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1. INTRODUCTION

The purpose of this note is to present the argument from [San16] for groups of the form
F2%. Throughout G will denote such a group; the whole point of our arguments is that the
results will not depend on n, but we shall touch on this later in the introduction.

Before motivating the problem we need a couple of definitions. Given f : G — R we
define its Fourier transform and spectral norm respectively by

F(r) = Boeg f()(—1)"" for all r € G, and |[f|4:= Y |f(r)].

It has been known since [KM93, Theorem 4.12] that if a Boolean function (meaning a
function taking only the values 0 and 1) has small spectral norm then (an approximation
to) it can be easily learnt [KM93, p1338]. (See also [Man94].) In view of this it is natural
to ask how rich the class of Boolean functions with small spectral norm is, and this was
part of what motivated the paper [GS08a].

There are some obvious members: if V' < G then it is easy to check that |1y |4 = 1
and so if V4,...,Vp, < G the f= Zle +1y, is certainly integer-valued and it also has
|fla < L. Our aim is to prove the following sort of converse.

Theorem 1.1. Suppose that f is integer-valued with | f|a < M. Then there are subspaces
Vi,..., VL < G such that

f= Z +1y and L < exp(M*T°W),
=

This improves on the bound L < exp(exp(O(M*))) in [GS08a, Theorem 1.3]. On the
other hand if f is a sum of k maps of the form z — (—1)"* with the r;s independent then
Iflla = O(Vk) so that we certainly need L = Q(M?) above.

The above result includes a structure theorem for Boolean functions (with small spectral
norm) as they are functions taking particular integer values, but does not address the
question of which linear combinations of indicator functions of subspaces lead to Boolean
functions.

Various sub-classes of the Boolean functions with small spectral norm have been studied:
for example the symmetric functions in [AFHI12, Theorem 1.1]; the low-degree functions in

IThis notation means that there are signs ¢; € {—1,1} such that f = ZiLzl gily,.
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[TWXZ13l Lemma 4]; and functions with small Fourier support in [STV14, Theorem 1.3];
and the functions in smal]ﬂ ambient group [STV14l Theorem 1.2].

This last result is particularly worth mentioning as the dependence on the size of the
ambient group is very mild.

Theorem 1.2 ([STV14, Theorem 1.2]). Suppose that f is Boolean with ||f|a < M. Then
there are subspaces Vi, ...,V < G such that

f= Zilv and L < oM?\2M
%

This result is stronger than Theorem [1.1| unless |G| = exp(exp(M2ToW)).

Weaker structural statements have also been proved about Boolean functions with small
spectral norm including [Gro97, Theorem 4], [STV14, Theorems 1.1 &1.4 | and [TWXZ13|
Lemmas 4 & 8§].

2. OUTLINE AND CONDITIONAL PROOF OF MAIN THEOREM

The overall structure is not wildly different to that in [GS08a]. We use an induction over
almost integer-valued functions, where we say that f : G — R is e-almost integer-valued if
there is a function fz such that |f — fz]. < e. If, as will always be the base, € < % then
fz is uniquely determined.

Given a finite non-empty set S in G we write ug for the uniform probability measure on
S. Given a function f on G we then write

f=ps(x) :=E, sf for all z € G.

In particular, if V' < G then 14 = uy () is the relative density of A on x + V.

The idea is to keep splitting f up into pieces with smaller spectral norm, though they
may also be less close to being integer-valued. We do this in two parts: given f we find a
subspace that it correlates with. This is done first by passing to a set with small doubling
using (Proposition [2.1| below), and then using a version of Freiman’s theorem (Proposition
below). This result is discussed more in §5(and may be of some separate interest.

Proposition 2.1. There is an absolute C' > 0 such that the following holds. Suppose that
f is e-almost integer-valued; and ||f|a < M with € < exp(—CM). Then there is a set A
supp fz such that |A + A| < exp(O(M log M))|A| and |A| = exp(—O(M log M))| supp fz|.

Proposition 2.2. Suppose that A ¢ G has |A + A| < K|A|. Then there is some V < G
with |V| = exp(—1log®™°W K)|A| and |A A V| = exp(—log" ™M K)|V|.

The key point is that the subspace we find is quite large (in particular larger than that
in [San12, Theorem A.1]), while the relative density of A on that subspace is also quite (in
particular larger than that in [Sanl3, Theorem 1.4]).

For the second part, given this subspace we try to make f behave continuously on it to
restore the property of being almost integer-valued. This is the purpose of Proposition [2.3
and is roughly an analogue to [GS08al §3].

20t is perhaps better to say not enormous rather than small here.
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Proposition 2.3. Suppose that V < G; | f|a < M; and € € (0,1] and p = 2 are parame-
ters. Then there is a subspace U <V with codimy U = O(pe?loge™ ') and

Lf = f*pulo,u) < eM for all We G/U.
With these in hand we produce our key iteration lemma:

Lemma 2.4. There is an absolute constant C' > 0 such that the following holds. Suppose
that f is e-almost integer-valued; |f|a < M; n > 0 is a parameter and ¢ < exp(—CM).
Then there if some V < G such that f = py is (€ + n)-almost integer-valued, (f * )z # 0
and |V| = exp(—O(M?**°M) max{logn™', M}))| supp fz|.

Proof. Apply Proposition (possible provided e < exp(—CM)). This gives us a set
A < supp fz which we can put into Proposition 2.2 to get U < G such that

\U| = exp(—M3*°M) | supp fz| and |A A U| = exp(—M*+°W)|U].

Apply Proposition with a parameter p to be optimised and we get V < G with |V| >
exp(—=O((p + M)M?>°W))|supp fz| such that

|f = f# v oy ey < 274 for all W e G/V.

We may assume that ¢ < 2% and hence by the triangle inequality that

1
I fz = f* v, < 3 or all We G/V,

and so f * py (which is constant on W) is certainly i-almost integer-valued, but this can
be bootstrapped. Suppose W € G/V. Then

1

(0 € W (7 «i)ale) # Jola))) 27 < 17 )z = Folf g < (€4 5) <47

Writing W = 2z + V for some z € G it follows that

|f v (2) = (F =)z (2)] < [ = fz) = v (2)] + | (fz = (F = pv)z) = v (2)]
< e+ OMpw ({xe W (f = pv)z(x) # fz(x)}))-

We conclude that f = py is (e + O(M27P))-almost integer-valued from our earlier estimate
for the measure. Finally, if (f * py)z = 0 then we have

pw {zeW 10 +# fz(x)}) <277 for all W e G/V,

but by averaging there is some W € G/V such that pw (supp fz) = pw(A) = py(An U)
and so we take p = O(max{log /(A N U)~! log Mn~'}) such that f = py is (e +n)-almost
integer-valued, and 277 < py (A n U). The lemma follows. O

The result we shall prove (from which Theorem follows immediately) is then the
following.
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Theorem 2.5. There is an absolute constant C' > 0 such that the following holds. Suppose
that f is e-almost integer-valued; | f|a < M; and e < exp(—CM). Then there are subspaces
Vi,..., VL < G such that

fz = Z +1y and L < exp(M3oW).
v

Proof. Let C' > 0 be the absolute constant in the statement of Lemma [2.4] Let ¢; :=
2% + 4772M=4 oxp(—CM). We shall define functions f; such that

1

2 Y

and so (f;— fi+1)z can be written as a +1 sum of at most exp(M>+°(1)) cosets of a subspace
V;. We set fy := f which is certainly ey-almost integer-valued. At stage ¢ < 2M + 1 apply

Lemma [2.4] with n = 47273 exp(—C' M) which is possible provided ¢ < exp(—C'M). We
get ‘/;'_A,_l < G Wlth

fi is €;-almost integer-valued, | fii1]a < | fila —

Viia| = exp(=M3°W)| supp fz| and f; = py;,, is (& + 1) — almost integer-valued.

Put fiv1 := fi — fi * py,,,. Then fiy1 is 2¢; + 1 < €41 almost integer-valued. Moreover,
since

| supp(f * pv;,, )z| < 2|supp fzl

and (f = py,,,)z is invariant on cosets of Vj4y it follows from the lower bound on |V
that (f * uy;,, )z takes non-zero integer values on at most exp(M3T°M) translates of V.
Moreover, the value of (f = uy;,,)z on each of these is an integer between —(M + 1) and
(M +1). It follows that (f; — fi+1)z = (f * pv;,, )z can be written as a +£1 sum of at most
exp(M3°M)) cosets of Vi, ;.

Finally, since (f * ptv;,, )z is not identically 0 it follows that |f = py;,, |4 = 1 — €41 = 3
and hence |fiz1]a < [ fi]a — 3. In view of this the iteration terminates in 2M steps and
unpacking what that means we have the result. U

The 3+ 0(1) in Theorem [2.5| arises at two different points. The first is in the application
of Freiman’s theorem. While we do not know how to improve that result, in this case there
is a lot more structural information available to us in the proof of Proposition [2.1] and
better bounds can be achieved in this setting (at the expense of the wider applicability of
the result). The second is in Proposition where, at least for fixed p (e.g. p = 2) it is
unclear how to improve the dependencies given the example of f being a sum of maps of
the form x — (—1)" for the ;s independent.

One of the key purposes of this note is to help with the understanding of [Sanl6]. In-
evitably that paper is rather more complicated but we have followed the overall structure
of that work closely here. Roughly speaking Lemma corresponds to [Sanl6, Lemma
10.2], Proposition to [Sanl6l Proposition 7.1], and Proposition to [Sanl6l Proposi-
tion 8.1]; the least similar is Proposition Which corresponds to a combination of [San16]
Lemma 9.1], [San16l Proposition 9.2] (and the Balog-Szemerédi-Gowers lemma).
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3. QUANTITATIVE CONTINUITY

In this section we shall prove the following

Proposition (Proposition . Suppose that V < G, ||f|a < M; and e € (0,1] and p >
are parameters. Then there is a subspace U <V with codimy U = O(pe 2 loge™') and

Lf = f* pulln, ) < €M for all W e G/U.

To prove this we shall need the following corollary of work of Croot, Laba and Sisask
[CLS11]. One could also proceed using Chang’s Lemma [TV06, Lemma 4.35]. We have cho-
sen this approach because it is closer to the argument in [San16| §7], where the appropriate
localisation of Chang’s Lemma would be more involved.

Lemma 3.1. Suppose that V < G, f € A and e € (0,1], p = 2 are parameters. Then there
is a subspace U < 'V with codimy U = O(pe?) such that
1f 1o = floo) < €lfla-

Proof. Apply [CLSTI], Corollary 3.6] to f to get some k = O(pe™?), r1,...,r, € G, and
complex numbers of unit modulus wq, ..., w; such thatﬂ

‘f - % (s (=1t -+ (1)) < el flla-

Lp(pv)

Let U := Vﬁﬂle {z :rl -z = 0} and note that the given sum is invariant under translation
by elements of U. The result follows by the triangle inequality on rescaling e. U

Proof of Proposition [2.5. We produce subspaces U; < V iteratively; initialise with Uy := V.
At stage ¢ suppose that
(3.1) If — f = po, for some W e G/U;.

By translation we may suppose that W = U;. Apply Lemma to f with parameter
€0 1= %e to get a space Zp < U; with

. B 1
codimy, Zy = O(e™°p) and |[f * pizy = flr,u0) < Sl fll4-
By the triangle inequality we have

(3.2) —€HfHA<Hf [ n,

At this point we might use a snnply upper bound this last term by the algebra norm and
find that we have a large ¢;-mass of f on Z3\U}. This could then be iterated. We do a
little bit better by a dyadic decomposition

Let €; := 2/7'e and at stage j > 0 let Z; < Z;,1 < U; be a space of minimal codimension
such that

Hf f*/’LZOHLp HU) Hf*:uU _f*/’l’ZOHLP(PJU,L-)'

||f*ﬂZ — fx IUZJ+1HLP(NU 6J-i-IHf"‘,uZL HA

3Here (—1)™" denotes the functions z — (—1)72.
4This is the same idea as is discussed after [GK09, Lemma 4.1] where a power of i is improved to %
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By Lemma applied to f * iz, with parameter €;,; we get a space Y;;; < U; with
codimy, Yj1 = O(ejfp) and |[f = puz, — [ iz, = povy | o) < €l f # bzt

It follows that we can take Z;.; = Z; + Y41 and have codimy, Z;;1 < codimy, Y;41 and
Zy < Zy < -+-. On the other hand if J = [loge '] + 2 then €; > 2 and we can certainly
take Z; = U; by the triangle inequality.

By the triangle inequality it follows that

J J
If * 1w, = f o izl uoy) < D NF * bz, = f o 1z, L) < Y €l * 11z, a,
=0 =0
and so by averaging and (3.2)) there is some j such that
1
- < €5 4.
2(J + 1)€HfHA €J+1Hf * ILLZJ HA

But then codimy, Z; = O(e;71p); set Upyy := Z;.
Returning to our main iteration, and writing d;;, := codimy, U;;1 we then have

A_Q(ﬂﬂﬁ/@ﬂ>.
0g ¢ p

. e|lfla |dipa
A_ZQ<loge—1 p )

1 < dip1 = O(e;21p) and | f * p,, — f# po,

Since Uy = U; = Uy > ... we have

”fHA = Z Hf *HU T [ b,

and since d; > 1 for all 7 > 0 this sum must involve a finite number of summands and the
iteration must terminate with the failure of (3.1) — exactly the conclusion we want. But
then

codimy U < Zdi < (suz}p \/dj) Z\ﬁ =O(e'y/p) - O(e 'y /ploge™).

This gives the result. U

4. FROM SMALL ALGEBRA NORM TO SMALL DOUBLING

The aim of this section is to prove Proposition 2.1} Throughout this section it is most
natural to use counting measure, and for convenient if f € ¢;(G) and r € N we define

fO@) = 3 fla)- fla) and fO = Ligq.

The key result of the section is the following. The essentially uses a refined version of
arithmetic connectivity [GSO8bl Definition 5.2] and is closely related to ideas of Méla from
[MEIS2].
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Proposition (Proposition . There is an absolute C' > 0 such that the following
holds. Suppose that f is e-almost integer-valued; and |f|a < M with ¢ < exp(—CM).
Then there is a set A < supp fz such that |A + A] < exp(O(M log M))|A| and |A| >
exp(—O(M log M))|supp fz|.

Proof. Let R := supp fz and take [ and m to be natural numbers to be chosen shortly.
Suppose that there is some € R™ such that for any S < [m] with 2 < |S]| < [ odd
we have fz(>..q2s) = 0. For 1 < i < m put w; := sgn(fz(x;)) and define h by h(r) =
%2;11 wi(—l)rij so that Hh”gl(g) < 1.

Then for every 1 < k <[ we have

m 2k+1
<h2k+1, fZ>L2(uc) _ —(2k+1) (Z 7" :m) fZ(T)

< m—(2k+1) Z |fz(x01 4+t I‘U%H)‘

oe[m]2k+1

< m”@FY > 1fzlew(c)

ae[m]2k+1
[{oi:ie[m]}|<k+1

< m—(2k+1) . (M + 1) . (2]@ 4 1) -m - O(m/{:)k _ Mm_kO(k)k+1.

Moreover, by Young’s inequality ||h(2*+1)|| 0,(¢) < 1 and so by Plancherel’s theorem we see
that

B, B ey = B, ey

forall 0 < k <.
Let P(X) = a1 X + a3 X3 + -+ + ag, 1 X?*! be the Chebychev polynomial (of the first

kind?) of degree 21+ 1 so that ag,41 = (—1)'"7"22 1 ("/"*1) and | P||, (11 < 1. Note that

l—r

< Z 4] < Z gk+1 <l TR 1) < eexp(O(1).

= KRV 7 — Poe| < If = falre@

’<P = ) iatue)

But we also have
!

(KP(R), F2)natue)| = (2 + DI, Fo)rauer) = Y 1azia [B*, F2) Lagucs)|

k=1

l
@+1)-MY (l TR 1) (k)*+

k=1
3
> (20+1)— MO l—exp l2/m))) :
m

®See [ZKR03, S6.10.6] for details.
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Since —1 < h(r) < 1 we have |P(h)| < 1, and so |[(P(h), f>L2 (ue)| < M. Combining the
results so far using the triangle inequality gives
3

M=2+1)—-MO (% exp(O(lZ/m))> —eexp(O(1)).

It follows that if € < exp(Cyl) for some sufficiently large C; > 0 and m > Cyl? for some
sufficiently large Cy > 0 then for [ = C3M we obtain a contradiction, and the supposition
at the start of the proof does not hold. In view of this we see that

™ < m;m Z 1r (Zq%s*)

2<\S|<2l+1
|S|: (mod 2)

l
2 Z 2 1R (Z xS) = Z (2]{3 + 1) <1§?k+1)7 1R>€2(G)|T’m7(2k+1).

zeT™ k=1 Sc[m seS
|S|= 2k+1

By averaging there is some 1 < k < [ such that
1

1§i1k+2) (OG)1/2|R|1/2 > <1c(112k‘+1)’ 1R>€2(G) > - |R|2k+1.
m (o)
Since 15572 (0¢) < |T|*-21{Y (0¢) we can apply the Balog-Szemerédi-Gowers [TV06, The-
orem 2.29] and we are done. O

5. A VARIANT OF FREIMAN’S THEOREM
In this section we prove the following result which may be of independent interest.

Proposition (Proposition 2.2). Suppose that A = G has |A + A| < K|A|. Then there is
some V < G with |V] = exp(—log®™W K)|A| and [A~ V| = exp(—log”o(l) K)|V].

It may be worth taking a moment to compare this with existing work. We consider results
of the following form: if |A + A| < K|A| then there is a subspace V with o := |[An V|/|V|
and 0 := |V|/|A].

[San13, Theorem 1.4] gives 04 6 = exp(—log®"°M K) which is not enough for our pur-
poses. If one wanted a > K~°0) then this is guaranteed by [San12, Theorem A.1]) though
only with § > exp(—O(log* K)). Indeed, it actually seems likely that those methods could
be used to get a = (1 — n)K~! and § > exp(—0,(log" K)); the bound on « is close to
optimal.

It is a celebrated conjecture of Marton [Ruz99| called the Polynomial Freiman-Ruzsa
conjecture [TV06, Conjecture 5.34] that we can take a, § = K9,

Proof of Proposition[2.9. Apply [Sanl3, Proposition 8.5] to get r = log° K and sets S
and T" with

9Ac S < 2rA,|S+T| = 0(S|) and |T| = exp(—log*t°™ K)|S|.
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By Pliinnecke’s inequality we have 25| < exp(log't°™ K)|S|. Apply the Croot-Sisask
Lemma (for example, in the form [Sanl3, Proposition 8.3]) with a parameter m to be
optimised shortly to get a set X with

| X| = exp(—=O(m*log" ™M K))|T| and mX < 48.
Let [ be a natural to be optimised shortly and note by Pliinnecke’s inequality again that
ImIX| < [41S] < exp(llog' W K)|S]
< exp(llog" M K + m2log' W K + log*t°M K)| X]|.

Put £ = ml and see that for K sufficiently large we can choose m = log”(’( VK (and
with m > rlog K) and [ = log®>*°" K such that |(3k + 1)X| < 2¥|X|. We apply Chang’s
covering lemma [Sanl3l Lemma 5.2] to get a set 7' < X of size k = 10g3+°(1) K such that
3X < (T')+ X. It follows that U := (k + 1)X is a group and since U + A < (16r] + 1) A,
we can use averaging and Pliilnnecke’s inequality to get that py(X) = exp(— log3+°(1) K).

So far the argument is essentially the same as the proof of [Sanl3, Proposition 2.5], and
if we stopped here then we would have the conclusion but with a weaker bound on the
relative density of A in V. We shall bootstrap what we have into the better result by using
the argument behind Chang’s theorem [TV06, Theorem 4.41] for two different sets. First,
note that

ﬁ A+ sX + X| _ mX +A] _ |8r+ DA
[A+sX] AL A

and so by the the pigeon-hole principle there is a set L = A 4+ sX for some 0 < s <m —1

such that | X + L| < KO D|L| = O(|L|). (Here we use that m > rlog K.) Since the

cosets of U partition G, by averaging there is some translate of U, call it W, such that
X + W L] < exp(log®™ L)W ~ L|; put

< }(O(T)7

|B + X|

| B
We may translate so that W = U and now work with the Fourier transform on U. By
Chang’s Lemma [T'V06, Lemma 4.35] there is a set A < U with

IA| = O(Dlog iy (X)™Y) = O(log*°W K) and Specﬁ(lx) < (M.

B:=LnWand D := =0O(1).

It follows that if x € Spec_1_(1x)* then

2v/D

t

1+ 1lp+lx «1x(x) —1p+1p =1y 1x(0c)| = leB P (r)P (=)™ = 1)

<2 Y GERREPE

r¢Spec 1 (1x)
2VK

1

—pu(X)?,

< MU(B>2D
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by Parseval’s theorem. On the other hand, by the Cauchy-Schwarz inequality we have

PR = S By ()"

We conclude that V := (A)* € B+ B+ X + X < 2mX + 2A < (16r + 2)A. Finally, we

have
pia(A)?
pa(A+V)

by the Cauchy-Schwarz and Pliinnecke inequalities. It follows that [An (z+V)| = KO0 |V|
for some x € G and we get the result by enlarging V' if necessary to be the group generated
by x + V — this is at most twice as big. ]

Ip*1p*1x*1x(0g) =

|14 # v o @ypa(A) = |14 = pyll e = > pg(A) K00,
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