {1,...,n}*"! and
a collection {Jr}rep C {1,...,n} such that

A= U {(i1, . ist1y i oty ... in) tis € Jr}

T=(1,0yis— 15054150050k ) €O

Consequently,

E Wm(yil*-'-*yi571*Zis*xiSJrl*-'-*I'ik)
(i1,...,ik)6>\

= E E ﬂ-m(yil*'”*yisfl*Zis*'rierl*"'*xik)

T=(41, ls—1,0s41,--,0k) €0 JEJT

(5.18)

= Z ﬂ-m<yi1*'”*yis1*<Z’Zj>*xis+l*"'*xik>'
)eb

I=(i1, 0 yis— 1,054 1,0k JeJr

For each I € 0, the set .J; consists of consecutive elements. Indeed, the induc-
tion proof of the iterated Baker-Campbell-Hausdorff formula (A.1)) and the bi-
linearity of nested Lie brackets guarantee that for any collection of fixed indices
Wy ey ds1y0s11y---508 € {1,...,n}, theset {j: (i1,...,05-1,7, G541, --,0k) € A}
is either empty or made up of consecutive elements. Since the indices of J; are
consecutive we can use Lemma [5.5.2] to arrive at the estimate

3 3 (46D — pu-Y)

JeJT JEJI

log N
N

(5.19) <

Q

(RO)E2[ (RH)@2 | pr
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Now let Z be the projection of (5.18) onto an arbitrary coordinate (cy, ..., ¢y)

of (RY)®™. Specifically, Z := 3 ,_, ¢1, where we define

Yy = <ez1 ®...Qe, Ty (yz-l ®R..0Y._, ® <Zz]) ® Tj,,, ®...®xik)>
JEJT

for each index I = (i1,...,%5-1,%511,---,1) € 6. By the equivalence of norms

established in Lemma [5.6.4] in order to establish ([5.17)) it suffices to prove that

n )’3—1 log N

Zr< m'r’(_
| |L—01 N N

We note that each ¢; can be written as
or = WD WA REY Ry <e§1 ©eh, Y zj>
JeJr

where each R,()fj) denotes either Az()fi) or Blgjj) , and a;,b; € {1,...,d} and
r;,s; € {0,1,..., N — 1} are the appropriate coordinate and increment labels
respectively (as determined by (ci, ..., ¢n)).

Without loss of generality we may assume r = 2¢q for some integer ¢ € N.
Then

(520) |2, =|Z[}% =E <sz> => ... Elen--¢n,).

I€f €0 Ipeb
The rN; = 2¢N; increment terms in the expression ¢y, ..., must be paired
to each other, otherwise the expectation E (gp R 12(1) will be zero by Lemma
and the tower property of conditional expectation. There are (r/N; —1)! <
Cyn,r possible perfect matchings amongst the 7Ny increment indices in the set
{61,..., L5}, (where (2k + 1)!l := (22k—l2,' for k € N). Each matching is summed

over at most n possible indices and the paired (that is, squared) Brownian

increments each have scaling O(N~!) in L" for all r € [1,00). The summation

c2)

5.20)) also includes 2q terms of the form <e§1 ® e: ZjeJI zj>. Recalling (j5.19)),

each of these terms are of the order O(N~!log N) in L". The remaining 2(qNo—
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1) area sums are taken over at most n indices each, with each constituent area
term having scaling O(N~!) in L". By combining these L™-bounds using the

Cauchy-Schwarz inequality we conclude that

n A\ 7 ny2aN2-1) (log N\
2 < m,r \ ar AT
<o (7)) () (5)

:Cmr<ﬁ>Q(N1+2N2—2) log N 2q20mT<£> m—2) logN
AN N " \N N

The proof is complete. O

PROOF OF PROPOSITION [5.6.1] For |t — s| < h the result is immediate from
scaling so we restrict ourselves to |t —s| > h. Since W" and X" are both
piecewise abelian over each interval [jh, (j + 1)h] it suffices to prove the claim
for (s,t) = (0, %)

To this end we combine with the estimates of Lemma using the

Cauchy-Schwarz inequality and find

LT

k=1 " i1,..,ix>0 j=1
11+...Fig=m
" H hHm | il
()HW 1/p-H8L[0,nk] | ;20 1/p-Hoto.nh] | 12, ) 1965 il per

IN

Sl XSG

i1,..,0 >0  j=1
i14...+ig=m

The last line uses the integrability of the random quantities

2 2
exp (O‘ HwhHl/p-Hal;[o,l]> v OXP (a ||Xh||1/p-H61;[O,1]>

for some a > 0 in any given L"-norm. We refer to Corollary 13.14 of [52]

for the case of W" and the corresponding argument for X" is identical. Since
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nh < Nh =1, we have

L
1 ny\z!log N ny\z !log N
SC“’”ZE Z Z(N) N SC*“”""(J\f) N
k=1 i1,...,0 >0  j=1
11+...+ig=m
The proof is complete. O

We are now in a position to prove the main result of this section, namely

the claimed lifted rough path 1/p-Holder estimates.

Theorem 5.6.6. Fiz an integer k > 2 and set p > k such that |p| = k. Then

for all r € [1,00) there exists a constant C,,,, > 0 such that

|P1/pH61;[0,1] (Sn(Wh)> Sn(Xh))

for for all e > 0.

PROOF. Fix # € [0, 1] and note that
It —s|2 " (N"tlog NAJt —s]) < (N7'log N)l_e It —s2 0
< (Nlog N)' ™t — %,
since 22—1+6 > 2 for m > 2. Then combining the fact that m; (W",—X" ) =0
with Proposition [5.6.1] guarantees that

max
m=1,...,k

Hﬂ'm (SN(Wh>s,t - Sn(Xh)s,t) ||(Rd)®m

<G (N og N -

Appealing to the rough path Kolmogorov regularity theorem of [52, Theorem
A.13], it follows that for all v < g,

H7Tm (Sﬁ(wh)s,t - Sn(Xh)s,t) H(Rd)®m
sup

0<s<t<1 [t —s|™

log N 1=
< —_— .
o, ()

m=1,...,k

Therefore, so long as p =y~ ! > %, we have

|p1/p—H61;[O,1] (SR(Wh)7 Sff(Xh)) |Lr S C"@p:r (]\]_1 log N)l_e :
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The condition p > % is satisfied by taking 6 = ]% + ¢ for some small constant
¢ > 0. Since this latter constant is arbitrary, we may drop the log N factor

from the estimate and the result follows. O

Remark 5.6.7. Although Theorem [5.6.6|requires that p > 2, as a quick heuris-
tic check we note that if p € [1,2) then the right-hand side of its bound explodes
as N = h™! — oo, (as was indicated by our previous calculations in Section
. Moreover, if p € [2,4) then, as predicted earlier, the convergence rate is
worse than O(N~1/2).

5.7. Coupling solutions of stochastic differential equations

In this section, we immediately use the inhomogeneous 1/p-Holder estimate
of Theorem [5.6.6] in order to derive Wasserstein convergence rates between
the solutions of the previous RDEs (with drift) driven by W" and X" (or,
equivalently, their rough path lifts). Recall that the solutions coincide with the
approximation scheme {xjv §V=1 and the output of the log-ODE method. By
coupling the rough paths W" X" (or more precisely their lifts), the following
result is an almost immediate corollary of the Lipschitz-continuity of the Ito

map (Proposition 2.9.2)). In turn, the following Corollary establishes the

main result of the chapter, Theorem [5.1.2]

Corollary 5.7.1. Fiz v >p € (2,00) and 5 > 1. Let x denote the solution to
the SDE where we assume that Vy € Lip and V = {V;}¢_, C Lip". Fiz
A2 Vollips VIV [Iipy and let y be the unique solution to the following RDE

driven by X":

(5.21) dye =V (y) dX} + Vo (ye) dt,  yo = xo € R
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Then for all v € [1,00) there exists a constant Cgxpr > 0 such that for all

e >0,

Csrapr
jmaxy 1250 = Yjnllga . < JrEE—
PROOF. Let k > 2 be the unique integer satisfying |p| = k. Recalling Remark

5.4.7, we can rewrite the RDE ([5.21]) as
dyr = V() dSe(X")y + Vo (1) dt,  yo = 20 € RY,

A corresponding statement holds for the pair (W”, S, (W")); let 2 be the solution

to the equivalent RDEs with drift:
dzy = V(2) AW + Vo(2) dt = V(2) dSe(W"), + Vo(2,) dt, 20 = .

From Theorem and Proposition we know
C

jmaX | n — ZJhH]Rq <

—1,..N o N’
and so it suffices to prove |||y — ZHOO’LT < ON-Het2/p,
To this end, we employ the RDE Lipschitz estimate of Proposition to

find that for each a > 0,

ly — 2|l
< Ppvarifo] (Y, 2)

< Olpp-var;[(ll] (S,{ (Wh) s Sl (Xh)) (1 + ”S"i (Wh) ’ ;L;psz;o 1] + HS (Xh) ‘ pp\Jz;[o 1 )
(5.22)

x exp (C1 {1+ Nap(Se (W"),[0,1]) + Nap(Se (X"),[0,1])})

for some (deterministic) constant C; = Ci(«, 3,7, A, p). We first bound the
moments of the p-variation terms in ((5.22]).
By the Lipschitz-continuity of the rough path lift (Theorem [2.5.1)) and the

fact that W" is the piecewise abelian approximation of enhanced Brownian
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motion W,

HSH(Wh || HS Wh H (246)-var;[0,1] = < G HW H (246)-var;[0,1]

(523) S 0575 HWH(2+5)-var;[0,l] ’

p-var;[0,1] —

for arbitrary 0 < 6 < 1 A (p — 2). The last quantity is integrable in L" for
all 7 € [1,00) ([52, Corollary 13.14]), with an identical statement holding for
S, (XM,

Next we establish the integrability of the exponential term in by
following the proofs of Theorems 10 and 13 in [11] along with [47, Corollary
5]. First let ¢7' + s7* > 1 for ¢ € (2,3 A p). Using the results of [18, Remark
6.4] and [47, Corollary 2 and Remark 1], there exist constants o = a(q, s) > 0

and ¢; = ¢1(q, s) > 0 such that the tail estimate:
P (Nag (W, [0,1]) > u) < exp (—cloz2/qu2/s)

holds for all u > 0 and step-sizes h > 0. Since ||[W"|| | < |W]|

g-var;[s,t g-var;[s,t]’

Lemma 2 of [47] gives N, ,(W",[0,1]) < N, ,(W,[0,1]), and so:
P (Nag (W",[0,1]) > u) <P (Nag (W,[0,1]) > u).
Then the Lipschitz-continuity of S.(-) and [47, Lemma 2] imply that
P (Nayg (Se(W"),[0,1]) > u) <P (Nag (W",[0,1]) > u) < exp (—cla2/qu2/s)

also holds for all u > 0, h > 0, and for a possibly smaller & > 0 (as in the proof
of Theorem 13 of [11]). As p > ¢, the interpolation result of Lemma 8.16 of

[52] tells us that

(s,t) := HS Wh) ||pvar[st] < wy(s,t) - <Sli}3<t||5 (Wh UU”p a
where ws(s,t) = ||S.(W") H Thus taking (u,v) € Ay such that

g-var;[s,t]”

wo(u,v) < a gives wy(u,v) < o’ 9ws(u,v). Again using [47, Lemma 2|, we
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have
Nor-at1 (S (W), [8,8]) < Nog (Sc(W), [s,1]) .
If @ <1 then N,y (So(W"),[0,1]) < Ny (Se(W"),[0,1]) and so
(5.24) P (Nayp (Se(W"),[0,1]) > u) < exp (—cla2/qu2/s) .
On the other hand, if @ > 1 then Lemma 3 of [47] gives
Nap (Se(W"),[0,1]) < a?79 (14 2Nao-ar1, (S(W"), [0,1]))
< P70 (14 2Nayg (S.(W"),[0,1]))
which in turn implies the tail estimate:
(5.25) P (Nap (Sc(W"),[0,1]) > u) < crexp (—03a2/q+2(q_p)/su2/s)
for some constants ¢; = ¢;(a, q,s) > 0, i = 1,2. The tail estimates and

(5.25), together with the fact that s € (1,2) (so that 2/s > 1), guarantee that

for all r € [1, 00),

sup ’eXp (ClNa,p (SN<Wh)’ [0’ 1]))

h>0

Lr < Ca,/{,r < 0.

By an identical argument, corresponding uniform estimates with S, (X") instead

of S.(W") can be established. Consequently for all r € [1,00),

sup |exp (Cy {1+ Na, (Se(W™),[0,1]) 4+ Nap (S<(XM),[0,1]) })

h>0

In light of this uniform estimate along with that of ([5.23)), we apply the Cauchy-

Lr S Ca,n,r-

Schwarz inequality to ([5.22)) to arrive at
|||y - Z||OOILT <C |pp-var;[0,1](ya Z)|L2r <C ‘pl/p-Hﬁl;[O,l](yaz)‘Lzr .
The proof is then concluded by Theorem [5.6.6] O
5.8. Possible extensions

We discuss the possibility of two extensions of Theorem [5.1.2]
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Fractional Brownian motion. A natural question to ask is whether The-
orem [5.1.2] can be generalised to the case where the driving Brownian motion
of the SDE is replaced with fractional Brownian motion with Hurst in-
dex H € (3,3), (thus turning into a strict RDE). Recall that Brownian

1
5

motion corresponds to H = The log-ODE method remains perfectly valid
for this RDE, as does our piecewise abelian interpretation since the Lévy area
of fractional Brownian motion is well-defined for H > }l. (This is not the case
for H < 1[92} §1]; even the lift of the standard piecewise linear interpolation
does not converge in p-variation under L! for p > H~ > 4 [81] §4.5]).

Instead, the main obstacle of this extension is the need to reproduce the
main coupling result of Theorem [6.2.1] This is problematic because the proof
of Davie in [33] inherently relies upon the independence of increments in the
Brownian motion case in order to perform the inductive coupling over finer
dyadic intervals of [0, 1]. Similarly, the original Komlés-Major-Tusnady theorem
and the modern extensions of Zaitsev also critically rely upon the independence
of increments of the random walk to be coupled with a Gaussian approximation.
Since this is no longer the case when H # %, the author sees no way around
this at present.

In the even more extreme case of H € Gp %], for the log-ODE method to
converge we require the first | H'| = 3 levels of the log-signature. The task of

coupling these higher order terms is difficult, even in the Brownian case (as we

now discuss).

Higher order log-ODE approximations. This chapter has dealt exclu-
sively with the log-ODE method at level m = 2; that is, the log-signature of

the Brownian motion has been truncated to its first two levels. Thus we have
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only needed to couple the Lévy area increments with a Gaussian approxima-
tion, (conditional on the underlying Brownian increments). A natural extension
would be to couple the higher order terms of the log-signature with Gaussian
approximations, thus enabling us to use a higher order version of the log-ODE
method. If this coupling were successful then we could expect a better conver-
gence rate in the Wasserstein metric for our resultant approximation scheme.
Indeed, a truncation of the log-signature to level m produces a log-ODE scheme
with strong convergence in LP of order O(N~™/2) ([61, Theorem 4.1]).

One difficulty is that one would need to extend the proof of Theorem [6.2.1
to couple not only the Lévy area increments, but also the third order iterated
integrals, (again conditional on the underlying Brownian increments). This may
not be possible without violating the matrix non-degeneracy conditions needed
for Davie’s coupling proof ([33, Theorem 1]); it is critical that the matrix Hg
defined in of the next chapter is strictly positive-definite.

A more pronounced obstacle is the task of establishing the necessary lifted
rough path estimates of Section [5.6f The difference of the iterated Baker-
Campbell-Hausdorff expansions of each piecewise abelian rough path would be
significantly more complex because levels 2 and 3 of the group increments would

not be equal. Again we see no solution at present.



CHAPTER 6

Polynomial perturbations of Gaussian distributions and
the coupling construction

In this chapter we prove the previously claimed coupling result of Theorem
concerning the random walks composed of Lévy area increments A% and
the quadratic Gaussian approximations BY. Unlike previous chapters, there is
no mention of rough path theory. Instead, the chapter presents purely proba-
bilistic results in order to establish the main theorem. Hopefully these results
are of interest in their own right. We begin in the next section by presenting
a short overview of polynomial perturbations of Gaussian measures. Utilising
the main results of the recent preprint [35], we then prove an extension of [33]
Corollary 3] from quartics to higher order polynomial perturbations. The final
section of the chapter then uses this extension together with a central limit
theorem to generalise the original coupling proof of [33 Theorem 1] from a
bound in the 2nd Wasserstein metric Wy to W, for general p € [1, 00), thereby
establishing Theorem [6.2.1]

Notation. Before proceeding further we establish some special notation for
the chapter. Given a covariance matrix ¥ € R%™? let ¢, denote the density

function of N(0,X):

1 1, )
exp| —=z'X "x ).
(2m)Y? (det £)"/? ( 2

131

¢z (z) =
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In the case of ¥ = I; (the identity matrix) we simply write ¢(x) = ¢r,(z).
Given an arbitrary probability measure p on RY, we will commit a slight abuse
of notation by using W, (u, ¢x) to denote the Wasserstein distance W, (i, £ (Z))
where Z ~ N(0,3).

Let P denote the space of all real-valued polynomials on R¢ (which we
will write as P(RY) when we want to specify the dimension d) and define the

subspace

ro={per: [ st as—ol,

Let P? denote the space of R?-valued polynomial functions on R?. To be precise,
p € P4 means p(z) = (p'(x),...,p%x)) for some p’ € P. Given a polynomial
p’, let deg(p’) denote the highest degree of its terms. Similarly, for a polynomial
function p = (p,...,p%) € P, set deg(p) := max;—;__qsdeg(p’). Lastly, given
the dimension d, we set d; := %(d+1) and dp := %(d — 1) to avoid cumbersome

sub/superscript notation.

6.1. Polynomial perturbations of Gaussian distributions

In this section we consider signed measures on R? with a density given
by a polynomial perturbation of the standard Gaussian distribution ¢(x) =
(27r)_d/26_‘$|2/2. Our main aim is to prove that if such a signed measure is
close to a probability measure p (in the form of an estimate similar to that of
Lemma [4.1.7), then we can expect the distance W,(u, ¢) to be bounded by the

magnitude of the perturbation. This is the content of the following proposition.
Proposition 6.1.1. Fiz n € N and ¢ € (0,1). Suppose {S;}7_, C P is a
sequence of polynomials with the absolute values of its coefficients bounded by

a universal constant M > 0 and set s := max;_; ., deg(S;). Fiz some integer



6.1. POLYNOMIAL PERTURBATIONS OF GAUSSIAN DISTRIBUTIONS 133
1 <ny <n and let v, , denote the signed measure on R with density
n
o(y) (1 + > EJSj(y)) :
Jj=no

If i is a probability measure on R such that

(6.1) [y =) <6

then for all p € [1,00) we have
Wy (11, 8) < Cannp,s (8”0 +6MP 4 g%l) _

The proposition is a strengthened version of [33, Corollary 3]. Instead of
dealing with only quartic perturbations, Proposition|6.1.1{can handle polynomi-
als of arbitrarily high order. The proof was suggested to the author by Professor
Davie in private communications and the argument relies upon the results in
his preprint [35]. Thus before presenting its proof we summarise the work of

the latter paper.

Remark 6.1.2. To be precise, the original polynomial perturbation result of
Davie actually considered quartic perturbations of ¢y for some arbitrary co-
variance matrix ¥ € R??. One may ask whether Proposition can also be
generalised to the case of arbitrary ¢y, rather than just ¥ = I;. The author
conjectures that this is possible since the technical tools from [35] remain valid.
However, the precise dependencies of the norms ||| and [|%]| ™" in the bound
of W, (1, ¢s) are complicated and it is a non-trivial task to keep track of these
quantities throughout the proof. Fortunately we only need the case of ¥ = I,

for the coupling arguments of this thesis.

We now summarise the main contributions of [35] and begin by character-

ising the subspace Ps, C P as follows.
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Lemma 6.1.3. Define the linear mapping Ly, : P* — P by Lyp(x) = V-p(x) —
'S p(x). The space Ps is precisely the range of Ls. Moreover, any element
p € Ps can be expressed as LsVu for some u € P (and the u is unique up to

an additive constant).

The proof is by induction and the divergence theorem (see [34, Lemma 1]).
One consequence of the lemma is that if we define P& to be the set of p € P?
of the form p = Vu with u € P, we have that Lx is bijective from P4 — Px
and we can define the inverse linear mapping L5' : Py — Pg.

Next, suppose we have a sequence of polynomial functions {pj}}‘:l C Pi.
For each € > 0, we define the polynomial perturbation mapping p. : R¢ — R?

by
(6.2) p=(x) =z + Zsjpj(fr)-

We are interested in the distribution of p.(Z) for small ¢, where Z ~ N(0, ).

If we assume that p. is bijective then this distribution has a density given by

fely) = det (DpZ ' (y)) o= (=" () -
As Davie notes in the introduction of [35], in general bijectivity will only hold
on some bounded region of R? (which will be large if € is small). It actually
turns out that bijectivity is a sufficient condition for to imply the following

asymptotic expansion of the density:
(6.3) fe(y) = dx(y) <1 + Zngj(y)> :
j=1

for some sequence of polynomials {S;}52, C Px.
In fact, we can explicitly construct the sequence {.5;}32; from the polyno-
mial functions {p;}"_, via a bijection. We introduce the notation P for the set of

all sequences (uy, us, ..., ) with u; € P with similar definitions for P?, Ps, P&,
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By using the inverse linear mapping £5' : Py — P&, Davie inductively con-

structs a bijection Sy : Pg — Ps, such that

82<p1, e ,pn,0,0, .. ) = (Sl,SQ, .. )

Since each Sy, is dependent only on pq, ..., pg, this can be rewritten in the more
succinct form of the truncated mapping: Sén) (p1y---ypn) = (S1,...,8,). For
the explicit definition of Sy; we refer to [35] Lemma 2]. We are now in a position
to state the main result of [35] in a simplified form for the special case of ¥ = I;.

Proposition 6.1.4. [35, Proposition 1] Let {S;}7_, C P; and define the cor-

n
=1

S™(p1, .. pa) = (S5, ..., ).

responding sequence {p; C PZ via the truncated bijection

Set R to be an upper bound on the absolute values of the coefficients of p1, ..., pn.
Using these sequences, define the mapping p. as in and let v.,, be the
signed measure on R with density . Finally, let u. be the law of p.(Z)
where Z ~ N(0,1). Then for all p € [1,00) we have

[ Qs din = vl ) < Gt

R

for some constant C, > 0 depending only on d,n, R and the mazimum degree
of p1y- -, Pn-

Armed with the latter result, we are now able to present the proof of Propo-

sition [6.1.1]

PROOF OF PROPOSITION [6.1.1] Following the same technique in [33, Corol-

lary 2], we first show that we may assume that S; € P for all j € {ny,...,n}.

Indeed, let

5= [ Sweldyads= 5

Jj=no
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Then we have

=3 ¢ / S, (5)b(y) dy

= /Rd ¢(y) <1+ Ze‘ij(y)) dy—/Rd pe(y) dy

Jj=no

= /Rd (Ve — 1) () dy‘

s/ d|u5,n—ue|<y>s/ (L4 lyl) d e — 1] () < 6.
]Rd

Rd

Next, define a new signed measure 7., on R? with density

o(y) (1 +> (g95(y) - ﬁj)> = ¢(y) (1 + €j5j(y)> — Bé(y).

Jj=no J=no

Consequently,

Ll e = el ) < [0+ 1) Al = el ) + 181 6(0) )
<o 181 [+l o) du < G

Therefore, by replacing each S; by S; — 3; we may assume that S; € Px.
Since we can assume each S; € Pr, we can apply the bijection S; of [35],

Lemma 2] to find a corresponding sequence {p; i1 C PZ such that

S™(pr,. . pn) = (S1,...,5,).

As stated in the proof of [33, Corollary 3], if go = L;po for py € P2, gy € P,
then deg(py) < deg(go) and the absolute values of the coefficients of py are
bounded by those of gy up to a universal multiplicative constant. Thus by
the recursive construction of the map S; using £, in [35], we can bound the
absolute values of the coefficients of pq,...,p, by some function of those of
Si,...,5,. Similarly, the degree of each p; can be bounded by a function of

s = max,;deg(S;). A simple consequence is the bound |p;(Z < CiMops
j deg(S; p q Pi(Z)| g M.p,
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for each j, where Z ~ N(0,I). Taking the trivial coupling of £(Z) and .,
specifically (Z, p-(Z)), this leads to the estimate

Wy (112:0) S1Z = p( D)o < Y & 10i (D)

Jj=no
n

(6.4) < CaMp,s Z e = Canmpse™.

Jj=no
As before, define the polynomial perturbation p. by (6.2)) and let u. be the
law of p.(Z) for Z ~ N(0,1I). Then Proposition [6.1.4] guarantees that for all
p € [1,00),

0+ e = vl ) = Cantg™
R

Combined with (6.1)), this estimate gives
[ Qo b= ] (6) < 6+ Caprpa™,
R
and so Lemma yields the Wasserstein estimate
(6.5) W, (pts pie) < Canmtnps (5 + €n+1)1/1’ < Cirtps <(51/P + EHTTI) )

Finally, combining (6.4) and (6.5)) via the triangle inequality, we conclude that

n+1

Wy (1 0) < W (1, 1) + Wy (e, ) < Cirtnp,s <5n0 + 67+ 57) .

The proof is complete. g

Remark 6.1.5. The proof of Proposition[6.1.1|reveals the reason why we insist
on bounding the quantity [, (14 |y[)”d|u —v|(y) rather than the simpler

integral

[l =i

At first glance the latter quantity is all that is needed for Lemma to

bound W, (u, ). However, in order to generalise the proof to polynomials not
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contained in Py we use the simple inequality

/Rd dlvne = pl (y) < / (L+ |y d|vne — 1l (y).

Rd
This bound does not remain true when we replace the right-hand side with

Jga [y" d|vne — pl (y). For instance, consider the case when the supports of

Vne and p are contained within the open unit ball around the origin of R%.

6.2. Main coupling theorem

We state the main coupling theorem of the chapter. Then, after establishing
some notation and performing a linear transformation, we show that it suffices

to prove the simpler statement of Proposition [6.2.3]

Theorem 6.2.1. For every p € [1,00), there exists a constant C, > 0 such
that the following holds: given N € N, we can construct a coupling between the
i.i.d. sequence {AVY) j-V:_Ol and i.i.d. {BY ;\/:—01 random variables, with each pair

(A(j), B(j)) defined by and using a common Brownian increment
W ~ N(0, N"'1;), such that

r—1
Z (A(j) _ B(j))
j=0

log N
max —_—
N

<C,
r=1,....IN

(RH®2 | 1p

Before presenting the proof in the Section [6.4], we first set up some notation,
then consider a version of the central limit theorem in the next section. We
fix a sequence of independent Brownian increments {W ) ;y:’ol with W0 ~
N(0,N7'1;), and let G denote the o-algebra generated by these variables.

For each r € {0,1,..., N — 1} define the random vector X € R% by

X\ = V12N for 1 < k < d;

X gy = VN for 1< k<1< d.
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Then, conditional on G, X" has mean zero and covariance matrix I;,. We can
then write A™) = N71G, X", where G, is a dy x d; matrix defined in terms of

the W), Specifically,
1
GT:E(MT‘ICb ),

where M, is the dy X d matrix defined by the rows

(Mr) (2d—k—1)+(1—d) = \/N (M/l(r)ek . Wk(T)el) .

k
2

This makes M, have the form:

wi w0 0 0

w0 w0 0
M,=VN| ? . L . .

0 0 o - w o—wi

In the same way we can write B") = N 16, X (") where X has the normal
distribution N(0, I, ).

By scaling we can see that to complete the proof it is sufficient to construct a
coupling of the random walks composed of the vectors X and X, conditional

on G, such that

r—1
(6.6) max {|IS°6; (X9 - X0) < C,log N
1 2

(R)®2| p
for some constant C,, > 0. To this end, we first note that without loss of
generality we may assume N = h~! = 2™ for some m € N. We define a dyadic

set to be a subset £ C {0,1,...,2™ — 1} of the form
B={k2" k2" +1,...,(k+1)2" — 1},

for some integers n € {0,1,...,m} and k € {0,1,...,2™ " — 1}. Since a

consecutive set F' C {0,1,...,2"™ — 1} can be expressed as the disjoint union of
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at most log, N dyadic subsets Ey, ..., Ej of different sizes, we need only prove
P
(6.7) ElY G, (XW - XW) <C,
rekE (R)®2

for all dyadic sets E in order to establish .

Next, for each dyadic set E of size 2" let us define the matrix

(6.8) Hp:=2") GG

rekE

along with the random variables

Yg = 27/? ZGTX(T) and Zp := 27"/? Z GTX(T).

rek rek
Since, conditional on G, the random variables { A ;V: _01 are independent, Hg is
the (conditional) covariance matrix of Y. Similarly, Hp is also the (conditional)
covariance matrix of Zz. Note that H 51 is well-defined since each product G,G".

is a positive-definite symmetric matrix. Indeed, block matrix multiplication

confirms that
1

t __
GG, = 12

(Iay + M, M) .

It also follows that the eigenvalues of G,G" are bounded below by % and so

I(G,GL)|| < 12. Similarly,

‘H;H < 12 for all dyadic E. Moreover, since
VNW )~ N(0,1), certainly E (||G,||?) < C, for all p > 1. In fact, |G, ||’
possesses exponential tails (a property which we will exploit later in the coupling

construction of Section |6.4]).

Lemma 6.2.2. For all a € (0 there exists a constant C,, > 0 such that

1
7@)

max E (ea”GT”2> <,
r=0,1,..,.N—1 -

Similarly, E (e"‘HHE”) < Cy, for all consecutive sets E.
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PROOF. Recall that the matrix norm ||M,|| is bounded by the ly-norm of its

entries {M,(¢,7)}: ;. Hence,

2

?

d
1M < DM G0, ) = 207 S W
] k=1

2
—1 |y (M
) B (eZadh |

E (eaHGrHQ) <E (6%(||Mr||+1>2> < eSE (egqu\P) <C,.

and so for all a € (0, 55) we have
d (")

E (eaHMr\F) <TJE (em‘l)Wk

1

k=

)zCa<oo.

Thus for small enough « € (0, ﬁ)v

The second statement then follows:

E (e“lH=l) < Eexp (a?‘” Z ||Gr||2> = H E (eo‘Tn”G”lQ)

rekE rekE

_E <€aucrn2> —C,.

The proof is complete. O

The aim is to prove the following proposition, from which (6.7)) follows

immediately, thereby establishing Theorem [6.2.1]

Proposition 6.2.3. With the notation above, for every p € [1,00) there ezists
a constant C, > 0 and a coupling of {Yr}rcr, and {Zg}gcr,, conditional on
G, such that
Y — ZEH(Rd)m o < C’p2*n/2
for every dyadic set E of size 2", where n < m = log, N.
We copy the coupling construction of [33, Theorem 1] except for modifica-
tions which are needed to establish general LP-estimates. This is because the

original result only established the coupling for p € [1,4). In fact, we can follow

the argument of [33] verbatim to establish Proposition for this range of
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p. Unfortunately for Theorem to be useful in a rough path context we
need the coupling to hold in L? for arbitrary large p € [1,00). Thus we require
the higher order polynomial perturbation result of Proposition |6.1.1] along with
Lemma of the next section. Hence we postpone the proof of Proposition
to Section

Remark 6.2.4. It is a common practice in Gaussian rough path theory to use
Wiener-Ito chaos to establish general LP-bounds from the p = 2 case ([52, The-
orem D.8]). Certainly each BY) increment lives in the second inhomogeneous
Wiener chaos (being a quadratic polynomial of Gaussian random variables),
and it is well-known that Lévy area also lives in a (possibly different) second
Wiener chaos [52], Proposition 15.19]. One could ask whether we could use
this theory to immediately get all LP-estimates from the p = 2 € [1,4) case.
Alas our coupling argument does not necessarily guarantee that the random
variables {A(j)}jy:f)l and {B(j)};\fz’o1 belong to the same Wiener chaos and so we

cannot apply the theory to their difference.

6.3. A central limit theorem

In light of the previous polynomial perturbation extension of Proposition
[6.1.1] we need a modified version of [33, Lemma 4] for the proof of Proposition
in the next section. This is contained in the following lemma. It can be
viewed as a version of the central limit theorem, stating that the density of Yg

is close to the (Gaussian) density of Zg as the size of the dyadic set E increases.

Lemma 6.3.1. Let E be a dyadic set of size 2" and let fr be the density

1

function of Yg, conditional on G. Fizn € (0,5) and an integer k > 2. Then,

provided that |G, || < 2™ and ||(G,GL)7Y| < 22" there exists a constant C,, > 0
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such that the following holds: for each r € E we have

e — OHy <1 + Z an(%_;)SE,Qk)

k=2

(v) < C2™ (8 g (v)

for all |v] < 2"™. Here, each Sga € P(R%®) is respectively a polynomial of
degree 2k with coefficients whose absolute values are bounded by some universal

constant C' > 0 independent of E and k.

Note the original [33 Lemma 4] can be recovered by setting k = 2.
PROOF. The bounds on G, imply that ||Hg|| < 22" and ||Hy'|| < 22

Let v be the characteristic function of X (which is independent of ). An
explicit expression for ¢ can be found in [117]. Note that ¢ is real-valued and
even on R% and extends to a complex-analytic function of a strip {z + iy :

z,y € R4 |y| < a} for some a > 0. In a neighbourhood of 0 in C%, log v has

a convergent expansion
L o
log(z) = —§|z| +oea(z) +eg(z)+ ..,

where cx(2) is a homogeneous polynomial of degree k satisfying |cx(z)| <

(C'|z|)* for even k > 4. Thus,
1 o0
P(z) = exp (—5 |z]2 + X(z)) where x(z) := ; cor(2).
From this it follows that there exists some § > 0 such that
(6.9) if z,y € R with 2]y| < |z| < then |¢(x + iy)| < el

Using the decay of ¥(z) as © = Re(z) — oo and the fact that |¢(z)|] < 1 for

0 # x € R", we can find v € (0,1) and ¢’ > 0 so that

if ,y € R with |2| > and |y| < ¢

(6.10) then |¢(z + iy)| < min (y,C |:1:|71) :
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Now let W be the characteristic function of Yg; ¥(u) = [[,cx % (272Glu).
Recall that WU is the Fourier transform of the density fz of Yz, and taking the

inverse Fourier transform we obtain the expression

fe(w) = (2m) / e~ (1) du

Rd2

By translating the subspace of integration in C% by —iH_'v we can rewrite

this as
fe(v) = (2m) "%/ eV Hg'v /Rd2 e~y (u—iHz') du
= (det Hp)"? Ory(v) /}Rd2 e~y (u—iHg") du.
Note that
(6.11) U (u—iHg') = [[v (27"°Glu - i27"*GLHg") .

rek
If |u| > 24"1*1 then using and ((6.10)) we see that each term in the product
is bounded by either min (v, C2**1/2) |u|™") or exp (—227"1+2 |y|*). Conse-
quently, the product (6.11)) is bounded by
12 1
}\If (u—iHg'v)| < min (v, C2HL/2) |y 1)2 + exp <_62_2m] |u|2>

for all |u| > 2411 Tt then follows that

/{l | o ‘\If (u — Z'Hgly)‘ du < C {2nm,y2" +exp (_267177_1)} |
u|>24nn+1
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To consider the case of |u| < 241 we first set w = u — iHy'v. We then

have

e—iutvqj(w) —_ e—iutv H w (2—n/2Giw)

relb

— ™" exp (Z {—%Qn |Giw‘2 +x (272Gt w) })

rek
. 1 1
— 'y exp (ith;v — §UtHEU + iu'v + A(w))

1 1
= exp (§thglv — EutHEu + A(w)) ,

where

relb rekE

We see that Th; is a homogeneous polynomial of degree 2k and satisfies

[ Top(w)| < C2P D)

A) by an inhomogeneous polynomial of degree 2k

Next, we approximate e
composed of {To}i_, and their powers (as mentioned previously, the original

proof of [33] set k = 2). First note that

S Taw)| < 3 [ Tw) <0 S 20 D) [ 2k
k=r+1 k=k+1 k=r+1
=02 Y (2Cr I jw )
k=r+1

S con (2(277—1)71 |w|2)2(’i+1)

_ C«Qn(1+2(m+1)(2n—1)) |’UJ |4(/€+1)
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and so the simple Taylor approximation e¢* = 1+ O(x) for small = > 0 gives

EA(w) _ H eTgk(w) _ H eTzk(’w) - exp ( Z Tgk(’w)>
k=2 k=2

k=r+1

(6.12) - H e Tok(w) {1 +0 <2n(1+2(n+1)(2n—1)) |w|4(n+1)>} '
We now consider each e2+(*) term in the product. For each k and integer [ > 1,

00 l
1 , 1 :
eTQk(w) _ 1 — Z '_T2k_(w)l = Z ﬁTzk(w)Z + O (‘TQk(w)’l+1>

i=1 i=1

!
1 .
_ Z 5T%(w)z L0 <2n(1+k5(2n—1))(l+1) |w|2k(l+1)> '
— il

Since k > 2,1 —k < —% then (1+k(2n— 1)) < k(27— 1). Hence, if for each

k we choose [j, to be the smallest integer such that k(I + 1) > x, we have

oTan(w) 1+Z TQk +O (an(zn D) +1) |w|2k(lk+1)>

(6.13) —1+ Z T (w (z’m( 5) |w|2“> .
Combining (6.12)) and (6.13)), it follows that
Alw) =1+ ZQ% <2nn( ) ‘U)FH)

for some homogeneous polynomials {qox}f_,, where each ¢o has degree 2k

and coefficients bounded by Comk(2=3) Consequently, setting Qs (w) :=

Y ro G (w), we have

6—%thglv /
{lul<2tmn+1)

— 6_%’UtHEI’U /
{lu|<24mnt1}

1) 1. tpg—1 _ 1.t R 2K
< C'QM(277 2)6 2V Hp ”/ e 2w Hpu ‘u — ZHEIU‘ du
{Ju|<24nn+1}

e vy (u—iHg"v) — (1+ Qo (u — iHgz'v)) ¢~ 2w Hpu

—iHt P _ 1t
6A(u iHp v)—l—QQH(U—lHEIU) e 32U HEudu

— Oznn(2n7%)+8nn — C2TLI{(1O’I]7%)

du
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where we have used the inequality |iHz'v| < ||Hz"|| |v] < 12|v|. Moreover,

/ ’1 + Qan(u — Z'HEIU){ e 3u' Hpu g, < Ce 2",
{|u[>24nn+1}
Collecting these bounds, the lemma then follows by setting

Spok 1= 2_nk<2n_%)RE,2k where Rp g (v) := / Gor (v — iﬂélv)e_%"tHE“ du,
Rd2

for each k € {2,...,k}. The polynomial Rg o is of degree 2k with coefficients

bounded by 2 (21=3)  The proof is complete. O

6.4. Proof of the coupling construction

We are now in a position to prove Proposition|6.2.3], which in turn establishes
Theorem [6.2.1] Throughout the proof we treat Yz, Zp € [R% R C (R9)®? as
vectors in R% = R2(@~1 g0 as to avoid the bulky notation of |||Yz — Ze|||1»

and | ||Ye — Zg||(gaye2 |1 Instead, we will simply write [Yp — Zg|,.

PROOF OF PROPOSITION [6.2.3 The idea of Davie’s original proof in [33] is
to construct a coupling of Yz and Zg recursively, starting with the base case
Ey={0,1,...,2™—1} and proceeding by successive bisection to smaller dyadic
sets.

To begin the construction, we fix a constant n € (0, 4;) and let x be the
smallest integer such that x > 2p. It follows that any constant dependent upon
both k and p can be made solely dependent on p. Intuitively, the inequality
Kk > 2p > 2 makes sense. If we desire a stronger LP-bound, the degree (2x) of
the polynomial approximation produced by Lemma [6.3.1| will have to increase.

Initial step. We start the construction by finding a coupling between Ypg,

and Zg,. To this end, let & be the event {||G,|| < 2™ : for all r € Ey}. Note

that under &, ||Hg,| < 2*™ (and recall that ||H§01H < 12 regardless). Thus



148 6. POLYNOMIAL PERTURBATIONS AND COUPLING CONSTRUCTION

provided & holds, we apply Lemma to find that for all |y| < 2™,

fe¥) mn(10n-1)
(614) ¢HEO (y) {]‘ + EO} (y) < (2 )

where

Z onh(2n SEO %

Here, each Sg,or € P(R®%) is a polynomial of degree 2k for which the ab-
solute values of its coefficients are bounded by some constant independent of
n, Hg,, k. We write y = Hg) u and define the probability density h(u) =
(det Hg, )% fr, (Hg 1/ *u). To convince ourselves that h is a probability density,
we observe that the Jacobian matrix of the linear transformation y — Hgol/ %y

is the matrix Hgol/ ? itself and so the chain rule gives
Froly) = (det Hg*) b (Hg.*y) = (det H*) ™ h(u) = (det Hp,) "/ h(u).

The matrix transformation also gives

_ 1 1 _
brr, (y) = (det Hp,) /2 oy (—éym@ = (det Hg,) ™ 6(u)
s

and this change of variables immediately implies the inequality

(6.15) W, (F: 0r1s,) < |[HE|| W (8, 6)

Setting A = {u € R% : ‘Hé{fu < 2mny it follows from (6.14)) that

/ ’h 1 + 75, (H /2 >}gb(u)’ du < C’,$2m”(10nf%) / (14 |ul”) ¢(u) du

A
(6.16) < ¢, 2m(1m-3)

The exponential tail property of the Gaussian distribution ensures

[y {1 () Yot du < Gy 1 ) [ ol ot

S C«p22mm76—a2"”7 S Cp2—ﬁ2m"
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for some constants a > g > 0. Similarly, the density h conditional on G

possesses exponential tails and so [, (1 + [u])” h(u) du < C,2772™". Thus the

integral of can be taken over all of R% with the inequality remaining
true.

In light of , (now taken over R%), we now apply Proposition m

with 3 = Iy, § = Can(wn—%)’ K<C,n=2n==rande= om(21-3) o

find that conditional of &,
W, (h,6) < Cup (27C14) 4 273 (01) 4 9m2(0-0)) < o gmtetne),
Here, we have used the fact that g > 2. Recalling {} we deduce that

(6.17) Wy (fry: b115,) < Hﬁgf W, (h, $) < Cy,2m21=D)

since under & we have ||Hg,| < 22™. To finish the initial step, we recall the
exponential tail bounds of ||G,|” given by Lemma m to deduce that for all
a € (0, 4457):

P(ES) < Z P(HGrH > 2m77) < omp (ea||G0||2 > ea22mn>

reEy

< 2me—a22m"E <€CMHG0”2)

= C, exp (—a22"”’ + mlog 2) .

If & fails we simply construct independent copies of Y, and Zg,. Hence, from
(6.17) and Holder’s inequality, we can find a coupling of Yz, and Zg, such that

unconditionally
E (Y, — Zg|") SE(|Yi, — Zg|" 1e,) + E (|Ye, + Zp, [P 1eg) < Cp 277207

for some constant Cy, > 0.
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Recursive step. Let E be a dyadic set of size 2". Then we can write

E = FUG where F and G are disjoint dyadic sets of size 2"~!. Note that
Ve +Ye = 2"V and Zp + Zg = 2"*Zp.

We suppose a coupling between Yz and Zg has been defined, conditional on G.
In other words, for each choice of {WU )}jv: o', we have a joint distribution of Yz
and Zg with the correct conditional marginal distributions. We wish to extend
this coupling to a coupling between (Y, Ys) and (Zp, Zg).

For each € R%, let f, denote the the density of Yz conditional on Yz = «
and on G. Similarly, let g, be the corresponding density for Zg. As noted
n [33], the conditional distribution of Zp, given Zp = x and G, is N(Jx, H)
where J = HpH;' and H = 1HpH;'He. Thus g, is the density of N(Jz, H).

We need to find a coupling between Yz and Zp conditional on Yz = z and
Zr = . To do this we need a coupling between the distributions with densities
fz and gz. However, we shall instead construct a coupling between f, and g,,
then use the fact that gz is just g, translated by J(z — Z).

We begin by noting that f,(y) = 22 W)e@Pr—y) ey provided the

fe(z)
event £ = {||G,|| < 2"% : for all r € E'} holds, we apply Lemma m to each

of E, F,G to find:

f2(y) _ - n5(100-3) for all | nn/p
019 [P0y x<y>}gx<y>'sm for all [z, || < 27,

where 7,(y) = rr(y) + r¢(2"/%x — y) — re(r). Note that

re(y) = 2nk(2n_%)5E,2ka
o2

where each Sg o € P(R%) is a polynomial of degree 2k with the absolute value
of its coeflicients bounded by some constant independent of n, H, k. Corre-

sponding decompositions and associated properties hold for rr and rq.
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Next, we define the set
Q= {az cR%:E (|YF|p 1{|YF\22""/P}‘ Yg = 2z and Q) > 2’”"/2} :
Utilising the inequalities of Markov and Holder gives

P (Yg € Q|G) < 2"/°Eg (\YF’p 1{\YF|22nv/p}>
2 1/q s nns Y
< 2 g (Yl (|5l > 275G
< 2"PEg ([Yp[") 2 Bg (1Y [
< 02"G715) || Hp |20

-1

where s > 1 and ¢, > 1 satisfy ¢! +r~! = 1. Under the assumption of £ we

have ||Hp| < 227 (recall F is of size 2"/2), and so,
P (Ve € Q|G) < con(5m )t (1450) = oo (1),

Taking s > (1 + %(/4; + 4p)) ensures that 5 (2x + n(1 — Z—f)) < —2pn and we

conclude that
(6.19) P(Yp € Q|G) < C27%.
Define the event & := £ N {Y ¢ Q}. Note that under £, we have

1H) < 5 AN | HE 1Hell < 5 (28F) = o2
Let us write x = Y for shorthand. In contrast to the initial step, we cannot
directly apply the polynomial perturbation result of Proposition to the
conditional distribution of Y because g, ~ N(Jz, H) is not centred. Instead,
we need need to make the change of variable y := Jx + H'/?u, so that now we
have g,(y) = (det H)™/2¢(u). Similarly, we define h,(u) := (det H)"2f,(Jx +
HY ).
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Then provided g holds, |D implies the estimate
/ (1+ [u))? |he(u) = {1+ 7, (Jo + H2u)} du)| du < C,.,2me(10n-3),
A

where A = {u € R® : |Jo + H?u| < 2"/P} If u ¢ A, that is [y| > 2"/7,
then |H'?u| < 2|y| and so |u| < C2"2 |y|. As previously argued in [33], using

the fact that x ¢ Q under £ it follows that
/ (14 [u])? ho(u) du < C,.,2"(15).

Moreover, the exponential tail property of the Gaussian distribution ensures

that
/ (L+u)? |1+ 7, (Jo + H'?y) | ¢(u) du < Clop2 2,
Ac
Combining the last three estimates yields

/]Rd2 (14 ful)” |hr(u) - {1 + 7y (JJ: + H1/2U)} ¢(u)| du < C'n,pQ"n(lon—%).

As in the initial case, in light of the previous estimate we apply Proposition

6.1.1 with ¥ = I, 6 = C2"0972) K < O, ng =2, n =  and & = 27(19773)

to find that, conditional on 3 ,
W, (ha, @) < O, 2n 3=,
Again we have used the fact x > 2p. Assuming &, ||H1/2|| < 02"% and so
Wy (for 92) < ||HY?| W (hay §) < O, p2n2070),

As Davie writes in [33], the situation can be summarised as follows: condi-
tional on Yz = x and assuming £ , we can find a random variable Z7, with density
g» such that | Z5 — Ye|,, < C.,2"®20=D_ If £ fails then we generate an inde-
pendent random variable Z* with density ¢, and set Z}. := Z*. As in the initial

case, the exponential tail bounds of Lemma imply that P (£¢) < €272
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and so together with (6.19) we certainly have P <§C> < 027%. Thus tak-

ing expectations over G and Yg and applying the tower property, we find that

unconditionally,

(6.20) E(|Z3 — Yp[P) < Cp2?30).
We can now complete the recursive step by defining
(6.21) Zp =258+ HpHp (Zg — Yri),

which has the correct conditional density g; with £ = Zg. Then we must have
Zq = 2Y27Zp — Zp. Moreover, setting Z5 := 2Y2Yy — Z§, and
hold with F' replaced with G.

Conclusion of the proof. Consider a given dyadic set E of size 2". We
can uniquely write the expansion £ = F, C E,_1 C ... C Ey where k=m —n

and, for each j, E; is a dyadic set of size 277, From (6.21]) we obtain
i
Zp—Yp=>» HpHp'(Z; -, el (Z, —
E—Yp = eHp (2, — Yg,) + He Hg, (Z5, — YE,)-

j=1
By the Holder inequality, the exponential tail estimates of ||Hg|| and the fact

that HH;H < 12, for all r € [1,p) we have

k
|ZE B YE|LT S 12 Z |||HEk|||Lq ZEJ B YEj p + 12 |HHE1€H|LQ ‘ZEO - YEO|Lp
j=1
k
< C’Rp Z 2(m—j)(22n—1) <C., p2(m—k)(22n—1) —C, p2n(22n_1)'
j=0

Here, ¢ = -2 (so that g~ '+r~' = 1). Taking suitably small € (0, ;) ensures

that 22n — 1 < —% and the proof is complete. O






APPENDIX A

Baker-Campbell-Hausdorff formula

We use this short appendix to collect some useful formulas for the Baker-

Campbell-Hausdorff formula and its iterated version.

A.1. Baker-Campbell-Hausdorff formula

The Baker-Campbell-Hausdorff formula links the structure of a Lie group
with the corresponding structure on its associated Lie algebra. It does this
by expressing the logarithm of the product of two Lie group elements as a Lie

algebra element using only Lie algebraic operations.

Theorem A.1.1 (Baker-Campbell-Hausdorff formula). Let G be a Lie group
with group product x and the corresponding Lie algebra g defined over any field
of characteristic 0. Let exp : g — G be the exponential map. Then for every

pair x,Y € ¢,
H(z,y) :=log (exp(z) * exp(y)),

can be written as a formal infinite sum of elements of g. To be precise:

i) =3 T b )

n=1

where

Hy(z,y) : = Z !

rilsyl . oorpls ! Y (r + sy
{ri,si}7 1 CZLy 121 nen Zz:l( i T 2)

ri+5;>0
X [z, [z, e, [y, [y, -y s [ [y [y -y
N - S/ N\ - J . - Y \—— —
r1 times s1 times rn times Sp, times

155
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For a proof of the Baker-Campbell-Hausdorff formula, see |28, Theorem

1.2.1]. The first terms of order less than or equal to 5 are given by

Hw,y) =+ y+ ooy + 55 (o o al] + s . 2l) = gl o e ol]
— g (1, 91,91 + [l 2, 2], ] )
+ o= (v ), v 2 + [y 21, 2], 2, )
+ 395 (vl ol 2], 90 + [l 91, 2] gloa)) + -

A.2. Tterated Baker-Campbell-Hausdorff formula

We can also consider the iterated product:

H(zq,...,x,) :=log (™ x...%e"™).

This is the iterated version of the Baker-Campbell-Hausdorff formula. It was
first used in the proof of the Chen-Strichartz development formula, where the
latter formula gives an explicit expression for the logarithm of the Brownian
signature lift log Sy (W), ¢ (see [23), 109]).

Theorem A.2.1 (Iterated Baker-Campbell-Hausdorff formula). The iterated
Hausdorff coefficient has the form:

(=DF! L p
H(xl,...,xn):z k; Zﬁx ,

k=1 PeB,

where By, P, P! and X* are given by the following expressions:

JE{L,... .k}

By = {(pz)ie{l ..... n},p{ eN:Vje {1,...,/{:},219? >0}’
i=1

k k n
]_DZZ p{, P':HH 3'7

j=1 i=1 j=1i=1

_— Y Y Y

pi times pl times p¥ times pk times
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We refer to [9, Appendix BJ, [20] §3.2] and [101], Theorem 3.11] for further
details. By induction (see Example 3.2 of [6]) it can be shown that the first

terms of the expansion up to nested Lie brackets of length 4 are given by
(A.1)

H(xh 7~rn)
B 1
— T + 5 Z [z, 2]
i=1 1<i<j<n
1 1 1
7 > il @] + EZ D [ [z, ] + D > g [y, @)
1<i<j<k<n ij k>ivj 1<i<j<n
1 1
+3 Sl g ), @) +ﬂz >l [y, wal], )
1<i<j<k<I<n %, I>k>iVj
1 1
+55 >0 g [y, mil), zl + v > e e [, 2]
1<i<j<k<n 1<i<j<k<n
1
ij k>ivj

We now specialise to the case of the free sk-nilpotent Lie group and algebra:
(G, % 9) == (GYRY),®, 6" (R)) .

Next, we present a useful technical lemma for expressing the difference of two

iterated BCHF expansions as the global difference at the Lie algebra level,

rather than the local difference at the Lie group level.

Lemma A.2.2. Fiz sequences {x;}"_y,{y;}1_; € G™(R?) and set
g; = T; (H(l’l, e ,.CEn)) R hz = T; (H(yl, . 73/71)) € g(n)(Rd>

Then for every integer m < k,

|Tm (" ®... Q™" —e"®...Q ey")||(Rd)®m

k
Zgll(g)®gly—1®(glj_hlg)®hlj+1®®hlk
j=1

k=1 """ d1,...,ix>0
i1+ Fig=m

(Rd)®m
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PROOF. Recall the well-known non-commutative identity ([7), §4]),

n n n j—1 n
(A2> ®aj —®b] :Z®ai(a]’ _b]) ® bia
7=1 7=1 7j=1 =1 1=j+1

for any sequences {a;}, {b;}, with the convention that ®?_,a; = 1. It follows

that for every positive integer m,

[T (" ®...Qe" — e ®...® ey")||(Rd)@>m

_ Hﬂm (eH(:cl,...,x,,L) _ eH(yl,...,yn)) H(Rd)@m
1
= ||7Tm (Z ] (H(z1,...,2,)%" — H(ys, ... ,yn)®k))
k=0 (Rd)®m

"1
< Z 71 Hﬂ-m (H(:L‘h ce 7wn)®k - H(yla ce 7yn)®k) H(Rd)@)m
k=

:Z% Z (gi1®..-®g¢k—hu@---@hik)

k=1 || i1,...,01>0
11+...Fig=m (Rd)®m
m 1 k
SZE Z Zg“@®gl]71®(glj—hlj)®h1]+l®®hlk
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The proof is complete. Il

We conclude the appendix with a useful technical lemma ([6, Lemma 3.1]).

Lemma A.2.3. Any Lie bracket of elements x1,...,x, € g is a linear combi-

nation with coefficients of £1 of nested commutators of the form
iy KXy ko kT kT = [Ty [y [ [, ] )]

PRrROOF. The proof relies upon the Jacobi identity and induction on the length
of the commutator. The induction basis is the identity [[z1,zs], [23, 24]] =

(24, [s, [21, 2a]]] = [, [w2, [21, wo]]]. .
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