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31 Introdu
tionDis
ontinuous Galerkin �nite element methods (DGFEMs, for short) date ba
k to theearly 1970's; they were simultaneously proposed by Reed & Hill [22℄ in 1973 for thenumeri
al solution of the neutron transport equation and by Nits
he [18℄ in 1971 asnonstandard s
hemes for the approximation of se
ond{order ellipti
 equations. Sin
ethen extensive work has been devoted to the development and analysis of these methodsfor a wide range of appli
ations; for a re
ent survey and histori
al review, we refer tothe arti
le by Co
kburn et al. [8℄. One of the key advantages of the DGFEM in 
om-parison with standard Galerkin �nite element methods based on 
ontinuous pie
ewisepolynomials is their high degree of lo
ality. Indeed, the 
omputational sten
il of theDGFEM remains very 
ompa
t, even as the degree of the approximating polynomial isin
reased. Thereby, high{order adaptive hp{ and spe
tral element approximations maybe handled in a parti
ularly 
exible and simple manner. This 
lass of adaptive �niteelement methods o�ers tremendous gains in 
omputational eÆ
ien
y in 
omparison withstandard mesh re�nement algorithms whi
h only in
orporate lo
al h{re�nement with agiven (�xed) polynomial degree. For a re
ent review of hp{re�nement strategies, werefer to [14℄; see also [1, 4, 16, 23, 25℄ for related work.In the series of papers [13, 14, 16, 25, 26℄, we have developed so{
alled `goal{oriented'a posteriori error estimation for hp{adaptive DGFEMs applied to �rst{order hyperboli

onservation laws; see also [10℄ and the arti
le of Larson & Barth [17℄ in the 
ase of theh{version of the DGFEM. Here, in 
ontrast to traditional a posteriori error estimationwhi
h seeks to bound the error with respe
t to a given norm, goal{oriented a posteriorierror estimation bounds the error measured in terms of 
ertain target fun
tionals ofreal or physi
al interest. Typi
al examples in
lude the mean value of the �eld over the
omputational domain 
, the normal 
ux through the out
ow boundary of 
 and theevaluation of the solution at a given point in 
. For related work, we refer to Be
ker &Ranna
her [7℄.The purpose of this paper is to extend our earlier work on �rst{order hyperboli
problems to a general 
lass of se
ond{order partial di�erential equations with nonnega-tive 
hara
teristi
 form. For the dis
retization of the leading order terms, we employ a
lass of interior penalty methods whi
h lead to either a symmetri
 or nonsymmetri
 dis-
retization of the di�usive operator, depending on the 
hoi
e of a given parameter withinthe s
heme; in the following we write SIP/NIP to denote the symmetri
/nonsymmetri
versions of the interior penalty method, respe
tively. While a symmetri
 dis
retiza-tion of a self{adjoint operator seems quite natural, the NIP s
heme is often preferred,parti
ularly for adve
tion{dominated problems where the underlying dis
retization ma-trix is nonsymmetri
 anyway, as it is stable for any 
hoi
e of a 
ertain dis
ontinuity{penalization parameter C� > 0, 
f. [2, 12, 21℄, for example; see also Theorem 3.1 below.On the other hand, the SIP s
heme is only stable when C� > 0 is 
hosen suÆ
ientlylarge. In terms of a

ura
y, both s
hemes 
onverge at the optimal rate when the erroris measured in terms of the energy norm, but the la
k of adjoint 
onsisten
y, 
f. [2℄, ofthe NIP method leads to suboptimal 
onvergen
e of the error when measured in termsof the L2 norm. In this 
ase, the SIP s
heme is still optimally 
onvergent, while the



4NIP method is suboptimal by a full order; however, numeri
al experiments indi
ate thatin pra
ti
e the L2 norm of the error arising from the NIP s
heme 
onverges to zero atthe optimal rate when the polynomial degree p is odd, 
f. [12℄. Thereby, in pra
ti
ethe loss of optimality of the NIP s
heme when the error is measured in terms of theL2 norm only arises for even p. In this arti
le, however, we shall show that the la
k ofadjoint 
onsisten
y of the NIP s
heme leads to suboptimal rates of 
onvergen
e for allp � 2, when the error is measured in terms of a 
ertain (linear) target fun
tional J(�)of pra
ti
al interest, su
h as J : v 7! R
 v(x) (x)dx ; for example, where  is a givenweight-fun
tion. More pre
isely, for �xed p we shall show that the error measured interms of J(�) behaves like O(h2p) when the SIP s
heme is employed, while for the NIPs
heme, we only have the rate of 
onvergen
e O(hp) as h tends to zero. For related workon a posteriori error estimation for DGFEMs with interior penalty, see Be
ker et al. [5,6℄ and Rivi�ere & Wheeler [23℄, for example.The paper is stru
tured as follows. In Se
tion 2 we introdu
e the model problem andformulate its dis
ontinuous Galerkin �nite element approximation. Then, in Se
tions3 and 4 we develop the a posteriori and a priori error analyses of the error measuredin terms of 
ertain linear target fun
tionals of pra
ti
al interest. Our a posteriori errorbounds stem from a duality argument and in
lude 
omputable residual terms multipliedby lo
al weights involving the dual solution; 
f. [7, 10, 16, 25℄. Guided by our a poste-riori error analysis, in Se
tion 5 we design an hp{adaptive �nite element algorithm toguarantee reliable and eÆ
ient 
ontrol of the error in the 
omputed fun
tional to withina �xed user{de�ned toleran
e. The performan
e of the resulting hp{re�nement strategyis then studied in Se
tion 6 through a series of numeri
al experiments. In parti
ular, wedemonstrate the superiority of using hp{adaptive mesh re�nement over the traditionalh{re�nement method, where the degree of the approximating polynomial is kept �xedat some low value. Finally, in Se
tion 7 we summarize the work presented in this paperand draw some 
on
lusions.2 Model problem and dis
retizationLet 
 be a bounded open polyhedral domain in Rd , d � 2, and let � signify the unionof its (d � 1){dimensional open fa
es. We 
onsider the adve
tion{di�usion{rea
tionequation Lu � �r � (aru) +r � (bu) + 
u = f ; (2.1)where f 2 L2(
) and 
 2 L1(
) are real{valued, b = fbigdi=1 is a ve
tor fun
tionwhose entries bi are Lips
hitz 
ontinuous real{valued fun
tions on �
, and a = faijgdi;j=1is a symmetri
 matrix whose entries aij are bounded, pie
ewise 
ontinuous real{valuedfun
tions de�ned on �
, with�Ta(x)� � 0 8� 2 Rd ; a.e. x 2 �
 : (2.2)Under this hypothesis, (2.1) is termed a partial di�erential equation with nonnegative
hara
teristi
 form. By n(x) = fni(x)gdi=1 we denote the unit outward normal ve
tor to



5� at x 2 �. On introdu
ing the so 
alled Fi
hera fun
tion b � n (
f. [20℄), we de�ne�0 = nx 2 � : n(x)Ta(x)n(x) > 0o ;�� = fx 2 �n�0 : b(x) � n(x) < 0g ; �+ = fx 2 �n�0 : b(x) � n(x) � 0g :The sets �� and �+ will be referred to as the in
ow and out
ow boundary, respe
tively.Evidently, � = �0 [ �� [ �+. If �0 is nonempty, we shall further divide it into disjointsubsets �D and �N whose union is �0, with �D nonempty and relatively open in �. Wesupplement (2.1) with the boundary 
onditionsu = gD on �D [ �� ; n � (aru) = gN on �N ; (2.3)and adopt the (physi
ally reasonable) hypothesis that b � n � 0 on �N, whenever �N isnonempty. Additionally, we assume that the following (standard) positivity hypothesisholds: there exists a 
onstant ve
tor � 2 Rd su
h that
(x) + 12 r � b(x) + b(x) � � > 0 a.e. x 2 
 : (2.4)For simpli
ity of presentation, we assume throughout that (2.4) is satis�ed with � � 0;we then de�ne the positive fun
tion 
0 by(
0(x))2 = 
(x) + 12 r � b(x) a.e. x 2 
 : (2.5)For the well-posedness theory of the boundary value problem (2.1), (2.3), in the 
ase ofhomogeneous boundary 
onditions, we refer to [12℄ (see also [15℄).2.1 Meshes, �nite element spa
es and tra
esWe 
onsider shape{regular meshes Th = f�g that partition the domain 
 into openelement domains �, with possible hanging nodes. For the sake of simpli
ity, we shallsuppose that the mesh is 1-irregular in the sense that there is at most one hanging nodeper element-fa
e whi
h we assume to be the bary
enter of the fa
e. We denote by h thepie
ewise 
onstant mesh fun
tion with h(x) � h� = diam(�) when x is in element �.We assume that ea
h � 2 Th is a smooth bije
tive image of a �xed referen
e element �̂,that is, � = F�(�̂) for all � 2 Th, where �̂ is either the open unit simplex�̂S = fx̂ = (x̂1; : : : ; x̂d) 2 Rd : 0 < x1 + � � �+ xd < 1; xi > 0; i = 1; : : : ; dgor the open hyper
ube �̂C = (�1; 1)d in Rd . On �̂ we de�ne spa
es of polynomials ofdegree p � 1 as follows:Qp = span fx̂� : 0 � �i � p; 1 � i � dg ; Pp = span fx̂� : 0 � j�j � pg :To ea
h � 2 Th we assign an integer p� � 1; 
olle
ting the p� and F� in the ve
torsp = fp� : � 2 Thg and F = fF� : � 2 Thg, respe
tively, we introdu
e the �nite elementspa
e Sp(
; Th;F) = fu 2 L2(
) : uj� Æ F� 2 Qp� if F�1� (�) = �̂Cand uj� Æ F� 2 Pp� if F�1� (�) = �̂S; � 2 Thg :



6 Asso
iated with Th, we introdu
e the broken Sobolev spa
e of 
omposite order sde�ned by Hs(
; Th) = fu 2 L2(
) : uj� 2 Hs�(�) 8� 2 Thg ;equipped with the broken Sobolev norm and 
orresponding seminorm, respe
tively,kuks;Th = �X�2Th kuk2Hs�(�)�1=2; jujs;Th = �X�2Th juj2Hs�(�)�1=2 : (2.6)When s� = s for all � 2 Th, we write Hs(
; Th), kuks;Th and jujs;Th. For u 2 H1(
; Th)we de�ne the broken gradient rThu of u by (rThu)j� = r(uj�), � 2 Th.An interior fa
e of Th is de�ned as the (non-empty) (d� 1){dimensional interior of��i \��j , where �i and �j are two adja
ent elements of Th, not ne
essarily mat
hing. Aboundary fa
e of Th is de�ned as the (non-empty) (d� 1){dimensional interior of ��\�,where � is a boundary element of Th. We denote by �int the union of all interior fa
es ofTh. Given a fa
e e � �int, shared by the two elements �i and �j, where the indi
es i andj satisfy i > j, we write ne to denote the (numbering{dependent) unit normal ve
torwhi
h points from �i to �j; on boundary fa
es, we put ne = n. Further, for v 2 H1(
; Th)we de�ne the jump of v a
ross e and the mean value of v on e, respe
tively, by[v℄ = vj��i\e � vj��j\e and hvi = 12 �vj��i\e + vj��j\e� : (2.7)On a boundary fa
e e � ��, we set [v℄ = vj��\e and hvi = vj��\e. Finally, given afun
tion v 2 H1(
; Th) and an element � 2 Th, we denote by v+� (respe
tively, v�� )the interior (respe
tively, exterior) tra
e of v de�ned on �� (respe
tively, ��n�). Sin
ebelow it will always be 
lear from the 
ontext whi
h element � in the subdivision Ththe quantities v+� and v�� 
orrespond to, for the sake of notational simpli
ity we shallsuppress the letter � in the subs
ript and write, respe
tively, v+ and v� instead.2.2 The hp{dis
ontinuous Galerkin methodGiven that � is an element in the subdivision Th, we denote by �� the union of (d� 1){dimensional open fa
es of �. Let x 2 �� and suppose that n�(x) denotes the unitoutward normal ve
tor to �� at x. With these 
onventions, we de�ne the in
ow andout
ow parts of ��, respe
tively, by��� = fx 2 �� : b(x) � n�(x) < 0g ; �+� = fx 2 �� : b(x) � n�(x) � 0g :For simpli
ity of presentation, we suppose that the entries of the matrix a are 
onstanton ea
h element � in Th; i.e., a 2 �S0(
; Th;F)�d�dsym : (2.8)We note that, with minor 
hanges only, our results 
an easily be extended to the 
aseof pa 2 [Sq(
; Th;F)℄d�dsym, where the 
omposite polynomial degree ve
tor q has non-negative entries. In the following, we write �a = jpa j22, where j � j2 denotes the matrix



7norm subordinate to the l2{ve
tor norm on Rd and �a� = �aj�; by �a~� we denote the arith-meti
 mean of the values �a�0 over those elements �0 (in
luding � itself) that share a(d� 1){dimensional fa
e with �.The hp{DGFEM approximation of (2.1), (2.3) is de�ned as follows: �nd uDG inSp(
; Th;F) su
h that BDG(uDG; v) = `DG(v) (2.9)for all v 2 Sp(
; Th;F). Here, the bilinear form BDG(�; �) is de�ned byBDG(w; v) = Ba(w; v) +Bb(w; v) + �Be(v; w)�Be(w; v) +B�(w; v) ;where Ba(w; v) = X�2Th Z� arw � rvdx ;Bb(w; v) = X�2Th�� Z�(w b � rv � 
wv)dx+ Z�+�(b � n�)w+v+ds+ Z���n�(b � n�)w�v+ds� ;Be(w; v) = Z�int[�Dh(arw) � nei[v℄ds ;B�(w; v) = Z�int[�D �[w℄[v℄ds ;and the linear fun
tional `DG(�) is given by`DG(v) = X�2Th�Z� fvdx� Z���\(�D[��)(b � n�) gD v+ds+ Z��\�D � gD((arv+) � n�)ds+ Z��\�N gNv+ds+ Z��\�D �gDv+ds� :Here, � is 
alled the dis
ontinuity{penalization parameter, and is de�ned by�je = C� h�ap2ihhi for e � �int [ �D ; (2.10)where C� is a positive 
onstant, 
f. [12℄. We shall adopt the 
onvention that edgese � �int [ �D with �je = 0 are omitted from the integrals appearing in the de�nitionof B�(w; v) and `DG(v), although we shall not highlight this expli
itly in our notation;the same 
onvention is adopted in the 
ase of integrals where the integrand 
ontainsthe fa
tor 1=�. Thus, in parti
ular, the de�nition of the DG-norm, 
f. (3.1) below, ismeaningful even if �je happens to be equal to zero on 
ertain edges e � �int [ �D, giventhat su
h edges are understood to be ex
luded from the region of integration.Sele
ting the parameter � = 1 gives rise to the so{
alled Nonsymmetri
 InteriorPenalty (NIP) method, while setting � = �1 yields the Symmetri
 Interior Penalty(SIP) s
heme.



83 Stability analysisBefore embarking on the error analysis of the hp{version dis
ontinuous Galerkin method(2.9), we �rst derive some preliminary results. Let us �rst introdu
e the DG{normjjj � jjjDG byjjjwjjj2DG = X�2Th�kparwk2L2(�) + k
0wk2L2(�) + 12kw+k2���\(�D[��)+12kw+ � w�k2���n� + 12kw+k2�+�\��+ Z�int[�D �[w℄2ds+ Z�int[�D 1� h(arw) � nei2ds ; (3.1)where k � k� , � � ��, denotes the (semi)norm asso
iated with the (semi)inner-produ
t(v; w)� = Z� jb � n�jvwds ;and 
0 is as de�ned in (2.5). We remark that the above de�nition of jjj � jjjDG representsa slight modi�
ation of the norm 
onsidered in [12℄; in the 
ase b � 0, (3.1) 
orrespondsto the norm proposed by Baumann et al. [4, 19℄ and Baker et al. [3℄, 
f. [21℄.With this notation, we now provide the following 
oer
ivity result for the bilinearform BDG(�; �) over Sp(
; Th;F)� Sp(
; Th;F).Theorem 3.1 With � de�ned as in (2.10), there exists a positive 
onstant C, whi
hdepends only on the dimension d and the shape{regularity of Th, su
h thatBDG(v; v) � Cjjjvjjj2DG 8v 2 Sp(
; Th;F); (3.2)provided that the 
onstant C� arising in the de�nition of the dis
ontinuity penalizationparameter � is 
hosen so that:C� > � 0 ; when � = 1 ;C 0� > 0 ; when � = �1 ;where C 0� is a suÆ
iently large positive 
onstant (see Remark 3.2 below).Proof This result follows by a simple extension of the stability estimates whi
h were derivedby Prudhomme et al. [21℄ for the 
ase when b � 0; see also [12℄ for the proof in the 
ase when� = 1. �Remark 3.2 Theorem 3.1 indi
ates that while the NIP s
heme is 
oer
ive overSp(
; Th;F) � Sp(
; Th;F) for any 
hoi
e of the 
onstant C� > 0 arising in the def-inition of the dis
ontinuity{penalization parameter �, the SIP s
heme is only 
oer
iveif C� is 
hosen suÆ
iently large. More pre
isely, C� should be sele
ted to be a positive
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onstant whi
h is greater than CtCregCe(1+Cinv), where Ct is the 
onstant arising in themultipli
ative tra
e inequality (4.19), Creg stems from the lo
al regularity assumption�a�p2�h� � Creg h�ap2ihhifor all fa
es e � �� and all � 2 Th,Ce = max�2Th 
ard fe 2 �int [ �D : e � ��gand Cinv is the 
onstant in the inverse inequalitykrvkL2(e) � Cinv p2�h�kvkL2(�) ;where e � ��, � 2 Th and v 2 Sp(
; Th;F), 
f. S
hwab [24℄. Sin
e the mesh Th isassumed to be shape{regular, Ct, Ce, Creg and Cinv exist and are independent of thedis
retization parameters.For the pro
eeding error analysis, we assume that the solution u to the boundaryvalue problem (2.1), (2.3) is suÆ
iently smooth: namely, u 2 H2(
; Th) and the fun
tionsu and (aru) �ne are 
ontinuous a
ross ea
h fa
e e � ��n� that interse
ts the subdomainof ellipti
ity, 
a = fx 2 �
 : �Ta(x)� > 0 8� 2 Rdg. If this smoothness requirementis violated, the dis
retization method has to be modi�ed a

ordingly, 
f. [12℄. We notethat under these assumptions, the following Galerkin orthogonality property holds:BDG(u� uDG; v) = 0 8v 2 Sp(
; Th;F) : (3.3)It will be assumed in the pro
eeding analysis, as well as in Se
tion 4.2, that thevelo
ity ve
tor b satis�es the following assumption:b � rThv 2 Sp(
; T ;F) 8v 2 Sp(
; T ;F) : (3.4)To ensure that (2.1) is then meaningful (i.e., that the 
hara
teristi
 
urves of the di�er-ential operator L are 
orre
tly de�ned), we still assume that b 2 [W 11(
)℄d.Let us denote by �p the orthogonal proje
tor in L2(
) onto the �nite element spa
eSp(
; T ;F); i.e., given that u 2 L2(
), we de�ne �pu by(u� �pu; v) = 0 8v 2 Sp(
; T ;F) ;where (�; �) denotes the L2(
) inner produ
t. We remark that this 
hoi
e of proje
tor isessential in the following a priori error analysis, in order to ensure that(u� �pu;b � rThv) = 0 (3.5)for all v in Sp(
; T ;F), 
f. the proofs of Lemma 3.3 and Theorem 4.4 below. Weremark that if the s
heme (2.9) is supplemented by streamline{di�usion stabilization,



10then a di�erent 
hoi
e of �p may be employed whi
h maximizes its hp{approximationproperties, 
f. [11, 26℄, for example. In that 
ase hypothesis (3.4) is redundant.We now de
ompose the global error u� uDG asu� uDG = (u� �pu) + (�pu� uDG) � � + � : (3.6)With these de�nitions we have the following result.Lemma 3.3 Assume that (2.4) and (3.4) hold and let �1j� = k
=(
0)2kL1(�); then thefun
tions � and � de�ned by (3.6) satisfy the following inequalityjjj�jjj2DG � C  X�2Th �kpar�k2L2(�) + �21k
0�k2L2(�) + k�+k2�+�\� + k��k2���n��+ Z�int[�D 1� h(ar�) � nei2ds + Z�int[�D �[�℄2ds� ;where C is a positive 
onstant that depends only on the dimension d and the shape{regularity of Th.Proof From the Galerkin orthogonality 
ondition (3.3), we dedu
e thatBDG(�; �) = �BDG(�; �) ;where � and � are as de�ned in (3.6). Thereby, employing the 
oer
ivity result stated inTheorem 3.1, gives jjj�jjj2DG � � 1CBDG(�; �) : (3.7)Using the identity (3.5), the right{hand side of (3.7) may be bounded as follows:BDG(�; �) � Cjjj�jjj0�X�2Th �kpar�k2L2(�) + �21k
0�k2L2(�) + k�+k2�+�\�+k��k2���n��+ Z�int[�D 1� h(ar�) � nei2ds+ Z�int[�D �[�℄2ds�1=2 ; (3.8)see [27℄ for details (
f. also [12℄). Substitution of (3.8) into (3.7) yields the desired result. �In the next se
tion, we 
onsider the a posteriori and a priori error analysis of thehp{version dis
ontinuous Galerkin �nite element method (2.9) in terms of 
ertain lineartarget fun
tionals of pra
ti
al interest.4 A posteriori and a priori error analysisVery often in problems of pra
ti
al importan
e the quantity of interest is an outputor target fun
tional J(�) of the solution. Relevant examples in
lude the lift and drag
oeÆ
ients for a body immersed into a vis
ous 
uid, the lo
al mean value of the �eld,or its 
ux through the out
ow boundary of the 
omputational domain. The aim ofthis se
tion is to develop the a posteriori and a priori error analysis for general lineartarget fun
tionals J(�) of the solution; for related work, we refer to [7, 10, 16, 17, 25℄, forexample.



114.1 Type I a posteriori error analysisIn this se
tion we 
onsider the derivation of so-
alled Type I (
f. [16℄) or weighteda posteriori error bounds. Following the argument presented in [16, 25℄ we begin ouranalysis by 
onsidering the following dual or adjoint problem: �nd z 2 H2(
; Th) su
hthat BDG(w; z) = J(w) 8w 2 H2(
; Th): (4.1)Let us assume that (4.1) possesses a unique solution. Clearly, the validity of this as-sumption depends on the 
hoi
e of the linear fun
tional under 
onsideration. We shallreturn to this issue at the end of this se
tion; see also the dis
ussion presented in [16℄.For a given linear fun
tional J(�) the pro
eeding a posteriori error bound will beexpressed in terms of the �nite element residual Rint de�ned on � 2 Th byRintj� = (f � LuDG)j� ;whi
h measures the extent to whi
h uDG fails to satisfy the di�erential equation on theunion of the elements � in the mesh Th; thus we refer to Rint as the internal residual.Also, sin
e uDG only satis�es the boundary 
onditions approximately, the di�eren
esgD�uDG and gN� (aruDG) �n are not ne
essarily zero on �D[�� and �N, respe
tively;thus we de�ne the boundary residuals RD and RN byRDj��\(�D[��) = (gD � u+DG)j��\(�D[��) ;RNj��\�N = (gN � (aru+DG) � n)j��\�N ;respe
tively.With this notation, after appli
ation of the divergen
e theorem, the Galerkin orthog-onality 
ondition (3.3) may be written in the following equivalent form:BDG(u� uDG; v) = `DG(v)�BDG(uDG; v)= X�2Th� Z�Rintvdx� Z���\�(b � n�)RDv+ds+ Z���n�(b � n�) [uDG℄v+ds+ Z��\�D � RD((arv+) � n�)ds+ Z��\�D �RDv+ds+ Z��\�N RNv+ds� Z��n���2 [uDG℄(arv+) � n� + 12[(aruDG) � n�℄v+�ds� Z��n� �[uDG℄v+ds�= 0 (4.2)



12for all v 2 Sp(
; Th;F). Here, we have employed the resultdXj=1 aij(x)nj = 0 on � n �0 ; i = 1; : : : ; d ;
f. [15℄. The starting point for the analysis is the following general result.Theorem 4.1 Let u and uDG denote the solutions of (2.1), (2.3) and (2.9), respe
tively,and suppose that the dual solution z is de�ned by (4.1). Then, the following errorrepresentation formula holds:J(u)� J(uDG) = E
(uDG; h; p; z � zh;p) � X�2Th �� ; (4.3)where�� = Z�Rint(z � zh;p)dx� Z���\�(b � n�)RD(z � zh;p)+ds+ Z���n�(b � n�) [uDG℄(z � zh;p)+ds+ Z��\�D � RD((ar(z � zh;p)+) � n�)ds+ Z��\�D �RD(z � zh;p)+ds+ Z��\�N RN(z � zh;p)+ds� Z��n���2 [uDG℄(ar(z � zh;p)+) � n� + 12[(aruDG) � n�℄(z � zh;p)+�ds� Z��n� �[uDG℄(z � zh;p)+ds (4.4)for all zh;p 2 Sp(
; Th;F).Proof On 
hoosing w = u� uDG in (4.1) and re
alling the linearity of J(�) and the Galerkinorthogonality property (4.2), we dedu
e thatJ(u)� J(uDG) = J(u� uDG) = BDG(u� uDG; z)= BDG(u� uDG; z � zh;p) ; (4.5)and hen
e (4.3). �Thereby, on appli
ation of the triangle inequality, we dedu
e the following Type I aposteriori error bound.Corollary 4.2 Under the assumptions of Theorem 4.1, the following Type I a posteriorierror bound holds:jJ(u)� J(uDG)j � Ej
j(uDG; h; p; z � zh;p) � X�2Th j��j ; (4.6)where �� is de�ned as in (4.4).



13As dis
ussed in [10, 25℄, the lo
al weighting terms involving the di�eren
e betweenthe dual solution z and its proje
tion/interpolant zh;p onto Sp(
; Th;F) appearing in theType I bound (4.6) provide useful information 
on
erning the global transport of theerror. Thereby, we refrain from eliminating the weighting terms involving the (unknown)dual solution z and approximate z numeri
ally; this will be dis
ussed in Se
tion 5.However, before developing the a priori error analysis, let us �rst look at the stru
tureof the dual problem de�ned by (4.1). To this end, let us suppose that the aim ofthe 
omputation is to approximate the (weighted) mean value of the solution u; i.e.,J(�) � M (�), where M (w) = Z
w dxand  2 L2(
). Performing integration by parts, we �nd that the dual solution z mustsatisfy the following mesh{dependent problem: �nd z su
h thatL�z � �r � (arz)� b � rz + 
z =  in � ; (4.7)subje
t to the inter{element 
onditions(b � n�)[z℄ + (1 + �)h(arz) � n�i+ �[z℄ = 0 on �+�n� ; (4.8a)(1 + �)h(arz) � n�i+ �[z℄ = 0 on ���n� ; (4.8b)[z℄ = 0 on �� \ 
a ; (4.8
)and boundary 
onditions z = 0 on �� \ (�D [ �+) ; (4.9a)(b � n�)z + (arz) � n� = 0 on �� \ �N ; (4.9b)(1 + �)(arz) � n� = 0 on �� \ �D (4.9
)for all � 2 Th. In the 
ase when � = �1, the dependen
e of the dual solution on themesh Th may be removed. Indeed, in this 
ase, using the 
ontinuity of the adve
tive 
uxand the 
ontinuity of z in the domain of ellipti
ity 
a, the dual problem (4.7), (4.8) and(4.9) redu
es to �nding z su
h thatL�z � �r � (arz)� b � rz + 
z =  in 
 ; (4.10a)z = 0 on �D [ �+ ; (b � n)z + (arz) � n = 0 on �N : (4.10b)Thereby, for � = �1 the 
orresponding dual problem is well{posed for this 
hoi
e oftarget fun
tional. We remark that sin
e the dual problem formed by transposing thearguments in the bilinear form BDG(�; �) involves the formal adjoint of the partial dif-ferential operator L, BDG(�; �) is referred to as being adjoint 
onsistent, 
f. Arnold etal. [2℄. On the other hand, when � = 1 the bilinear form BDG(�; �) is no longer adjoint
onsistent; in this 
ase the term involving the di�usive 
ux in (4.8a), (4.8b) and (4.9
) nolonger vanishes, and the boundary 
onditions enfor
e that both z and (arz) � n should



14be equal to zero on �D. Furthermore, the inter{element 
onditions be
ome in
onsistentin the sense that while (4.8
) enfor
es 
ontinuity of z in 
a, (4.8b) requires that(arz)j��i\e � n� = �(arz)j��j\e � n�for all edges e � ��, where �i and �j are two neighbouring elements with 
ommon edgee. In general both 
onditions 
annot be simultaneously satis�ed; indeed, in Se
tion 6,we provide numeri
al eviden
e that indi
ates that for a �xed h > 0, the dual solutionstemming from the NIP s
heme may be dis
ontinuous between element interfa
es. Thisla
k of regularity in the dual solution when � = 1 will lead to a degradation in the
onvergen
e rate of the error in the 
omputed fun
tional J(�) as the �nite element spa
eSp(
; Th;F) is enri
hed. In 
ontrast, when the SIP s
heme is employed, the dual problemis simply the adjoint problem, subje
t to appropriate boundary 
onditions, whi
h dependon the parti
ular fun
tional of interest, 
f. above. Thereby, in this 
ase, optimal ratesof 
onvergen
e will be observed provided the data for the primal and dual problems(2.1), (2.3) and (4.10), respe
tively, are suÆ
iently smooth. These remarks will be mademore pre
ise in the next se
tion where we 
onsider the a priori error analysis of thehp{DGFEM (2.9)4.2 A priori error boundsIn this se
tion we derive a priori error bounds for the SIP and NIP methods introdu
edin Se
tion 2.2. We shall use the supers
ripts SIP and NIP to distinguish between the twomethods. Thereby, writing BSIPDG(�; �) � BDG(�; �) when � = �1 and BNIPDG(�; �) � BDG(�; �)when � = 1, the numeri
al solutions uSIPDG and uNIPDG satisfy the following problems: �nduSIPDG in Sp(
; Th;F) su
h thatBSIPDG(uSIPDG; v) = `DG(v) 8v 2 Sp(
; Th;F) ;and �nd uNIPDG in Sp(
; Th;F) su
h thatBNIPDG(uNIPDG; v) = `DG(v) 8v 2 Sp(
; Th;F) ;respe
tively. The starting point for the a priori error analysis is the identity (4.5) in theproof of Theorem 4.1. Again, using the above notation, we re
all thatJ(u)� J(uSIPDG) = BSIPDG(u� uSIPDG; zSIP � zh;p) (4.11)when the SIP s
heme is employed, while for the NIP s
heme, we haveJ(u)� J(uNIPDG) = BNIPDG(u� uNIPDG; zNIP � zh;p) (4.12)for all zh;p in Sp(
; Th;F). Here, zSIP and zNIP are the analyti
al solutions to the followingdual problems: �nd zSIP 2 H2(
; Th) su
h thatBSIPDG(w; zSIP) = J(w) 8w 2 H2(
; Th) ;



15and �nd zNIP 2 H2(
; Th) su
h thatBNIPDG(w; zNIP) = J(w) 8w 2 H2(
; Th) ; (4.13)respe
tively.In the following analysis, it will be helpful to rewrite the representation formula (4.12)for the error in the 
omputed fun
tional when the NIP s
heme is employed in terms ofzSIP rather than the dual solution zNIP stemming from the NIP s
heme. The reason forthis is that the error analysis will rely on the regularity of the dual solution. Whilethe regularity of the dual solution zSIP may be easily determined sin
e the underlyingboundary value problem for the partial di�erential equation is the adjoint problem, sub-je
t to appropriate data, the Sobolev regularity of the solution to the mesh{dependentdual problem (4.13) is not well understood. Indeed, for a �xed h > 0, we expe
t thatzNIP will not even be a 
ontinuous fun
tion, 
f. the 
omments at the end of Se
tion 4.1.We �rst note thatJ(u)� J(uNIPDG) = BNIPDG(u� uNIPDG; zSIP � zh;p)� 2Be(zSIP; u� uNIPDG)for all zh;p in Sp(
; Th;F). Thereby, the error in the 
omputed target fun
tional J(�),when either s
heme is employed, may be written in the following uni�ed wayJ(u)� J(uDG) = BDG(u� uDG; zSIP � zh;p)�(1 + �)Be(zSIP; u� uNIPDG) (4.14)for all zh;p in Sp(
; Th;F). We remark that the se
ond term on the right{hand side ofequation (4.14) is only present when the NIP s
heme is employed, i.e., when � = 1.Moreover, we expe
t this term to be of lower order than the �rst term in (4.14) and will,thereby, lead to suboptimal rates of 
onvergen
e as the �nite element spa
e Sp(
; Th;F)is enri
hed, when the nonsymmetri
 interior penalty s
heme is employed, 
f. Theorem4.4 below.Before embarking on the a priori error analysis, we �rst state the following result
on
erning the approximation properties of the orthogonal proje
tor �p in L2(
) in-trodu
ed in Se
tion 3; for 
onvenien
e, here we shall restri
t ourselves to 1-irregular,shape{regular meshes 
onsisting of aÆne equivalent d-parallelepiped elements.Lemma 4.3 Suppose that � 2 Th is a d{parallelepiped of diameter h� and that uj� 2Hk�(�), k� � 0, for � 2 Th. Then, the following approximation results holdku� �pukL2(�) � Chs��pk�� kukHk�(�) ; ku� �pukL2(��) � Chs��1=2�pk��1=2� kukHk�(�) ;ju� �pujH1(�) � C hs��1�pk��3=2� kukHk�(�) ; ju� �pujH1(��) � Chs��3=2�pk��5=2� kukHk�(�) ;where 1 � s� � min(p� + 1; k�) and C is a 
onstant independent of u, h� and p�, butdependent on the dimension d and the shape{regularity of Th.



16Proof See [12℄ for details; see also [9℄ for sharper results in augmented Sobolev spa
es. �For the rest of this se
tion, let us now assume that the polynomial degree ve
tor p,with p� � 1 for ea
h � 2 Th, has bounded lo
al variation; i.e., there exists a 
onstant� � 1 su
h that, for any pair of elements � and �0 whi
h share a (d � 1){dimensionalfa
e, ��1 � p�=p�0 � � : (4.15)With this hypothesis, 
ombining the above approximation result with Lemma 3.3, wededu
e that jjj�jjj2DG � CX�2Th � h2(s��1)�p2(k��3=2)� + �2h2s��p2k�� + 
h2(s��1=2)�p2(k��1=2)� ! kuk2Hk�(�) ; (4.16)where �j� = �a~�, �2j� = (�1j�)2 k
0k2L1(�), (�1j� = k
=(
0)2kL1(�), 
f. Lemma 3.3),
j� = kbkL1(�) and C is a positive 
onstant that depends only on d, the parameter � in(4.15) and the shape{regularity of Th.With these approximation results, we now pro
eed to prove the main result of thisse
tion.Theorem 4.4 Let 
 � Rd be a bounded polyhedral domain, Th = f�g a shape{regularsubdivision of 
 into d{parallelepipeds and p a polynomial degree ve
tor of bounded lo
alvariation. Then, assuming that 
onditions (2.4), (2.8), and (3.4) on the data hold, anduj� 2 Hk�(�), k� � 2, for � 2 Th, zSIPj� 2 H l�(�), l� � 2, for � 2 Th, the solutionuDG 2 Sp(
; Th;F) of (2.9) obeys the error boundjJ(u)� J(uDG)j2� CX�2Th � h2(s��1)�p2(k��3=2)� + �3h2s��p2k�� + 
h2(s��1=2)�p2(k��1=2)� ! kuk2Hk�(�)� X�2Th � h2(t��1)�p2(l��3=2)� + �4h2t��p2l�� + 
h2(t��1=2)�p2(l��1)� ! kzSIPk2Hl�(�) + (1 + �) kzSIPk22;Th!for 1 � s� � min(p� + 1; k�), 1 � t� � min(p� + 1; l�), p� � 1, � 2 Th, where �j� = �a~�,�3j� = (1+(�1j�)2)k
0k2L1(�), (�1j� = k
(x)=(
0(x))2kL1(�)), �4j� = k(
+r�b)=
0k2L1(�),
j� = kbkL1(�) and C is a 
onstant depending on the dimension d, the parameter � from(4.15) and the shape{regularity of Th.Proof De
omposing the error u � uDG as in (3.6), we note from equation (4.14) above thatthe error in the target fun
tional J(�) may be expressed as follows:J(u)� J(uDG) = BDG(�; zSIP � zh;p) +BDG(�; zSIP � zh;p)�(1 + �)Be(zSIP; �)� (1 + �)Be(zSIP; �)� I + II + III + IV:



17Let us �rst deal with term I. To this end, we de�ne zh;p = �pzSIP; thereby, employing theapproximation results stated in Lemma 4.3, after a lengthy, but straightforward 
al
ulation,we dedu
e that(I)2 � C X�2Th � h2(s��1)�p2(k��3=2)� + k
0k2L1(�)h2s��p2k�� + 
 h2(s��1=2)�p2(k��1=2)� ! kuk2Hk� (�)� X�2Th � h2(t��1)�p2(l��3=2)� + �4h2t��p2l�� + 
 h2(t��1=2)�p2(l��1)� ! kzSIPk2Hl� (�) : (4.17)Let us now 
onsider Term II. Here, we note that a bound analogous to (3.8) in the proof ofLemma 3.3 holds with � and � repla
ed by � and zSIP� zh;p in (3.8), respe
tively. Indeed, afterappli
ation of Lemma 4.3, in this 
ase we have(II)2 � Cjjj�jjj2DG� X�2Th � h2(t��1)�p2(l��3=2)� + �4h2t��p2l�� + 
 h2(t��1=2)�p2(l��1=2)� ! kzSIPk2Hl� (�) : (4.18)Here we note the importan
e of sele
ting zh;p to be the orthogonal proje
tion of zSIP in L2(
)onto the �nite element spa
e Sp(
;Th;F), sin
e the identity (3.5) was needed in order to derive(4.18).In order to bound Terms III and IV, we �rst note that given an edge e � ��, for some� 2 Th, using the multipli
ative tra
e inequalitykzSIPk2L2(e) � Ct �kzSIPkL2(�)krzSIPkL2(�) + h�1� kzSIPk2L2(�)� ; (4.19)we dedu
e that jzSIPj2H1(e) � Ch� kzSIPk2H2(�) :Thereby, employing Lemma 4.3, givesIII � C0�X�2Th � h2(s��1)�p2(k��1=2)� kuk2Hk� (�)1A1=2 kzSIPk2;Th ; (4.20)IV � Cjjj�jjjDGkzSIPk2;Th : (4.21)Finally, 
olle
ting the bounds on terms I, II, III and IV given in (4.17), (4.18), (4.20) and(4.21), respe
tively, and employing (4.16) gives the statement of the theorem. �Let us now dis
uss some spe
ial 
ases of the general error bound derived in Theorem4.4. For simpli
ity, we assume uniform orders p� = p, s� = s, t� = t, k� = k, l� = l, s, t,k and l integers, and h� = h for all � in Th. In the di�usion{dominated 
ase, Theorem4.4 indi
ates that the error in the 
omputed fun
tional may be bounded as followsjJ(u)� J(uDG)j � C hs+t�2pk+l�2 p kukHk(
)kzSIPkHl(
)+(1 + �) hs�1pk�3=2 kukHk(
)kzSIPkH2(
) ; (4.22)



18where 1 � s � min(p + 1; k) and 1 � t � min(p + 1; l). Thereby, when the SIP s
hemeis employed, i.e., when � = �1, this error bound is optimal with respe
t to h andsuboptimal in p by a full order. However, when � = 1, this error bound indi
ates that theerror in the 
omputed target fun
tional behaves like O(hs�1=ps�3=2) as h! 0 and p!1. Therefore the `order{doubling' of the rate of 
onvergen
e in jJ(u)�J(uDG)j observedwhen the SIP s
heme is employed is lost when the NIP method is implemented; this willbe numeri
ally veri�ed in Se
tion 6. Finally, we note that in the stri
tly hyperboli
 
ase(a � 0), the error bound in Theorem 4.4 be
omesjJ(u)� J(uDG)j � C hs+t�1pk+l�1 p1=2 kukHk(
)kzSIPkHl(
) :This bound is optimal in h and suboptimal in p by p1=2; this is analogous to the boundderived in [16℄, though the proof presented in [16℄ was based on a 
ompletely di�erentargument.5 Adaptive algorithmFor a user-de�ned toleran
e TOL, we now 
onsider the problem of designing an hp{�niteelement spa
e Sp(
; Th;F) su
h thatjJ(u)� J(uDG)j � TOL ; (5.1)subje
t to the 
onstraint that the total number of degrees of freedom in Sp(
; Th;F)is minimized. Following the dis
ussion presented [16℄, we exploit the a posteriori errorbound (4.6) with z repla
ed by a dis
ontinuous Galerkin approximation ẑ 
omputed onthe same mesh Th used for the primal solution uDG, but with a higher degree polynomial,i.e., ẑ 2 Sp̂(
; Th;F) , p̂ = p+pin
; in Se
tion 6, we set pin
 = 1, 
f. [10, 14, 25℄. Thereby,in pra
ti
e we enfor
e the stopping 
riterionÊj
j � Ej
j(uDG; h; p; ẑ � zh;p) � TOL : (5.2)If (5.2) is not satis�ed, then the elements are marked for re�nement/dere�nement a

ord-ing to the size of the (approximate) error indi
ators j�̂�j; these are de�ned analogously toj��j in (4.4) with z repla
ed by ẑ. In Se
tion 6, we use the �xed fra
tion mesh re�nementalgorithm, with re�nement and dere�nement fra
tions set to 20% and 10%, respe
tively.On
e an element � 2 Th has been 
agged for re�nement or dere�nement, a de
isionmust be made whether the lo
al mesh size h� or the lo
al degree p� of the approxi-mating polynomial should be adjusted a

ordingly. The 
hoi
e to perform either h{re�nement/dere�nement or p{re�nement/dere�nement is based on the lo
al smoothnessof the primal and dual solutions u and z, respe
tively; 
f. [14, 16℄. Let us �rst 
onsiderthe 
ase when an element has been 
agged for re�nement. If u or z are lo
ally smooth,then p{re�nement will be more e�e
tive than h{re�nement, sin
e the error will be ex-pe
ted to de
ay qui
kly within the 
urrent element � as p� is in
reased. On the otherhand, if both u and z have low regularity within the element �, then h{re�nement will



19be performed. To ensure that the desired level of a

ura
y is a
hieved eÆ
iently, in [16℄an automati
 pro
edure was developed for de
iding when to h{ or p{re�ne, based onthe smoothness{estimation strategy proposed by Ainsworth & Senior [1℄. For a reviewof various hp{adaptive strategies as well as a des
ription of a new algorithm based onSobolev index estimation via lo
al Legendre expansions, we refer to [14℄.If an element has been 
agged for dere�nement, then the strategy implemented hereis to 
oarsen the mesh in low{error{regions where either the primal or dual solutions uand z, respe
tively, are smooth and de
rease the degree of the approximating polynomialin low{error{regions when both u and z are insuÆ
iently regular, 
f. [16℄.6 Numeri
al experimentsIn this se
tion we present a number of experiments to numeri
ally verify the a priorierror bound derived in Se
tion 4.2, as well as to demonstrate the performan
e of thehp{adaptive algorithm outlined in Se
tion 5.6.1 Example 1In this �rst example, we investigate the performan
e of the symmetri
 (� = �1) andnonsymmetri
 (� = 1) versions of the interior penalty method (
f. (2.9)) for the dis-
retization of a se
ond{order uniformly ellipti
 partial di�erential equation. We 
onsiderPoisson's equation on the unit square 
 = (0; 1)2, where a = I, b � 0, 
 � 0, and f issele
ted so that the analyti
al solution to (2.1) is given byu(x; y) = (1 + x)24 sin(2�xy) :Furthermore, we 
hoose the fun
tional of interest J(�) to represent the (weighted) meanvalue of u over 
, i.e., J(u) �M (u) = Z
 u dx ;here, we de�ne the weight fun
tion  by = sin2(2�x) sin2(2�y)e�(x+y) :Thereby, the true value of the fun
tional is given by J(u) = 0:02438990598636878.In Figure 1 we present a 
omparison of the error in the fun
tional jJ(u) � J(uDG)jwith the mesh size h for p = 1; 2; 3; 4, employing the SIP method with C� = 10. Here,we observe that jJ(u)� J(uDG)j 
onverges to zero at the (optimal) rate O(h2p) as themesh is re�ned for ea
h �xed p, 
f. Theorem 4.4. In 
ontrast, Figure 2 indi
ates thatjJ(u)� J(uDG)j behaves like O(hp+1) for odd p and like O(hp) for even p when the NIPmethod is employed with C� = 10. The sub-optimal 
onvergen
e observed in the latter(nonsymmetri
) s
heme is attributed to the la
k of smoothness in the resulting dual
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Figure 2: Example 1. Convergen
e of the nonsymmetri
 interior penalty DGFEM withh{re�nement.problem, 
f. the remarks made at the end of Se
tion 4.1. As noted in Se
tion 4, the dualproblem arising from the symmetri
 version of the DGFEM involves the adjoint partialdi�erential operator supplemented with appropriate data depending on the 
hoi
e of thetarget fun
tional of interest. In our 
ase the dual problem is as follows: �nd z su
h that��z =  in 
; z = 0 on �
:Given that  is an analyti
 fun
tion in �
, z will also be analyti
 in any 
losed subdomain



21of �
 whi
h ex
ludes the four 
orners.In 
ontrast, Se
tion 4.1 indi
ates that the NIP method gives rise to a mesh dependentdual problem whose analyti
al solution will in general not be 
ontinuous. Indeed, inFigure 3 we plot the pro�le of the numeri
al approximation of the dual solution alongy = 0:28, 0 � x � 1, 
omputed using both the symmetri
 and nonsymmetri
 versions ofthe DGFEM on a uniform 5�5 square mesh with p̂ = 4. Here, we 
learly see that whilethe dual solution 
omputed using the symmetri
 s
heme is essentially 
ontinuous, thedual solution arising from the nonsymmetri
 s
heme is dis
ontinuous between elementinterfa
es. We note that the `jumps' in the latter dual solution present at inter-elementboundaries persist even as the mesh is enri
hed. The la
k of regularity in z leads to thesub-optimal rates of 
onvergen
e observed in Figure 2 when the nonsymmetri
 versionof the DGFEM is employed.
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Symmetric Scheme
Unsymmetric SchemeFigure 3: Example 1. Pro�le of the dual solution along y = 0:28, 0 � x � 1, 
omputedusing both the symmetri
 and nonsymmetri
 version of the interior penalty method ona uniform 5� 5 square mesh with p̂ = 4.Finally, in Figures 4 and 5, respe
tively, we investigate the 
onvergen
e of the sym-metri
 and nonsymmetri
 versions of the DGFEM with p{enri
hment for �xed h. Sin
ethe primal solution u is a (real) analyti
 fun
tion, we expe
t to observe an exponentialrate of 
onvergen
e under p-re�nement. Indeed, Figures 4 and 5 
learly illustrate thisbehaviour: on a linear{log s
ale, the 
onvergen
e plots for ea
h h be
ome (on average)straight lines as the degree of the approximating polynomial is in
reased. This is truefor both the SIP and the NIP s
heme. We remark that the 
onvergen
e lines in Figure 4are steeper than those in Figure 5, sin
e the dual solution 
orresponding to the symmet-ri
 IP-DGFEM is also smooth, while z is not even 
ontinuous when the nonsymmetri
s
heme is employed.
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Figure 4: Example 1. Convergen
e of the symmetri
 interior penalty DGFEM withp{re�nement.
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Figure 5: Example 1. Convergen
e of the nonsymmetri
 interior penalty DGFEM withp{re�nement.6.2 Example 2In this se
ond example we investigate the performan
e of the hp{adaptive strategy out-lined in Se
tion 5 for the (symmetri
) version of the interior penalty method applied to amixed hyperboli
{ellipti
 problem with dis
ontinuous boundary data. We let a = "(x)I,



23where " = Æ2(1� tanh((r � 1=4)(r + 1=4)=
)) ;r2 = (x� 1=2)2 + (y � 1=2)2 and Æ � 0 and 
 > 0 are 
onstants. Suppose, furthermore,that b = (2y2 � 4x+ 1; 1 + y), 
 = �r � b and f = 0.The 
hara
teristi
s asso
iated with the hyperboli
 part of the operator enter the
omputational domain 
 from three sides of �, namely through the verti
al edges pla
edalong x = 0 and x = 1 and the horizontal edge along y = 0; the 
hara
teristi
s exit 
through the horizontal edge along y = 1. Thus, on the in
ow part of � we pres
ribe thefollowing boundary 
ondition:u(x; y) = 8<: 1 for x = 0 ; 0 < y � 1 ;sin2(�x) for 0 � x � 1 ; y = 0 ;e�50y4 for x = 1 ; 0 < y � 1 :This is a variant of the test problem presented in [15℄. We note that, with Æ > 0and 0 < 
 � 1, the di�usion parameter " will be approximately equal to Æ in the
ir
ular region de�ned by r < 1=4, where the underlying partial di�erential equationis uniformly ellipti
. In this example, we set Æ = 0:05 and 
 = 0:01; a 
ross se
tionof " along 0 � x � 1, y = 1=2 is shown in Figure 6. As r is in
reased beyond 1=4, "rapidly de
reases through a layer of width O(
); for example, when r > 0:336 we have" < 10�15, so from the 
omputational point of view " is zero to within rounding error;in this region, the partial di�erential equation undergoes a 
hange of type be
oming,in e�e
t, hyperboli
. Thus we shall refer to the part of 
 with r > 1=4 + O(
) as thehyperboli
 region, while the set of points in 
 with r � 1=4 will be 
alled the ellipti
region. [Of 
ourse, stri
tly speaking, the partial di�erential equation is ellipti
 in thewhole of �
.℄ Furthermore, Figure 7 depi
ts the numeri
al approximation to (2.1) usingthe symmetri
 Interior Penalty DGFEM on a uniform 129 � 129 uniform square meshwith p = 1.Here, we suppose that the aim of the 
omputation is to 
al
ulate the value of the

0 0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

Figure 6: Example 2. Pro�le of " along y = 0:5, 0 � x � 1.
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Figure 7: Example 2. DGFEM approximation to the primal problem on a 129 � 129mesh with pie
ewise bilinear elements (p = 1).
Table 1: Example 2: Adaptive algorithm using h{re�nementNodes Elements DOF jJ(u)� J(uDG)j P� j�̂�j �81 64 256 7.645e-02 6.597e-02 0.86119 94 376 2.554e-02 6.331e-02 2.48206 169 676 9.897e-04 5.640e-02 56.99357 295 1180 1.323e-03 2.180e-02 16.48638 538 2152 5.743e-04 8.900e-03 15.501053 898 3592 4.959e-04 3.936e-03 7.941728 1525 6100 1.453e-04 1.678e-03 11.552883 2548 10192 9.295e-05 8.622e-04 9.284848 4390 17560 6.002e-05 4.232e-04 7.058049 7309 29236 3.323e-05 2.234e-04 6.7213048 11947 47788 1.562e-05 1.192e-04 7.63



25analyti
al solution u at the point of interest x = (0:43; 0:9), i.e.,J(u) = u(0:43; 0:9);
f. Figure 7. The true value of the fun
tional is given by J(u) = 0:704611313375.

Figure 8: Example 2. h{mesh after 9 re�nements, with 8049 nodes, 7309 elements and29236 degrees of freedom; here, jJ(u)� J(uDG)j = 3:323� 10�5.We �rst study the performan
e of our adaptive strategy with h{re�nement only, andp = 1. In Table 1 we show the number of nodes, elements and degrees of freedom(DOF) in S1(
; Th;F), the true error in the fun
tional jJ(u � uDG)j, the 
omputed aposteriori error bound (4.6) and the 
orresponding e�e
tivity index �. Here, we see that
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0.6

0.8

1

0 0.2 0.4 0.6 0.8 1Figure 9: Example 2. Dual solution.



26the quality of the 
omputed Type I a posteriori error bound is extremely good. Indeed,even on relativity 
oarse meshes, the bound is reliable; moreover, the e�e
tivity index �shows that Êj
j overestimates the true error in the 
omputed fun
tional by a 
onsistentfa
tor as the �nite element spa
e S1(
; Th;F) is enri
hed.In Figure 8 we show the mesh generated after 9 adaptive mesh re�nement steps.Here, we see that the mesh is largely 
on
entrated in the neighbourhood upstream ofthe point of interest, together with some almost uniform re�nement of the 
ir
ular regionen
losing the part of the 
omputational domain where the underlying partial di�erentialequation is ellipti
. We remark that some re�nement of the mesh in the region wherethe dis
ontinuities enter 
 from (0; 0) and (1; 0), as well as the steep layer entering fromthe right{hand side boundary has also o

urred, though these features of the analyti
alsolution still remain largely unresolved.The design of the mesh is 
losely related to the stru
ture of the underlying dual solu-tion, sin
e the weighting terms involving the di�eren
e between the (approximated) dualsolution ẑSIP and zh;p multiply the 
omputable residual terms involving the numeri
alsolution uDG in the de�nition of the lo
al error indi
ator j�̂�j, 
f. (4.4) with zSIP repla
edby ẑSIP. From Figure 9, we see that in the hyperboli
 region of the 
omputational domainabove the region of ellipti
ity, the dual solution 
onsists of a single `spike' originatingfrom the point of interest whi
h is transported upstream along the single 
hara
teristi
Table 2: Example 2: Adaptive algorithm using hp{re�nementNodes Elements DOF jJ(u)� J(uDG)j P� j�̂�j �81 64 576 1.924e-02 3.330e-02 1.7399 76 740 1.056e-02 1.085e-02 1.03162 130 1451 1.006e-02 2.290e-02 2.28241 193 2483 7.400e-04 2.385e-03 3.22302 244 3776 3.760e-05 2.754e-04 7.32323 262 4777 1.270e-05 1.026e-04 8.08396 325 6916 9.896e-06 2.245e-05 2.27487 403 9941 1.224e-06 6.466e-06 5.28577 481 13528 4.656e-07 1.163e-06 2.50713 601 19855 2.449e-07 2.582e-07 1.05960 820 31019 1.574e-08 3.202e-08 2.031313 1132 47406 6.531e-10 2.154e-09 3.30



27passing through x = (0:43; 0:9). At the boundary of the 
ir
ular region where the partialdi�erential equation undergoes a 
hange of type from `hyperboli
' to ellipti
, the spikein the dual solution is `di�used out'. Consequently, the domain of dependen
e of thepoint of interest 
onsists of the single 
hara
teristi
 passing through x = (0:43; 0:9),the 
ir
ular region where the underlying partial di�erential equation is ellipti
, togetherwith the part of the 
omputational domain en
losed by the interse
tion of the in
owboundary �� and the two extreme 
hara
teristi
s emanating from the 
ir
ular ellipti
region.Let us now turn our attention to hp{adaptivity; in Table 2 we show the performan
eof the proposed adaptive �nite element algorithm employing hp{re�nement. Here, weagain see that the quality of the 
omputed Type I a posteriori error bound (4.6) is ex-tremely good in the sense that it overestimates the true error in the 
omputed fun
tionalby a fa
tor of about 1{8.In Figure 10 we plot jJ(u)� J(uDG)j, using both h{ and hp{re�nement against thesquare{root of the number of degrees of freedom on a linear{log s
ale. We see thatafter the initial transient, the error in the 
omputed fun
tional using hp{re�nement be-
omes (on average) a straight line, thereby indi
ating exponential 
onvergen
e of J(uDG)to J(u); this o

urs sin
e zSIP is a real analyti
 fun
tion in the regions of the 
ompu-tational domain where u is not smooth and vi
e versa. Figure 10 also demonstratesthe superiority of the adaptive hp{re�nement strategy over the standard adaptive h{re�nement algorithm. On the �nal mesh the true error between J(u) and J(uDG) usinghp{re�nement is over 4 orders of magnitude smaller than the 
orresponding quantitywhen h{re�nement is employed alone.Figure 11 depi
ts the primal mesh after 11 adaptive mesh re�nement steps. For
larity, we show the h{mesh alone, as well as the 
orresponding distribution of thepolynomial degree on this mesh and the per
entage of elements with that degree. We

0 50 100 150 200

10
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10
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10
−4

10
−2

hp−Refinement
h−Refinement

PSfrag repla
ements jJ(u)
�J(u DG)j

sqrt(Degrees of freedom)Figure 10: Example 2. Comparison between h{ and hp{adaptive mesh re�nement



28see that some h{re�nement of the primal mesh has o

urred in the region of the 
om-putational domain upstream of the point of interest, as well as in the 
ir
ular regionwhere the underlying partial di�erential equation 
hanges type. On
e the h{mesh hasadequately 
aptured the stru
ture of the primal and dual solutions, the hp{adaptivealgorithm performs p{re�nement elsewhere in the domain of dependen
e of the point ofinterest.
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Figure 11: Example 2. h{ and hp{meshes after 11 re�nements, with 1313 nodes, 1132elements and 47406 degrees of freedom; here, jJ(u)� J(uDG)j = 6:531� 10�10.6.3 Example 3In this �nal example we 
onsider the performan
e of our hp{adaptive algorithm forthe (symmetri
) version of the interior penalty method applied to a nonlinear problem;the extension of the above Type I a posteriori error analysis to the 
ase of a nonlinear
onve
tion{di�usion problem follows dire
tly from the theory developed in the arti
les



29[10, 14, 17, 25℄. Here, we study the one{dimensional unsteady vis
ous Burgers' equation;i.e., writing y to denote time, we haveuy + �u22 �x � ("(x)ux)x = 0; (6.1)where "(x) = (1 + tanh(x � 1:75))=200. We 
onsider the partial di�erential equation(6.1) on the (spa
e{time) domain 
 = (0; 3) � (0; 2), subje
t to the initial 
onditionu(x; 0) = 2=(1 + x3) sin2(�x), and boundary 
onditions u(0; y) = 0 and ux(3; y) = 0 fory 2 [0; 2℄. We remark that this is a variant of the invis
id Burgers' example 
onsideredin [10, 13℄. In the invis
id 
ase, the analyti
al solution to this problem 
onsists of threesmooth `hills' whi
h form sho
k waves as time in
reases; these sho
ks eventually mergeto form a single line of dis
ontinuity in the (x; y){plane. The introdu
tion of the vis
osityterm, with 
oeÆ
ient "(x), leads to the development of vis
ous internal layers. In thisexample, "(x) in
reases as x in
reases; indeed, on the interval [0; 3℄, " attains a minimumvalue of 2:93 � 10�4 at x = 0 and a maximum of 9:24 � 10�3 at x = 3. Thereby, thevis
ous layers be
ome in
reasing smeared as x in
reases, 
f. Figure 12.

0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3

PSfrag repla
ements Pointofinterest
Figure 12: Example 3. DGFEM approximation to the primal problem on a 257 � 171mesh with pie
ewise bilinear elements (p = 1).Here, we again suppose that the aim of the 
omputation is to 
al
ulate the value ofthe analyti
al solution u at a given point of interest x� in the 
omputational domain 
;in this example, we sele
t x� = (1:95; 1:35), 
f. Figure 12. In this 
ase, the true valueof the fun
tional is given by J(u) = 0:39448860. Table 3 demonstrates the performan
eof the hp{adaptive algorithm for the sele
ted target fun
tional of interest. As for thelinear problem presented in Se
tion 6.2, we see that the quality of the 
omputed TypeI a posteriori error bound is extremely good. Indeed, even on relativity 
oarse meshes,



30 Table 3: Example 3: Adaptive algorithm using hp{re�nementNodes Elements DOF jJ(u)� J(uDG)j P� j�̂�j �117 96 864 1.788e-02 1.689e-01 9.44184 147 1379 2.557e-02 5.080e-02 1.99249 204 2181 1.562e-03 8.980e-03 5.75347 285 3394 3.070e-04 2.517e-03 8.20439 366 5122 9.063e-05 1.012e-03 11.17500 414 6754 1.929e-05 2.569e-04 13.32580 483 9828 8.566e-06 3.901e-05 4.55700 585 13781 3.823e-06 1.916e-05 5.01897 756 21108 2.765e-06 8.456e-06 3.061122 957 28701 4.921e-07 1.168e-06 2.371398 1197 40749 8.619e-08 2.521e-07 2.922005 1764 65480 2.038e-08 6.142e-08 3.01
the bound is reliable; moreover, the e�e
tivity index � shows that Êj
j overestimates thetrue error in the 
omputed fun
tional by a 
onsistent fa
tor as the �nite element spa
eSp(
; Th;F) is enri
hed.In Figure 13 we 
ompare the performan
e of the h{ and hp{mesh re�nement al-gorithms for this problem. Again, we observe exponential 
onvergen
e of the error inthe 
omputed fun
tional using hp{re�nement; on the linear{log s
ale, the 
onvergen
eline be
omes (on average) straight. On the �nal mesh the true error between J(u) andJ(uDG) using hp{re�nement is over 3 orders of magnitude smaller than the 
orrespondingquantity when h{re�nement is employed alone.Finally, in Figure 14 we show the primal mesh after 9 adaptive hp{mesh re�nements.Here, we see that the h{mesh has been re�ned in the neighbourhood of the point ofinterest x� as well as in the region upstream of the x�, thereby isolating the smooth regionof u from the two intera
ting vis
ous layers; this renders the subsequent p{re�nement inthis region mu
h more e�e
tive.
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7(1%)
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2(4%)Figure 14: Example 3. h{ and hp{meshes after 9 re�nements, with 1122 nodes, 957elements and 28701 degrees of freedom; here, jJ(u)� J(uDG)j = 4:921� 10�7.



327 Con
luding remarksIn this paper, we have been 
on
erned with the a priori and a posteriori error anal-yses of the hp-version Dis
ontinuous Galerkin Finite Element Method (hp{DGFEM)for se
ond{order partial di�erential equations with nonnegative 
hara
teristi
 form. Wehave been parti
ularly interested in the approximation of linear output fun
tionals of theanalyti
 solution. It was shown that the symmetri
 and nonsymmetri
 interior penaltyversions of the hp{DGFEM exhibit 
ompletely di�erent 
onvergen
e rates: while theapproximation obtained from the symmetri
 version exhibits an optimal rate of 
on-vergen
e, the approximation whi
h is 
omputed by means of the nonsymmetri
 version
onverges at an inferior rate due to la
k of adjoint 
onsisten
y. We also explored theimplementation of the a posteriori error bounds into an hp-adaptive mesh re�nementalgorithm to 
ompute approximations to linear target fun
tionals of pra
ti
al interest towithin a �xed user{de�ned toleran
e. The performan
e of the resulting hp{re�nementstrategy was then studied through a series of numeri
al experiments. In parti
ular, wedemonstrated the superiority of using hp{adaptive mesh re�nement over the traditionalh{re�nement method, where the degree of the approximating polynomial is kept �xedat some low value.8 A
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