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Abstract

This paper reveals and examines the relationship between the solution and stability of Fredholm
integral equations and radial basis function approximation or interpolation. The underlying sys-
tem (kernel) matrices are shown to have a smoothing property which is dependent on the choice of
kernel. Instead of using the condition number to describe the ill-conditioning, hence only looking
at the largest and smallest singular values of the matrix, techniques from inverse theory, partic-
ularly the Picard condition, show that it is understanding the exponential decay of the singular
values which is critical for interpreting and mitigating instability. Results on the spectra of certain
classes of kernel matrices are reviewed, verifying the exponential decay of the singular values.
Numerical results illustrating the application of integral equation inverse theory are also provided
and demonstrate that interpolation weights may be regarded as samplings of a weighted solution
of an integral equation. This is then relevant for mapping from one set of radial basis function
centers to another set. Techniques for the solution of integral equations can be further exploited in
future studies to find stable solutions and to reduce the impact of errors in the data.
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1. Introduction

Radial basis functions (RBFs) are increasingly of interest for the solution of practical problems
described by partial differential equations. A recent review of Flyer and Fornberg [1] demonstrates
the promise of RBFs for numerically approximating sophisticated physical phenomena, particu-
larly with the use of the novel QR-RBF algorithm [2]. Still, questions on how to effectively and
efficiently determine stable solutions for RBF approximation remain. Here a new perspective on
this interesting problem is presented which reemphasizes the significance of the spectral decom-
position of the associated systems described by RBF interpolation/approximation.

Given the complete eigen-system {(A,, Vg)}?[: , for a matrix @, any x € RY can be written as
X = z;Yzl a,ve yielding y = Ox = Z?’:  @edeve. It is thus immediate that the contribution of v, to
y is less than that to x when |4,] < 1. Suppose now that this eigen-system is ordered with {|/lg|}’g’: |
arranged in a descending order, and such that this ordering also corresponds to an ordering of
the basis vectors {v,}}, from low to high frequency. Here, a vector is said to be a high frequency
vector when, regarding the vector entries as the sampling of an underlying function, the function is
highly oscillating. Then, the matrix @ is said to have a smoothing effect when the vector y = Ox is
smoother than X in the sense that high frequency information in X is damped and, correspondingly,
the low frequency content of y is more dominant than that of x. Immediately, observe that @ has
a smoothing effect only if the decay of {|4,[}}_, is fast and the eigenvalues of small magnitude
correspond to the high frequency eigenvectors. In the context of this paper, such eigenvalues are
referred to as smoothing eigenvalues; their distribution determines the smoothing properties of ®.

For the forward problem the smoothing properties of ® can be useful; for example it is often
beneficial to smooth a given measured data signal x by applying a moving average technique [3, 4],
[5, chap 2]. The simplest moving average, in which each data point is replaced by the mean of its

k nearest neighbours, generates a non-negative matrix ® where all the non-zero entries are 1/k and
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each row sum is equal to 1. According to the Perron-Frobenius theorem [6, chap 2], the lowest
frequency eigenvector of ®, with all elements identical, corresponds to the largest eigenvalue
(Perron root) 1. All other higher frequency eigenvectors, have at least one entry with opposite
sign to the others, and correspond to smoothing eigenvalues |4| < 1. This smoothing property is,
however, a hindrance for the inverse, or data recovery, problem. In particular, suppose that ®!
exists, then it has a complete eigen-system { %,’ Vg)}lg’: ,andz = ®7'x = > %V[. Whereas a high
frequency eigenvector v, is smoothed by application of @, it will be amplified by application of
®~! particularly when |A,| < 1, and any perturbation in the v, component will be correspondingly
amplified rather than damped when forming z rather than y.

The so-called smoothing kernels are typically discussed in the context of the solution of ill-
posed inverse problems, and particularly in the context of the solution of first kind Fredholm
integral equations [7, 8]. The focus in this paper is on the kernel matrices that arise in using RBFs
for interpolation/approximation and extends results concerning the stability of the solutions of
discrete first kind Fredholm integral equations to RBF approximation. For this problem, Micchelli
has proved that the RBF interpolation (kernel) matrices are always invertible provided that the
interpolation points are distinct [9]. But it is well recognized that the difficulty of solving systems
determined by such kernel matrices, ®, depends significantly on the condition of ® [10-13]. Here
it is emphasized how the smoothing properties of ®, which depend on the smoothing properties of
the RBFs and the location of the interpolation points, are directly related to the difficulty of solving
the RBF interpolation/approximation problem. The stability of the solution found by solving the
inverse problem, finding z given @ and x, is investigated using the discrete Picard condition [7, 14,
p-37], which is an extension of the continuous Picard condition that is pertinent for examining the
stability of the solution of first kind Fredholm integral equations [8]. To show how these results are
relevant, the connection between the RBF interpolation problem and the solution of an ill-posed

integral equation of the first kind is now established.
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1.1. The connection between the radial basis function interpolation problem and integral equa-

tions

Given observational data {f; : k = 1,..., M} of a function f(x) at scattered data points {x; €

R?: k=1,..., M}, an approximating function s(x) ~ f(x) is defined by

N
S = ) @jp(x, ). (1)

=1
For RBFs ¢(x,y) = ¢(|x — yll»). Selecting weights {a;} such that s(x¢) = f(xx), k = 1,..., M
defines the approximation problem for finding {«;}. The interpolation problem, M = N, yields the

defining system of linear equations
f=0a, O=0¢(x—y,l), 1<k j<N. ()

In matrix form

P(Ix1 —yill)  o(Ix1 = yoll) -+ d(xi —ywll2) || @1 fi
(%2 = yill)  @(lx2 = y2ll) -+ @(Ix2 — ynll2) || @2 _ Bp) | 3)
¢(xy —yill)  ¢Ulxy —y2ll2) -+ @lIxy — ynll) J\an In
Under the assumption y; = X,k = 1,..., N, O; = ¢(||xx — X/|[) and matrix @ is symmetric.
Suppose that ¢(w) is the Fourier transformation of ¢(|x||) of dimension d, then
1 i iwTx
o) = o [ dwredo @)

For any @ € CV, using the standard notation, @, for the complex conjugate of a, the following
relation holds [15, p.67]:

2

al 1 .
o da = 3 @ik — x|l = fR ) dw. (5)

a2
= 2m)d/

N

T o .
§ ajeza) X;
J=1

Therefore if the Fourier transform ¢ is positive, ® is symmetric and positive definite (SPD)
and thus non-singular. Examples of RBFs which have a positive Fourier transform include the

Gaussian basis functions ¢(|x|l,) = e <™, ¢ > 0 which are globally supported [15, p.74] and
4
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Wendland’s functions [15, p.129] which are compactly supported. Notice the dependence of the
RBF on the shape parameter € > 0, explicitly denoted throughout this paper where relevant by
¢ = ¢(|[x]). Non-singular interpolation matrices are also guaranteed under other mild con-
ditions, see for example Micchelli [9]. Indeed it has been demonstrated over recent years that
RBFs are of considerable use for the approximation of high dimensional scattered data because
the resulting interpolation matrices can often be shown to be non-singular [9, 15]. Despite such
theoretical results the resulting linear systems may be highly ill-conditioned, dependent on the
shape parameter defining ¢.. Discussions and numerical investigations of the ill-conditioning can
be found in significant references, for example, [10-13]. In particular, such results demonstrate
that @ may exhibit ill-conditioning of the kind often seen when solving inverse problems; hence
theory on the solution of ill-posed integral equations of the first kind, [7, 8, 16—18], can be relevant
in the context of the RBF interpolation problem.

Consider the solution of the Fredholm integral equation of the first kind

LEK@JW@My=ﬂm, ©)

from which we wish to determine the underlying source function S(y) given the measurements
f(x) and a kernel function K(x,y). Given the observed data vectors x, f, and applying numerical

quadrature at the nodes y; yields the discrete interpolation conditions

N
D Ko yBaw; = fx), k=1,...,N (7)
j=1

for quadrature weights w;. Defining a(y) = w(y)B(y) leads to a system of equations (2) where
®; = K(xt,y;) = K(X,X;) when the nodes and interpolation points are the same. The connec-
tion between the solution of the RBF approximation problem which defines the weights {a;} and
the solution of (6) which defines the source function a(y) is now established for kernel function
K(x,y) = ¢(x,y). Explicitly for ¢, the kernel in (6) also depends on €, and is denoted by K(ex, €y),
with resulting kernel matrix ®(e).

The paper is organised as follows. The Picard condition, which is commonly used to inves-

tigate properties of the solution to (2) for discrete ill-posed problems, is introduced in Section 2.

5
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This analysis depends on the use of the singular value expansion of the kernel K(x,y) in the con-
tinuous case and the singular value decomposition (SVD) for the operator @ in the discrete case.
For a square integrable kernel the stability of the solution a(y) depends on the decay properties
of the kernel singular values and on the projection of the given data to the singular value space.
Error analysis of the approximation is facilitated also through the use of the SVD in Section 2.3.
The singular value spectrum for the underlying operator is thus significant. Section 3 explores
the dependence of the spectrum of ® on the smoothness of the underlying RBFs, demonstrating
that the decay rate of the discrete singular values impacts the smoothing properties of ®. Such
results indicate why well-recognised difficulties with solving the RBF interpolation problem are
closely related to the underlying shape parameters. Results presented in Section 4 illustrate these
properties in the context of solving (2), with respect to both the underlying spectra for some pre-
sented examples, but also in terms of the underlying basis for the solution. Moreover, these results
suggest that techniques which are standard in regularizing the solutions for (6) can be applied to
obtain feasible solutions for (2). This is demonstrated in Section 5 in the novel context of examin-
ing the underlying « as a function which thus permits mapping the centers of the RBFs from one
set to another whilst maintaining a good approximation of the data. Equivalently, this amounts to
using the functional approximation for @ to resample for a different set of quadrature weights in

(1). Conclusions of the paper and topics for future areas of investigation are given in Section 6.

2. Stability and Error Analysis of the RBF Interpolation Problem

Given the association between the solutions of (2) and (6), we now appeal to standard tech-
niques from the analysis of discrete ill-posed linear problems to study the properties of the solution
a and the resulting impact on the the quality of the approximant s(x). To make the paper more
self-contained a brief review of the Picard condition now follows; for more details, the reader is

directed to [7].

2.1. The Continuous Picard Condition

The Picard condition, proved first by Picard in 1910, [19, p.160], is a necessary and sufficient

condition for the existence of a square integrable solution 5(y) to the Fredholm integral equation of

6
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the first kind (6). It reveals how the solution of an ill-posed problem depends both on the spectrum
of the kernel function and on the spectral content of the provided functional data, and is commonly
used to evaluate the degree of ill-posedness of an ill-posed problem [7, 8, 16—18]. In the context of
the RBF approximation problem, the Picard condition is particularly pertinent in illustrating how
the smoothness of a RBF, which is directly related to its shape parameter, immediately impacts the
smoothing properties of ® and thus determines the ill-conditioning of (2).

The well-posedness of solutions to (6) is analyzed using the singular value expansion (SVE)
[20], [7, p-10]. Consider the one dimensional case: given two functions u, v defined on a domain

Q € R, their inner product is defined by

(u,v) = f u(x)v(x)dx. (8)
Q

Then a singular value system {o, v, u,} of the square integrable kernel K(x, y) is defined by

o, K ywedy = opug(x),

)
<I/l[, I/l]> = (Vf, Vj) = 6fj’
and yields the SVE for K
K(x,y) = ) o xvey). (10)
=1

Now suppose (10) is an absolutely and uniformly convergent expansion for K(x, y), then

fg K(x, y)BO)dy = fg > crudaw By = o kviy). FONux) = fx). (1)
t=1 =1

On the other hand {u,(x)};2, is an orthogonal basis in L,(R) and thus

£ = > Gue), F)ue(x). (12)
=1
Comparing coeflicients of u,(x) in (11) and (12) gives o (v,(y), B(y)) = (ug(x), f(x)) which, with
the requirement (u/(x), f(x)) = 0 when o, = 0, gives the solution to (6) as

- o (ue(x), f(x))
= § , = § AAAT AT . 13
BO) €=1<V€(Y) BONve(y) =y ve(y) (13)

t=1

It is immediate that a necessary condition for the convergence of (13) is the faster decay of the term
|{ue(x), f(x))| in the numerator than the term o, in the denominator. This leads to the well-known

Picard condition (PC):
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Condition 1 (Picard Condition [19, IIL.§11][7, p.12],[8, p.279]). An integral equation of the first

kind, (6), has an unique square integrable solution B(y) if and only if the series (13) satisfies
B = 3 RSO (14)

=1 ¢

When the kernel is symmetric, u, = v, and {u,(x), f(x)) can be viewed as the generalized
Fourier expansion coeflicients of f with respect to the orthogonal system {u,} [19, p.160]. More-
over, the absolute and uniform convergence of (10) can be guaranteed by the well-known Mer-
cer theorem [21]. From a historical perspective the SVE is a generalization of the eigenfunc-
tion/Fourier series expansion of a symmetric kernel [19, 20]. The singular value system {o, ug, v/}
is the analogue of the Fourier series expansion in the sense that low frequency singular functions
correspond to the large singular values and higher frequency singular functions correspond to
smaller singular values [7, p.17]. For a given f, the faster decay of [(u/(x), f(x))|, on average for
some ¢ > 0, as compared to o is indicative that the high frequency content of f(x) is less than that
of K(x,y). Equivalently, the magnitudes of [(u,(x), f(x))| convey information on the smoothness of
f with respect to the basis {u/(x)}, while the decay of the singular values is closely related to the
smoothness of the kernel function K(x,y). In the equivalence of the expansions for f(x) in (11)
and (12) it is the mapping of u, to o,v, which helps to explain why higher frequencies (larger ¢)

in B are damped more in f than the lower frequencies, as observed from [7, p.11].

Remark 1. For a given K(x,y) the solution B(y) is only square integrable when f(x) is sufficiently
smooth with respect to the singular system for K(x,y). In contrast if f(x) is given but K(x,y) can
be chosen, then an appropriate kernel is one with a singular system such that coefficients of f(x)

in the singular basis {u;} decay faster, on average for a given € > 0, than the singular values o .

This interpretation is not standard when treating the integral equation case, in which K(x,y)
and f(x) are prescribed by an underlying model and associated measurements, respectively. For
the RBF problem, measurements f(x) are provided, but the choice of kernel K(x,y) depends on a
number of factors including the context in which the approximation (1) is to be used. Specifically,
the choice for K(x,y) may be impacted by the underlying smoothness of f(x) with respect to the

basis for K(x, y).
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2.2. The Discrete Picard Condition

The SVD, [22], is employed to analyse the discrete problem (2). For a general matrix ® €
RM*N the SVD is given by ® = UZVT, [22], where, U € R"M vV ¢ RMV are orthogonal
matrices, and £ € R®*V is the diagonal matrix of singular values, ordered from largest to smallest
along the principal diagonal, with oy > 0, > --- > on > 0. Given the SVD, and explicitly
assuming that @ has full column rank, oy > 0, the solution of (2) is represented by the dyadic sum

N T

u
a=Y v, =vzUt, (15)
= ¢

where u, and v, are the £ columns of matrices U and V, respectively. This relation is the im-
mediate analogue of the continuous expression (13) using the SVD as the discrete analogue of
the continuous SVE. The solution is a weighted linear combination of the basis vectors v, with

weights u] f/o-,. Moreover

N T2
fotg = 3" 2 (16)

= Yt

which is the equivalent of (14) for the square integrability of the discrete solution @ and leads

immediately to the extension of the Picard condition for the discrete case.

Condition 2 (Discrete Picard Condition [23, p.9] [7, p.37]). Suppose that there exist r and T such
that numerically oy, = O(1),Y€ > r. Then the discrete Picard condition (DPC) is said to be
satisfied if, for all singular values which are larger than 7, the corresponding coefficients [uf|, on

average, decay faster than .

Observe first that while it cannot be assumed that satisfaction of the DPC implies satisfaction
of the PC for the underlying continuous problem [23], it does have an equivalent interpretation.
In particular, the DPC depends not only on the smoothness of the data f but also on the discrete
singular system for the underlying kernel ® which depends on the choice of RBE, ¢. It is well-
recognized that the solvability of a given interpolation problem depends on the condition of @,
while the DPC makes it clear that the quality of the solution is also directly related to the frequency
content of the data f, measured with respect to the singular basis for @, even when no noise is

present in f. The decay rate of [u] f| should be no slower than the decay rate of o. In practice,
9
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the DPC is examined through the Picard plot, which is the plot of |u?f |, or and the ratios |ugf |/o¢
against index ¢. If the DPC is not satisfied, the two norm of the solution @ will be large. Moreover,

it is immediate from (16) that

N N
e = > el (L D fer = o Bl (17)
2= O'? = 0-]2\/ 14 - 2 211
=1 t=1

In particular, ||a||, large relative to |[f(x)||, is indicative of ill-conditioning of ® and sensitivity of

the solution « to errors in both f(x) and to numerical errors accrued in evaluating a.

2.3. Error in the approximation due to ill-conditioning of ®

As already detailed in Section 2.2, the boundedness of the solution « is directly related to the
spectrum of the operator ®@. Error in @, which depends on both the ill-conditioning of @ and the
accuracy of the measurements f, also impacts the quality of the approximation s(y). Suppose f;
are the actual measurements approximating the exact data f;, such that f; = f; + 1, for some noise
vector 77 with components 77, and that 5(y) is the calculated approximation given f. Practically,
one may assume that calculating the solution of (2) in finite precision arithmetic yields & which
exactly solves the perturbed system

da =f, (18)

where @ is a matrix near to @ in the sense that ® = UXV7, for U and V the orthogonal matrices
from the SVD of ®, and £ the matrix of perturbed singular values G, with the standard ordering.
Consequently, the obtained § depends on @. The quality of the approximation may be measured

through E = ||f — s(y)||, which is bounded as follows:

E = |If — sl < |If = fllo + I = 5wl + 15y) = sz - (19)
——
Ey Eq E,
Here E, = ||p|* is the measurement error, E; is the conventional approximation error under the

assumption that § is obtained to approximate the measured data f, while E, is the error in the
approximation. Observe first that the error in approximating f at vector y is given by
N
s(y) — 5(y) = Z(a/ i—a)®(y,x;) = O(y,x)(@ — &) which yields (20)
=1
lls(y) = 5(Wll2 = ID(y, x)(@ — @)l < [[D(y, X)L/l — @l 21
10
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Now
le = @ll; = IE7'E ~ Da + 7' U gl < IE7'E = DIBlIal; + 107 (v, )l
which then yields

Is(y) = 3(I < cond*(@(y, x)linll; + 1Oy, OIGIEE - D@l

< cond*(@(y, X)) (lInll} + oFA@B), A=%-Z, (22)

and where the last inequality follows by, for example, [22, Corollary 8.6.2]. The matrix A measures
the error in the approximation of ®(y, x) by the calculated &)(y, x), which is, in general, unknown,
but can certainly be assumed to be bounded below by the machine epsilon. Of course the bound
in (22) can be replaced by a bound in terms of IIf|I, but this is less useful and requires further
information on the maximum ratio in the singular values {o//G,}. On the other hand, from (22)
one sees immediately the contamination of the approximation s(y) due to the ill-conditioning
of ®(y,x) and the relation to the size of the calculated coeflicients &@. Moreover, ignoring the
contribution due to the measurement error, the error in the approximation is bounded by a scaling
of the size of the calculated weight vector, where the scaling is controlled if o (A) is such that the

product o (A)cond(®(y, X)) is not too large. To reiterate:

Remark 2. The size of the calculated ||a||, relative to ||f||, reflects the smoothing effects of the
underlying kernel matrix and can itself be viewed as an indication of the ill-conditioning of the

underlying problem.

3. Spectral Distribution of Kernel Matrices

From the results presented in Section 2 it is clear that an exponentially decaying spectrum for
the interpolation matrix @ negatively impacts the accuracy of the estimation of @ and, through
this, also the quality of the resulting approximation s(y). Indeed the stability of the solution of
the RBF interpolation problem is closely related to the spectral distribution of the underlying
kernel K(x,y) = ¢(x,y) which is explicitly assumed to be symmetric for the the interpolation

problem described by (2). In this case, with the standard ordering for the singular values o, =
11
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|4,] where A, is an eigenvalue of @, it is therefore sufficient to analyse the eigenvalues of ©.
Moreover, when the continuous kernel K(x,y) is square integrable, the discrete singular values
from the SVD for the finite operator are increasingly better approximations, with increasing N,
to the continuous singular values of the SVE when calculated using a standard quadrature, [24].

Given these connections we therefore study the continuous eigenvalue problem

fg K(x, y)a(y)dy = Aa(x), (23)

which has been studied by many authors including in Bocher [25], Weyl [26], Hille and Tamarkin
[27], Little and Reade [28], as well as in the texts of Smithies [20] and Cochran [29], in which
also important early results of Fredholm and Hilbert are detailed.

Consistent with the standard ordering of the singular values it is assumed throughout that the
eigenvalues are ordered by decreasing magnitude with increasing £. Moreover, a kernel is symmet-
ric if K(x,y) = K(y, x), while it is translation invariant if K(x,y) = k(x—y) for some function k(x).
If the underlying function k(x) is also periodic, then the kernel is said to be translation invariant and
periodic. These definitions are relevant in the context of the translation invariant symmetric RBF
o(IIx — y|l.). Generally, it is assumed here that the kernel is real and square integrable, and thus,
asymptotically, the results may be viewed as providing results which are relevant in the discrete

case.

3.1. Scalar kernels in R
Theorem 1 (Weyl [26, p.449][16, p.123] [20]). Suppose K(x,y) is a symmetric kernel and its

partial derivatives 07K /07x, g = 0, ..., v exist and are continuous, then |, = O(L™~1/?).

While it can be shown that Weyl’s result is sharp for the general case [30], there are cases in

which sharper results can be obtained.

Theorem 2 ([31]). Suppose K(x,y) is a symmetric positive definite kernel which is periodic in
both variables with the same period, and its partial derivatives 0K |dx, g = 0, ..., v exist and

are continuous, then 1, = o(€™"7).

Theorem 3. [32, Theorem 4] Suppose K(x,y) = k(x — y) is a translation invariant kernel on

[-1,1].
12
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1. Ifk(x) € C’" and its v derivative is of bounded variation, then |, = O({™) as £ — oo.

2. If k(x) € C*, then |A,| decay faster than any O({™) as £ — oo for every v > 0.

When the kernel K(x,y) is both analytic and symmetric, its eigenvalues decay much faster.

Theorem 4 (Little-Reade [28]). Suppose Eg is an ellipse with foci at =1 and semi-axis sum R > 1.
If K(x,y) = K(y,x) € C[-1,11?, and for each y € [-1,1] there is an analytic continuation to

K(z,v) for z inside Eg which is uniformly bounded in z,y in this range, then |1,| = O(R™).

Remark 3. For a translation invariant kernel k(x), the smoother k(x) the more quickly its eigenval-
ues decay to zero. This is a negative result with respect to finding stable solutions of the underlying

integral equation (6).

The shape parameter, € > 0, of the kernel is also relevant. The explicit dependence of the

eigenvalues on the shape parameter is noted by introducing the notation A,(€).

Theorem 5 ([32]). Suppose that K(x,y) = k(x —y) is a translation invariant kernel.

1. If k(x) € C! and its v derivative is of bounded variation, then |1,(¢)] = O((e/€)") as

¢ — oo,

2. If k(x) € C*, then |A,(€)| decay faster than O((e/)") as € — oo for every v > 0.

It is immediate from Theorem 5 that the eigenvalues decay faster for smaller values of € and

thus the problem becomes more ill-posed when the underlying RBF is referred to as flat, [33, 34].

Remark 4. For RBF ¢., the flatter the basis function, the more significant the smoothing effect, in

the limit of large N, of the associated kernel matrix ®(€).

Note that a function containing only low frequency content, such as sin(x) is said to be smoother
than a function with high frequency content such as sin(1000x), even though both functions have
the same number of continuous derivatives. Figure 1 illustrates this result. The flatter the basis

function, the faster the spectrum decays to zero.
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Figure 1: (i) illustrates the eigenvalue distribution of kernel matrices for Wendland functions ¢;; = (1 -x)3(3x+1) €

C? and ¢y, = (1 — x)3(8x* + 5x + 1) € C*, where a, = max{a, 0}. The straight lines are the predicted trends for the
eigenvalue decay according to Theorem 2, where C; = /1150(¢1,1)1503, C, = /1150((13],2)1505 . (ii) shows the spectral
distribution of kernel matrices for Gaussian radial basis functions with different scales, ¢(x, &) = e‘(”)z, with scale
parameters € = 5,2,0.5. The matrices @ are obtained using an equal sampling on the interval [-10, 10] using 501

points. In (ii) the first 160 eigenvalues are shown.

3.2. Separable kernels in R?

For the two dimensional case x,y € R?, separability means that K(x,y) = K;(x1, y1)Kz(x2, y2).
While this does limit the kernels that can be considered, an example is given by the Gaussian
kernels: K(x,y) = exp(—|lx — yll3) = exp(—(x; — y;)*) exp(—(x2 — y2)*). One can show that if
A is an eigenvalue of K (x;,y;) and u is an eigenvalue of K,(x,,y,), then Au is an eigenvalue of
K(x,y) [20]. Suppose that each K satisfies the conditions of Theorem 4 and that the eigenvalues
of K;(x;,y;) are ordered in magnitude from largest to smallest O(1), O(R™"), O(R™?), ... relative to
an underlying ellipse with semi axes summing to R. It is not hard to determine that the related
separable kernel K(x,y) therefore has the following ordering of eigenvalues: 1 of order O(1),
2 of order O(R™"), 3 of order O(R?) and (f) of order O(R™Y). See for example the ordering of
eigenvalues for a two dimensional tensor product kernel in Figure 2. The result extends in a

similar manner for the tensor product kernel of dimension d.

Theorem 6 ([32]). Suppose that K(X,y) is a separable, tensor product-like analytic kernel function

in RY, and that the (™ eigenvalue of each kernel K; is of order O(R™™"), then there are exactly

([+d—l) _ (t+d-1)!
d-1) = i@-nr

t=1,... eigenvalues of the same order, namely O(R™*") for some R > 1.
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Figure 2: Ordered eigenvalues for a tensor product kernel in R?.

The following result is immediate using the separability of the Gaussian kernel in R? and is

closely related to the approach for choosing the diagonal matrix for the QR-RBF algorithm [2].

Corollary 1. For the Gaussian radial basis function in R?, there are exactly (€+d_l) = LDt

d-1) = ‘e@a-nr

t=1,... eigenvalues of the same order, namely O(R™*™") for some R > 1.

Remark 5. Given a particular basis function ¢(x) which defines a separable kernel in RY, the

smoothing effect of the kernel matrix increases with dimension d.

Being mindful of the limitations with regard to immediately extending results from the con-
tinuous to the discrete case, observe that it is precisely this smoothness of the basis function ¢(x)

which generates the difficulties with solving the discrete problems (3) and (6).

4. Numerical Verification

4.1. The Discrete Picard Condition

The discussion of Section 2 is illustrated in the context of the RBF interpolation problem (2).

Figure 3 shows the observational data pairs (X, f(X;)) and the recovered interpolation weights {«;}
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Figure 3: Solving (2) with N = 33 for functions fP"liPs and £*"a without addition of any noise to obtain the weights

{a?hﬂlips} and {ajhaw} from samples at 33 equally spaced points on [—m, 7].

for two one dimensional examples based on the following two functions

fRRIDS () = (6 — |x]) (1 + .5 cos(nx/3)) + g sin(r|x|/3) and (24)

£ (x) = 2exp(=6(x — .8)%) + exp(=2(x + .5)%). (25)

These are the right hand sides for the phillips and shaw examples used in the Regularization
toolbox of Hansen [35]. The RBF interpolation equation (2) is solved for the RBF ¢.(x) =
exp(—(ex)z), € = 2, using N = 33, with equally spaced x, = -7+ (k- D)AX, k = 1,...,N,

Ax = 2n/(N — 1). The problem is moderately ill-conditioned, cond(®)= 2.45¢6. The presented

solutions {a?hmips} and {ozj.haw} found by the naive inversion of (2), using the dyadic sum (15),
clearly illustrate the higher frequency content of the interpolating functions than that of the target
functions, i.e. functions fPUlliPs £sha¥ are much smoother than the solutions oP"MiPs(y), aha¥(y).
On the other hand, given that the underlying system matrix ®(€) is not well-conditioned, one can-
not immediately assume that the given results are actually reasonable approximations to the true
infinite precision solutions for @. Thus the conclusion concerning the frequency content may be
an artifact of the sensitivity of the solutions due to the spectral system for ®(e) and, as noted in
Section 2.2, it is important to consider the DPC for the system.

Figure 4 shows the Picard plot, [23], as discussed in Section 2.2, the plot of |u;f |, o and the

ratios Ju/ f|/o, against index ¢, for the problems illustrated in Figure 3. As ¢ increases the singular

values o, decrease to zero more quickly than the numerators [u] f|. Although the matrix ® has full
16



338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

Picard plot Picard plot

Gl 5
102 102 o o . lu;rfphillipsl 10
O * Tephillips,
20837 oy 04 %[ 3
oﬁﬂunnnnn 0. oﬁog ¥ #*0 ° * |u;’f5"“"’| 08 Tephillips
10 %* * gn % 2 8 10 * * Teshaw, X ‘ul'p il
* ¥ ko O Oy #OEEX gy PR % o s, -
Q. {, o 5 * ** ‘uT'phllllpsl/G
o Yl XX o 5 3 . s w4 .
oo xUQﬁ % o o * Fx ¥%y 10 (uTgehan,
1072 |uTgPhilips) * [0 107 % * * * x¥ * * 1
x T ﬁ*t Ox *  *x o o \urfs"aw\/ol
uTPhilies) o) ¥ o
*x T ' fa *i* o x 10
‘qushuw‘ [u]
1 S * By Frg o oo,
o Iy, /o, o x 10
ful ful 4l
5 10 15 20 25 30 5 10 15 20 25 30 50 100 150 200
1 1 1
() e=2,N =33 (i) € = .5,N = 33 (iii) € = 2, N = 201

Figure 4: The Picard plot for problems fPhiies and £5ha¥ illustrated in Figure 3, (i) for € = 2, in (ii) for € = .5 and in
(iii) the same problems but using N = 201, € = 2. For (ii) cond(®)= 7.3e17 and for (iii) it is 6.0¢18. Note that in order

to emphasize the growth in the coefficients the plots in (i)-(ii) are given for a limited range on the y—axis.

column rank the singular values o, — 0 in such a way that ®(e) is ill-conditioned, particularly
when the size of the problem is increased as seen in Figure 4(iii), or when ¢, becomes flatter as in
Figure 4(i1). The observations are consistent with the discussion in Section 3. The impact of the
shape parameter is clearly seen in the solutions illustrated in Figure 5 which have € = .5; notice in
particular the scale of the y—axis in each case, the amplification in « for shape parameter € = .5 is
significant.

To highlight the problem with these naive solutions obtained from direct inversion of (2) it is

relevant to calculate approximate solutions using the truncated SVD

Ne u/f
ap = —Vy, (26)
= 9t

for truncation parameters 1 < N, < N. The dependence of ||a/||> on ¢ for the examples used in
Figures 3 and 5(i)-5(ii), respectively, namely for the two different shape parameters, is illustrated
in Figure 5. It is clear that as N, increases the solutions violate the DPC. Indeed the parameter N,
is commonly regarded as a regularization parameter; in calculating the solution it is necessary
to either use truncation to obtain a solution without blow-up or to introduce some alternative reg-
ularization. The choice of regularization parameter is extensively studied in the inverse problems
literature, in which the dependence of the solution on the conditioning of the problem and the

noise in the data is well-described, [23]. The focus here is on results using truncation, for which
17
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Figure 5: (i)-(ii) show the solution of (2) with N = 33 for functions PP and fh¥. The weights ("""} and {a’*")

are obtained from samples at 33 equally spaced points on [—7, 7] using a Gaussian kernel with € = .5. The solutions
are significantly amplified as compared to the solutions with € = 2 shown in Figure 3. In (iii)-(iv) the discrete Picard
condition, Condition 2, for functions fPhillis and £sha¥ for the truncated solutions (26) N; < N. |la||? is plotted against
index N,. The data is sampled at 33 equally spaced points on [—m, 7] using a Gaussian kernel with the noted shape

parameter €.

Figure 4(1) suggests that when € = 2 one should expect to truncate at about N, = 16 in order
to avoid the coeflicients which start to increase with index ¢, although strictly speaking for this
choice the singular values have not reached the machine tolerance, 7, such that o, = O(7), rather
oy > O(t) for € > N,. In general, this choice depends not only on these singular values but also

on the noise level in the measured data f.

4.2. Basis Vectors for the Solution

It is clear that the spectrum of the kernel matrix impacts the determination of feasible solutions
of the RBF interpolation problem. The more significant the smoothing effect of the kernel matrix,
the more difficult it is to find a satisfactory solution of (2). While this discussion has so far
emphasized the effect of the poor conditioning of ®@ due to the exponentially decaying spectrum, it
should also be apparent that the existence of the small smoothing singular values will also lead to
finite precision errors in the calculations of the basis vectors. High frequency basis vectors carry
information corresponding to the extremely small smoothing eigen/singular values and are thus
more likely to be contaminated by the effects of finite precision arithmetic. Incorrect estimates of
these basis vectors may, therefore, contaminate the solutions and impact the quality of the RBF

approximation.
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Figure 6: The basis vectors u, for the the same system matrices used to generate the Picard plots in Figure 4, for

N =33 and N = 201. Note that these vectors are for the Gaussian radial basis function with e = 2 and € = .5.

Figure 6 illustrates the basis vectors u, for a selection of ¢ for both cases N = 33 and N = 201,
for the examples in Figure 4. The y—axis is not shown because the vectors are normalized to
norm 1 and thus the scales in each case are comparable, with definitely no blow up in any case.
The dependence of the basis vectors on the shape parameter € is shown in Figures 6(ii) and 6(iv).
There is an increasing number of oscillations, corresponding to increasing frequency content of
the vectors, with increasing ¢. This confirms that the solutions for @ will contain broad frequency
content according to (26) dependent on the choice for N,. Still it is not possible to examine the
frequency content of the basis vectors and then immediately determine an appropriate choice for
N,. Indeed there is apparent mixing of frequency content for larger £, when considered for the
broader kernel with € = .5. The frequency content of a given vector u, can be examined using the
normalized cumulative periodogram (NCP), which is a standard time series analysis technique,
e.g. [5]. A brief description of the approach follows.
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Figure 7: The NCP for vectors u, for N = 33 and N = 201, with € = 2 and € = .5, using equally spaced sampling.

The black markers indicate the upper and lower KS-5% bounds, and the diagonal white noise line given by y = ¢/N.

The power spectrum of a given vector b of length N is determined via the discrete Fourier
transform (dft) of the vector treated as a time series. For given b define ¢, = |(dft(b)),|*, for
¢=1,...,N =|N/2]+ 1. Then the NCP is generated as the ratio of the cumulative sum of entries
_ Zézl Ce

ZI(Y: 1 €Ce

This definition includes the bias term (or DC term) ¢y. It is then well-known that for a white noise

j=1,...,N. (27)

J

time series, the plot of z; against frequency j normalized between O and 1 should lie within the
Kolmogorov-Smirnoff (KS) limits of a straight line, which has slope 1 and length V5/2 [5, p. 363].
Moreover, vectors with lower frequency content lie primarily above the KS limits, while those with
high frequency lie distinctly below the KS limits. In all cases the normalization reaches 1 for the
last index; see Figures 7 for the basis vectors £ = 1 : N for the same cases as Figure 6, and observe
not only the dependence on both N and e, but also the finite precision impact of the calculations.
In particular for large N the lack of accuracy in the calculation of the singular values, translates
to inaccurate estimates of the underlying singular vectors, as exhibited by the large number of
vectors within the white noise KS bounds for the case with N = 201, i.e. these vectors degenerate
to becoming white noise for large £ [36]. On the other hand, the lower frequency content for the
smoother kernel with € = .5 translates to a larger number of vectors with low frequency content;
more vectors above the upper KS line.

It should be apparent from the NCP that it is important to include in any given basis for a
20
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solution, e.g. in the truncated dyadic sum (26), only those basis vectors which represent true
frequency content. Thus one needs a test to detect for the contamination of a vector by white
noise, with respect to some tolerance, so as to estimate an appropriate choice for N, < N. Observe
that this determination is totally independent of the measured data f. A number of suggestions for
automatically determining whether a residual vector for the data fit term, r = ®a — f, represents
white noise have been presented in the literature, [37-39], all of which in some manner measure
the deviation of the NCP from the diagonal white noise line y = £/N. In this case it is not a residual
which is of interest, rather given a basis of orthogonal vectors, here the set {u,}, what is the largest
N, such that all vectors with £ > N, are effectively, with respect to some tolerance, contaminated
by white noise?

Two standard approaches for measuring this deviation from white noise are considered, [37—
39]; the first is the total least squares deviation from the diagonal white noise line summed over
all entries for each vector, and the second is the percentage count of vector entries outside the KS
bounds for each vector. Given these measures it remains to determine an appropriate tolerance for
accepting the hypothesis that the vector is effectively a white-noise vector, relative to the chosen
KS confidence level. Here the approach of [36] is followed: for the Kolmogorov-Smirnov test
with a 5% confidence interval set N, = r which is the least index r such that for vector u,,; more
than 50% of the NCP lies within the KS-5% bounds. The 50% choice is in some sense arbitrary,
as is the choice of any regularization tolerance, but in this case one can see that there is a distinct
cut-off for these basis vectors. This is illustrated in Figure 8(i)-8(ii) for the case with N = 201
with shape parameters € = 2 and € = .5, respectively. With respect to both measures — the red and
blue curves — the sudden drop for a specific r is preserved. It is also clear from Figure 7 that the
noise is much more significant for N = 201 than for N = 33 and the number of reliable vectors
when € = .5 is much fewer than when € = 2.

Figure 8(ii1) illustrates the underlying frequency content of the right hand sides for phillips
and shaw with N = 33 and N = 201 equally spaced samples, and the Gaussian radial basis
functions sampled on the same grids, with € = 2 and € = .5, with the total frequency normalized
to 1. The dft of each vector, normalized to 1 is plotted, rather than the cumulative vector which is

not useful due to the limited frequency content of these examples, Figure 8(ii1). One can see that
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Figure 8: (i)-(ii) the deviation of vectors u, from white noise for N = 201, with € = 2 and € = .5, and equal sampling.
In (iii) the dft for fPhilies and £ha¥ with N = 33 and N = 201 and for the Gaussian radial basis functions with € = 2

and € = .5.

the analysis is virtually independent of the sampling. Moreover, phillips is far smoother than
shaw, and the RBF with shape parameter € = .5 is smoother than that with € = 2.

In summary, the DPC provides significant information on the impact of both noise in the
measurements f and the accuracy of the smaller spectral values for estimating the number of
potentially reliable terms in the TSVD estimate of the solution. The NCP, on the other hand, is
measurement independent and may more precisely show the first deterioration in the basis and so

more effectively indicate a good truncation parameter for the TSVD solution.

S. Applying Results to find interpolants

5.1. Impact on interpolation

The relationship between the integral equation (6) and the quadrature (7) leads to the following

observation.
Remark 6. The weights {«} in (1) may be regarded as the sampling of a function a(y).

The impact of this remark is now discussed with respect to the use of both the naive and the
truncated solutions with N, = 16 when e = 2 for interpolating the functions fPulliPs and fshaw,
Results are shown first for the naive solutions in Figure 9, and then for the truncated solutions in

Figure 10. As before, note that the choice N, = 16 is a regularization parameter choice, here based
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Figure 9: Using the direct solution a from (2) to obtain approximants to fPMliPs and fsha¥ the left and right blocks
(1)-(i1) for each problem, respectively. In panels (a) the solutions « are given as the solid black lines. This data is
interpolated as described in the text to find estimates for a(y) for random and jittered sampling in y, giving weights ar
and a;, red x and green o symbols respectively. The resulting weights are used to generate approximations to fPhillips
and "™ at 201 equally spaced points, using the original & in panel (b), g in panel (c) and a; in panel (d). In panels
(c)-(d) no weighting to account for the quadrature is performed, whereas in panels (e)-(f) weighted quadrature based
on (7), assuming trapezoidal approximation, is used. The titles show the respective root mean square errors calculated

using the approximated and exact data. The shape parameter is € = 2 as in Figure 3.

on the results of the NCP analysis for the case with no noise in the measurements and chosen only
as an illustration of the use of a(y) as an interpolating function to the weights {a}.

Based on Remark 6 one should be able to resample « at a set {y;} to obtain (1), provided
that the resampled points {a(y;)} are appropriately weighted in accordance with (7). Consider
now resampling for two additional data sets, yr and yj, each at 33 points on the interval [, 7],
where yg is randomly sampled on the interval, and y; represents a random jitter of the points
away from equally spaced points by .2;(27)/33 for {;, j = 1,...,33 sampled from a normal
distribution with mean 0 and variance 1. The interpolation from equally spaced points to the

random or jittered points uses, here for purposes of illustration only, a cubic spline interpolant and
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provides two new sets of weights {a/;.a“d"m} and {ajjmer} illustrated as the red x and green o symbols
in panels (a) in Figures 9. Given a set of weights one can assess their accuracy in approximating
the underlying target function f for a different set of sampled points by using (2). Taking 201
equally spaced points on the given interval and forming the appropriate matrices ® of size 201 x33
yields then approximations for fPullips - fshaw a¢ these 201 equally spaced points. The root mean
square error calculated using the exact values for fPUliPs and £ given by (24) and (25) can
then be measured. The results using {cxij“iSp acedy {a/;.a“d"m} and {ajjitter} are illustrated in Figure 9
panels (b)-(d), respectively, for each problem. In these plots the interpolants are shown as the
black diamonds as compared to the underlying exact solutions given by the continuous black
lines. The diamonds are plotted for indices 1 : 4 : 201 so as to permit visualization of the
differences between exact and interpolated solutions. The title in each case gives the root mean

square of the approximation. While the interpolation works well for {ajq“iSpaced}

, it 1s immediate
that the errors are large for the other two samplings, apparently contradicting Remark 6. But these
results are obtained without appropriately reweighting the sampled {a;} to be consistent with the
integral equation (7). Results using the appropriately weighted samples using weights w; in (7)

chosen for a trapezoidal approximation to the integrals are illustrated in panels (e)-(f), yielding no

equispaced

improvement and further suggesting a problem with Remark 6, unless the solutions {a;

} are
not good approximations to the underlying infinite precision solutions.

Figure 10 illustrates the same experiments as in Figure 9 but using the truncated solutions. First
from the solutions in panels (a) of Figure 10 it is clear that o®""PS(y), o*"*(y) are far smoother than
those illustrated in Figure 3. Carrying out the resampling process for the same sets of jittered and
random samplings, yields the results in Figure 10. Now the obtained results are much improved
and support the hypothesis of Remark 6, while also indicating that the frequency content of the
underlying functions a(y) need not be as severe as originally suggested. These results emphasize
that weights {«;} may indeed be considered as sampling of a function a(y) = w(y)B(y). Moreover,
it is relevant to use techniques for the solution of the ill-posed integral equation (6), when finding
good approximations to the interpolating function a(y).

To summarize: the presented results illustrate that the solution of the RBF approximation

problem is closely connected to the solution of ill-posed integral equations and may therefore be
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Figure 10: Using the truncated solution (26) with N, = 16 to obtain approximants to fPhillis and fshav  the left and
right blocks for each problem, respectively. Illustrated are then the equivalent results as shown in Figure 9 but obtained

from the truncated solutions. The shape parameter is € = 2 as in Figure 3.

analysed using relevant techniques from the inverse problem literature.

6. Conclusions

Previous investigations of the properties of RBF interpolation/approximation seldom consid-
ered the close connection between the solution of the interpolation problem and the inverse prob-
lem for linear integral equations. Carefully examining this relationship shows that the system
matrices of RBF interpolation may exhibit the same exponentially decaying spectrum that is com-
monly seen when solving ill-posed inverse problems. In this case the spectral properties depend
directly on the shape parameters of the RBFs, which determine whether a given RBF is flar. The
flatter (more smooth) the RBF ¢, the faster the exponential decay of the spectrum, due to the lack
of high frequency content in ¢,, and the consequently greater difficulty in solving the underlying
system of equations. Many prior results have focused on the solvability and stability of the RBF
system, stressing the importance of the condition number of the system, [10-13, 40-44]. This
paper, in contrast, demonstrates that it is the exponential decay of the spectrum, related directly
to the smoothing effects of the operator, which better explains the numerical difficulties of solving

the underlying problems.
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The Picard condition is used in standard investigations of ill-posed problems to determine a
meaningful solution of a given set of equations, by revealing the number of reliable spectral coeffi-
cients in the SVD expansion of the kernel. For the RBF problem, the Picard condition reveals that
the solution depends on both the smoothness of the underlying function to be approximated (the
target function) and the smoothness / flatness of ¢.. In contrast to the situation when seeking the
solution of a given integral equation, in which the kernel function is prescribed by an underlying
model of the problem, in the RBF case ¢, can be chosen based on required criteria for the given
problem. For example, one may deduce that for a function which is itself relatively flat that ¢,
should also be relatively flat. On the other hand, the Picard condition analysis demonstrates that it
is necessary to balance the smoothness of the target function and the SVE of the kernel function,
in order to find a solution which is meaningful.

In analyzing the stability of the RBF interpolation problem it is important to look at the com-
plete spectral decomposition, namely the singular vectors which provide a basis for the solution,
as well as the singular values. An approach for determining the number of reliable, noise free
basis vectors has been presented, which goes beyond the standard Picard condition analysis, and
is independent of the functional data. When the norm of the resulting weight vector is relatively
large in contrast to the norm of the data, one may deduce that this is indicative of ill-conditioning
of the problem, and that one many need to look for a more stable kernel, or to apply some kind
of regularization. Here regularization based on using the truncated singular value expansion of
the solution has been shown to provide a meaningful solution for the case of noise-free data. The
truncation parameter can be estimated by examining the noise properties of the basis vectors.

The presented numerical results demonstrate that the obtained solutions are reliable in the
context of quadrature applied to the integral equation; the weights for the RBF interpolant are
samplings of a function a(y) weighted by relevant quadrature weights dependent on the sampling.
As such, the functional form of the weights is amenable to resampling so as to obtain weights
for an alternative set of centers. Sampling from the functional form which is obtained from the
truncated expansion yields reliable approximations, while resampling from the solution obtained
without truncation is not meaningful. The idea of treating the weights as samplings from an

underlying continuous function promises to provide an approach to adaptively move the centers of
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the RBF kernels so as to either yield more efficient approximation evaluation, or, for example, to
calculate derivative approximations at a different set of points which may be useful in improving
the conditioning of the obtained operators for partial differential equation solvers.

In general there is significant scope to apply analysis techniques from the field of ill-posed
inverse problems to the solution of the RBF approximation problem, with respect to areas such
as investigation of the impact of error in measured data, determining feasible regularization tech-
niques, and understanding the impact of iterative techniques in solving the resulting systems of
equations. Likewise, developments from the RBF literature, most notably the QR-RBF algorithm
[2], may provide useful insights for finding solutions of ill-posed integral equations. These are

topics, amongst others, for future research relating to the use of the inverse theory for RBFs.
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